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Abstract

Tool-integrated reasoning (TIR) has become a key approach for improving
large reasoning models (LRMs) on complex problems. Prior work has mainly
studied when to invoke tools, while overlooking how tools are applied. We
identify two common patterns: a calculator-pattern that uses code for direct
computation, and an algorithmic-pattern that encodes problems as programs.
Misaligned choices often cause failures even when reasoning is sound. We
propose a two-stage framework that first builds code competence from both
patterns and then aligns pattern selection with teacher preferences. Across
challenging math datasets, our pattern-aware method substantially improves
both code usage and accuracy—for instance, raising Code@1 on MATH500
from 64.0% to 70.5% and on AIME24 from 26.7% to 50.0%. These gains
highlight the effectiveness of a pattern-aware approach for tool-integrated
reasoning.

1 Introduction

Tool-integrated reasoning (TIR) has become a powerful paradigm for enhancing large
reasoning models (LRMs) [19, 4, 21]. By interacting with external verifiers such as code
interpreters, TIR enables models to produce executable reasoning steps, making answers more
accurate, faithful, and verifiable [23]. Recent progress has shown gains from better timing of
tool invocation, multi-round tool calls, and tighter integration of external computation [5, 19].

While effective, a critical question remains: can models reliably decide how to use
tools once invoked? We provide an initial exploration of this problem. Models often
misalign their tool-use strategies with problem demands, applying code in a mechanical
and context-insensitive way that prevents the tool from working effectively. As Figure 1
illustrates, on the factorial problem 1000! =+ (800! x 2!) the model used the calculator-pattern
and failed due to overflow, while on the “first 10-digit prime in 7” problem it used the
algorithmic-pattern and stalled without output. In both cases, switching to the complementary
pattern succeeds, indicating that the failures stem from pattern selection rather than a lack
of reasoning ability.

To address this challenge, we propose a two-stage learning framework. In the first stage,
code competence acquisition, the model learns to generate reliable code from both calculator-
and algorithmic-pattern data, without teacher preferences, ensuring stable tool use. In the
second stage, pattern preference alignment, teacher signals guide the model to choose the
more suitable pattern for each problem. Together, these stages equip LRMs to not only
invoke tools effectively but also adapt their strategy of use.

Our experiments on challenging math benchmarks show substantial and consistent gains.
The model’s ability to produce executable code (@Q1) increases from 64.0% to 70.5% on
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Calculate 1000! + (800! x 2!)

Find the first 10-digit prime number in the decimal expansion of 7

Algorithmic: Use Python as a tool

Calculator: Use Python as a code

Algorithmic: Use Python as a tool

Calculator: Use Python as a code

The calculation of

1000! -+ (800! x 2!) can be
simplified by first expanding the
factorial in the numerator.

_ 1000 x 999 x - - - x 800!

To Calculate the

1000! + (800! x 2!), | will use
python factorial function from math
library to calculate 1000!, 800! and
2! and then divide them to get the
final result

To calculate the first 10-digit prime
number that appears in the decimal
expansion of PI, | will use python to
get the every 10 digit and then
check if its prime or not.

To calculate the first 10-digit prime
number that appears in the decimal
expansion of PI, | will use python to
run a simulation which will check
every 10 digits from the Pl and see
if its prime or not using sy F ¥

800! x 2! import mpmath
mpmath.mp.dps = 11

pi str = str(mpmath.mp.pi)
nu = math.factorial (1000) [2?]

dl = math.factorial (800)

d2 = math.factorial (100)

library.
import math

By canceling the 800! term from import mpmath

the numerator and the
denominator, the expression
simplifies to:

from sympy import isprime
print (pi_str)

result = nu / (dl * d2) Okay so the first 10 digits mpmath.mp.dps = 1000000
_ 1000 x 999 x --- x 801 print (result) are 1415926535, now | will use pi = mpmath.mp.pi
= 21 python to find out if its prime or not . .
1 pi_str = str(pi)[2:]

from sympy import isprime
print (isprime (1415926535))
# False

Giventhat2! =2 x 1 = 2, the
final calculation is:

=500 x 999 x 998 x - - - x 801

def find prime_in pi():

Okay so the first 10 digits are not
prime, lets get the next 10 digits. find prime in pi ()
Now, | will use python to calculate 5926535897

the product.

. # Found prime:
import mpmath

500
for i in range (801, 1000):
result * i

result =

result = Okay so the first 1000 digi</EOS>

X LimitError: Context Limit
Reached

X OverflowError: integer division

result too large for a float 5926535897

2609335896245315522158....

