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Abstract

Imaging systems have traditionally been designed to mimic the human eye and
produce visually interpretable measurements. Modern imaging systems, however,
process raw measurements computationally before or instead of human viewing.
As a result, the information content of raw measurements matters more than their
visual interpretability. Despite the importance of measurement information content,
current approaches for evaluating imaging system performance do not quantify it:
they instead either use alternative metrics that assess specific aspects of measure-
ment quality or assess measurements indirectly with performance on secondary
tasks. We developed the theoretical foundations and a practical method to directly
quantify mutual information between noisy measurements and unknown objects.
By fitting probabilistic models to measurements and their noise characteristics,
our method estimates information by upper bounding its true value. By applying
gradient-based optimization to these estimates, we also developed a technique for
designing imaging systems called Information-Driven Encoder Analysis Learn-
ing (IDEAL). Our information estimates accurately captured system performance
differences across four imaging domains (color photography, radio astronomy,
lensless imaging, and microscopy). Systems designed with IDEAL matched the
performance of those designed with end-to-end optimization, the prevailing ap-
proach that jointly optimizes hardware and image processing algorithms. These
results establish mutual information as a universal performance metric for imag-
ing systems that enables both computationally efficient design optimization and
evaluation in real-world conditions.

A video summary of this work can be found at:
https://waller-lab.github.io/EncodingInformationWebsite/

1 Introduction

The increasing utilization of computational processing in imaging systems removes the constraint that
they must produce human-interpretable measurements. Traditional imaging system designs produce
measurements that contain the specific visual patterns recognizable to human observers [1]. However,
these patterns are unnecessary for modern algorithms like deep neural networks, which can utilize
information in measurements regardless of how it appears: they can either transform measurements
into forms that make sense to humans, as computational imaging systems do [2]], or they can analyze
measurements directly and bypass humans altogether.

This shift fundamentally changes what limits performance: not how well systems encode information
into human-perceptible patterns, but zow much information they encode, regardless of its visual
appearance.
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Existing metrics to quantify hardware performance fail to capture information content comprehen-
sively. Traditional measurement metrics like resolution, signal-to-noise ratio, sampling rate, and
field-of-view characterize individual system aspects separately, making it difficult to assess their
combined effect on overall performance or compare systems that make different trade-offs among
these factors.

As aresult, performance is often assessed by computationally decoding measurements to perform
secondary tasks. This decoder-based approach uses tasks like image reconstruction or object clas-
sification. It quantifies success by comparing algorithm outputs against ground truth using metrics
like mean squared error or classification accuracy [2H4]]. This approach furthermore enables system
design in simulation through “end-to-end” methods that jointly optimize both encoder parameters
(like lens shapes or sensor configurations) and decoder algorithms (like image reconstruction). [SH11].

However, decoder-based evaluation and end-to-end optimization have a few limitations. First, decoder-
based evaluation metrics require full ground truth knowledge of the object or some of its properties,
which limits their application to simulations and laboratory settings that may not generalize to real-
world conditions. Second, this joint evaluation conflates encoder and decoder performance, since
low performance could result from either insufficient encoded information or the decoder’s failure
to utilize it. Finally, neural network-based decoders require substantial compute and may create
backpropagation challenges in end-to-end optimization [[11} [12].

Directly quantifying information in measurements provides an alternative approach that avoids the
limitations of decoders. Mutual information quantifies how much object information survives the
encoding and measurement processes [[13H37,13]]. Equivalently, it quantifies how much a measurement
reduces an observer’s uncertainty about the object.

Mutual information also unifies traditionally separate aspects of measurement quality, enabling mean-
ingful comparison between systems that make different trade-offs among these factors (Sec. [S1.2)).
For example, it captures the combined effect of resolution, signal-to-noise ratio, sampling, and
quantization on information preservation [[17, 125} 38]].

Despite these benefits, practical estimation of mutual information has been challenging. Previous
approaches fall into two categories, each with significant limitations.

The first approach overestimates information because it models an imaging system as an unconstrained
communication system [[13} [15H18] 23] 28] 137]]. While communication systems assume encoders can
transform any input into any output without physical constraints, imaging systems cannot achieve
this because lenses, sensors, and other hardware impose fundamental limitations. These theoretical
calculations can therefore produce highly inaccurate estimates (Fig. [S6).

The second approach explicitly models the objects being imaged, relying on assumptions about object
properties that are difficult to verify in practice [30H35]]. These object models must also be developed
case-by-case for each object type, limiting their generality.

To address these limitations, we developed a framework for estimating mutual information directly
from measurement of unknown objects. Our approach requires only two inputs: a dataset of
measurements and a model of the system’s noise. By fitting models to actual measurements rather
than assuming object properties or ignoring encoders’ physical constraints, the method readily adapts
to diverse imaging modalities and performance trade-offs. Our framework enables computationally
efficient optimization when designing systems through simulation, as well as quantitative evaluation
of real imaging systems operating in the field.

This paper is organized as follows: Section[2]presents the theoretical framework for estimating mutual
information from measurements. Section [3|describes implementation through three probabilistic
models and validates their accuracy. Section%] demonstrates that information estimates predict system
performance across four imaging applications: color photography, radio astronomy, lensless imaging,
and microscopy. Section [5|introduces our method for automated imaging system design through
gradient-based optimization, Information-Driven Encoder Analysis Learning (IDEAL). Section[6]
considers implications and future research directions.



2 Mathematical framework

This section shows how to overcome the inherent statistical and computational challenges of mutual
information estimation by progressively decomposing the estimation problem using key properties of
imaging systems. First, deterministic encoding makes it possible to focus on the relationship between
clean images and noisy measurements rather than the more complex object-measurement relationship.
Second, the known statistical structure of noise in imaging systems enables decomposing the estima-
tion problem into two simpler subproblems. Finally, the constraint of only having measurement data
(on real imaging systems) informs the selection of estimation approaches for each subproblem.

To formalize this approach, we model imaging systems as a chain of probability distributions (Fig. [I).
Consider photographing trees: a probability distribution over objects captures how trees vary in size,
shape, and species. An encoder (a camera with particular lens and position) maps each possible
tree to a noiseless image on the sensor. Detection noise corrupts these ideal images, creating the
measurements that sensors actually record [[13} 22} 30} 39} 140] (Sec.@.

Mutual information provides a metric for comparing encoder designs by quantifying how well
measurements can distinguish different objects. Information losses occur at two stages: during
encoding (e.g. from finite resolution or sampling) and during measurement (from noise).
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Figure 1: Information estimation for imaging systems. An encoder (e.g., an optical system) maps
unknown objects to noiseless images X. Noise corrupts these images to produce measurements
Y. The information estimator uses these measurements and a noise model to quantify how well
measurements distinguish noiseless images (and thus objects under deterministic encoding). The

estimate [ (X;7Y) enables both encoder evaluation and design optimization.

Mathematically, we model images and measurements as probability distributions over vectors. An

image with D pixels is a vector x = (z1,2,...,Zp), where x, represents the energy at the kth
pixel. The probability distribution p(x) = p(z1, 2, . . ., £ p) describes the likelihood of each possible
image. Similarly, a noisy measurement is a vector y = (y1, y2, - . . , yp) with distribution p(y).

Quantifying object information in measurements becomes tractable through the widely-used as-
sumption of deterministic imaging systems. The object-measurement mutual information 7(O;Y)
requires working with the joint distribution of objects and measurements, which is unknown in real
systems. However, deterministic encoders, which always produce the same noiseless image for each
object, enable estimation of I(X;Y) instead. This deterministic encoder assumption applies broadly
in practice and holds by construction in simulated design.

Intuitively, this equality holds because all variations in noiseless images come from variations in
objects when encoders are deterministic. Thus, any image information that survives the measurement
process must have also come from the object. Mathematically:

Deterministic Information Transfer Theorem. For a Markov chain O — X — Y, if X = f(O)
for some deterministic function f, then I(O;Y) = I(X;Y).

(See supplement for proof (Sec. [ST.1)).

Even the more accessible I(X;Y) estimation problem requires handling the high-dimensional
joint distribution p(x, y). Estimating mutual information between high-dimensional variables from



samples is notoriously challenging [41H50]. Without strong assumptions, estimation requires sample
sizes that grow exponentially with dimensionality, suffers from high bias and variance, and lacks
formal guarantees [51146].

Furthermore, the majority of existing estimation methods assume access to a dataset of paired
samples {x(), y()}N While these are available in simulated systems, real systems only provide
noisy measurements {y(l) Y without corresponding noiseless images.

Fortunately, imaging systems have well-characterized noise processes p(y | x) from physical models
or calibration [40]. This knowledge, combined with the deterministic encoder property, enables
decomposing I(X;Y) into entropy terms that can be estimated from noisy measurements alone:

I(X;Y) = H(Y) ~ H(Y|X) ()

H(Y) quantifies total variation in measurements from both objects and noise. H (Y|X) quantifies
variation from noise alone. Their difference I(X;Y) isolates noiseless image-induced variation in
measurements, which equals the object information preserved when encoders are deterministic.

These entropy terms can be expressed as expectations:

H(Y) =E[-logp(Y)] 2
H(Y|X) =E[~logp(Y | X)] A3)

The H(Y|X) term further simplifies under the assumption of independent noise across pixels,
reducing the conditional entropy H(Y|X) from a high-dimensional integral to a sum of single-pixel
entropies: H(Y|X) = Zil H(Y;|X;) (Sec. . Imaging systems commonly satisfy this
assumption [40].

The H(Y) term requires learning from data. The true distribution p(y) is unknown but its entropy
H(Y) can nonetheless be upper bounded by fitting a parametric model py(y) to a training set of
N measurements {y(” 1V and computing the cross-entropy on a held-out test set of M additional
measurements:

1 M ,
H(Y) <E[=logpy(Y)] = =77 D _logpe(y") @
=1

This upper-bounding approach reliably estimates entropy in complex real-world distributions without
knowing the true probability [52].

Furthermore, cross-entropy provides a principled way to compare models. Since cross-entropy
between true and estimated distributions always exceeds true entropy, models achieving lower
cross-entropy values produce more accurate estimates.

Subtracting our estimate of H(Y|X) from this upper bound on H(Y) yields our estimate of the
mutual information (X;Y).

3 Probabilistic models for information estimation

Practical implementation of our framework requires choosing probabilistic models to fit both mea-
surements and noise processes. For measurements, users face a fundamental trade-off: expressive
models capture complex distributions accurately but demand substantial data and compute, while
simpler models train faster using fewer resources but may overestimate information. To address this
trade-off, we developed and tested three models spanning the expressivity-efficiency spectrum: a
stationary Gaussian process, a full Gaussian process, and an autoregressive Pixel CNN model [S3H55I].
For noise modeling, users must select an appropriate model and (on real systems) fit its parameters
using only noisy measurements.



This section details the three measurement models and validates their performance through experi-
ments that establish practical guidance for model selection in different scenarios.

Measurement model assumptions. Our models differ in two key assumptions: whether measure-
ments follow a multivariate Gaussian distribution and whether pixel statistics are translation-invariant
(stationary). Violated assumptions yield worse fits that overestimate information. For example, Gaus-
sian models cannot capture many types of statistical structure that are present in real measurement
distributions, such as the bimodal statistics of measurements of MNIST handwritten digits (Fig. [S13).
Meanwhile, stationary models fail with position-dependent artifacts like sensor defects or illumination
gradients.

We processed images as patches rather than full images for computational efficiency. Larger patches
capture more spatial relationships (Fig.[S12)) but require more computation; smaller patches provide
more training samples and permit smaller models.

Model types. We tested three models with different expressivity-efficiency trade-offs.

Table 1: Comparison of probabilistic models for information estimation. Training times measured
on 20 x 20 patches using an NVIDIA RTX A6000 GPU. Stationary Gaussian training time range
reflects optional optimization for numerical stability.

Model Data Efficiency Training Time Expressivity Gaussian Stationary
Stationary Gaussian  Highest ~0.1-10s Lowest v v
Gaussian (full cov.) Medium ~0.1s Medium v

PixelCNN Lowest ~100s Highest

Estimator consistency. We validated convergence behavior on both simulated data with known
ground truth and real imaging data. On simulated data from a stationary Gaussian process with
additive noise, all three models converged to the analytically-calculated mutual information, with the
stationary Gaussian converging fastest since the test data matched its assumptions (Fig.[S16a). On
real imaging data, all models converged to stable, though different, values. Pixel CNN consistently
achieved the lowest entropy bounds, indicating the most accurate estimates, while Gaussian models
plateaued at higher values due to their inability to capture non-Gaussian statistics (Fig.[S16p,c). Based
on these convergence results, we used ~1,000—10,000 patches of ~ 20 x 20 pixels for subsequent
experiments, balancing computational efficiency with estimation accuracy.

Model selection. Based on our validation results, we recommend selecting models according to
available resources and data characteristics. The stationary Gaussian provides reliable estimates with
limited data, PixelCNN maximizes accuracy when computational resources and data are abundant,
and the standard Gaussian balances ease of computation with reliable performance. While PixelCNN
generally provides the most accurate estimates, the performance difference may be smaller for
data with approximately Gaussian statistics, making simpler Gaussian models reasonable when
computational resources are limited. Fitting multiple models and selecting the lowest entropy
estimate yields the most reliable results when feasible.

Noise model validation. Noise processes in imaging systems proved far simpler to model than
measurement distributions, making H(Y|X) estimation straightforward. While this required iden-
tifying the correct noise model and fitting its parameters, the structure of imaging noise allows
the framework to remain robust to somewhat inaccurate noise modeling. Object-independent noise
(thermal, dark current) affects all measurements equally, so any model error simply shifts all estimates
by the same constant, preserving encoder rankings. Object-dependent noise (shot noise) arises from
well-understood quantum processes with established mathematical models, facilitating accurate
characterization.

We tested one key challenge specific to shot noise and confirmed our framework handles it success-
fully: shot noise parameters depend on the noiseless image that real systems cannot observe. We
validated that accurate entropy estimation remained possible using only noisy measurements. Our
estimators succeeded across a wide range of photon counts, deviating from the true value only below

~20 photons per pixel (Fig.[ST8).



4 Validation across imaging applications

Theoretical results establish that mutual information limits achievable decoder performance [56H59],
but estimates of information inevitably contain error. If information estimates accurately capture
what limits real decoder performance, they should correlate with decoder-based evaluation across
diverse imaging systems. We tested this relationship by comparing information estimates against
decoder performance across four imaging systems spanning different modalities, noise regimes, and
tasks, with decoders ranging from classical signal processing to modern neural networks.

Across all four systems, information estimates predicted decoder performance, validating their use for
additional settings where decoders face computational challenges or cannot be used because ground
truth data is unavailable.

Color photography. Digital cameras encode color on monochrome sensors using color filter arrays
in front of their pixels. These arrays filter incoming light so that each pixel (traditionally) detects only
red, green, or blue light, and demosaicing algorithms decode the raw measurements to reconstruct
full-color images at the full sensor resolution. Beyond the traditional Bayer pattern (a 2x2 grid
with two green, one red, and one blue pixel) (Fig. E}i, bottom), recent end-to-end learned designs
incorporate white (i.e. no color filter) pixels together with neural-network-based decoders [60,(61]] to
improve reconstruction quality.

Our information estimates predicted reconstruction quality across three color filter designs, enabling
the evaluation of designs without reconstruction algorithms or ground truth data (Fig. Za). We
tested the traditional Bayer pattern, a random arrangement of red, green, blue, and white filters, and
a learned arrangement of these filters [61]. Using natural images [62, 63] with simulated photon
shot noise, we estimated information content for each design and reconstructed full-color images
using neural network demosaicing [[61]. Higher mutual information consistently predicted better
reconstruction across all quality metrics—mean squared error (MSE), peak signal-to-noise ratio
(PSNR), and structural similarity index measure (SSIM) (Fig.[S20).

Black hole imaging. Radio telescope arrays can achieve the angular resolution of an Earth-sized
telescope by combining data from global sites, enabling images like the Event Horizon Telescope’s
MS87 black hole image [64]]. Selecting optimal telescope locations for next-generation arrays remains
computationally challenging: each site’s value depends on all others, and reconstructing images
for every possible configuration is computationally intractable [65]]. Thus, current approaches use
simplified metrics that can miss important imaging features [63]].

Our information estimates predicted reconstruction quality across telescope array configurations,
enabling telescope site selection without computationally expensive image reconstruction (Fig. 2b).
Using four-telescope subsets from the original Event Horizon array, we simulated measurements
with additive Gaussian noise and compared information estimates to the error in black hole images
generated by an iterative inverse problem optimization. Higher information estimates consistently
produced more accurate reconstructions (Fig.[S20).

Lensless imaging. Lensless imagers replace traditional lenses with light-modulating masks, offering
simple hardware, wide field-of-view, and the ability to encode depth and time information in single
measurements [66]. Their encoded measurements bear no visual resemblance to scenes and vary
dramatically between designs, requiring computational reconstruction for both image recovery and
performance evaluation.

Our information estimates predicted reconstruction quality across three optical designs, enabling
evaluation of unconventional optics without image reconstruction (Fig.[2c). We tested a traditional
lens, random microlens array [67], and Gaussian diffuser [68]] using natural images with simulated
photon shot noise at various light levels. Higher information estimates consistently correlated with
better reconstruction accuracy across all designs and noise conditions (Fig. [S20).

