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Abstract

We address the optimization problem of simulta-
neously minimizing multiple objective function-
als over a family of probability distributions. This
type of Multi-Objective Distributional Optimiza-
tion commonly arises in machine learning and
statistics, with applications in areas such as multi-
ple target sampling, multi-task learning, and multi-
objective generative modeling. To solve this prob-
lem, we propose an iterative particle-based algo-
rithm, which we call Multiple Wasserstein Gradi-
ent Descent (MWGraD), which constructs a flow
of intermediate empirical distributions, each being
represented by a set of particles, which gradually
minimize the multiple objective functionals simul-
taneously. Specifically, MWGraD consists of two
key steps at each iteration. First, it estimates the
Wasserstein gradient for each objective functional
based on the current particles. Then, it aggregates
these gradients into a single Wasserstein gradient
using dynamically adjusted weights and updates
the particles accordingly. In addition, we provide
theoretical analysis and present experimental re-
sults on both synthetic and real-world datasets,
demonstrating the effectiveness of MWGraD.

1 INTRODUCTION

Many problems in machine learning and computational
statistics turn into distributional optimization, where the
goal is to minimize a functional F' : Py(X') — R over the
set of probability distributions: mingep,(x) F(g), where
P2(X) denotes the set of probability distributions defined
on the domain X (C R%) with finite second-order moment.
This formulation arises in a variety of well-known problems,
including Bayesian inference (e.g., variational autoencoder
[ , ]) and synthetic sample gen-

eration (e.g. generative adversarial networks [

, 1). These models aim to approximate a target
distribution 7 by generating samples (or also called par-
ticles) in a way that minimizes the dissimilarity D(q, )
between the empirical probability distribution ¢ derived
from the particles and the target distribution 7. Common
dissimilarity measures include Kullback-Leiber (KL) di-
vergence, Jensen-Shanon (JS) divergence, and Wasserstein
distance in the optimal transport [ , ]. By setting
F(q) = D(q, ), the task can be framed as a distributional
optimization problem. This problem can be solved using
iterative algorithms, such as Wasserstein gradient descent
[ s ], which proceeds in two main steps
at each iteration: (1) estimating the Wasserstein gradient
of I with respect to the current distribution, and (2) apply-
ing the exponential mapping to update the distribution on
P2(X). However, step (1) can be non-trivial when the target
distribution 7 is represented by a set of samples, making it
challenging to estimate the Wasserstein gradient of F'. To
tackle this problem, Variational Transport (VT) [ ,

] is proposed. The key idea of VT is to assume that F
has a variational form and reformulates F' as a variational
maximization problem. Solving this problem allows to ap-
proximate the Wasserstein gradient of F' through samples
from 7, with resulting solution specifying a direction to
update each particle. This can be viewed as a forward dis-
cretization of the Wasserstein gradient flow [ ,

]. Inspired by VT, several other methods have been
introduced to address variants of distributional optimization
problems, including MirrorVT [ s ]
and MYVT [ , 1.

On the other side, multi-objective optimization (MOO) [
, ] optimizes multiple objective functions simulta-
neously, and can be formulated as
min f(x) = min f1(x), f2(x), ..., fx (%), (M
where K > 2 represents the number of objectives, fi(x) is

the k-th objective function, and X C R? is the feasible set
of d-dimensional vectors. Different from single-objective
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optimization, in MOQ, it could have two vectors where one
performs better for task ¢ and the other performs better for
task j # 4. Therefore, Pareto optimality is defined to deal
with such an incomparable case. In particular, for two solu-
tions x,y € X, we say that y dominates x if fx(x) < fi(y)
for all k € [K], where [K]| denotes {1,2,3..., K}, and
f(x) # f(y). A solution x is Pareto optimality if no other
solution in X dominates it. MOO has found applications
in various domains, including online advertising [ s
] and reinforcement learning [ s 1.
However, one of the main challenges in MOO is gradient
conflict: objectives with large gradients can dominate the
update direction, potentially leading to poor performance
for other objectives with smaller gradients. To mitigate this
issue, several MOO-based methods have been proposed to
balance the contribution of all objectives. A typical method
is Multiple Gradient Descent Algorithm (MGDA) [ R
], which seeks a conflict-avoidant update direction that
maximizes the minimal improvement across all objectives.
MGDA converges to a Pareto stationary point, where no
common descent direction exists for all objective functions.
Building on MGDA, several other methods have been in-
troduced to further enhance conflict avoidance and improve
solution balancing, including CAGrad [ , 1,
PCGrad | s ], GradDrop [ , 1.

The work most closely related to ours is MT-SGD [

, ], which is designed for multi-target sampling.
In this setup, we are given a set of multiple unnormalized
target distributions and aim to generate particles that simul-
taneously approximate these target distributions. MT-SGD
is shown to reduce to multi-objective optimization, where
each objective function corresponds to a KL divergence for
one of the target distributions. Additionally, MT-SGD has
been successfully applied to multi-task learning, achieving
state-of-the-art performance across various baselines, thanks
to its ability to sample particles from the joint likelihood
of multiple target distributions. Inspired by MT-SGD, we
introduce the formulation of Multi-Objective Distribution
Optimization (MODO). Given a set of objective function-
als Fi(q), F2(q), ..., Fx(q) : P2(X) — R, where each
F}(g) is defined over the space of probability distribution
q € P2(X), our goal is to find the optimal distribution that
minimizes the following vector-valued objective functional

min F =
(q) Lohin,

qEP2(X)
Note that, while each fj in (1) is defined over the space
of vectors x € X, each F}; in (2) is defined over the space
of probability distributions ¢ € P2(X’). Similar to MOO,
for two distribution p, ¢ € P2(X'), we say that p dominates
q if F(q) < Fy(p) for all k € [K], and F(p) # F(q). A
distribution ¢ is Pareto optimality if no other distribution in
P2(X) dominates it.

To solve the MODO problem, we introduce an iterative algo-
rithm, which we call Multi-objective Wasserstein Gradient

Descent (MWGraD) by constructing a flow of probability
distributions, gradually minimizing all the objective func-
tionals. Specifically, MWGraD consists of two key steps at
each iteration. First, for each objective functional F}, (for
k € [K]), MWGraD estimates the Wasserstein gradient
based on the current probability distribution. Second, MW-
GraD aggregates these gradients into a single Wasserstein
gradient using dynamically updated weights and updates
the current probability distribution accordingly. In practice,
MWGraD operates on a flow of empirical distributions,
where each distribution is represented by a set of particles
that are updated iteratively. We emphasize that MWGraD
can be viewed as a generalized version of MT-SGD [

, ]. That is, while MT-SGD specifically tackles the
multi-target sampling problem as a form of MODO with the
KL divergence as the objective functional, MWGraD can
handle a broader class of functionals. Furthermore, we pro-
vide theoretical analysis on the convergence of MWGraD
to the Pareto stationary point, and experimental results on
both synthetic and real-world datasets, demonstrating the
effectiveness of the proposed algorithm.

