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Abstract

Mixable loss functions are of fundamental importance in the context of prediction with ex-
pert advice in the online setting since they characterize fast learning rates. By re-interpreting
properness from the point of view of differential geometry, we provide a simple geometric
characterization of mixability for the binary and multi-class cases: a proper loss function
¢ is np-mixable if and only if the superpredition set spr(nf) of the scaled loss function 7¢
slides freely inside the superprediction set spr(fiog) of the log loss fiog, under fairly gen-
eral assumptions on the differentiability of /. Our approach provides a way to treat some
concepts concerning loss functions (like properness) in a “coordinate-free” manner and rec-
onciles previous results obtained for mixable loss functions for the binary and the multi-class
cases.

1 Introduction

In the context of prediction with expert advice as described by Vovk (1998; |2001)), an information game is
considered between three players: the learner, n € N experts and nature. At each step t € N,

e cach expert makes a prediction which the learner is allowed to see,
e the learner makes a prediction,
e mnature chooses an outcome,

o for a fixed loss function £, the cumulative loss is calculated for the learner and each of the experts.

The goal is to minimize the difference between the learner’s loss and the best expert’s loss, which is often
called the regret.

1.1 Mixable games and characterizations of mixable and fundamental loss functions

For a wide class of games, called n-mizable games for n > 0, the Aggregating algorithm (see for example [Vovk
(2001)) ensures an optimal bound for the regret (p~! Inn) independent of the trial ¢. Since the mixability of
a game depends on the loss function ¢, a loss function ¢ is n-mizable if the corresponding game is mixable.
Since arguably the aggregating algorithm is one of the most well founded and studied prediction algorithms,
there is a natural interest in understanding properties and characterizations of mixable loss functions.

Examples of mixable loss functions include the log loss, relative entropy for binary outcomes (Haussler et al.|
1998) and the Brier score (Vovk & Zhdanov], 2009 van Erven et all [2012)). Mixability of a loss function
{ is characterized by a “stronger convexity” of the superprediction set of ¢, which can be described as the
convexity of the superprediction set of ¢ after an “exponential projection” (see below and [Vovk| (2015])
and [van Erven et al.[(2012))). Unfortunately, this characterization of mixability lacks a transparent geometric
interpretation.

The main goal of this work is to provide such geometric interpretation. The motivation stems from an
observation made by [Vovk (2015): a n-mixable loss can be characterized as the positiveness of the infimum of
the quotient of the curvatures of the a strictly proper loss function £ and the log loss #1,, for binary outcomes.
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Here as usual, loss functions are defined on the 2-simplex A? (see (1.1))). Moreover, he then proves that
fundamentality (see Vovk| (2015)) of a loss can be characterized as the finiteness of the supremum of the same
quotient of curvatures. These two results suggest that these properties are geometric, meaning that they can
be studied using differential geometry tools, and in this regard, mixability and fundamentality should not
depend on the coordinates chosen to express them.

Loosely speaking, in convex geometry a convex set L is said to slide freely inside a convex set K, if for any
point 2 in the boundary of K, there is a translation vector y such that the translation of L by y (i.e., the
Minkowski sum L + y, see ), intersects K at x, and L +y C K. We provide the following geometric
characterization of mixability and fundamentality, as a geometric comparison to the log loss (see Figure [1)).
Let spr(¢) denote the superprediction set of a loss function ¢ (see (L.4)).

Theorem 1.1 (Informal statement). A continuously twice differentiable proper loss function is n-mizable if
and only there is n > 0 such that spr(nf) slides freely inside spr(fiog). In addition, the same € is fundamental
if and only if there exists v > 0 such that spr(fiog) slides freely inside spr(v¢).

- glog
7

Figure 1: We abuse notation and denote the image of a loss function ¢ by simply ¢. The figure shows how
the superprediction set of a translation of the scaling of ¢ slides freely inside the spr({ios). The bullet points
are located at the image of p € AZ.

To obtain the previous theorem it is necessary to re-interpret properness from a differential geometry point
of view, which constitutes a big part of this work. However, this technical effort pays off. [van Erven et al.
(2012) characterized n-mixable (differentiable) loss functions for multi-class loss functions and moreover,
related n to the Hessian of the Bayes risk of £ and the log loss (see Deﬁnition, which is interpreted as its
curvature. By generalizing the tools developed here for the binary case, we were able to obtain a multi-class
analog result to Theorem and to build a bridge to the results in|van Erven et al.| (2012]).