Coded illumination microscopy. LED array microscopy replaces standard illumination with
programmable light sources to flexibly generate different contrast modes at low cost by varying angle,
intensity, and coherence [69, [70]. Optimal illumination patterns depend heavily on imaging tasks,
making theoretical evaluation difficult and necessitating empirical comparison through task-specific
decoders [71,[72]].
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Figure 2: Information estimates predict decoder performance across four imaging applica-
tions. Each row shows representative objects, three encoder designs, example measurements, and
the relationship between information estimates and a representative decoder performance metric
(see Fig.[S20|for all metrics). a) Color photography: Bayer, learned, and random filter arrays with
neural network demosaicing [61]. b) Radio astronomy: Three telescope array configurations with
inverse problem reconstruction. ¢) Lensless imaging: Lens, microlens array, and diffuser with Wiener
deconvolution. d) LED array microscopy: Brightfield, differential phase contrast, and single-LED
illumination with neural network protein expression prediction.
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Our information estimates correlated with protein prediction accuracy across three illumination
patterns, enabling evaluation of microscopy designs without time-consuming and expensive protein
labeling experiments (Fig. 2d). We tested brightfield, differential phase contrast [73, [74]], and
single-LED illumination measurements of white blood cells [75] with added simulated photon shot
noise to equalize photon counts. Higher information estimates generally predicted better neural
network classification performance, though single-LED showed inflated estimates due to optical
imperfections (Sec. [S4.1).

4.1 Task-specific information

While information estimates strongly predict reconstruction performance, they may correlate less
strongly with specialized tasks that rely only on specific features of measurements. Systems that
preserve specific task-relevant information can outperform those capturing more total information
indiscriminately [31} [76l.

Our experiments confirmed that specialized tasks show weaker correlations between information
estimates and decoder performance. We tested this by switching from reconstruction to a classifi-
cation task for the lensless imaging system (Fig.[S22). This classification task uses only ~1% of
the information in measurements (Sec.[S4.2). We found that designs with similar total information
achieved different classification accuracies, likely reflecting different amounts of task-specific infor-
mation captured (Fig.[S20). A similar pattern may explain the microscopy results (Fig. 2id), where
single-LED illumination yielded less accurate protein predictions than differential phase contrast
despite higher information estimates.

These findings motivate extensions that optimize task-specific rather than total information. By
decomposing information into task-specific and task-irrelevant components (I(Y;0) = I(Y; T) +
I(Y;0|T)), future work could target specialized tasks while maintaining decoder-independent

evaluation (Sec.[S2.8).

5 Encoder design via information maximization with IDEAL

Having validated that information estimates can assess encoder quality directly from measurements,
we tested their ability to guide computationally efficient design optimization. To realize this capability,
we developed Information-Driven Encoder Analysis Learning (IDEAL), which iteratively improves
encoder designs through gradient ascent on information estimates (Fig. 3h). IDEAL requires only a
differentiable encoder model and a dataset or model representing the objects to be imaged, avoiding
the memory and compute requirements and backpropagation challenges of complex neural network
decoders.

IDEAL successfully optimized color filter arrays, creating encoders that capture more information
and enable better reconstruction. Testing on photography filters with red, green, blue and white pixels,
IDEAL progressively improved filter designs compared to a random initial filter (Fig.[3p). To validate
the optimization, we trained decoders on measurements from designs at different optimization stages,
and found that reconstruction accuracy increased from beginning to end (Fig. 3c). Furthermore,
our PixelCNN estimator independently confirmed that information content increased throughout
optimization, validating that the faster Gaussian model used as our objective successfully guided the
design process. IDEAL achieved comparable information content and decoder error to end-to-end
optimization [61]], which jointly trains both encoders and decoders. This encoder-only approach offers
advantages in simplicity, memory, and runtime, which are studied in greater depth in subsequent
work [[77]].

6 Discussion

In this work, we developed a broadly applicable and computationally efficient method that comprehen-
sively captures imaging system performance by quantifying the information content of measurements.
The method applies broadly because it uses only measurement data and noise characterization, with-
out requiring any knowledge or assumptions about objects or system-specific mathematical models.
It captures comprehensive performance because mutual information naturally synthesizes resolution,
noise, sampling, and all other factors that affect the ability to distinguish different objects into a single
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Figure 3: Information-Driven Encoder Analysis Learning (IDEAL) designs encoders through
gradient ascent on information estimates. a) IDEAL framework applied to color filter design:
gradient feedback from information estimates updates parameters of a differentiable filter model to
maximize information capture. b) Estimated information increases monotonically during optimization.
¢) The final IDEAL-optimized encoder matches the performance of jointly optimizing encoders
and decoders end-to-end [61] in terms of both downstream reconstruction error and measurement
mutual information, while avoiding decoder complexity during training. We further study IDEAL in
comparison to end-to-end in subsequent work [77].

metric. It achieves computational efficiency by evaluating encoders directly, bypassing the traditional
approach of using decoder algorithms to perform secondary tasks and then measuring success on
those tasks.

We validated that our approach realizes these advantages while matching traditional decoder-based
evaluation and design strategies across color photography, radio astronomy, lensless imaging, and
microscopy. Information estimates consistently predicted which designs would enable decoders
to reconstruct unknown objects most accurately. Additionally, we demonstrated that information
estimates can guide automated design of imaging systems using IDEAL (Information-Driven Encoder
Analysis Learning), achieving comparable performance to the prevailing approach of end-to-end
optimization through an encoder and decoder simultaneously.

Information-based evaluation offers computational advantages that suggest promising capabilities for
designing previously intractable imaging systems in simulation. By avoiding decoders, the approach
eliminates the memory requirements of large neural networks and the training complexity of joint
optimization, such as vanishing gradients that arise during backpropagation through complex archi-
tectures [[11}[12]. This reduced computational burden enables more effective exploration of design
spaces and may allow for tackling new problems where end-to-end design becomes computationally
intractable. We explore IDEAL'’s capabilities and limitations more extensively across diverse imaging
systems in subsequent work [[77]].



Beyond simulated design, our method creates entirely new possibilities for rigorously evaluating
imaging systems operating in real-world conditions. Current evaluation approaches each have
significant limitations: subjective visual assessment of raw measurements or algorithm outputs
suffers from observer bias and inconsistency; heuristic quality metrics applied to algorithm outputs
are unreliable for powerful neural network decoders that can hallucinate convincing but incorrect
details [[78]); assessments like signal-to-noise ratio capture only isolated system aspects rather than
overall capability; and standardized test objects like resolution targets may not represent the diversity
of real-world objects. Our information-based approach addresses these limitations by providing
an objective, unified metric that quantifies measurement quality without requiring knowledge or
assumptions about the objects being imaged. Our approach thus enables rigorous and comprehensive
evaluation of imaging systems capturing unknown objects in their intended environments.

More broadly, our method may aid in discovering signal in measurements that appear unintelligible
to human observers. Information theory suggests that optimal encoders produce measurements that
appear random or noisy to maximize entropy and ensure small object changes remain distinguish-
able [79,180]. Such measurements would naturally appear unintuitive to human observers who are
selectively sensitive to specific visual features [1l]. Laser speckle patterns hint at this possibility:
once routinely suppressed as unwanted noise[40], they can now be effectively interpreted by neural
networks|[|81H83]].

Extensions and future directions

Beyond our framework’s primary applications to the evaluation and design of imaging systems,
several promising directions could improve its capabilities, extend its theoretical foundations, and
enable its application to new classes of design problems.

Performance improvements. Better probabilistic models could improve the estimator’s accuracy.
Transformer architectures [[84] exhibit predictable scaling laws [52 185]], enabling either deployment
of larger models for more accurate estimates or extrapolation of true information content using scaling
relationships on smaller models. Alternatively, specialized architectures might achieve equivalent
accuracy with fewer computational resources.

Stochastic encoders. Extending the framework to handle non-deterministic imaging systems would
broaden its applicability. Two scenarios require this extension: systems with unpredictable varia-
tions like illumination fluctuations or mechanical drift, and quantum imaging regimes where image
formation is inherently random [86-88]]. We outline key challenges for this extension in the supple-
ment (Sec.[S2.7), though practical validation remains future work.

Task-specific imaging. Extending the framework to specialized tasks would address applications
where maximizing total information may be suboptimal. While our approach captures performance
well on reconstruction tasks that require recovering objects in complete detail, information estimates
less accurately characterize performance when decoders perform tasks such as classification that
prioritize specific object features. Modifying the objective function our estimator (Sec.[S2.8) might
address this limitation. Alternatively, optimization for general performance with IDEAL could
provide a starting point for task-specific refinement using end-to-end design methods [12] that
reduces labeled data requirements.

Design in non-differentiable systems. Information estimation could enable optimization of non-
differentiable imaging systems where neither end-to-end design nor IDEAL would apply. This
includes combinatorial design problems in simulation and real-time parameter adjustments in de-
ployed imaging systems. Both applications require efficient objective functions that can be evaluated
repeatedly during gradient-free optimization. Subsequent work has applied information estimation to
non-differentiable imaging system design [89].

Other sensing modalities. Information-theoretic design principles could extend beyond imaging
to optimize performance in electronic, biological, geological, and chemical sensors. Our method
could potentially apply to any sensing system that can be modeled as a deterministic encoding with a
known noise model, suggesting possibilities for systematic sensor design across diverse domains.
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Project website

https://waller-lab.github.io/EncodingInformationWebsite/

Code

https://github.com/Waller-Lab/EncodingInformation.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
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Justification: The abstract and introduction accurately present the paper’s contributions:
developing a mutual information estimation framework for imaging systems that works
without ground truth data, validating it across diverse applications, and demonstrating it can
both evaluate existing systems and optimize new ones. Each claim is substantiated with
experimental evidence in the corresponding sections of the paper.

Guidelines:

¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The paper discusses key limitations including: 1) our approach helps optimize
data capture but doesn’t solve the decoding challenge ((Sec. [6)), 2) not all information
contributes equally to specific tasks, as shown in Section [S2.8| 3) future work could improve
the accuracy-compute tradeoffs of our estimators ((Sec. ,), and 4) our supplementary mate-
rials (particularly Figure [ST3)) experimentally demonstrate specific failure cases of different
models, showing when simpler Gaussian models are inadequate and more sophisticated
models like PixelCNN become necessary.
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* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
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implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.
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* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [NA]
Justification: We did not prove any theoretical results in this work
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We’ve provided extensive supplementary materials and documentation of
methods, and all data and code is open source. The code is anonymized and included along
with the submission.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.
While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.
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(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We include with our submission a zip file of the full (anonymized) codebase,
including a README that links every experiment/figure to the particular code and data
needed to reproduce it.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: In methods section, as well as included supplementary code that produces all
results.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
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Answer: [Yes]

Justification: We provide error bars on all experiments where applicable, or we note that
error bars are smaller than the size of markers shown.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Figure shows the compute needed. This is representative of all of our
information estimation experiments. We also provide details about computational resources
needed for other experiments in the methods section.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: This research complies with the NeurIPS Code of Ethics by ensuring proper
data attribution and licensing, addressing limitations transparently, providing reproducible
results with open-source code, and considering potential applications across domains without
introducing harmful capabilities. The paper focuses on fundamental research in informa-
tion theory for imaging systems with applications in beneficial areas like microscopy and
astronomy.

Guidelines:
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» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Since this work is foundational research that is not tied to any particular
application, it is unclear to us what the societal impacts might be. However, we would gladly
discuss any concerns the reviewers might point out.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

» If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible

release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: It’s not clear to us what would be needed for this research.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
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13.

14.

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Licenses are explicitly mentioned in the supplement/methods where each
dataset is first described.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: Yes, we include all code and documentation of how to use it.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.
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15.

16.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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S1 Information encoding formalism

Information theory enables quantification of uncertainty and randomness. A formal mathematical
model of uncertainty and randomness requires probability. Thus in order to use information theory to
analyze imaging systems, we must model them probabilistically.

This section assumes familiarity with probability and information theory fundamentals. A tutorial
introduction to these concepts can be found in previous work [90], as well as the textbooks [91}80]
and Shannon’s original paper [79].

S1.1 Minimal probabilistic model of an imaging system
The minimal probabilistic model we present has been widely used in information-theoretic analyses
of imaging systems [[13} 22} 301[39] and builds on established principles in statistical optics [40].

This minimal imaging system model involves three random variables (Fig. [ST):

* The object has physical properties we want to measure

* The noiseless image is created when the imaging system encodes object properties through
physical processes (e.g., electromagnetic fields in optical systems, pressure waves in ultra-
sound)

* The noisy measurement results from detection noise corrupting the noiseless image

Each variable is modeled as random to capture our uncertainty about its true value.

Information can be lost at two stages: During encoding, information may be irretrievably lost
when creating the noiseless image (e.g., spatial frequencies beyond the system’s passband). During
detection, measurement noise further corrupts information present in the noiseless image. The goal
of an imaging system is to preserve as much object information as possible through both encoding
and detection.

Mathematically, these variables form a Markov chain with joint distribution:

p(o,x,y) = p(o)p(x | 0)p(y | x)
where:

* p(0) is the distribution of possible objects
* p(x | 0) is a mapping from objects to noiseless images

* p(y | x) represents the detection noise process

The relationship between object, noiseless image, and noisy measurement can be understood in two
directions:

» Forward: Object — Noiseless Image — Noisy Measurement
p(o,x,y) = p(o)p(x|o)p(y[x)

* Reverse: Noisy Measurement — Noiseless Image — Object
p(o,x,y) = p(y)p(x|y)p(o[x)

The Data Processing Inequality [80] reveals key limitations in each direction:

 Forward: I(O;X) > I(O;Y) - noise can only reduce information about the object.

* Reverse: I(Y;X) > I(Y; O) - the measurement’s ability to carry information about the
object is limited by the information it carries about the noiseless image.

In our model, encoding is deterministic - each object maps to exactly one noiseless image (p(x | o)
is a Dirac delta function). This means the noiseless image’s randomness comes entirely from object
uncertainty. Consequently, any information the measurement contains about the object must equal
the information preserved through noise: 1(Y;X) = I(Y; O).
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Deterministic Information Transfer Theorem. For a Markov chain O — X — Y, if X = f(O)
for some deterministic function f, then I(O;Y) = I(X;Y).

Proof. Since I(0;Y) = H(Y) — H(Y|O) and I(X;Y) = H(Y) — H(Y|X), we need to show
H(Y|0) = H(Y|X).

From the deterministic condition X = f(O): knowing O completely determines X. Therefore,
conditioning on O is equivalent to conditioning on both O and X:

H(Y[O) = H(Y|0,X) )
From the Markov property O — X — Y:

H(Y|O,X) = H(Y[X) ©)
Therefore, H(Y|O) = H(Y|X), which implies I(O;Y) = I(X;Y). O

This equality is powerful - it means we can evaluate imaging system performance by measuring infor-
mation between noiseless images and noisy measurements (I (X;Y)), without having to characterize
the more challenging distribution over possible objects (p(0)). While simplified object models can
provide valuable insights - as in the two-point resolution case (Sec.[S1.4.1)) - real objects are rarely
known well enough to create accurate models. By focusing on I(X;Y), we can develop practical
methods for estimating information in imaging systems.

_ Noiseless Noisy
Object image measurement
Encoder Detector
%
o
{
.;’

Figure S1: A minimal probabilistic graphical model of an imaging system. Three key variables
describe the imaging process: (1) the object, which has unknown physical properties we want to
measure, (2) the noiseless image, created when the imaging system encodes object properties through
a deterministic process, and (3) the noisy measurement, produced when detection adds random noise
to the noiseless image. The arrows show how information flows: the measurement can only reveal
information about the object if that information was preserved in the noiseless image.

S1.1.1 Separation of encoding and noise

This minimal model, which separates image encoding from detection noise, has been widely used in
information-theoretic analyses of imaging systems [13} 122} 30, |39]] and general imaging models [92].
For optical systems, this separation is justified by the “semi-classical” approach common in statistical
optics [40]]. This method treats light classically until it reaches the detector, where quantum effects
introduce noise. Optical systems can experience two types of noise:

¢ Classical noise from fluctuations in light intensity (e.g., thermal light from a bulb or intensity
variations in laser light)

* Quantum ‘‘shot” noise from the random arrival times of individual photons at the detector
In the visible spectrum, quantum noise typically dominates classical noise. This justifies treating light

propagation as deterministic until it reaches the detector, where quantum effects become significant.
This physical reality supports separating encoding and detection in optical systems.
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S1.1.2 Visualizing high-dimensional distributions in energy coordinates

The probability distributions over images (p(y)) and measurements (p(x)) are high-dimensional,
and thus not possible to visualize directly. In microscopy, for example (Fig.[S2j), a microscope
transforms a distribution of possible cells into noiseless images, which detection then converts into
noisy measurements. To provide insight into these complex distributions, we adapt a representation
from [93] (Fig.[S2p). This representation, which we call energy coordinates, offers a complementary
perspective to the traditional spatial coordinate representation, enabling a more comprehensive
understanding of image distributions and information flow in imaging systems.

Traditionally, images are represented in spatial coordinates — the normal way to show images, where
each pixel’s intensity is plotted at its corresponding position in a 2D space. In this representation,
each displayed image is a single sample drawn from the underlying probability distribution of all
possible images. While intuitive and familiar, this representation doesn’t directly convey the statistical
properties of image distributions, as it only shows one or a few instances at a time rather than the full
range of possibilities and their relative probabilities.

Alternatively, image distributions can be visualized in the energy coordinate representation, which
shows the probability mass over pixel values. In this representation, each image of D pixels is a
D-dimensional vector, and the D-dimensional probability density function describes how likely each
image is. Low-dimensional projections of the full distribution, such as the marginal distribution
p(xy) or the joint distribution p(x, ;) of two pixels can be plotted and provide insight into the full
D-dimensional distribution’s behavior.

