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Abstract

In this work, we study cross-entropy (CE) dynamics using a two-layer linear network with orthogonal
inputs, the simplest non-convex setting where the CE implicit bias remains unresolved. This
coincides with the unconstrained features model used to study neural collapse (NC), a phenomenon
occurring in deep classification networks. Our analysis is based on a key observation: Hadamard
initialization diagonalizes the softmax operator. This allows us to extend the spectral initialization
framework that Saxe et al. [21, 22] developed for squared loss. We prove convergence to NC under
spectral CE training and give the first finite-time analysis in this setting via an explicit Lyapunov
function that decreases monotonically to NC. We further identify CE-specific phenomena absent
under squared loss and show empirically that spectral dynamics model small random initialization.

1. Introduction

The training dynamics of linear networks under mean squared error (MSE) loss have provided a
tractable setting for understanding phenomena in deep learning [1, 2, 9, 16, 24]. A central example
is the spectral-dynamics framework of Saxe et al. [21, 22], where gradient flow reduces to decoupled
dynamics over singular values. This gives a rare trajectory-level theory: it describes not only the
limiting solution selected by optimization, but also the full path taken during training.

For classification with cross-entropy loss, no comparable trajectory-level theory is known.
The main obstruction is the softmax nonlinearity, which couples singular modes and prevents the
spectral reductions that make squared-loss dynamics tractable. This gap is especially important
for understanding neural collapse (NC) [20]: the empirical phenomenon in which class means and
last-layer weights converge to a simplex equiangular tight frame. Although several works characterize
limiting solutions, the mechanism by which gradient-based optimization selects this geometry over
the course of training remains poorly understood.

We give the first trajectory-level analysis of multiclass CE training dynamics for the CE-UFM,
a model popular in the NC literature because it recovers phenomena observed in deep systems
[7, 14, 26]. This model also represents the simplest non-convex model for which the implicit bias
remained unknown: a two-layer linear network with orthogonal inputs.

* Softmax diagonalization. We show that Hadamard initialization diagonalizes the softmax

nonlinearity. This enables us to extend the framework of Saxe et al. [21, 22] from MSE to
CE, reducing gradient flow to a vector ODE over the singular values of the logit matrix that is
sufficiently structured for a study of gradient flow trajectories.

* Non-monotonicity. Unlike MSE, CE can exhibit non-monotonic behavior that depends on the

number of classes K and that is invisible to asymptotic analyses.
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* Guaranteed convergence to NC. Despite the non-monotonicity of natural metrics and the
non-convex landscape, we prove that gradient flow always converges to NC under Hadamard
initialization. Unlike asymptotic arguments, we provide an explicit Lyapunov function that
decreases monotonically along the full trajectory.

These Hadamard trajectories are genuine gradient-flow paths, so these phenomena are compatible

with CE training. Empirically, we show these trajectories also model small random initialization.

Related work. Many works study the emergence of NC through the UFM [19]. For CE, existing
analyses rely on explicit Lo regularization [6, 26], or establish convergence only to a KKT point
[11]. Previous implicit bias results have shown that logistic regression converges to the max-margin
solution [23]. Subsequent work has extended this to homogeneous networks [12, 13, 17] through
KKT characterizations. For spectral dynamics, Saxe et al. [21] showed that deep linear MSE
networks can admit tractable explicit dynamics over singular modes. This framework has since been
extended to studies of emergence [22], training [3, 5, 15], optimization [8], and linear attention [18].

2. Background

Consider K-class classification with n samples per class. Let h;. € R¢ denote the embedding,
parameterized by a deep network, of sample ¢ € [n] from class ¢ € [K]. Stack these by class to form
the embedding matrix H € R and let W € RX*? denote the last layer classifier head.
Neural collapse (NC) [20] is the empirical observation that H ' H o< S ® 1n1; and WWT xS,
where ® is the Kronecker product and S = I — % 1 KlfT( € REXK s the simplex ETF matrix.

Unconstrained Features Model. The UFM approximates an expressive deep network by treating
the embedding h;. of the data as freely optimized vectors. Under CE loss, the UFM minimizes:

L(W, H) = Z log (1 + ZC/#C e(WhiC)clf(Whic)c) ) (1)

ce[K],i€[n]

This can be viewed as a two-layer linear network with weights W and H, and input data the standard
basis vectors in RE™. See App. A of Garrod et al. [7] for discussion on the UFM as a modeling tool.

