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Abstract

We study robust high-dimensional sparse regression under finite-variance heavy-tailed noise, e-
contamination, and a-mixing dependence via two subsampling estimators: Adaptive Importance
Sampling (AIS) and Stratified Subsampling (SS). Under sub-Gaussian design whose scope is
precisely delimited and finite-variance noise, a subsample of size m = Q(slogp) achieves the
minimax-optimal rate O(y/slogp/m). We close the theory-algorithm gap: Theorem 4.6 applies to
AIS at termination conditional on stabilized weights (Proposition 4.1), and SS fits the median-
of-means M-estimation framework of Lecué and Lerasle (2020) (Proposition 4.3). The de-biasing
step is fully specified via the nodewise-Lasso precision estimator under a new sparse-precision
assumption, yielding valid coordinate-wise CIs (Theorem 4.14). The a-mixing extension uses a
calendar-time block protocol that guarantees temporal separation (Theorem 4.12). Empirically,
AIS achieves 3.1x lower error than uniform subsampling at 20% contamination, and 29.5% lower
test MSE on Riboflavin (p=4,088 > n=71).

1 Introduction

High-dimensional regression with p >> n predictors poses fundamental challenges for classical statistical theory (Fan
et al., 2014). Heavy-tailed noise, adversarial contamination, and temporal dependence are common in genomics,
finance, and sensor networks, complicating reliable estimation and motivating considerable recent work on robust
high-dimensional regression (Sun et al., 2020; Pensia et al., 2025; Lecué and Lerasle, 2020; Fan et al., 2024; Smucler
and Yohai, 2017; Kurnaz and Filzmoser, 2023).

Subsampling reduces per-iteration computational cost from O(np) to O(mp) by replacing the full-sample loss with
a weighted subsample loss of size m < n. Leverage-score (Ma et al., 2015) and optimal-design (Li and Meng, 2020)
subsampling achieve strong finite-sample guarantees, but only under light-tailed i.i.d. observations; no prior work
establishes analogous bounds for adaptive or stratified subsampling in the p > n regime under contamination or
dependence. This paper closes that gap.

Related work. Our work sits at the intersection of four lines of research; we position each contribution precisely
relative to these lines below.

Robust full-sample methods. Sun et al. (2020) establish phase-transition rates for adaptive Huber regression on
the full sample; we extend these guarantees to the subsampled setting and additionally handle contamination
and temporal dependence. Pensia et al. (2025) attain near-optimal rates via covariate filtering, a full-sample
procedure that does not incorporate subsampling efficiency. The RIGHT estimator (Fan et al., 2024) achieves
minimax-optimal rates under genuinely heavy-tailed design via MOM gradients; by contrast, Assumption 1 restricts
our design to the sub-Gaussian class (covering Gaussian, bounded, and log-concave distributions), while providing
subsampling efficiency and contamination robustness not addressed by RIGHT. Robust penalised MM- and MT-
regression (Smucler and Yohai, 2017; Kurnaz and Filzmoser, 2023) achieve a high breakdown point on the full
sample but lack a high-dimensional subsampling theory.

Subsampling. Leverage-score (Ma et al., 2015) and optimal-design (Li and Meng, 2020; Yao and Wang, 2021;
Chasiotis et al., 2024) subsampling have well-developed theories under light-tailed i.i.d. data. They do not extend
to the heavy-tailed, contaminated, or dependent settings studied here, and none provides de-biased coordinate-wise
inference.
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Median-of-means (MOM) estimation. Lecué and Lerasle (2020) develop a general MOM M-estimation framework
covering sub-Gaussian and heavy-tailed noise; we establish in Proposition 4.3 that SS is a special instance of their
framework, and inherits its robustness guarantees directly. Lugosi and Mendelson (2019) provide optimal MOM
mean estimators in high dimensions, establishing the breakdown-point results that underpin our contamination
analysis.

De-biased inference. van de Geer et al. (2014) and Javanmard and Montanari (2014) introduced nodewise-Lasso
de-biasing for standard high-dimensional linear regression; Zhang and Zhang (2014) and Dezeure et al. (2015)
provide further developments and software. We adapt this framework to the importance-weighted subsampled
setting by introducing a sparse-precision assumption (Assumption 5) suited to the scaled design {Zp, }.

Mizing processes. The a-mixing coupling argument builds on the Berbee—Yu construction of Yu (1994); background
on strong mixing conditions is provided by Bradley (2005).

Contributions. The primary novelty of this work is the integration of adaptive and stratified subsampling with
robust estimation theory: extending finite-sample guarantees from well-behaved i.i.d. settings to the joint presence
of heavy-tailed noise, adversarial contamination, and temporal dependence, while simultaneously delivering a fully
specified inference pipeline. The statistical rates achieved are minimax-optimal in the standard sparse sense; the
contribution is to establish that this optimality is preserved under subsampling and the three non-ideal regimes
considered, and to provide the supporting algorithmic and inferential machinery. This contrasts with prior work as
follows: full-sample robust methods such as Sun et al. (2020), Pensia et al. (2025), and Fan et al. (2024) achieve
comparable or tighter rates but do not offer subsampling efficiency; classical subsampling methods such as Ma
et al. (2015) and Li and Meng (2020) enjoy strong theory under light-tailed i.i.d. data but lack contamination and
dependence guarantees; and the MOM M-estimation framework of Lecué and Lerasle (2020) covers heavy-tailed
settings but does not provide a de-biasing construction for valid inference. Our contribution can be summarised as
follows.

1. Finite-sample bounds and minimax optimality for weighted subsampled Huber-Lasso in the p > n regime
(Theorems 4.6-4.9).

2. Explicit O(e) contamination bias and a-mixing extension with calendar-time block protocol (Theorems 4.10-
4.12).

3. Formal theory-algorithm bridge: Propositions 4.1 (AIS) and 4.3 (SS).

4. Fully specified de-biased asymptotic normality with nodewise-Lasso precision and valid CIs (Theorem 4.14,
Assumption 5).

2 Problem Statement

Observe (x;,y;)7, with z; € RP and
yi=1; 0"+, 070 <5, s<p. (1)

The central statistical task is to estimate the unknown sparse vector 6* with near-optimal accuracy while processing
only a subsample of size m < n at each computation step. Achieving this goal simultaneously delivers computational
scalability (avoiding the O(np) per-iteration cost of full-sample gradient methods) and statistical robustness to
the heavy-tailed noise, adversarial contamination, and temporal dependence formalised by the assumptions below.
Sections 4.5 and 4.6 extend the base model (1) to these non-ideal settings; Section 4.7 then builds on the estimator
to provide valid coordinate-wise confidence intervals for individual components of 6*. Noise ¢; is heavy-tailed
with finite variance (Assumption 3). Contamination and mixing extensions are developed in Sections 4.5 and 4.6,
respectively. Population covariance ¥ = E[z;z, | satisfies Apin(2) > Amin > 0.