2 RELATED WORKS

Distributional Optimization. Two widely used Bayesian
sampling methods are Gradient Markov chain Monte Carlo
(MCMO) [ , ] and Stein variational
gradient descent (SVGD) [ s ]. Gradient
MCMC generates samples from a Markov chain to approxi-
mate a target distribution (e.g., a posterior), but the resulting
samples can be highly correlated. In contrast, SVGD
initializes a set of particles and updates them iteratively
to approximate the target distribution, often achieving
good approximations with relatively fewer samples. As
noted by [ s ], SVGD can be viewed as
simulating the steepest descending curves, or gradient
flows, of the KL-divergence on a certain kernel-related
distribution space. Specifically, the functional F'(q) is
defined as K'L(g, 7), where 7(x) o< exp{—g(x)} and g(x)
is often referred to as the energy function or potential
function. Inspired by this perspective, other particle-based
variational inference (ParVIs) methods have been developed
to simulate the gradient flow in the Wasserstein space.
The particle optimization (PO) method [ ,

] and the w-SGLD method [ s ] adopt
the minimizing movement scheme [ s 1
to approximate the gradient flow using a set of particles.
The Blob method [ s ] uses the vector field
formulation of the gradient flow and approximates the
update direction using particles. However, when F' is not the
energy functional and 7 is represented by a set of samples,
it becomes non-trivial to define the Wasserstein gradient
flow of F'. To address this challenge, the VT algorithm
[ s ] assumes that F' admits a variational
form. This assumption allows the Wasserstein gradient to



be estimated using samples from both the current empirical
distribution and the target distribution, enabling particle
updates in specified directions. Building on VT, MirrorVT
[ s ] extends this framework to
optimize F'(q) when ¢ is defined over a constrained domain.
MYVT [ , ] further generalizes the
approach to regularized distributional optimization, where
the objective is composed of two functionals: one with a
variational form and the other expressed as the expectation
of a possibly nonsmooth convex function.

Multi-Objective Optimization (MOO). Several gradient-
based techniques have been proposed for MOO. Among the
most popular is MGDA [ , 1, which seeks to find
a conflict-avoidant update direction that maximizes the min-
imal improvement across all objectives. PCGrad [ ,

] mitigates the gradient conflict by projecting the gradi-
ent of each task on the norm plane of other tasks. GradDrop
[ , ] randomly drops out conflicted gradients,
while CAGrad [ , ] adds a constraint to ensure
the update direction is close to the average gradient. The
methods most closely related to our work are MOO-SVGD
[ , ] and MT-SGD [ , ], which
enable sampling from multiple target distributions, a task
that can be seen as an instance of MODO. MT-SGD aims
to update particles in a way that brings them closer to all
target distributions, effectively generating diverse particles
that lie within the joint high-likelihood region of all targets.
In contrast, MOO-SVGD uses MGDA [ s ] to
update the particles individually and independently. In our
synthetic experiments, we observe that the behavior of our
proposed algorithm MWGraD closely resembles MT-SGD.

3 PRELIMINARIES

3.1 BASIC CONCEPTS OF OPTIMAL
TRANSPORT AND WASSERSTEIN SPACE

Optimal transport [ , ] has received much at-
tention in the machine learning community and has been
shown to be an effective tool for comparing probability dis-
tributions in many applications [ , ,
, ]. Formally, given a measurable map 7" : X — X
and p € Py (X), we say that g is the push-forward measure
of p under 7T, denoted by ¢ = T'p, if for every Borel set
E C X, q(E) = p(T"Y(E)). For any p,q € P2(X), the
2-Wasserstein distance W (p, ¢) is defined as

Wi = _int [ - xBdr(xx),
m€ll(p,q) Jxxx

where I1(p, ¢) is all probability measures on X x X whose
two marginals are equal to p and ¢, and ||-||2 denotes the Eu-
clidean norm. The metric space (P2(X'), Wa), also known

as Wasserstein space, is an infinite-dimensional geodesic
space [ , , Definition 6.4]. Furthermore, we
can endow the manifold P2 (X) with a Riemannian met-
ric [ , , p- 250], as follows: for any sj, so are
two tangent vectors at p, where s1,s2 € T,P2(X), and
Tp,P2(X) denotes the space of tangent vectors at p, let
ui,uz : X — R be the solutions to the following ellip-
tic equations s; = —div(pVuy) and sg = —div(pVus),
respectively, where div denotes the divergence operator on
X. The inner product between s; and s is defined as

(51250 = [ (Vun(x), Vua(x)(x).

Definition 1. (First variation of a functional) Given a
functional F' : Py(X) — R, the first variation of F evalu-
ated at p, denoted by 6 F (p) : X — R, is given as follows

lim & (Flp+ex) = F(p) = [ 3P 0xx)ix

e—0 €

for all x = g — p, where g € Po(X).

With mild regularity assumptions, the Wasserstein gradient
of F, denoted by gradF, relates to the gradient of the first
variation of F' via the following continuity equation

gradF(p)(x) = —div (p(x) VO F(p)(x)),

3
forallx € X. 3)

We refer the readers to [ s ] for details.

3.2 BASIC CONCEPTS OF MOO AND MGDA

For a MOO problem, very often, no single solution can
optimize all the objectives at the same time. For instance, it
could have two vectors where one performs better for the
objective k and the other performs better for the objective
| # k. Thus, Pareto optimality is defined to address such an
incomparable case.

Definition 2. (Pareto optimality) For two solutions x,y €
X of (1), we say that y dominates x if f(x) < fx(y) for all
k € [K] and f(x) # f(y). A solution x is Pareto optimal if
no other solution in X dominates it.

Note that there is a set of Pareto optimal solutions,
called Pareto set. Let denote the probability simplex as
W= {w = (w1, wr) T |W > 0,0 wy, = 1}, we in-
troduce the concept of Pareto Stationarity (also referred to
as Pareto Criticality) [ s ] as follows.

Definition 3. (Pareto Stationary Solution) A solution x* €
X is a Pareto stationary solution iff some convex combina-
tion of the gradients {V f;(x*)} vanishes, i.e., there exists
some w € W such that VE(x*)w = Z,{,{:l wV frp(x*) =
0, where VE(x) = [V f1(x), f2(X), ..., fx (X)].



MGDA [ , ] has gained significant attention in
machine learning recently largely because of its gradient-
based nature, in contrast to traditional MOO methods. In
each iteration, MGDA updates the parameters as follows:
x(tHD) = x® — 4d® | where o is the learning rate and d”
is the MGDA search direction at ¢-th iteration. The key idea
of MGDA is to find a update direction d® that maximizes
the minimum decrease across all the objective by solving
the following primal problem

1
d® = arg min {;2%<ka(x(t)):d> + 2|d||§} .

deR4

To simplify the optimization, such primal problem has a
dual objective as a min-norm oracle

w®) = arg mlnHZ wi V fr (xM)]2.
wew T

The update direction is then calculated by a¥ =
K
VExO)w® = S8 wl V£ (x®).

4 MULTIPLE WASSERSTEIN GRADIENT
DESCENT ALGORITHM

In this section, we introduce MWGraD, an iterative algo-
rithm for solving the MODO problem (2). Specifically, we
construct a flow of distributions q(o), q(l),..., q(T), starting
with a simple distribution q(o), such as standard normal
distribution, and progressively minimizing all the objective
functionals (F(q), F2(q), ..., Fx(q)) simultaneously. We
begin by reformulating the MODO problem, then present
the method for aggregating multiple Wasserstein gradients,
followed by the detailed descriptions of algorithms.

