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ABSTRACT

A critical challenge in distributed nonconvex optimization is efficiently avoiding
saddle points, which is vital for ensuring accurate and fast convergence to a de-
sired equilibrium point. In this work, we demonstrate that gradient clipping, a
technique widely used in machine learning to mitigate gradient explosion, can
significantly accelerate the escape from saddle points and improve the speed of
convergence to second-order stationary points in distributed optimization. More
specifically, we propose an algorithm that exploits gradient clipping to achieve
faster convergence in distributed nonconvex optimization. The result is significant
in that gradient clipping is necessary and widely used anyway to avoid exploding
gradients in deep learning, and hence, the extra benefit of faster saddle avoidance
is achieved for free. In fact, we prove that our algorithm converges to a desired
second-order stationary point faster than all existing saddle avoidance approaches
for distributed optimization. Numerical experiments on benchmark datasets vali-
date the effectiveness of the proposed method.

1 INTRODUCTION

Distributed optimization has become crucial in applications ranging from training large machine
learning models (Dean et al.|[2012), coordinating multi-agent systems (Chen et al.,[2019), managing
sensor networks (Rabbat & Nowak| 2004)), optimizing power grids (Mohsenian-Rad et al.| |2010),
to supporting cloud computing (Chen et al., [2015) and content delivery networks (Apostolopoulos
et al., [2002). It enables multiple spatially distributed computing devices, referred to as agents, to
work collaboratively in optimizing a global objective function that is only partially observable by
individual agents due to the distributed and local acquisition/storage of data. Unlike centralized
methods which require all data to be aggregated to a single location, distributed optimization allows
each agent to store data locally and communicate only with its immediate neighbors.

In many distributed optimization applications, the problem can be formulated as follows:
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where f; S) : RY — R represents the local objective function of agent 4 and is private to agent 1.
F(:) : R* — R is the average of the local objective functions. N is the number of agents. Many
methods have been proposed to solve problem (), based on techniques such as gradient methods
(see, e.g.,/Nedi¢ & Ozdaglar|(2009); Lian et al.| (2017); [Tang et al.|(2018)); |Shi et al.[(2015); Xu et al.
(2017);/Qu & Li[(2017); Xin & Khan!(2018))) , distributed alternating direction method of multipliers
(see, e.g., Shi et al.[(2014)), and distributed Newton methods (see, e.g.,Zhang et al.|(2018))). Most
of the results consider convex objectives. Although there has also been progress on decentralized
nonconvex optimization, the majority of these works provide only first-order stationarity guarantees
(see, e.g.,[Sun et al.[ (2020); |Pan et al.| (2020); |Xin et al.|(2021))). In contrast, distributed algorithms
that achieve second-order guarantees remain relatively limited(Xian & Huang| [2023)). Escaping
saddle points is a central challenge in nonconvex learning, as the primary difficulty often lies in flat
saddle regions rather than the presence of many local minima (Ge et al.l 2015).

In nonconvex optimization, one of the main challenges is escaping saddle points (stationary points
that are not local extrema). In fact, avoiding saddle points is commonly regarded as one of the most
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important tasks in deep learning since the main bottleneck in parameter optimization is not due to
the existence of multiple local minima but the existence of many saddle points that trap gradient
update (Ge et al., [2015)).

Saddle-point avoidance is an active area of research even for centralized optimization, with new re-
sults emerging frequently. Existing results can be broadly divided into second-order (Hessian-based)
and first-order (gradient-based) approaches. Hessian-based algorithms utilize the Hessian matrix to
differentiate between first- and second-order stationary points. These methods either compute the
full Hessian matrix (e.g., Curtis et al.[(2017); Nesterov & Polyak! (2006))) or rely on Hessian-vector
products (e.g., |Agarwal et al.| (2017); |Carmon et al.| (2018); |(Carmon & Duchi| (2019)) at each iter-
ation. However, the computation and storage costs associated with these approaches grow linearly
or even quadratically with the dimension of the optimization vector. This scalability issue is espe-
cially acute in modern deep learning applications, where the variable dimension can reach hundreds
of millions (Tang et al.| [2020). First-order algorithms have recently gained increased attention due
to their computational efficiency. Variants of gradient descent (GD) incorporating random pertur-
bations have been shown to escape saddle points effectively (see, e.g., |Ge et al.| (2015); Du et al.
(2017)). In addition, random initialization has also been proven to ensure convergence to a second-
order stationary point almost surely (Lee et al., [2016). However, despite its theoretical guarantees,
it has been demonstrated that this approach can take exponential time to escape saddle points under
certain conditions, making it impractical in many cases (Du et al.,[2017).

Compared with the centralized case, distributed optimization brings additional challenges in saddle-
point avoidance. In fact, in distributed optimization, the saddle points of individual local objective
functions generally differ from those of the global objective function. Combined with the fact that
the local objective functions are private to individual agents, a participating agent does not have
access to necessary global information, such as the gradient or Hessian information of F'(-), to
detect or strategically avoid saddle points of the global objective function in its local iterations.

1.1 OUR CONTRIBUTIONS

* We achieve, for the first time, gradient clipping in gradient-tracking based distributed op-
timization with provable convergence. Although gradient-tracking based distributed opti-
mization algorithms outperform distributed gradient methods in both convergence accuracy
and speed (see, e.g.,|Yang et al.[(2019); INedic et al.|(2018))), their integration with gradient
clipping is elusive since gradient-clipping induced nonlinearity will significantly compli-
cate convergence analysis. In fact, the inability to retain provable convergence under gra-
dient clipping is one of the main obstacles in applying gradient-tracking based algorithms
in machine learning where the gradient may grow unbounded.

* Based on the proposed gradient-tracking algorithm that retains provable convergence after
incorporating gradient clipping, we systematically show, for the first time, that gradient
clipping can be exploited to accelerate escape from saddle points. Note that although Levy
(2016) uses a similar concept of normalization to evade saddle points, it has fundamental
differences from our gradient clipping based approach: the normalization in |Levy| (2016)
persistently divides the gradient by its norm even when the gradient is close to zero. This
leads to constant oscillations around stationary points, making it impossible to stay pre-
cisely at a desired equilibrium point; To the contrary, we use gradient clipping which di-
vides the gradient by its norm only when the gradient value is over a certain threshold. This
fundamental difference makes our approach ensure much better and stable convergence.
Moreover, [Levy| (2016) considers the centralized setting and assumes strong convexity in
the vicinity of stationary points, which is not needed here.

* More interestingly, we show that this gradient-clipping based approach enables us to
achieve a saddle-evading speed that is faster than all existing counterparts in a fully dis-
tributed setting. Note that by equipping each agent with a counter to keep track of the state
of each agent, Xian & Huang| (2023) achieves the same saddle-point avoidance speed as
ours. However, its counter based strategy relies on global statistical information of local
counters, which makes it difficult to implement in a fully distributed setting.

* We performed numerical evaluations using standard nonconvex optimization experiments
(logistic regression and robust Principal Component Analysis based video processing) with
benchmark datasets. The results confirm that our algorithm indeed has faster and more
accurate convergence than existing counterparts.
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1.2 RELATED WORK

Distributed Optimization Distributed algorithms for problem (1)) have been extensively studied
(see, e.g.,Nedi¢ & Ozdaglar](2009); D1 Lorenzo & Scutari (2016)); Jakovetic et al.|(2014); Kia et al.
(2015)); ILobel et al.| (2011)). Recently, distributed first-order algorithms have garnered significant
attention, particularly in deep learning, due to their high computational efficiency. These algorithms
can be classified as gradient-descent-based algorithms and gradient-tracking-based algorithms.

Distributed gradient descent algorithms are among the most studied for solving (I) (Nedi¢ &
Ozdaglar, 2009; Yang et al.,|2019;|Nedi¢ et al.,|2018; Nedi¢ & Liu, 2018} Nedic, 2020; Notarstefano
et al.,|2019;|Nedi¢ et al.,|2010). However, due to inherent discrepancies between global and local ob-
jective functions, these algorithms converge to a consensual exact solution only when a diminishing
stepsize is used, which can significantly slow down convergence. To cope with the speed-accuracy
dilemma of gradient-descent based algorithms, gradient-tracking based methods have gained inten-
sive attention (see, e.g., Xu et al.|(2017);|Qu & Li|(2017); Xin & Khan|(2018));/Di Lorenzo & Scutari
(2016); Nedi¢ et al.| (2017); Xin et al.| (2019); [Wang & Nedic| (2023)); |Song et al.| (2024); [Lu et al.
(2019); [Wang et al.| (2024); [Pu et al.| (2020); Pu| (2020); |Scutari & Sun| (2019); |Sun et al.| (2016;
2019); [ Xu et al.| (2015); |[Pu & Nedic| (2021); [Wang & Basar| (2022)) , which can converge to an
exact consensual solution under a constant stepsize. Gradient-tracking algorithms are agnostic to
data heterogeneity, making them suitable to deal with non-IID data in machine learning (Koloskova
et al.,[2021; [Nguyen et al., 2024)).

Saddle-Point Avoidance Results have emerged for saddle avoidance in the fully distributed set-
ting (see, e.g.,|Vlaski & Sayed|(2021); Bo & Wang| (2024))). Most of them are based on first-order
methods. To make the consensus error small, they use very small constant stepsizes (see, e.g.,|VIaski
& Sayed| (2021))) or diminishing stespizes (see, e.g.,|Bo & Wang| (2024)), which slow down conver-
gence. Results have also been proposed for distributed optimization in a semi-distributed setting
where some global information is assumed to be available for saddle avoidance (see, e.g., Xian &
Huang| (2023)); [Tziotis et al.| (2020); |Avdiukhin & Yaroslavtsev| (2021)). Notably, the approach in
Xian & Huang| (2023) leverages a counter mechanism to track local phases. However, it requires
global statistics of all counters, which limits its applicability in a fully distributed setting.

Gradient Normalization and Clipping Gradient normalization has been used in both discrete-
time optimization (see, e.g., Levy|(2016)) and continuous-time optimization (see, e.g., Murray et al.
(2019)). The basic idea is to normalize a gradient V f(x) as % before feeding it to iteration. It
is worth noting that|Levy|(2016)) has proposed to use normalization to evade saddle point. However,
since this approach divides the gradient by its norm even when the gradient is close to zero, it may
cause oscillations around the equilibrium.

1
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is the clipping threshold: gradients larger than cq are scaled down to have a norm of ¢y, while gra-
dients smaller than ¢y remain unchanged. This adaptive mechanism avoids the issue of oscillations
encountered in gradient normalization. Gradient clipping has recently been used in gradient-descent
based distributed optimization (Liu et al., [2022)). However, when the optima of local objectives are
different from the global optimum, directly applying clipping on local gradients will amply opti-
mization error since the local gradients are non-zero when evaluated at a global optimum.