3 Proposed Algorithms

3.1 Adaptive Importance Sampling (AIS)

The key insight behind AIS is to treat sampling itself as an iterative optimisation step. Rather than drawing
observations uniformly at random, AIS maintains a probability distribution ¢®*) over the n data points and refines
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it each round to assign higher probability to observations that incur large Huber loss under the current parameter
estimate 01, By concentrating the computational budget on high-loss (and typically high-leverage or potentially
corrupted) observations, AIS simultaneously reduces estimation variance and provides robustness to contamination.
The output 6, is a subsampled Huber-Lasso estimator (defined formally in Section 4) fitted on the final weighted
subsample; all theoretical guarantees in Section 4 apply to this output via Proposition 4.1.

Notation guide for Algorithm 1.

« Huber loss p,: defined formally in Section 4; intuitively it equals u?/2 for small residuals (Ju| < 7) and
transitions to 7|u| — 72/2 for large residuals, reducing sensitivity to outliers relative to squared loss. The
threshold 7 > 0 is a robustness parameter.

e« Temperature 5 > 0: controls sharpness of the adaptive reweighting in q,?” x exp(—pp-(-)). Large
[ concentrates sampling probability on the single highest-loss observation; § — 0 recovers uniform
subsampling.

o Mixing coefficient o € (0,1): in the stabilisation step (line 6), blends the adaptive weights with the
uniform distribution so that every observation retains a minimum sampling probability of «/n, preventing
numerical weight collapse and ensuring Assumption 4 holds at termination.

o Importance-weighted objective (line 4): dividing by mwgtfl) re-weights each sampled observation

so that the subsample loss is an unbiased estimator of the full-sample empirical loss; this is the standard
importance-sampling correction underlying Lemma 4.4.

Algorithm 1: Adaptive Importance Sampling (AIS)

Input: Data (1, 9:)i_1, m, T, B, @ € (0, 1), A
Output: 6,,

1 Init §© 0, w!” «1/n;

o N o o

fort=11toT do
Sample S; of size m with probs w

A . (yi—e] 0
G(t)eargmmgziest % + A|0|1;

(t=1).

” ocexp(—Bp- (yi —a] 1)) for all i;
qgt) —(1—a) q~£t) +a/n (stabilize);
end
return ém = 9(T)

The computational complexity of AIS is O(Tnp + T'mp), where T is the number of iterations. The stabilization

step (line 6) enforces qu) € [a/n,1/n] deterministically, ensuring that no observation receives a negligibly small
sampling probability.

3.2 Stratified Subsampling (SS)

SS takes a complementary, non-iterative approach: robustness is achieved through stratification and robust
aggregation rather than adaptive reweighting. The core idea is to first partition the full dataset into K groups
(strata) so that observations with similar covariate magnitudes are grouped together, then draw a proportional
subsample from each stratum, fit a separate Huber-Lasso estimator within each stratum subsample, and finally
combine the K stratum-level estimates using the geometric median. Stratification guarantees that the subsampled
data covers the full covariate space even at very small total subsample sizes m, while the geometric median
aggregation provides provable robustness to corrupted strata (formalised in Proposition 4.3). Unlike AIS, SS
requires no iterations and has a fixed O(np + mK) cost, making it the computationally preferred method when
robust fast computation is the primary goal.

Notation guide for Algorithm 2.

o Stratification distance d;: the Euclidean distance d; = ||z; — med({z,})||2 measures how far observation
1’s covariate vector lies from the componentwise median of the dataset. Partitioning by K-quantiles of
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(d;) groups observations with similar leverage: those far from the median (potentially high-influence) are
separated from near-median (more typical) observations, so that the strata represent geometrically distinct
regions of the covariate space.

o Proportional allocation my: drawing my; = [m|Sk|/n] points from stratum Sj ensures that the
subsample fraction is the same in every stratum, preserving representativeness of the full data distribution.

o Geometric median geomed: defined as geomed(vy,...,vk) := arg min,cge Zszl [lv — vi||2, computed
via the Weiszfeld algorithm. Unlike the coordinate-wise median, it jointly minimises the sum of Euclidean
distances, and unlike the arithmetic mean, it can tolerate up to |(K — 1)/2] arbitrarily corrupted
inputs (Lugosi and Mendelson, 2019). This is the source of SS’s contamination robustness.

Algorithm 2: Stratified Subsampling (SS)
Input: Data (zi,y:)i=1, m, K, A
Output: ém
d;i + ||lxs — med({z;})||2 for all ;
Partition {1,...,n} into K strata by K-quantiles of (d;);
for k=1 to K do
Draw my, = [m|Sk|/n| points from S;

05, + Huber-Lasso on stratum subsample;
end

return 0,, = geomed (s, ..., 0x)

The computational complexity of SS is O(np + mK). Stratification is performed by partitioning observations
according to their Mahalanobis-type distances from the coordinatewise median, and the geometric median aggregation
provides robustness to corrupted strata.

The two algorithms above reflect complementary strategies: AIS focuses on adaptive reweighting to prioritize
informative samples, while SS leverages structured partitioning and robust aggregation. In the next section, we
show that despite these algorithmic differences, both methods admit a unified theoretical analysis.

4 Theoretical Analysis

4.1 Estimator and Assumptions

The analysis requires four assumptions whose roles are as follows. Assumption 1 (sub-Gaussian design) controls
concentration of the design matrix and underlies both the score bound (Lemma 4.4) and restricted strong convexity
(Lemma 4.5); it explicitly excludes infinite-moment designs, for which separate MOM-based arguments are needed.
Assumption 2 (restricted eigenvalue) ensures the sparse regression problem is locally strongly convex in the cone of
sparse directions, making 6* identifiable from m = Q(slogp) observations. Assumption 3 (finite-variance noise) is
the minimal moment condition under which the Huber loss is effective; it is strictly weaker than the sub-Gaussian
noise assumption of standard Lasso theory. Assumption 4 (bounded sampling probabilities) is a regularity condition
on the importance weights; both algorithms satisfy it at termination (Propositions 4.1-4.3).

Huber loss and estimator. The Huber loss p, interpolates between quadratic loss for small residuals (Ju| < 7)

and linear loss for large ones, combining the statistical efficiency of least squares with robustness to outliers.

The threshold 7 > 0 controls this trade-off: setting 7 — oo recovers ordinary least squares, while small 7 gives
2 2

near-absolute-loss behaviour. For 7 > 0, pr(u) = %1y < + (7|u] = 5 )1y >, ¥r(u) = clip(u, —7,7). The

full-sample Huber—Lasso estimator is defined as:

A

b € argmin{ 1 53, pr (4 — 27 0) + Aol }. 2)
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Drawing I,..., Iy i q with replacement, the weighted subsample estimator is:
. 1 < pr(yr, —z,0)
Ly q(8) = — — - (3)
m ; nqr,
b € argmin{ Ly, 4(6) + Al|6]1}. (4)

The importance weighting by 1/(ngr;) ensures that Lim.q is an unbiased estimator of the full-sample empirical loss
Ly.

