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ABSTRACT

Recent empirical studies have demonstrated that diffusion models can effectively
learn the image distribution and generate new samples. Remarkably, these mod-
els can achieve this even with a small number of training samples despite a large
image dimension, circumventing the curse of dimensionality. In this work, we
provide theoretical insights into this phenomenon by leveraging key empirical
observations: (i) the low intrinsic dimensionality of image data, (ii) a union of
manifold structure of image data, and (iii) the low-rank property of the denois-
ing autoencoder in trained diffusion models. These observations motivate us to
assume the underlying data distribution of image data as a mixture of low-rank
Gaussians and to parameterize the denoising autoencoder as a low-rank model ac-
cording to the score function of the assumed distribution. With these setups, we
rigorously show that optimizing the training loss of diffusion models is equivalent
to solving the canonical subspace clustering problem over the training samples.
Based on this equivalence, we further show that the minimal number of samples
required to learn the underlying distribution scales linearly with the intrinsic di-
mensions under the above data and model assumptions. This insight sheds light
on why diffusion models can break the curse of dimensionality and exhibit the
phase transition in learning distributions. Moreover, we empirically establish a
correspondence between the subspaces and the semantic representations of im-
age data, facilitating image editing. We validate these results with corroborated
experimental results on both simulated distributions and image datasets.

1 INTRODUCTION

Generative modeling is a fundamental task in deep learning, which aims to learn a data distribution
from training data to generate new samples. Recently, diffusion models have emerged as a new fam-
ily of generative models, demonstrating remarkable performance across diverse domains, including
image generation (Alkhouri et al.| 2024; Ho et al., [2020; |Rombach et al.,|2022), video content gen-
eration (Bar-Tal et al.,[2024; Ho et al., [2022), speech and audio synthesis (Kong et al., 2020; |2021),
and solving inverse problem (Chung et al., 2022; [Song et al., [2024). In general, diffusion models
learn a data distribution from training samples through a process that imitates the non-equilibrium
thermodynamic diffusion process (Ho et al.l |2020; [Sohl-Dickstein et al.| 2015} [Song et al. [2021).
Specifically, the training and sampling of diffusion models involve two stages: (i) a forward diffu-
sion process where Gaussian noise is incrementally added to training samples at each time step, and
(i1) a backward sampling process where the noise is progressively removed through a neural net-
work that is trained to approximate the score function at all time steps. As described in prior works
(Hyvérinen & Dayan, 2005} [Song et al., [2021), the generative capability of diffusion models lies in
their ability to learn the score function of the data distribution, i.e., the gradient of the logarithm of
the probability density function (pdf). We refer the reader to (Chen et al., 2024a; (Croitoru et al.,
2023} |Yang et al., [ 2023)) for a more comprehensive introduction and survey on diffusion models.

Despite the recent advances in understanding sampling convergence (Chen et al., 2023b}; [Lee et al.,
2022; L1 et al., [2023)), distribution learning (Chen et al., [2023a; |Oko et al., [2023), memorization
(Gu et al. 2023 |[Somepalli et al., 2023} Wen et al., 2023}, Zhang et al., [2024), and generalization
(Kadkhodaie et al.,[2023};|Yoon et al., 2023} Zhang et al.,[2023)) of diffusion models, the fundamental
working mechanisms remain poorly understood. One of the key questions is
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(b)

Figure 1: (a) Visualization of the union of manifold structure of image data. Here, different images
lie on different manifolds M R" of intrinsic dimension d with d n. (b) An illustration of
training samples that are generated according to the MOLRG model. This model is a local lineariza-
tion of a union of manifolds.

When and why can diffusion models learn the underlying data distribution without suffering from
the curse of dimensionality?

At first glance, the answer might seem quite straightforward. If a diffusion model can learn the em-
pirical distribution of the training data that accurately approximates the underlying data distribution,
then the puzzle is solved! However, it has been shown in (L1 et al.,|2024)) that the number of samples
for an empirical distribution to approximate the underlying data distribution could grow exponen-
tially with respect to (w.r.t.) the data dimension. Moreover, (Oko et al.[(2023)); Wibisono et al.|(2024)
showed that to learn an -accurate score estimator measured by the “>-norm via score matching or
kernel-based approach, the required size of training samples grows at the rate of O( "), where n is
the data dimension. These theoretical findings indicate that learning the underlying distribution via
diffusion models suffers from the curse of dimensionality. In contrast, recent studies (Kadkhodaie
et al.| [2023;|Zhang et al.,|2023)) showed that the number of training samples for a diffusion model to
learn the underlying distribution is much smaller than the worst-case scenario, breaking the curse of
dimensionality. Therefore, there is a significant gap between theory and practice.

In this work, we aim to address the above question of learning the underlying distribution via dif-
fusion models by leveraging low-dimensional models. Our key observations are as follows: (i) The
intrinsic dimensionality of real image data is significantly lower than the ambient dimension, a fact
well-supported by extensive empirical evidence in|Gong et al.|(2019); [Pope et al.| (2020)); |Stanczuk
et al.| (2024); (ii) Image data lies on a disjoint union of manifolds of varying intrinsic dimensions, as
empirically verified in|[Brown et al.| (2023); [Kamkari et al.|(2024)); Loaiza-Ganem et al.|(2024) (see
Figure [I(a)); (iii) We empirically observe that the denoising autoencoder (DAE) (Pretorius et al.,
2018} [Vincent, 2011) of diffusion models trained on real-world image datasets exhibit low-rank
structures (see Figure [3). Based on these observations, we conduct a theoretical investigation of
distribution learning through diffusion models by assuming that (i) the underlying data distribution
is a mixture of low-rank Gaussians (see Definition |1)) and (ii) the denoising autoencoder is parame-
terized according to the score function of the MOLRG. Notably, these assumptions will be carefully
discussed based on the existing literature and validated by our experiments on real image datasets.

1.1 OUR CONTRIBUTIONS

This work studies the DAE-based training loss of diffusion models under the above low-dimensional
data model and network parameterization. Our contributions can be summarized as follows:

* Equivalence between training diffusion models and subspace clustering. Under the above
setup, we show that the training loss of diffusion models is equivalent to the unsupervised subspace
clustering problem (Agarwal & Mustafa, |[2004; Vidal, |2011; |Wang et al.,|2022) (see Theorem .
This equivalence implies that training diffusion models is essentially learning low-dimensional
manifolds of the data distribution.

* Understanding breaking the curse of dimensionality in learning distributions. By leveraging
the above equivalence and the data model, we show that if the number of samples exceed the
intrinsic dimension of the subspaces, the optimal solutions of the training loss can recover the
underlying distribution. This explains why diffusion models can break the curse of dimensionality.
Conversely, if the number of samples is insufficient, it may learn an incorrect distribution.
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» Correspondence between semantic representations and the subspadeserestingly, we nd
that the discovered low-dimensional subspaces in a pre-trained diffusion model pEssassic
meanings for natural images; see Fidure 5. This motivates us to propose a training-free method to
edit images on a frozen-trained diffusion model.

We also conduct extensive numerical experiments on both synthetic and real data sets to verify our
assumptions and validate our theory. More broadly, the theoretical insights we gained in this work
provide practical guidance as follows. First, we have shown that the number of samples for learning
the underlying distribution via diffusion models scales proportionally with its intrinsic dimension.

This insight allows us to improve training ef ciency by quantifying the number of required training
samples. Second, the identi ed correspondence between semantic representations and subspaces
provides valuable guidance on controlling data generation. By manipulating the semantic represen-
tations within these subspaces, we can achieve more precise and targeted data generation.

Notation. Given a matrix, we us&A k to denote its largest singular value (i.e., spectral norm),

i (A) itsi-th largest singular value, arg its (i;] )-th entry,rank(A) its rank jjA jjr its Frobenius
norm. Given a vectoa, we usekak to denote its Euclidean norm aumgl its i-th entry. LetO" ¢
denote the set ofal  d orthonromal matrices.

2 PRrROBLEM SETUP

In this work, we consider an image dataset consisting of sariglékgly,  R", where each data
point is independently and identically distributédl.d.) according to an unknown data distribution
with pdf pgata (X). Instead of learning this pdf directly, score-based diffusion models aim to learn
the score function of this distribution from the training samples.

2.1 PRELIMINARIES ON SCORE-BASED DIFFUSION MODELS

Forward and reverse SDEs of diffusion models. In general, diffusion models consist of forward

and reverse processes indexed by a continuous time vatigblf0; 1]. Speci cally, the forward
process progressively injects noise into the data. This process can be described by the following
stochastic differential equation (SDE):

dx¢ = f (t)xdt + g(t)dwy; 1)

wherex o data » the scalar functions(t); g(t) : R! Rrespectively denote the drift and diffusion
coef cients}|andf w g ;1) is the standard Wiener process. For ease of expositiqn (b} denote
the pdf ofx; andp:(X¢jx o) the transition kernel from o to X;. According to Eq.), we have

S

Z “re()
P(XtjX0) = N (Xt;8tX0; S {l1n); wheres; =exp  f()d ; (= 24 @
0 0
wheres; := s(t) and ¢ := (t) for simplicity. The reverse process gradually removes the noise
from x ; via the following reverse-time SDE:
dxe = f(t)xe  gP(r logpe(xe) dt+ g(t)dwy; 3)

wheref wg:,0;1] is another standard Wiener process, independeftved, running backward in
time fromt =1 tot = 0. Itis worth noting that ifx 1 andr logp; are provided, the reverse process
has exactly the same distribution as the forward process at each tinffg/Anderson, 1982).