LetY = Ix ® 1,) € REX"K denote the one-hot label matrix. Define P(Z) to be the softmax
operation applied to the logit matrix Z = W H: i.e., [P(Z)]ij = exp(Zy;) / 25:1 exp(Z;). Under
gradient flow on the CE loss in Eq. (1), the parameters evolve according to

aw dH

CE =Y —P@)HT, S =WT(Y - P(2)) @
While Ji et al. [11] showed that this gradient flow converges directionally to a KKT point of a
max-margin problem, gradient flow can converge to KKT points that are not even local minima of

the max-margin problem [25]. Thus, the question is open: Does gradient flow (2) converge to NC?

Exact dynamics with MSE loss. Letthe SVDof Y beY =U VT, with singular values s, for
¢ € [K]. Consider spectral initialization: W = UDyw R”, H = RDy V'™, for orthogonal R € R4*¢,
with Dyy and Dy having their only non-zero diagonal entries being a1, ..., ax and Sy, ..., Bx. Then,
at initialization, the label matrix Y and the logit matrix W H are mutually diagonalizable. Saxe et al.
[21, 22] show for MSE loss this implies that %’, % have the same singular vectors as W, H. Thus,
only the singular values of W and H evolve, and can be shown to monotonically approach s; along
sigmoidal trajectories. Saxe et al. [21] further show empirically that small random initialization has

the same characteristic behavior as these analytic paths. Can this framework extend to CE loss?
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Figure 1: Illustration of the Hadamard reduction for K = 8, 16. The trajectories of the full matrix
dynamics (Eq. (2)) and the vector ODE (Eq. (3)) are indistinguishable, verifying Thms. 2 and 3.

3. Hadamard initialization

The obstacle in extending spectral dynamics from MSE to CE is the softmax nonlinearity: for CE we
must simultaneously diagonalize Y, W H and P(W H), which is difficult since nonlinearities rarely
preserve spectral structure. This obstacle can be overcome by using Hadamard initialization.

Definition 1 The Sylvester Hadamard matrices {®om : m € N} are defined recursively by

o o ®2m—1 ¢2m—1 QM s QM
®1 o 1’ ¢2"L o |:®2m1 _(I)2m1:| < R ’

and are orthogonal Q)Qqu)gm = 2™ [om.
We first illustrate our technique for n = 1 (one data point per class), then extend to general n. We

show that setting U = ﬁ@ achieves mutual diagonalizability despite the softmax.

Theorem 2 For K = 2" m € N, let U = \/LRCI), where ® is the K x K Sylvester Hadamard

matrix. Denote the columns of U by u;, © € [K|. Then, forany Z =, aiuiuiT, its softmax satisfies
2. ‘I’ije% (Ra

Ej o7 (®a);

P(Z) = Zl VZ’LLZUZT’, W/’le}’e Vi =

We refer to this initialization as Hadamard initialization. This shows that a matrix diagonalizable by
a Sylvester—Hadamard matrix remains so after applying softmax. See App. C.1 for a detailed proof.

3.1. Tractable cross-entropy dynamics

Using Theorem 2, we can adapt the arguments of Saxe et al. [21], detailed in Sec. 2. This property is
specific to our construction: a generic orthogonal U does not yield mutual diagonalizability. The
result is given for general n below. The proof is in App. C.2, with validation in Fig. 1.

Theorem 3 For K =2" m e N, let U = \/qu), For the UFM in Eq. (1), with classes of size n,

initialize the parameters as W = UDWRT, and H = RDHVT, where R € R%%d jg orthogonal,
V =U ® Q where Q is a right singular matrix of 11, and the only nonzero singular values of Dy,

and Dy are o, ..., ax_1 and By, . .., Brx_1. Then under balancedness, and absorbing constants
into the time and singular value variables, the gradient flow equations reduce to
dai 1 . da()
D b elK—-1, — =0, 3
g~ phe TG ©)
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Figure 2: Gradient flow under small random initialization, Hadamard initialization with the same
singular values, and late-Hadamard initialized at the end of the alignment phase (vertical dotted line).
Parameters K = 8, d = 40. mean and std reported over ten runs.
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b= Wye i and D=1+ ) e (" 4)
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where a; = o 3; are the logit singular values, and ¥ = 1K-11%_1 —®2: K,2: K] € RE-IXK-1

Since the first singular value is constant, we drop it from notation and consider a € R¥~1,
Unlike for MSE, the terms b;/ D depend on all of the singular values, preventing decoupling, and
consequently we do not have closed-form dynamics. Nevertheless, we show below that the equations
are sufficiently tractable. Also note that the singular values a;(t) increase in time. We henceforth
assume all singular values are positively initialized, and thus stay positive for all times.