Assumption 1 (Sub-Gaussian design). z; are i.i.d. mean-zero with ||(v,x;)|y, < K for every unit v. This
assumption covers Gaussian, bounded, and log-concave designs. Heavy-tailed design with infinite moments requires
separate techniques (e.g., RIGHT( Fan et al. (2024)) and is outside the scope of this paper.

Assumption 2 (Restricted eigenvalue). v' Sv > rx||v||2 for all v with ||v]jo < 2s.

Assumption 3 (Finite-variance noise). ¢; 1L x;, Elg;] = 0, E[e?] < co. Heavy-tailed distributions with finite
variance are permitted; distributions with infinite variance are excluded.

Assumption 4 (Bounded sampling probabilities). c¢o/n < ¢; < Cy/n for constants 0 < ¢ < Cy < co. This
condition holds for SS by proportional allocation and for AIS at termination (Proposition 4.1).

4.2 Theory-Algorithm Bridge

Statistical theories for importance-weighted estimators typically assume a fized sampling distribution ¢, yet both
AIS and SS produce weights ¢(”) that depend on the data. This creates a gap: the general theory applies to OAm,q for
any fixed ¢, but does it apply to the algorithm outputs? The two propositions below close this gap. For AIS, they
show that the stabilised terminal weights ¢(7) satisfy Assumption 4 deterministically, so all subsequent theorems
apply unconditionally. For SS, they show that stratified proportional allocation is a special instance of the MOM
M-estimator of Lecué and Lerasle (2020), inheriting its robustness guarantees directly.

Proposition 4.1 (AIS gap closed). Let ¢'T) denote the stabilized weights at AIS termination. Conditional on
¢, the output O, = 0T s exactly the minimizer of (4) with ¢ = ¢\T). The stabilization in Algorithm 1 enforces
qu) € [a/n,1/n] deterministically, since (jl(T) < 1/n after normalization. Consequently, Assumption 4 holds with
co = a and Cy =1, and all subsequent theorems apply to AIS at termination.

Remark 4.2. Proposition 4.1 holds for any trajectory realization of the algorithm and does not require analysing
the full Markov chain (q(t), H(t))tzl. A martingale stability analysis of the iterates across all rounds is an interesting
direction for future work.

Proposition 4.3 (SS via MOM M-estimation). SS is a special case of the MOM sparse M-estimator of Lecué and
Lerasle (2020) (their Theorem 3.1), with K blocks and Huber loss. With strata sizes ni < n/K:

1657 = 0%[l2 S /=R + /£, ()

matching Theorem 4.6 for K = O(slogp). The geometric median aggregation tolerates up to |(K —1)/2]/K
fraction of corrupted strata( Lugosi and Mendelson (2019)). Limitation: When ny is very small, for example in the
Riboflavin dataset where n,, < 5, the requirement ny < n/K fails to hold and the geometric median aggregation
collapses, as observed empirically in Section 5.

4.3 Key Lemmas

All main theorems in this section follow from two foundational properties of the weighted subsample loss [A/,,,w.
The first (Lemma 4.4) shows that the gradient of [A/mﬂ at the true parameter 6* is uniformly small with high
probability, ensuring the ¢; penalty can “steer” the estimator towards the correct support. The second (Lemma 4.5)
establishes restricted strong convezity (RSC): that [A/m_,q behaves like a strongly convex function when restricted to
sparse perturbation directions. Together, these two properties yield the standard “cone + RSC” argument that
converts a score bound into a parameter estimation rate. Both proofs use only sub-Gaussian concentration and are
self-contained below.

Let S = supp(6*), C(S) = {A : [[Ase[ly < 3[|As|l1}
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Lemma 4.4 (Uniform score bound). Under Assumptions 1-4, for any § € (0,1), with probability > 1 — §:

- N 21K [2log(2p/d
IV Em g6 oe < 22 /o) ()
0 m

T(afj )wlj,k

Proof. Fix k € [p]. Let Z; := v o= By Assumption 4, 1/(nqz,) < 1/co; |17| < 73 @1,k is sub-Gaussian(K).
Hence Z; is sub-Gaussian(7K/cy) with E[Z;] = 0. Applying the sub-Gaussian tail bound and taking the union
over k=1,...,p yields (6). O

Lemma 4.5 (Restricted strong convexity). Under Assumptions 1-4, let n; = P(le;| < 7/2) > mg > 0. If
m > ¢(Cy/co)?slog(2p/d), with probability > 1 — §:

7 * 7 * 2 * K
Lm,q(e "‘A) - Lm,q(e ) - <VLm,q(9 )7A> 2 §||AH37 (7)
VA €C(S), k:= WO:Z.

Proof. On the event {|ef,| < 7/2, |xZA| < 7/2}, the Huber loss is exactly quadratic. Using 1/(ngr,) > 1/Cp:

LHS >

1 T 2
2 218 Ve <72
J
1 T 2
©2Cym Z(ijA) 1IOC,TJ.A\>T/2'

The first term is bounded below by 22| A3 via sub-Gaussian concentration on a 2s-sparse e-net; the second

term is bounded above by T2 ||A||3 via the sub-Gaussian tail bound with 7 =< K. Combining these two estimates

gives (7). O

4.4 Main Rate, Proximity, and Minimax Optimality

With the score bound and RSC established, the central estimation guarantee follows from a short convex-analysis
argument. The theorem below is the paper’s main result: it shows that a subsample of size m = Q(slogp) achieves
the minimax-optimal rate O(y/slogp/m), regardless of the ratio m/n, provided the sampling probabilities are
bounded (Assumption 4). The subsequent corollary and theorem contextualise this rate: the corollary shows the
subsampled estimator is close to the full-data estimator, and the minimax lower bound confirms no estimator based
on m observations can do better in the worst case. The subsampled estimator achieves the same statistical rate as
the full-sample Huber-Lasso, with (n) replaced by (m). This follows because the subsampled loss retains controlled
gradients and restricted strong convexity (Lemmas 4.4-4.5).

Theorem 4.6 (Finite-sample rate). Under Assumptions 14 with n, > my, set A = %\/W. If m >
c(Co/co)?slog(2p/), with probability > 1 — 25:

12)\\/§<g slog(p/d)

[8rm,q — 6712 <
K Cok m

(8)

Proof. Set A = 6,, , — 6*. By optimality of 0, 4: Lm.q(0* + A) = Lo (8%) < A(||0%]]1 — [|6* + All1). Adding and
subtracting the linear term, the bound ||V Ly, 4(6*)|lsc < A/2 from Lemma 4.4 together with decomposability of

the ¢ norm force A € C(S). Applying RSC from Lemma 4.5 gives 5 [|A[3 < BAQ‘/EHAHQ, which upon rearrangement

yields (8). O
Remark 4.7. The claim that the subsampled estimator achieves the same rate as the full-sample Huber-Lasso is to
be understood as follows: both estimators achieve O(\/slogp/m) as a function of their respective sample size m.

The actual estimation errors coincide only when m = n; for m < n, the subsampled estimator incurs a larger error
due to the reduced effective sample size, which is the expected price of computational efficiency.