Training loss of diffusion models. Unfortunately, the score functian log p; is usually unknown,

as it depends on the underlying data distributigg, . To enable data generation via the reverse
SDE [3), a common approach is to estimate the score functitogp; using the training sam-
plesfx (Mg, based on the scoring matching (Ho et al., 2020; Song et al., 2021). Because of the
equivalence between the score functiotog p; (X¢) and the posterior meda[x gjx+], i.e.,

StE [Xojx] = X¢ + 7 Zr logp(X+); 4)

according to Tweedie's formula anfl] (2), an alternative approach to estimate the score function
r logp; is to estimate the posterior me&fixojx;]. Consequently, extensive works (Chen et al.,

!In general, the functiorfs(t) andg(t) are chosen such that ) for all t close to0 approximately follows
the data distributiopgaia and (i) x; for all t close tol is nearly a standard Gaussian distribution; see, e.g., the
settings in Ho et &l| (2020); Karras et al. (2022); Song &t al. (2021).
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2024c; Kadkhodaie et al., 2023; Karras et al., 2022; Vincent, 2011; Xiang et al., 2023) have consid-
ered training a time-dependent function( ;t) : R" [0;1] ! R", known asdenoising autoen-
coder(DAE), parameterized by a neural network with parametets estimate the posterior mean

E [Xojx¢]. To determine the parameterswe can minimize the following empirical loss:

. 2
min “( )= N (E N 1y X (sexW+ 5t x@ (5)

where ; : [0;1]! R* isaweighting function and; := s; . As shownin Vincent (2011), training

the DAE is equivalent to performing explicit or implicit score matching under mild conditions. We
refer the reader to Appendix B.1 for the relationship between this loss and the score-matching loss
in (Song et al., 2021; Vincent, 2011).

2.2 Low-DIMENSIONAL DATA MODEL

Although real-world image datasets are high dimensional in terms of pixel count and overall data
volume, extensive empirical works Gong et al. (2019); Kamkari et al. (2024); Pope et al. (2020);
Stanczuk et al. (2024) suggest that their intrinsic dimensions are much lower. For instance, Pope
et al. (2020) employed a kernelized nearest neighbor method to estimate the intrinsic dimensionality
of various datasets, including MNIST LeCun et al. (1998) and ImageNet Russakovsky et al. (2015).
Their ndings indicate that even for complex datasets like ImageNet, the intrinsic dimensionality is
approximately40, which is signi cantly lower than its ambient dimension. Recently, Brown et al.
(2023); Kamkari et al. (2024) empirically validated tlneion of manifolddypothesis, demonstrat-

ing that high-dimensional image data often lies on a disjoint union of manifolds instead of a single
manifold. Notably, a nonlinear manifold can be well approximated by its tangent space (i.e., a linear
subspace) in a local neighborhood. These observations motivate us to model the underlying data
distribution as amixture of low-rank Gaussiansvhere the data points are generated from a mix-
ture of several Gaussian distributions with low-rank covariance matrices. We formally de ne the
MoLRdistribution as follows:

De nition 1. We say that a random vectar 2 R" follows a mixture oK low-rank Gaussian
distributions with parameters gk, ,f 7K., , andf C/g., if

)6 ? ?
X kN 5 Cl)s (6)
k=1
where [ 2 R" denotes the mean of tieth componentC? 0 denotes the covariance matrix of
thek-th cggmponent of ranlx, and ¢ 0 is the mixing proportion of th&-th mixture component

satisfying :f:l k=1.

This model represents image data as a union of linear subspaces, which serves as a good approx-
imation of a union of manifolds. Moreover, assuming Gaussian distributions in each subspace in
theMoLRGnodel is to ensure theoretical tractability while approximating the real-world image dis-
tributions, making it a practical starting point for theoretical studies on real-world image datasets.
Noting thatrank(C/) = d, let

ci= vy vt ¢
be an eigenvalue decomposition®f, where [ =diag [,;:::; (4, is adiagonal matrix
with 7., 74, > 0 being its positive eigenvalues attf’ 2 O" % is a matrix whose

columns are the corresponding eigenvectors. Now, we compute the ground-truth posterior mean
E [xojX{] whenx satis es theMoLRGmodel as follows.

Lemma 1. Suppose that o satis es theMoLRGmodel. For each timé> 0, it holds that

a1 X 2 2 221127 Xt 2
ElXojxtl= —  we(xt) (+UDU — ¢ (8)
St k=1 St
where |
2 2 2 2 ’ . ?. ?

2 _ i St k1 L. St kid Py e kN x;se §;87C+ fln )
D =diag P WE(X) = P :
k 2+ g2 7 24 g2 ? k K . ?2.207? 2

t t k1 t t kidy k=1 kN (X!St klstck + tln)
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Figure 2: Comparison of noise-to-image mappings across various distributionsEach row il-
lustrates samples generated from different distributions, including the real Diffusion Model (DM),
Gaussian, LG, MoG, and MoLRG. Columns represent samples generated from the same initial noise.

Experiments for verifying the data model. Now, we conduct numerical experiments on real-
world image dataset8INISTandFashionMNISTio demonstrate that these datasets approximately
satisfy theMoLRGdistribution. Towards this goal, we compute the posterior mean in equation 8
by estimating its means and covariances from training saniplésg, Meanwhile, we train a
diffusion model on the same training samples to estimate the posterior mean. We apply a deter-
ministic diffusion sampler to the two learned posterior means to generate images, starting from
the same initial noise. Then, the resulting images are shown in Figure 2. Comparing the images
generated by the trained diffusion models ( rst row) and the parameterized model according to the
MoLRdistribution (last row), we conclude thitoLRGdistribution, when equipped with properly
estimated means and covariances, effectively approximates the underlying distribution of real-world
image data. Moreover, comparing the images generated Oyioh&Gmodel with those from the
single Gaussian model (second row) andG(third row), we observe thafloLRGorovides a better
approximation of the underlying data distribution, yielding higher-quality image generations.

3 MAIN RESULTS
3.1 A Low-RANK NETWORK PARAMETERIZATION

In this work, we empirically observed that the DAE ( ;t) trained on real-world image datasets
exhibits a low-dimensional structure. Speci cally, when we train diffusion models with the U-Net
architecture Ronneberger et al. (2015) on various image datasets, it is observed that the numerical
rank of the Jacobian of the DAE, i.€.x, X (Xt;t), iS substantially lower than the ambient dimen-
sion in most time steps; see Figure 3(a). Additionally, this pattern of low dimensionality appears to
be consistent across different datasets with different noise levéen training diffusion models
with U-Net on the samples generated according tdMlbe RGmodel, the Jacobian of the DAE also
exhibits a similar low-rank pattern, as illustrated in Figure 3(b). For the theoretical study based upon
MoLRGthe above observations motivate us to consider a low-rank parameterization of the network.
To simplify our analysis, we assume thagt = O and | = | for eachk 2 [K]. According to the
ground-truth posterior mean of tiMdoLRG model in Lemma 1, a natural parameterization for the
DAE is

X (X;t) = 52?72

t P t k=1
wherew, ( ;x:)= kexp (kUTxk2 = < jexp kU xk? and the network parameters
= fUkgR,, satisfyUx 20" 9.

Wi (3 X)UkUY X¢; 9)

3.2 A WARM-UP STUDY: A SINGLE LOW-RANK GAUSSIAN CASE

To begin, we start from a simple case that the underlying distribytigi is a single low-rank
Gaussian. Speci cally, the training samplest) g,  R" are generated according to

x( = U7+ e; (10)



Under review as a DelLTa Workshop Paper at ICLR 2025

(a) Real image datasets (b) Mixture of low-rank Gaussians

Figure 3: Low-rank property of the denoising autoencoder of trained diffusion models. We

plot the ratio of the numerical rank of the Jacobian of the denoising autoencoderyi.g.,(X; 1),

over the total dimension against the signal-to-noise ratio (SNR) by training diffusion models

on different datasets. (a) We train diffusion models on image datasets CIFAR-10 Krizhevsky et al.

(2009), CelebA Liu et al. (2015), FFHQ Kazemi & Sullivan (2014), and AFHQ Choi et al. (2020).

The experimental details are provided in Appendix E.1. (b) We respectively train diffusion models

with the low-rank parameterization equation 9 and U-Net on a mixture of low-rank Gaussian distri-

butions. The experimental details are provided in Appendix E.2.

whereU? 2 0" ¢ denotes an orthonormal basis, " N (0; 1 4) is coef cients for each 2 [N],

ande; 2 R" is noise for alli 2 [N].2 According to (9), we parameterize the DAE into
St

X (Xg;t) = WuuTxt; (11)

where = U 20" 9. Equipped with the above setup, we can show the following result.