4.1 REFORMULATION OF MODO AND
MULTIPLE WASSERSTEIN GRADIENT
AGGREGATION METHOD

To construct the sequence {q(*) }i>0, we first reformulate the
MODO problem (2) as follows. For any ¢ € P5(X) and any
tangent vector s € T,P2(X) atq, lety : [0,1] — Pa(X) be
a curve satisfying v(0) = g and 4'(0) = s. By the definition
of directional derivative, we have that

o1
%%E[ka(h / 6F(q
Letu : X — X be a vector field, where u € V, and

V denotes the space of velocity fields u. Assume that u
satisfies the following elliptic equation

s(x)dx. (4)

s(x) + div(g(x)u(x)) = 0,Vx € X. Q)

By the integration by parts, we obtain

(6)

+ / (V6 F4(q)(x), u(x))g(x)dx.
X

By the divergence theorem [ s ], it holds that the
first term on the right-hand side is equal to zero. Thus, we
obtain that

lim & [F(3(1))

- /X (V6Fx(g)(x), u(x))g(x)dx.

— Fr(q)]
(7

We can similarly rewrite (7) for the opposite direction of the
update as follows

- /X (V6F(g)(x), v(x))g(x)dx,

where v € V and v(x) = —u(x),Vx € X. In the MODO
problem (2), there are multiple potentially conflicting ob-
jectives {F, },_,. Inspired by [ , ], we aim to
estimate a tangent vector s(t), for the ¢-th iteration, that min-
imizes each objective F};. Based on (8), we reformulate the
problem as follows: we aim to find s that maximizes the
minimum decrease across all the objectives

— [ F; (t) —F h
GeT%?gzwwrg[lﬁ] ( k(@) = Fi(y( )))

®)

€)
~ e min | (V5F(6) (0. v())a" (.
where the approximation is based on (8) and v : [0,1] —

P2 (X) is a curve satisfying that v(0) = ¢(*) and 7/(0) = s
To regularize the update direction (i.e., vector field v), we
introduce a regularization term to (9) and solve for s® by
optimizing

max min / (VOFL(¢M)(x), v(x))q® (x)dx—

veV kelK)

3 [ I )

The following theorem provides the solution to problem
(10).

(10)

Theorem 1. Problem (10) has a solution v as follows.
Forx € X, we have that

v (x) = Zw;’évz(f ), D



where vg)(x) = VOF(¢M)(x) for k € [K], VP (x) =
[Vgt) (), w5 (x), ooy i (x)], and

W = arg min —
wew

/ VO ©w|2@x)dx.  (12)

The proof follows from the method of Lagrange multipliers
and is detailed in Appendix A. Note that the velocity used
to update the current particles from ¢(*) is computed as a
weighted sum of the velocities corresponding to each of K
objective functionals. The weights are obtained by solving
the min-norm oracle in Theorem 1.

4.2 ALGORITHM AND IMPLEMENTATION

To make the solution for w in the min-norm oracle
(Theorem 1) computationally feasible, we approximate ¢(*)
®1"
R
av( )(x; (t )) where « is the step size. The
Veloc1ty ﬁelds Vk = VOF(¢®) for k € [K] need to be
computed at each step, but exact computation is difficult,

using m particles {
(t+1) (t)

Each particle is updated as

so we focus on approximation methods for V](f) for two
specific forms of Fi.(q).

Energy Functional. Consider Fj(q) to be defined as

Fulg) = /X (X)g(x)dx + /X log ¢(x)q(x)dx

= KL(q||exp {—gr})-

13)

This form of energy functional is commonly used in
Bayesian learning, where the goal is to approximate
the posterior distribution with ¢q. It is straightfor-
ward to verify that the first variation of Fj(q) is
0Fk(q)(x) = gr(x) + logq(x) + 1. Thus, the velocity
V,(f)(x) can be computed as the gradient of 6 Fj(¢(*))(x).
However, directly applying the particle-based approxima-
tion is infeasible because the term log ¢(*)(x) is undefined
with discrete representations of ¢(*)(x). To address this
issue, we present two commonly used techniques for
approximating vg) (x), SVGD [ , ], and
Blob methods [ s ], both of which are
kernel-based.

We apply the idea of SVGD [ ,
proximate v,(C )( ) with v( )( ), given by

] to ap-

W) = By [K(x,¥) (Vau(y) + Viogg®) )|

Applying integration by parts, we obtain
~(t
v (x) =

- / K(%,y)Vor(y)g® (y)dy + / K(%,y)Vq® (y)dy
X X

- / K(%,y)Vor(y)g™® (y)dy — / VK (x,y)g" (y)dy.
X X

(14)

Thus, the particle approximation of v](f) becomes

~(f) ZK ng (t) Zv (t)K gt), gt))
as)

We can also apply the idea of Blob methods [ ,
] to smooth the second term of the energy functional by
the kernel function K, and approximate the velocity field.

Specifically, the particle approximation for V(t)

Zv 0 K(x /ZK x;")

S Vokxx") S K.
=1

=1

is given by

f’;(f) (x) = Vgr(x

(16)

For the detailed derivation of the update, see Proposition
3.12in [ , 1.

Dissimilarity Functions. Let F(q) be defined as a dissimi-
larity function D between ¢ and the target distribution 7,
characterized by a set of samples. Common dissimilarity
functions include KL divergence and JS divergence. In this
case, estimating the first variation d F,(q) is not straightfor-

ward. To address this issue, following [ R 1,
we assume that F(g) has the variational form as follows:
Fi(q) = D(q,mk) = sup {Exwg [he(X)] = F (hx)},
hr€H
a7

where H is a class of square-integrable functions on X
with respect to the Lebesgue measure, and F}; : H — R
is a convex conjugate functional of Fy, for k € [K]. Note
that the variational form of F} involves a supremum over
a function class H. We restrict H to a subset of the square-
integrable functions, such as a class of deep neural networks
or a Reproducing kernel Hilbert space (RKHS), which al-
lows for a numerically feasible maximization process. More
importantly, it is shown in [ , ] that the opti-
mal solution hj to the problem (17) is the first variation of
Fy,ie hp = dFk(q). As an example, when Dy, is the KL
divergence, its variational form is

KL(g,m) = sup {Exey [7(x)] — 108 By, "] ],
hreH
(18)



We can parameterize hj, using a neural network hg, , where
0 denotes its parameters. The parameters can be estimated
using stochastic gradient descent to maximize the following
empirical objective function

max — Z ho,, (x

where the target 7, is represented by the set of samples
{v. J}j: .- The neural network hg; after learning can be

used to estimate the velocity corresponding to Fj, by taking
the gradient of the network with respect to its input:

()(1)

—log — Zexp (hoy (¥r,,;)), (19)
] 1

Vhe: (x{), fori € [m],k € [K].  (20)

Update of w(*). Following the approach of [ ,

], instead of computing the exact solution of w to the
optimization problem in Theorem 1, we approximate it by
taking one step of gradient descent and then use the updated
weights to aggregate the velocity fields. Specifically, we

®

update each particle x; ~ along the following direction

Zw x"), 1)

and update the weights w(*) as follows

Wit —

~(f) t)

HW (W(t 5

55 (76 s <t>)] <t>>

i=1
(22)

where V(t)(x) = {Vgt)(x)ﬁg)(x),...,if(lé)(x)} is the ap-

proximation of v (x), ITyy is the projection operator on
the simplex W, and /3 is the step size for updating w. Taking
all into account, we have Algorithm 1 (see Appendix B).