Figure 1: Pattern mismatch in tool-integrated reasoning. Left: in 1000! + (800! x 2!),
an algebraic approach succeeds while direct computation overflows. Right: in finding the
first 10-digit prime in 7, a symbolic approach fails from context limits while a scanning
approach succeeds. These cases show that success depends on the chosen tool-use pattern.

MATHS500, indicating that code competence acquisition markedly stabilizes tool use. At
the same time, overall problem-solving accuracy rises from 26.7% to 50.0% on AIME24,
demonstrating that pattern preference alignment further improves strategy selection and
reduces failures due to mismatched tool use. Together, these results validate that modeling
how tools are used—beyond merely invoking them—yields large improvements in both code
reliability and end-task performance.

This work makes three contributions. (1) We identify and formalize pattern mismatch in
TIR, showing that misaligned tool-use strategies can derail otherwise sound reasoning. (2)
We propose a two-stage framework that first builds code competence from both calculator-
and algorithmic-pattern data (without teacher preferences) and then aligns pattern choice
with teacher signals. (3) We provide empirical evidence on MATH500 and AIME24 that this
approach substantially improves code@1 (64.0% — 70.5%) and accuracy (26.7% — 50.0%),
and we illustrate how switching patterns flips failure cases into successes (Fig. 1).

2 Related Works

2.1 Reasoning with LRMs

LRMs have demonstrated better performance when explicitly generate intermediate reasoning
steps[20]. Subsequent work has focused on improving the quality of these reasoning paths,
either by introducing diversity through self-consistency [18], refining intermediate steps via
process supervision [13, 11], or encouraging verification of intermediate results [22, 17].

2.2 Tool-Integrated Reasoning

Tool-integrated reasoning has emerged as a powerful paradigm for enhancing large reasoning
models (LRMs) [19, 4], enabling executable reasoning steps through external tools such as
Python interpreters [23]. Early work like PoT [3], PAL [6], and MathPrompter [10] showed



that converting reasoning into code execution or lightweight snippets can substantially
improve math performance, while implementations such as ToRA [8] and Qwen2.5-Math-
Instruct-TIR [16] further demonstrated gains from deeper integration. However, prior studies
primarily focus on when to call tools, overlooking how tools are applied once invoked. We
address this gap by modeling pattern selection in TIR, introducing a pattern-aware framework
that aligns tool-use strategies and yields significant improvements in reasoning accuracy.

3 Method

We train a pattern-aware reasoning model in
two stages. For stage 1, we builds code com-
petence by supervising the model on both @
calculator-style and algorithmic-style solu-

. Student
tions. Stage 2 performs pattern preference u| 2N Data
alignment, using Direct preference optimiza- problem 1.4
ti (DPO) to1 th tt £ Code Competence (e 1 N Data
ion o learn the pattern preference. Acauisition P
Problem 2: C
3.1 Training set construction qé
We distinguish t\.zvo usage patterns in tool- Gode Literate
integrated reasoning: the calculator-pattern, Student e
where code is used only for direct compu- | orobiom 1:A 12, C
tation or verification, and the algorithmic- Pa"i'l?gi[:f::”ce <1 Problem2: A, C 7
pattern, where problems are expressed as |
full programs. For each problem, we gener- N Data
ate a Chosen Solution with the more suitable @

pattern and a Counter Solution with the al- PattermAware
ternative one. This dual construction not Student

only equips the model with competence in
both styles of code usage, but also provides
the supervision necessary to align its pattern
selection with teacher preferences, thereby
improving robustness and accuracy in down-
stream reasoning tasks. And We put the
complete version is provided in Section A.

Figure 2: Two-stage training framework.
In the 1%* phase, each problem is expanded
into both calculator- and algorithmic-style so-
lutions (2N data) to build code competence,
and in the 2" phase, teacher-provided pref-
erences on N problems guide the student to
become pattern-aware.

3.2 Code Competence Acquisition
For each problem x, we construct two solutions:

« an algorithmic-style solution 9 that converts the problem to an execuable program;

¢ a calculator-style solution y.q;. that keeps the reasoing path while using python for
arithmetic or verification.

We write both solutions with the same ouput shcema (reasoning — python block — ouputs —

final answer), which can simplifies parsing and execution. Let Dgpr = { (2, y™9), (2, ys*¢)}

be the set of both patterns, we minimize the negative log-likelihood over response tokens:
|yl

Lsrt = —E(2,y)~Dspr Zlog mo(ye | T,y<t),
=1

3.3 Pattern Preference Alignment

We use DPO [15] to empower our model with the ability to pick the correct pattern to solve
math problems. For each problem z, we collect two candidate completions y®9, 3°%¢ and
label a winner y* and loser y~ using the teacher model. For a pair (z,y*,y™), we then
apply direction preference optimization with a frozen reference policy 7 .y (our SFT model):

Lppo = —log U(ﬁ[log mo(yt|z) —logmo(y~ | ) — (log met(y™ | #) — log meer(y ™ | 2))] )



where (3 scales preference strength and o is the logistic function. This increases the likelihood
of preferred (pattern-appropriate) solutions relative to dispreferred ones, without training a
separate reward model.