Visualizing the distribution of noisy measurements for a single noiseless image (i.e., p(y | x)) in
energy coordinates demonstrates the effect of measurement noise (Fig. [S2c). Noise spreads the
probability mass further from the point corresponding to the noiseless image, which increases the
overlap between noisy distributions of different images. This overlap makes it harder to determine
the true object from a noisy measurement, with the extent of overlap determining how much object
information is lost due to noise corruption.

The energy coordinate representation is particularly useful for comparing different imaging modali-
ties (Fig.[S2[d). For example, when comparing two microscope illumination patterns with different
spatial coherence, energy coordinates reveal how the encoders affect image distinguishability. An
encoder using spatially incoherent illumination maps different objects to more similar images, re-
sulting in overlapping measurement distributions that are difficult to distinguish. In contrast, an
encoder using spatially coherent illumination creates more distinct images, leading to measurement
distributions that remain separable even in the presence of noise. This visualization demonstrates how
different illumination patterns affect the information content of the resulting measurements, with more
distinct encoded images being more robust to noise corruption. This concept of distinguishability in
the presence of noise is identical to the two-point resolution problem (See [Probabilistic two-point]
[resolution)), only with spatial coherence as the variable parameter instead of signal-to-noise ratio
and resolution. This demonstrates how the information-theoretic approach comprehensively captures
imaging system performance while abstracting away the specific physical details of different imaging
modalities.

S1.1.3 Mathematical formalism for encoders

There is a family of encoders £ consisting of functions ey : O — X, where O is the domain - the
space of possible objects, X is the codomain - the space of possible noiseless images, and 6 is the
parameter(s) that define a particular encoder. For example, in the case of a linear, shift-invariant
encoder, £ would be the set of all linear, shift-invariant functions and 6 would define a specific point
spread function.

The action of an encoder is to take an object o € O and form a noiseless image x € X of it. This
noiseless image will then undergo a measurement process, resulting in a noisy measurementy € Y .
The measurement process is modeled as a conditional probability distribution Py |x, which describes
the probability of observing a particular noisy measurement given a particular noiseless image.

The information carried by noisy measurements is determined by the distributions Py|x and Px.
It is quantified by the mutual information between the noiseless image and the noisy measurement,
I(X;7Y), which can be expressed as:
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Figure S2: Probabilistic modeling and visualization of imaging systems. a) Probabilistic model of
microscopy, in which a distribution of objects (cells) are encoded to a distribution of images by a
microscope and detected as noisy measurements. b) Two complementary ways to visualize measure-
ment distributions: spatial coordinates show all pixels for a few samples, while energy coordinates
show the full probability distribution for selected pixels. ¢) Visualization of how measurement noise
affects distributions: as noise increases, measurement probability spreads further from the noiseless
value. d) Demonstration of how encoder design affects information preservation: more distinct
noiseless images (right) create measurements that remain separable even with noise, while similar
images (left) produce overlapping distributions that make object discrimination harder.

[(X:Y) = Bxy [log (W)] ™)

where p(x,y) is the joint probability of observing a particular noiseless image and a particular noisy
measurement, and p(x) and p(y) are the marginal probabilities of observing a particular noiseless
image and a particular noisy measurement, respectively.

Better encoders will produce noisy measurements that contain higher mutual information. It it thus
of interest to investigate what limits the mutual information. One way of doing this is based on a
decomposition of the mutual information into two terms:

I(X;Y)=H(X)-HX|[Y) ®

H(X) is the entropy of the noiseless images, and H(X | Y) is the conditional entropy of the
noiseless images given the noisy measurements, which quantifies the uncertainty about the noiseless
images that remains after observing the noisy measurements.
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There are multiple ways of mathematically modeling the space of noiseless images X, which depends
on whether the images are continuous or discrete over space and in energy. For example, a model of
noiseless images over continuous space and energy would be a space of continuous functions over
space which output real numbers corresponding to an amount of energy, whereas a discrete model
would be a space of finite-dimensional vectors that take discrete values (the number of photons) at a
discrete set of locations (the pixels). Combinations of these are also possible, such as a continuous
model over space and discrete model over energy, or a discrete model over space and continuous
model over energy.

With any model, the space of noiseless images is ultimately finite in some sense. Energy cannot be
infinitely concentrated in a single poinﬂ and the physics of wave-propagation effectively constrain
electromagnetic waves to a finite number of degrees of freedom [94]]. This means that even in the
continuous/continuous case, any noiseless image can be represented to an arbitrary level of precision
by a finite number of samples.

It is thus of interest to understand the limits of the entropy of the noiseless images, because this
will determine the limits of the mutual information. The space X will have either finite volume or
finite cardinality, as dictated by physical constraints. A uniform distribution over this space, in which
all noiseless images are equally likely, will have the maximum possible entropy. However, due to
their physical constraints, encoders will not in general be able to produce noiseless images that are
uniformly distributed over X, leading to an inefficiency in the amount of information that can be
carried by the noisy measurements.

S1.2 Probabilistic two-point resolution

To illustrate information-theoretic analysis of imaging systems, we first provide a simplified example:
the classic two-point resolution problem. Typically, resolution is determined by the Abbe diffraction
limit, which says that two diffraction-limited point sources will be “resolved” if they are sufficiently
far apart (at least A/(2N A), where NA is the numerical aperture). The Abbe criteria, however, does
not take into account the effects of noise, aberrations, coherence, or pixel sampling, among other
factors. Our mutual information analysis can naturally incorporate all these effects into a single
comprehensive metric.

We demonstrate with a simplified scenario, where the task is to distinguish between one point source
or two closely spaced dimmer point sources, in the presence of measurement noise. We can derive
the information content analytically for this idealized case (see Section[S1.4.1)) in which we model
the object as either one point or two half-energy points, with equal probability [95[96]. We assume
that the imaging system has a diffraction-limited point spread function, with measurements corrupted
by additive Gaussian noise (Fig.[S3p). This simplified setup allow us to examine how information
content accounts for both resolution and signal-to-noise ratio.

We seek to find the minimum numerical aperture needed to resolve two points that are spaced dd
apart. The Abbe diffraction limit says the numerical aperture should be at least A\/(2dd). However,
without noise we can theoretically resolve any arbitrarily spaced points. Conversely, if there is a lot
of noise, we need a larger numerical aperture than the Abbe limit predicts to resolve these same two
points. Below, we show how mutual information can quantify this interplay between resolution and
noise (Fig.[S3k), predicting the achievable classification accuracy (Fig. [S3pb).

With two equally probable object states, the maximum possible information is 1 bit. Since the optical
system is deterministic, it introduces no randomness and 7(O;Y) = I(X;Y) exactly, because the
randomness in the object distribution is the only source of randomness in the noiseless image. This
allows us to directly calculate the information preserved through the imaging process. Unlike the
general case where we must estimate the entropy of measurements H (YY) through a cross-entropy
upper bound, in this scenario we can derive the probability density of measurements analytically:

1 1
p(y) = iN(Y%XhUzI) + iN(Y;X%UQI)

!...without collapsing space into a black hole [94]
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Here, x; is a vector of pixels for a noiseless image of a single point, x5 is a vector corresponding to
two points, and A/ (y; p, 3) is the multivariate normal probability density function. o?I represents a
diagonal covariance matrix with additive Gaussian noise with variance o2 at each pixel.

Using this probability density, we can generate [N samples from the distribution of measurements
and use them to compute the entropy of measurements H (Y') using a Monte Carlo approximation:

H(Y) =E[-logp(Y)]
1 N
N ;bgp(yi)

In this case of additive Gaussian noise, H(Y|X) also has a closed form analytical expres-
sion (Sec.[S2.3.2). Subtracting these two quantities enables computation of mutual information
with error converging to zero as the number of samples increases.

In Figure [S3, we plot the mutual information for a range of diffraction-limited resolutions and
signal-to-noise ratios. As expected, there is a trend towards more information for higher resolution
(higher numerical aperture) systems and higher signal-to-noise ratio measurements. However, a high-
resolution measurement can contain less information than a low-resolution one, if the low-resolution
one has a sufficiently better signal-to-noise ratio. When mutual information is equal to 1 bit, the
measurements can be classified as coming from one or two point sources with perfect accuracy.
‘When mutual information is zero, the measurement contains no information about which of the two
scenarios it is, so the best classifier will only achieve 50 percent accuracy through random guessing.
Figure[S3pb shows this relation between mutual information and classification accuracy, after deriving
an optimal classifier analytically. As expected, the more information preserved in the measurement,
the better an optimal classifier can perform.

This two-point resolution example demonstrates how our unified treatment with information theory
can evaluate resolution limits with noise effects taken into consideration. Such analysis can be
extended to more complex imaging scenarios, where many different factors influence the encoder
(e.g. aberrations, filters) and the measurement quality (e.g. spectral sensitivity, coherence). While our
analysis here can provide valuable intuition about when two points will be “distinguishable,” real
imaging scenarios involve high-dimensional measurements of complex objects. The key insight car-
ries over: better encoders create measurements that are more distinguishable in the presence of noise.
The geometric interpretation of these high-dimensional probability distributions provides additional
insight into why information theory is well-suited for analyzing imaging systems (Sec. [ST.1.2).

S1.3 Encoder inefficiency in 1D

To understand how physical constraints limit information encoding, we expand on the 1D two-point
resolution example to analyze a more general 1D model system of an imaging system. This example
reveals a fundamental concept we call “encoder inefficiency” - the gap between theoretically optimal
encoding and what physical constraints allow.

The family of encoders £ studied were 1D bandlimited, nonnegative, linear-shift invariant, infinitely
periodic point spread functions. Figure [S4a shows the outputs of a representative encoder in this
family (i.e. a specific point spread function) acting on a distribution of delta function objects. This
system can be thought of as a simplified version of an imaging system that uses spatially incoherent
illumination, such as in photography or microscopy [97].

The set of possible output signals X for this family of encoders is identical to the set of possible point
spread functions: bandlimited, nonnegative, and infinitely periodic signals (Fig. ). These output
signals (which are analogous to the noiseless images in discussed in[Mathematical ;ramework) can
be viewed either in spatial coordinates, in which their energy density is plotted as a function of space,

or in energy coordinates (Fig.[S2), with values found by integrating areas of the signal corresponding
to “pixels.”

Signals cannot have both finite bandwidth and finite extent in space, and they thus require infinite
samples to represent with arbitrary accuracy in the absence of further constraints. This is typically
handled in one of two ways: treating signals as both band-limited and spatially finite and sampling at
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Figure S3: Mutual information captures imaging trade-offs between resolution and noise for a
simplified case of two-point resolution. a) Probabilistic model of two-point resolution: an object
(one point or two half-energy points) is blurred by a point spread function and corrupted by noise. A
binary classifier attempts to determine the object type from the measurement. b) The accuracy of
an optimal classifier is fundamentally limited by the information content of the measurements. c¢)
Information analysis reveals how resolution and noise interact: (Left) information in measurement
as a function of signal-to-noise ratio and diffraction-limited resolution. (Right) Example images,
measurements, and measurement distributions (at pixel locations x1 and x2). The top row and bottom
row achieve equivalent information with low-resolution, low-noise measurements and high-resolution,
high noise measurements.
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Figure S4: 1-dimensional model system. a) An object distribution (e.g. a randomly-located delta
function) and a linear, shift-invariant point spread function encoder. b) M-dimensional energy
coordinate representation of the set of all encodable signals in which each signal corresponds to a
single point.

finite density over finite extent; or considering band-limited signals with infinite spatial extent, which
asymptotically have finite degrees of freedom and can thus be sampled at finite rates with arbitrary
accuracy [94].

Here, we avoid these complications by considering band-limited signals that are infinitely periodic in
space. This means the signal can be represented exactly by sampling at the Nyquist rate over a single
period (because sampling beyond this period would yield the same values).

As a result of this simplification, there is a bijective mapping between the set of possible signals and
non-negative vectors in D-dimensional space—that is, each signal in the set corresponds to a point
in D-dimensional space (similar to the argument made in [93]]). This allows us to computationally
analyze this finite-dimensional space with insights that can be applied to the more complicated space
of continuous signals.

As discussed in [Visualizing high-dimensional distributions in energy coordinates| the effect of
measurement noise in the energy coordinate representation is to turn a point (i.e. a signal/image)
into a cloud of probability mass representing the possible noisy realizations of that signal/image.
Here we assume, without loss of generality, that all measurement noise is additive Gaussian (See
[Conditional entropy with additive Gaussian noise). The amount of information that can be encoded
is determined by how well dispersed the distribution of encoded signals can be in this space such that
the noisy versions of different signals minimally overlap. Thus, the volume of the space of possible
signals is critical: it determines how much room there is to map different objects to non-overlapping
signals. Though there are an infinite number of signals in the set, only a finite number can be
distinguished with a given level of certainty in the presence of noise.

What is the volume of the space of possible signals? Given that all signals have energy < 1, the
vector that defines their representation in energy coordinates must have L; norm also < 1. Thus, all
signals must correspond to points that lie inside the positive orthant of the L, unit ball. However,
not every point in this space will correspond to a valid signal: for example, a vector with a single 1
and the rest Os will not be possible, because this would entail concentrating all of the signal’s energy
within a single pixel.

It is unclear to us if there is an analytical expression that defines the set of possible signals, but we
can investigate the size of this set empirically. To do so, we set up an optimization problem in which
we pick a fixed object and a target energy coordinate representation of a signal (e.g. a vector with
a single 1 and the rest 0s). We then find the optimal point spread function that brings the object
closest to the target signal by optimizing an encoder to minimize this distance using gradient descent.
Repeating this experiment over a grid of target signals shows which signals can be reached, and
which cannot, thereby revealing the limits of the space of possible signals.
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Repeating this experiment with different fixed objects illustrates an important insight about encoders:
Their range is object dependent (Fig. [S5). This is a direct result of their physical constraints. The 1D
encoder in this simulation is representative of imaging systems governed by intensity point spread
functions [97]. Such encoders have at least two important physical constraints: 1) they can only
reduce energy (if they attenuate light) or preserve it. They cannot, for example, encode a dim object
to a signal with greater energy. 2) They can only disperse, and not re-concentrate, energy. Every
point spread function (under the constraints of non-negativity and linear shift invariance) can only
map objects to signals that are blurrier versions of themselves.

Figure [S5| shows the consequence of the second constraint for three different objects with equal
energy. The single delta function in the top row can be encoded to the broadest range of possible
signals, since it is the most concentrated to begin with. More dispersed objects, like the 8 delta
functions each with % energy in the bottom row can only be encoded to a smaller volume of possible
signals.
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Figure S5: Object-dependence of encoder range. The set of signals encodable from an object
depends on that object’s properties. More dispersed objects like the 8 delta functions (bottom) can
only reach a subset of the signals reachable from a concentrated delta function (top), despite equal
energies. This is due to physical constraints preventing reconcentrating energy. The closest encodable
signals to the target signals were found by solving an optimization problem to find the optimal
encoder that encodes the object to the target signal.

The range of a family of encoders for a fixed object of a particular type determines the volume of the
set of possible encoded signals, and thus places an upper limit on the amount of encoded information.
Physical constraints limit the functions an encoder family can implement. As a result, even optimal
encoders generally cannot achieve the theoretically ideal signal distribution (which would be uniform
over all possible signals when dealing with additive Gaussian noise). An encoder must handle not just
one object, but an entire distribution of objects. While we might find different encoders that each map
a specific object to a desired signal, no single encoder can optimally map all objects simultaneously.
This fundamental limitation prevents achieving the theoretically ideal signal distribution.
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Given three constraints - an object distribution, an energy limit on signals, and a noise model - the
optimal signal distribution maximizes mutual information between objects and encoded signals.
However, physical constraints and object-dependence often prevent encoder families from achieving
this optimum. We define “encoder inefficiency” as the gap between this theoretical optimum and the
best distribution achievable by a given encoder family.

We can measure encoder inefficiency experimentally using a simplified test case with delta functions
of unit energy at random positions as objects, and additive Gaussian measurement noise. Under these
conditions, the distribution of signals carrying maximum information has uniform probability over
the set of possible signals.

To find the best achievable distribution, we first use Information-Driven Encoder Analysis Learning
(IDEAL) (See [Encoder design via information maximization with IDEAL) to learn the optimal
encoder. We then generate random objects and encode them with this optimal encoder to sample
from the distribution of encoded signals, add noise, and estimate the mutual information. We use the
PixelCNN-based estimatmﬂ treating the signals as 2D images to match the estimator’s design.
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Figure S6: Physical constraints limit the amount of information that can be encoded. (Top
left) The optimal distribution of energy limited signals for additive, signal-independent Gaussian
noise is uniform (it appears non-uniform in this 2D projection of a 4D space). (Bottom left) The
best encodable distribution using an optimal point spread function is far from uniform. (Right) The
gap between the information in the optimal signal distribution and the best encodable distribution
quantifies the inefficiency of the encoder family.

The results of this experiment are shown in Figure[S6] The optimal point spread function encodes
objects to only a small fraction of the total volume of possible signals, resulting in encoded signals that
are significantly less random in appearance the the optimal uniform distribution of signals. (Note: the
energy coordinate representation of these signals shown on the left side is a 2-dimensional projection
of an D-dimensional space, with D = 4 for the picture shown, which is why the distribution appears
non-uniform.) The mutual information estimates shown on the right side demonstrate the gap between
the optimal distribution of signals and the best encodable distribution given the family of linear,
shift-invariant encoders.

