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ABSTRACT

This work presents a physics-informed approach to solving the Schrödinger eigen-
value problem associated with particles in two-dimensional periodic potentials,
with a focus on honeycomb lattice geometry, due to its non-trivial band topology
and relevance to materials such as graphene. By leveraging neural networks to
learn complex Bloch functions and their associated eigenvalues (energies) simul-
taneously, we develop a mesh-free neural solver enforcing the governing PDE,
Bloch periodicity, and normalization constraints through a composite loss func-
tion without supervision. The model is numerically benchmarked against tra-
ditional plane-wave expansion methods. We also explored transfer learning to
adapt the solver from nearly-free electron potentials to strongly varying poten-
tials, demonstrating its ability to capture changes in band structure topology. This
work contributes to the growing field of physics-informed machine learning for
quantum eigenproblems, providing insights into the interplay between symmetry,
band structure, and neural architecture.

1 INTRODUCTION

Recently, there has been growing interest in leveraging the techniques of scientific machine learning
to solve partial differential equations (PDEs) that arise in physics and engineering. One approach
that has shown promise is the use of physics-informed neural networks (PINNs), which allow for
the incorporation of governing equations and physical constraints directly into the loss function of
a neural network (Raissi et al., 2017). This framework has been successfully applied to a variety of
problems, including fluid dynamics, materials science, and quantum mechanics (Karniadakis et al.,
2021; Cai et al., 2021; Jin et al., 2020).

In this paper, we develop a physics-informed approach to the time-independent Schrödinger equa-
tion for particles in a 2D periodic potential, an eigenvalue problem of fundamental importance in
condensed matter physics and materials science. The theory of electrons in periodic potentials, de-
scribed by Floquet-Bloch theory, underpins our understanding of the electronic properties of crys-
talline solids (Ashcroft & Mermin, 2011). Notably, certain lattice structures, such as the honeycomb
lattice found in graphene, exhibit conical degeneracies in their band structure known as Dirac points
(Fefferman & Weinstein, 2012; Lee-Thorp et al., 2018). These points give rise to unique transport
properties which have been the subject of extensive theoretical and experimental investigation.

Traditional numerical methods, such as finite element methods, can be computationally expensive
for high-dimensional settings and rely on a mesh discretization of the domain. In this work, we aim
to create mesh-free solvers that can recover both eigenvalues and eigenfunctions of the Schrödinger
equation in honeycomb symmetric potentials.

The main contributions include: (1) Physics-informed learning framework for solving the Floquet-
Bloch eigenvalue problem in two-dimensional periodic potentials, with a focus on honeycomb lat-
tice geometry; (2) Objective enforcing PDE residuals, boundary conditions, and normalization con-
straints for physically valid eigenstates, as well as Bloch inductive bias; (3) Numerical validation of
neural network solutions with traditional numerical (spectral) methods, demonstrating their ability
to accurately capture band structure topology.1

1Code is available at github.com/haarisamian/neural-bloch-eigensolver
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2 METHODS

2.1 NEURAL PARAMETERIZATION OF BLOCH EIGENFUNCTIONS

We begin by defining a neural network to approximate the Bloch functions un,k(x) over the unit
cell Ω for a given quasi-momentum k in the Brillouin zone (Additional detail on Floquet theory in
Appendix B). The model takes as input the spatial coordinates x ∈ Ω and the quasi-momentum k in
reciprocal space, and outputs the complex-valued Bloch function un,k(x). To handle the complex
amplitude, we represent the output as two real-valued components corresponding to the real and
imaginary parts:

N1(x,k; θ) =

(
uRe
n,k(x)

uIm
n,k(x)

)
, (1)

as well as an associated eigenvalue network:

N2(k;ϕ) = En,k, (2)

where θ and ϕ denote the trainable parameters of the respective networks. The full Bloch wavefunc-
tion can then be reconstructed using equation 13:

ψn,k(x) = eik·x
[
uRe
n,k(x) + iuIm

n,k(x)
]
. (3)

We note a subtlety here relating to the multiple bands, which can been handled in two ways: either
by training separate networks iteratively with orthogonality constraints in the spirit of Jin et al.
(2022), or by employing a single network, where the higher energy bands and Bloch modes can be
discovered simultaneously through extended sampling of the Brillouin zone, as in Hsu & Mattheakis
(2024). In this work, we focus on the latter approach, as it allows for more efficient training and
exploration of the band structure topology with minimal architectural complexity. See Appendix A
for extended related work on PINNs for eigenvalue problems.