Gradient clipping approaches clip a gradient V f(x*) as ¢y min { L } V f(x*) where ¢

2 PROBLEM FORMULATION AND PRELIMINARIES

2.1 NOTATIONS

We use bold lower-case and upper-case letters such as  and W to denote vectors and matrices. We
use || - || to represent the ¢ norm of vectors and the Frobenius norm of matrices. For a function
F(-):R? = R, we use VF(-) and V2F(-) to denote its gradient and Hessian, respectively. We use
O(+) to hide absolute constants, and O(-) to hide poly-logarithmic factors that do not depend on any
problem-specific parameter. We use [IV] to represent the set {1,2,--- , N} and Apin(-) to represent
the minimal eigenvalue of a matrix.
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2.2 DISTRIBUTED OPTIMIZATION

In problem , we assume that f;(-) is private to agent 4, and no single agent has access to the
global objective function. To cooperatively optimize a global objective, gradient-tracking methods
require agents to exchange both intermediate optimization variables and local estimates of the global
gradient with their neighbors at each iteration. We consider a directed communication graph, where
the exchange of the two variables uses two (possibly different) mixing matrices R = [R;;]nxn
and C = [C;]nxn. Anentry R;; > 0 (or Cy; > 0) indicates that agent ¢ can receive information
from agent j. As in most existing results on distributed optimization over directed graphs (Xin &
Khanl 2018} |Pu et al.,[2020; [Pu & Nedic, [2021)), we impose the following assumption on the mixing
matrices:

Assumption 2.1. R € RY*Y s nonnegative and row-stochastic (R1 = 1), and C € RN*V js
nonnegative and column-stochastic (1T C = 17). Both have positive diagonal entries. The graph
Or contains at least one spanning tree, and G is strongly connected.

Lemma 2.2. Under Assumption the matrix R has a nonnegative left eigenvector w' (w.rt.
eigenvalue 1) with w' 1 = N. Similarly, the matrix C has a strictly positive right eigenvector v
(w.r.t. eigenvalue 1) with 1Tv = N.

Problem (T) can be reformulated as the following multi-agent optimization problem:

. 1 N _ _ _
wéﬁ}vnxdf(w) =5 iz fi(@i), sty =x2=--- =2y, (2)
where z = [z] ;x4 ;...;x L] € RV*? In this paper, the local objective function f;(z;) and global

objective function f(x) can be nonconvex. They are assumed to satisfy the following conditions:

Assumption 2.3. The function f is lower bounded, i.e., there exists some constant f such that
f=inf cpa f(x) > —o0.

Assumption 2.4. Every f;(-) is differentiable and L;-Lipschitz as well as p;-Hessian Lipschitz.
Specifically, for any x1,x2 € R, ||V fi(z1) — Vfi(z2)|| < L; ||x1 — x2|| and |V?fi(z1) —
V2 fi(z2)| < pilles — @2

One can verify that the global gradient VF(0) = % Zfil Vfi(0) and Hessian V*F(0) =
+ Zil V2 f;(8) are L-Lipschitz and p-Hessian Lipschitz, with L = % >, L; and p = % 3, pi.

2.3 SADDLE POINTS

Definition 2.5. For a twice differentiable objective function F(-), we call * € R? a first-order
(respt. second-order) stationary point if VF(0*) = 0 (respt. VF(0*) = 0 and \yin(V2F(0%)) >
0) holds. Moreover, a first-order stationary point 8* can be viewed as belonging to one of the
following three categories: 1, 2) local minimum (respt. local maximum): there exists a scalar
~ > 0 such that F(0*) < F(0) (respt. F(0*) > F(0)) holds for any 0 satisfying ||6* — 6| < ~;
3) saddle point: neither of the above two cases is true, i.e., for any v > 0, there exist 01 and 02
satisfying ||01 — 0*|| < v and |02 — 0*|| < vy such that F(01) < F(0*) < F(02) holds.

Since distinguishing saddle points from local minima for smooth functions is NP-hard in general
(Nesterov, 2000), we focus on a subclass of saddle points, i.e., (¢, /€)—strict saddle points:

Definition 2.6. For a twice-differentiable function F(-), we say that 0* € R? is an e—strict saddle
point if 1) 0* is an e—first-order stationary point, i.e., ||V F(6*)| < e; and 2) Apin(V2F(6*)) <
—./P€E, where p is the Hessian Lipschitz parameter in Assumption Similarly, * € R? is an
e—second-order stationary point if 1) 0* is an e—first-order stationary point, i.e., |VF(0*)| < €
and 2) Apin(V2F(0%)) > —/PE.

For a smooth nonconvex function, a generic saddle point satisfies Ayin (V2F(0*)) < 0. By focusing
specifically on “strict” saddle points, we exclude cases where Apin(V2F(6*)) = 0. In fact, recent
machine learning studies have shown that, in many commonly used models, all saddle points are
strict. Some typical examples include tensor decomposition (Ge et al., [2015)), dictionary learning
(Sun et al.| 2017), smooth semidefinite programming (Boumal et al.l 2016)), and robust principal
component analysis (Ge et al., [2017).
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Algorithm 1 Clipped-Gradient Tracking Algorithm over Directed Graphs

Initialization: Each agent i chooses =¥ € R? and sets y) = V f;(x?).
Parameters: Stepsize «, clipping threshold ¢y, row-stochastic matrix R, column-stochastic ma-
trix C, noise amplitude 6, and noise interval K.
for k=0,1,2,... do
for all s € [N] do
1. Agent i sends -} and ;' to its out-neighbors and receives ¥, y¥ from its in-neighbors.
;‘? and yf from neighbors and update the local optimization variable mf +

S Rigeh +0€F — - min{l, 19}y, k>0 & kmod Ko = 0,

2. Receive @

z =1 Ty ’ e ‘ (3)
> o1 Rijzf — a-min{l, m}yl , otherwise.
3. Update the gradient estimate yf“ as:
N
y =D Gyl + Vi) - Vi) 4)

=1

3 PROPOSED ALGORITHM

In this section, we propose an algorithm that incorporates gradient clipping in gradient-tracking
based distributed optimization. To our knowledge, no such results have been reported in the liter-
ature since the nonlinearity induced by gradient clipping will greatly exacerbate the already com-
plicated convergence analysis for gradient-tracking based algorithms. By employing carefully con-
structed inequalities to encapsulate the effects of gradient clipping operations, we successfully prove
that convergence can still be ensured in our proposed algorithm, even with gradient clipping (Sec-
tion4.T). More importantly, we prove that the gradient clipping technique can greatly accelerate the
escape from saddle points (Section4.2), which, to our knowledge, has not been reported before. It
is worth noting that although gradient normalization has already been used in |Levy| (2016) to avoid
saddle points in centralized optimization, it is fundamentally different from our gradient-clipping
based technique: the normalization based approach in|Levy|(2016) persistently divides the gradient
by its norm even when the gradient is close to zero, which makes it impossible to stay precisely at
a desired equilibrium point (as even when the actual gradient is close to zero, it becomes very big
after normalization and hence drives the state away from a desired stationary point); On the con-
trary, we use gradient clipping which divides the gradient by its norm only when the gradient value
is over a certain threshold value, which makes it possible for the state to stay precisely at a desired
equilibrium point. In addition, |[Levy| (2016) assumes that the objective function is strongly convex
in the vicinity of desired stationary points, which restricts its applications.

The algorithm is summarized in Algorithm [I] It can be seen that a gradient-tracking structure is
employed. Namely, besides the state variable x;, each agent employs an additional variable y; to
estimate the global gradient. As indicated in [Karimireddy et al.| (2020), such an additional variable
is necessary to ensure accurate convergence when the data on different agents are non-1ID, even in
the presence of a parameter server.

In the second step of each iteration, agents mix their local values with information received from
neighbors. During this step, Gaussian noise &; is periodically injected into the optimization pro-
cess to facilitate escaping from saddle points (Jin et al., 2021). We assume that the noise satisfies
Assumption[3.1]

Assumption 3.1. The noise {&;} follows zero-mean Gaussian distribution with covariance (1/d)I,
ensuring E [||&;]*] = 1.

In Eq. of Algorithm [1} y¥ is clipped. When the magnitude of y¥ is small but greater than
the threshold value c( (e.g., when the iteration is in the vicinity of a saddle point), this operation
will increase the effective gradient that is actually fed into the algorithm, and hence, will facilitate
escape from a saddle point in the presence of injected noise &;. When the value of |yf || is below
the threshold value, clipping will not take place, and hence, our mechanism allows the state to
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stay precisely at a desired equilibrium point. The threshold value cy is set according to the desired
accuracy e, as detailed later in Section 4.2

It is worth noting that instead of applying gradient clipping on the local gradient directly, we apply
clipping on individual agents’ local estimates y¥. This is because in a general distributed optimiza-
tion problem, the optimal values of local objective functions are different from the global optimal
solution, and hence, the local gradients evaluated at a desired global equilibrium could be far away
from zero and different from each other. This is the main reason why the distributed gradient meth-
ods (see, e.g., Song et al.| (2024))) are subject to optimization errors even under strongly convex
objective functions. Applying clipping will exacerbate the differences in local gradients, and hence,
could amplify this error. To the contrary, in our proposed gradient tracking algorithm, all local esti-
mates y¥ will be zero on an optimal solution of the global objective function, and hence, applying
clipping on them will not lead to errors.

Next, we show that Algorithm 1 escapes saddle points more quickly than existing approaches and
therefore converges faster to a e—second-order stationary point. We leave all proofs in the Appendix.

4 THEORETICAL ANALYSIS

4.1 CONSENSUAL CONVERGENCE TO A FIRST-ORDER STATIONARY POINT

We first prove that the proposed algorithm can ensure all agents to reach consensus both on their
optimization variables x; and global gradient estimates y*. To this end, we express the iterative
dynamics in a more compact form.

By defining 2 = [(})':- (k) ] € RV, &8 = [(&F) 75 (€X) "] € RV, ¢ =
[(y9) "5 s (yR) ] € RYXE, Vf(ah) = [Vf (@) VI (m?v) € RNXd, and ay* =
[(aky)T;- - (oK yk)T] € RV*4 where af = amin{1, & g H} € R, we can recast the update in
(3) and (@) into the following more compact form:

xzh Tl = Rak + 0,6" — apy®, Yy =CyF + V[ (2FT) - V[ (2), (5)

where 0, = 0 when k& > 0 and k£ mod Ky = 0; otherwise, 6, = 0.

. ko 1T .k k. 11T,k
We define the network-average variables as #° = u " and y* = $1'y

eigenvector of R corresponding to eigenvalue 1. Their dynamics follow:
"t =zF — LuTapyt, g =y¢F+ 1T (V@) - V). (6)

, where u is the left

Define the error between individual agents local optimization variables and the average optimization
variable Z¥ as e, j = w — 1(z*)T. Similarly, denote the gradient tracking error as ey =
y* — v(g*)T. Based on and (El[) along with R1 = 1 and 1"C = 17, we can obtain the
dynamics for e, ; and e, 1:

€ kt1 =<R— %)ez,k + Oy (I - %)ﬁk - (I - 1% )Otk:y ; (7

€yt :(C — ol )ey . (I }VT)(Vf(mk“) — V(b)) )
We can prove that ||e; x||? converges to zero (with an error determined by the noise amplitude):

Theorem 4.1 (Consensual Convergence to a First-order Stationary Point). Let Assumption [2.1]
Assumption [2.3] Assumption and Assumptlon [B.1] hold and the stepsize « satisfies
0 < a < min{Ci,...,C4} Then, F( ) converges and the convergence rate is

LSk GE[|VE (2% < O(N6?) + 0(1702)), where &y = amin{l, o). We
also have the consensus rate of {x*} and {y*} as ¢ 2521 E[lles,s]|?] < O( Ll ) +O(1\1[i/j§)

E(1—0%)
k N
and ;Yo Ellleys |7 < O(WN(H%)) +O(£%7).