S1.4 Effects of signal-to-noise ratio, resolution, and sampling on information

This same experimental setup can be used to investigate how different properties of the en-
coder/detection process, such as bandwidth, signal-to-noise ratio, and sampling density, affect
the amount of information that can be encoded. These experiments provide insight into the tradeoffs
between different system parameters as well as connections to the existing literature analyzing
information in imaging systems.

*We used PixelCNN for convenience, though estimators designed for 1D signals [98] [99] might provide
better accuracy.
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Signal-to-noise ratio Signal-to-noise ratio is a key parameter in imaging systems, and it is widely-
appreciated that higher signal-to-noise ratio is a desirable characteristic. For the additive Gaussian
noise measurement model, noise is fixed, and the signal-to-noise ratio is determined by the amount of
energy in the signal. It is simplest to consider the average signal-to-noise ratio over each signal, which
can be found by dividing the energy of the signal by the standard deviation of the noise. Choosing an
maximum average signal-to-noise ratio defines a set of signals that can be encoded, which consists of
all possible signals with this average signal-to-noise ratio or less. This set has a finite volume, and
thus a finite maximum amount of information that can be encoded. Within this set, there are subsets
of signals that each have the same signal-to-noise ratio.
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Figure S7: Effects of signal-to-noise, space-bandwidth product, and sampling density on en-
coded information. a) Samples from three different object distributions and the signals and noisy
measurements to which they are encoded with an optimal point spread function. b) The amount
of encoded information increases (Left) logarithmically with the average signal-to-noise ratio with
object-dependent rates, (Middle) linearly with the space-bandwidth product of the signal with object-
dependent rates. (Right) Sampling signals of fixed bandwidth at increasing densities increases the
amount of encoded information, but with diminishing returns across different signal-to-noise ratios
(for the 8 delta object distribution).

Sets of signals with higher average signal-to-noise ratios have increasing large volumes, and can thus
carry larger amounts of information. As described in the previous section, physical constraints of
encoders impose object-dependent limits on the the maximum amount of information that can be en-
coded. To test how the maximum average signal-to-noise ratio affects the amount of information that
can be encoded, we repeated the procedure described on three different distributions of objects: single,
randomly-located, unit energy delta functions, 8 randomly-located, delta functions each with 1 energy,
and unit energy white noise patterns (note, these are objects, not measurement noise) (Fig. ). The

46



results show that for all three object distributions, the best encodable distribution of signals grows
logarithmically with the average signal-to-noise ratio, with different objects having different absolute
amounts of information for a given signal-to-noise ratio (Fig.[S7p, left). This is consistent with the
intuition that higher signal-to-noise ratio allows for more information to be encoded, and that the
amount of information that can be encoded is object-dependent.

Space-bandwidth product Next, we tested the effect of signal bandwidth on information capacity.
Optical imaging systems are often characterized in terms of their space-bandwidth product [[100],
and the space-bandwidth product is often used synonymously with the word “information.” A more
accurate term for the space-bandwidth product is “degrees of freedom,” since it quantifies the potential
complexity of an electromagnetic field wave propagating through the system [94]. Information (in
Shannon’s entropy/mutual information sense) also depends on the signal-to-noise ratio and the object-
dependent ability of encoders to map to distinct signals. In our numerical simulation, the spatial
extent of signals is fixed, so increasing the bandwidth of the signal increases the space-bandwidth
product. We found that captured information increases linearly with the space-bandwidth product,
with rate of increase depending on the object distribution (Fig.[S7p, center).

Sampling density Finally, we examined the effect of sampling density on the amount of information
that can be encoded. For a fixed bandwidth, the sampling density determines the number of pixels in
the signal. The Nyquist sampling theorem [[101] 93] states that a bandlimited signal can be perfectly
reconstructed from its samples if the sampling density is at least twice the bandwidth. However, in
the presence of noise, even when sampling at the Nyquist rate, there remains residual uncertainty
about the signal, and additional samples can reduce this uncertainty. Experimentally, we found that,
as expected, increasing the sampling density increases the amount of information, even beyond the
Nyquist rate (Fig.[S7pb, right). However, the additional increases in information were progressively
smaller. These results were consistent across both different object distributions and different average
signal-to-noise ratios (for a delta function object distribution).

S1.4.1 Full mathematical treatment of two-point resolution

In this section we describe the example of 1-dimensional two-point resolution (See [Probabilistic two{
in full mathematical detail. By making assumptions about the object distribution,
the encoder, and the noise model, we can write down the exact probability density functions of the
object, the noiseless image, and the noisy measurement. This enables writing an exact expression for
the mutual information between object and noisy measurement, as well as the classification accuracy
of the optimal binary classifier decoder that uses the noisy measurement to classify the object as
being a single point source or two point sources.

Object The object is a mixture of two possibilities that each occur with probability %: Either

a single point source with energy 1 or two point sources with energy % and separation distance
A with their midpoint at the same location as the single point source. We represent these objects
mathematically as 07 and o, respectively. Using r to denote spatial position, with the single-point
source object located at r = 0:

o1(r) =4(r)
A A

1 1
0(r) = 55(7’ ~-3 )+ 56(7’ t35 )
where § is the Dirac delta function.

The random object O has probability % of being 07 and % of being 0,. Thus, its probability density
function can be written as:

p(o) = %5(0 —o01)+ %5(0 — 02)

d(o — 071) is 1 when the object is 07 and 0 otherwise, and similarly for j(o — 03).
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Encoder The encoder is a 1-dimensional linear shift-invariant imaging system with a diffraction-
limited intensity point spread function h(r):

sin( —2”}\\“ )

2TNA
T
where NA is the numerical aperture of the system, ) is the wavelength of light, and r is the spatial

coordinate.

h(r) =

The noiseless image is the convolution of the object with the point spread function:

X=0%xh

This gives rise to two possible noiseless images, x; and x2, corresponding to the two possible objects
o; and oy respectively. The probability density function of the random noiseless image X is thus:

p(x) = 5006 = %) + 300~ %)

Detector The noisy measurement is formed by adding independent Gaussian noise with variance
o2 to each pixel of the noiseless image. We assume a pixel size much smaller than the minimum pixel
size dictated by the Nyquist sampling theorem, so sampling effects minimally influence the results.

The random noisy measurement Y is thus a length D vector of pixels. Its probability distribution is
found by taking the mixture of two deltas distribution of the noiseless images and adding Gaussian
noise to each pixel. This gives a mixture of two multivariate Gaussian distributions with mean vectors
given by the noiseless images and a diagonal covariance matrix with variances equal to the noise
variance. The probability density function of the noisy measurement is thus:

1 1
ply) = §N(Y§X1,021)+iN(Y;XmUQI) 9

where NV (y; x, 021 is the multivariate Gaussian distribution with mean vector = x and covariance
matrix ¥ = o021.

Mutual information The mutual information between the object and the noisy measurement
I1(0;Y) is equal to the mutual information between the noiseless image and the noisy measurement
I(X;Y), since the object is fully determined by the noiseless image. We focus on the mutual
information between the noiseless and noisy images, which can be calculated by decomposing it into
a difference of entropies:

I(X;Y) = H(Y) — HY|X)
where H (Y) is the entropy of the noisy measurement and H (Y|X) is the conditional entropy of the
noisy measurement given the noiseless image.

Under the additive Gaussian noise model, H (Y |X) is a constant that is a function of the the variance
o2 and the number of dimensions (pixels) D. It can be analytically simplified as shown in Equation

The entropy of the noisy measurement H(Y) can be expanded as:

H(Y) = —E[logp(y)]

Since we can easily generate samples from the distribution of the noisy measurements and we know
the true probability density p(y), we can estimate this entropy with a Monte Carlo approximation of
N samples:

N
1
H(Y) ~ N § log p(y:)
i=1
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Decoder Since the goal of the imaging system in this simple example is to classify the object as
being a single point source or two point sources [95], the decoder is a binary classifier that takes in
the noisy measurement and outputs a decision as to whether the object was a single point or two
points.

The optimal decoder is the Bayes classifier, which chooses the object class that maximizes the
posterior probability given the noisy measurement. In this case, since the prior probabilities of the
two object classes are equal, the Bayes classifier is equivalent to the maximum likelihood classifier,
which chooses the object class that maximizes the likelihood of the noisy measurement.

Given the probability density of the noisy measurement in Equation[9] the Bayes/maximum likelihood
classifier decides the object is two points if:

N(y;x2,0°I) > N(y;x1,0°1)

Plugging in the expressions for the multivariate Gaussian distributions, this simplifies to:

Iy = xal* < lly —xu?

In other words, the noisy measurement y is classified as two points if its Euclidean distance to the
noiseless image X5 is less than its distance to x;, and classified as one point otherwise.

Using the analytic expressions for mutual information and classification accuracy, they can be shown
to have a monotonic relationship with each other (Fig.[S8). This demonstrates the fundamental link
between the information content of the measurements and the achievable performance of downstream
decoding in this minimal example.
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Figure S8: Classification accuracy vs information in two-point resolution. Performance of the
optimal binary classifier decoder that uses the noisy measurement to classify the object as being a
single point source or two point sources. The classification accuracy in this simple example has a
monotic relationship with the mutual information between the object/noiseless image and the noisy
measurement.

S1.5 Expanded model

Our basic framework works for many imaging systems, including many optical systems whose
purpose is to capture the object in as much detail as possible. Here we present an expanded model
that accounts for specialized cases involving stochastic encoders and task-specific information, with
detailed treatments provided in subsequent sections.

The minimal model assumes deterministic encoders where the same object always produces the
same noiseless image. In specialized cases, this assumption may not hold due to quantum effects in
image formation or classical system variations like mechanical drift and illumination fluctuations.
We provide a theoretical framework for handling such stochastic encoders in Section[S2.7]
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Figure S9: An expanded probabilistic graphical model of an imaging system. A generalization of
the minimal probabilistic model in Figure which in addition to modeling the object, noiseless
image, and noisy measurement as random variables, also models randomness of the encoder, and the
true and estimated values of the decoder task.

Additionally, the minimal model treats all object information as equally valuable, but many imaging
applications focus on specific tasks that may require only a subset of the total object information. We
develop extensions for task-specific information estimation in Section [S2.8]

S2 Estimating information: Theory

In this section, we develop the mathematical framework for estimating information in imaging
systems.

S2.1 Background

As described in[Mathematical framework] our probabilistic model represents noiseless images as a
random 2D array X with distribution p(x), where each element quantifies the energy at a single pixel.
The corresponding noisy measurements form array Y with distribution p(y). These distributions
determine how much object-relevant information survives the measurement process.

We estimate I(X;Y), the mutual information between noiseless images and noisy measurements.
The units are bits, which have a concrete operational meaning: in ideal conditions, each bit enables
perfect discrimination between 2/(X3Y) different objects. In practice, noise prevents such perfect dis-
crimination—instead, each bit quantifies how well multiple object states can be partially distinguished
from each other.

While imaging system performance typically varies across the field of view, we can quantify overall
information content using a single value: the mutual information rate (information per pixel). This par-
allels how optical resolution is often characterized by a single number despite spatial variations [97].

S2.2 Mutual information estimator

Mutual information estimation is a well-studied problem in many fields, including machine learning,
neuroscience, and computational biology, and a number of different approaches have been proposed,
some of which attempt to estimate mutual information directly [41H43]], and others which try to infer
its value by computing upper or lower bounds [51}144]]. It is a challenging statistical problem to solve
in general, and many estimators and bounds are known to suffer from high bias and/or variance,
particularly on high-dimensional problems [51}44].

Many mutual information estimators rely on first estimating entropy, which is a measure of the
uncertainty of a random variable. The outcome of random variables with higher entropy are more
uncertain and harder to predict than the outcome of those with lower entropy, because they are more
random. Equivalently, the higher a distribution’s entropy is, the more spread out it is, and the harder
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it would be to digitally compress samples from it. Mathematically, entropy is defined as the expected
value of the negative log of the probability density/mass function:

H(Y) = —E[log p(Y)] (10)

Like mutual information estimation, there is a large body of literature on entropy estimation and
many different approaches have been proposed [102], including those that form an estimate of the
probability density function p(y) and plug it into the definition of entropy and those that estimate
entropy based on the similarity of samples from p(y) [L103H105]]. Both approaches, however, face
difficulties in high dimensions.

There are multiple ways of decomposing mutual information into a difference of entropies. Our
approach is based upon the decomposition:

I(X;Y) = H(Y) - H(Y | X) (an

Here, H(Y) is the entropy of the noisy image distribution p(y). Both variations in the object
and measurement noise contribute to the randomness of measurements. We are interested in the
information about the object, thus to quantify how much of these variations the measurements contain,
we must subtract the entropy contributed by the noise, H (Y | X).

This decomposition is especially valuable for optical imaging because measurement noise typically
acts independently at each pixel, greatly simplifying the calculation of the conditional entropy
H(Y | X).

(A technical note: in optical systems, the outcomes of the random variables X and Y in our model
are discrete, because they are 2D arrays of pixels, where each pixel takes on an intensity value that is
an integer number of photons. However, for computational simplicity, we will approximate them as
continuous random variables and use differential entropy instead of discrete entropy [80,91]]. These
approximations break down at very low photon counts, less than ~ 20 photons, so in this paper, we
use only data with photon counts greater than this. A possible direction of future work is to extend
our approach to work with discrete random variables, which would allow it to be applied to data with
lower photon counts.)

We begin by describing the simpler of the two terms to estimate, the conditional entropy H (Y | X).

S2.3 Estimating conditional entropy of measurement noise

The conditional entropy of noisy measurements given noiseless images can be written out in terms
of expectations over the logarithm conditional probability of noisy measurements given a noiseless

image p(y | x):

H(Y | X) = —Ex,y [log p(Y | X)] (12)

By the Law of Total Expectation, this can be written as:

Ex,y [log p(Y | X)] = Ex [Ey [logp(Y | X) | X]] (13)
= Ex [Ey [logp(Y | X)]] (14)

p(y | x) embodies the various sources of noise in the detection process, including photon shot noise,
detector read noise, etc. Here, we utilize established analytic models of detection noise in optical
imaging [40]. Empirical results suggest that the true noise in systems deviates from these models in
low-light conditions [106], but since our experiments are conducted in the high-light regime, we will
assume that these models are accurate for the purposes of this paper. A possible direction for future
work is to learn more accurate noise models from the data, as was done in [107].

Assuming we have access to a dataset of N samples from the distribution of noiseless images
{x(l), x() . xWV )}, the outer expectation can be estimated through Monte Carlo approximation:
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Here, H (Y | x(")) is the conditional entropy of the distribution of noisy images given the ith noiseless
image.

S2.3.1 Conditionally independent noise at each pixel

H (Y | x(i)) is a function of the noise introduced in the detection process, which is modeled by
the probability distribution p(y | x(*)). In optical imaging, common analytic noise models like
additive Gaussian and Poisson shot noise typically assume that the noise at each pixel is conditionally
independent of the noise at other pixels, given the true (noiseless) pixel value. When this is true,
p(y | x(9), which is a joint distribution over all D pixels in the noisy measurement, can be simplified
by factoring it into a product of scalar distributions for each pixel, where y;, and x,(;) are the intensity
values at the kth pixel in the noisy measurement and the ith noiseless image, respectively:

p(y | x) = p(y1, 92, yp | 2l 2l

D .
=TT oo | =)
k=1

This factorization simplifies the calculation of conditional entropy, because it is much easier to
compute D scalar conditional entropies than a single joint conditional entropy over D variables.
Mathematically, this simplification can be seen by plugging the factorized distribution into the
definition of conditional entropy:

H (Y | x@) =-Ey llog ﬁp(yk | x,&”{ (17)
= -Ey [i log p(yr | x;(f))- (18)
k=1 i
= - XD:EY [Ing(Z/k | a?;(f)): (19)
k=1
D .
— ; H (Yk | x;”) (20)

Here, H (Y}, | x,(;)) is the conditional entropy of the kth pixel in the noisy image given the intensity
of the kth pixel in the noiseless image.

This is a scalar quantity and can be calculated analytically for many common noise models. We will
discuss two such models here: additive Gaussian noise and Poisson noise.

S2.3.2 Conditional entropy with additive Gaussian noise

Additive Gaussian noise is a simple noise model often used in optical imaging, especially in low-light
conditions where the read noise of the detector is the dominant source of noise. In this model,
the noise at each pixel is drawn from a Gaussian distribution with mean zero and variance o2.

Mathematically:
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Y = Xg + Ng
Nk NN(0702)

The entropy of a (scalar) Gaussian distribution N (y, o) is [80]:

1
H(Ng) = 3 log, (2mea?)

Since the noise is independent of the noiseless image, the conditional entropy of the noise at each
pixel is the same, and the full conditional entropy (Equation [20) simplifies to:

D
H(Y [x@) =30 (Ve |2f") @1
k=1
D
=Y H(Ny) (22)
k=1
D
=5 log, (2mea?) (23)
Plugging this result into Equations [I6]and [12] yields:
D 2
H(Y | X) = 5 log, (2mec?) (24)

To summarize, the conditional entropy of the noisy image given the noiseless image is a constant,
independent of the intensity values of the noiseless images, and is equal to the number of pixels in
the image times the entropy of the noise distribution at each pixel.

S2.3.3 Conditional entropy with shot noise

Images with high photon counts are fundamentally limited by shot noise - randomness in photon
arrival times due to the quantum nature of light. This shot noise follows a Poisson distribution
with rate parameter equal to the expected number of photons at each pixel. When shot noise is the
dominant source of noise, it can be accurately approximated by a Gaussian distribution with equal
mean and variance [40].