4.3 CONVERGENCE ANALYSIS

In this section, we analyze the convergence of MWGrad. We
first define the Pareto stationary points in the space of prob-
ability distributions, and then characterize how MWGraD
can converge to the Pareto stationary points.

Definition 4. ¢ € P5(X) is a Pareto stationary point if
min (gradF(¢)w, gradF(¢)w), = 0,
wew

where gradF(q)(x) =
[gradFi(g)(x), gradFs(g)(x), ..., gradFy(q)(x)],

and gradF(q)(x)w = Zle wirgradFy(q)(x). Further,
we call ¢ an e-accurate Pareto stationary distribution if

min (gradF(q)w, gradF(¢q)w) < €2.
wew

A detailed discussion on Pareto stationary distribution can
be found in Appendix C.

As previously discussed, we need to approximate the

true velocity field V() with ;;ﬁ for k € [K]. The
true Wasserstein gradlent of Fj, at ¢ is given by

gradF,(¢¥) =
given by fdiv(q(t)ff,(f)). The deviation between them is

expressed as 5,(:) = —div(q® (V,(:) (t))) € T, P2(X).
The gradient error is then defined as

D) — (e ¢y )_/”Vk

In addition, we assume that the gradient error is upper
bounded by a constant ¢ > 0 for k € [K] and ¢ > 0.

fdiv(q(t)vgf)), while its estimate is

— v (%)[[2¢® (x)dx,

(23)

Assumption 1 (Wasserstein gradient error). We assume
that there is a constant ¢ > 0 such that

(€W D) o) =) < 62,

We further make the following assumption on the function-
als Fy, to analyze the convergence of MWGraD.

Assumption 2 (Geodesic smoothness). We assume that F},
is geodesically ¢;-smooth with respect to the 2-Wasserstein
distance, for k € [K], in the sense that for Vp, ¢ € Pa(X)

Fi(q) < Fi(p) + (gradFy(p), Exp, ' ())p

14 (24)
+ f W3 (p,q),

where Exp,, denotes the exponential mapping, which spec-
ifies how to move p along a tangent vector on Py (X) and
EXp, ! denotes its inversion mapping, which maps a point
on Py (X) to a tangent vector. We refer the readers to [

, ] for more details. We then have the follow-
ing theorem for the convergence of MWGraD.

Theorem 2. Let Assumptions 1 and 2 hold, and ¢ > 0
be a small constant. Set o < O(e?), B < O(e?), T >

max{@(i),@( L } We then have that

e W)

MONMO (MO
OSItr%IZI"l 1<gradF( W', gradF (¢ )w'")

T gradp( Oyw® | gradF(q (t))w(t)> w 25
t=0
<O(e) + 302.

The formal version of Theorem 2 and its detailed proof
can be found in Appendix D. Theorem 2 indicates that
when we set @ = 3 = O(e?) and T > O(e~*), we can
find an 1/O(e2) 4 302-accurate Pareto stationary point by
running MWGraD. Furthermore, we can see that the squared
norm of the convex combination of Wasserstein gradients
in Theorem 2 is upper bounded by a sum of two terms. The
first term 0(62), which can be arbitrarily small, corresponds



to the convergence rate of MWGraD with the exact velocity
fields. Meanwhile, the second term 302 exhibits the effect of

the gradient error caused by the approximation of velocity
fields.

S EXPERIMENTAL RESULTS

In this section, we present numerical experiments on both
synthetic and real-world datasets to demonstrate the effec-
tiveness of MWGraD. The code can be found at https:
//github.com/haidnguyen0909/MWGraD.

5.1 EXPERIMENTS ON SYNTHETIC DATASETS

Energy Functional. We consider Fj(q) as an energy
functional (13), related to sampling from multiple tar-
get distributions. Each target distribution is a mixture of
two Gaussian distributions 7 (x) = N (X|pr1, k1) +
MeaN (X|pk2, Xk2), k = 1,2,3,4, where nxy = 0.7,
ne = 0.3 for k = 1,2,3,4, the means 1, = [4,—4]T,
H12 = [O, 0.1]T, MH21 = [—4, 4]T, Moo = [0, —O.l}T,
pz1 = (=4, =47, gz = [0.1,0]7, par = [4,4]7, puap =
[—0.1,0] 7, and the common covariance matrix Yj; is the
identity matrix of size 2 x 2, fork =1,2,3,4and j = 1, 2.
The distribution g is represented by 50 particles, initially
sampled from the standard distribution. We update the par-
ticles using MOO-SVGD [ s ] and variants
of our MWGraD, including MWGraD with SVGD (15)
(denoted as MWGraD-SVGD) and Blob (16) (denoted as
MWGraD-Blob) methods to approximate the velocities. Fig-
ure 1 shows a common high-density region around the ori-
gin.

We also consider the variational form (17) of KL diver-
gence for sampling, where F}; is expressed as K L(q, 7).
As noted earlier, the variational form of F} can handle
cases where 7, is characterized by samples. We can ex-
tend this form to the sampling task by expressing Fj, as an
energy functional by introducing the change of variables
hj.(x) = exp {hi(x)7(x)/p(x)}, where p(x) is a distribu-
tion that is easy to sample from, such as p(x) = A/ (x]0,I).
Then, the variational form of K L(q, 71) can be rewritten as

KL(q,m) =
g (v [tog (20N | g ol

(26)

where H is the space of positive functions. As we can use
log of unnormalized density of 7, in the above optimization
problem, b} can be estimated using samples drawn from ¢
and p. We optimize (26) by parameterizing h) with a neural
network with two layers, each of which has 50 neurons.
We use the ReLU activation function in the last layer to
guarantee the output of the neural network to be positive.

Furthermore, hy, can be estimated from A, using: hy(x) =
log h},(x)+log p(x)—log 7(x). The parameters of the neural
network are trained by running 20 steps of gradient ascent to
optimize the objective (26). After training, the estimate h},
can be used to approximate the first variation of F(q), i.e.,
{7](;) = Vh}. We denote this method by MWGraD-NN as we
use the neural network to approximate the velocities. For all
compared methods, we set the step size a = 0.0001, while
for variants of MWGraD, we set the step size § = 0.001.
For MWGraD-SVGD and MWGraD-Blob, we use RBF as
kernel K, i.e. K(x,y) = exp {—v[|x — y||3}, where we fix
v as 0.01. We run 2000 updates of particles.