Theorem 1. Suppose that the DAE ( ;t) in Problem (5) is parameterized into (11) for each
t 2 [0; 1]. Then, Problem (5) is equivalent to the following PCA problem:

X ,
max kUTxWKk2  st: UTU = Ig: (12)

U2R" d i=1
We defer the proof to Appendix B.3. In the single low-rank Gaussian model, Theorem 1 shows
that training diffusion models with a DAE of the form (11) to learn this distribution is equivalent to
performing PCA on the training samples. Leveraging this equivalence, we can further characterize
the number of samples required for learning underlying distribution under the data model (10).
Theorem 2. Consider the setting of Theorem 1. Suppose that the training sarfwiegl\, are

generated according to the noisy single low-rank Gaussian model de ned in (10§} denote an
optimal solution of Problem (5). The following statements hold:

i) If N d,itholds with probability atleast 1=2 9*1  exp( c,N) that any optimal solution
0 satis es

cq N ke k2
00T Ut lﬁ .:170' '1; (13)

wherec;; ¢, > 0 are constants that depend polynomially only on the Gaussian moment.

i) If N < d, there exists an optimal solutidd 2 O" 9 such that with probability at least
1=29 N exp( d),
Oq PN,
2017 p T G i=1 kei k2
g0T uvu™T 2minfd N;n dg P—p——: (14)
F d N 1
wherec?; ¢ > 0 are constants that depend polynomially only on the Gaussian moment.

2Since real-world images inherently contain noise due to various factors, such as sensor limitation, environ-
ment conditions, and transition error, it is reasonable to add a noise term to this model.
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Remark 1. We defer the proof to Appendix B.4. Building on the equivalence in Theorem 1 and the
DAE parameterization (11), Theorem 2 clearly shows a phase transition from failure to success in
learning the underlying distribution as the number of training samples increases. This phase transi-
tion is further corroborated by our experiments in Figures 4(a) and 4(b). Note that our theory cannot
explain why diffusion models memorize training data (i.e., learning the empirical distribution). This

is because the parameterization (11) is not as suf ciently over-parameterized as architectures like
U-Net.

3.3 FROM SINGLE LOW-RANK GAUSSIAN TO MIXTURES OFLOW-RANK GAUSSIANS

In this subsection, we extend the above study tavlloé RGdistribution. In particular, we consider
a noisy version of thloLRGmodel as de ned De nition 1. Speci cally, the training samples are
generated by

x) = Ula; + e with probability ,; 8i 2 [N]; (15)

whereU? 2 O" % denotes an orthonormal basis for e&cB [K], a; " N (0;14,) is coef -
cients, ana; 2 R" is noise for each 2 [N]. As argued by Brown et al. (2023), image data lies on a

disjointunion of manifolds. This motivates us to assume that the basis matrices of subspaces satisfy

UST U = 0 for eachk 6 |. To simplify our analysis, we assume tltat= = d¢ = d and the
mixing weights satisfy ; = = k =1=K. Moreover, we consider a hard-max counterpart of
Eq. (9) for the DAE parameterization as follows:
s X .
X (Xe;1)= 5 —  Wk( ;Xo)UkUy X¢; (16)
SET
where = fUygK.; and the weightéwy ( ;Xo)di., are setas
Wi ( ;Xo)=1; if k= ko; W( ;Xo)=0; otherwise a7

whereky 2 [K]is an index satisfyinggU kToxok k U xokforalll 8 ko 2 [K]. We should point

out that we use two key approximations here. First, the soft-max weligité ;x:)gin Eq. (9)

are approximated by the hard-max weight ( ;X o)k, . SecondkU,” xk is approximated by

its expectation, i.eE [kKU/J xk?] = E kU (stxo+  )k? = s?kU[ xok?+ 2d. We refer the
reader to Appendix C.1 for more details on these approximation. Now, we are ready to show the
following theorem.

Theorem 3. Suppose that the DAE ( ;t) in Problem (5) is parameterized into (16) for each

t 2 [0; 1], wherewWy ( ;Xo) is de ned in (17) for eactk 2 [K]. Then, Problem (5) is equivalent to

the following subspace clustering problem:

1 X X .
max — kU xWKk2 st [Ug:::;Ugl20M & (18)
k=1 i2Cy( )
whereCy( )= i2[N]:kUJxWDk k UTxWk; 81 68 k foreachk 2 [K].

We defer the proof to Appendix C.2. When the DAE is parameterized into (16), Theorem 3 demon-
strates that optimizing the training loss of diffusion models is equivalent to solving the subspace
clustering problem (Vidal, 2011; Wang et al., 2022). Moreover, the equivalence allows us to charac-
terize the required minimum number of samples for learning the underioidR Gdistribution.

Theorem 4. Consider the setting of Theorem 3. Suppose that the training sarfw{ggl\, are
generated by th&oLRGdistribution in De nition 1. Supposd & logN andkeik . d=N for

alli 2 [N]. Letf L’Jkgﬁzl denote an optimal solution of Problem (5) aNg denote the number of
samples from thk-th Gaussian component. Then, the following statements hold:

(i) f Ny dforeachk 2 [K], thell‘g exists a permutation: [ K] ! [K] such that with
probability at leastl. 2K 2N 1 K, 122N @1 yexp( cNy) foreachk 2 [K],
q

C1 N kek?
O 00T, U2UST _ B 19
(KY (k) kK ko o N d 1 (19)

wherec;; ¢, > 0 are constants that depend polynomially only on the Gaussian moment.
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(a)PCA (b) Diffusion Model  (c) Subspace Clustering (d) Diffusion Model

Figure 4: Phase transition of learning the MoLRGdistribution. The x-axis is the number of
training samples angraxis is the dimension of subspaces. Darker pixels represent a lower empirical
probability of success. Whek = 1, we apply SVD and train diffusion models to solve Problems
(12) and (5), visualizing the results in (a) and (b), respectively. When 2, we apply a subspace
clustering method and train diffusion models for solving Problems (18) and (5), visualizing the
results in (c) and (d), respectively.

(i) If Ngx <d for somek 2 [K], there exists apfgrmutation [ K]!' [K]andk 2 [K]such
that with probability at least. 2K 2N 1 K, 1229 Nkt opexp( &Ny
P
@ N, kejk?

p
L,)( k)O-(rk) Uk?Uk?T _ 2minfd Ng;n dg pa—pﬁ; (20)
k

wherec?; ¢ > 0 are constants that depend polynomially only on the Gaussian

Remark 2. We defer the proof to Appendix C.3. We discuss the implications of our results below.

» Phase transition in learning the underlying distributiofthis theorem demonstrates that when
the number of samples in each subspace exceeds the dimension of the subspace and the noise
is bounded, the optimal solution of the training loss (5) under the parameterization (16) can re-
cover the underlying subspaces up to the noise level. Conversely, when the number of samples is
insuf cient, there exists an optimal solution that may recover wrong subspaces; see Figures 4(c,d).

» Connections to the phase transition from memorization to generalizatMashould clarify the
difference between the phase transition described in Theorems 2 & 4 and the phase transition from
memorization to generalization. Our phase transition refers to the shift from failure to success of
learning the underlying distribution as the number of training samples increase, whereas the latter
concerns the shift from memorizing data to generalizing from it as the number of training samples
increases. Nevertheless, our theory still sheds light on the minimal number of samples required
for diffusion models to enter the generalized regime.

4 CONCLUSION& DiscussiON

In this work, we studied the training loss of diffusion models to investigate when and why diffusion
models can learn the underlying distribution without suffering from the curse of dimensionality.
Motivated by extensive empirical observations, we assumed that the underlying data distribution is a
mixture of low-rank Gaussians. Speci cally, we showed that minimizing the training loss is equiv-
alent to solving the subspace clustering problem under proper network parameterization. Based on
this equivalence, we further showed that the optimal solutions to the training loss can recover the
underlying subspaces when the number of samples scales linearly with the intrinsic dimensionality
of the data distribution. Moreover, we established the correspondence between the subspaces and se-
mantic representations of image data. Since our studied network parameterization is not suf ciently
over-parameterized, a future direction is to extend our analysis to an over-parameterized case to fully
explain the transition from memorization to generalization.



Under review as a DelLTa Workshop Paper at ICLR 2025

REFERENCES

Pankaj K Agarwal and Nabil H Mustafa. K-means projective clusteringroteedings of the 23rd
ACM SIGMOD-SIGACT-SIGART Symposium on Principles of Database Sygen$5-165,
2004.

Ismail Alkhouri, Shijun Liang, Rongrong Wang, Qing Qu, and Saiprasad Ravishankar. Diffusion-
based adversarial puri cation for robust deep mri reconstructiohCASSP 2024-2024 IEEE In-
ternational Conference on Acoustics, Speech and Signal Processing (ICAPSE)841-12845.
IEEE, 2024.

Brian DO Anderson. Reverse-time diffusion equation mod8&kmchastic Processes and their Ap-
plications 12(3):313-326, 1982.

Omer Bar-Tal, Hila Chefer, Omer Tov, Charles Herrmann, Roni Paiss, Shiran Zada, Ariel Ephrat,
Junhwa Hur, Yuanzhen Li, Tomer Michaeli, et al. Lumiere: A space-time diffusion model for
video generationarXiv preprint arXiv:2401.129452024.