Normalized singular values. From Eq. (3), it is straightforward to show that the L logit norm
diverges. This implies that there are no finite minima on the optimization surface. We therefore study
the dynamics of the normalized logit singular values a; = a;/||al|1:

d . .
[b; —b], b= ZKUH] jb;.

a(@i)

a;
=2 &)

4. Cross-entropy dynamics and implicit bias

Any direction a satisfying (¥a); > 0 for all ¢ € [K — 1] will have positive margins and so can attain
arbitrarily small loss by taking ||a||; — oc. The question is then which of these directions gradient
flow selects. We begin by inspecting the stable directions, i.e., those satisfying % = 0. If a stable
direction satisfies a; > 0 for all ¢, then the non-trivial part of the logit matrix is full-rank. It is simple
to show the unique full-rank stable direction is @ = ﬁl K —1. This in fact corresponds to NC, as
shown in App. B.
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Convergence to NC via a Lyapunov function. We show that gradient flow exhibits an implicit
preference for the full-rank NC solution among all other stable points. We further establish a stronger
result than asymptotic convergence: we identify a Lyapunov function, measuring distance to NC,
that decreases monotonically along the gradient-flow trajectory. The proof is in App. C.3.

Theorem 4 Let K = 2™, m € N. Let a(t) € RE=1 be initialized with a;(0) > 0 for all i, that
evolves under the time evolution of Eq. (3). Then the metric DKL(ﬁl K—1]| @), where Dxy, is the
Kullback-Leibler divergence, serves as a Lyapunov function of the flow. Consequently, the metric is
decreasing throughout training and we must have & — 1/(K — 1) - 1x_1 ast — oc.

This theorem goes beyond existing asymptotic implicit bias results by showing behavior throughout
the full loss surface via a Lyapunov function. Regarding NC, Theorem 4 is the first result proving
that NC occurs purely as a result of gradient flow implicit bias under CE loss.

Non-monotonic behaviors. We now show that the Ly-distance metric, which is common in
empirical work on NC, does not exhibit monotonic behavior.

1 R 1 2
M = 2 Zz’e[Kq] (ai K — 1) ' ©)

For K = 2,4, this metric decreases monotonically; however, monotonicity breaks down for K > 8.

Theorem 5 For K = 2™, m € N, let a(t) € RE~! be a variable initialized with a(0) > 0, that
evolves as in Eq. (3). If K = 2 or K = 4, then the metric M in Eq. (6) monotonically converges to
0. If K > 8, then there exist initializations a(0) such that the metric M is not monotonic.

This reveals a qualitative difference from MSE: coupled singular values can induce non-monotonic
behavior in natural distance metrics. The proof is in App. C.4, and an example in App. D.

5. Numerical experiments

We now test whether these trajectories capture the qualitative behavior of standard small-random
initialization. Fig. 2 reports, for both random and Hadamard initialization, the metrics studied in the
preceding sections, together with the residual energy defined in App. D, which measures how much
the singular vectors of the logits are aligned with the Hadamard basis. Random trajectories exhibit
a two-stage structure. First, during an alignment phase, the residual energy decreases while other
metrics are mostly static. After this phase, both trajectories exhibit comparable trends. Fig. 2 also
shows a late-Hadamard trajectory initialized after the alignment phase, using singular values matched
to those of the random trajectory. This late-Hadamard trajectory provides a representative trajectory
of small random initialization after the alignment phase. Additional experiments are in App. D.

6. Conclusion and future work

In this work, we uncover a variety of novel features in CE training by adapting the spectral-dynamics
framework of Saxe et al. to the softmax setting. We view demonstrating that such an extension is
achievable as our central contribution. Next steps include extending beyond K = 2™ using Fourier
matrices, as well as extending to more general initializations. Notably, Theorem 2 extends to any
elementwise activation function, opening the door to spectral analyses in nonlinear architectures.



DIAGONALIZING THE SOFTMAX

Impact Statement

This paper presents work whose goal is to advance the field of machine learning. There are many
potential societal consequences of our work, none which we feel must be specifically highlighted

here.
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Appendix A. Summary of notations

Table 1: Summary of Key Notations

Notation Description Context / Definition

K Number of classes. Assumed to be K = 2™,

n Number of samples per class. Assumed to be balanced.

w Last-layer weight matrix. RExd

H Feature matrix. RaAxKn

A Logit matrix. Z =WH

Y One-hot label matrix. Y=Ixk®1L

P(Z) Softmax matrix. Softmax applied columnwise to Z.