2.2 LOSS FORMULATION

The training objective is formulated as a weighted sum of multiple loss components that enforce the
physical constraints of the Floquet-Bloch eigenvalue problem. Specifically, we define the total loss
L as:

L = LPDE + λnormLnorm + λBCLBC, (4)

where LPDE penalizes the residual of the Schrödinger equation, Lnorm enforces normalization of the
Bloch functions, and LBC imposes the Bloch periodicity conditions. Proper balancing of these terms
helps ensure convergence to physically valid solutions in a notoriously ill-conditioned optimization
landscape (Krishnapriyan et al., 2021).

There is no universal recipe for the choice of weights which guarantees convergence to good minima
in all settings, and ultimately they must be set empirically for each problem or chosen according
to some adaptive self-weighting scheme. Here, they have been set empirically as λnorm = 100
and λBC = 10 based on preliminary experiments to balance the contributions of each term during
training.

2.2.1 SCHRÖDINGER PDE RESIDUAL

At each iteration of training, we sample a batch of collocation points {xi}Nb
i=1 uniformly at random

from the unit cell Ω and a batch of quasi-momenta {kj}Nb
j=1 uniformly from the Irreducible Brillouin

Zone (IBZ) and its lattice translates. Passing these through the networks, we compute the mean
squared residual of the modified Schrödinger equation in equation 15:

LPDE =
1

Nb

Nb∑
i=1

|HbN1(xi,ki; θ)−N2(ki;ϕ)N1(xi,ki; θ)|2 , (5)

where the Hamiltonian operator Hb is applied using automatic differentiation supported by
PyTorch with respect to the spatial inputs x.
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2.2.2 NORMALIZATION CONSTRAINTS

To ensure that the learned Bloch functions are physically valid eigenstates, and to avoid the trivial
zero solution, we enforce the following normalization condition over the unit cell Ω:

Lnorm =
1

Nn

Nn∑
i=1

(∫
Ω

|N1(x,ki; θ)|2 dx− 1

)2

, (6)

where {ki}Nn
i=1 are sampled quasi-momenta from the Brillouin zone, and the integral is numerically

approximated using a trapezoidal rule over a fixed grid of points in Ω. We also note the added benefit
that the squared amplitude of resulting eigenfunctions can be interpreted as a probability density.

2.2.3 BLOCH PERIODICITY CONDITIONS

Due to Bloch’s theorem, the wavefunctions must satisfy the pseudo-periodic boundary conditions in
equation 14. Or equivalently, the Bloch functions must be periodic over the unit cell. To enforce this,
we sample points on the boundaries of the unit cell and compute the mean squared error between
the values of the Bloch function at opposite boundaries:

LBC =
1

Nb

Nb∑
i=1

|N1(xi + aj,ki; θ)−N1(xi,ki; θ)|2 . (7)

2.3 MODEL ARCHITECTURE

While many architectural choices are possible, we opt for fully-connected feedforward neural net-
works due to their universal approximation capabilities and ease of implementation. The Bloch
function network N1 takes the spatial coordinates x and quasi-momentum k, and outputs the real
and imaginary components of the Bloch function. The eigenvalue network N2 is similarly structured
but takes only the quasi-momentum k as input and outputs the corresponding eigenvalue En,k. Di-
mensions of the hidden layer is set to 200 with 5 hidden layers for the Bloch net, and 64 with 3
hidden layers for the energy net, and SiLU is chosen for an activation function.