1.2 Description of results and structure of the article

Using the same setting as [van Erven et al.| (2012), we obtain a geometric characterization of 7-mixable loss
functions in the sense of differential geometry. Loss functions are considered to be maps £: A" — RZ,
which under the conditions assumed in this work, give rise to submanifolds /(relint(A™)) of R™ whose
geometric properties are determined by £ (see the relevant precise definitions below). We first discuss the
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case n = 2 (binary classification loss functions) since it is more instructive, and then the case n > 2. We
summarize the main results as follows.

(1) We recast the notion of a (strictly) proper loss as a geometric property of the loss itself rather than its
superprediction set. That is, properness is no longer considered a parametrization dependent property,
it is a statement about the geometric properties of the “loss surface” £(relint(A™)) (the boundary of the
superprediction set). See lemmas and

(2) A geometric comparison is performed. For n = 2 in terms of the curvature of the “loss curves” (see
Section below), and for n > 2 in terms of the scalar second fundamental form of the “loss surfaces”
(see Section [3| and Appendix , which measure how they curve inside R™. The precise statements are
given in Lemma [2.13| and Lemma [3.6] Intuitively, these results tell us how the superprediction set of ¢
sits inside the superprediction set of the log loss.

(3) Finally, we interpret our result from the point of view of convex analysis to give a new characterization
of mixability. More precisely, We show that a (strictly) proper loss function ¢ is n-mixable if and only
if the superprediction set of ¢ slides freely (see Definition [4.11]) inside the superprediction set of the log
loss.

As byproducts, we obtain a general way to define mixability with respect to a fixed (strictly) proper loss func-
tion, further properties and consequences for binary classification loss functions, particularly for composite
losses and canonical links, and a bridge to the results obtained in [van Erven et al.| (2012).

Since we treat loss functions from the point of view of differential geometry and convex geometry, a consider-
able background in these topics is needed. We present this work as self-contained as possible and spend some
time providing the intuition and motivation for the results (and sometimes the background) which naturally
results in a longer exposition. In Section [2] we treat the binary case, in Section [3] the multi-class case to
obtain the geometric interpretation of properness and mixability and perform the geometric comparison (in
terms of curvature). In Section [4f we make the connections to convex geometry and obtain the geometric
characterization of mixability in terms of the sliding freely conditions of superprediction sets.

1.3 Setup

Here we summarize our setup, for more details see |van Erven et al.| (2012). Denote by [n] the set of natural
numbers {1,...,n}. The set of probability distributions on a finite set Y with |Y| = n € N is given by

> pi= 1}. (1.1)

i=1

A" = {(pl, yPn) €R"

We note that A™ is a manifold with (non-smooth) boundary of dimension n—1. Moreover, A" is a hypersur-
face in R™; we denote the interior (as a manifold) of A™ as int(A™) which is the same set as the relative interior
relint(A™) of A™. We define the standard parametrization of A™ as the map ®gq: AL Cc R*™1 — A"
given by

n—1
(I)std(tla -"atnfl) = <t17 --~7tn717 1- Zt’b> . (12)
=1

In particular, when n = 2 the standard parametrization of A? is the map ®gq: [0,1] — A2 given by
Dgra(t) = (¢,1 —1).

Definition 1.2. A loss function is a map £: A™ x Y — Rx¢ such that for each k € Y, the map
(-, k): A™ — R is continuous.

Given a loss function ¢, p € A™ and k € ), the value £(p, k) represents the penalty of predicting p upon
observing k. We define the partial losses of a loss function ¢ as the maps ¢;: A" — Rxq given by ¢;(p) =
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£(p,i). A loss function can be described in terms of its partial losses as
Up, k) = [k = ilti(p).
i=1

Thus, we can identify a loss fuction ¢ with the map ¢: A™ — RZ, determined by its partial losses

U(p) = (1 (p), -, €n(p)) -

In this work we follow this convention unless stated otherwise. Note that this way we can see a loss function
¢ as an embedding of int(A™) into RZ, (assuming enough properties on £). We will see later that properness
ensures the image of this embedding to be a nice hypersurface of R® with appealing geometric properties.
Under the assumption that the outcomes are distributed with probability p € A™, we make the below
definitions following [van Erven et al.|(2012); Reid & Williamson| (2010).