1 1T
c. = NI(l - UR)z/QfLuv = 2o, €3 = (1 —
o3 — oo>2/2fc ¢l 0 = (Tl (17%)2 JAL ||ol| /3Ca 2 (3Lru, o]l + 21223 0, =
T
120403 11— 1% 1562 5 N(H—UR)HI— ||R %.olwl? 2(1+02 ) 1+203) 11— 21l 2 .2
,Ca, 2 ,andCy 1 = >
1— UR 1— R ’ 1— G
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Detailed analytical expressions for the consensus rate are provided in Eq. (#9) in the Appendix.

Theorem [A.1] explicitly shows how the convergence of both gradient norms and consensus errors
depend on the number of agents N and the spectral gaps 1 — 0}2% and 1 — 020 of the mixing matrices.
In particular, weaker connectivity (i.e., or or o closer to one) or a larger network size slows the
decay of both the consensus error and the gradient-tracking error. The results also imply that the
proposed algorithm converges to a neighborhood of a first-order stationary point, with the radius
determined jointly by the network topology and the noise level 2.

The result in Theorem@can be extended to the stochastic gradient scenario under Assumption@l
below (detailed consensus rate expressions can be found in Appendix Eq. (39)):

Assumption 4.2. For agent i at iteration k, the stochastic gradient satisfies E[V f;(z¥ vF)] =
Vfi(®}) and B[||V fi(xf, vf) = V fi(2])|?] = oF.

Corollary 4.3. Under the stochastic gradient setting in_ Assumption and assuming sim-
ilar conditions and stepsize selection as in Theorem the function value F(x*) con-

verges. The convergence rate is given by %Zﬁ:l aE[|VF (@)% < O(@)) +

kE(1—02,
O(N6#?) + 0(%0?). We also have the consensus rate of {x*} and {y*} as
L 3/2 3/22 o2 k
LS Ellend?] € O(RSS) + OB + O(Zy) and 13 Elle,.l] <

OGmn)a=eny) + O RO ) + O(+75).

4.2 SADDLE AVOIDANCE AND CONVERGENCE TO A SECOND-ORDER STATIONARY POINT

We focus on saddle avoidance when all agents are in consensus based on the following two observa-
tions: 1) From Theorem the local optimization variables ¥ of individual agents are guaranteed
to achieve consensus, and 2) before consensus is reached, the inter-agent interaction introduces an
additional force that keeps individual states =¥ evolving and prevents them from being trapped at
any fixed value. Thus, escaping saddle-point is the most difficult when all agents’ optimization vari-
ables are in consensus. In this case, the gradient tracking variables y/ are small. Therefore, dividing
the gradient by its norm effectively amplifies the magnitude of the effective gradient, and hence,
accelerates the escape from saddle point. This is proven formally as follows:

Theorem 4.4 (Escaping Saddle Points). Let Assumption[2.1] Assumption[2.3] Assumption 2.4} and
Assumption 31| hold. Algorithm[I|ensures that each noise period (K iterations) reduces the objec-

tive function by a substantial amount in expectation. More specifically, in no more than Ky = O(%)

iterations after one noise injection, we have E[F(Z*)] — F(&) < —Q, where & is an e—strict saddle
point and Q) is a constant satisfying Q@ = O (62).

Remark 4.5. The proof of Theorem shows that the stepsizes, noise amplitude/period and clip-
ping threshold should satisfy o = O(e), 0 = O(e), Ko = O(L), and ¢y = O(e) to escape
(€,~/€)—strict saddle points while ensuring agreement of all agents’ states. By setting acy = €2,
our method aligns with the stepsize choice in|Levy|(2016)) for normalized gradient methods but gen-
eralizes it to the clipped gradient scenario. Moreover, the stepsize o and noise amplitude 6 jointly

determine the number of iterations required to escape saddle points, as formalized in Definition|C.2]

of Section|C1|

In fact, besides evading a saddle point, Theorem 4.4festablishes that in each Ko = O (1) iterations
following one addition of noise, the algorithm is guaranteed to decrease in the function value by
a significant amount. Therefore, by using some lower bound on the optimal function value f, we
can repeatedly add noise sufficient times to ensure avoidance of all potentially encountered saddle
points, and hence, to ensure convergence to a second-order stationary point.

We can prove that within a finite number of iterations, Algorithm |I| will encounter an e—second-
order stationary point at least once:

211 is worth noting that such a bound can be obtained easily in many settings. For example, in the matrix factorization problem where a
low-rank matrix U € R?*" is used to approximate a high-dimension matrix M* € R%*?, the objective function is f(U) = 2l vuu’T -
M* ||?, and we can use f = 0 as the lower bound (Jin et al.}[2017).
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Table 1: Results for finding e-second-order stationary point.

COMPLEXITY COMPLEXITY
SETTING ALGORITHM(S) DETERMINISTIC STOCHASTIC 0.6
GRADIENT GRADIENT
O(e7?) O(e™%)
) O(e™2?) 0(675)
(2016) - O(e~?)
Centralized - - 0(673 2")
A en-ﬁ'mrsa,){u et al)(2018) - O(e39)
Li[(2019 O(e7?) O(e™3%)
Ge et al.|(2015 - O(e™)
Zhang & Li[(2021 O(e™175) O(e )
Jin et al[(2018 O(e 1) -
Fang et al./(2018 - O(e™?)
Daneshmand et al[(2018) - O(e™®) 0.6 03
Semi. Xian & Huang] (2023) . O(e?) Figure 1: The interaction
distributed | [Tziotis et al] (2020) O(e ) - graph of five agents.
Avdiukhin & Yaroslavlsevl (2021) - O(e™?)
B —6.5
Distributed | LY1aski & Sayed|(2021) - O(e )
sirbute ‘ This work O(e™3) O(e=3)

Theorem 4.6 (Converging to an e—second-order Stationary Point). Let Assumption Assump-
tion 2.3 Assumption 2.4 and Assumption @ hold. F0r any € > 0, Algorithm |I| will visit an
e—second-order stationary point at least once in K = (9( ) iterations.

The result can be extended to the stochastic gradient setting under Assumption [@.2}

Corollary 4.7. Under the stochastic gradient setting in Assumption 4.2} the iteration complexity re-
quired to escape (€, /€)—saddle points and converge to an e-second-order stationary point remains
similar to that in the deterministic gradient setting. Specifically, the number of iterations needed
10 escape an (€, \/€)—saddle point is Ko = O(L), while the total iteration complexity to attain an

e-second-order stationary point is K = O(%).

Remark 4.8. From Theorem .6 Algorithm [I| reaches an e-second-order stationary point within
K = (’)( ) iterations. This implies that noise—whose purpose is to escape saddle regions—is in-
jected only a finite number of times during the first O(e~3) iterations. After this stage, the algorithm
can proceed without additional noise. Therefore, in the infinite-time time horizon the convergence

bound in Theorem can be rewritten as Zf:l aE[|VF (%)% < oM ) + O(k(l = ))
and Algorithm[I)achieves exact convergence eventually.

Theorem [4.6] (Corollary A7) demonstrates that our algorithm converges to an e—second-order sta-
tionary point in O(%) iterations. This is much faster than the O(=5) saddle-point evading speed
in [VIaski & Sayed (202T) where only gradient noise but no chpplng is used. To our knowledge,
our O(z) iteration complexity in reaching a second-order stationary point is faster than all existing
results for saddle-point avoidance in distributed optimization. In fact, it matches the state-of-the-art
convergence rates in the centralized setting or semi-distributed settingEIin finding second-order sta-

tionary points (see, e.g., Xian & Huang| (2023)); [Chen et al.| (2022))). The detailed comparison with

existing results is summarized in Table

5 NUMERICAL EXPERIMENTS

Here, we present experimental results for logistic regression, robust Principal Component Anal-
ysis and convolutional neural network (CNN). The first two experiments were performed under
R = C (which reduces to an undirected graph depicted in Figure[T) whereas the third experiment
used distinct R = C corresponding to a directed graph as described in Appendix D.1. Additional
experimental results for binary classification (where the saddle point can be analytically obtained)
and neural network training are provided in Appendix [D}

3We refer to methods for “semi-distributed” setting as methods that are partially decentralized but still require global information or
network-wide aggregation at certain steps. For example, in Xian and Huang (2023), the termination mechanism depends on knowing exactly
how many worker nodes satisfy a stopping condition, which requires an additional global aggregation process to collect Boolean indicators
from all agents. In contrast, our algorithm is fully distributed by design: all operations are based solely on local states and neighbor-to-neighbor
communication, without any global statistics, global counters, or centralized processes.
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Figure 2: Regularized Logistic Regression on  Figure 3: Reconstruction error in Robust PCA
Gisette dataset. background subtraction.

5.1 REGULARIZED LOGISTIC REGRESSION

In this experiment, we employ non-convex regularized logistic regression to solve a binary classi-
fication problem using the Gisette dataset (Guyon et al.,[2004). The feature vectors of the training
samples are denoted as h € R? with d = 5000 for each sample in the dataset, and the labels of the
binary classes are y € {—1,1}. The loss function is ¢(x; {h,y}) = —ylog(%aﬁh)) + (1=

1+4-exp(
T 2
) log(%) +5 le 1542, where {h, y} represents a training tuple.

To visualize the performance of our algorithm around the saddle point, we explicitly compute the
saddle points of the loss function using 10 data samples and initialize all agents on a saddle point.
For Algorithm [1} the noise amplitude for each dimension was set to 1 x 10~7, and the clipping
threshold and stepsize were set to ¢cg = 0.4 and o = 0.06, respectively. The evolution of the
global loss was shown by the yellow line in Figure [2] which shows that Algorithm [1| can evade
the saddle point. To show that clipping can expedite saddle avoidance, we also plotted the global-
loss trajectory of our algorithm with the same amount of noise but without clipping (termed as
“Distributed Gradient Tracking with Noise” and represented by the red curve in Figure [2). The
stepsize was set to o = 0.039, which was found in our experiments to lead to the fastest escape from
the saddle point while not causing divergence. Figure [2|shows that the escape speed from the saddle
point is reduced significantly, which confirms that clipping indeed expedites saddle avoidance. In
addition, we also found that further removing noise (termed as “Distributed Gradient Tracking” and
represented by the blue curve) will lose the capability of saddle avoidance. We tested Algorithm 1
with various choices of parameters ¢y and 6 (see additional experimental results in Appendix |D.4)),
and Algorithm 1 consistently demonstrated satisfactory saddle-point evading performance.

5.2 ROBUST PRINCIPAL COMPONENT ANALYSIS (PCA)

In this experiment, we address the background subtraction problem in computer vision using robust
PCA. For a video represented as a sequence of images, robust PCA is utilized to distinguish dynamic
objects from the static background. Specifically, given a sequence of images represented by a data
matrix M € R™*", robust PCA decomposes M into a low-rank component UV " capturing the
background, and a sparse component .S representing moving objects. Here, U € R™*", V € R"*",
S € R™" and r < min{m,n}. The decomposition can be formulated as the optimization
problem ming, v f(U,V)+p2|[U U~V V|3, where f(U,V) =minges, 3|UV' +8—
M ||, ps is a constant and S represents the set of matrices with at most a—fraction of nonzero
entries in every column and every row (Ma & Aybat, 2018)). It has been proven in|Ge et al.| (2015)
that all saddle points in robust PCA are strict saddle points.