Figure 1 shows the particles updated by MOO-SVGD
and variants of MWGraD, including MWGraD-SVGD,
MWGraD-Blob, and MWGraD-NN at selected iterations.
We observe that particles by MOO-SVGD spread out and
tend to cover all the modes of the targets, some of them even
scatter along the trajectory due to the conflict in optimizing
multiple objectives. In contrast, variants of MWGraD
tend to cover the common high-density region with particles.

Dissimilarity Functions. Next we consider Fy(q) =
D(q, ), where D is the KL divergence or JS divergence,
and 7, is characterized by a set of samples. We use the same
target distribution used in the case of energy functional but
we generate a set of samples to represent the target distri-
bution instead of its energy functional. In our experiments,
we generate 30 samples for each target distribution, so we
have 120 samples for all objectives. For this case, MOO-
SVGD, MWGraD-SVGD and MWGraD-Blob cannot be
used. Thus we need to use the variational form of the KL
and JS divergences. The detailed experimental settings are
described in Appendix E. Figure 2 shows the particles up-
dated by MWGraD at selected iterations, for two cases of
KL divergence and JS divergence. We observe that MW-
GraD tend to cover the common high-density regions with
particles, which is consistent with our observation in cases
where Fj(q) is represented by an energy functional.

5.2 EXPERIMENTS ON MULTI-TASK LEARNING

We follow the experimental settings outlined in [ ,
] to verify the performance of MWGraD.

Multi-task Learning. We assume to have K prediction
tasks and a training dataset . For each task k € [K], the
model is represented by the parameter vector 0 = [x, z*],
where x is the shared part of the model, and 7" is the
task-specific non-shared part. The approach outlined in
[ , ] is as follows. We maintain a set of m
models 0; = [0F]K |, where i € [m], and 0F = [x;,zF].
At each iteration, given the non-shared parts z? for
i € [m],k € [K], we sample the shared part from the
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Figure 1: Sampling from multiple target distributions, where each target is a mixture of two Gaussians. These targets have
a joint high-density region around the origin. Initially, 50 particles are sampled from the standard distribution, and then
updated using (a) MOO-SVGD and variants of MWGraD, including (b) MWGraD-SVGD, (¢) MWGraD-Blob and (d)
MWGraD-NN. While MOO-SVGD tends to scatter particles across all the modes, MWGraD tends to move particles towards

the joint high-density region.

multiple target distributions p(x|z*, D), k € [K]. Here we
apply MWGraD to sample the shared parts [x;]7"; from
the multiple target distributions. Then, given the shared
parts [x;]7,, for each task k, we update the corresponding
non-shared parts [zF]™ ; by sampling from the posterior
distribution p(z*|x,D). This process corresponds to
Bayesian sampling, for which we can use techniques,
including SVGD, Blob methods or a neural network, as
explained in the previous section. In our experiments, we
use SVGD to sample the non-shared parts, while exploring
different methods for sampling the shared parts, including
MOO-SVGD, MT-SGD, MWGraD-SVGD, MWGraD-Blob
and MWGraD-NN.

Datasets and Evaluation Metric. We validate the methods
on three benchmark datasets: Multi-Fashion-MNIST
[ , 1, Multi-MNIST [ , ], and
Multi-Fashion [ s ]. Each of them consists of
120,000 training and 20,000 testing images from MNIST

and FashionMNIST [ , ] by overlaying
an image on top of another. We compare our methods
with the following baselinese: MOO-SVGD, MT-SGVD
and MGDA, which achieved the best performance [

s ]. For the variants of MWGraD and MT-SGD,
the reported results are from the ensemble prediction of
five particle models. For MGDA, we train five particle
models independently with different initializations and then
ensemble these models. For evaluation metric, we compare
the methods in terms of the accuracy for each task.

Results. Table 1 shows the ensemble accuracy of com-
pared methods across three datasets. We observe that vari-
ants of MWGraD consistently outperform the other meth-
ods. For example, MWGraD-Blob achieves the best per-
formance of 96.71%, 97.64% for Task 1 on the Multi-
Fashion+MNIST and Multi-MNIST, resepectively, while
MWGraD-NN achieves the best performance of 87.2% on
the third dataset. For Task 2, MWGraD-Blob again achieves



Datasets Tasks MGDA  MOO-SVGD MT-SGD MWGraD MWGraD MWGraD
-SVGD  -Blob NN

N #1 944106 948104 962403 957404 96.7405  95.9+04
Multi-Fashion+MNIST 85.540.5 85.640.2 87.840.6 88.940.6 92.5+0.4 882403
Multi-MNIST #1 93.4+0.4 93.1403 944405 945404 97.6402 977405
# 91.840.6 91.240.2 929405 932406 96.7+40.5  95.5+0.4

Multi-Fashion #1 841108 83.8+08 849106 8514107 868103 872104
# 833404 83.1403 84.640.5 843404 872405  853+0.6

Table 1: Experimental results on Multi-Fashion+MNIST, Multi-MNIST, and Multi-Fashion. We report the ensemble accuracy
(higher is better) averaged over three independent runs with different initializations.

the best performance across all datasets, with average accu-
racies of 92.49%, 96.69% and 87.2%, respectively. Addi-
tionally, MWGraD-SVGD shows comparable performance
to MT-SGD on all datasets. The reason is that both meth-
ods use the same velocity approximation, with the main
difference being in the update of the weights w: while MT-
SGD solves for the optimal solution of w in Theorem 1,
MWGraD-SVGD approximates the optimal solution by per-
forming a gradient update (22). These experimental results
clearly demonstrate the effectiveness of our proposed meth-
ods for the application of multi-task learning. See more
details on the experiments in Appendix F.

6 CONCLUSION

In this paper, we have addressed the MODO problem, where
the goal is to simultaneously minimize multiple functionals
of probability distributions. We have introduced MWGraD,
an iterative particle-based algorithm for solving MODO. At
each iteration, it estimates the Wasserstein gradient for each
objective using SGVD, Blob methods and neural networks.
It then aggregates these gradients into one single Wasser-
stein gradient, which guides the updates of each particle.
We have provided theoretical analyses and presented experi-
ments on both synthetic and real-world datasets, demonstrat-
ing the effectiveness of MWGraD in identifying the joint
high-density regions of objectives. In future work, we plan
to explore MWGraD for real-world applications.
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A  PROOF OF THEOREM 1

Proof. Problem (8) can be equivalently rewritten as the following optimization problem

min -+ 5 [ (¥, ¥(00)4" ()i

s x 7)

such that p < / <v§:) (x), v(x))q") (x)dx, for k € [K].
X

The Lagrange function is defined as follows

K
£ ) = = 5 [ 0¥ s+ D (u - [ o v<x>>q<t><x>dx) ,
k=1

where w = [wy, wa, ..., w K}T € W are the dual variables corresponding to K constraints in (27). Taking the derivative of £
with respect to v and setting it to zero, we obtain the optimal solution v* as follows. For x € X, we have that

Z wpv\? (x). (28)

Substituting it to (27), we have the following optimization problem for w

w* —argmln /||Zwkv D(x)[12¢ (x)dx,

which completes the proof. O

B ALGORITHM

Algorithm 1: Multi-objective Wasserstein Gradient Descent (MWGraD)

Input: Functionals { F} }, number of particles m, number of iterations 7T, step sizes « > 0, 3 > 0, weights w0,
m

Output: a set of m particles {XET) } L
Sample m initial particles {xl(.o) }m from N(0,1).
t<+0 =
while t < T do
Estimate v(t)( Zt)) by (15) or (16) or (20), for i € [m], k € [K]
Compute vV (x Et)) YK, w,(f) (,t)( (t)) for i € [m]

Update xl(-tH) — xgt) —av®(x (t)) fori € [m]
Update w(®) by (22)
t—t+1

end

C A DETAILED DISCUSSION ON THE PARETO STATIONARY DISTRIBUTION

In this section, we examine the conditions under which a Pareto stationary distribution is also a Pareto optimal distribution.
We begin with the following claim.