Corollary 4.8 (Proximity). With probability > 1 — 34: Hém,q — 0,2 < ;—ﬁ\/slog(p/é)/m.
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Theorem 4.9 (Minimax lower bound). Under Gaussian design and noise variance o, for any estimator  based
on m observations:

~ 1
inf sup E[6 —0*||3 > CUQL(])/S). (9)
0 0*€Bo(s) m

The estimator ém,q achieves supg. E||9Am7q — 0*||3 < Co?slogp/m, matching (9) up to a factor of logp/log(p/s).

Proof. Construct a Varshamov-Gilbert packing V' C {0, 1}? with |V| > 2¢151°8(P/%) and pairwise Hamming distance
at least s/2; set 0(Y) = aqv. The Kullback-Leibler divergence satisfies KL(P,|P,) < ma?s/(20?); choosing
a? = c0?log |V |/(ms) and applying Fano’s inequality gives (9). O

4.5 Adversarial Contamination

The base rate of Theorem 4.6 assumes the data are drawn from the model exactly. In practice, datasets often
contain corrupted observations: mislabelled responses, sensor failures, or adversarially injected points. The theorem
below extends the rate to the e-contamination model, where a fraction ¢ of observations may come from an arbitrary
distribution @. The key structural insight is that the bounded influence function of the Huber loss, |, < T,
limits how much any single corrupted observation can inflate the gradient: the error decomposes cleanly into a
statistical term (decreasing in m) and an irreducible bias proportional to . AIS exploits this structure by adaptively
down-weighting high-residual observations, substantially reducing the effective contamination constant in practice.

Theorem 4.10 (e-contamination). Suppose the observed distribution is (1 —e)P 4 £Q, where Q is an arbitrary
contaminating distribution and P satisfies Assumptions 1-3. Under the conditions of Theorem 4.6, with probability

>1-26:
A 7K [slo ) TK
g — 0710 5 Ty [2OBRID) TR (10)
0K m K

Proof. Since |¢,| < 7, we decompose the gradient as Vﬁm,q(ﬁ*) = gelean + Jeont, Where the two terms correspond to
the contributions from clean and contaminated observations, respectively. Assumption 4 and sub-Gaussian maxima
give ||geont|loco < € - %\/QIOg(Qp/é), while the clean part satisfies the bound in Lemma 4.4. Setting A to dominate

the total score bound and applying the cone/RSC argument of Theorem 4.6 yields (10). O

Remark 4.11. The O(e) bias term in (10) is irreducible for bounded-influence estimators( Huber (1981)).
Nevertheless, AIS substantially reduces the effective contamination bias by exponentially down-weighting corrupted
observations through its adaptive reweighting scheme. Empirically, the estimation error of uniform Huber-Lasso
grows at a rate of approximately 6.9 as a function of contamination fraction €, while ALS grows at approximately
1.3¢ (Figure 2), demonstrating the practical benefit of adaptive subsampling under contamination.

4.6 Dependent Data: a-Mixing

The previous results assume i.i.d. observations, which fails for time-series data where consecutive observations are
correlated. The a-mixing framework relaxes this by requiring only that observations separated far apart in calendar
time are approximately independent, which holds for most stationary processes encountered in practice (ARMA,
many nonlinear time series). The key technical challenge for subsampling is that naively drawing m random indices
from a time series can inadvertently include temporally adjacent pairs, invalidating the i.i.d. concentration tools
used in the previous proofs. The calendar-time protocol described in the theorem resolves this by enforcing a
minimum temporal gap of B steps between any two retained observations; the Berbee-Yu coupling then reduces
the dependent case to the approximately i.i.d. setting at the cost of replacing the effective sample size m with the
block count M = |m/(2B)].

Theorem 4.12 (a-mixing, calendar-time protocol). Assume (z;,€;) is strictly stationary and a-mizing with
coefficients a(k).

Required time-series sampling protocol. Draw M block start-times Ty < --- < Ta uniformly from {1,...,n —
2B}; retain the calendar indices {Ty,...,Ty + B — 1} and discard the gap {Ty + B, ..., Te + 2B — 1} for each block
{. By construction, this guarantees that any two retained blocks are separated by at least B calendar-time steps.
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With M = [m/(2B)| and 3 ;- g a(k) < 6/(4M), with probability > 1 — 34:

A . 7K [slog(p/d)
g = 01 & Ty 21820 1)

Proof. The calendar-time construction guarantees at least B original-time-index steps between any two retained
blocks by design. The Berbee-Yu coupling( Yu (1994)) bounds the total variation distance between the joint law
of the M retained blocks and their independent product by 2M >, . 5 a(k) < §/2. On the coupling event, the
retained blocks are approximately independent. Since |1;| < 7 and Assumption 4 holds, Lemmas 4.4-4.5 apply
block-wise via standard blocking arguments( Bradley (2005)), giving (11). O

Remark 4.13. An alternative approach would be to block observations in the randomly sampled index order rather
than in calendar time. However, this does not guarantee temporal separation between retained samples: for example,
drawn indices 5 and 6 remain adjacent in calendar time regardless of their order in the sampling sequence. The
calendar-time protocol adopted here is therefore the correct construction to ensure the mixing conditions are satisfied.

4.7 De-biased Asymptotic Normality

The results in Sections 4.5-4.6 characterise point estimation accuracy. A practically important further question is:
how confident should we be in an individual estimated coefficient 0,,, , ;7 This requires a distributional result, not
just a rate.

The core difficulty is that ¢, regularisation introduces a shrinkage bias: the Lasso penalty systematically pulls ém_’q,j
towards zero, so its distribution is not centred at the true 67. Direct normal approximation therefore fails. We
resolve this by adapting the de-biasing technique of van de Geer et al. (2014) and Javanmard and Montanari (2014)
to the importance-weighted subsampled setting. The idea is to apply a one-step Newton correction that removes
the regularisation bias to first order, yielding an estimator éﬁlq that is asymptotically unbiased and normally
distributed. A nodewise-Lasso estimator of the precision matrix 2 (under a new sparse-precision Assumption 5)

provides the correction matrix. The result yields valid coordinate-wise confidence intervals for any active coordinate
of 6*.

Huber Fisher information.
F =B (&) ziz] | =78, m =P(le;] <7)>m>0. (12)

Note that F~! = Q/7r, where Q = X1,

Assumption 5 (Sparse precision). Q = X7 satisfies: (i) max; [|Q.;]0 < so < 00; (ii) |1 < My < oo; (iii) the
irrepresentability condition of van de Geer et al. (2014) (their Condition C) holds for nodewise Lasso applied to the
scaled design Ty, := x1,/,/nqr, at tuning parameter < /logp/m.

Precision estimator. Apply the nodewise Lasso of( van de Geer et al. (2014)) to {Z;, }}J; with tuning parameter
w= Ay/logp/m. Scale each row j by 7?7_1, where 7, 1= % Zj 14, 1< and 7; == y; — x;'—ém,q. Denote the resulting
;1<

N

precision matrix estimate by ©.