The “WallFlower” datasets from Microsoft (RPC|2017) were employed in evaluation. We randomly
assign 200 image frames with 56 x 56 pixels to each agent, creating the data matrix M; of agent ¢
with dimensions m = 9408 and n = 200. The optimization parameters were chosen as p2 = 0.01,
& = 0.2, and » = 30. For comparison, we also implemented the saddle avoidance approaches in
Daneshmand et al.| (2020), |Vlaski & Sayed (2021) and [Y1 et al.| (2016)). The stepsizes for these
algorithms were carefully chosen such that doubling the stepsize will lead to divergence. We also
implemented the conventional gradient-tracking algorithm without clipping. For our algorithm, the
noise amplitude was set to # = 0.01 and the clipping threshold was set to ¢y = 0.2.
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Figure 4: CNN experiment on the CIFAR-100  Figure 5: CNN experiment on the CIFAR-100
dataset: Training accuracy. dataset: Test accuracy.

Figureshows the evolutions of the reconstruction error £ = Zf\il | M;—U,;V," —S;||/|| M;]||% for
all the algorithms. Our algorithm has a much faster and more accurate convergence. This indicates
that our algorithm effectively navigates towards better stationary points by successfully evading
strict saddle points.

5.3 CONVOLUTIONAL NEURAL NETWORK (CNN)

For this experiment, we train a CNN on the CIFAR-100 dataset, which contains 50,000 training
images spanning 100 classes. Training on CIFAR-100 is a highly nonconvex problem with a con-
siderably more complex loss landscape due to the large number of classes. The dataset is evenly
partitioned across the five agents, and the batch size is set to 32. The CNN architecture is a deep

network identical to that used in (2017).

We compare the proposed Algorithm [T] with the decentralized stochastic gradient method CDSGD
2017), as well as the decentralized adaptive methods DAMSGrad
and DAdaGrad (Chen et al.}[2023)), which adapt the well-known adaptive methods AMSGrad
and AdaGrad (Duchi et al] 201T) to the decentralized setting. For Algorithm [T} the noise
amplitude, noise-injection interval, and clipping threshold are set to § = 1 x 10~%, Ko = 100, and
co = 10, respectively. The stepsize « is chosen as 0.05 for Algorithm [I] For CDSGD, the largest
stepsizes that ensure convergence were adopted to provide a fair comparison.

The training and test accuracies, averaged over 10 runs, are shown in Figure [] and Figure [3] re-
spectively. Both CDSGD and the decentralized adaptive algorithms exhibit poor generalization (test
accuracy). In these algorithms, consensus among agents is insufficient, as each agent follows its
own gradient direction, with adaptive methods amplifying this effect through local-geometry-based
step sizes. This leads to overfitting on local data (reflected by high training accuracy on local data),
which is particularly problematic in the highly heterogeneous CIFAR-100 setting with 100 classes.
Consequently, these methods achieve high training accuracy but substantially lower test accuracy
compared to our approach. It is worth noting that removing clipping degrades performance (see
the variant termed “Distributed Gradient Tracking with Noise” which is Algorithm 1 with all com-
ponents except gradient clipping), highlighting that both noise injection and gradient clipping are
essential for effective saddle avoidance in our algorithm.

6 CONCLUSIONS

In this work, we propose a distributed optimization algorithm that can evade saddle points faster than
all existing results for distributed nonconvex optimization. Our basic idea is to integrate gradient
tracking and gradient clipping, which is of interest itself given that gradient-tracking algorithms have
been shown to converge faster and more accurately than conventional distributed gradient descent
algorithms when local objective functions are different or local data follow non-IID distributions.
We prove that gradient clipping also provides an effective means for saddle-point avoidance. Given
that gradient clipping is already widely used in deep learning to address exploding gradients, our
result paves the way for attaining the additional benefit of fast saddle-point avoidance in distributed
optimization without incurring additional costs.

10
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A PRELIMINARY RESULTS
Lemma A.1. For any agent i € [N] in Algorithml[I} define

of =amin{Lgy}. &l = amin {1, oty |
Then, the following inequality holds under Assumption 2.1} Assumption 2.4} and Assumption 2.3}
ok — [yl < @yt — vV F@E"). ©)

Furthermore, if we define &y, = avmin {1 }, then we have oy, < df < |:,” . Thus,

[&0]
P ollIIVE ()]
we have

v _
jof &yt < ey - uvp@). (10)

Proof. According to the definitions of o and a¥, we establish relationship in Equation (EI) on a
case-by-case basis as follows:

Case 1: v;|VF(z")| < co, ||yF|| <

In this case, we have aF = af = a, which implies

kK -k k
Q; — @y | lly:'ll = 0.

Case 2: v;|VE(zF)|| < co, ||yf|| > ¢p:
In this case, we have af < o = a¥, which implies

k _k ki 1 1 k
loy — af| [lyf || = aco ’W = o | lyll
_acO(l — 1) Il an

( Tt u) vl

In the second equality above, we have used the condition HyZ H > ¢g in this case.

By substituting o with &% and using the bound v; ||V F(2*)|| < co, we obtain
o — ay|[lyfll <ag (el = v VF(@®)])
<afllyf — v VF(@")].
where the last inequality follows from |||a|| — [|0]|| < ||a — b]|.

Case 3: v;|VE(zF)|| > co, Hyz H
In this case, we have a = a > aF, which implies

_ 1
= a9 = aco | - ~ o oy | I
Co
- (1 uww) I "
a|Y; —
T ||V’L“ (l—lk)” ([[o:VEF (2*) | = o) ,

16
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where in the second equality we have used the condition v; ||V F(2*)|| > co in this case.
Using the definition of a¥ and the triangle inequality |||a|| — ||b]|| < ||a — b]|, we have the
following inequality:

Qo —k k
0y |VF — |y
v IVF (25)]| (v H (z )H Hy H) (13)

< at gt — oV F ()]

o —ai| [lw? | <

Case 4: v;|VE(z")|| > co, ||[yF| > co:
In this case, we have af < a, aF < «, which leads to

|of — af| lyf[l =aco

1 1 k
T — o vl
[ VE @) — [l

v VE (@]
Using af = ST F ey and the triangle inequality [lla]| = 1]0]|| < || — b]|, we obtain
|of — ai| ly|l < afllyf —wiVE ()]
Therefore, the relationship in equation (9) is true in all cases, which completes the proof. L]

Lemma A.2. Under Assumption 21| and Assumption the iterations of Algorithm /1] satisfy the
following inequalities:

asy®|” <60z |ly* — vV F(@*)||” + 3Nai ol | VE(E")|, (14)
272
v~ oV F @) < 2yl + A0 e, o2 (15)
Proof. We first analyze the term a*y*.
Recalling the notation a*y* = [(afyf) ;- ; (akyh) "] € RV*4, we obtain

lowy™||” < ZH&

To further decompose each block, we add and subtract the same reference quantities ay* and
arvVF (z") as follows:

afyl = (of —ap)yl + an (yF —vVF (")) + arvVF(zh).

Applying the inequality ||a + b + ¢||?> < 3]|a||? + 3|b]|* + 3]|c||? yields

|aky H 32” a — ag)y; || —|—3ZHak —'vVF(a’ck))H2

+32 |aroV F (@)

i=1

Using Lemma[A-]to bound the first two summations, we obtain
2 2 _ _
ey < Z [yf —vVF@")||” + 3Nag|lv|* |V F (")),
which establishes inequality (T4).

17
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We now turn to the second inequality (T3). We rewrite the term by adding and subtracting vy:

ly* — vV F@H|* < 2)y* - vz + 20 ) 7" - VEE)|".

Using the definitions

_k 1 & k —k 1 & _k
ZNZVfZ(IEl), VF(QI ):szfl(w )7
i=1 i=1
we obtain
1 & k k
yt — VF(z") = ~ ; (Vfi(zr) — V(&)
By Jensen’s inequality,
1 .
Nzai < NZH%||2’
i=1 i=1
we have
5" ~ VF(z Z |V fiab) - V£

By the Lipschitz gradient condition in Assumption [2.4] we further obtain

~ 2 L2 _
|y" - VF ZHGZ —zh|? = fIIekuI

Combining the above results yields

2||v|[2L?
”2 + ”vll e

|y* — oVE@")|* < 2le,n N lexl?

)

which establish inequality (T3)). This completes the proof. O

B PROOF FOR CONSENSUAL CONVERGENCE TO A FIRST-ORDER
STATIONARY POINT

In this section, we establish the first-order convergence of the proposed algorithm. The proof pro-
ceeds in four main steps:

Bounding Consensus Errors: We begin by deriving iterative relations for the opti-
mization variable errors and the gradient tracking errors, specifically E[||e, x+1|%*] and
E[||ey,k+1]/?]. The detailed expressions can be found in Section|B. 1|

Function Descent Inequality: We derive a descent inequality that bounds E[||V F(z")||?]
using the function value difference and the previously derived error terms. This step is
detailed in Section[B.2]

Convergence Rate Characterization (proof for Theorem @.1): We combine the results
from the first two steps into a linear time-invariant (LTI) system that characterizes the con-
vergence behavior. This establishes the algorithm’s convergence to a first-order stationary
point, as shown in Section|[B.3]

Stochastic Gradient Scenario (proof for Corollary d.3): Finally, we extend the anal-
ysis to the stochastlc setting, where the gradlent tracking update is modified as y k+1 =
wijyk + V[ (b ) — W fi(xk, ¢F), with ¢F representing random data sam-

JEN; Mgy L p g

ples. This modification 1ntr0duce§ slight changes in the analy51s as detailed in Section[B.4]

18
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B.1 BOUNDING CONSENSUS ERRORS

We define the optimization error between each agent’s local optimization variable and the global
average variable £* as

er ) i=x" —1(z")". (16)
Similarly, we define the gradient tracking error as
ey =y" —v(gh)’. (17)
By construction, the i-th row of e, ;. and e, i, denoted e 1. ; and e, j ;, satisfy
erni = (@) =@, eyri=(y)" — (vg")". (18)

Using the update rules in Eq. (3 and Eq. (EI) together with the properties R1 =1and1'C =17,
the consensus error dynamics can be expressed as

eriir = (R— 25" )ern+0c(1 - 25 )€h — (1 - 245 auy, (19)
d
) epirt = (C = 5 ey u+ (I - 245 ) (/@) - Vf(h)). 20)

Based on the dynamics of e, and e, x, we can prove that the consensus error ||e; x||? converges
to zero (with an error determined by the noise amplitude), and hence, all =¥ will converge to each
other.

Lemma B.1. Under the definitions of the optimization error e, i in equation @) and the gradient
tracking error e 1, in equation ([T7), when the stepsize o satisfies

0<a< min{ VNU=ok) V1—og },

T ) 1T
2V3L||w|T- 1%~ 1215

the following relation holds for all k > 0:
1402 _ _
E[lles+1%] STTRE[llewrlR] + o*ConE[lleykl2] + aCo2 arB[|VE(2")|?]

+ T - %02,

21
1+o? = -
Ellleyrr1lE] <CyaE[llewrllz] + T52E[lley k2] + aCyamE[|VF(@")]]
—|—Cy7302,
where
121403 11120 3,52,
Con = 0% .
Py 1u’ 2 (2 2
C. .= BN(1+og)lI— "5 IrOR 2 vl
z,2 — 1—02 ’
R
o 20toR)reed)I- b (22)
y,1 1—02 ’
C
2 vl 2 272
C. . — 12N (1+o o) — - llellvl* L ax
Y2 — 1—02 ’

2L% (1402 T
Cys = 25T - S|z

Proof. For the dynamics of the optimization error e, ;, in @), taking normalization and expectation
on the both sides yields

EflexnsilB] =E[I(R - %), — (I - 135 )any® 3] + E[I0x (I - 230)€" 3]
<1+ moRE(lealF] + (1+ I = 5155 ooy |12 + %11 = 3%
(23)

19
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. . N(1—
Using Lemma under a step size o < ( JRT) , setting n = GR in (23)) leads to
2f|\v|\|\1— IrL 7R

E [”eaz,k-‘rl H%-‘J

T
1+0% 12(1+ o) T — % R0% 2 52
<
BN(1+ 03|11 — 187 |[%0% ,|lv]? i T
+ GE[IVF(@")?] + %1 - %~ .