3 RESULTS

3.1 BAND STRUCTURE RECOVERY FOR HONEYCOMB POTENTIAL

Figure 1: Band structure learned by the physics-informed neural network plotted along the high-
symmetry path Γ → K → M → Γ in the Brillouin zone for a weak honeycomb potential with
V0 = 1. The learned dispersion curves (left) match closely with those obtained from the plane-
wave expansion method (right), and closely approximate the free particle dispersion due to the weak
potential.

After training the networks on a weak honeycomb lattice potential of the form V (x) =

V0
∑3

i=1 cos(bi · x) with V0 = 1, we evaluate the band structure using the trained eigenvalue
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network N2(k;ϕ) over a dense sampling of k-points along the high-symmetry path and its lattice
shifted copies. The resulting dispersion curves are then compared to those obtained from the plane-
wave expansion method to assess the accuracy of the neural solver in capturing the band structure
topology. The learned band structure exhibits excellent agreement with the benchmark results from
the plane-wave expansion method. The dispersion curves closely follow the expected behavior for a
nearly-free electron model, with minor deviations attributable to the weak potential perturbation.

3.2 ERROR METRICS AND CONVERGENCE ANALYSIS

Loss metrics are tracked during training to assess convergence behavior both for the overall loss and
individual components, which is crucial for diagnosing potential issues in optimization. The final
values for the PDE residual, normalization error, and boundary condition error are reported in Table
1, demonstrating the model’s ability to satisfy the governing physics of the problem.

Loss Component Final Value
Total Loss (L) 5.2× 10−3

PDE Residual (LPDE) 3.3× 10−3

Normalization Error (Lnorm) 3.0× 10−7

Boundary Condition Error (LBC) 1.9× 10−4

Table 1: Final loss values after training on weak (V0 = 1) honeycomb potential.

3.3 VISUALIZATION OF BLOCH FUNCTIONS

We also visualize the spatial profiles of the Bloch modes at select high-symmetry points Γ, K, and
M . The squared amplitude is plotted over the unit cell to illustrate the probability density distribution
of the electrons in these states. We include one representative state produced by the model which
shows good qualitative agreement with numerical solutions.

Figure 2: Representative Bloch modes plotted as |un,k(x)|2 over the unit cell at the high-symmetry
points computed using the plane-wave expansion, as well as a representative Bloch state learned by
the model at the Γ point after fine-tuning on V0 = 10 (right).

4 CONCLUSION

We have developed a physics-informed neural framework for solving the Floquet-Bloch eigenvalue
problem for honeycomb lattice potentials, demonstrating its ability to accurately recover band struc-
tures and Bloch functions for weak potentials. The model’s predictions closely match benchmark
results from the plane-wave expansion method, validating the effectiveness of the approach.

Future work may explore extensions to stronger potentials including pseudo-atomic well-like poten-
tials and higher-dimensions. Fourier feature embeddings, as in (Sallam & Fürth, 2023), and other
architectural enhancements may also be investigated to improve convergence and accuracy. Poten-
tially, L-BFGS could be tried after convergence with Adam to improve the precision on the approach
here. Overall, this work highlights the potential of physics-informed neural networks as a powerful
tool for studying quantum materials with complex periodic potentials.
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A EXTENDED RELATED WORK: PINNS FOR EIGENVALUE PROBLEMS

Physics-informed neural networks (PINNs), first introduced by Raissi et al. (Raissi et al., 2017),
leverage the universal approximation capabilities of neural networks (Pinkus, 1999) to solve for-
ward and inverse PDE problems through direct incorporation of governing physical relations into
the optimization objective. This is typically implemented by defining a neural network that approx-
imates the solution to the PDE and then formulating a multi-term weighted objective, known as the
loss function, which penalizes deviations in the form of PDE residuals, boundary conditions, ini-
tial conditions (if applicable), and data mismatch (if available) as soft constraints on the network’s
output.