Thus, the conditional entropy of the noise at pixel k for the ith noiseless image can be approximated
with the entropy of a gaussian distribution:

i 1 i
H (Y;c | xi)) =3 log2(27rex,(c)) (25)

Once again making use of the fact that the measurement noise at each pixel is independent of the
noise at other pixels conditional on the intensity of the noiseless image at that pixel (Section [S2.3.1),
we can write the conditional entropy for noiseless image x () as:

D
H (Y | x”)) - ; H (Yk | x,@) (26)
D 1 ]
= > 5 logy(2mer”) 27)
k=1



The full conditional entropy (Equation [20) simplifies to:

log,( 27rex( )) (28)

N | —

| ND
H(Y | X))~ — ZZ

7,:1 k=1

To summarize, the conditional entropy under a Poisson noise model can be approximated as a sum of
the log of the intensity values of the noiseless image at each pixel, averaged over IV noiseless images.
This approximation is accurate when the photon counts are high, and breaks down when the photon
counts are low, and is discussed further in Section

S2.4 Estimating entropy of noisy images

The second term in the mutual information decomposition, H (Y), presents a greater estimation
challenge. Unlike the conditional entropy calculated in Section[S2.3] the joint probability distribution
p(y) cannot be factored into independent distributions for each pixel, as pixels throughout both noisy
and noiseless images exhibit complex dependencies.

We estimate this entropy by computing an upper bound, an approach that has proven more accurate
than alternative bounds in high-dimensional settings [51]. Our method fits a parametric model py(y)
to the empirical distribution of noisy images using maximum likelihood estimation. The optimal

parameters fniLg are found by minimizing the negative log likelihood of the observed data:

OvLe = argemin —E [log py(Y)] (29)

This loss function, —E [log pg(Y)], is also known as the cross-entropy between the model distribution
pe(y) and the empirical distribution p(y).

In practice, it is fit using a dataset of NV samples from the empirical distribution p(y):

6 = ar mln—— logp (Z (30)
ge Z gpo(y

When the model distribution py(y) is identical to the empirical distribution p(y), the data has been fit
perfectly, and the value of the cross-entropy loss function is equal to the entropy of the noisy images,
H(Y).

—E [logpe(Y)] = —E[log p(Y)] (31)
=H(Y) (32)

In practice, the model will not be able to fit the true distribution exactly, and the average value of the
loss function will be greater than the entropy of the noisy images. The gap between the entropy that
we are interested in estimating and the cross-entropy loss function is given by the Kullback-Leibler
divergence between the empirical distribution and the model distribution:

—Elogpe(Y)] =H(Y) + Dxr(p || po) (33)

The Kullback-Leibler divergence is a measure of the difference between two probability distributions.
It is always non-negative and is zero only when the two distributions are identical. Thus, the cross-
entropy loss function is an upper bound on the entropy of the noisy images. The better our model fits
the data, the tighter this bound will be. Finding the right model that balances the accuracy of this
bound with the computational cost of fitting the data is an important choice that is discussed further
in Section
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In practice, the cross-entropy loss function is evaluated on separate test set of samples from the
empirical distribution, to avoid overfitting to a subset of the data and generating a model that is overly
optimistic about its performance.

This process is mathematically equivalent to data compression in information theo In data
compression, the goal is to map each outcome to a bit string while minimizing the average string
length. Optimal compression assigns shorter bit strings to more probable outcomes and longer ones
to less probable outcomes. The achievable compression - measured by the average bit string length -
has a fundamental lower bound equal to the entropy of the data distribution. Just as no compression
scheme can achieve a shorter average bit length than that dictated by the true distribution’s entropy,
no model we fit can achieve a lower entropy than the true distribution - any mismatch between our
model and reality can only increase our entropy estimate.

S2.5 Probabilistic models

In this section, we describe three probabilistic models py(y) used to estimate the entropy of noisy
measurements via upper bounds, as described in Section [S2.4] The models offer different tradeoffs
between accuracy and computational efficiency.

The simplest model assumes stationary Gaussian statistics, providing fast estimation with minimal
data requirements. A more complex full-covariance Gaussian model removes the stationarity assump-
tion, offering improved accuracy while maintaining computational efficiency. The most sophisticated
model, based on the PixelCNN neural network architecture, provides the tightest bounds but requires
substantially more computation time and training data.

Other models could be used within this framework, provided they allow direct evaluation of likelihood
functions. Recent neural network architectures such as transformers [84], normalizing flows [108]],
and diffusion models [109}[110] offer promising directions for future work.

While generative models are often evaluated by the visual quality of their samples, this metric does
not necessarily correlate with cross-entropy performance [111]] - though some state-of-the-art models
can achieve both [112]. We selected PixelCNN for its demonstrated effectiveness in minimizing test
set cross-entropy [55]], combined with its relative simplicity and computational efficiency. However,
the rapid advancement of generative models suggests that more efficient architectures providing
tighter entropy bounds for a given computational efficiency are likely to emerge.

S2.5.1 Full Gaussian process

The full Gaussian process model approximates the distribution of noisy images with a multivariate
Gaussian distribution, which is specified by a mean vector p and covariance matrix 3. The mean
vector contains D parameters describing the average value at each pixel, while the covariance matrix

requires w parameters to capture all possible correlations between pixels.

We fit this model by directly estimating the mean and covariance from the data.

S2.5.2 Stationary Gaussian process

To reduce model complexity and quantify performance over the full field of view with a single scalar
quantity, we can make the simplifying assumption that images are stationary stochastic processes.
This is the probabilistic analog of assuming constant optical resolution across the field of view [97].

A stationary stochastic process with distribution p(y) is one in which the joint distribution of any set
of pixels is invariant to translations across the field of view. For a 1D process (i.e., a single row of
pixels), this means that the joint distribution of pixels depends only on their relative locations, not
absolute positions.

Mathematically, for any vector of pixels (y1,y2,. .., yp), the joint distribution remains unchanged
when all pixels are offset by a constant amount k:

3Technically, this is only completely true when the model distribution is discrete, because continuous data
cannot be losslessly compressed. For example, it would take an infinite number of bits on a computer to represent
an arbitrary real number exactly. But the intuition remains the same.
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P(Y1, Y2, - YD) = P(Y14ks Y2tk - - - > YD+k) (34)

This stationarity assumption constrains our Gaussian model in two ways. First, the mean vector must
be constant across all pixels, reducing it from D parameters to just one. Second, the covariance
between any two pixels must depend only on their relative positions. For a 1D process, this makes
the covariance matrix Toeplitz (constant along diagonals). For 2D processes, it becomes a doubly
Toeplitz matrix: blocks of Toeplitz matrices arranged in a Toeplitz pattern (Fig.[ST0). This structure

reduces the number of covariance parameters from w to just D.

Covariance (photons?)

Figure S10: The doubly Toeplitz D x D covariance matrix of a stationary 2D Gaussian process.

Stationary processes have another useful property: a constant entropy per pixel, called the entropy
rate [80] (explained in Figure 8 of [90]). This rate can be defined in two equivalent ways:

.1 .
lim BH(yluy27"‘7yD): lim H(Z/D |y1ay27"‘7yD71) (35)
D—oo

D—o0

The second formulation reveals why the entropy rate decreases with D: as we observe more pixels,
it is eaiser to predict the value at the next pixel, because more context about neighboring pixels is
available.

S2.5.3 PixelCNN

Our most flexible model is the PixelCNN [53H53]], which uses neural networks to capture complex
pixel dependencies through an autoregressive approach.

Autoregressive models factorize a joint distribution into a product of conditional distributions:

D

p(y) = [ p(we | v1,92, - ye1) (36)
k=1
py

VP | y)p(ys | yi,y2) - p(yar | y1,925 - Yp—1) (37)

This factorization does not require specific assumptions about the joint distribution, so in theory it
can be applied to any distribution. Creating the full model requires D conditional distribution models,
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each taking between 1 and D — 1 previous pixel values as input and outputting a 1D probability
distribution for the next pixel. While this could be implemented with D separate models, PixelCNN
uses masked convolutions in a single neural network to model all conditionals simultaneously,
dramatically reducing computational complexity.

Following previous work [53}54], our architecture uses a series of masked convolutions to maintain
the autoregressive ordering, producing a conditional probability distribution at each pixel.

However, we make one crucial modification: instead of the standard softmax output layer, we use a
mixture of Gaussians parameterized by the network (a mixture density network [[113[]). This strategy
is capable in theory of approximating any conditional probability distribution, in the same way that a
neural network is capable of approximating any function [[114]. This modification is essential for
estimating entropy in our framework, because it means the output distributions will be continuous
probability densities, instead of discrete probability mass functions. Since our noise models p(y | x)
are continuous (Gaussian), our entropy estimates for H (Y') must also use continuous distributions to
allow proper subtraction of the conditional entropy H(Y | X).

S2.6 Sampling and likelihood evaluation

While our models’ primary purpose is likelihood evaluation for entropy estimation (Section [S2.4)),
generating samples provides valuable insight into model behavior. For simple models like the
stationary Gaussian process, sample quality correlates well with likelihood accuracy, making visual
inspection a useful diagnostic tool. However, this correlation breaks down for more complex models
like PixelCNN [[111], though samples remain helpful for understanding model behavior.

Both PixelCNN and stationary Gaussian models are trained on fixed-size patches (v/D x /D pixels),
limiting their ability to capture longer-range dependencies. While increasing patch size allows
modeling of longer-range correlations, both models can handle arbitrary-sized images despite their
fixed patch size. This is possible because their stationary nature allows them to be factored into
conditional distributions, enabling evaluation over larger images by sliding the fixed-extent window
(though this iterative process is substantially slower than processing native-sized patches). For a
1-dimensional model with D pixels, this factorization means the joint distribution can be written as:

D

p(y) = [ o [ v1,v2, - ye1) (38)
k=1
P(yl

w2 | y1)p(ys | yi,v2) .- p(yp | 1,925 yp—1) (39)

Taking the log likelihood turns this product into a sum:

D
logp(y) = Y _logp(yn | y1,v2, - - Yr—1) (40)
k=1
= logp(y1) +logp(ya | y1) +logp(ys | y1,y2) +--- +logp(yp | y1,92,---,Yp-1)

(41)

Computing the likelihood over an image larger than the length D model the pixel was trained on can
be accomplished by adding additional terms to this sum. For example, computing the log likelihood
of an D + 1 length image would require adding an additional term to the sum of the log likelihood of
the the D + 1 pixel conditioned on the previous D — 1 pixels (the maximum extent of the model)
that preceded it:

D

log p(y) = (Z log p(yr | yl,yz,---7yk—1)> +logp(yp+1 | Y2, 43, - yD) 42)
k=1

Details of the likelihood computations for PixelCNNs are described in [S3]]. For stationary Gaussian
processes, there is a closed form solution for finding the mean /1 and variance 0% of a 1-dimensional
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Gaussian distribution conditioned on D—1 previous values. This involves decomposing the covariance
matrix into a top left (D — 1) x (D — 1) block 331 1, a top right (D — 1) x 1 column vector 33 o,
and a bottom left 1 x (D — 1) row vector X 1:

i1 i
= |2 ’ 43
|:22.,1 0_12\4:| ( )

Given D — 1 previous values y p_1, the mean and variance of the Dth value can be computed as:

pp =p+ X215 1 (yp-1 — 1) (44)

oh =0 =181 512 (45)
The likelihood the the Dth pixel can then be evaluated using the probability density function of a 1D
Gaussian distribution with mean p1p and variance o7,

Similarly, sampling images larger than the patch size on which the models were trained can be
accomplished by iteratively sampling each pixel conditioned on the previous D — 1 pixels.

S2.7 Stochastic encoders

The deterministic encoder assumption underlying our framework breaks down in two scenarios:

First, in quantum imaging regimes, image formation becomes inherently random and cannot be
predicted from Maxwell’s equations. These are beyond the scope of our present work.

Second, in systems with encoder uncertainty—deterministic but unpredictable variations like illumina-
tion fluctuations or mechanical drift that cause the same object to produce different noiseless images
across measurements.

The most effective approach to reduce encoder uncertainty is to minimize system variations through
careful engineering: building mechanically stable optical systems, using temperature control to
reduce thermal drift, and implementing precise electronic control of components like illumination
sources. Nonetheless, some level of system variation often remains unavoidable in practice.

Here we describe how our framework can be expanded to stochastic encoders to account for encoder
uncertainty.

S2.7.1 Encoder uncertainty

Stochastic encoders affect information estimates two ways. First, different encoder states preserve
different amounts of object information. For example, defocus destroys sharp features in images.
Average object information thus depends on the focus distribution.

Second, encoder variations create measurement diversity beyond object variations. With focus drift,
measurements vary in both content and sharpness. Without modification, our method would interpret
both as object information, thereby upwardly biasing its estimates.

One potential way to adapt our method is using calibration data to identify encoder-induced variations.
This would likely require either additional compute or simplifying assumptions to handle the fact the
the measurement diversity induced by encoder variations may be object dependent. Mathematical
formulation

‘We model encoder variations with state variable E:

(O,E)y-X—>Y

Now X = f(O, E) for some deterministic function f. For example, for focus drift, f would describe
how defocus E blurs object O to produce image X.

The quantity of interest in the original deterministic setting is now written with the encoder explicit
1(O;Y]e).

58



In the stochastic case, averaging over all encoder states gives:
[(0:Y) =} p(e)I(0: Yle)

Where 1(O;Y) denotes the average object information across all encoder states.

Extending the deterministic information transfer theorem to X = (O, E):

I(X;Y)=I(0,E;Y)
Rewriting using the chain rule of mutual information:

I(X;Y) = I[(0:;Y) + I(E; Y|O)

The first term captures effect one (average object information across encoder states); the second
captures effect two (diversity from encoder variations).

Example: random focal drift Consider a microscope with mechanical drift causing focus to vary
between perfect focus and various degrees of defocus. Compared to a stable, in-focus system, we
have I(O;Y) < I(O;Y|einfocus) because defocus destroys high-frequency information. Meanwhile,
I(E;Y | O) > 0 because focus variations add to measurement diversity.

As shown in the Deterministic Information Transfer Theorem, a deterministic in-focus system has
I(X;Y) = I(O; Y |€infocus). With stochastic focus variations, I(X;Y') can increase or decrease
relative to this baseline depending on which of the two effects dominates.

S2.7.2 Estimating information with stochastic encoders

When encoders vary stochastically, our method estimates I(X;Y) = I(O;Y) + I(E; Y|O). To
isolate object information I(O;Y), we must estimate and subtract the encoder contribution.

The central challenge is that 7(E; Y|O) depends on the object—different objects may reveal encoder
variations differently. We propose two approaches:

Approach 1: Fix object, vary encoder states, estimate I(E; Y|O = o) for multiple objects. This
would be feasible in IDEAL using increased compute, but in experimental systems only possible if
we can fix objects while varying encoder states (e.g., imaging a static sample while inducing focus
drift).

Section[S4.1] shows an example of non-object information in the measurement.

Approach 2: Assume /(E; Y|O) ~ I(E;Y). Computationally and experimentally simpler, but may
give incorrect results if encoder effects are highly object-dependent.

Taking Approach 2 as an example:
I(E;Y)=H(Y)—- H(Y|E)

Our method already estimates H(Y). To estimate H(Y|E), we fit conditional models py(y|e)
instead of py(y), where e represents encoder state information. For focus drift, conditioning on
timestamps would help predict measurements since focus varies smoothly with time.

For Approach 1, we would additionally need to take an outer expectation over objects. In IDEAL,
since we know the true object, the models could be modified to condition on it directly. In experimental
conditions, we would likely need static objects to take multiple measurements of.

By estimating both terms we can recover the quantity of interest, object information in the measure-
ment.

I(0;Y)=I(X;Y) - I(E;Y|O)
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S2.8 Task-specific information

While information estimates strongly predict reconstruction performance, they may correlate less
strongly with specialized tasks that rely only on specific features of measurements. Systems that
preserve specific task-relevant information can outperform those capturing more total information
indiscriminately [31} 76l

Total information naturally decomposes into task-specific and task-irrelevant components: 1(Y; O) =
I(Y;T) + I(Y;O|T), where T represents task variables like classification labels. This enables
weighted objectives oI (Y; T) + BI(Y; O|T) for specialized applications:

* Balanced systems (o, 5 > 0): Control relative importance of task-specific versus general
information

* Compressed sensing (o > 0,8 < 0): Maximize task-relevant while suppressing task-
irrelevant information for bandwidth-limited applications

 Privacy-preserving (a < 0, 8 > 0): Suppress task-specific information while preserving
general scene information

Estimation requires computing I(Y;T) = H(Y) — H(Y|T). Our existing approach estimates
H(Y), while H(Y|T) can be estimated by conditioning models on task information. Section
provides experimental evidence of when information estimates do not fully predict task performance.

S3 Estimating information: Experiments

Having developed a framework for estimating information in imaging systems, we now validate its
performance through experiments on both simulated and real-world data.

S3.1 Fitting stationary Gaussian processes

Fitting a stationary Gaussian process to N image patches (v D x v/ D pixels) requires estimating
both the mean vector ¢ and covariance matrix 3. While the mean is easily computed by averaging
all pixels across patches, estimating the covariance matrix presents a greater challenge.

As described in Section the covariance matrix must be both symmetric positive definite and
doubly Toeplitz, with repeated patterns along diagonal blocks. Our initial approach was to compute
the sample covariance matrix from vectorized patches and enforce the Toeplitz structure by averaging
along diagonals and blocks. However, this averaging operation sometimes produced matrices with
negative eigenvalues, violating the positive definite requirement and creating invalid covariance
matrices.