1— O'R
For notational convenience, the inequality (Z4) can be written compactly as
2
E[llesi1llR] <7EE] &) +0°ConB[lley 1 IE] + o CopmE[|VF(2Y)]7]
02T — 5

ROR2

(25)

3N (140%)11- 1%
1—0?{

1
12(1+0%) 11— 57
1—0?{

=0T lv]

and C, 2 =

where C, 1 =
: 2
Next, we analyze the evolution of | e, »|/&. From @), we have

T 2
Efleyssld] < (1+m02E[le,uld] + 1+ 5|1 - 2| E[IVF@) - Vi@)E].

(26)

For the gradient difference term, using Assumption (2.4), we have
E[|Vf(@) - Viah)P] <20 ([T 124?] + E[Jl2* —1247]). @)

By Lemma[A.2] we can further bound the first term on the right hand side of the preceding inequality
as

E[H.’I}k+17 7k||2]
<2 R 28| Bll* — 1413] + 22 oy +
24a2||v||*L?
<<2012,3+’fT) [llexkliR] +24a7E(lley, k1] + 6N||v|*aZE[||V F(2*)[|?] + 6.
(28)
A/ —0'2 .
Substituting and into , and applying o < ﬁ, we obtain
-~ llc
1402 _ _
E[lleykrlle] < “F2E[lleyklle] + CyaE[lleskllR] +aCy2arB[|VE (@), (29)
where the constants are given by
Cpr = 2(1+U?:)(1+21033|\F HcLQ’ (30)
(e}
and
2 vl |2 272
R ()] (Lt ol P T (31)
Y2 — l—a% '
O

B.2 FUNCTION DESCENT INEQUALITY

Lemma B.2. Under Assumption nd Assumption H the objective function F ( ) in Algo-
rithm|I] satisfies the following inequality:
u'v

— WE[|VE(@@")|*] <E[F(2")] - E[F(z")]

3N
6Lty [l | 4r3,[lv]?
b (2 oy ) Elleysl’] (32)

3
. <6an, ol , 4x lo]l*

L
2~ 2 2
N Nu'o ) L Oék]E[He:c,k” ] + 59 .

20
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Proof. According to the dynamics of Z* in (EI) we can expend the function F(z**1) as follows:

F(:ik+1) <F <VF +1 _ :f)k> ka+1 —k||2
<F(zF) + ( VE(zF),0€F - l'u,Tozk.yk + £||iuTo¢kka2 + £02 o
= ’ N 2'N ' 2"
For the inner product term, we have
VF(z"), u'a
( yu'ay") (34)

=(VF(z"), tu" (apy" — avVF (")) + (VF(@"), Lu' awVE(zh)),

where &, vVF(z*) = [(afv, VF(z* ) - (akunVF(2%))T]. We first analyze the first term
(VF(z"), tu' (owy® — apvVF(z ))>

(VF(E"), +u’ (ary® — aroVF(@")))

- 35)
=(VF(z"), +u" (owy” — apy®)) + (VE(@"), £u’ (any” — apoVE(2h))).
For the first term in (33), using Lemma[AT] we have
[(VF(z"), NUT (ary® — ary®))]
*||VF Bl Zuz |af —ai [y |
(36)

IIVF IIZUZ Pyt —viVE(E")|

i=1

_ Ug
s vr@ HZ gl - 0 R ()|

where in the last inequality we have used the relation &, < df < ‘:,”

the inequality in (36) can be represented as follows:

(VF(@@"), yu’ (aky’“ —axy"))|

ay. Denoting k., 1= sup; 3%,

Bl (37)
<ol v ||Zuyl Gl
Similarly, for the second term in @ we have
|(VF(z* ,Nu " (6wy"” — avVF(zh)))]
f*||VF D wialllys — v VE(@E")|
1221 (38)
”iuvH'UH -
< ay||VF(z ||Z||yz v VE(@")|
Combining and (38), we can bound the inner product term in (33)) as follows:
1
- <VF(a:k), uTakyk>
N
! 2k, [|v]” o
u'v K2, ||v
< = F 2 70 gl | B k _ F —k 2.
e Al
We have already known that
Ellly" —oVF(@")[’] = E[|y" - vy" +vg" —vVF(@")|?]
<2E[[ly* - "] +E[|vg* - vV F @[] (40)
< 2E[|ley .k |I”] + 2L%|v|”E[ 7.

21
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For the 5% || " a,y*||? term, we can bound it as follows:

L
WHUTakkaQ Z Huza yz

gﬁ(zmna yr — aky! || +Zu1 k||y7 —v;VF(z )||

2N =1 =1
+Z||Uz FVF(E")| )
3k ) —||v|| lyt — v V)| + o]l (@)® N ||V F(5)|*
2N
3L 6L w _
< ol @? [V + S 5 |
@1
Combining (39), and (@I, we obtain
T
v
S GE[I V(@)
L B 6 LKy ||V 2;@'2 ||v||2 B L
<e[r(@") - el ] + (ol 2l ) am(lyt - ovr@hP) + 5
42)
Substituting (@0)) into (@2)) yields
“i”a E[|[VF(#")|?] < E[F(&)] - E[F(@&**)]
3N k B
6 LKy ”'UH 4“1%1;”"]”2 _
+( N T Naro ) WEllensl’] 43)
6Lrus [lol° 462, [0 o L
+< N + Vot LQQkE[HeLkHQ]—&—EGQ.
O

B.3 PROOF FOR THEOREM [£.1]

In this subsection, we establish the convergence rate of Algorithm [T] by writing the contraction
inequalities in (ZI)) and (32)) as a linear-time-invariant system.

Lemma B.3. When the stepsize « satisfies

0<a < mln{ N(I_O-I?{)T ) 1:;2? ) a SZR) é Uc “ v 1 U\T)H }
2V3L|v[| | T- %~ r 12— *xllc ettt (36 Licuo ||v]|*+ I yae, L2
the following relation holds for all k > 0
k
1 2 N No?
2 Ellensl”) <OGr=7)rmazy) + Ol em )
- / /
3/2 3/2p2
% 2 EllleasI’] <OGAS52y) + O =y): (44)

s=1

k
LN GE[IVE ()7 <O(RE) + O(2).
s=1

22
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Proof. By the relations of ||e; ;+1/|% and | ey ;1% in Lemma|B.1{and Lemma|B.2| we have

ok 2
e, 2 3 o“Cy1 es 2 aCral B
Jessnll] < leaall}] 1 [2€2] o, 1w riah?
Oécy’g

ey kr1lle C 1+o2 lley k&
y,1 2 (45)
-
L 1= 500) .
Y,3
From Lemma[B:T] the evolution of the consensus error satisfies
upr1 < Guy + by, (46)
where the vector uy, by, and the matrix G are given by
9 1+O‘?? QC
_ {llewk+1ln _ |7z @ e
U= lleyunle] &= Lot
' Cy-,l T2
and
aCqa] k2 ||I—£||§z 2
bk = ak||VF(a: )” + N 0
Oécy,g Cy’3
2 2
Under the condition v < %, we have I, — G| > M and hence
x, Y,
4 804 CI 1
1 1—0% 1— 1—
(I —G) < 8C, 1 ( UR)4( 7¢)
(1-02%)(1-02) 1—0%
Recursively applying equation (@6)) from k = 0 to K, we obtain
K K—1
>up < (I - G) lug+ (L= G)7' > by (47)
k=0 k=0

In light of equation {7), we further compute an entry-wise upper bound on the consensus error and
obtain the following result

K
8a%Cy 1 9 40&Cx2 2
leanls < 1 eyol2 + & VF (@)
2 Nl STr—ozyi —aylenolle + 752 2
4I lu
LA,
l—aR
. (48)
8aCyp 2Cy 1 4aC _ 2
levall2 < lleyol? +[ 2Cy, } &l VF (@)
3. lewalt <y=gglenl + [ a5 + 12583

8||I m ||%2 y,1 4Cy,3 92
(1—0’R)(1—0'C) 1-02 '
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Finally, combining equation (32) and equation (@8], we obtain the following results under o <
uTv(l O’R) . —0 ( (1- O'R)(l U’R)).
(BGLKuvHv‘|3+24K/ HU” )4C 2L2 (1+JR)

K
ZE [”ew,kH?%] ng,l(F(a’?O) - JF) + Rx,2E [Hey,OH%‘] + Rx,392a

k=0
K
Z]E lley, k”C] <Ry1( f) + Ry, 2E[||ey 0”0] + Ry, 50°, (49)
k=0
K—-1
apE [|[VF(@")|°] <2 (F(@°) — f) + ReaE [[leyolle] + Ry 26
k=0

where the constants are given by

_ 6N 6Lkus|vll 452, 0]\ _da 6Lruo|[v]? 42, |lv]* 8a’Cpn L? — VN
R = 385 [(Lrglel oy + (Seaglel 4 ) = 0(225)

NuTv /1-0Z NuTv /(1-0%)(1—0Z)

3

_ 6N |/6Lkus|v] 4r2 |lv]? 8HI* N ”R y,1 4Cy 3
Rv .2 o [( N + )( + —==

= T ulw Nu'lwv (1— O'R)(1 o) 1—0Z,

6Lk ||v]|® | 4r2, |v|* 4||I— ”RL2 L 1-o2

u'v 1—0o%

24NC,, 3/2
Rm,lz % 04*0<N2)

uTv(l—0%) 1-02
_ 4ARv.1Csx2 8Ca 1 2 N
RQL’,Z - 17‘72}2 o+ - O’R)(l O_C)O[ = 0(717021%>
1w o
_ 4Rv.2Ce2 -5l _ VN N3/2
Ras = Tz Otz = (@) 0z T 107

u (1-0%)(1—0% o (1-0%)

Cqs 2C, C,
Ry2=TRv, ((178612%)2(1{,2%) + f*f?%) o+ = 1oL = 0(1 Uc)

8C:,2Cy 1 4cy 2
= o a
Rys =Rvz ((1—0@(1—0%) +

1uT 2
8IlI-— y.1 4Cy3 1
+ ( (I-0%)(1—02) ) O 1— 172 + (I-02)(1-02)2 )

O
B.4 PROOF FOR COROLLARY [£.3]
Proof. Under Assumption[4.2} we can recast the update in Eq. (3)) as follows:
= Rz’ + 0,¢" — auy”, (50)
+1 :Cyk+Vf($k+l7Uk+1) —Vf($k,vk)7 (51)

where

~VIk (@, vk)-
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We will express V f(z*, v*) = V f(2*)+¢*. Parallel to the deterministic analysis, we now analyze
the consensus error and descent behavior of the proposed algorithm in the stochastic setting.