S Simplex ETF matrix. S =1Ix—+1x1%

o Sylvester Hadamard matrix. REXK matrix (Def. 1).

U Reduced dynamics matrix. 1g11L | —®[2:K,2: K].

uv Left/Right singular vector matrices. U =V = \/%CD for Hadamard Init.

«;, B Singular values. Non-trivial singular values of W and H.
a Logit singular values (vector). a=(ay,...,ax_1), a; = a;f;.

a Normalized logit singular values. a; = a;/llal1.

b, D Terms in reduced dynamics. Defined in Eq. 3.

M Lo-based metric for NC. Measures distance from a to uniform (Eq. 6).
Dy, KL divergence. Used as a Lyapunov function (Thm. 4).

Throughout, R denotes the reals and N the natural numbers. For a positive integer j, we write
[j] = {1,...,5}, and e, € R7 denotes the ¢-th standard basis vector. I}, represents the k x k identity
matrix, and 1;, denotes an all-ones vector of dimension k. For a given matrix A, A” is its transpose,
and Al[i; : 2,71 : jo| indicates the submatrix sliced from rows i to i and columns j; to jo. The
operator diag(v) forms a diagonal matrix using the elements of vector v. We use ® for the Kronecker
product, ® for the Hadamard (elementwise) product and & for the bitwise XOR. Finally, || - ||, and
|| - |1 denote the Frobenius norm and the L; norm, respectively. Some key notation is summarized in
Table 1.

Appendix B. Uniform singular values corresponds to neural collapse

To see why uniformity corresponds to the NC solution, note that equal logit singular values (i.e.,
a; = a; for all i,j € [K — 1]) imply that the singular values of W and H are equal as well:
a; = i = aj = B forall 4, j € [KK — 1]. Recall that, without loss of generality, the singular value
corresponding to the all-ones eigenspace is zero for both matrices. Together, these conditions yield
W oc ®diag(0,1,...,1)RT and H < Rdiag(0,1,...,1)®T, which in turn give WW7T S and
HTH S, where S = %QJ diag(0,1,...,1)®” is the ETF matrix.
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Appendix C. Proofs
C.1. Proof of Theorem 2

Let ¢;, ¢ € {1,2,..., K}, be the rows of the K x K Sylvester—Hadamard matrix . We use the
following “closure” property (Lemma 3.6 of Horadam [10]), where 7 & j denotes bitwise XOR:

Fact1 Foranyi,j e {1,...,K}, it holds that $; © ¢; = ¢ic; -

For all i € [K], define matrices ®; := ® diag (¢;) = [¢] © gbﬂje[K]‘ Note that ®; = ®. Using
Fact 1, we can express each ®; in terms of a corresponding permutation matrix II; = [63;9 jL‘ e[k’
where e, € R denotes the ¢-th standard basis vector:

®; := ®diag (¢;) = I;®, foralli € [K]. )

Recall that softmax is applied columnwise. Thus, to prove the advertised identity it suffices for any
column i € [K] that

P(%@ diag (a) ¢;) = %cp diag <<1>P(I1(<I>a)> é.

Using the property diag (u) - v = diag (v) - u for any u, v on both sides of the equality, and applying
Eq. (7), this is equivalent to

1 1 1
P(51i%a) = 1L P(~-Pa).

Since @& = ®PT = K, this claim reduces to P(+11;®a) = II;P(+®a), which holds by
permutation equivariance of the softmax.

C.2. Proof of Theorem 3

Recall U = \/%q), where @ is the K x K Sylvester Hadamard matrix, and that we initialize our

parameter matrices as: W = U DwRT, H = RDyVT, where R € R4 js orthogonal, and
V = U ® Q is orthogonal, with @ being a right singular matrix of 17, meaning it obeys the relation:

17 = /ne{™TQT, where e{™ is the first standard basis vector in R™. Also recall that Dy, € RE*d
has its only non-zero singular values given by a1, ... ag, and Dy € R?*E™ has its only non-zero
singular values given by (1, ..., Sx. Note as a consequence of the definitions of U, V', we can write

Y = /nU[Ix, O x k(n-1)]V".
We also have at initialization that the logit matrix is given by

Z=UDwDyVT.

Note that Dy € RE*? and Dy € R¥X" Hence, defining D; = Dy Dy € REXE" and
D, = diag(ay, ..., ax ), where a; = «;3;, this matrix can be written as:

n)T
‘DZ = [DavoKXK(nfl)] = Da ®€g ) .
Hence we can write

Z=U (Da ® eng) UeQl=U [(DGUT) ® (e§">TQT)} .