To address this issue, we initially tried enforcing a minimum positive value (floor) for the eigenvalues.
However, this approach proved problematic for two reasons. First, modifying eigenvalues disrupted
the doubly Toeplitz structure, violating the stationarity requirement. More critically, since the
likelihood evaluation used for entropy estimation is highly sensitive to small eigenvalues in the
covariance matrix, the arbitrary choice of eigenvalue floor significantly impacted our entropy bounds.
This sensitivity varied across datasets, making the approach unreliable for comparing different
imaging systems.

To overcome these limitations, we developed an iterative optimization procedure that improves
the covariance matrix fit while maintaining required properties. Given N image patches (each

VD x /D pixels) vectorized to length-D vectors y(i)ﬁil, we minimize the negative log likelihood
of a multivariate Gaussian distribution N (+; i, X):

N
¥ =argmin— Y logN(y"; 1, %) (46)
>

i=1

Where [ is the fixed mean vector estimated from the data as described above.
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We solved this optimization problem using proximal gradient descent with momentum, initializing
from the direct sample estimate. Each iteration consisted of three steps:

* Computing the eigendecomposition of the covariance matrix and applying gradients to
eigenvalues while keeping eigenvectors fixed

» Applying a proximal operator that enforced the doubly Toeplitz structure by averaging along
diagonals and blocks

* Enforcing the minimum eigenvalue constraint

The procedure was regularized through early stopping: optimization terminated when the loss hadn’t
decreased for a fixed number of iterations, with parameters from the lowest-loss iteration selected as
the final estimate.

Empirically, we found that the optimization procedure was unstable and prone to divergence. This
seemed to be because the likelihood was very sensitive to small eigenvalues of the covariance,
which tended to produce extremely large gradients for these eigenvalues. To account for this, we
implemented gradient clipping to limit the magnitude of the gradients for the eigenvalues.

The likelihood of a probability distribution can be very sensitive to small changes in parameters
because the Euclidean distance between parameter vectors does not always accurately reflect the
dissimilarity of the resulting distributions (as described in section 2.3 of [[115]). In theory this can be
corrected by multiplying the gradient by the inverse of the Fisher information matrix to reorient it
from the steepest direction in Euclidean space to the steepest direction in Riemannian space, which
accounts for the natural geometry of the parameters. However, in practice we found this to be
expensive to compute without obvious performance benefits over gradient clipping.

Figure [ST1] shows the results when fitting stationary Gaussian processes to images from the BSCCM
dataset [[75]. The direct estimate contained several negative eigenvalues, which were then set to an
arbitrary eigenvalue floor. The optimization procedure was able to correct these negative eigenvalues,
and produced robust results for a variety of settings of the eigenvalue floor parameter (provided
it was smaller than the true minimum eigenvalue) (Fig. [SIIb). As a consequence of the small,
incorrect eigenvalues in the direct estimate, samples produced from the model that were larger than
the patch size on which they were trained (Sec.[S2.6) exhibited numerical instability that created large
oscillation in the samples. In contrast, samples from the optimized model were stable and did not
exhibit this oscillation (Fig.[STIp). The optimization quickly converged in a few iterations (Fig.[STTk),
taking ~ 3 seconds to complete on an NVIDIA GeForce RTX 3090 GPU. Comparing estimates of a
non-stationary Gaussian process, the direct estimate stationary Gaussian process, and the optimized
stationary Gaussian process showed that the optimized stationary Gaussian process produced more
robust results in terms of its eigenvalue distribution using smaller datasets (Fig. [STId).

S3.2 Comparing stationary Gaussian process and PixelCNN estimates

We evaluated model performance through two approaches: negative log likelihood on held-out test
data and qualitative assessment of model-generated samples.

An important consideration for both models is the choice of training patch size. Larger patches
capture longer-range dependencies and improve per-pixel likelihood, but require more training data
and computational resources. We therefore sought to determine the minimum patch size that would
provide reliable entropy estimates while maintaining computational efficiency.

Figure shows samples produced when fitting models to patches of different sizes. As ex-
pected, larger patch sizes were able to capture more complex statistical relationships between
pixels (Fig.[S12h), decrease the per-pixel loss (Fig.[SI2b), and more tightly upper bound the entropy
of the noisy images (Fig.[S12c). The gains in performance were minimal beyond a patch size of
35 x 35 pixels for the Gaussian model, while the PixeICNN was able to continue to produce a
more accurate estimate as patch size increased further. This is presumably due to its much greater
flexibility in modeling complex dependencies between pixels. However, the magnitude of the gains
was small relative to the differences between the estimates of mutual information for different contrast
modalities (Fig.[ST3) for these experimental images.

When comparing the samples produced by the two models when fit to images with different illumi-
nation patterns on the LED array, both the stationary Gaussian process and PixelCNN models were
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Figure S11: Fitting Gaussian Process models. a) Eigenvalues of the covariance matrix before and
after optimization, indicating improved conditioning post-optimization. The conditioning of the
covariance matrix of non-optimized fits is highly dependent on the choice of the eigenvalue floor
hyperparameter. b) Comparison of numerical stability during sampling pre- and post-optimization,
demonstrating that optimization prevents the instability that manifests in the initial fit. ¢) The opti-
mization process takes only a few iterations to converge and shows an extremely large improvement
in the negative log likelihood of the data for poor initial fits. d) Efficacy of the optimization across
varying training set sizes, illustrating that optimized fitting requires fewer images to achieve a compa-
rable or better fit than the non-optimized approach and outperforms the full Gaussian model when
training data is limited.
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Figure S12: The effects of patch size on model fit. a) Samples generated from a Stationary Gaussian
Process and PixelCNN, alongside samples from the the true distribution. As the patch size increases,
the models are able to capture more long range dependencies between pixels, and b) achieve lower
negative log likelihood per pixel and thus ¢) a tighter upper bound on mutual information.

able to capture statistical patterns to each type of contrast modality (Fig.[S14a). Samples from the
trained models appear to show that the stationary Gaussian model was able to learn the statistical
patterns of the texture of the images of objects under different illumination, while the PixelCNN
model additionally learned higher order structures like the edges of cells.

S3.3 Failures of stationary Gaussian estimates on highly non-Gaussian data

The comparable performance of stationary Gaussian and PixelCNN models on the BSCCM dataset
(single cells under coded-angle illumination) likely reflects the near-Gaussian statistics of these
images. However, this similarity cannot be assumed for all datasets. This becomes evident when
testing on the MNIST handwritten digits dataset [116] (GNU General Public License), where image
statistics deviate significantly from Gaussian distributions due to the nearly bimodal nature of pixel
values (predominantly O or 1).

To demonstrate this, we take the MNIST dataset and simulate a minimal optical encoder (i.e. a single
lens) by convolving the images with a Gaussian point spread function. We then add Poisson noise to
simulate noisy measurements, and fit both the stationary Gaussian process and PixelCNN models to
the data. Sampling from the fitted models shows that the PixelCNN model can produce images that
appear similar to true measurements, unlike the Gaussian process model (Fig. [S15p).

This occurs because the best approximating stationary Gaussian fit is very dissimilar to the true
distribution of the measurements. This can be seen by looking at the histograms of image pixels of
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increases, the signal-to-noise ratio and mutual information both increase. (Top) Example images of

three different contrast modalities at varying photon counts. (Bottom) The mutual information per
pixel for each contrast modality as a function of photon count.

the true data and samples from the models, pooled across all many images (Fig.[SI5b). The true data
and PixelCNN samples have similar histograms, while the histogram from the stationary Gaussian
process samples has a very different shape. As a result of this poor fit, the upper bound given by
the mutual information estimator is quite loose for the stationary Gaussian model compared to the
Pixel CNN model (Fig. [ST5k).

These findings demonstrate that a stationary Gaussian process model is inadequate to capture certain
image distributions. Since the tightness of the upper bound in our information estimation procedure
depends on accurately fitting the distribution of noisy measurements, this suggests that achieving a
tight upper bound/accurate estimate in many cases may require more flexible probabilistic models,
like the Pixel CNN.

An important and desirable property of an estimator is its consistency: whether it converges to the
true value of the parameter being estimated given enough data. This has practical implications for
determining how much data is needed to achieve a desired accuracy level.

To evaluate our estimators on high-dimensional data, we first tested them on samples from a known
distribution: a stationary multivariate Gaussian with independent additive Gaussian noise at each
pixel (Equation [24). In this case, H(Y | X) is constant, and H(Y) can be computed analytically by
adding the noise variance to the diagonal of the data covariance matrix and analytically calculating
the entropy of the resultant multivariate Gaussian distribution.

Figure [S16p shows that all three estimators converge to the true value given sufficient samples, with
the stationary Gaussian estimator being most accurate for a given sample size. This is expected since
the test data perfectly matches the model’s assumptions.

To evaluate performance on real microscopy data, we tested two different patch sampling strategies.
When patches were taken from fixed locations across different images (Fig.[SI6p), the full Gaussian
model outperformed the stationary model. This suggests the presence of location-specific image
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statistics that violate the stationarity assumption. However, when patches were sampled from random
locations (Fig.[S16k), the stationary Gaussian model performed better than the full Gaussian model,
as the random sampling effectively enforces stationarity in the data distribution.

The PixelCNN model demonstrated good performance across all scenarios due to its flexibility,
though the stationary Gaussian model was able to outperform it for small training dataset sizes.
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Figure S16: Estimator consistency. a) On simulated data from a stationary Gaussian process,
all estimators converge to the true mutual information value, with the stationary Gaussian being
most accurate per sample. b) With fixed-location patches from real data, the full Gaussian model
outperforms the stationary model due to location-specific image statistics. ¢) With random-location
patches, the stationary model performs better as sampling enforces effective stationarity in the data

distribution.
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S3.4 Model training times

The three models offer different tradeoffs between accuracy and computational efficiency. As shown
in Figure [S17] training times on a typical 20 x 20 pixel patch dataset vary significantly: the full
Gaussian process is fastest (~ 0.1s), while the stationary Gaussian process requires longer (~ 10s)
due to its iterative optimization procedure. The Pixel CNN is most computationally intensive (~ 100s),
reflecting the cost of its greater modeling flexibility.
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Figure S17: Model training times. Comparison of training times for each model type on a typical
dataset of 20x20 pixel patches on an NVIDIA RTX A6000 GPU. Error bars show standard deviation
across multiple training runs.

S3.5 Conditional entropy estimates on noisy data

The accuracy of mutual information estimates depends on both H(Y) and H(Y | X). For additive
Gaussian noise, the conditional entropy is independent of the noiseless images and can be computed
analytically (Sec.[S2.3.2). However, for signal-dependent Poisson noise (Sec. [S2.3.3), estimation
becomes more challenging.

Using simulated data derived from the BSCCM [[73]] dataset, we first examined the consistency of
our conditional entropy estimator. We created ground truth data by applying a 3 x 3 median filter
to produce noiseless images, then added simulated shot noise. Our estimator rapidly converges
to the true value (Fig. ), with variations on the order of 10~2 differential entropy per pixel -
significantly smaller than the variations in H (YY) estimation.

In experimental settings, noiseless images are typically unavailable. Instead, we must estimate
conditional entropy directly from noisy measurements, replacing noiseless pixel values in Equation 28]
with noisy ones:

N D
~ L 1 (i)
H(Y | X)~ ; ; 5 logs (2mex;) (47)
Rty (i)
ol Z Z 3 log, (2mey,.”) (48)

@
Il
-
=~
Il
=

To evaluate this approximation, we compared mutual information estimates using either noiseless or
noisy images for conditional entropy estimation across different imaging modalities (Fig.[SI8pb). The
estimates show good agreement except at very low photon counts (below ~40 photons per pixel). At
these low counts, using noisy measurements leads to slight overestimation of mutual information
due to underestimation of conditional entropy. While this bias could potentially be corrected, other
approximations in our framework (such as the Gaussian approximation to Poisson noise (Sec.[S2.3.3))
also break down in this regime.
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Figure S18: Conditional entropy estimation. a) The estimator converges rapidly to the true
conditional entropy for shot noise as sample size increases, with variations much smaller than those
seen in entropy estimation (Figure[S16). b) Comparison of mutual information estimates using noisy
versus noiseless measurements for conditional entropy estimation across different imaging modalities,
showing good agreement except at very low photon counts.

S3.6 Comparing analytic and upper bound entropy estimates

For Gaussian models, we can estimate entropy in two ways: by computing an upper bound using test
set negative log likelihood, or by analytically calculating the entropy of the fitted model. While the
upper bound approach provides theoretical guarantees, the relationship between analytic estimates
and true entropy is less clear.

We compared both approaches empirically across three imaging modalities in the BSCCM dataset
using three estimators: analytic stationary Gaussian entropy, stationary Gaussian upper bound, and
PixelCNN upper bound (Fig.[S19). While we lack theoretical guarantees for the analytic stationary
Gaussian estimates, they consistently track close to the PixelCNN bounds, which represent our best
estimate of the true entropy. The differences between estimation methods remain small compared
to the variations across imaging modalities and photon counts. This close agreement is particularly
relevant for our IDEAL framework (See [Encoder design via information maximization with|
IDEAL), where we use the analytic form in our optimization loss function.

S4 Additional decoder experiments

S4.1 Experimental evidence of stochastic encoder effects

We examined LED array microscopy with different illumination patterns to demonstrate how sensitive
systems capture both object and system information. By estimating mutual information on empty
image patches, we measured information arising purely from system variations.

As shown in Figure [S21] single-LED illumination exhibited higher background information than
differential phase contrast or brightfield illumination. This demonstrates that more sensitive encoders
capture more system information alongside object information. When substantial encoder uncertainty
is present, the theoretical framework from Section[S2.7|may be needed to separate these contributions.

S4.2 Task-specific information in classification

For tasks like deconvolution that aim to recover full image structure, any additional information
helps reduce reconstruction error. However, simpler tasks like classification may only need specific
features. We tested this using a 10-class object classification task on our lensless imaging measure-
ments (Fig. [S22)). Unlike deconvolution, where higher information consistently predicted better
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Figure S19: Comparison of entropy estimation methods. Three approaches to entropy estimation -
analytic stationary Gaussian, stationary Gaussian upper bound, and PixelCNN upper bound - across
different illumination patterns and photon counts. The error bars for the upper bound methods
(Gaussian and PixelCNN) are computed by bootstrapping both the marginal and conditional entropy
estimates from the test set. For the analytic estimates, multiple Gaussian models were fit to boot-
strapped versions of the full dataset to estimate H (Y ), while H(Y | X) was bootstrapped as before.
While the relationship between analytic estimates and true entropy lacks theoretical guarantees, they
remain close to our best estimates across conditions.

performance across all encoders, classification accuracy varied significantly between encoders with
similar total information content.

This disparity arises because classification requires only the information that distinguishes between
classes. Most of the measured information (~307 bits for our 32x32 pixel images at 0.3 bits/pixel) cap-
tures within-class variations irrelevant to the classification task, which requires at most log, 10 ~ 3.32
bits. Different encoders may preserve this class-discriminative information more or less effectively,
even while capturing similar total information.

S5 Comparison to other frameworks

Mathematical assumptions about object structure underlie several established frameworks for imaging
system design. Like our approach, estimation theory [117] and compressed sensing [118] offer ways
to design imaging systems without requiring ground truth data or human-interpretable measurements.
Estimation theory assumes objects can be described by a few key parameters and uses the Cramér-Rao
lower bound [[119}[120] to optimize system performance. Compressed sensing assumes objects are
sparse in some basis, enabling efficient measurement with theoretical guarantees.

These frameworks take a deductive approach: they start with specific assumptions about objects,
encoders, and decoders to prove performance guarantees. While powerful, this approach has inherent
limitations. The theoretical guarantees only apply when all assumptions are met—a condition that
can be difficult or impossible to verify in practice. Moreover, these frameworks often focus on best or
worst-case scenarios for individual objects, which may not reflect the average performance over a
range of objects.

Our information-based framework can complement these approaches. Like estimation theory and
compressed sensing, it can be used deductively to derive theoretical limits when specific assumptions
hold, as demonstrated in our analysis of two-point resolution (See [Probabilistic two-point resolu{
[tion). However, it also offers a unique advantage: the ability to work inductively from experimental
data. By estimating information content directly from measurements, our approach automatically
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Figure S20: Performance across multiple metrics correlates with information estimates. Compar-
ison of mean squared error (MSE), structural similarity index (SSIM), and peak signal-to-noise ratio
(PSNR) for the color photography, radio telescope, and lensless imaging systems shown in Fig. Za-c.
For the radio telescope configurations (middle row), colored dots correspond to the three example
configurations shown in the main text, while black dots show additional tested configurations. Each
metric shows consistent correlation with information estimates across different imaging modalities.
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system present in the measurements can be estimated. This can be seen by comparing Single LED,
Differential Phase Contrast, and Brightfield illumination patterns on an LED array microscope, and
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Figure S22: Classification accuracy vs. information content in lensless imaging. Unlike de-
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weight initializations.

71



adapts to the actual properties of objects being imaged, without requiring explicit mathematical
models of the imaging process. The only assumption we rely on is a noise model, which itself could
be learned from data rather than specified analytically.

This flexibility enables novel capabilities: comparing different imaging modalities, identifying subtle
performance tradeoffs, and understanding complex relationships between encoding physics and
measurement quality. By learning from data rather than relying on predetermined assumptions, our
framework can evaluate and optimize a broader range of imaging systems.