Consensus error for x*. Corresponding to the determlmstlc gradient case (see Eq. ( .) the

consensus error associated with the optimization variable ¥ can be bounded as

Eflless1]2] < (14 n)ofy Elleasl®] + (1+ 1) E[lony* - LawgF|2] + 62 (52)

2, using Lernma and y* = Vf(z*) + ¢*, we obtain

E[llony* — Lauy|?] = 6a2E|ly* 1 (5*) " |1

For the term ||oz;€y’c — 1oy

aL? 2 T2 2 k)2 (53)
+L2GIE 2t — 1 (@) 2] + 46 E[ICH) -
.. . 1-
By combining Eq. 1i and Eq. li and choosing 7 = —— QR, we arrive at
1402 _ _
Eller s l] SHFEE[lersli] +0%CoiB[leyls] +aCoamEIVF@I]
+ 02T — 41| % + a2Cy 502,
o2 _1u o2 _lu o 2
where Cpy = 0% Rﬂlf_UZN ha oo, = 3V0F R)lurl_géV Rl gy =
R R
6(1+2UR)|\1—
1— a'R

Consensus error for y*. Similarly, following the derivation of Eq. (26)), the consensus error for
the gradient-tracking variable y* in the stochastic gradient scenario satisfies:

T2
E[leyrsl3] < (1+mo2E[le,l3] + 1+ 5|1 - 2| E[IVF@*) - Vi(@")3]
(55

By replacing V f(x*, v*) with Vf(x*) + ¢* and utilizing the gradient noise assumption in As-
sumption4.2] we have

0'2 — .
E[lleyi+1l] < Z72E[ley k] + CyaEl] 7| +aCy2aE[|[VF(@)|?] +Cys0t,

(56)
where the constants are defined as
Co = (1+Uc)(1+2‘7R)HI— HcL2
y,1 — 1— UC ’
12N (14021 1- 2 12 L2ay (57)
Cy,2 - 1—02 ’
C
_ 2(1+4202 ) 1—r
Cys = 202000 |1 — 2|2,

Descent inequality under stochastic gradients. Corresponding to the deterministic gradient case
(see Lemma|[B2)), the descent inequality in the stochastic case can be derived as follows:

UT’U

k k+1
37N04k]E[||VF( )” ] ] _E[F( " )]

6LKyy ||V woll? 2\
+ ( U || ” N1 ”r ” )akEmey,kHZ]

6Lruo 0], 45, [0]* [z, o L, OY
—+ < NuTo L akE[||ez7k|| ] —+ 59

6 LKy ||V K2, |lvl*
+< ol i u||T || >akag
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Final bound. Using an argument similar to that in Theorem [4.1] (see Section[B.3), we obtain the
result stated in Corollary[4.3] Specifically, under

. V/N(1-0c%) \/1—0c2 (1—02 1 o2 u 'v(l o )
0<a< mln{ lRuT ST ”1TCH ’ sc}j L &) At \Tv\l }7
2V3L||III- "5 Ir v llc (36 Ly || v]|3 + ——ua )4 Cp o L2
we have
k
%;E[Hey,sH?} <O(W) +O(k(1 o% )+O( p J?)
k
3/2 N3/2p2
1D Ellleas|?] <0(k(]1v_0@)+0( = 7y) + O(1= 20?) (59)
s=1
k
_ s\ 112
%Z%E[HVF (2°)I] <O(3) + O(&E- )+0(\/m0§)-
s=1
O

C ESCAPING SADDLE POINTS AND CONVERGING TO A SECOND-ORDER
STATIONARY POINT

We directly discuss the stochastic gradient scenario under Assumption @ Without loss of general-
ity, denote the stochastic gradient V f (x*, v*) as V f(x*) + ¢*, where (¥ denotes noise in gradient
estimation. For the deterministic results in Theorem , we have og = 0.

Our proof follows the framework of Jin et al.| (2021). We first establish Lemma@ which shows
that if the objective value does not sufficiently decrease within a bounded number of steps, then the
iterates remain localized near their initial point. Next, we introduce the coupling sequence technique:
by constructing two coupled trajectories and applying Lemma[C.3] we show that if both sequences
fail to achieve notable function decrease, then within one noise injection cycle they must remain
trapped around the saddle region (Lemma . Finally, by analyzing the collective dynamics of
all agents near such a saddle point (Lemma%, we conclude that without significant descent, the
optimization variables of all agents inevitably stay confined around the saddle point during a noise
cycle. Finally, by analyzing the collective dynamics of all agents near a saddle point, we conclude
that the objective function value will, in expectation, experience a significant decrease within one
noise cycle.

C.1 PROOF FOR ESCAPING SADDLE POINTS

Theorem C.1 (Escaping Saddle Points). Let Assumption[2.1] Assumptlonn Assumptwn and
Assumption 2 hold. If o, ¢, 0, and Q are chosen as specified in Definition[C.2] and & is an e-
strict saddle point, Algorithm[I|ensures that each noise period (K iterations) reduces the objective
function by a substantial amount in expectation.

More specifically, in no more than Ky = (’)(;) iterations after one noise injection, Algorithm I
ensures that the objective function has the following significant decrease in expectation:

E[F(z")] - F(Z) < -Q (60)
where Q) is a constant satisfying Q = O (62).
Definition C.2 (Parameter Choices). For Algorithm(] the parameters are set as

1 CKC,
a=coe, O=cpe, co=—€, p=cpe, Ko=—2, Q=cgoe, (61)
«
where c,, g, Cy, Cic, and cg are constants satisfying
4 1 4 2
3€Q S Ky S Toov co = f Cps 50ck,cQ < ¢
1
207 (145 0¢) . [ Nex Negy  coy/N(O-0%)
CoCa Z 3 CKo» Ca < min{ gap + 20L743) Ao\ foongbas 1692 [
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To prove Theorem [C.I] we analyze the iterative dynamics over Ky steps following a single noise
injection. Without loss of generality, we consider the iterations from m/Kqy to (m + 1)Ky — 1 as a
representative case in the derivation. For clarity, we enumerate these KCy iterations as follows:

m’Co — Rmm](:g + 9£mK0
mKo+1 __ me:o — QUi Y
0
miKo+1 _ CymlCo + Vf (w'rn)Co-‘rl7 ,UmICo—i-l) _ vf (:BmICo7 U'rrL)Co)

.’.E m)CO

e

(62)
m(m+1)lC071 — Rm(m+1)}C072 o a(m+1)’<:0_1y(m+1)]c072

y(erl)K:()fl — C,y(m+1)}<072 + vf (w(m+1)lC0717,U(m+1)7C071)

_vf (w(m-‘rl)K:o—Q’ U(m-‘rl)’Co—Q) ,

where m € Z7T.

For the sake of notation simplicity, we use Z°, Z°, and Z* to denote £™*0, ™ 0 and g™l otk
where 0 < k < Ky — 1. To simplify the derivation, we assume the noise variance r = 1. We
denote the parameter representing the clipped stepsize for the average of all agents’ variables Z° as

— . 1 1 N . c
G = Qo Imin {* TV EGE } = CGonin {17 TV F@ET } €R.

In the next lemma, we show that if the objective value does not sufficiently decrease within a
bounded number of steps, then the iterates remain localized near their starting point.

Lemma C. 3 (Improve or Localize). Under Assumption 2.1} Assumption[2.3] Assumption [2.4] As-
sumption 3.1} and Assumption [{.2] for any fixed 0 < k < Ko — 1 gradient tracking iterations in
Eq. (62), the proposed algorithm guarantees the following results:

[lz - 2°[°] . .
e <o+ O(W) +O(§rii=ry)

+ (O(N) + O(25) + O(320sy) ) 02 (63)

+<O( W)_FO(N( >)+O( ( Uf?))> O'g.

Proof. From the dynamics of Z in Eq. (6) and Lemma[A.2] for any 7 < k, we have

T—1 T—1
—r —02 —|? —|?
Iz =2 = | o] <3 s 64
=1 =1
In the stochastic gradient case, y* = Vf(x*) + ¢*. Following an argument similar to that in
Lemma[A2] we have
2 _6a = 2 _2 2 NIE
o] < 55 ZHy, — o, VF@)|)? + 3a2l|v))? | VF@")||

~2 N NI
=5 VE@)| "+ 3at ol ||V P@Eh)|
i=1
657 i e (65)
= S5 (llyf = vl + 0" — vV E@|[) + 362 ol [ VE@E")|
=1
<5 Y (ot - : )+ ¢4
< LS (Jluf — g + 2 [V ) — Vi) + ¢H)
1=1

+3a2 0|2 |[VE@E")|.

27



Under review as a conference paper at ICLR 2026

Taking expectations on both sides of Eq. (63) and using Theorem [#.2} we obtain
E[llony 2] < 3a2llolPE[IVF@")?] + $a3E[ly* - v’

2 2 X
+ S 2R [k — 1(2*) T(|?] + 6a2||v|IPE[||¢F)1?] -

(66)

By taking expectations on both sides of Eq. (64), substituting Eq. (66) into it, and applying the result
in Eq. (39), we have the following inequality after rearranging like terms:

E[|z - 2°|] <3/€Zaz [IVF(z Z E[lley.ll’]

=1

-1 -1
N o Ellenl?] + 6k atB{IcH
- (67)
gSka(O(%)+(’)( )+ 0tz o?)
Glj\c;z (o(k(1 2 ))+0(,€(17 )+ O(= 204))
4 L (0 2) + O ) + O(r 0d)).
Therefore, for all 0 < k < Ky — 1, we obtain
E|[la" - 2] o »
T K OOy i)
+ (O(N) + O(27) + 032585 6° (68)
+ <O(,/(1_(T%)(A’1_(%)2)+O(N( =) + Ol U%))) ol
O

Next, we will establish that even when the optimization variables are initialized in the vicinity of a
saddle point, Algorithm [T] can still guarantee a substantial decrease in the function value after Ko
iterations when we add the noise at the first iteration. For the convenience of exposition, we denote
H = V?F(z"), where " is the saddle point. According to Definition 2 in the main text, we have
—Y = Amin(H) < —,/pée. We denote the eigendirection corresponding to the eigenvalue —v as ey,
which denotes the direction in which the global function has a negative curvature. We also let P_;
be the projection onto the subspace complement of e;.

Definition C.4 (Coupling Sequences). Consider two sequences {x*} and {x'*} that are obtained
as separate runs of Algorithm 1, both starting from the same point at time k = 0. They are coupled if
both sequences share the same randomness P_1&F, while in e, direction we have e] £€* = —e] £'%.

By utilizing the definition of “coupling sequences” and leveraging Lemma [C.3] we can establish
that if the function values of both sequences do not experience a significant decrease, they will stay
around the saddle point within one noise period.

Lemma C.5. Under the notation of Theorem[B.2] and statements of Lemma [C.3} we have the fol-
lowing result for the coupling sequences defined in Theorem|[C.4}

min {E[F(z" 1] - F(z°), E[F (&~ 1)] — F(:EO)} < -Q,

(69)
or Wk < Ko max (B[ - #°)7], B[la" — #|7]) <

Proof. By Lemma|C.3] the function value satisfies the following relationship with expectation:

T 70
m <E[F(z%)] —E[F(z")] + Ry,
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where
R :(O((l_a?:;?l UQC))+O(N1/2(1 p ))) [Hey70|| ]
+ (O(N) +O(7y) + Oty )) b2
+<O( (1_0?%%)+0( ( ))+O( ( %))>02
If

max {E[||z" - 2°|], E[|l" - 2°[]} > ¢,
then at least one sequence satisfies
2
-0 o —IC 90 _ &
E[F(z°)] - E[F(@")] > (24+ 6Cyaa | 6L c,la) Koo 24

2
C
> 26— Laly,1 + 0%Cy.2)

C]co
_ C~y‘2a2 _ L2C~m)2a2 _ C~y,3o¢02 _ Lzém,3a02
4N 4N?Z2 4N 4N?2
_ 2b23 2 >
N(l UR)O( UC =z Q,

where the second inequality holds due to the results in Eq. (59) and Lemma|[C.3]

By selecting and rearranging the parameters in Eq. (6I), we obtain the third inequality under con-
v/ N(1-02 2
stants ¢, < ceVNUZ9%) g cg < e
40o¢ o /6C;C0b23 50C}C0

This finishes the proof. O

To analyze the dynamics of all agents’ optimization variables around the saddle point, we need
to consider the cumulative effects of various algorithm components. These components include
disagreements in local gradient estimations, local clipping results, and added noise. Because each
agent has distinct local objective functions f;(-), local decision variables =¥, and noise £¥, they
undergo different update processes. All of these factors collectively mﬂuence the dynamics of the
difference between coupling sequences.