Definition 1.3. Given a loss function £, we define the conditional risk as the map L : A™ x A" — R as

L(p,q) = ({(q),p),

and the associated conditional Bayes risk as the map L : A™ — R given by

L(p) = inf L(p,q) = inf (¢ .
L(p) = inf L(p,q) = inf {l(g).p)

Definition 1.4. A loss function £: A™ — RY is said to be proper if for any p € A"

((p),p) < (€(q),p)

for all ¢ € A™. In other words, L(p,-) has a minimum at p. When p is the only minimum of L(p,-) we say
that ¢ is strictly proper.

For our geometric considerations it will be useful to denote the image of A™ under ¢ by M,, and impose
enough differentiability conditions on ¢ so that M, is (at least) a C*-manifold. See Definitions and
below.

We now recall the definition of mizability (see for example, |[Vovk| (2015) and van Erven et al.| (2012)). For
n >0, let E,: R" — R™ be the n-exponential projection defined as

E,(y) = (e7 M, ...,e” ). (1.3)

A loss function ¢ is called n-mizable if the image of its superprediction set, spr(¢), given by
spr(€) .= {\ € [0,00)" | there is ¢ € A™ such that ¢;(q) < \; for i € [n]}, (1.4)

is convex under the n-exponential projection, that is E,(spr(¢)) C [0, 1]™ is convex. We say that ¢ is mizable
if ¢ is p-mixable for some n > 0.

Definition 1.5. Let ¢ be a mizable loss function. The mizability constant of £, n;, is defined as

n; = sup {n > 0] ¢ is p-mixable}.
n>0

1.4 Motivation

In this part we mainly discuss the case n = 2 since it is more illustrative. It has been made evident that
there is a strong relation between properness and mixability. Here we make this relation more explicit and
transparent from a geometric point of view. The basic motivation is as follows. It is commonly understood
that properness is a property that depends on the parametrization of the boundary of the superprediction
set of £ (Vovk, 2015). It has been also shown that it is related to the “curvature” of the Bayes risk, since
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it requires that the superprediction set remains convex under the n-exponential projection given by
(with the standard parametrization of the simplex A?) (Buja et al., [2005; Reid & Williamson), [2010; [van
Erven et al., 2012). Mixability is considered to be a stronger notion of convexity (Vovk. [2015), for some
1 > 0. The basic observation in this work is that it is possible recast properness from a geometric point of
view, i.e., independent of the parametrization of A™. More precisely, we define properness in terms of the
loss function viewed as a map £: A" — RZ rather than in terms of the superprediction set spr(¢) (as it is
usually defined). More precisely, to determine whether a given ¢ is proper or not, it is not enough to look
at image ¢(A™) (as the boundary of spr(¢)) but rather how A” is mapped into RZ, by ¢ — since we will
be using tools of differential geometry, we will assume C? differentiability (see Section . More precisely,
restricting first to n = 2 (see Lemmabelow), a given loss function £: A? — R2, will be (strictly) proper
if and only if

(1) the normal vector to £(A™) at £(p) is equal to +p/|p| for all p € int(A?), and

(2) the curvature (see Section [1.5|below) at any point ¢(p) with respect to the unit normal vector n = p/|p|
is strictly positive for all p € int(A?).

As observed in Figure [2] spr(¢1) = spr(¢2), which implies that their boundaries coincide (as a set). In
particular, this implies that it is possible to “parametrize” the boundary of £3(A?), d(¢2(A?)), in the same
way as 9(£1(A?%)) in order to have a proper loss. However, note that this changes the map ¢5 and hence from
the point of view of this work, this is a different loss function. In practice, one is given a loss function ¢ rather
than a superprediction set spr(¢), therefore we look at losses as individual maps from A? to R2>0 instead of

looking at their superpredictions sets and obtaining a proper loss by choosing a convenient parametrization
of d(spr(¥)).

4

A2 _—

Figure 2: Consider the two loss functions given by ¢1(p1,p2) = (—log(p1), —log(p2)) and ly(p1,p2) =
(—1log(pa), —log(p1)), for p = (p1,p2) € A2. Although spr(¢;) = spr(fs), l2 is not proper since the normal
vector at fo(p) is not £p/|p| for any p € AZ.

Remark 1.6. Our strength by characterizing proper loss functions in this way is that we will be able to apply
techniques from differential geometry, however, these considerations only work for loss functions which are
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sufficiently differentiable. For a general set up, it is possible to characterize properness of a loss function
in a fairly simple way via the convexity of its superprediction set. More precisely, the “loss surface” is the
subgradient of the support function of the superprediction set. This was thoroughly studied by Williamson
and Cranko in |Williamson & Cranko (2022). We briefly explore some connections to our work in Sec-
tion . Alternative approaches to extending and better understanding mizability include |Reid et al.| (2015))
and |Mhammedi & Williamson (2018).