4 Experiments

4.1 Dataset

We use google Gemini-2.5-flash-lite as our teacher model, using our designed two pattern
prompt to solve the problems in OpenR1-Math-220k [14] dataset. From this corpus, we
select the first 10,000 problems and divide them into training and validation sets using a 9:1
ratio. To assess complex mathematical reasoning and generalization, we evaluate on a broad
set of out-of-domain benchmarks, including MATH500 [9], AIME24 [1], and AMC23 [2].

4.2 Evaluation Metrics

We report Pass@1 as the primary accuracy metric. For additional insight into reasoning
behavior, we also track (i) the proportion of problems where the model’s output contains
executable code (Code@1), and (ii) the proportion of problems where such code is both
present and leads to the correct final answer (Code+Pass@1).

5 Main Results

Method

R1Math GSMS8K (OOD)
Code@l Code+Pass@l | Code@l Code+Pass@1

R1-Distill-Qwen-1.5B

MATH500 (OOD) AIME24 (OOD)
Code@l Code+Pass@l | Code@l Code+Pass@1

Base 3.0% 2.0% 4.2% 4.2% 8.0% 6.0% 0.0% 0.0%
+SFT 66.0% 55.5% 72.0% 70.4% 64.0% 58.2% 26.7% 6.6%
+SFT+DPO  72.2% 70.3% 80.1% 77.4% 70.5% 63.2% 50.0% 26.7%

Table 1: Pass@1 and Code+Pass@1 accuracy on R1-Distill-Qwen models across R1Math,
GSMS8K, MATH500, and AIME24.

According to Table 1, the base model achieves near-zero code usage and accuracy. With
SFT, the model begins to leverage Python extensively (e.g., R1Math Code@1 rises to 66%),
and correctness follows accordingly. Adding DPO yields further substantial improvements,
notably pushing GSM8K Code@1 from 72.0% to 80.1% and AIME24 from 26.7% to 50.0%,
while also boosting correctness (e.g., AIME24 Code+Pass@1 from 6.6% to 26.7%). These
results highlight that SFT is crucial for enabling tool use, whereas DPO markedly enhances
both adoption and accuracy.

6 Conclusion

In this work, we studied two complementary tool-use patterns—algorithmic code generation
and calculator-style usage—and showed that many failures arise from mismatched pattern
choices rather than reasoning ability. Experiments on GSM8K, MATH500, and AIME24
demonstrate that our pattern-aware approach improves strategy selection and accuracy,
offering an effective and lightweight way to enhance tool-integrated reasoning.
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A Complete Prompt

Use a python interpreter as a tool to solve the following math problem.
There are two possible usage patterns:

e Pattern A: Treat the problem as a coding problem, write a complete solution
using Python code.

o Pattern B: Treat the Python interpreter as a simple calculator, only using it
for arithmetic or verification when needed.

Your task:

1. Decide which pattern (A or B) is more appropriate for this problem. Call
this the Chosen Solution.

2. Provide the Chosen Solution with EXACTLY ONE continuous reasoning
paragraph (no lists, no numbering, no bullet points). Then give ONE Python
code block, then the code outputs, then the final answer.

3. Provide the Counterfactual Solution using the other pattern with the
SAME constraints (one continuous reasoning paragraph, one code block,
outputs, final answer).

4. Strict constraints: - Do NOT restate the problem text. - Do NOT include
introductions, apologies, or meta comments. - Do NOT duplicate any content
across fields.

Output format (pure JSON, no backticks, no extra keys):

{
"problem": "<the math problem here>",
"chosen_pattern": "A or B",
"chosen_solution": {
"reasoning": "<omne continuous paragraph>",
"code_blocks": ["<one python block only>"],
"outputs": ["<stdout lines>"],
"final_answer": "..."
}!
"counter_solution": {
"reasoning": "<omne continuous paragraph>",
"code_blocks": ["<one python block only>"],
"outputs": ["<stdout lines>"],
"final_answer": "..."
}
}

B Evaluate Pattern Chosen

To further examine the reliability of Gemini’s pattern selection, we asked GPT-5 to inde-
pendently select patterns without prior exposure to Gemini’s choices. Across 100 test cases,
GPT-5’s selections were consistent with Gemini’s in 98 instances, corresponding to a 98%



agreement rate. This high level of concordance provides strong empirical support for the
robustness of our approach. This follows LLM as a Judge [12, 7] method.
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