By training the network to minimize this loss through iterated sampling of the input space and
reweighting of the parameters, typically with a stochastic optimizer such as Adam, the model learns
to satisfy the underlying physics of the problem. These methods have the key advantage of being
mesh-free, unlike traditional numerical methods such as finite element or finite difference methods,
as well as the promise of greater efficiency in high-dimensional settings, which suffer from the
so-called curse of dimensionality (Han et al., 2018; Raissi et al., 2017).

This approach has since been extended and applied to a variety of domains with notable success, in-
cluding fluid dynamics (Cai et al., 2021), material science (Faroughi et al., 2024), and more recently,
quantum mechanics (Jin et al., 2020; 2022; Hsu & Mattheakis, 2024). In recent years, there has been
increasing attention to physics-informed learning for eigenvalue problems, such as are frequently en-
countered in physics and engineering, exemplified here by the time-independent Schrödinger equa-
tion. In this setting, the goal is to learn eigenvalues and eigenfunctions of differential operators or
to find eigenfunctions for a predetermined eigenvalue. Notably, Jin et al. developed a PINN frame-
work for solving quantum eigenvalue problems with square-well and Coulomb potentials, as well
as a scanning neural network approach to learn multiple energetic eigenstates of the infinite square
well and quantum harmonic oscillator (Jin et al., 2020; 2022).

However, to the best of our knowledge, there has been only limited exploration of physics-informed
neural solvers for more general two-dimensional periodic quantum eigenproblems, as most works
have tended to focus on one-dimensional wells or quantum harmonic oscillators. The setting of
honeycomb lattice potentials and their spectral properties provide a rich testbed for studying the
interplay between symmetry and band structure degeneracy in quantum materials. The closest such
work is Hsu & Mattheakis (2024), who studied equation-driven (i.e. unsupervised) neural solvers
for the Bloch eigenvalue problem for square lattices using constant and pseudo-atomic potentials.
In a similar spirit, this work aims to extend this line of research by developing a physics-informed
neural framework specifically tailored to honeycomb lattice potentials and their associated disper-
sion features, with an exploration of the benefits of transfer learning with pretraining on nearly-free
electron potentials to generalize to strongly varying potentials.

B A REVIEW OF FLOQUET-BLOCH THEORY

We introduce some relevant results from the theory of periodic quantum media here as background
(Reed & Simon, 1978). If we choose a linearly independent basis {a1,a2} of R2 in real space, we
can consider the lattice spanned by these vectors:

Λ = {c1a1 + c2a2 : c1, c2 ∈ Z}, (8)

as well as the reciprocal space (or dual) lattice:

Λ∗ = {c1k1 + c2k2 : c1, c2 ∈ Z}, (9)
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Figure 3: Brillouin zone of the honeycomb lattice and reciprocal lattice vectors {b1, b2}. High
symmetry points Γ, K, M, K’ labeled, along with the path connecting high-symmetry points over
the irreducible wedge of the Brillouin zone.

where the vectors {k1,k2} are chosen to satisfy the relation:
ki · aj = 2πδij . (10)

We restrict our attention to the two-dimensional time-independent Schrödinger equation for a parti-
cle in a periodic potential:

− ℏ2

2m
∆ψ(x) + V (x)ψ(x) = Eψ(x), V (x+ ai) = V (x). (11)

V (x) is, in general, an arbitrary scalar potential, but we enforce that it has the same periodicity as
the idealized real space lattice. For suitable choice of units, we can write m = ℏ = 1 without loss of
generality. Note that equation 11 defines an eigenproblem for complex-valued state wavefunctions
ψ(x) and their associated energies (eigenvalues) E, which are guaranteed real by the hermiticity of
the Hamiltonian H in the equivalent statement below:

Hψ(x) = Eψ(x), H ≡ [−1

2
∆ + V (x)]. (12)

Due to the periodicity of the system’s potential, Bloch’s theorem (Ashcroft & Mermin, 2011) allows
us to decompose any solution ψ to this problem as the product of a plane wave and a Λ-periodic
function, or the Bloch function un,k, as shown below:

ψn,k(x) = eik·xun,k(x). (13)