Bradley CA Brown, Anthony L Caterini, Brendan Leigh Ross, Jesse C Cresswell, and Gabriel
Loaiza-Ganem. Verifying the union of manifolds hypothesis for image datal hinEleventh
International Conference on Learning Representati@@R3.

Minshuo Chen, Kaixuan Huang, Tuo Zhao, and Mengdi Wang. Score approximation, estimation and
distribution recovery of diffusion models on low-dimensional datalnternational Conference
on Machine Learningpp. 4672-4712. PMLR, 2023a.

Minshuo Chen, Song Mei, Jianging Fan, and Mengdi Wang. An overview of diffusion models: Ap-
plications, guided generation, statistical rates and optimizaiotiv preprint arXiv:2404.07771
2024a.

Sitan Chen, Sinho Chewi, Jerry Li, Yuanzhi Li, Adil Salim, and Anru R Zhang. Sampling is as easy
as learning the score: theory for diffusion models with minimal data assumptioimsetnational
Conference on Learning Representatia2@23b.

Sitan Chen, Vasilis Kontonis, and Kulin Shah. Learning general gaussian mixtures with ef cient
score matchingarXiv preprint arXiv:2404.188932024b.

Xinlei Chen, Zhuang Liu, Saining Xie, and Kaiming He. Deconstructing denoising diffusion models
for self-supervised learnin@rXiv preprint arXiv:2401.144042024c.

Yunjey Choi, Youngjung Uh, Jaejun Yoo, and Jung-Woo Ha. Stargan v2: Diverse image synthesis
for multiple domains. IProceedings of the IEEE/CVF conference on computer vision and pattern
recognition pp. 8188-8197, 2020.

Hyungjin Chung, Byeongsu Sim, Dohoon Ryu, and Jong Chul Ye. Improving diffusion models
for inverse problems using manifold constraintddvances in Neural Information Processing
Systems35:25683-25696, 2022.

Frank Cole and Yulong Lu. Score-based generative models break the curse of dimensionality in
learning a family of sub-gaussian distributionsTime Twelfth International Conference on Learn-
ing Representation®024.

Florinel-Alin Croitoru, Vlad Hondru, Radu Tudor lonescu, and Mubarak Shah. Diffusion models
in vision: A survey. IEEE Transactions on Pattern Analysis and Machine Intelligeri&g9):
10850-10869, 2023.

Khashayar Gatmiry, Jonathan Kelner, and Holden Lee. Learning mixtures of gaussians using diffu-
sion modelsarXiv preprint arXiv:2404.18862024.

Sixue Gong, Vishnu Naresh Boddeti, and Anil K Jain. On the intrinsic dimensionality of image
representations. IRroceedings of the IEEE/CVF Conference on Computer Vision and Pattern
Recognitionpp. 3987-3996, 2019.



Under review as a DelLTa Workshop Paper at ICLR 2025

Xiangming Gu, Chao Du, Tianyu Pang, Chongxuan Li, Min Lin, and Ye Wang. On memorization
in diffusion models.arXiv preprint arXiv:2310.026642023.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic moéléisances in
Neural Information Processing Syster38:6840-6851, 2020.

Jonathan Ho, William Chan, Chitwan Saharia, Jay Whang, Ruigi Gao, Alexey Gritsenko, Diederik P
Kingma, Ben Poole, Mohammad Norouzi, David J Fleet, et al. Imagen video: High de nition
video generation with diffusion modelarXiv preprint arXiv:2210.023032022.

Aapo Hyvarinen and Peter Dayan. Estimation of non-normalized statistical models by score match-
ing. Journal of Machine Learning Researd(4), 2005.

Zahra Kadkhodaie, Florentin Guth, Eero P Simoncelli, argpBane Mallat. Generalization in
diffusion models arises from geometry-adaptive harmonic representatioi$e Ifwelfth Inter-
national Conference on Learning Representatj@t3.

Hamidreza Kamkari, Brendan Leigh Ross, Rasa Hosseinzadeh, Jesse C Cresswell, and Gabriel
Loaiza-Ganem. A geometric view of data complexity: Ef cient local intrinsic dimension esti-
mation with diffusion modelsarXiv preprint arXiv:2406.035372024.

Tero Karras, Miika Aittala, Janne Hellsten, Samuli Laine, Jaakko Lehtinen, and Timo Aila. Train-
ing generative adversarial networks with limited data.Phoceedings of the 34th International
Conference on Neural Information Processing Syste¥iBS '20, Red Hook, NY, USA, 2020.
Curran Associates Inc. ISBN 9781713829546.

Tero Karras, Miika Aittala, Timo Aila, and Samuli Laine. Elucidating the design space of diffusion-
based generative modeldvances in Neural Information Processing Syste8826565-26577,
2022.

Vahid Kazemi and Josephine Sullivan. One millisecond face alignment with an ensemble of regres-
sion trees. IProceedings of the IEEE conference on computer vision and pattern recognition
pp. 1867-1874, 2014.

Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimizatarXiv preprint
arXiv:1412.69802014.

Jungil Kong, Jaehyeon Kim, and Jaekyoung Bae. HiFi-GAN: Generative adversarial networks for
ef cient and high delity speech synthesigidvances in Neural Information Processing Systems
33:17022-17033, 2020.

Zhifeng Kong, Wei Ping, Jiaji Huang, Kexin Zhao, and Bryan Catanzaro. DIFFWAVE: A versatile
diffusion model for audio synthesis. International Conference on Learning Representatjons
2021.

Alex Krizhevsky, Geoffrey Hinton, et al. Learning multiple layers of features from tiny images.
20009.

Yann LeCun, leon Bottou, Yoshua Bengio, and Patrick Haffner. Gradient-based learning applied to
document recognitiorProceedings of the IEEB6(11):2278—-2324, 1998.

Holden Lee, Jianfeng Lu, and Yixin Tan. Convergence for score-based generative modeling with
polynomial complexity.Advances in Neural Information Processing Syste3bs22870-22882,
2022.

Gen Li, Yuting Wei, Yuxin Chen, and Yuejie Chi. Towards faster non-asymptotic convergence for
diffusion-based generative modesXiv preprint arXiv:2306.092512023.

Sixu Li, Shi Chen, and Qin Li. A good score does not lead to a good generative madal
preprint arXiv:2401.048562024.

Ziwei Liu, Ping Luo, Xiaogang Wang, and Xiaoou Tang. Deep learning face attributes in the wild.
In Proceedings of the IEEE international conference on computer vipjpr3730-3738, 2015.

10



Under review as a DelLTa Workshop Paper at ICLR 2025

Gabriel Loaiza-Ganem, Brendan Leigh Ross, Rasa Hosseinzadeh, Anthony L Caterini, and Jesse C
Cresswell. Deep generative models through the lens of the manifold hypothesis: A survey and
new connectionsarXiv preprint arXiv:2404.029542024.

Calvin Luo. Understanding diffusion models: A unied perspective.arXiv preprint
arXiv:2208.119702022.

Kazusato Oko, Shunta Akiyama, and Taiji Suzuki. Diffusion models are minimax optimal distri-
bution estimators. linternational Conference on Machine Learnjmp. 26517-26582. PMLR,
2023.

Ed Pizzi, Sreya Dutta Roy, Sugosh Nagavara Ravindra, Priya Goyal, and Matthijs Douze. A self-
supervised descriptor for image copy detectionPiaceedings of the IEEE/CVF Conference on
Computer Vision and Pattern Recognitjqgp. 14532—-14542, 2022.

Phil Pope, Chen Zhu, Ahmed Abdelkader, Micah Goldblum, and Tom Goldstein. The intrinsic
dimension of images and its impact on learninglriternational Conference on Learning Repre-
sentations2020.

Arnu Pretorius, Steve Kroon, and Herman Kamper. Learning dynamics of linear denoising autoen-
coders. Innternational Conference on Machine Learnjmyp. 4141-4150. PMLR, 2018.

Robin Rombach, Andreas Blattmann, Dominik Lorenz, Patrick Esser, aih BYymmer. High-
resolution image synthesis with latent diffusion modelsPtaceedings of the IEEE/CVF Con-
ference on Computer Vision and Pattern Recognjtmm 10684-10695, 2022.

Olaf Ronneberger, Philipp Fischer, and Thomas Brox. U-net: Convolutional networks for biomed-
ical image segmentation. IMedical image computing and computer-assisted intervention—
MICCAI 2015: 18th international conference, Munich, Germany, October 5-9, 2015, proceed-
ings, part 11l 18 pp. 234—241. Springer, 2015.

Mark Rudelson and Roman Vershynin. Smallest singular value of a random rectangular matrix.
Communications on Pure and Applied Mathematics: A Journal Issued by the Courant Institute of
Mathematical Science62(12):1707-1739, 2009.

Olga Russakovsky, Jia Deng, Hao Su, Jonathan Krause, Sanjeev Satheesh, Sean Ma, Zhiheng
Huang, Andrej Karpathy, Aditya Khosla, Michael Bernstein, et al. Imagenet large scale visual
recognition challengelinternational journal of computer visigri15:211-252, 2015.