Claim 1 (Pareto optimality — Pareto stationarity). If a distribution ¢ is not Pareto stationary, then there exists a descent
direction that simultaneously improves all objective functions.

Proof. Suppose that at a point ¢ € P»(X), there exists no convex combination of the Wasserstein gradients that sums to zero.
That is, for all w € R¥ with Zszl wy, = 1, we have

K

gradF(q) Zwk gradFy(q) # 0.
k=1



This implies that the gradients gradF};(q) for k € [K] all lie within a common open half-space. Therefore, there exists a
tangent vector s lying in the opposite half-space such that

(s,gradFi(q)), <0 forallk € [K].

This means that moving ¢ along the direction s results in a simultaneous decrease of all objectives F}. Hence, ¢ cannot be a
Pareto optimal distribution.

From the above argument, we conclude that Pareto optimality implies Pareto stationarity; in other words, Pareto optimality
is a stronger condition.

Claim 2 (Pareto stationarity + geodesic strict convexity — Pareto optimality). If all objectives are (geodesically) strictly
convex, and q is a Pareto stationary distribution, then ¢ is a Pareto optimal distribution.

Proof. Assume q is a Pareto stationary distribution. Now suppose, for contradiction, that ¢ is not Pareto optimal. Then there
exists another distribution ¢’ # ¢ such that

Fi(q") < Fy(q) forallk € [K], and F;(q") < Fj(q) for some j.

Let~ : [0,1] — P2(X) be a curve that connects ¢ and ¢ and satisfies v(0) = g and (1) = ¢’. Let s be a tangent vector at
q and s satisfies s = 7/(0). As ¢ is a Pareto stationary distribution, for any direction s in the tangent space at g, there is at
least one objective functional F}, such that

(s,gradFy(q))q > 0.

Since Fy, is strictly convex along the curve v, we have

Fi(q") > Fi(q) + (gradFi(q),s)q-

But Fi,(¢") < Fi(g), which implies (gradFy(q), s)q < 0. This contradicts the stationarity of ¢. Therefore, ¢ must be
Pareto optimal.

D FORMAL VERSION OF THEOREM 2 AND ITS PROOF

We first present the following lemma, which is useful to prove Theorem 2.

Lemma 3. Assume that a functional G is geodesically L-smooth and G(q) — G* < C for q € P2(X), where G* =

arg min G(p), and C is a constant. Then, there exists a constant M such that
PEP2 (X)

(gradG(q), gradG(q)), < M? (29)

Proof. Since G is geodesically L-smooth, we have for both ¢, ¢’ € Py (X) that

G() < Gla) + gradC(a), Bxe; ' (¢)g + 5 (Bxp; (¢), Bxp; (¢))g (30)

By choosing ¢’ = Equ(—%gradG(q)), we have
1 1
G(q') < G(q) = 7 (gradG(q), gradG(q))q + 57 (9radG(q) gradG(q))e (3D
So, we have
(gradG(q), gradG(q))q < 2L (G(q) — G(¢') < 2L(G(q) — G*) < 2LC (32)
By setting M2 = 2LC, we conclude that

(gradG(q),gradG(q)), < M? (33)



Let by > 0,b > 0, b3 > 0 and C' > 0 be some constants such that

A+by+by+0b3 <C.
Define L = maxy¢(k) {{x} and M = 2LC'. Then we have the following convergence theorem for Algorithm 1.
Theorem 4. Let Assumptions 1 and 2 hold. Set o, B3, T as follows:

62

<
s 24(KM* + 2K M?0? + Ko*)

o < min 40, Bb bs
= 372" 2BT(KM* + 2K Mo? + Ko*)

12A 12 }

T>maxy —, —
- {aeQ’ﬁez

We then have that

1T

T

|
—

(gradF(¢®)w®, gradF(q(t))w(t)>q(t) < €+ 302 (34)
¢

Il
o

Proof. As shown in Lemma 3, a bounded functional value implies a bounded Wasserstein gradient norm. In the following,
we show that, with the properly selected parameters in Theorem 4, the functional value is bounded by induction.

For the base case, it is trivial to see that Fy(¢(*)) — F} < A < C for k € [K]. Now we assume that for any k € [K] and
t <7 < T, we have that Fj,(¢¥)) — F}* < C holds. We then prove that F},(¢("*1)) — F}* < C holds for any k € [K].

For any k € [K], t < T, we have Fj,(¢®")) — F} < C, which implies that (gradF,(q"), gradFk(q(t)))qm < M. Since
F}, is /;-smooth, it follows that

- T 6 — T — T
Feld™) < Fulg) + (aradFila™). Bxpid (7)) + % (exo (7). Exph (07 )hyio.
Since Exp;(}) (¢ = (gradF(¢®) + £M)w®), and ¢, < max;e (k) ¢; = L, it follows that

Fi(q"™ ™) < Fiy(¢'™) — a{gradFi(¢'"), (gradF(¢'™) + £M)w) o)
2 (35)

La T T T T
+ =5 ((gradF(q) + 7w, (gradF(¢”) +£7)w™) .

For any w € W, we have that
F(¢")w < F(¢7)w — a(gradF(¢)w, (gradF(¢”) +£0)wh) o)
L 2
+ 75 ((gradF(g™) + €7, (gradF(g™) +€7)w) 0

< F(q(T))W _ a(gradF(q(T))w(T), gradF(q(T))W(T)>q(t) _ a(gradF(q(T))w(T), g(t)w('r)>q(7> (36)
+ a(gradF(p)(w —w), (gradF(¢™) +£7)w) )

L
+ §a2<(gradF(p(T)) + E(T))W(T), (gradF(q(T)) + f(T))W(T)>q(7).

By the basic inequality (a + b)? < 2(a® + b?), we have that

((gradF(¢™) + M)W, (gradF(q) + )W) o) < 2(gradF(¢7)w”, gradF(¢)w) 0
F2AOWD EOwD) 3

1
(gradF(¢)w™), gradF(q(T))w(T)>q(T) + 3 (EDwl), g(T)W(T)>q(7—) .