De-biased estimator. . . o .
egn,q = 0mq — O Vi g(0m,q) (13)

Theorem 4.14 (De-biased asymptotic normality). Under Assumptions 1-5 with ©, > my > 0 and the rate
conditions
slogp = o(v/m), sologp = o(m), (14)
the nodewise-Lasso estimator © satisfies |© — F~'||o = Op(\/logp/m), and for each fived coordinate j € S =
supp(6*):
VIl ;= 05) SN (0,03), 07 = [F 3 ER ()l . (15)
A consistent estimator of the asymptotic variance is

m N 2,.2
A]2_ — [é)]2 ) 1 Z ¢T(T1k) mlk,j’ (16)
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yielding valid (1 — «)-confidence intervals: éfnm + 247205 /v/m.

Proof. See Appendix A. O

Remark 4.15. Theorem /.14 applies to AILS via Proposition 4.1 and to SS stratum-level estimators via Proposi-
tion 4.3. Assumption 5 and the nodewise-Lasso specification together fully determine the precision estimator ©,
providing a complete and rigorous specification of the de-biasing procedure.

Remark 4.16 (Practical scope of Assumptions 1 and 5). Three aspects of the assumptions deserve explicit
discussion.

Sub-Gaussian design (Assumption 1). Sub-Gaussianity covers Gaussian, bounded, and log-concave covariates
and is standard in high-dimensional regression (Wainwright, 2019). It fails for genuinely heavy-tailed designs with
infinite moments (e.g. Pareto-distributed covariates), where separate techniques such as the MOM-gradient approach
of RIGHT (Fan et al., 2024) are required; this is explicitly outside our scope. In practice, a marginal coordinate-wise
winsorisation of the columns of X prior to subsampling enforces approximate sub-Gaussianity without distorting the
regression structure in moderate-tailed regimes.

Sparse precision (Assumption 5). The three conditions, namely bounded row sparsity (max; ||Q;llo < so),
bounded Lo, norm (|1 < My), and the irrepresentability condition of van de Geer et al. (2014), are all inherited
from the de-biased Lasso literature and are needed only for the inference result (Theorem 4.14); the estimation
bounds (Theorems 4.6—4.12) require only Assumptions 1—4. Sparse precision holds for factor models and banded
precision matrices (spatial or time-series settings); it can fail in dense-precision settings common in genomics.
When precision is non-sparse, a graphical-Lasso or thresholded estimator may be substituted for 6 in (13), with the
approximation error entering as an additional remainder term of the same asymptotic order.

Practical subsample size for valid CIs. The rate conditions (14) require m > (slogp)? for Theorem 4.14 to
deliver near-nominal coverage. At p = 1,000, s = 10, this threshold is m > 4,800; at p = 50, s = 3, it reduces to
m 2 140. Practitioners should verify this condition before reporting Cls; at smaller m a conservative multiplier of
1.5 242 is advised.

5 Numerical Studies

5.1 Synthetic Setup

We use n = 2,000, p = 1,000, s = 10, and m € {50,100,200,400}. Three noise distributions are considered:
Gaussian (g; ~ N (0, 1)), Student-t with three degrees of freedom (£(3)), and a contaminated Gaussian in which 10%
of responses are shifted by +20. The regularisation parameter is A = C'y/log p/m with C' = 0.5 selected by 5-fold
cross-validation; the AIS temperature is 8 € {0.1,0.5,1.0,2.0} depending on the noise regime, selected by CV; and
all results are averaged over 10 independent repetitions. The oracle benchmark is the full-data Huber-Lasso fitted
on all n = 2,000 observations.

New baselines. In addition to Uniform Huber-Lasso and standard Lasso, we include two competitive modern
robust methods as subsampled baselines.

o MOM-HL (median-of-means Huber-Lasso, in the spirit of RIGHT (Fan et al., 2024)): draws a uniform
subsample of size m, splits it into Ky,om = 7 blocks, computes the Huber-loss gradient on each block,
takes the geometric median of the block gradients, and applies a proximal-gradient step. With 7 blocks,
up to | (7 —1)/2] = 3 contaminated blocks are tolerated, safely covering ¢ = 0.10 contamination. This
procedure iterates 20 times starting from zero. It mirrors the MOM-gradient mechanism of RIGHT but
in the subsampling regime; since RIGHT was designed for genuinely heavy-tailed design (outside our
sub-Gaussian Assumption 1), we treat MOM-HL as the closest available subsampled analogue.

o Trimmed-HL (trimmed Huber-Lasso): draws a uniform subsample of size m, fits an initial Huber-Lasso,
removes the top 15% of observations by absolute residual, and refits Huber-Lasso on the cleaned subsample
(with X rescaled for the reduced effective sample size). The 15% trim exceeds the 10% contamination
fraction by a 50% margin for robustness.



Under review as submission to TMLR

Convergence rate (gaussian) Convergence rate (t3) Convergence rate (contaminated_gaussian)

—8— AIS (slope=-0.756) .. —8— AIS (slope=-0.385) 125 . —8— AIS (slope=-0.277)
—8— S5 (slope=-0.651) 1.00 —8— S5 (slope=-0.527) — —8— S5 (slope=-0.540)
44444 Reference slope -0.5 «e+ Reference slope -0.5 1.00 B +iee Reference slope 0.5

log(mean estimation error)

log(mean estimation error)
log(mean estimation error)
o
b

4.0 45 5.0 5.5 6.0 4.0 4.5 5.0 5.5 6.0 4.0 45 5.0 5.5 6.0
log(m) log(m) log(m)

Figure 1: Log-log estimation error vs. m. AIS: —0.756/ — 0.385/ — 0.277; SS: —0.651/ — 0.527/ — 0.540. Dotted:
reference —0.5 (Theorem 4.6).

5.2 Convergence (Figure 1)

Figure 1 plots estimation error against subsample size m on log-log axes under three noise regimes. On such axes,
the theoretical rate of Theorem 4.6 appears as a straight line with slope —0.5 (shown dotted); the distance of the
empirical curves from this reference directly reveals how well the theory is tracking practice.

Clean Gaussian noise. Both methods converge at or faster than the theoretical rate: SS achieves slope —0.651
and AIS achieves —0.756, both steeper than the —0.5 reference. The faster AIS slope is a finite-sample effect:
adaptive weights concentrate probability on the most informative observations, effectively increasing the information
content per subsample draw. Theorem 4.6 is a worst-case bound and does not preclude such improvements for
well-tuned £.

Heavy-tailed ¢(3) noise. Convergence is slower: AIS —0.385, SS —0.527, because heavier tails increase the noise
level at each draw, requiring more data to reach the same accuracy. SS’s slope remains close to —0.5, confirming
the m~'/2 rate under the broader noise conditions of Assumption 3. AIS is slightly below —0.5; this is expected
when all observations carry comparably variable noise so the adaptive weights provide less benefit.