Detailed comparisons between our approach and these established frameworks are provided in
Sections and

S5.1 Estimation theory and the Cramér-Rao lower bound

Estimation theory provides tools for optimizing imaging systems by minimizing measurement
uncertainty. Its central tool, the Cramér-Rao lower bound [117]], defines the minimum achievable
error when estimating object parameters from noisy measurements. This bound enables systematic
comparison of different optical designs by identifying those with the lowest theoretical error.

While both estimation theory and our information-based framework aim to reduce measurement
uncertainty (Sec.[S5.1.4), our approach offers several key advantages:

* Data-driven adaptation: Rather than requiring explicit mathematical models, our frame-
work learns system behavior directly from measurements, automatically capturing complex
optical effects.

 Task flexibility: Estimation theory requires expressing imaging goals as parameter estima-
tion problems (e.g. modeling point source localization in terms of position coordinates).
Many practical imaging tasks lack such tractable parameterizations.

e Minimal assumptions: We require only a noise model, which can be measured empirically,
reducing the risk of model misspecification.

* Decoder generality: The Cramér-Rao bound traditionally applies only to unbiased estima-
tors, which are rarely optimal in practice. While extensions to biased estimators exist, they
introduce additional complexity without clear benefits (Sec.[S5.1.3). Our framework places
no restrictions on decoder type.

Our framework’s flexibility allows it to operate in both deductive and inductive modes. When
analytical object models are available, it can provide theoretical guarantees similar to estimation
theory. However, it can also learn directly from experimental data when such models are impractical.
This dual capability enables our framework to handle a wider range of imaging scenarios, from
well-modeled systems to those with complex, difficult-to-model behavior.

S5.1.1 Background: The Cramér-Rao lower bound in imaging

The Cramér-Rao lower bound has guided the design of numerous imaging systems. Its most successful
application has been in fluorescence microscopy, where it has helped optimize point spread functions
for localizing single molecules [[121} [119} [122H124] [120} [125]]. Similar approaches have proven
valuable in phase microscopy [126] and wavefront sensing [[127]].

At its core, the Cramér-Rao bound provides a fundamental limit on measurement precision. Consider
measuring a single parameter 6 (such as a particle’s position) from noisy data X. The measurement
process is described by a probability distribution p(z; 8), which captures both the imaging physics
and measurement noise. For instance, in fluorescence microscopy, this distribution might describe
how likely different intensity patterns are when imaging a point source at position 6.

The bound states that any unbiased estimator é(X ) (one that gets the right answer on average) must
have a mean squared error greater than or equal to the inverse of the Fisher information:

E [(0(x) - 0] > L (49)

~ Ir(9)

where I (6) is the Fisher information of 6, defined as:
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Ir(0) = E |(Volog p(z;0))°

For many common distributions, the Fisher information behaves like the inverse of the distribution’s
variance. Intuitively, this means that noisier measurements (higher variance) make it harder to
accurately estimate the true value of 6.

This mathematical framework has direct practical applications. In single-molecule microscopy, for
example, the Cramér-Rao bound quantifies how precisely a point source’s position can be determined
from an image. By calculating this bound for different optical designs (such as various point spread
functions), researchers can systematically identify and optimize systems that enable more precise
localization.

It’s important to note that Fisher information, despite sharing the word “information,” is distinct
from Shannon’s mutual information and entropy used elsewhere in this work. While both concepts
quantify aspects of measurement uncertainty, they arose from different fields—estimation theory
and information theory—and were developed independently. Though theoretical connections exist
between them in certain cases [117]], they serve different purposes in analysis and design.

S5.1.2 Cramér-Rao lower bound-based design and its limitations

The approach of designing physical systems based on the Cramér-Rao lower bound has inherent
limitations that prevent its application outside of a narrow set of applications in which the decoding
problem is limited to estimation of one or a few parameters. Furthermore, even when it can be
applied, it requires developing a complete mathematical model of the physics of image formation
with respect to the parameter of interest. These limitations have thus far prevented its application
outside a narrow range of problems, which include estimation of the position or mass of a single
particle [121}[119} 1221124120} [128]], or estimating a single optical aberration such as defocus [[127].
Below, we discuss these limitations in more detail.

The difficulties of creating parametric models Creating parametric models is essential for
calculating the Cramér-Rao lower bound, but it becomes challenging when dealing with high-
dimensional objects due to the difficulty of parameterizing objects in a way that captures important
aspects of decoders, while also retaining computational tractability.

The computation of the Cramér-Rao lower bound requires calculation of Fisher Information, which in
turn requires a parametric model of the data distribution, denoted as p(z; 6). This parametric model
stipulates the probability of a specific outcome x, given a certain parameter 6.

In certain scenarios, p(x; ) can be analytically defined. For example, in the point localization
problem, 6 denotes a 3-dimensional vector that marks the XYZ location of a point emitter (the bold
type indicates it is a vector of parameters), and x denotes the intensity of a specific pixel. Given
known equations for the system’s noise characteristics and image formation mechanism, p(x; ) can
be precisely defined. This can be used to compute Fisher Information and the Cramér-Rao lower
bound for a single pixel, and the process can be repeated over each pixel = to get an averaged bound.

However, creating a straightforward equation-based model for imaging most types of objects is usually
very challenging due to the difficulty and increasing complexity of adding additional parameters. Most
objects being imaged lack the simplicity of a single point emitter, which can be fully described by its
XYZ location. One potential way to circumvent this issue is a more general purpose parameterization
of the object in which it is represented by a discrete array of pixel values [[126]. However, unbiased
estimators are rarely used on high-dimensional estimation problems like this. Furthermore, the
Cramér-Rao lower bound is in terms of mean squared error, which, when applied to an array of pixels,
generally does not effectively capture semantically meaningful information about objects [129].

Generalizing from the simple case In light of the the difficulties of extending this approach to
objects with high-dimensional parameterizations, another possibility is to design imaging systems on
simple classes of objects with the hope that they will generalize to other classes of objects. Taking
such an approach requires making additional assumptions with unknown effects on results. Our
experiments in minimal 1-Dimensional simulations show that the object-dependence of imaging
systems can be readily demonstrated (Sec.[S1.3), which may in part explain why empirical solutions
to particle localization problems deviate from theoretical predictions [125]].
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Unbiased estimators are usually suboptimal In addition to the practical difficulties of formulating
complex parametric models and computing corresponding Cramér-Rao lower bounds, there remains
the limitation that the (standard) Cramér-Rao lower bound quantifies the minimum mean squared
error only of unbiased estimators. While constraining an estimator to be unbiased is arguably a
reasonable choice for simple, low-dimensional parameters like the location of a single point in 3D
space, most estimators used in practice are in fact biased [[130, [131] and state-of-the-art methods for
solving image processing tasks almost exclusively use biased estimators to achieve high performance.

The bias-variance tradeoff [[132]] provides a useful perspective: biased estimators, while possessing
higher bias, can have lower variance, thereby potentially reducing overall error. Thus, with bias,
estimators with better error than the standard Cramér-Rao lower bound can be achieved. A classic
illustration of this principle is the James-Stein estimator [[133]], which improves the estimation of
multiple parameters simultaneously by shrinking individual estimates towards a common mean. It
is based on the counterintuitive principle that, under certain conditions, an estimator that partially
pools the data towards a central value can produce overall estimates that are closer to the true values
than those obtained by estimating each parameter independently, especially when dealing with small
sample sizes or high-dimensional data. It results in lower average error than the unbiased sample
mean approach for Gaussian random variables when the number of dimensions is > 3.

Furthermore, the advantages of biased estimators are clear on empirical problems, particularly high-
dimensional ones. State of the art methods on image-to-image estimation problems like denoising and
deconvolution are usually achieved using deep neural networks [[134] or with iterative optimization
procedures that use regularization to bias the estimates towards certain classes of solutions.

Since computational imaging relies heavily on biased estimators for most image processing tasks,
designing systems focused solely on minimizing the error of unbiased estimators, or assessing
empirical performance based on this criterion, can provide only a narrow range of guarantees, and it
is unclear if the conclusions reached by these guarantees can be generalized to a broader range of
applications. This raises of the question of what additional theoretic tools can be used to address this
more general case.

S5.1.3 The challenges of generalizing estimation-theoretic design

This section explores alternative approaches to estimation theory, focusing on the use of biased
estimators and Bayesian Cramér-Rao lower bounds to address the limitations of the Cramér-Rao
lower bound.

The biased Cramér-Rao lower bound Though the (standard) Cramér-Rao lower bound only
pertains to unbiased estimators, there are variants and related inequalities that can be applied more
broadly.

The first is the biased version of the Cramér-Rao lower bound:

(14 Vob(0))?
Ir(0)

Where b(6) is the bias of the estimator as a function of 6:

E[6(X)-0?] > + b(0)?
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While this form may appear promising, it is in practice challenging for similar reasons to those
described in section Computing the gradient of the expectation of the estimator in high
dimensions is a challenging statistical problem in its own right, and this process would need to be
repeated for each value of 6, necessitating another high-dimensional integration. Furthermore, this
bound is not universal—it changes depending on the bias of the estimator in question. This makes
it more difficult to determine the best performance of an ideal theoretical estimator, and thus more
difficult to determine how close a real estimator come to achieving that performance.

The Bayesian Cramér-Rao lower bound (van Trees inequality) One way of addressing the
limitations of the (standard) Cramér-Rao lower bound for unbiased estimators and its biased estimator
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variant can be found by generalizing the estimation problem to consider not just a single value of
the parameter 6, but instead consider it to also be random (the upper case © is used to denote the
corresponding random variable).

Like the standard Cramér-Rao lower bound, the van Trees inequality (also known as the Bayesian
Cramér-Rao lower bound) [135130]] provides a lower bound on the squared error that can be achieved
in a parameter estimation problem. Mathematically:

1
Z E[Ir(0)] + J(0)

E[@(x) - 9)2] (50)

Compared to the standard Cramér-Rao lower bound (Equation [A9), this inequality makes two
important changes. First, the Fisher information of a particular parameter value 6 has been replaced
with a probability-weighted average over all possible values of §. Second, there is an additional term
J(O), defined as:

J(©) =E[(Vp(©))?] (51)

where p(-) is the probability of a particular value of ©. This can be approximately understood as
quantifying how concentrated the distribution of the random variable © is. The more concentrated the
distribution of the parameter © is, the more precisely it can be estimated from noisy measurements.
Biasing estimates towards more probable values of © enables estimation error to be lowered on
average.

This inequality formalizes an important intuition: The theoretical limit of the average error with
which a parameter of interest can be estimated (such as some property of an object being imaged) is
dependent upon the distribution of that parameter. Changing the distribution of the parameter can
change the theoretical limits of performance, as well as the the form of optimal estimators.

S5.1.4 Connections between estimation and information theory

Originally, information-theoretic quantities like entropy and mutual information were developed
for noise-affected message transmission. However, these tools have significant theoretical links to
estimations of the precision of noise-corrupted random variables. Though these connections are
mostly known only for simpler analytical cases such as Gaussian random variables, they nonetheless
provide insights into the relationships between these fields [[117]. Here we highlight some of these
connections.

An important insight is that where these connections are recognized, designing imaging systems
using either estimation or information measures tends to have similar objectives. However, estima-
tion measures have inherent limitations in their applicability, as previously discussed. In contrast,
information theory tools don’t share these restrictions, positioning them as potentially universal tools
for designing physical imaging systems across a variety of applications. Several known inequalities
capture the known relationships between these findings and goals of information and estimation
theory.

Much of estimation theory centers on limits defined in terms of mean squared error of signals. While
mean squared error has many appealing properties, its shortcomings, particularly in the context of
quantifying the perceptual and semantic quality of images are readily apparent [129]. This has, for
example, motivated work on alternative ways of quantifying error [136} [137]].

Efroimovich inequality In contrast, rate distortion theory, a branch of information theory, can
be used to understand the fundamental limits and behavior of a wide variety of loss functions. The
connection from the lower bounds used in estimation theory and information theory can be readily
seen in the Efroimovich inequality [138]], which generalizes the van Trees inequality (Equation [50)
from providing a bound on only mean squared error to providing a bound on a more general way of
quantifying uncertainty, the entropy of a parameter # given a noisy measurement X :

1 onex) o 1
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Here, h(O | X) is the differential entropy of a parameter given data X. This inequality can be used
to derive bounds on loss functions other than mean squared error in terms of information-theoretic
quantities [131} [139].

I-MMSE formula Another known relationship with particular relevance to this work is known as
the -MMSE formula (short for Information - minimum mean squared error), which states that [140,
117]:

1 S
I(X;Y)=I(X;v/sX+N) = 5/ mmse(X | vX + N)dy
0

In this equation, X is a signal of interest, and Y = /sX + N is a noisy measurement of that
signal, created by adding independent Gaussian noise N to the original signal such that the resultant
signal-to-noise ratio is 4/s. mmse(-) is the minimum mean squared error of estimating X given Y’
(i.e. the Bayesian Cramér-Rao lower bound shown in Equation @]) From this formula, the mutual
information I(X;Y") is equal to the minimum mean squared error of the optimal estimator, averaged
over all achievable signal-to-noise ratios.

This formula shows that mutual information quantifies the same operational idea as the (Bayesian)
Cramér-Rao lower bound in the case of additive Gaussian noise, which strongly suggests that the
quantities may serve similar purposes under more general noise models. This relationship has been
leveraged to develop task-specific information estimators [31]].

This relationship can be visualized in the signal coordinate representation, which provides further
intuition as to why these quantities are closely related. Figure shows the distributions of noisy
measurements for 6 different signals with a measurement system that imparts additive Gaussian
noise. Since mutual information is operationally defined as the number of signals that can be reliably
distinguished in the presence of noise, decreasing the maximum signal-to-noise ratio lowers the
mutual information. Simultaneously from the estimation theory perspective, it impedes the ability to
estimate the original signal from a noisy measurement of it, because it increases the ambiguity as to
which input signal gave rise to the measurement.

High signal-to-noise ratio Low signal-to-noise ratio
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Figure S23: Visualizing the connection between information and estimation. Shown are noisy
measurements of 6 distinct signals with high and low signal-to-noise rations. With less noise, the
signals remain more distinguishable, increasing mutual information. Simultaneously, lower noise
reduces uncertainty in inferring the true signal, improving estimability.

This theoretical connection, combined with the developments in the present work that enable estima-
tion of mutual information across many types of imaging systems provides a means of generalizing
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the successes of estimation-theoretic design criteria to a wide variety of imaging systems, without the
requirements for detailed, system-specific mathematical modeling.

S5.2 Compressed Sensing: Assumptions and Limitations

Compressed sensing theory showed that certain signals can be accurately reconstructed from fewer
measurements than traditionally thought possible. While conventional sampling theory (Nyquist)
requires sampling at twice the highest signal frequency, compressed sensing demonstrates that
sparse signals—those with few nonzero components in some basis—can be recovered from fewer
measurements.

In its original formulation, the framework relies on specific assumptions:

* Signal sparsity: Most signal components must be zero in some basis

* Incoherence: The measurements of the signal should not be sparse. The degree of incoher-
ence between the measurement matrix and the sparsity basis gauges the level to which this
requirement is met.

* Gaussian noise: Measurement noise must be normally distributed and signal-independent

* Specific reconstruction algorithms: Recovery requires optimization methods with provable
guarantees

When these assumptions hold, compressed sensing approaches theoretical performance limits [141]].
However, real-world imaging often violates these assumptions. Natural objects rarely exhibit perfect
sparsity, and measurement noise may not be Gaussian. Studies have shown that compressed sensing
strategies become suboptimal when objects don’t match the assumed structure [39, 38]].

Recent work has shown that incorporating additional object knowledge can improve upon basic
compressed sensing. When signals can be generated by passing low-dimensional vectors through
nonlinear models, reconstruction accuracy can improve by an order of magnitude compared to
traditional compressed sensing approaches [142H144]].

More broadly, probabilistic models offer a framework for describing signal structure beyond sparsity.
These models enable analysis of average-case performance and can incorporate various forms of
prior knowledge about signals [[145] [146]. Theoretical work has shown how measurement limits
depend fundamentally on the complexity of the objects being measured [147]], and how probabilistic
approaches can achieve optimal performance for specific signal classes [148] [149].

S6 Methods

S6.1 Model training

Memory, computational, and data constraints often made it impractical to estimate information from
full images. We therefore randomly sampled fixed-size patches from across the images for training.

Full Gaussian model The full (non-stationary) Gaussian model estimates a complete covariance
matrix directly from vectorized image data without assuming stationarity. The mean vector is
computed as the average across all training samples. The covariance matrix is estimated using the
empirical covariance of the centered data. To ensure numerical stability and prevent degenerate
solutions, we enforce positive definiteness by applying an eigenvalue floor - any eigenvalues below
this threshold (typically 10~3) are set to the floor value. If numerical issues persist, the floor is
automatically increased until the covariance matrix becomes positive definite. This model offers
greater flexibility than the stationary version but requires more training data and computation due
to the larger number of parameters. For discrete-valued data, small uniform noise is added during
training to prevent infinite likelihoods.