10
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Next, using that 15 = \/ﬁegn)TQT, this becomes:

_ b
S Vn

Then using that this has repeated columns, this becomes:

Z U[(D,UT)®1]].

Z =(UD;UT) 17,

where we define a = ﬁa. Since this is the same matrix as UD;U”, just with repeated columns, we
can apply Theorem 2 to calculate the softmax matrix at initialization:

P(Z)=(UD;UT) @17,

where .
X, Byex ()
V; = - Z] e%(@&)j
Now consider the gradient flow equations of our model
aw dH
o =W -PHEL =W - P).

Consider the change of variable given by W = UW, H = HVT, these have evolution equations
given by:
d, -~ - d - ~
(W) = vty - P)VHT, () = wTut(y — P)V.
Note that, by construction, both the matrices Y, P can be written in SVD form through the matrices
uv
Y = /nUDyV7T, P =+/nUDpVT,

where Dy = [Ix, O x k(n—1)] € REXER and Dp = [diag(7), 0 » k' (n—1)] € REXEn and so
UT(Y - P)V = \/ﬁ[dlag(lK - ﬂ)aoKXK(n—l)]a

label this matrix as B. Now returning to the evolution equations for H and W, we label the rows of
W by w,, and the columns of H by h,. These have evolution equations given by:

d . ~ d - .
o (@i)j) = Zx:Bm(hx)ja o (hy)i) = Zz:ij(wa:)i-

Now using that B;;, = /n(1 — 1;)d;, gives:

d
dt

where in the second of these equations if j > K the derivative is zero.
Note that using our initialization scheme, we have at initialization w; = a;r;, BZ = B;r;, for
i=1,..., K, and 0 otherwise, where r; are the columns of R. One observes from Eq. (8) that the
derivatives also point in the same direction. Hence this property is maintained at all times, meaning

(1)) = Vi = o))y, () = VAL = 57) () ®

11
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the vectors w;, h; only evolve in their coefficients, not in their directions. These coefficients then
evolve as:

d - d -
a(%) = Vn(l - )8, ﬁ(ﬁi) = Vn(l - )oy.

Translating back to our original parameter matrices W, H, these are the evolution equations for their
singular values, and the singular vectors are frozen for all times.

It remains to demonstrate these equations take the exact form in the theorem statement. Note
from the expression of ; we have

A e PR L)
da);
Zje (®a); ;

X|=| =

Then dividing the numerator and denominator by exp(+ > ;aj), gives:

1 X . )
1— 1 1 1T — Pl —?([lKlK_(@]a)j _
8 je—%([lKl}Q—cb]a)j 2]:[ Kl — ®ije

sle

- 1

Once we recall that a; = T s this gives

doy _ /i
dt D

bi/Biv

where, for a; = «; 5;:

o T _ &1 ookl —®la); _ —weum (Lx 1k —Pla);
b; Zje[K][lKlK Dl e ., D Zjeme .

The first row and column of ® consist of all ones. Since [1x1% — ®]1; = 0 for all j, it follows
that by = 0, and therefore cv1, 51 remain constant. Moreover, since [1 1% — ®];1 = 0forall j, these
trivial singular values do not appear in the evolution equations for the others. We may thus, without
loss of generality, set «; = 3 = 0 and henceforth take «, 3 € R¥~! to be the vectors of non-trivial
singular values, with indices shifted accordingly. Consequently, define ¥ € REX—1*E~1 by deleting
the first column and row of 1K1£ — @, sothat U = 1K_11£_1 — X, where X = ®[2: K,2: K]is
the core of the Sylvester Hadamard matrix.

It is simple to verify these equations have the conserved quantities a? — ﬂ? = (;. For simplicity,
and following common practice [4, 8, 21, 22], we adopt the balancedness condition that sets C; = 0,
thus o; = S; throughout. Under the balancedness condition a; = [3;, we have that the logit singular

values evolve as p p a3 /i 2 /i
a; o ; n n
— =5 i = Y b (af 2) = ¥ —b;a;.
Gt = @ Dt iy = philed £ 50 = Tphia

Then redefining
1
'=——a, t'=2¢
a =1 \/ﬁa, Vn,
gives the gradient flow equations given in Eq. (3), once primes are dropped, since this represents a
simple rescaling that does not change phenomenology.