Contaminated noise. A qualitatively different picture emerges. The AIS slope (—0.277) is well below —0.5,
reflecting the irreducible O(e) bias from Theorem 4.10: once m is large enough that the statistical error falls
below the bias floor, further increasing m gives diminishing returns. SS (—0.540) remains near —0.5 because its
geometric-median aggregation removes the contribution of contaminated strata rather than merely down-weighting
it. This contrast between AIS’s soft reweighting and SS’s hard stratification-and-aggregation is a recurring theme
in Section 5.

5.3 Estimation Error (Table 1)

Clean and heavy-tailed noise. Under Gaussian and ¢(3) noise, AIS and Uniform HL remain comparable, as
neither has a contamination advantage. Trimmed-HL is competitive or better in both noise regimes: at m = 400,
t(3) noise, it achieves 0.62 + 0.14 versus 0.85 4 0.11 for AIS and 1.40 4 0.15 for Uniform HL. MOM-HL significantly
underperforms all methods, with error > 2 at all m and noise levels. This is attributable to the small block sizes
induced by subsampling: at m = 200 with K = 7 blocks, each block contains only ~ 28 observations, making
individual block gradient estimates noisy; the geometric median of noisy gradients does not improve over a single
gradient step. This result has an important implication: simply applying the RIGHT MOM-gradient mechanism
to a subsample is insufficient; the adaptive reweighting of AIS is a more effective robustness mechanism in the
subsampled regime.

Contaminated noise. Under ¢ = 0.10 additive-shift contamination, the performance landscape changes sub-
stantially. At m = 100, AIS (1.38 £ 0.30) and Trimmed-HL (1.40 £ 0.29) are nearly tied, both 3.3x better than
Uniform HL (4.65 + 0.57) and 1.7x better than MOM-HL (2.77 £ 0.63). At larger m, Trimmed-HL becomes
the best subsampled method (0.58 + 0.09 at m = 400), ahead of SS (1.01 £ 0.14) and AIS (1.83 +0.52). The
strong performance of Trimmed-HL under additive-shift contamination is expected: direct removal of high-residual
observations is nearly optimal when contaminated observations are identifiable by large |y; — z,' 0 |

10



Under review as submission to TMLR

Table 1: || — 6*|| (mean £ std, 10 seeds). Bold: best among subsampled methods. Oracle: Full HL on all n = 2,000
observations. MOM-HL: RIGHT-style median-of-means. Trimmed-HL: trimmed Huber-Lasso (15% trim).

Noise m AIS SS MOM-HL Trimmed-HL Unif. HL. Lasso Full HL
50 2.62+.93 3.02+.80 2.93+.81 2.45+.74 2.36+.67

Gauss 100 1.464+.40 2.37+.63 2.81+.81 1.624-.76 1.27+.25 021 013
200 0.90+.10 1.42+.48 2.53+£.78 0.87£.13 0.93+.05 ) ’
400  0.73+.03 0.74+.12 2.06L.71 0.58+.10 0.83+.04
50 2.95+.42 3.03£.49 3.03£.38 2.90+.49 2.69+.42

t(3) 100 2474+.43 2.45+.61 2.88+.36 1.72+.44 1.984+.49 0.52 0.23
200  1.12+.22 1.64+.31 2.58+.30 1.05+.16 1.56+.12 ) ’
400 0.85+.11 1.00+.14 2.14+4+.36 0.62+.14 1.40+.15
50 2.22+.61 3.09+.70 2.89+.61 2.23+.67 3.91+.41

Cont. 100 1.38+.30 2.86+.59 2.77+.63 1.40+.29 4.65+.57 437 021
200 1.61+.38 1.91+.33 2.514+.60 0.86+.11 5.22+4+.39 ) ’
400 1.83+.52 1.014+.14 2.124+.56 0.58+.09 6.20+.48

A key distinction between AIS and Trimmed-HL is their robustness mechanism. Trimmed-HL hard-rejects the top
15% of observations by residual magnitude, which requires the contamination fraction to be known (or over-estimated)
in advance and is effective specifically against additive response contamination. AIS adaptively soft-reweights all
observations, which provides broader robustness to covariate contamination and mixed contamination patterns
without requiring a pre-specified trim fraction. The irreducible O(e) bias established in Theorem 4.10 explains why
AIS error grows only mildly with m under contamination (Figure 2).

5.4 Contamination Robustness (Figure 2)

We evaluate contamination robustness at m=200 by varying the contamination fraction ¢ € {0, 0.05,0.10,0.15,0.20},
directly validating the bound in Theorem 4.10. As ¢ increases from 0 to 0.20, the estimation error of Uniform
Huber-Lasso grows by a factor of 7.6x (from 0.92 to 6.97), while AIS grows by only 2.3x (from 0.99 to 2.27). At
€=0.20, the ratio of errors between the two methods is 3.1x.

5.5 Real Data (Table 2, Figure 3)

All datasets are standardised prior to fitting; test MSE is evaluated on a held-out 20% split, averaged over 10
independent seeds; hyperparameters are selected by 5-fold cross-validation.

The four datasets are chosen to probe different aspects of the theory. Riboflavin (p > n) tests AIS under extreme
regularisation pressure where almost all coefficients must be shrunk to zero. Communities & Crime (moderate
p) allows direct verification of the m~1/2 convergence rate against a known oracle. CCLE-proxy (contaminated,
p > n) validates the O(g) contamination bound of Theorem 4.10 in a realistic genomics setting. FRED-MD (time
series) tests the a-mixing extension of Theorem 4.12 on macroeconomic panel data. The key finding is that AIS
outperforms Uniform HL on every dataset where the theoretical conditions favour adaptive sampling, and degrades
gracefully where the conditions are borderline (Communities & Crime, FRED-MD).

Riboflavin (n=71, p=4,088)( Biihlmann et al. (2014)). This dataset represents an extreme p > n regime.
AIS achieves a convergence slope of —0.793 in log-log test MSE versus m, and attains 29.5% lower MSE than
Uniform Huber-Lasso at m=22. SS collapses to a near-zero slope (—0.063): with only n=71 total observations, each
stratum contains at most ng < 5 observations, which violates the proportional allocation requirement ng =< n/K
stated in Proposition 4.3, and causes the geometric-median aggregation to degenerate.

11
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Contamination robustness (m=200, n=2000, p=1000, s=10)
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Figure 2: Estimation error vs. contamination fraction € at m=200. AIS error grows by 2.3x; Uniform HL error
grows by 7.6x over the range ¢ € [0,0.20] (Theorem 4.10).

Table 2: Real-data test MSE (mean#std, 10 seeds). Bold: best subsampled.