N —

(gradF(¢")w'”, ¢Dwl) <



Thus, combining (36), (37), we have that

1
F(¢" ™ w < F(¢')w — a(§ — La)(gradF(¢)w!™, gradF(q(T))W(T)>q(T>
1
+ a (La + 2) <f(T)W(T),€(T)W(T)>q(7—) (38)

+ a(gradF(q(T))(w(T) - W), (gradF(q(T)) + 5(7))W(T))q(f).
Based on the update of w(™), we have that
w(D = I, (W(T) — B(gradF(¢™) + &) (gradF(¢™) + 5(7))W(T)) : 39)
where we have used the following identity for notational simplicity

(gradF(¢™) + €T (gradF(g™) + £7) = / VO %) TV (x)g) (x)dx,
X

and V7 (x) = [\757) (x), fféﬂ (X), ey ?g) (x)} is the approximation of V(™ (x).
Applying the non-expansiveness of the projection, it follows that
IwTHY — w3 = [T (w(’) — B(gradF(q) +¢7) T (gradF(¢) + 5(”)W(7)) - w3
< |[w = w3 + 8%[[(gradF(¢™) + 7)) T (gradF(¢™) + 7w |3
- 2ﬂ<(gradF(q(T)) + g(T))(w(T) - W), (gradF(q(T)) + E(T))W(T)>q(‘) (40)
= |W — w3 + 8[| (gradF(¢™) + ) T (gradF(¢™) + £7)w|3
—28(gradF(¢™) (W™ — w), (gradF(¢™) + )W) o)
2560w — w), gradF(g )W) + €W 0
Thus it follows that
T T T T T 1 T T
(gradF(g™) (W™ —w), (gradF(¢™) + £D)w g < 53 (I = wiig = w0 = w]3)
— (D (W —w), gradF(¢M)w™ + g(f)w(f)>q(t)
6 T T T T T
+ 5 (gradF(g™) +¢7) T (gradFf(g”) + w2,
1
< (r) _ 2 (r41) _ 2
< 55 (W7 = w3 — W) — wii3)

— (€D (W) —w), gradF(¢)w™ + MW o) + 28K M* + 48K M?0? + 28K o,

(41)
where the last inequality holds due to Assumption 2. Then plugging (41) into (38), we can show that
1 1
F(¢m " w —F(¢M)w < —a (2 - La> (gradF(¢m)w™, gradF (¢ )w) o + o5 + La)o?
@ r r 42
+ g5 (I8 =W~ w0 = wi) 2
+ao(M + o) 4+ 20K M* + 40K M?0? 4 208K 0.
Taking sum of (42) from ¢t = 0 to 7, for any w € WV, we have that
a 3
F(g)w —F(¢)w < —% > (gradF(g")w, gradF(g®)w) e + JaTo®
t=0
o (1w = w3 = W+ — wi3)
28 ? 2 43)

+ 20K MAT + 40K M?0°T + 208K o*T

3
< ZozTaz + % + 2a8T(KM* + 2K M?0? + Ko®)



where the inequality is due to 7 < T', «L < 1/4 and Assumption 2. Thus, we have that

3
F(gmD)w — F'w < F(¢O)w — F'w+ “aTo? + & +2afT(KM* + 2K M20® + Ko*) < C. (44)
—_— 4 6
<A —— <bs
<b <bs

Now we finish the induction step and can show that F},(¢""*) — F} < C for all k € [K]. Furthermore, according to (43),
for 7 =T — 1, we have that

4(F(¢O)w —F*'w) 4

1 — w® () Ve (1) s 4 2 2 2
o ; gradF(q ,gradF(¢M)wh) o < o + 37 + 8B(KM* + 2K M?c? + Ko*) + 30
<€+ 307,
45)
which completes the proof. O

Remarks. Although there is a circular dependency among the parameters /3, o, and T, the required conditions in Theorem 4
can still be satisfied simultaneously. Specifically, if we choose

a=0(), B=0(?), al =06(c?), BT=0(c?), and T =0(c"?),

then all the necessary assumptions hold. To make this construction concrete, consider the following example.

Let us set

B=a1€®, a=a?, and auc*<T <aze?,

where the constants a1, az, a3, a4 > 0 are chosen such that inequality (44) is satisfied. Specifically, we require

1
(KM*+2KM?202 + Kot)’
0 < az < arbs,

0 <
SOs o

4 4 2
0 < az < min ( be bse )

302 7 2a1 (KM* + 2K M?c% + Ko*)
With this choice of constants, it is straightforward to verify that inequality (44) holds.

Next, we choose a4 such that 0 < a4 < ag, ensuring that T satisfies
a4€_4 S T S (136_4.
It follows that

2
T8 > ajase”,

Ta > asase 2

We now analyze the upper bound in inequality (45):

~

1
T
t

4A
<c_>jradF(q(t))W(t)7 gradF(q(t))W(t)> < —€ 4+
a9 aza4 1G4

4
2

Il
o

(46)
+ 8(KM* + 2K M?0? + Ko*)aye? + 30

= O(é?) 4 302

Therefore, we have constructed a sequence of parameter choices (a1, ag, as, a4) such that all theoretical conditions are met.
Moreover, the norm of the convex combination of Wasserstein gradients is bounded by a term of order O(e?)—reflecting
the convergence rate of MWGraD with exact velocity fields—plus a 302 term, which accounts for the error introduced by
approximate gradient computations.



As established in Theorem 4, which analyzes the convergence of MWGraD, the squared norm of the convex combination
of Wasserstein gradients is bounded by two terms: one of order €2, and the other proportional to the approximation error
0. This result suggests that, in order to avoid convergence to a non—Pareto stationary point, it is important to minimize
the approximation error o as much as possible. For instance, in the MWGraD-NN variant, where Wasserstein gradients
are approximated using neural networks, we can reduce o2 by increasing the capacity of the networks—e.g., by adding
more layers or neurons. However, this improvement in accuracy comes at the cost of increased computational complexity.
It is also worth noting that Theorem 4 does not rely on any geodesic convexity assumptions. Therefore, the convergence
guarantees extend naturally to non-convex settings.

E ADDITIONAL EXPERIMENTAL RESULTS ON SYNTHETIC DATASETS

We consider F)(q) = D(q, 7), where D is the KL divergence or JS divergence, and 7y, is characterized by a set of samples.
We use the same target distribution used in the case of energy functional but we generate a set of samples to represent the
target distribution instead of its energy functional. In our experiments, we generate 30 samples for each target distribution,
so we have 120 samples for all objectives. For this case, MOO-SVGD, MWGraD-SVGD and MWGraD-Blob cannot be
used. Thus we need to use the variational form of the KL and JS divergences. For KL divergence, we use its variational form
(18). For JS divergence, as shown in [ R ], the variational form of the JS divergence is as follows:

IS(@,me) = sup {Bxng [hi(x)] = JS" ()} (47)
rEHC

where JS*(hy,) = —3Exr [log (1 — 2e2"+™)], and H° is the space of function h that satisfies: h(x) < 1/21log(1/2) for
all x € X. We introduce the following change of variable: A}, (x) = 1 — 2¢2"*()_ It is easy to verify that 0 < hj,(x) < 1 for
all x € X. Then, the variational form of JS divergence can be rewritten as:

e {Ex~q [log (1 = N3, (x))] + Eyr [log(hy (x))]}

where H’ is the space of functions whose outputs are in between 0 and 1. As we have access to samples drawn from ¢ and 7,

we can estimate A, and then estimate hy, using: Ay (x) = 1 log (%‘ﬂ(x)) for all x € X For the function A}, we also use a
neural network with two layers, each of which has 50 neurons, to parameterize it. To guarantee the outputs of i}, to be in
(0,1), we use the sigmoid activation function in the last layer. We set the same step sizes as in the previous experiments, i.e.,

a = 0.0001, 8 = 0.001. We run 2000 updates of particles.