Lemma C.6. Let ¥ denote the average of {x¥} in Eq. , and let #'* denote the average of {x!¥}.
Define

k2 gk — gk,
Then, the iterates satisfy
' = py(k) — pr(k) + pa(k), (70)
where
R k
pq(k) £ OMEE p,(k) £ M} (p"' + ¢~ Zak DA MFEE (1)
1=0
Eo _ Lngo _ Lnglo
N N )
N
% Z — apv;VF(Z k _k),

1
- / V2Rt + (1 — )a) dy — H,
0

I, =0,
Mlk -
(I —apHy) - (I — ak—i41Hp), 1>1,
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1 —tk =k
QCO(\IvHHVF(fE’W")H HvHHVF( v”“)\l) VE@", o)
it |oll[VF(&", 0%)| > co and |[jo|||[VF(@*,0™)| > co,
1 1 = — 1k
O‘CO(HvHHVF@k,wu - a) F(a™,o™)
. if  [ull[VE(@", o) > co and |oll[|[VF(@*, 0™)| < co,
p fry

oL — el y—
O“O<Co e FEe o) VE @™, 0)
it ol VE@*, o) <o and ol VE@", o)) > e,

it [o|[VF(@" 0" <co and [o]|[VF(™*, 0" < co.

Proof. By Eq. (5), we can represent the dynamics as follows:

N
=z~ — q,VF(z", ") - (i{ Z afyl — deF(i:k,ﬁ’“))
i=1
1 N
=z" — a,VF(z* o") - (N (Odc - Oék;) y¥ 4 ay (yk —- VF(z", _k)))
i=1

A

£ zF — a,VF(z", ") - ¢,
Then, we can derive the following relation for the difference between coupling sequences:

jk—i-l _ :E/]H_l _ a_:/k _ (deF(a_:k Ek) —-a VF(:E/k 1—]/1@)) _ (qk _ q/k)

Il
S]]

a;:k+1 _ ag:k . (C_kaF(ik ,‘—Jk:) VF( —1k —/k)) q~k:
=& —ay (VF(&@",o") — VF(@*, o)) — p* — ¢*
_ ~k _ ~k “
=T —-arHy)x — apAx —p" — g~
where
1 _ 1 ~k 5k
O‘CO(HvHHVF(a‘:’%ﬁ’“)H nvnnw(@'k,a/k)u)VF(m ,0")
it |l[|[VF(&F, 0% > ¢ and |oll[[VE(@*, )| > c,
1 _ _
aco(u MYE@F oM CU) F(z*,o™)
i it |oll[VF(&", o%)| >co and |[jo|||[VF(@*, o) < co,
p fr
1 1 ~'k =k
ac@(a - —HvHHVF(@/k,a/k)u) VE(@", 0")
it |l[|[VF(&F, 0% <co and |oll[[VE(@*,0%)|| > c,
0
if  |l[|[VF(&", 0% <co and ][ VF(&*,0™)|| < co.

Unrolling the recursion yields

k k
~k+1 % _ ak—1 — ke—
T =oMmfe® — § Ap_ 1A MFE" — § Mf (p"t+ ¢ ).
1=0 1=0
This finishes the proof.

Next, we show that the term p, (k) in Eq. dominates the dynamics of the difference *
In particular, p, (k) is comparably larger than both py, (k) and p,, (k).
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Lemma C.7. Under the parameter choices in Eq. and the decomposition in Eq. (10), the
localization condition in Lemma ie.,

Wk <Ko max{E[|z* - 2°|%], E[a" - 2°|?] } < %,

implies that for all k' < k,

Elllpn(K') = pu(K)Il] < Braj, (75)
where
8 . . . 1, =0,
1 = + 5akgco + oz 00¢, a; =
2\F (1+apy) - (1+ ak—i417), 1>0.

Proof. According to the derivation of Lemma [C.6] by projecting onto the e; direction and taking
the norm and expectation on both sides, we obtain

k ~
e[15)] > B en€)er ]
l:;) k—1
) an_ 1A MFE

lz; PRRPANEY.Y i ] (76)
k

ZMlk (P~ ]

=0

& B {lpy (&)]] — E [l (9] — E [lpa (8]

For the first term E [||p, (k)||], since the noise added to the coupling sequences follows the Gaussian
distribution, we have 2 [Hpq (k)HQ} = E[|lpg (k)|]]* and further

k

E [[lp, (k)] = %GH (1+ Gpis1y). 1)
=0

For the third term E [||p,, (k)]|], we first prove the following result about the p*:

1p*|| < anL|E" | + ax || " — & (78)

Case 1: HVF zk, oF || > co and |[VF(Z™*,0')|| < co:
| is expressed as follows

1 —_
HpkH = QCy (ijk'(—)k)” CO) ||VF /k /k)“
- —|IvE@Eh oY) -
_aCO ||VF(-’13k ’Uk HCO HVF )H (79)
< ag IVF@ )| [ VF@* 5%
X ||VF((L‘k ’Uk H )

where the third inequality used the condition ||VF (&%, 5™%)|| < co.

According to the triangle inequality |||a|| — ||b]|| < ||a — b|| and the Lipschitz condition in
Theorem [2.4] we have

Ql

Ml < o ||[VE (&R, 0F) — VE(@™®, o)
K ||[VE(@&") — VF(@") + 0" — ¥ (80)

Lz +ax [|¢" = ¢

P

NN IN
Qi
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Case2: ||VF(z*,©")| < co and | VF(&*,0"%)|| > co:
In this case, with a derivation 51m11ar to that of the previous case, we obtain

k|l 1 1 /k —/k
9= o (& = rop@rgmy ) IVF@" o)
VF(z — Cp (81)
:aCOHHVF(m’k v’kH|co HVFw ’Uk)H
a(|VF@*, 5% - |VF@E", ")) < axLlE"] +a [1¢F - ¥,
Case 3: ||[VF(z",0")|| > ¢ and ||VF(&*,0)| > co:
In this case, {p
first case, we obtain
k|l 1 1 1k —/k
I#411 = (oraramy R ﬁ'm)W )
_lIvE@E®, )| - [VE@E", o) -
BRI 73 o Tz M AR RS
ac e k-
= o oy 177" =77 )
< axL||Z ||+0zkHCk ¢kl
Cased: ||[VF(z",0")|| < co and |VF(@*,0%)| < co:
In this case, we already have
p* =0. (83)
Next, using Eq. and the definition of ¥ and &y, we obtain
N
gl < & D" oyl + @V F (@) < 2000. (84)

Then, by taking expectation on both sides and combining Eq. (84) and Eq. (78), we have the follow-
ing inequality about the third term E [||p,, (k)]|]:

k k
S MF (o4 g ] <3t (161 + 2 (1)
=0

k
< af (ar— LE[| 2] + 2ax10¢ + 4aco) (85)
=0
k k
< LZ&k_lafE[Hi:k_lH] + (daeep + 2a0¢) Zaf,
=0 =0

where aF = 1, t=0
Pl 4 ary) - (4 ag—i417), >0

Based on the results in and (85), we employ induction.
Clearly, for the base case k = 0, the claim holds trivially, as p, (0) = p,,(0) = 0.

Suppose that the claim holds for up to iteration k, then for any 7 < k, we have :

At 26
|| < pg(M + llpn(7) = pa()] < VAR (86)

Since {Vk < Ko : max{||z" fa:OH ||&* faEOHQ} < 2} implies that the system is
still in the vicinity of the saddle point, by the Hessian Lipschitz property, we have ||Ax| =
[ v2r e+ -2 | } <o

< pmax{Ha_ck -z, Ha‘c'k — a‘co|
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Furthermore, we can obtain the following inequality:

1pn (k) = pa(R)I < llpa(R)I| + Hpn( )l
~k—1

<(pp+1) Zak 10 E[| &

=0

Mw

Il + (4aco + 2a0¢) ay

Il
o

k
a

M»

k
260
<(pp+ L) a(ﬁ + 51) Zaf“aé + (4aco + 2a0¢)
1=0

<(p<p+L)(ﬁ

7

I
=)

87
+ Br)akoaf + (dacy + 2a0¢)Koak 87)

+L), 260
= (pﬁOL )(\f + B1)ag + (daco + 200¢)Koay,
1,20 .
5(\f + B1)af + (dacy + 2a0¢)Koaf
< 51a§3

where the fifth inequality used the condition a/Cy L < 10 and the sixth inequality used the relation
L > /pe. The relation L > ,/pe holds because otherwise (i.e., under the condition L < ,/pe),
e—second-order stationary points are equivalent to e—first-order stationary points since the function
F(-) is L-gradient Lipschitz.

Hence, the claim will hold for iteration k + 1, which completes the proof. O
C.1.1 PROOF OF THEOREM [4.4] (THEOREM [C.1))
Proof. We prove the result by employing a contradiction argument. Suppose to the contrary that

both sequences are stuck in the saddle point, i.e., min{ F(z*°) — F(z°), F(z'*°) - F(z°)} > —-Q
holds, then we have

E [[lp, (k + 1)) = %eaﬁz,

Ellpa(Ko) = pu(Ko)lll < (5=

5 (88)
+ 5akyco + 2ozcolCoag)

e

Thus, in the vicinity of the saddle point, the two sequences satisfy the following relationship in
expectation

E[[|Z"°[] > E [|lpg (Ko)ll] — E [llpn (o)) — E[[lpn (Kol
> [29 - (i + 50le000)} aﬁg

NG 2,/ (89)
3 5(1 + %UC)CKO K
(2\/7?69 R— Up€ > ¥
20f(1+ a¢) 47

where the last inequality holds under cyc,, > cx, and ¢y > —4—c,. This contradicts
Lemma|C.3] and hence, we have the second claim in Theoremlﬂ O

C.2 PROOF FOR CONVERGING TO A SECOND-ORDER STATIONARY POINT

To establish that the proposed Algorithm [T]converges to an e—second-order stationary point, we first
analyze the function’s descent behavior when the gradient magnitude is large.