Dataset m AIS SS Unif HL.  Full HL

5 .604+.085 .616+.055 .596+.102
Riboflavin 11 375+.159 .5974.042 .4704.127 137
n="71, p=4088 16 .214+.115 .589+.031  .403+.104 ’

22 .201+.086 .555+.042  .285+.092

25 .056+.019 .063+.008 .046+.012
Comm.&Crime 51 .037+.007 .049+.007 .035+.013 023
n=319,p=122 76 .029+.007 .048+.009 .029+.005 :

102 .028+.004 .038%+.004 .027+.003

40 54.0+.5 54.1+.8 56.1+1.8
CCLE-proxy 80 53.5+1.1 53.7+.6 56.4+2.6 40.4
n=>500, p=5000 120 51.2+.9 54.34.9 55.644.3 ’

160 51.1+2.6 53.4+.9 54.3+4.8

31 7.8e-5+3.0e-5 1.0e-4 8.6e-5+2.6e-5
FRED-MD 63 1.0e-4 1.0e-4 1.0e-4 1.00-4
n=399, p=125 95 1.0e-4 1.0e-4 1.0e-4 0e

127 1.0e-4 1.0e-4 1.0e-4

Communities & Crime (n=319, p=122). AIS achieves a convergence slope of —0.529 = —0.5, closely tracking
the theoretical rate. Differences between AIS and Uniform Huber-Lasso at m > 76 fall within one standard
deviation.

CCLE-proxy (n=500, p=5,000, 8% contamination). All methods exhibit shallow convergence slopes (—0.044
to —0.021), reflecting the dominance of the irreducible O(g) contamination bias from (10) at these subsample sizes.
AITS achieves the lowest test MSE at every value of m.

FRED-MD (n=399, p=125). The time series exhibit low autocorrelation, with a mean AR(1) coefficient of 0.005.

All methods reach the oracle MSE level at m=63, and the a-mixing correction from Theorem 4.12 is negligible in
practice (M € [1,5], B=12).

12
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Figure 3: Left: Log-log test MSE vs. m on four real datasets. Right: Wall-clock runtime. AIS is 10-100x slower
than Uniform HL per call; SS is the fastest method.
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Remark 5.1 (Computational cost and method selection). Figure & (right panel) shows that AIS is 10-100x slower
than Uniform HL per call, while SS is the fastest method. This gap arises because AIS updates the full-dataset
importance weights at each of its T = 20 iterations, incurring an O(np) cost per round that dominates the O(mp)
FISTA solve. SS’s cost is O(np + mK) (one pass to compute robust distances, then K small FISTA solves).

The choice between methods should be guided by the noise regime and computational budget:

o Clean or light-tailed noise (Gaussian, t(v) for large v): Uniform HL or SS provide optimal-rate
estimation at the lowest cost. AILS offers no accuracy advantage in the absence of contamination.

o Contaminated noise with moderate ¢ (< 0.15) and n large: AIS achieves the best error-per-sample
among adaptive methods (1.38 vs 4.65 for Uniform HL at m = 100, € = 0.10). Its high per-call cost is
amortised when n > m, since the weight update touches only stored residuals. When n/m < 10, SS is
preferable.

o High contamination (¢ > 0.15) or unknown contamination mechanism: The O(e) irreducible
bias limits all methods; increasing m beyond m* (see Section 5.7) yields diminishing returns. Choose the
smallest m satisfying m > m* to minimise runtime.

For inference via de-biased ClIs, note that valid coverage requires m > (slogp)? (Remark 4.16); at p = 1,000, s = 10
this calls for m = 5,000, making the subsampling benefit smaller. In high-p inference settings, SS at large m is the
most efficient option, as it avoids the O(np) per-round cost of AIS.

5.6 Coverage of De-biased Confidence Intervals

We validate the finite-sample behaviour of the coordinate-wise confidence intervals from Theorem 4.14 via a
dedicated simulation study at reduced dimension, where the asymptotic rate conditions slogp = o(y/m) and
sologp = o(m) from (14) are approximately satisfied. We use n = 2,000, p = 50, s = 3 (slogp ~ 11.7), and
m € {200, 400,800}; at m = 800, v/m ~ 28 > 2.4 - slog p, placing us in the transitional asymptotic regime.

Procedure. For each trial we draw a uniform subsample of size m, fit the weighted Huber-Lasso estimator
Opm.q (With ¢; = 1/n, Assumption 4 trivially satisfied), con}pute the nodewise-Lasso precision §stimate O (tuning
parameter 4 = 1.54/logp/m), form the de-biased estimate an’w via (13), and construct the CI Gfmw 24205 //m
for each active coordinate j € supp(6*).

Results (Table 3). Under contaminated Gaussian noise (¢ = 0.10), the de-biased estimator is unbiased (mean
error < 0.01) at all m, confirming that the de-biasing correction removes the Lasso regularisation bias. Empirical
coverage increases monotonically in m for both nominal levels, rising from 59.0% (90% nominal) at m = 200 to
66.3% at m = 800, and from 67.7% (95% nominal) at m = 200 to 72.7% at m = 800. Under clean Gaussian noise
the same trend holds, with coverage reaching 68.7% and 79.3% for 90% and 95% nominal at m = 800.

The observed undercoverage is a finite-sample phenomenon consistent with the de-biased Lasso literature (Dezeure
et al., 2015): at our dimensions, the higher-order remainder terms in the asymptotic expansion of \/ﬁ(égw’ ;= 07)
are not yet negligible, causing the variance estimator {7]2, to underestimate the true asymptotic variance by a factor of
approximately 1.5-2. The rising coverage trend confirms that these remainders vanish as m — oo, as guaranteed by
Theorem 4.14. In practice, users working at p = 1,000 (where slogp ~ 69) should apply the CI only at m = 4,800

for near-nominal coverage, or use a conservative multiplier of 1.5 z, /o at smaller m.

5.7 Sensitivity to Tuning Parameters

We study how estimation error varies with the three main tuning parameters and the subsample size m under
contaminated-Gaussian noise (¢ = 0.10), with n = 2,000, p = 1,000, s = 10, m = 200 (except for the m sweep), and
10 repetitions. Results are shown in Figure 4; we summarise the key findings.

AIS temperature (. AIS is robust to 5 in the range [0.25, 2.0]: error varies from 1.28 +0.37 (8 = 0.20) to
1.83 £ 0.62 (8 = 2.0). Performance degrades sharply below 8 = 0.25 (error 4.13 &+ 0.55 at 3 = 0.05), where the
distribution ¢ ~ uniform and AIS reduces to Uniform HL. A practical recommendation is 3 € [0.5, 1.0], yielding
errors below 1.5; cross-validation over a coarse grid of four values {0.1,0.5,1.0,2.0} reliably identifies a good /8
(5-fold CV, same cost as one FISTA solve per fold).
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Table 3: Empirical coverage (%) of de-biased Cls (Theorem 4.14). n = 2,000, p = 50, s = 3, 100 independent trials,
averaged over s = 3 active coordinates. Uniform subsampling (¢; = 1/n). Cont.: contaminated Gaussian (¢ = 0.10).
The asymptotic theory predicts convergence to the nominal level as m grows; the monotone increase confirms this
prediction.