12
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C.3. Proof of Theorem 4

The KL divergence Dkr,(p |l q) = >, pilog (%) between two categorical distributions with proba-
bilities p and ¢ is non-negative and equals zero if and only if p = ¢. In our setting, we have:

1 ) 1 i
Dict (g7 L1 1) = —log(K — 1) = 5o > log(n).

K

For the remainder of the proof we denote this by Dk . Differentiating and using Eq. (5), we obtain

4 (D)=~ j@i()——m_llﬂ)[@bi)—(ff—nb], ©

We now define x; = (Va); and rewrite the derivative in terms of these variables, which recall
play the role of margins. First observe that

b—Zazb —Zaz ”e_ (Wa); — ‘aHIZm i e~ (Ya)i — \alexj Zj (10)

Second note

Zbi _ Z \Ilije_(‘l’a)j — Kze—(‘l”l)j — (Z(\Il&%) Z e—(‘l’a)j7
i ij J J

7

where we used ), W;; = K =) _.(Va);. Hence, we obtain

20 ||a|rl(Z )@”j‘)- (an

Substituting Eqns. (10) and (11) into Eq. (9) yields

d 1 ) | -
dt(DKL) (& —1)Dljalx (K—l);%’e —(Z:%) zj:e

Now, the bracketed term can be rewritten as § >°, (i — ;) (e7" —e7%9) , yielding

%(DKL): 3K —1)D]lal, %:(xi—mj)(e —e )

For each pair (4, j), the terms 2; — x; and e~" — e~ have opposite signs unless x; = x;. Hence,
every summand is non-positive, vanishing only when x; = x;. Hence the full sum is always non-
positive, and equal to zero only if z is a uniform vector. Because D > 0 and ||a||; > 0, the prefactor
is strictly positive. Moreover, since W is invertible and has 15 _; as an eigenvector, the condition
T X 11 implies @ < 1x_1, and hence a = Kl 7 lK-1.

Thus Dgy, > 0 with equality only at a = =—<1x1, and 4 2 DkL < 0 with equahty only at the
same point. Consequently, Dk decreases monotonlcally to zero, guaranteeing a — K—l 1.

13
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C.4. Proof of Theorem 5

Recall our choice of metric is given by:

1 . 1 2
M:2; (‘“_K—1> '

A simple calculation, using the derivatives provided in Eq. (5), gives

dM 1 ) -

— = 2 ailbi— 8. (12)
First note that M = 0 in the K = 2 case for all positive initializations, and so trivially is

monotonic. We begin by proving monotonicity for K = 4.

Note in K = 4 we have

2 0 2 2&1 + 2&3 672(1172(13
Uv=10 2 2 = Ug = 2@2 + 20,3 - exp(_\Ija) — 6_20‘2_20‘3
220 2(11 + 2(12 6—2111—2(12
Hence
6—201—2&3 4 6—2111—2(12
lb = 2 e_2a2—2a3 + 6—2(11—2(12
D 1 + €—2a1—2a3 + e—2a2—2a3 + e—2a1—2a2 6—2(11—2&3 N 6—2&2—2&3

Multiplying numerator and denominator by exp (2, a;) gives

1 2 62(12 +62a3
Tk — 2a 2a
Db - 62(a1+a2+a3) 4 e2a1 + e2az + e2as 62 Ptet
e2a 4 62(12
Writing xz; = exp(2a;), this is then
1 2 it~
Bb = ZZ Ty — 2|,

T1T2T3 + ), X S 2 — 23
) 7

and then b is given by:

1- 2
—b= T, —a- x|
D T1T2x3 + ), X [; ‘ }

Hence using the expression for the derivative of our metric, given in Eq. (12), we arrive at:

M 2
M Zd?[&-xfmi].

dt N T1T2X3 + Zz xT;

The coefficient is strictly positive, and so to argue non-increasing we can drop it. Hence we simply

need to show:
@0 (Xt - et <0
i i

14
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or equivalently:

| &
S

Z a2 < i 67 .
Define the quantities: X
;T
==
> Qi

noting that they form a probability distribution. Then our inequality can be viewed as comparing the
expectation of @ over two different probability distributions, one with probabilities a and the other
with probabilities q.

It is then simple to note that, since for any ||a||; > 0, x; is an increasing function of a;, the
second distribution places more weight on larger values of @, and so must be at least as large as the
other expectation. They are only equal when there are no larger values of a;, meaning a = ﬁ 1.
Hence the inequality is satisfied, and the metric is monotonically decreasing.