Lemma C.8 (Descent Lemma with Large Gradient). Under Assumption 2.1 Assumption [2.3] As-
sumption 2.4} Assumption [3.1) and Assumption 2] in the proposed Algonthm [ for any € > 0,
after Ko = O (;) iterations, the following inequality holds when HVF ( )H > € after one noise
injection:

E|F (20| —E[F (@7)] < -t (90)
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Proof. According to the proof for Corollary 4.3]in Section[B.4] we have the following relation:

’U,T’U
S GE[IVF@")I*] <E[F(")] - E[F(a")]

3N (¥ — 2
6! Ruov ||V 4I€7J,’U E e

N NuTv

3
6Lk |[0]° | 4r2,|v]* oD
+ +

N NuTv

3
N7 CA
N NuTv ¢

Combining the results in Eq. (59) and rearranging like terms, we arrive at the results under the
Nex ‘32 1
Sar T aprzis) and ca < 602"

L
) L2axE[lles k7] + 567

conditions ¢, <

O

C.2.1 PROOF FOR THEOREM [4.7] (THEOREM [4.6))

Proof. First, we split all iterations into each noise cycle (ICy iterations after noise injection) and
assume that the total number of the noise injections is I. In this case, we have the total iterations K
to converge to second-order stationary point as follows:

—f 8(fn— f
K = 101K, = 10K, max{fo I 8(fo— 1) } . 92)
Next, we will show that we have the following two claims simultaneously:

1. In at most I /4 noise cycles, the optimization variables are close to saddle points;

2. In at most I /4 noise cycles, the gradients are large.

We first prove the first claim.

By Theorem we know that when all agents encounter the saddle point, they can escape from
it within one noise cycle and have the objective function reduced by a substantial amount () in
expectation. Define the stopping times as follows:

z1 = inf {m||[VF(2™)| < € and Apin(V2F(2™0)) < —\/pe},

zj =inf {m|m > z;_1 and |[VF(z™*)|| < € and /\mm(v? (z™*0)) < —/pe}, Vj> 1.

93)
It is obvious that z; is the j-th time that Algorithm [I|encounters a saddle point since the beginning
of a noise cycle. Let M be the total number of saddle points that the algorithm meets. It is obvious
that M < I holds.

Here, we decompose the decrease of the global objective function values as follows:

M
F(:EK) - F(CEO) _ Z (F(:iZj(m+l)IC0) _ F(jzjmlco»

n (F(a‘cK) _ F(a—:zhl(m-i-l)lc()))

(94)
+ (F(a5m%) — F(a°) )

+

=

(F(:f:zj+lm’CO) _ F((izj (erl)K:o)) .

<
Il
—
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By Theorem|[C.1] for M encountered saddle points, the first term satisfies
M
3 (IE [F(@Zi <m+1>’<0)} — E[F(2%™K0)] ) < —MQ. 95)
j=1

For the other items in Eq. (94)), we use Eq. (90) and obtain
M

Z (E[F((I_:szrlm}CO)] _ E[F(@Zj(7n+1)’<:o)i| )
=1
+ (E [F(&")] - ]E|:F(izM(m+1)’Co):| ) 06

+ (E[F(z5™%)] ~ E[F(2")] )
<U-M)yEe 2
8
Therefore, if we assume the contrary of Claim 1, namely that the agents’ optimization variables

are close to saddle points in more than I/4 holding stages, i.e., M > I/4, we have the following
inequalities under cg > %c;co:

E[F(@5)] ~E[F(z°)] < ~MQ + (I - M) %o ¢2
<-1IQ+31- %€ 97
< —31Q.

This implies E[F (/)] < f, contradicting the definition of the lower bound. Therefore, Claim 1
holds.

The second claim follows by a similar argument based on Lemma [C.8]

D EXPERIMENTS

D.1 R AND C MATRICES USED IN SECTION 5.3

F06 01 0 03 0
02 08 0 0 0
R=| 0 0 06 01 03
0.1 0 0.1 03 05
L0 0 0 04 06 |
(06 02 0 01 0
01 08 0 0 0
C=|0 0 06 01 0
03 0 01 03 04
L 0 0 03 05 06 |

D.2 BINARY CLASSIFICATION

In this experiment, we consider a simple {0, 1}—classification task using a neural network with a
single linear hidden layer and a logistic activation function. We use the cross-entropy loss function
to train the network.

We denote the feature vector as b € RM and the binary class label as y € {-1, 1}. For the fully
connected hidden layer, we represent the weights as Wy € REXM and W, € R, The output is of
the form: 1

1+ e (R W)

§= (98)
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Function Value

Figure 6: Trajectories of all five agents when o
initialized on the saddle point (0,0). Note that
all trajectories overlap with each other, implying

perfect consensus among the agents.

Figure 7: Global function values.

Under the commonly used cross-entry loss function, the objective function is of the following form:
L(W1,W3) = log (1 + efy<h’W2TW1>). We considered the scalar case with L = M = 1. Syn-

thetic data samples (h and y) are randomly generated under the constraint hy = 1 and the regular-
ization parameter is set to p = 0.1. One can obtain analytically that there is a saddle point at (0, 0).
We can also verify that this saddle point is a strict saddle point since its Hessian has a negative
eigenvalue of —0.4.

To visualize the evolution of optimization variables under our algorithm, we purposely initialized all
the agents from the strict saddle point (0, 0) and ploted in Figure |§| the evolution of each agent and
Figure[7the global function value dynamics. The stepsize, noise amplitude, noise-injection interval,
and clipping threshold were set to « = 0.1, 8 = 0.1, Ky = 50, and ¢ = 1.0, respectively. It can
be seen that due to the noise and gradient clipping effect, all five agents collectively move along the
descending direction, clearly indicating that our algorithm can ensure efficient escape from saddle
points.

D.3 CONVOLUTIONAL NEURAL NETWORK

For this experiment, we consider the training of a convolutional neural network (CNN) for the classi-
fication of the CIFAR-10 dataset, which contains 50,000 training images across 10 different classes.
We evenly spread the CIFAR-10 dataset to the five agents and set the batch size as 32. Our base-
line CNN architecture is a deep network ResNet-18, the training of which is a highly nonconvex
problem characterized by the presence of many saddle points. In the experiments, we train the
CNN using both the proposed Algorithm 1 and the distributed gradient tracking method with noise.
For our algorithm, the noise amplitude, noise-injection interval and clipping threshold were set to
6 =1x10"%, Ky = 100 and ¢y = 0.7, respectively. The stepsize o used for algorithm 1 is 0.05 and
0.02 for distributed gradient tracking (0.02 is the largest stepsize that can still ensure convergence).
In order to ensure fairness in comparison, both algorithms use the same noise amplitude. The evo-
lution of loss-function values and the training accuracies averaged over 10 runs are illustrated in
Figure [8]and Figure 0] respectively. It is evident that Algorithm [T] achieves lower loss function val-
ues more rapidly that compared to distributed gradient tracking with noise. This difference indicates
that gradient clipping can indeed expedites saddle avoidance.

D.4 SENSITIVITY ANALYSIS IN THE LOGISTIC REGRESSION EXPERIMENT.

In this subsection, we perform the sensitivity analysis for the noise amplitude parameter 6§ and
clipping threshold parameter ¢ in the logistic regression experiment in Section [5.1} Figure [I0]
reveals that although noise can help the algorithm escape saddle points, it also hinders convergence.
Both a too small noise amplitude and a too large noise amplitude reduce the efficiency of saddle-
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25 T T T — T T T 1 T T T T T T T T T T

5 Agoritm 1
& Distributed Gradient Tracking with Noise

Loss

Training Accuracy

03 4

02 4

—— Agoritim 1
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Figure 8: Loss function value comparison be- Figure 9: Training accuracy comparison between
tween the proposed algorithm and distributed the proposed algorithm and distributed gradient

gradient tracking with noise. tracking with noise
981 — ‘ ‘ —Algori‘thm 1(0=1e-04) | 98 A ‘ ‘ ‘_Algor\thm‘ 1(c,=0.05)|1
—— Algorithm 1(6=1e-05) —— Algorithm 1 (c,=0.1)
Algorithm 1(6=1e-06) 0
97} 1 97l Algorithm 1 (c=0.3) | |
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Figure 10: Influence of noise amplitude 6. Figure 11: Influence of clipping threshold cg.
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point avoidance. Figure [IT] indicates that a larger threshold facilitates faster escape from saddle
points by allowing a larger step of descent along the descent direction. However, the threshold
cannot be too large, which will essentially diminish the influences of clipping and lead to reduced
saddle-point escaping performance.

D.5 EXPERIMENTAL RESULTS FOR REGULARIZED LOGISTIC REGRESSION ON THE GISETTE
DATASET USING GRADIENT NORM METRICS.
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Figure 12: Influence of clipping threshold cg.

Figure[I2]presents the comparison results for Regularized Logistic Regression on the Gisette dataset.
Specifically, Figure [2] (a) illustrates the loss function values. In Figure [I2] (b), starting from a
saddle point, our algorithm 1 enables saddle-point escaping from iteration around 400. (Note that
the gradient norm at the saddle point is non-negotiable since the dimension of the state variable is
as high as 5002.) After escaping from the saddle point, our algorithm enables convergence to a
second-order stationary point starting from iteration around 685 (the peak of the curve). Starting
from iteration around 800, the states reach the second-order stationary point. In Figure[T2](c), when
starting from a saddle point, the distributed gradient tracking algorithm with noise enables saddle-
point escaping from iteration around 1300. After escaping from the saddle point, the algorithm
enables convergence to a second-order stationary point starting from iteration around 1620 (the
peak of the curve). Starting from iteration around 1700, the states reach the second-order stationary
point. In contrast, Figure [I2] (d) shows that the state variable is trapped at the saddle point all the
time under the conventional gradient tracking algorithm.

D.6 CONVOLUTIONAL NEURAL NETWORK (CNN) ON IMAGENET

In this section, we supplement the CIFAR-100 experiments in Section 5.3 with large-scale exper-
iments on the ImageNet ILSVRC-2012 dataset using the MobileNet-V3 architecture. ImageNet
contains 1.2 million training images and 50,000 validation images across 1,000 classes. ImageNet
represents one of the most widely used and computationally demanding benchmarks for deep learn-
ing, making it an ideal setting for evaluating decentralized optimization algorithms at scale. We
used a pre-trained MobileNet-V3 architecture, as it is standard practice for decentralized ImageNet
experiments, which significantly reduces computational cost and allows us to focus on the stability,
convergence, and generalization of decentralized optimization algorithms under directed networks.

We compare the proposed Algorithm [T] with the decentralized stochastic gradient method CDSGD
(Jiang et al.L 2017) and the distributed gradient tracking method with noise.
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For Algorithm [T} the noise amplitude, noise-injection interval, and clipping threshold are set to 6 =
1x107%, Ky = 100, and ¢y = 10, respectively. The stepsize « is chosen as 0.1 for Algorithm For
CDSGD, the largest stepsizes that ensure convergence were adopted to provide a fair comparison.
For distributed gradient tracking method with noise the stepsize is chosen as o = 0.05, which is
also the largest stepsize ensuring convergence. To ensure fairness in comparison, both algorithms
use the same noise amplitude.

The training and test accuracies, averaged over 10 runs, are shown in Figure [I3] and Figure [T4]
respectively.

From the training curves in Figure[T3] we observe that Algorithm [I] achieves noticeably faster con-
vergence in the first few epochs and consistently maintains a higher training accuracy than both
CDSGD and the noisy gradient tracking method. This improved performance demonstrates that
the proposed noise-injected and clipping-based mechanism provides more stable descent directions
under directed communication topology.

Figure [[4] further shows that Algorithm [I] also achieves superior generalization performance. It
attains higher test accuracy throughout all five epochs, with particularly clear advantages during
the early stages of training. Compared to CDSGD and the gradient tracking method with noise,
Algorithm [I] continues to improve steadily. These results highlight that the proposed method is not
only more stable and efficient during training but also yields better generalization when applied to
large-scale decentralized learning tasks on ImageNet.
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