Figure 2 shows the particles updated by MWGraD at selected iterations, for two cases of KL divergence and JS divergence.
We observe that MWGraD tend to cover the common high-density regions with particles, which is consistent with our
observation in cases where Fj,(q) is represented by an energy functional.

F ADDITIONAL EXPERIMENTAL RESULTS ON REAL-WORLD DATASETS

In this section, we first examine the time complexity of MWGraD. We conduct experiments on three datasets—Multi-
MNIST, Multi-Fashion, and Multi-Fashion+MNIST—to evaluate the runtime (in seconds) per training epoch for various
MWGraD variants and baselines, including MOO-SVGD and MT-SGD. Table 2 presents the average runtimes of each
method, computed over five runs.

We observe that MWGraD-SVGD and MWGraD-Blob have comparable runtimes to MT-SGD because they involve
approximating Wasserstein gradients using kernel matrices, which is computationally efficient. In contrast, MWGraD-NN
has a slower runtime due to the need to train a neural network to approximate the Wasserstein gradients of the objective
functions at each iteration, which can be more time-consuming. Additionally, MOO-SVGD is slower than our methods, as
it requires solving separate quadratic problems for each particle (each network). Specifically, MOO-SVGD is 9 seconds
slower than MWGraD-SVGD and MWGraD-Blob, and 1 second slower than MWGraD-NN.

Second, we conduct experiments to verify the importance of key modules of MWGraD as follows. We compare the
effectiveness of approximation methods, including MWGraD-SVGD, MWGraD-Blob and MWGraD-NN, for the Wasserstein
gradients of objective functionals.

Table 3 (extracted from Table 1) shows the ensemble accuracy numbers of compared approximation methods over three
independent runs with different initializations. We observe that MWGraD-Blob achieves the best performances of 96.71%,
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Figure 2: The MODO problem on synthetic dataset. There are four objectives, each of which is represented by 30 particles
(green points) randomly drawn from a mixture of two Gaussian distributions. The dissimilarity function D is defined as
the (a) KL divergence or (b) JS divergence. The objectives have a common high-density of particles. Initially 50 particles
(red points) are sampled from the standard distribution to represent ¢, and then updated using MWGraD-NN. In both cases
of divergences, MWGraD-NN drives the particles to the joint high density region around the origin. Note that, in this toy
experiments, MWGraD-SVGD, MWGraD-Blob, MOO-SVGD cannot be used as the objective functions are not the form of
energy functionals.

Table 2: Average runtime of compared methods on real-world datasets.

Runtime Multi-MNIST  Multi-Fashion  Multi-Fashion+MNIST
MOO-SVGD 544 +03 55.1+0.6 582+03
MT-SGD 48.1 £0.5 46.3+0.3 44.1 £ 0.7
MWGraD-SVGD 472 +09 452 + 0.8 455+0.6
MWGraD-Blob 455+ 0.6 46.2 + 0.9 45.1+0.5
MWGraD-NN 533+ 0.6 543 +0.5 56.8 +£0.8

97.64% for task 1 on Multi-Fashion+MNIST and Multi-MNIST, respectively, while MWGraD-NN achieves the best
performance of 97.7% and 87.2% on Multi-MNIST and Multi-Fashion. For task 2, MWGraD-Bob again achieves the best
performance across all datasets, with average accuracies of 92.5%, 96.7% and 87.2%, respectively.

Furthermore, we also explore the importance of the weight update step, and verify how the performance would change
if the uniform weight were used to combine multiple Wasserstein gradients. Tables 4, 5 and 6 shown below compare the
accuracies of task 1, task 2 and the average for each variant of MWGraD with and without the weight update step (we use
the suffix "uniform" to indicate that the uniform weights are used). We observe that when we remove the weight update step,
the performances of variants decrease. For example, for experiments on Multi-Fashion, the performance of MWGraD-Blob
decreases from 87% to 84.9% (roughly 2%), that of MWGraD-SVGD decreases from 84.7% to 83.7% (1%) and that of
MWGraD-NN decreases from 86.3% to 85.5% (0.7%). These experiments demonstrate the importance of the weight update
step in our proposed methods.



Table 3: Average accuracies of approximation methods, including MWGraD-SVGD, MWGraD-Blob and MWGraD-NN, for
the Wasserstein gradients of objective functionals on real-world datasets. .

Datasets Tasks MWGraD-SVGD MWGraD-Blob MWGraD-NN
Multi-Fashion+MNIST 1 95.7£0.4 96.7£0.5 95.9+£0.4

2 88.9+0.6 92.5+0.4 88.2+0.3
Multi-MNIST 1 94.5+£0.4 97.61+0.2 97.7+0.5

2 93.2+0.6 96.7£0.5 95.5+0.4
Multi-Fashion 1 85.1£0.7 86.8+0.3 87.2+£0.4

2 84.3+0.4 87.2£0.5 85.3+0.6

Table 4: The accuracies of task 1, task 2 and the average for each variant of MWGraD with and without the weight update
step (suffix "uniform’ indicates that the uniform weights are used). Dataset: Multi-Fashion+MNIST.

Task MWGraD-SVGD MWGraD-SVGD MWGraD-Blob MWGraD-Blob MWGraD-NN  MWGraD-NN

-uniform -uniform -uniform
1 95.7+0.4 94.1+0.9 96.7+0.5 94.21+0.6 95.9+0.4 95.54+0.3
2 88.940.6 87.240.8 92.5+0.4 92.8+0.8 88.24+0.3 87.94+0.7
Avg 923 90.7 94.6 93.5 92.1 91.7

Table 5: The accuracies of task 1, task 2 and the average for each variant of MWGraD with and without the weight update
step. Dataset: Multi-MNIST.

Task MWGraD-SVGD MWGraD-SVGD MWGraD-Blob MWGraD-Blob MWGraD-NN =~ MWGraD-NN

-uniform -uniform -uniform
1 94.5+0.4 94.6+0.6 97.6+0.2 95.9+0.5 97.74+0.5 97.14+0.6
2 93.2+0.6 93.5+0.4 96.7+0.7 97.2+0.6 95.5+0.4 93.940.5
Avg 939 94.1 97.2 96.6 96.6 95.5

Table 6: The accuracies of task 1, task 2 and the average for each variant of MWGraD with and without the weight update
step. Dataset: Multi-Fashion.

Task MWGraD-SVGD MWGraD-SVGD MWGraD-Blob MWGraD-Blob MWGraD-NN  MWGraD-NN

-uniform -uniform -uniform
1 85.14+0.7 85.24+0.4 86.81+0.4 84.14+0.7 87.2+0.4 85.940.3
2 84.3+0.4 82.1+0.6 87.240.5 85.84+0.6 85.3+0.6 85.1+0.8

Avg 847 83.7 87.0 84.9 86.3 85.5
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