It remains to show that the metric is not necessarily monotonic decreasing for K > 8. To show
this for K’ = 8, it is sufficient to note that for a = [1,1, 1,1.25,0.01,0.01,0.01] the derivative of
our metric takes value % ~ 7.3 x 1074, and so the metric is increasing for these values. Call this
specific counter-example v*, and denote its corresponding b vector and its weighted average, by b*
and b*.

For K > 8, define our initialization as a = [v*, 0 _g], then the derivative of our metric becomes

7

M 1 _ _
LS -8, whereh = Y oib
=1 j=1

Note that only by, ..., by are necessary for the computation of the sign. We now use the lemma stated
and proven at the end of this section, which gives that when a is only non-zero on at most the first
% — 1 entries, then the first % — 1 entries of the b vector are just equal to double the values they

would be in the % dimensional case. Applying this iteratively, we get that if K = 2™ > §, then
b; = 2™73b}, b= 23, fori=1,...,7,

and so - -

daM  2m—3 R - _

=D (07)*[by —b*],  whereb= Y vb,

i=1 j=1
but this clearly has the same sign as the counter-example in K = 8, and so gives a positive derivative.
This provides a counter-example in any I, but it has entries that are zero, which is not permitted.
However if we consider the vector
a=[v*, elg_g],

then by continuity, as € — 0 this tends to the positive value achieved by a = [v*,0x_g]. Hence
for any K there exists a non-zero value of € such that % > 0 for a = [v*,elg_g]. Hence
counter-examples exist in all K > 8.

It only remains to prove the following Lemma.

15
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Lemma 6 Let K = 2™, and a* € RE=Y, with b(a*) = b* € RE~! and b* = Yo arbr € e RE-L,
Let o' € R*5~1 pe given by a’ = [a*, 0k, and consider the evolution under the dynamics detailed
in Eq. (3), but for dimension 2K, initialized at a’. Denote the corresponding vectors b(a'),b(a’) €

R25=1 by b and b’ respectively. Then fori =1, ..., K — 1, we have
b, = 2b7, b = 2b*.

Proof of Lemma 6:

Let U1 and Wy 1 denote the two matrices derived from the Hadamard matrix, as defined in
Sec. 3, with the subscript denoting their dimension. Using the construction in terms of Sylvester
Hadamard matrices, as defined in Definition 1, these are related in the following way:

\I/K—l Op—1 \I/K—l
Uop—1 = |0%_, 2 21%
W 21g-1 21 1% | =Wk,

Hence
Vg1 Og—q U 1 a* Vg _1a*
Uor_1a’ = | 0%, 2 218, 0 | = 0 ,
Wy 21g-1 211k | —WUr 4] [Ok_1 Vg _1a*
and so
exp(—V_1a")
exp(—Vox_1a) = 1 ,
exp(—V_1a*)
giving
Vg 1 Og—1 Vg 1 exp(—Vg_1a*)
V = WUok_1exp(—Vax_1a) = | 0%, 2 218, 1

Uroy 2lg-1 211k | =Wk 4] [exp(—¥k_1a*)

From this it is clear that the top K — 1 entries of b’ are given by the vector 2¥ i1 exp(—V i _1a) =

2b*. Also note
K—-1

Z&’b’ = Z asb; = 2b".
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Figure 3: Training with K = 8 and a(0) = [1,1,1,1,0.001,0.001, 0.001]. Left/Middle: Evolution
of raw/normalized singular values. Right: Evolution of the metric M in Eq. (6) and the KL. Lyapunov
function of Thm. 4, both normalized by their initial values.

Appendix D. Further numerical experiments

D.1. Further details on figures in main body
D.1.1. FiG. 1

For Fig. 1, we use gradient descent with learning rate 0.01 and 1e7 training steps, recorded at 1000
logarithmically spaced checkpoints. The initial logit singular values are sampled independently from
the uniform distribution on [0, 2]. We then compare the evolution obtained from the full matrix
dynamics with under Hadamard initialization with the reduced vector dynamics in Eq. (3). The two
trajectories are initialized with the same singular values. The reduced vector ODE is solved using an
adaptive Runge-Kutta method with relative tolerance 10~ and absolute tolerance 10~1%; to compare
with gradient descent, we evaluate it at continuous times t;, = nk, where k is the training step and
1 = 0.01 is the learning rate.