In equation 13, n indexes the spectrum of allowable energies, and k corresponds to the quasi-
momentum of the particle, which is unique in the reciprocal space up to translation with ki. Also,
due to the Λ periodicity of the Bloch function, we obtain the following pseudo-periodic boundary
condition satisfied by ψ:

ψn,k(x+ ai) = eik·aiψ(x). (14)

Therefore, with these boundary conditions, we are interested in solving the eigenproblem with x
restricted to the real space Λ unit cell and k restricted to the reciprocal space primitive cell known as
the Brillouin zone, encompassing all the points in reciprocal space which are closer to the origin than
to any point on the reciprocal latice defined by {ki}. Now, substituting equation 13 into equation 12,
we obtain a modified Hamiltonian operator which allows us to solve for the Bloch states directly:

Hbun,k(x) = En,kun,k(x), Hb ≡ [−1

2
(∇+ ik)2 + V (x)], (15)

where every value of k over the Brillouin zone will produce a discrete eigenspectrum indexed by n,
and these En(k) functions are known as dispersion surfaces or energy bands.
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C HONEYCOMB LATTICE POTENTIALS AND DIRAC POINTS

Figure 4: A simple honeycomb lattice potential formed by the superposition of three cosine waves,
V (x) = V0

∑3
i=1 cos(bi · x), where bi are the reciprocal lattice vectors.

We begin by considering a triangular lattice Λh spanned by vectors, with arbitrary lattice spacing a:

a1 = a

(√
3
2
1
2

)
, a2 = a

(√
3
2

− 1
2

)
, a > 0, (16)

and its corresponding dual lattice Λ∗
h:

b1 = q

( 1
2√
3
2

)
, b2 = q

( 1
2

−
√
3
2

)
, q ≡ 4π

a
√
3
. (17)

We now define a honeycomb lattice potential (Fefferman & Weinstein, 2012; Lee-Thorp et al.,
2018), as any real-valued potential Vh : R2 → R satisfying the following conditions:

1. Vh is periodic with respect to Λh, i.e. Vh(x+ a) = Vh(x)∀x ∈ R2 and a ∈ Λh.

2. Vh is symmetric with respect to inversion, i.e. Vh(−x) = Vh(x).

3. Vh is invariant with respect to the rotation matrix R where R denotes the counterclockwise
rotation in R2 by 2π

3 .

For this family of potentials, it can been shown that the above symmetries imply the existence of
conical singularities, or Dirac points, in the Floquet-Bloch dispersion surfaces at the high-symmetry
points K and K ′ lying at the vertices of the Brillouin zone (Fefferman & Weinstein, 2012; Lee-
Thorp et al., 2018). In other words, the dispersion surfaces of the honeycomb lattice exhibit linear
band crossings at these high-symmetry points, and the corresponding eigenvalues form a two-fold
degenerate spectral pair. The existence of these points give rise to effective massless Dirac fermions
in materials such as graphene (Castro Neto et al., 2009), which can be modeled as such a 2D atomic
lattice with carbon atoms located at the honeycomb lattice positions.

D NUMERICAL SOLUTION BY PLANE-WAVE EXPANSION

As a ground-truth benchmark, we can employ a convergent numerical solution based on the plane-
wave expansion, which yields accurate approximation of eigenvalues and Bloch functions and can
be compared to the solutions outputted by the network (Kittel, 2004; Ashcroft & Mermin, 2011).
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This approach relies on the Fourier series representation of both the periodic potential and the Bloch
functions. For a Λ-periodic potential V (x), we can write:

V (x) =
∑

K∈Λ∗

VKe
iK·x, VK =

1

|Ω|

∫
Ω

V (x)e−iK·xdx, (18)

where Ω is the unit cell of the lattice Λ. Similarly, we can express the Bloch function un,k(x) as:

un,k(x) =
∑

K∈Λ∗

cn,k(K)eiK·x. (19)

Substituting these expansions into the modified Hamiltonian eigenproblem in equation 15 and pro-
jecting onto the plane-wave basis leads to a matrix eigenvalue problem for the coefficients cn,k(K).
By truncating the infinite series to a finite number of reciprocal lattice vectors, we can numerically
solve for the eigenvalues and eigenfunctions with controllable accuracy. To see this, we substitute
the expansions into equation 15:

Hbun,k(x) =

[
−1

2
(∇+ ik)2 +

∑
K′∈Λ∗

VK′eiK
′·x

] ∑
K∈Λ∗

cn,k(K)eiK·x. (20)

Applying the operator and collecting terms, we have:

Hbun,k(x) =
∑

K∈Λ∗

cn,k(K)

[
1

2
|k+K|2eiK·x

]
+

∑
K′∈Λ∗

VK′eiK
′·x

∑
K∈Λ∗

cn,k(K)eiK·x

=
∑

K∈Λ∗

cn,k(K)

[
1

2
|k+K|2eiK·x

]
+

∑
K,K′∈Λ∗

VK′cn,k(K)ei(K+K′)·x.

(21)

Projecting onto the basis function eiQ·x for some Q ∈ Λ∗ and integrating over the unit cell Ω, we
obtain: ∫

Ω

e−iQ·xHbun,k(x)dx =
∑

K∈Λ∗

cn,k(K)

[
1

2
|k+K|2

∫
Ω

ei(K−Q)·xdx

]
+

∑
K,K′∈Λ∗

VK′cn,k(K)

∫
Ω

ei(K+K′−Q)·xdx.

(22)

Using the orthogonality of the plane-wave basis, we find that the integrals evaluate to |Ω| when the
exponents vanish and zero otherwise. This leads to the following matrix equation for the coefficients:

1

2
|k+Q|2cn,k(Q) +

∑
K′∈Λ∗

VK′cn,k(Q−K′) = En,kcn,k(Q). (23)

By truncating the set of reciprocal lattice vectors K to a finite subset, we can numerically solve this
matrix eigenvalue problem to obtain approximations of the eigenvalues En,k and the coefficients
cn,k(K), from which we can reconstruct the Bloch functions.
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E SAMPLING STRATEGY IN REAL AND RECIPROCAL SPACE
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Figure 5: Sampling strategy in reciprocal space. Points are sampled uniformly within the Irreducible
Brillouin Zone (IBZ) and its lattice translated copies to expose the network to higher quasi-momenta
and energy bands.

In order to effectively train the neural networks, we employ a sampling strategy that covers both the
spatial domain of the unit cell Ω and the quasi-momentum space of the Brillouin zone. For the spatial
domain, we use uniform random sampling of collocation points within the unit cell spanned by the
lattice vectors {a1,a2}. This ensures that the network learns to satisfy the Schrödinger equation
and boundary conditions throughout the entire unit cell.

As for the quasi-momentum space, we focus on sampling points inside the Irreducible Brillouin
Zone (IBZ), which is the smallest wedge of the Brillouin zone that, through symmetry operations,
can generate the entire zone. This reduces the computational burden while still allowing the network
to learn the essential features of the band structure. We sample k-points uniformly within the IBZ
and also from its lattice translated copies to expose the network to higher energy bands.
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F ADDITIONAL TRAINING DETAIL

Figure 6: Training loss curves for the physics-informed neural network on the weak honeycomb
potential. The total loss and individual components are plotted over training epochs, demonstrating
convergence behavior. Around epoch 7500, the network begins to converge to a stable solution and
prioritizes minimizing the PDE residual temporarily before settling into a balanced minimization of
all loss components.

We train the networks using the Adam optimizer (Kingma & Ba, 2017) with an initial learning rate
of 1e− 3, which is combined with a cosine annealing schedule to gradually reduce the learning rate
over the course of training. The models are trained for a total of 20,000 epochs with a batch size
of 3,000 collocation points sampled per epoch. At each epoch, we compute the total loss L and
backpropagate the gradients to update the network parameters θ and ϕ. To monitor convergence, we
track the individual loss components as well as the overall loss throughout training. All experiments
were conducted on a single NVIDIA RTX A6000 GPU with 48GB of memory.
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