Kulin Shah, Sitan Chen, and Adam Klivans. Learning mixtures of gaussians using the DDPM
objective.Advances in Neural Information Processing Syste36s19636—19649, 2023.

Jascha Sohl-Dickstein, Eric Weiss, Niru Maheswaranathan, and Surya Ganguli. Deep unsupervised
learning using nonequilibrium thermodynamics.Ihternational Conference on Machine Learn-
ing, pp. 2256-2265. PMLR, 2015.

Gowthami Somepalli, Vasu Singla, Micah Goldblum, Jonas Geiping, and Tom Goldstein. Diffusion
art or digital forgery? investigating data replication in diffusion modelsPioceedings of the
IEEE/CVF Conference on Computer Vision and Pattern Recognipipn6048—6058, 2023.

Bowen Song, Soo Min Kwon, Zecheng Zhang, Xinyu Hu, Qing Qu, and Liyue Shen. Solving inverse
problems with latent diffusion models via hard data consistencyThia Twelfth International
Conference on Learning Representatio2@24.

Jiaming Song, Chenlin Meng, and Stefano Ermon. Denoising diffusion implicit moddisteima-
tional Conference on Learning Representatid2(320.

Yang Song, Jascha Sohl-Dickstein, Diederik P Kingma, Abhishek Kumar, Stefano Ermon, and Ben
Poole. Score-based generative modeling through stochastic differential equéttensational
Conference on Learning Representatiag?@21.

Jan Pawel Stanczuk, Georgios Batzolis, Teo Deveney, and Carola-Bibiateli§bh Diffusion
models encode the intrinsic dimension of data manifoldg=ohty- rst International Conference
on Machine Learning2024.

11



Under review as a DelLTa Workshop Paper at ICLR 2025

Roman VershyninHigh-dimensional probability: An introduction with applications in data science
volume 47. Cambridge university press, 2018.

Rere Vidal. Subspace clusterinEEE Signal Processing Magazin28(2):52—68, 2011.

Pascal Vincent. A connection between score matching and denoising autoendtmesd.compu-
tation, 23(7):1661-1674, 2011.

Peng Wang, Huikang Liu, Anthony Man-Cho So, and Laura Balzano. Convergence and recovery
guarantees of the k-subspaces method for subspace clusteritgtermational Conference on
Machine Learningpp. 22884—22918. PMLR, 2022.

PerAke Wedin. Perturbation bounds in connection with singular value decompodgti@rNumer-
ical Mathematics12:99-111, 1972.

Yuxin Wen, Yuchen Liu, Chen Chen, and Lingjuan Lyu. Detecting, explaining, and mitigating
memorization in diffusion models. [fhe Twelfth International Conference on Learning Repre-
sentations2023.

Andre Wibisono, Yihong Wu, and Kaylee Yingxi Yang. Optimal score estimation via empirical
bayes smoothingarXiv preprint arXiv:2402.0774,72024.

Yuchen Wu, Minshuo Chen, Zihao Li, Mengdi Wang, and Yuting Wei. Theoretical insights for diffu-
sion guidance: A case study for gaussian mixture modelBoity- rst International Conference
on Machine Learning2024.

Weilai Xiang, Hongyu Yang, Di Huang, and Yunhong Wang. Denoising diffusion autoencoders are
uni ed self-supervised learners. Froceedings of the IEEE/CVF International Conference on
Computer Visionpp. 15802-15812, 2023.

Ling Yang, Zhilong Zhang, Yang Song, Shenda Hong, Runsheng Xu, Yue Zhao, Wentao Zhang,
Bin Cui, and Ming-Hsuan Yang. Diffusion models: A comprehensive survey of methods and
applications ACM Computing Survey56(4):1-39, 2023.

TaeHo Yoon, Joo Young Choi, Sehyun Kwon, and Ernest K Ryu. Diffusion probabilistic models
generalize when they fail to memorize. IEBML 2023 Workshop on Structured Probabilistic
Inference& Generative Modeling2023.

Benjamin J Zhang, Siting Liu, Wuchen Li, Markos A Katsoulakis, and Stanley J Osher. Wasserstein
proximal operators describe score-based generative models and resolve memoriaaXion.
preprint arXiv:2402.061622024.

Huijie Zhang, Jinfan Zhou, Yifu Lu, Minzhe Guo, Peng Wang, Liyue Shen, and Qing Qu. The
emergence of reproducibility and consistency in diffusion modelsFolty- rst International
Conference on Machine Learning023.

12



Under review as a DelLTa Workshop Paper at ICLR 2025

Supplementary Material

In the appendix, the organization is as follows. We rst provide proof details for Section 2 and
Section 3 in Appendix B and Appendix C, respectively. Then, we present our experimental setups
for Figure 3 in Appendix E and for Appendix D in Appendix F. Finally, some auxiliary results for
proving the main theorems are provided in Appendix G.

To simplify our development, we introduce some further notation. We denadte(by, ) a multi-
variate Gaussian distribution with mean2 R" and covariance 0. Given a Gaussian random

vectorx N ( ; ),Iif 0, with abuse of notation, we write its pdf as
1 1
N(x; ; ):= _ ex (x T x ; 21
06 )= ey P g )T ) (21)

If a random vectok 2 R" satisesx N ( ;UUT)forsome 2 R" andU 20" 9 we have
X = + Ua; (22)
wherea N (0O;l4). Therefore, a mixture of low-rank Gaussians in De nition 1 can be expressed
as
P(x = Ulak) = «; whereax N (0;lq,); 8k 2 [K]: (23)

A RELATED WORKS AND DISCUSSIONS

Now, we review recent works on diffusion models closely related to our study and discuss their
connections to our work.

Figure 5: Correspondence between the singular vectors of the Jacobian of the DAE and se-
mantic image attributes. We use a pre-trained DDPM with U-Net on the MetFaces dataset (Karras
et al., 2020). We edit the original image by changingx; into x; + v;, wherev; is a singular
vector of the Jacobian of the DAE (x¢;t). In the last column, the editing directi@ns random.

Learning a mixture of Gaussians via diffusion models. Recent works have extensively studied
distribution learning and generalizability of diffusion models for learning a mixture of full-rank
Gaussian MloGQ model (Chen et al., 2024b; Cole & Lu, 2024; Gatmiry et al., 2024; Shah et al.,
2023; Wu et al., 2024). Speci cally, they assumed that there exist centers:; k 2 R" such

that image data approximately follows from the following distribution:

X
X kN( «;1n); (24)
k=1

P
where ¢ 0is the mixing proportion of th&-th mixture component satisfying Ezl k =1.No-
tably, theMoLRGnodel is distinct from the abowdoGmodel that is widely studied in the literature.
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Speci cally, theMoGmodel consists of multiple Gaussians with varying means and covariance span-
ning the full-dimensional space (see Eq. (24)), whil@_RGcomprises multiple Gaussians with

zero mean and low-rank covariance (see Eq. (6)), lying in a union of low-dimensional subspaces. As
such, theMoLRGnodel, inspired by the inherent low-dimensionality of image datasets (Gong et al.,
2019; Pope et al., 2020; Stanczuk et al., 2024), offers a deeper insight into how diffusion models can
learn underlying distributions in practice without suffering from the curse of dimensionality.

Memorization and generalization in diffusion models. Recently, extensive studies (Kadkhodaie

et al., 2023; Yoon et al., 2023; Zhang et al., 2023) empirically revealed that diffusion models learn
the score function across two distinct regimes — memorization (i.e., learning the empirical distri-
bution) and generalization (i.e., learning the underlying distribution) — depending on the training
dataset size vs. the model capacity. For a model with a xed number of parameters, there is a
phase transition from memorization to generalization as the number of training samples increases
(Kadkhodaie et al., 2023; Zhang et al., 2023). Notably, most existing studies on the memaorization
and generalization of diffusion models are empirical. In contrast, our work provides rigorous theo-
retical explanations for these intriguing experimental observations based btottRGmodel. We
demonstrate that diffusion models learn the underlying data distribution with the number of training
samples scaling linearly with the intrinsic dimension.

B PROOFSINSECTIONZ2

B.1 RELATION BETWEEN SCOREMATCHING LOSS ANDDENOISERAUTOENCODERLOSS

To estimate logp:(x), one can train a time-dependent score-based nsodgl t) via minimizing
the following objective Song et al. (2021):
Z, h i
min i tExo pea Exijxo KS (X;t) T logpe(xtjxo)k® dt; (25)

where { : [0;1] ! R* is a positive weighting function. Let (;t) : RY [0;1]! RY de-
note a neural network parameterized by parametersapproximateE[x ojx¢]. According to the
Tweedie's formula (4)s (xi;t) = (stx (X¢;t)  X¢) = & can be used to estimate score functions.
Substituting this and logp; (X¢jXo) = (stxo X¢)= £ due to (2) yields

Z, 1 1 2
min ’[EXO Pdata EX[J'XO T(Stx (Xt,t) Xt) T(SIXO X[) dt
0 t t
Z, . h 2|
= T 7B pew E N (01,) KX (StXot ¢ 5t) Xok® dt;
o St t
where the equality follows from; = s;xo + ¢ dueto (2). Then, we obtain
Z, h i
min (Exy pae E N 01,y KX (StXo+ ¢ it)  xoK dt; (26)
0
where ; = (=(s? {). However, only data pointsx ()gl., sampled from the underlying data

distributionpgata are available in practice. Therefore, we study the following empirical counterpart
of Problem (26) over the training samples, i.e., Problem (5). We refer the reader to (Kadkhodaie
et al., 2023, Section 2.1) for more discussions on the denoising error of this problem.