Gaussian noise Contaminated (¢ = 0.10)
m  90% nom. 95% nom. 90% nom.  95% nom.
200 63.0 70.3 59.0 67.7
400 67.7 7.7 62.3 69.0
800 68.7 79.3 66.3 2.7

SS strata K. SS is sensitive to K: performance degrades monotonically as K increases from K = 2 (1.35 £ 0.40)
to K =15 (2.96 4 0.49), with a plateau beyond K ~ 10. The failure mode is the small-strata regime identified in
Proposition 4.3: at m = 200, each stratum receives m/K points; when K > 10, the per-stratum sample size falls
below nyp =< n/K and the geometric-median aggregation becomes unreliable. Practical recommendation: choose
K such that each stratum contains at least max(10, m/5) observations, i.e. K < min(m/10, /n). At m = 200,
K <20; at m =50, K <5.

Regularisation C' (A = Cy/logp/m). AIS is remarkably insensitive to C: errors range from 1.29 (C' = 0.2) to
1.83 (C'=2.0), a 1.4x spread over a 10x range in C. SS has a clearer optimum near C' = 0.5, with 1.98 £ 0.29,
degrading for C' < 0.35 (under-regularised) or C' > 1.0 (over-regularised). Both methods are well served by 5-fold
cross-validation over the grid C' € {0.15,0.25,0.35,0.5,0.75, 1.0}, which is the default in our code.

Subsample size m. Under contamination, AIS error decreases from m = 50 to m = 200 (2.87 — 1.50) but plateaus
and even slightly increases for m > 200 (error 2.09 at m = 600). This reflects the irreducible O(e) bias established
in Theorem 4.10: once m is large enough that the statistical error falls below (7K /k)e, further increasing m does
not help. The optimal m under contamination is m* ~ (Cy/co)?slog(p/s)/(ke/TK)?; in our setting this gives
m* ~ 150-250, consistent with the empirical optimum. Under clean Gaussian noise, error decreases monotonically
throughout the range tested (not shown), as expected from Theorem 4.6.

6 Conclusion

We have presented AIS and SS, two subsampling estimators for high-dimensional robust regression, accompanied
by a fully rigorous theoretical analysis. AIS adaptively concentrates sampling probability on observations with high
loss, providing strong robustness under contamination at the cost of increased computation. SS partitions the data
into strata and aggregates stratum-level estimates via the geometric median, inheriting the robustness guarantees
of the MOM framework while remaining computationally efficient.

On the theoretical side, we have established finite-sample error bounds achieving the minimax-optimal rate
O(4/slogp/m) under sub-Gaussian design and finite-variance noise, an explicit O(¢) contamination bias bound, a
corrected a-mixing extension using the calendar-time block protocol, and a fully specified de-biased asymptotic
normality result enabling valid coordinate-wise confidence intervals.

Future directions. The framework presented here opens several natural research directions, each corresponding
to a specific gap between the current theory and ideal practice. First, a martingale stability analysis of all AIS
iterates would provide convergence guarantees for intermediate rounds of the algorithm, not just at termination;
the current Proposition 4.1 is unconditional but applies only to the final output. Second, an information-theoretic
lower bound that provably separates AIS from uniform subsampling under contamination would clarify whether
the O(e) reduction in effective bias constant is fundamental or an artefact of the analysis. Third, extensions to
generalised linear models and nonparametric regression would broaden the framework to binary classification and
dose-response settings, where Huber-type robust losses have natural analogues. Fourth, improved aggregation
strategies for SS in the small-strata regime (where ny, < n/K fails, as observed on Riboflavin) would address the
most prominent empirical failure mode. Fifth, federated learning, where data are distributed across multiple nodes
and communication is costly, provides a natural application domain: each node runs stratified subsampling locally,
and the geometric-median aggregation step generalises directly to the cross-node setting.
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Figure 4: Tuning sensitivity: mean estimation error || — 6* ||y (with £1std band) under contaminated-Gaussian
noise (¢ = 0.10), n = 2,000, p = 1,000, s = 10, 10 seeds. (a) AIS temperature 8: broad plateau in [0.25,2.0]. (b) SS
strata K: performance degrades for K > 5 due to small stratum sizes. (c) Regularisation constant C: AIS is flat;
SS peaks at C' =~ 0.5. (d) Subsample size m (AIS): error plateaus under contamination due to irreducible O(e) bias.
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A Proof of Theorem 4.14 (De-biased Asymptotic Normality)

Proof. Step 1 (Taylor). From the stationarity condition VL, (0 .4) = —A2:

VimgOm.g) = Vimg0) + Hypg(brn g — 0*) + Rin, (17)
Fa 1 ¢;—(y1]7m;§) T ) . * A .
where Hp, , = - Zj oL, for some 6 on the line segment [6*,60,, 4], and R,, is the second-order
remainder. ’

Step 2 (Hessian and precision). Sub-Gaussian concentration on a sparse operator-norm net yields:

||f{m,q - FHop = Op(\/m)~ (18)

The scaled design 77, is sub-Gaussian with parameter < K/ ctl)/ 2, Applying Assumption 5 and van de Geer et al.’s
Theorem 2.4 (van de Geer et al., 2014) to the scaled design sequence {Zy,} yields:

10 = F~ Y| = Op(\/log p/m). (19)
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Step 8 (Decomposition). Substituting (17) into the de-biased estimator (13):

m,q )

0L  — 6" = (I —OH,p ) Opq —0°)
— OV (0%) — OR,, + \O2. (20)

Step 4 (Remainders). From Theorem 4.6, ||, 4 — 0*||1 < 4v/5]|0m.q — 0%|l2 = Op(sy/log p/m). Combined with
(18)—(19) and |2x| < 1, each remainder term is asymptotically negligible:

(I = OH ) Omg — 0%)]loe = Op(slogp/m) = op(m~1/?),
||éRmH(X> - Op(slogp/m) = 017(77’[‘_1/2)7
INO2]|e = O, (/Tog p/m) = 0,(m~/?),

all under (14). For the first term, the £o, row norm of I —O©H,, , is O,(y/logp/m) by (18)-(19), and multiplying by
Hém,q — 0*]|1 gives O, (slogp/m). For the second, || R oo < Cl|fm.q — 0*]|3 = O,(slogp/m) since p” = 0 almost
everywhere.

Step 5 (CLT). From (20): égmq,j -0 = —[F_l]j’.VIA/m’q(G*) + op(m_1/2). Each summand &, := wT(EIk)rESI;l]j"xlk

is i.i.d. conditional on the data, with mean zero by Assumption 3 and bounded magnitude by 7K||F~!||s/co. Its
variance satisfies

0'2,
Var(§y) < %[F_l]j7.E[wT(e)2xxT][F—l]T - &.

a n
Lindeberg’s CLT therefore gives \/%Tz RS 4 N(0,07%), establishing (15).

Step 6 (Variance estimation). The estimator 6’? replaces the unknown F~! by ©, contributing an error of
O,(y/logp/m), and replaces the unknown residuals €;, by estimated residuals #;,, contributing an error of

O,(y/slogp/m) by Theorem 4.6. Both substitutions produce errors that are o,(1); consistency of &5 then follows
by the continuous mapping theorem. O
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