Stationary Gaussian process model The stationary Gaussian process model enforces translation
invariance through a doubly Toeplitz structure in the covariance matrix. The model is initialized
by computing the empirical covariance matrix from vectorized image patches and averaging along
diagonals and block diagonals to impose the Toeplitz constraint. The mean is estimated as the

77



average pixel value across all patches. We then refine these estimates through an optimization
procedure that maximizes the data likelihood. The optimization uses a parameterization based on
eigendecomposition, where only the eigenvalues are updated while keeping the eigenvectors fixed.
We employ stochastic gradient descent with momentum and gradient clipping to prevent numerical
instability. After each gradient step, a proximal operator ensures the eigenvalues remain above a
minimum floor value (typically 10~2) to maintain positive definiteness. The optimization typically
runs for 60 epochs with early stopping based on validation likelihood, using batch sizes of 12 images
and a learning rate of 100. During both training and evaluation, small uniform noise is added
to discrete-valued data to enable proper likelihood computation with the continuous model. The
stationary assumption significantly reduces the number of parameters compared to the full Gaussian
model, enabling more efficient training and better generalization with limited data.

PixelCNN model The images were modeled using a PixelCNN architecture adapted from prior
work [53154]. The model consists of vertical and horizontal masked convolution layers arranged in a
stack, enabling modeling of the conditional distribution of each pixel given the previous pixels in raster
scan order. The network includes seven gated masked convolution layers with alternating dilation
rates (1,2,1,4,1,2,1) to increase the receptive field while maintaining computational efficiency. Each
gated layer combines information from vertical and horizontal stacks through masked convolutions
followed by a gating mechanism using tanh and sigmoid activations.

We modified the original categorical output distribution to instead use a Gaussian mixture den-
sity [[113] with 40 components at each pixel. The mixture parameters (means, standard deviations,
and mixing weights) were computed through separate dense layers. The Gaussian means were
initialized randomly uniformly between the training image minimum and maximum values and
clipped to this range during inference. The standard deviations were computed as the softplus output
of a dense layer, clipped to be between 1 and the training set standard deviation to avoid degenerate
solutions.

During training, small uniform noise was added to the discrete-valued images to account for modeling
them with a continuous distribution. The noise prevents the likelihoods from going to infinity and
overfitting to the exact training values. Input images were normalized by subtracting the mean
and dividing by the standard deviation of the training set. The model was trained using the Adam
optimizer with a learning rate of 0.01 on image patches, with early stopping based on validation
likelihood to prevent overfitting. All models were implemented in JAX/Flax for efficient training on
GPUs.

S6.2 Confidence intervals

Our framework supports estimation of confidence intervals through bootstrapping to quantify uncer-
tainty from finite test set size. For a specified confidence level (e.g., 90%), we repeatedly resample
the test set with replacement and recompute both the marginal entropy (using the trained model) and
conditional entropy. The mutual information is computed for all combinations of these resampled
estimates. The confidence interval is then determined by taking appropriate percentiles of these
bootstrap estimates - for example, the 5th and 95th percentiles for a 90% confidence interval. This
approach captures uncertainty in both the marginal and conditional entropy estimates.

S6.3 Sample generation

Images are generated using ancestral sampling, where pixels are drawn sequentially in raster scan
order (left to right, top to bottom). For each new pixel, its value is sampled from a probability
distribution conditioned on all previously generated pixels within its local neighborhood. For the
Gaussian models, this is a Gaussian distribution whose parameters are computed using the Schur
complement of the covariance matrix. For PixelCNN, this is a mixture of Gaussians whose param-
eters are computed by the neural network. To ensure physical plausibility in imaging applications,
generated values can optionally be constrained to be non-negative by clipping negative values to zero.
While slower than parallel generation methods, ancestral sampling maintains the local statistical
dependencies captured by the models while enabling generation of arbitrarily large images.
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S6.4 Generation of synthetic experimental noise

Experimental data was simulated to have been collected with fewer photons by adding simulated
photon shot noise. However, since the experimental data already contains some shot noise, it is
necessary to determine how noisy the images already are, and then only add additional noise as
needed.

To simulate a lower photon count, each pixel with photon count p was multiplied by a fraction f
to reduce the photon count to fp. Assuming the dominant source of noise in the original image is
photon shot noise, the variance of the noise in the original image is approximately p, and the variance
in the reduced photon count image is approximately f2p. The desired variance of the reduced photon
count image is equal to its mean, fp. Since the sum of two independent Gaussian random variables
with variances a and b is a Gaussian random variable with variance a + b, we can add noise to the
reduced photon count image to achieve the desired variance. Additional zero-mean Gaussian noise

was added with variance fp — f2p. The standard deviation of the added noise was then / fp(1 — f).

S6.5 Applications
S6.5.1 Color Filter Array

Color imaging dataset We conducted experiments using the Gehler-Shi dataset [62}[63]] (implied
license via explicit permission to use), which comprises 568 high-quality natural images. The dataset
was partitioned into 461 training, 51 validation, and 56 test images, with each image subdivided
into 24 x 24 pixel patches. To establish a consistent baseline for illumination, we computed a white
channel by summing the red, green, and blue channels, then normalized the dataset to achieve a mean
of 1000 photons per pixel in the white channel, based on the training split mean. Signal-dependent
Poisson noise was subsequently applied to all patches.

Information content analysis For mutual information estimation, we sampled 100, 000 patches
from the test set for fitting a PixelCNN, reserving 10,000 for evaluation. Conditional entropy
calculations were performed on clean images prior to synthetic Poisson noise application. We
evaluated three distinct color filter array (CFA) designs: a Bayer pattern, a random configuration,
and a learned pattern using the architecture in [61]. For each CFA design, we selected the minimum
information estimate across the 20 replicates (since our estimator provides an upper bound) and
the best prediction performance (lowest negative log likelihood on test data) to characterize system
performance. Each replicate took ~3.5GB of memory. All replicates were trained in ~5 hours on an
Nvidia RTX A6000 GPU.

Neural network architecture and training Color image reconstruction was implemented using
a bifurcated network architecture as proposed by Chakrabarti [61]. This approach processes 24 x
24 pixel measurement patches through two parallel paths. The first path performs multiplicative
operations in log-space with linear mixing, while the second employs convolutional layers with 128
filters. Each path generates 24 estimates per color value, which are then combined through learned
weights for final reconstruction.

The network implementation features an 8 x 8 repeated CFA pattern incorporating four channels
(RGB and panchromatic). Training used the Adam optimizer (3; = 0.9, S2 = 0.999) with a learning
rate of 1 x 1075 and a batch size of 128 patches, running for a maximum of 100,000 training
steps with checkpoints every 5, 000 steps. Training progress was monitored using a validation set
comprising 10% of the training patches (100, 000 patches total). The checkpoint achieving the lowest
validation loss was selected for final reconstruction performance evaluation.

S6.5.2 Black hole imaging

Black hole dataset For our site selection experiments, we generated a dataset of 100,000 synthetic
black holes based on the physical models for black hole dynamics from [[150]. Each synthetic black
hole had a static envelope, right ascension, and source declination matching that of M87. The
dynamic portion forming the accretion disk surrounding each black hole was modeled as a Gaussian
random field generated by a different solution to an underlying anisotropic spatio-temporal diffusion
partial differential equation with fixed diffusion and advection fields. Each black hole was formed
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by applying a Gaussian random field as a multiplicative perturbation to the static envelope, and
normalized to have total flux of 1 Jansky. To simulate black hole imaging we selected combinations
of four telescopes from the eight original telescope locations used in the Event Horizon Telescope
2017 array. We also included comparisons between reconstruction quality and information estimates
for all 70 possible combinations of four telescopes (Fig.[S20). For each combination we simulated
radio telescope measurements including thermal noise using the methods described in [151].

Information content analysis For mutual information estimation from complex-valued radio
telescope measurements we used the full Gaussian process model. Each complex-valued measurement
with thermal noise was separated into real and imaginary components and concatenated into a single
vector before being input to the model. The full Gaussian process was fit with 50,000 measurements
and evaluated on a test set of 10,000 measurements with 100 bootstrapped estimates to form a 95%
confidence interval. The conditional entropy was calculated based on the thermal noise statistics for
each telescope array, modeled as Gaussian noise with independent and varying standard deviations at
each measurement sample.

Imaging inverse problem Black hole images were reconstructed from simulated radio telescope
measurements using a standard regularized maximum likelihood method with total variation regular-
ization [[151], with hyperparameters matching the implementation in [[152]. Images were reconstructed
for a 2,000 measurement subset of the test set used for information estimation. Each reconstruction
was performed on the CPU and took ~ 10s.

S6.5.3 Lensless imaging

Natural image dataset The CIFARI10 dataset [153] (implied license via permission to use) was
used for the lensless imaging experiments. This dataset consists of 60,000 total images across
10 classes. To convert CIFAR10 image pixel values to synthetic photon counts, the dataset was
scaled to have mean value equivalent to the desired photons per pixel. Encoded measurements for
each lensless imaging system were generated by convolving (valid region, no zero padding) with
the corresponding point spread function. The point spread functions for the one lens and four lens
encoders were modeled as Gaussian-blurred points. For the diffuser encoder, the point spread function
is a downsampled version of an experimentally captured point spread function from DiffuserCam [67].
After convolution, synthetic Poisson noise was added to form the noisy encoded measurements.

Information content analysis For mutual information estimation, images from the CIFAR10
dataset were randomly selected in sets of 9 and tiled into 3x3 grids before convolution with the
encoding point spread functions. This tiling was implemented to prevent intensity falloff at the
edges of a measurement, which occurs when convolving a non-tiled image due to the zero padding
necessary to maintain measurement size. With tiling, image content was brought in uniformly at every
point in the field of view, forming a spatially consistent texture. Information content was estimated
using 32 x 32 image patches, the same size as the original non-tiled CIFAR10 images. Patches
were randomly sampled over the 65 x 65 region corresponding to the valid convolution output and
10,000 patches were used for information estimation. Conditional entropy was calculated using
clean images without synthetic Poisson noise. For each encoder and photon count combination, we
trained four separate PixelCNN models to estimate information content, each including 100 bootstrap
estimates with a test set of 1,500 images to form 95% confidence intervals. We selected the minimum
information estimate across the replicated models to characterize system performance. Estimates
were consistent across replicates, with less than 0.01 bits per pixel difference across replicates and
confidence intervals smaller than the marker size in graphs.

Image deconvolution For the deconvolution task, images from the CIFAR10 dataset were con-
volved with an encoder. Then, Wiener deconvolution with an automatically tuned regularization
parameter was used to reconstruct the original image from each convolved measurement. This was
performed on the CPU, taking ~ 10 — 100 ms per reconstructuion.

Deconvolution is an ill-posed process and successful reconstructions with Wiener deconvolution
require finite image extent. Therefore, instead of random tiling, we use non-tiled images with
zero padding for this task. For each encoder and photon count combination, we evaluated image
reconstruction metrics on a test set of 1,500 images. The images in this test set correspond to the
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center image of each of the 3 x 3 tiled measurements used in the information estimation test set. The
mean value for each metric was reported and 95% confidence intervals generated from 100 bootstrap
estimates with the test set were smaller than the marker size.

Image classification In addition to the deconvolution task in the main paper, we study object
classification using the same encoders. A simple CNN architecture, sufficiently powerful for regular
CIFAR10 image classification is used. This consists of two convolutional layers (64 and 128 filters
respectively with kernel size 5), each followed by a MaxPool, and two densely-connected layers, the
first with 128 nodes and a ReLLU activation, and the second with 10 layers and a Softmax activation
for classification into the 10 classes. Classifiers were trained on an NVIDIA TITAN XP GPU using
<5GB memory, ~10 minutes training time per model.

The random tiling process used in mutual information estimation is used for the images in this task as
well. The label for classification is based on the center image in the 3 x 3 grid, for which maximum
image content is present in the measurement. Classification is repeated 10 times for each photon
count and encoder combination, from which the 90% confidence interval is generated.

S6.5.4 LED array microscopy

Cell imaging dataset We analyzed single leukocyte images and corresponding protein expression
measurements from the Berkeley Single Cell Computational Microscopy (BSCCM) dataset [[75] (CCO
1.0 Universal license). The dataset includes images acquired under multiple illumination conditions
using an LED array microscope along with measurements of eight protein markers (CD3, CD19,
CD56, CD123, HLA-DR, CD14, CD16, and CD45) obtained through antibody staining. To study
performance at different signal levels, we simulated lower photon counts by adding synthetic Poisson
noise to the original images.

Neural network architecture and training We developed a neural network to predict protein
expression levels from single-cell images. The network uses a DenseNet121 [154] backbone pre-
trained on ImageNet, modified to accept single-channel input by averaging the first convolutional
layer’s RGB weights. The backbone feeds into a global average pooling layer followed by eight
parallel fully-connected networks, each with two hidden layers. These networks output parameters
for Gaussian mixture models corresponding to each protein marker, enabling direct evaluation of the
negative log likelihood for target protein levels. Training used the Adam optimizer with a learning
rate of 5 x 10~° and batches of 16 images. A composite loss function summed the negative log
likelihood across protein markers, with missing values masked out. Training proceeded for 4,000
steps per epoch and employed early stopping when validation loss failed to improve for 20 epochs.
Typical trainings took 1-2 days on NVIDIA TITAN Xp GPUs with 12GB memory. 2-3 networks
were trained in parallel sharing a single GPU.

Information content analysis To evaluate system performance, we performed 15 independent
train-test splits of the data. For each split, we trained both a PixelCNN model to estimate information
content and a protein prediction network. Information content was estimated using 40 x 40 pixel
patches uniformly sampled from the normalized images. For each illumination condition and photon
count, we selected the minimum information estimate across the 15 replicates (since our estimator
provides an upper bound) and the best prediction performance (lowest negative log likelihood on test
data) to characterize system performance.

S6.6 Information-Driven Encoder Analysis Learning (IDEAL)

Using the Gehler-Shi dataset [62,163] partitioned into training (461 images), validation (51 images),
and test (56 images) sets, we extracted 100,000 patches of size 24 x 24 pixels for training, along with
10,000 patches from the validation set. To establish consistent illumination conditions, the dataset
was normalized to achieve a mean of 1000 photons per pixel in the white channel (sum of RGB
channels) based on the training set statistics.

The mutual information between noiseless and noisy measurements was calculated using an analytic
Gaussian approximation to ensure differentiability of the loss function with respect to the learnable
parameters [01]]. At each optimization step, we process a batch of 2304 measurement patches (24 x 24
pixels each), selected randomly from the Gehler-Shi dataset. These measurements were vectorized to
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compute their covariance matrix, whose log eigenvalues are used to estimate H (Y ). For numerical
stability, any non-positive eigenvalues were set to 10~%. The batch size was chosen to be 2304, 4
times the number of pixels in a patch (576 pixels), as we found a batch of at least this size produces the
most stable estimation. H (Y|X) is calculated using the analytic formula detailed earlier (Sec. .

For the IDEAL optimization, we designed an 8 x 8 repeating color filter array (CFA) pattern with
four possible filters at each pixel: red, green, blue, and white. To learn which filter to place at each
location, we used a temperature-based softmax approach [61]]:

m(n) = Softmax|[aw(n)] (52)

Here, m(n) is a 4-element vector that represents the probability of selecting each color filter at pixel
location n. The learnable weights w(n) determine these probabilities through a softmax function
whose sharpness is controlled by the temperature parameter oy = 1 + (yt)2, where ¢ is the training
iteration and v = 0.001. Early in training when o is small, the softmax produces soft probabilities
that allow gradient-based learning. As training progresses and o increases, these probabilities
become increasingly binary, eventually forcing the network to select a single filter at each location.

The training procedure begins by passing clean image patches through the CFA pattern to generate
noiseless measurements. Signal-dependent Poisson noise is then approximated using Gaussian noise
with variance matching the signal intensity. We use the negative mutual information as our loss
function, optimized using the AdamW optimizer (learning rate = 10~%, 31 = 0.9, 32 = 0.999) until
convergence. Training took ~3 hours and ~1 GB on a Nvidia RTX A6000 GPU.

To evaluate IDEAL’s ability to optimize a CFA, we computed the mutual information on the test set
for the optimized pattern, as well as initial and intermediate patterns, using the estimation procedure
described previously (See[Color Filter Array). Reconstruction networks were subsequently trained
for these three filters and evaluated following the protocol detailed above (See|Color Filter Array).

S6.7 1D simulations

We studied a simplified 1D imaging system with three key components: objects, encoders (point
spread functions), and measurements. Objects were represented as periodic signals over a fixed spatial
domain of 512 samples. Encoders were constrained to be bandlimited, non-negative, and infinitely
periodic point spread functions that acted on objects through convolution. To ensure bandlimiting
and enable stable optimization, encoders were parameterized in the Fourier domain using amplitude
and phase components up to a specified bandwidth. The encoding process generated signals by
convolving objects with these point spread functions. These signals were then integrated over fixed
intervals (“pixels”) to simulate detector sampling, with independent additive Gaussian noise applied
to each pixel to model measurement noise.

Information content was estimated using our PixelCNN-based estimator, requiring 1D signals to
be reshaped into 2D arrays. Training datasets were generated by encoding random object instances
drawn from specified distributions. To characterize encoder constraints, we mapped the space of
achievable signals by optimizing encoders to match target signals, defined as points in the space of
possible pixel measurements. This optimization minimized the L2 distance between encoded and
target signals. We analyzed how information capacity varied with key system parameters. Signal-
to-noise ratio effects were studied by varying noise standard deviation while keeping signal energy
fixed. Bandwidth impact was assessed by adjusting the number of nonzero Fourier components in the
encoder. Sampling density analysis involved changing the number of pixels while maintaining fixed
bandwidth. These relationships were examined across different object distributions including single
delta functions, multiple delta functions, and bandlimited noise patterns.

Encoder optimization employed stochastic gradient ascent on a Gaussian-approximated mutual
information objective, with a proximal operator enforcing non-negativity and energy constraints on
the point spread functions. All simulations were implemented in JAX for automatic differentiation
and GPU acceleration.
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