B.2 PROOF OFINLEMMA 1

Assuming that the underlying data distribution follows a mixture of low-rank Gaussians as de ned
in De nition 1, we rst compute the ground-truth score function as follows.
Proposition 1. Suppose that the underlying data distributipg:, follows a mixture of low-rank
Gaussian distributions in De nition 1. In the forward process of diffusion models, the pdf foir
eacht> Ois
X< 2..2~7? 2
pt(x): kN X;st k;stck"" tl
k=1

n o (27)
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where { ;= s; . Moreover, the score function pf(x) is
rpx) - 1 g kN Xos BSPCR+ 2l 1 UZDRUTT (s ¢ X).

r logpy(x) = = — P ;
p(x) 2 o1 kN OGS sECl+ 21h)
(28)
2 _ 0 512 E-l ..... St2 E:dk
whereD  =diag g e
Proof. LetY 2 f 1;:::;K g be a discrete random variable that denotes the value of components of

the mixture model. Note that = s; ;. It follows from De nition 1 thatP(Y = k) =  for each
k 2 [K]. Conditioned onY = k, we havexo N ( ¢;C/). This, together with equation 2 and
N (0;1,),impliesxy N s 2;s?C7+ 21, . Therefore, we have

X X o
p(x)=  p(xjY = KP(Y = k) = kN X;st ;sPCP+ g
k=1 k=1

Next, we directly compute
1

K . ?.207? 2 20 ? 2 ?
- N X;st iSfCe+ £l stCy + £l X
r logpi(x) = rpx) o k=1 k Pth I S n7 2t 9k 2t n (s« ):
P (X) k=t kN (%58t gisfCe+ {1n)
Using equation 7 and the matrix inversion lemma, we compute
1
SPCP+ Zln T= SPUY QU Ha = S ln UPDRUTT (29)
t
2 2 2 ?
whereD |} = diag 25;32“_ R zi‘s““?k . This, together with the above equation, implies
tTOt K1 tT St kd g
equation 28. u
Proof of Lemma 1 According to equation 4 and Proposition 1, we compute
. + 2rlo 1 X
Efxoix] = AT OOROD - 27 oy upppum X7 g
St St k=1 St
u
B.3 PROOF OFTHEOREM1
Proof of Theorem 1PIlygging (11) into the integrand of (5) yielgts
2
St T (i) (i)
St2+ t2UU SeXV+ X
SZ . ) 2 ( )2
Ly Tx® x® 4 U e gy T 2
s+ ¢ s+ 1)?
2 2
_ s? Ty () (i) (st 1)°d |
= UuU " x X +
st+ ¢ (st+ 1)?
where the rst equality follows fronk [hx; i] = 0 for any giverB 2 R"dueto N (0;1y),
and the second equality usEs kUUT k2 = E kUT k¥ = & E ku] k¥ = ddueto
U20" 9and N (0;1,). This, together with, = s;  and (5), yields
Z
1 X ot A 1+2 2 4 2d
‘(U)= — kx(Dk2 — = L kuTxDKk2+ —=
N, o 1+ §? 1+ §?
Obviously, minimizing the above function in termsdfamounts to
z 1
. 1+2 2 1 X .
min #dt— ku T x (Dk?;
utu=1ly o @+ 32 N i
which is equivalent to Problem (12). u
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B.4 PROOF OFTHEOREM?2

Proof of Theorem 2For ease of exposition, let
X = x@® :; xMN) 2R" N2 A=[a; ::: an]2RYN:E=[e; ::: eny]2R"N:
Using this and (10), we obtain

X = U’A +E: (30)

Letra :=rank(A) minfd;NgandA = Ux AV, be an singular value decomposition (SVD)
of A, whereUy 2 0% "2 Vo 2 ON " and A 2 R™& "a_ |t follows from Theorem 1 that
Problem (5) with the parameterization (11) is equivalent to Problem (12).

(i) Suppose thalN d. Applying Lemma 3 with" = 1=(2c;) to A 2 RY N it holds with
probability at least. 1=2 91 exp( c,N) that

PN Pa 1

2¢, '

wherec;; ¢, > 0 are constants depending polynomially only on the Gaussian moment. This implies
ra = dandU, 2 O, Since Problem (12) is a PCA problem, the columns of any optimal solution

O 2 0" 9 consist of left singular vectors associated with the dogingular values oK . This,
together with Wedin's Theorem (Wedin, 1972) and (30), yields

2kE kg 4c1 KE ke
= PP
min (A) N d 1

min (A) = d(A) (31)

gd7T uvu™ = 00T (U7UL)(UTUL)T i

This, together with absorbingjinto c;, yields (13).
(i) Suppose thalN < d . According to Lemma 3 withi = 1=(2¢;), it holds with probability at least
1 1=2¢ N+l exp( cpd) that
Pa PN 1
2c, '
wherec;; ¢; > 0 are constants depending polynomially only on the Gaussian moment. This implies
ra = N andUs 2 09 N . This, together with the fact that = Ua AV, is an SVD ofA, yields
thatU®A = (U%Ua) AV, isanSVDofU’A withU?Ux 2 O™ N. Note thatrank(X) N.
LetX = Ux xV, beanSVDofX ,whereUy 20" N vy 20N and x 2 RN N. This,
together with Wedin's Theorem (Wedin, 1972) and (32), yields
2KE kg _ 4, KE kg .
F min (A) d N 1
Note that Problem (12) has in nite optimal solutions wher< d , which take the form of

0= Uy Uyx 20" ¢

min (A) = N (A) (32)

Ux Uy UUAUIUTT

(33)

Now, we consider thdtly 2 0™ (¢ N) js an optimal solution of the following problem:

[ Ty’ TVL2 -
va2on (dmnllr};u;vzokv Ul UaUn)ke: (34)

Then, one can verify that the rank of the following matrix is at mibst
B = Ux Uo(l UAU/-_\F)

Then,ifn 2d N, itis easy to see that the optimal value of Problem (39)iEn< 2d N,
the optima value is achieved Wt” = [V, V] with V7 2 R" (™ @ gndy,y 2 R" d N n)
satisfyingV,"" B = 0, which implies

KVTU?(I UaUD)KE = kv, TUP(I UaU)kE 2d N n
Consequently, the optimal value of Problem (34) is less than
maxf0;2d (n+ N)g (35)
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Then, we obtain that
ggrT U?U?TF: Ux Uy + Ux Uy  UUAUZUTT U1 UauHu™

k UxUg U?(I UaUQUTke  UxUg  UZUAUZUTT

p
2d N) 2maxf0;2d (n+ N)g dakEke
d N 1
IOZminfd N;n dg fclkEkF ;
d N 1

where the second inequality follows frod = V ? and (35). Then, we complete the proof.
u

C PrROOFSINSECTION3.3

C.1 THEORETICAL JUSTIFICATION OF THEDAE (16)
Sincex; = SstXg+ ¢ , We compute
E KU/ (sixo+ ¢t )k2 = sPkUJT xok? + 2E [kU/] k2] = s2kU[ xok? + 2d;

where the rst equality isdueto N (0;1,) andE [HU[ xo; U/} i]= 0O for eachk 2 [K]. This
implies that whem is suf ciently large, we can approximate ( ;X;) in (9) well by

_ exp ¢ sPkU[ xok?+ 2d
wie( X)) P e —
= eXp ¢ sfkU,'xok?+ ¢£d

This soft-max function can be further approximated by the hard-max function. Therefore, we di-
rectly obtain (17).

C.2 PROOF OFTHEOREM3

Equipped with the above setup, we are ready to prove Theorem 3.