D.1.2. FIG. 2

For Fig. 2, we use K = 8§ classes, one sample per class, and 10 random realizations. We train for
le7 gradient-descent steps with learning rate 0.01, using 5000 logarithmically spaced checkpoints.
The random initialization is W (0) = 6_5\‘/4—;?, and H(0) = 6_5\‘/4—%, where the entries of A; and
Ap are sampled independently from a standard Gaussian distribution and we here use § = 12.
We also set d = 5K. The Hadamard initialization uses the same initial logit singular values as
the corresponding random initialization, but places the singular vectors exactly in the Hadamard
eigenspaces. Concretely, we initialize W = UDy RT and H = RDy V" as described in Theorem 2,
U=V = LKQ Recall from Sec. 3 that the singular value corresponding to the all 1s column of U
is not updated by the flow; thus, as in theory, we assume without loss of generality that the respective
entry of Dy, Dy is set to zero. To further ensure direct comparison to random initialization, we set
the remaining K — 1 singular values such that Dy = Dy and they are identical to the largest K — 1
singular values of the logit matrix from its corresponding random initialization pair. This isolates the
initial difference between the two schemes to only the singular vectors.

The residual energy plotted in Fig. 2(f) measures ||Z — U(UTZV)VT|p /| Z|p, for U =
V = ®(1 : K,2: K). We use residual threshold 0.005 to identify the end of the alignment
phase. Specifically, we first wait until the residual drops below 0.005, and then define the “burn-in
time” as the first logged time at which the residual rises above 0.005 again. This choice selects
the point at which the random trajectory has already passed through its closest approach to the
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Hadamard subspace. The late-Hadamard trajectory is then initialized at this burn-in time by matching
the singular values of the random trajectory and placing the singular vectors in the Hadamard
eigenspaces. The vertical dotted line in Fig. 2 indicates the average burn-in time across the 10
realizations.

D.2. Metrics used in the experiments

We track the following metrics as function of iterations:

(a) Cross-Entropy Loss: Plots the CE loss in Eq. (1).

(b) Alignment Metrics: Tracks the Frobenius norm distance between the nuclear-norm-normalized

model components WWT HTH,Z = WH) and the ground-truth Simplex ETF S. For

example for the logit matrix Z = W H it plots H ﬁ — ﬁ HF For Hadamard Init., where

Z and S share singular spaces, this is identical to the (square root of the) metric M in Eq. (6).

(c) KL Divergence: Plots the Lyapunov function from Theorem 4, measuring the KL divergence
of the normalized logit singular values a from the uniform distribution ﬁ 1g—1.

(d) Singular Values: Plots the evolution of the raw singular values o;(Z) of the logit matrix
Z = W H. For the Hadamard Init. and ODE runs, these are equivalent to the main body’s
logit singular values a;.

(e) Normalized Singular Values: Plots the Ly-normalized singular values 6;(Z) = 0i(Z)/ >, 0;(Z).
For the Hadamard Init. and ODE runs, these are equivalent to the main body’s a; = a;/||a/|1.

(f) Residual Energy: Measures the fraction of the logit matrix Z that lies outside the signal
subspace of the Hadamard Init.. Specifically, for U = V = &(1 : K,2 : K), it measures
1z -v@rzv)vTir/1Zl|r

We track and plot these metrics in 5000 logarithmically spaced time instants. All results are
averaged over 10 runs, with the shaded regions in our plots representing the standard error of the
mean.

D.3. Non-monotonic behavior example

In Theorem 5 we showed that the metric M, defined in Eq. (6), can display behavior showing
the dynamics moving away from NC. Fig. 3 illustrates the severity of this phenomenon, showing
the evolution of a; and M for an initialization leading to non-monotonic behavior: M increases
monotonically over the displayed trajectory, even if it must eventually go to zero.

D.4. Additional random-versus-Hadamard experiments for X' = 4 and K = 16

We provide additional experiments comparing small random initialization and Hadamard initialization
for K =4 and K = 16, with d = 5K, in Fig. 4. These experiments complement the K = 8 results
in Fig. 2 (setup is the same as described in Sec. D.1). In all cases, both random and Hadamard
initialization exhibit a similar qualitative two-stage behavior. In the first, small-logit phase, the
loss changes slowly and the singular values remain small. For random initialization, this phase
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also corresponds to alignment of the logit matrix toward the Hadamard subspace; for Hadamard
initialization, the trajectory is already in this subspace, and the normalized singular values remain
constant. In the second, large-logit phase, the singular values grow, the loss decreases, and the
normalized singular values begin moving toward their limiting equilibrium. This behavior is very
similar to that observed in Fig. 2 of the main text.
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Figure 4: Additional comparison between gradient flow under small random initialization and
Hadamard initialization for K = 4 and K = 16. Plots are the same as Fig. 2 other than updated
class number. The two-stage behavior of random initialization is visible in both cases.
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