Proof of Theorem 3Plugging (16) into the integrand of (5) yields

2 ,3
E 4 Z_S: 5 We( sxNUUT (sex®+ ) x5
tt , .
= St2 X Wi ( -x(i))UkUTX(i) x (1) 2+ ﬂE 4 X Wi ( .X(i))UkUT 25
st P “ 2+ 2 ‘
st X st 2 [ i Ty ()12 2. (st 0)?d X i
= W2( x @) 2w (x @) kUTx D2+ kx D2+ ST g (5 xO);
St t2k=1 s+ 2 “ (st+ 2)? k=1

where the rst equality follows fronE [hx; i] =0 forany xedx 2 R" dueto N (0;l,),
and the last equality usé$, 2 O" 9 andU] U, = O for all k & |. This, together with (5) and

t = S t,Yields
. _1>(4x<21 t 1 0 e
()= N ., ol+ 7 1% t2"\7k( x )2 (5 x ) dtkUy x Pk
1 Z,4 X _ Z, ) 4N X |
N ¢dt kx VK2 + . ﬁdt N w2 ( ;xMy:

i=1 i=1 k=1
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According to (16), we can partitiofN ] into f Cy ( )gk., , whereCy( ) for eachk 2 [K ]is de ned
as follows:

n 0}
Ce( )= i2[N]:kUIxDk k UTxDk; 816 k ;8k2[KI: (36)
Then, we obtain
_ X X
w2( ;x®) = 1=N:
i=1 k=1 k=1i2Ck( )

This, together with plugging (36) into the above loss function, yields minimiz{ng is equivalent
to minimizing

1)(\1%21 t 1 20 . () 0! T, (i) 2
Bl s 7 1% Wi (oxt) 2 (5 x)  dtkUy xk
i=1 k=1 O t t
Z, . 1 1 X X L2
= 2 dt — kU, x"k=:
o 1+ 1+ ¢ N it iac <
k()
Since =~ 1+1 > 2 < Oforallt 2 [0; 1], minimizing the above function is equivalent to
t t
1 X X .
max - kUl xWk?  st: [Ug ::: Ugl20M 9.
k=1i2Cy( )
Then, we complete the proof. u

C.3 PROOF OFTHEOREM4

Proof of Theorem 4For ease of exposition, let:= maxfk ejk : i 2 [N]g,

XX .
f():= kuJl x VK2
k=1i2Cy( )
and for eactk 2 [K], N o
Cl:= i2[N]:xD=Ula;+ e

Suppose that (53) and (54) hold wkh= Uy foralli 2 [N]andk 6 | 2 [K ], which happens with
probabilityl 2K 2N ! according to Lemma 5. This implies that for a2 [N]andk 6 | 2 [K],
d (2pm+2) k aik IOa+(2pw+2); (37)
kO U ke (2IO logN +2) k UJUlaik k O] Uke +(2IO logN +2):  (38)
Recall that the underlying basis matrices are denoted by fU//gl.; and the optimal basis
matrices are denoted By= f U, gk_, .

First, we claim thaCyx( ?) = C/ for eachk 2 [K]. Indeed, for each2 C/, we compute
kUTx WDk = kUZT(USa; + )k = ka; + UZTeik k ajk k ek; (39)
KUZTx k= kU (UZa + e)k= kU eik k ek; 81 6 k: (40)

This, together with (37) ankie; k < (p d 2P logN)=2, implieskU/Txik k U’Tx kforalll 6
k. Therefore, we have2 Cy( ?) due to (36). Therefore, we ha@’ Cy( ) for eachk 2 [K].
This, together with the fact that they respectively denote a partitigN pfyieldsCy ( ) = C; for
eachk 2 [K]. Now, we compute

? X( ?T )12 X ?T 2
f( "= kUZTx(DK2 = ka; + U/ ek
k=1i2C} k=1i2C}
XX XX
=  kak?+2 hai; U eji + kUZT e k?: (41)
i=1 k=1i2C} k=1i2C}
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Next, we compute

X X , XX X

f(M= kO] x K2 = kO (Ula; + e))k?
k=1 j2c, (" I=1 k=1 j2¢ (") C7
XX X

X X
= kKOl Ulaik? +2ha;; U 00 eii + kO e k?:
1=1 k=1 j2¢, (") 7 k=li2c ("
This, together with (") f ( ?) and (41), yields
XX X , XX X ,
kaj k? kO] U’a;k? 2ha;; U0 0] e+
i=1 I=1 k=1 iZCk(A)\ CI? 1=1 k=1 i2Ck(A)\ CI?

X XX . XX .
kKOlek? 2 hai; U/ e kU T eik?
k=1 iZCk(A) k=1 iZCZ k=1 iZCE

X p_
4 kaik+ N 2 6N d+ N 2 (42)
i=1
where the second inequality follows froke; k foralli 2 [N]andU/; Q¢ 2 0" ¢ for all
k 2 [K], and the last inequality uses (37).

For ease of exposition, &ty = jCk(A)\ C/j. According to the pigeonhole principle, there exists
a permutation : [K]! [K]such that there exists 2 [K] such thatN N=K 2. This,
together with (42), yields

p_ X
6N d+N ? kaik® k 07,,Ulaik?
i2C (M ey X
=h U7 0 0T ,Uy/ aiali: (43)

i2C (M ey

According to Lemma 6 anBl ()x  N=K 2, it holds with probability at least 2K *N 2 that

1 X 9(IO d+
ajal | p
N (i)

p -
log(N (1K) .
N (K

Kizc (M ey
This, together \6vith the Weyl's inequlality, yields

X q -
min @ aiaf A N gk 9 N gk d+ log(N (k)
i2C (M ey

N 9N P- P N

- + .

K2 K dr logN 5z

where the s%cond inequality follows froNFK 2 N ()« N and the last inequality is due to

N 18K ( d+ TogN). Using this and Lemma 7, we obtain

X
0 i21C (M e
@ X TA 2T T ?
min aiq; Tr | Uk O (k)lj (k)Uk
i2C (M ey
N 2T T ?
ﬁ-ﬁ' I Uk LI) (k)LI) (k)Uk
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This, together with (43), implies

p_
1 U0 0T, Ul K2 6 d+ 2
Using thisandU7;:::;U712 0" 9 we obtain
0 1
X T 21,2 X T 211 7T A T 21127
KOTUPKE =Tr @ 0T UuTd (A T 1 0T Uu7T0
16 k 16 k
p_
2K2 6 d+ ? 37?; (44)
where the last inequality follows P d=(24K 2). According to (42), we have
p_ X X ,
6N d+ N 2 kaik® k 0T U’aik?
18ki2c (M cy
X p_ 2 aXx
N gy (d )3 kOT(k)U|?kF + 3 N i
16 k 16 k

where the second inequality uses (37) and (38), and the last inequality followsdf&@ntog N .
Therefore, we have for eaéh2 [K],

X asN Pd+s 2N _
N <1

16 k d

where the last inequality uses. P d=N. This impliesN (), = 0 for all | 6 k, and thus
C w(")  CZ. Using the same argument, we can show Bag, (")  C for eachl 6 k.
Therefore, we hav€ (k)('\) = C/ for eachk 2 [K]. In particular, using the union bound yields

event holds with probability at least 2K 2N 1. Based on the above optimal assignment, we can
further show:

(i) Suppose thall,  d for eachk 2 [K]. This, together with (i) in Theorem 2 amd,  d, yields
(19).

(il) Suppose that there exisits2 [K ] such thafNk < d. This, together with (ii) in Theorem 2 and
Nk d,yields (20).

Finally, applying the union bound yields the probability of these events. u

D EXPERIMENTS& PRACTICAL IMPLICATIONS

In this section, we rst investigate phase transitions of diffusion models in learning distributions
under both theoretical and practical settings in Appendix D.1. Next, we demonstrate the practical
implications of our work by exploring the correspondence between low-dimensional subspaces and
semantic representations for controllable image editing in Appendix D.2.

D.1 PHASE TRANSITION IN LEARNING DISTRIBUTIONS

In this subsection, we conduct experiments on both synthetic and real datasets to study the phase
transition of diffusion models in learning distributions.

Learning the MoLRGdistribution with the theoretical parameterizations. To begin, we op-

timize the training loss (5) with the theoretical parameterization (9), where the data samples are
generated by thBloLRCdistribution. First, we apply stochastic gradient descent (see Algorithm 1)

to solve Problem (5) with the DAE parameterized as (9). For comparison, according to Theorem 1
(resp., Theorem 3), we apply a singular value decomposition (resp., subspace clustering (Wang et al.,
2022)) to solve Problem (12) (resp, Problem (18)). We conduct three sets of experiments, where the
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(a) MoLRistribution (b) Real image data distribution

Figure 6:Phase transition of learning distributions via U-Net. In (a), thex-axis is the number of
training samples over the intrinsic dimension, while in (b), it is the total number of training samples.
They-axis is the GL score. We train diffusion models with the U-Net architecture on (a) the data
samples generated by tMoLRGdistribution withK =2, n = 48 anddy varying from 3 to 6 and

(b) real image datasets CIFAR-10, CelebA, FFHQ and AFHQ. The GL score is low when U-Net
memorizes the training data and high when it learns the underlying distribution.

data samples are respectively generated according to the single low-rank Gaussian distribution (10)
with K = 1 and a mixture of low-rank Gaussian distributions (15) vith= 2; 3. In each set, we

set the total dimensiom = 48 and let the subspace dimensiband the number of training samples

N vary from2 to 8 and2 to 15 with increments oflL, respectively. For every pair afandN, we

generate 20 instances, run the above methods, and calculate the successful rate of recovering the
underlying subspaces. The simulation results are visualized in Figure 4 and Figure 8. It is observed
that all these methods exhibit a phase transition from failure to success in learning the subspaces as
the number of training samples increases, which supports the results in Theorems 2 and 4.

Learning the MoLRGdistribution with U-Net.  Next, we optimize the training loss (5) with pa-
rameterizing the DAE ( ;t) using U-Net, detailed experiment settings are in Appendix F.2. We
measure the generalization ability of U-Net generalization (GL) scorde ned in Eq. (50). The
trained diffusion model is in the memorization regime when the GL score is close to 0, while it is
in the generalization regime when the GL score is close to 1. Detailed discussions about the metric
are in Appendix F.2. In the experiments, we generate the data samples uditgLtR&distribution

with K =2, n =48, anddx 2 f 3;4;5;6g. Then, we plot the GL score against tNg=d, for

eachdy in Figure 6(a). It is observed that for a xeadk, the generalization performance of diffu-

sion models improves as the number of training samples increases. Notably, for different values of
dk, the plot of the GL score against thg =di remains approximately consistent. This observation
indicates that the phase transition curve for U-Net learningbeRGdistribution depends on the
ratioNy=d rather than oNy anddy individually. WhenN,=d, 60, GL score 1.0 suggesting

that U-Net generalizes whad,  60dx. This linear relationship for the phase transition differs
from Ny  dx in Theorem 4 due to training with U-Net instead of the optimal network parame-
terization in Eq. (9). Nevertheless, Theorem 2 and Theorem 4 still provide valuable insights into
learning distributions via diffusion models by demonstrating a similar phase transition phenomenon
and con rming a linear relationship betwedh anddy.

Learning real image data distributions with U-Net. Finally, we train diffusion models using
U-Net on real image datasets AFHQ, CelebA, FFHQ, and CIFAR-10. The detailed experiment
settings are deferred to Appendix F.3. we utilize the generalization (GL) score on the real-world
image dataset according to Zhang et al. (2023). The de nition of the metric is in Eq. (51) and
detailed discussions are in Appendix F.3. Intuitively, GL score measures the dissimilarity between
the generated sampteand allN samples/; from the training dataséty; g\, . A higher GL score
indicates stronger generalizability. For each data set, we train U-Net and plot the GL score against
the number of training samples in Figure 6(b). The phase transition in the real dataset is illustrated in
Figure 6(b). As observed, the order in which the samples need to generalize follows the relationship:
AFHQ > CelebA> FFHQ CIFAR-10. Additionally, from our previous observations in Figure 3,

the relationship of the intrinsic dimensions for these datasets is: AFPHEFHQ > CelebA
CIFAR-10. Both AFHQ and CelebA align well with our theoretical analysis, which indicates that
more samples are required for the model to generalize as the intrinsic dimension increases.
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D.2 SEMANTIC MEANINGS OFLOW-DIMENSIONAL SUBSPACES

In this subsection, we conduct experiments to verify the correspondence between the low-
dimensional subspaces of the data distribution and the semantics of images on real datasets. We
denote the Jacobian of the DAE (x¢;t) by Jy := 1 4, X (X¢;t) 2 R" "andletd; = U VT

be an singular value decomposition (SVD)ef wherer =rank( J¢), U =[uy; ;uJ20" T,

V =[vy; ;v ]20" ",and =diag( 1;:::; ) with 4 r being the singular
values. To validate the semantic meaning of the basis veetorge vary the value of from neg-

ative to positive and visualize the resulting changes in the generated images. In the experiments,
we use a pre-trained diffusion denoising probabilistic model (DDPM) (Ho et al., 2020) on the Met-
Faces dataset (Karras et al., 2020). We randomly select an ixgafyem this dataset and use the
reverse process of the diffusion denoising implicit model (DDIM) (Song et al., 2020) to gererate

att = 0:7T, whereT denote the total number of time steps. We respectively choose the changed di-
rection as the leading right singular vecteisvs; vy4; Vs; Vg and uses; = X+ V; to generate new
images with 2 [ 4;4]shown in Figure 9. Itis observed that these singular vectors enable different
semantic edits in terms of gender, hairstyle, and color of the image. For comparison, we generate a
random unit vectos and movex; along the direction o§, where the editing strengthis the same

as the semantic edits column-wise. The results are shown in the last column of Figure 5. Moving
along random directions provides minimal semantic changes in the generated images, indicating that
the low-dimensional subspace spanned/bis non-trivial and corresponds to semantic meaningful
image attributes. More experimental results can be found in Figure 9, Figure 10 in Appendix F.3.

E EXPERIMENTAL SETUPS INSECTION 2.2

In this section, we provide detailed setups for the experiments in Section 2.2. These experiments
aim to validate the assumptions that real-world image data satis es a mixture of low-rank Gaussians
and that the DAE is parameterized according to (9). To hegin, we show th&[x ojx] is of low

rank whemgata follows a mixture of low-rank Gaussians andf:1 dq« n,wheren is the ambient
dimension of training samples.

E.1 VERIFICATION OF MIXTURE OF LOW-RANK GAUSSIAN DATA DISTRIBUTION

In this subsection, we demonstrate that a mixture of low-rank Gaussians is a reasonable and in-
sightful model for approximating real-world image data distribution. To begin, we show that

I x, E[Xojx¢] is of low rank wherpgaa follows a mixture of low-rank Gaussians with E=1 d« n,
wheren is the dimension of training samples.

Lemma 2. Suppose that the data distributiqga, follows a mixture of low-rank Gaussian distri-
butions as de ned in De nition 1. For alt 2 [0; 1], it holds that

X
in d k E[X o] d: 45
i de - ran (r x E[Xojxt]) » k (45)
Proof. For ease of exposition, let
he(xy) :=exp KU/ Txk? ; 8k 2 [K]:

Obviously, we have

rhexe) =2 rexp (kU Txk? UZUZTxe =2 chie(x)UZUST x4 (46)
According to Lemma 1, we have
P K 2117
. _ h uzuzm
E[xojxt] = 72? o (x1); wheref (x;) := —*=IpX KX)U Uy Xt
St t+ k=1 khi(Xy)
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Then, we compute
|

1 b X
M f ()= Pe———— 2 ¢ «hxQUUT xex{ UZUTT + 0 khi(xUUT
k=1 khi(Xy) k=1 ! k=1 L
2 ¢ X he (X )UZUZT x x he (X )UZUZT x
- 5 kNk(X)U U Xt kNk(Xe)U U™ Xy
k=1 khi(Xt) k=1 k=1
1 X 201 2T T 201 2T
e e — khe(Xt) 2 (USUS xexy + 1 UJUY
2t 21177 T X( 211727
” > khe(X)UUET XXy khe (X )U Uy
k=1 khk(xt) k=1 k=1
This directly yields (45) for alt 2 [0; 1]. u

Now, we conduct experiments to illustrate that diffusion models trained on real-world image datasets
exhibit similar low-rank properties to those described in the above proposition. Provided that the
DAE x (x¢;t) is applied to estimat&[x gjx¢], we estimate the rank of the Jacobian of the DAE,

i.e., r x, X (X¢;t), on the real-world data distribution, wheredenotes the parameters of U-Net
architecture trained on the real dataset. Also, this estimation is based on the ndings in Luo (2022);
Zhang et al. (2023) that under the training loss in Equation (5), the RAE;t) converge to
E[xojx] as the number of training samples increases on the real data. We evaluate the numerical
rank of the Jacobian of the DAE on four different datasets: CIFAR-10 Krizhevsky et al. (2009),
CelebA Liu et al. (2015), FFHQ Kazemi & Sullivan (2014) and AFHQ Choi et al. (2020), where the
ambient dimension = 3072 for all datasets.

Given arandom initial noise; N (0;1,), diffusion models generate a sequence of imdges
according to the reverse SDE in Eq. (3). Along the sampling trajedtorg, we calculate the
Jacobiarr x,x (Xt;t) and compute its numerical rank via
P,
. iz i (M x. X (Xe;1))
. = . - pi 1 i t > 2
rank (r x, X (xg;t)):=argmin r 2 [1;n]: in:l Z (e X (X0 0)
In our experiments, we set= 0:99. In the implementation, we utilize the Elucidating Diffusion
Model (EDM) with the EDM noise scheduler Karras et al. (2022) and DDPM++ architecture Song
et al. (2020). Moreover, we employ an 18-step Heun's solver for sampling and present the results
for 12 of these steps. For each dataset, we random sample 15 initiaknoisalculate the mean of
rank(r x,x (xi;t)) along the trajectoryx g, and plot ratio of the numerical rank over the ambient
dimension against the signal-noise-ratio (SNR); in Figure 3, where ; is de ned in Eq. (2).

(47)

E.2 VERIFICATION OF LOW-RANK NETWORK PARAMETERIZATION

In this subsection, we empirically investigate the properties of U-Net architectures in diffusion mod-
els and validate the simpli cation of the network architecture to Eq. (9). Based on the results in
Appendix E.1, we use a mixture of low-rank Gaussian distributions for experiments. Here, we set
K=2,n=48,d,=d, =6, 1 = , =0:5 andN = 1000 for the data model De nition 1.
Moreover, We use the EDM noise scheduler and 18-step Heun's solver for both the U-Net and our
proposed parameterization (9). To adapt the structure of the U-Net, we reshape each training sample
into a 3D tensor with dimensiors 4 3, treating it as an image. Here, we use DDPM++ based
diffusion models with a U-Net architecture. In each iteration, we randomly sampled a batch of im-
agefx@ g, f x(gl, , along with a timesteff!) and a noise () for each image in the batch
to optimize the training losy ). We de ne
training iterations
1000

to represent the total samples used for training. Here, we pick up the speci ¢ model trained under
500 kimgs, 1000 kimgs, 2000 kimgs, and 6000 kimgs for evaluation, as shown in Figure 7(a).

kimgs= bs (48)
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