1.5 Comments about the curvature of planar curves

The second condition for ¢ to be proper mentioned above involves a condition on the curvature of
{(int(A?%)). We now make this notion precise. Recall that if a(t) = (z1(t),z2(t)) is a C? curve with
o/ (t) = (24 (t),25(t)) # (0,0) for all ¢ in its domain, then its curvature can be seen a measurement of the
variation of its unit normal vector at each point. We define the canonical normal vector at «(t), n°(t), as
the unit normal vector in the direction obtained by rotating o’(t) 90° counterclockwise. Then, the signed
curvature of k at t is defined as

oty TS — (D) (15)

The interpretation of this number is as follows: k4 (t) is positive if o “curves” in the direction of n°(¢).
However, note that at each point we have two normal vectors: £n¢(¢). Thus, n°(¢) and x, depend on the
direction of a (i.e., @’), and their values differ by a negative sign. Thus, we can talk about the curvature of
a with respect to a chosen unit vector n (either choosing n® or —n¢ for all points, assuming this is possible,
which is the case for the curves we will consider here, see Figure [3) and denote it by x!. In the case when
n =n¢ then 7 = k,, and when n = —n¢, then s = —k,. Since £, is invariant under reparametrizations
(up to a sign), we can simply talk at the curvature of o at a given point p in the image of «. In Section
we make precise our choice in (2) above. For a summary of geometry of curves see Appendix

Oé/

Figure 3: For a regular curve a, at each point we have two normal unit vectors.

Going back to loss functions, suppose ¢: A? — R2 is a loss function. Since A? is a l-manifold, any
parametrization around a point (of its interior) can be assumed to be of the form ®: (a,b) C R — AZ?
for some a < b. Thus, the local expression of £ under this parametrization {=/(o® is a curve in R2. By
changing ® around the same point, we are reparametrizing ¢. Since curvature is independent of coordinates
(i.e., of the ® used) up to a sign, we can define the curvature of the loss curve £(int(A?)) with respect to a
chosen unit normal vector (which will depend only on ¢). To compute it from its definition in , we need
to choose a parametrization ®, and as we will see, many times it is convenient to take ® = ®g4.

Remark 1.7. One could avoid part of the technical complications above by choosing beforehand ® = Pgq,
as it is usually implicitly done, and then requiring ¢, and {5 to be monotone (cf.|Buja et al| (2005]); | Reid &
Williamson| (2010);|\Shuford et al.| (1966); Voukl (2015)) — essentially, this amounts to choosing “direction” for
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the admissible loss curves. Although this approach is appealing since the curve parameter (t in our case) can
be directly interpreted as a probability, and moreover it simplifies calculations since in this case the convention
can be chosen so that the signed curvature coincide with k* (see for example|Vovl| (2015])), when considering
the multi-class case, the notion of “direction” breaks down and it is not clear which properties of My = £(A™)
one should consider. The approach we consider here gives a concrete logical path to a generalization to the
multi-class case (see Section @

1.6 Reconciling this point of view with previous works

In this part we explain how to “translate” the results we obtain here to previous results regarding proper
losses and mixability. We do this in particular with [Reid & Williamson| (2010]) and [Vovk| (2015)).

o Reid—Williamson (Reid & Williamson, 2010). Let ® = &y 4. The parameter 7 in [Reid &
Williamson| (2010) corresponds to the parameter ¢ here, ¢1(7) and ¢_1 (7)) correspond to ¢1(t) and
Zg(t), respectively. Although the regularity assumption in |[Reid & Williamson| (2010) is initially
only differentiability of the partial losses, when discussing the weight of a loss function they impose
C? regularity. From Theorem 1 in Reid & Williamson| (2010)), we see that a loss ¢ is proper if (in
particular) ¢ ; > 0 and £, < 0. We can heuristically say that ¢ goes from “right” to “left”. This
means that in this case, £ (7)) = —r(7)). The log loss in this case is liog(77) = (— In(7), — In(1 — 7)).

o Vovk (Vovk, 2015)). In|[Vovk| (2015) the loss functions are defined as maps (Ag(p), A1(p)), with Ao
increasing and \; decreasing (infinite differentiable). In this case, heuristically, losses go from “left”
to “right” so that x (p) = k(p). To relate this convention to ours, we set ®(¢t) = (1 —¢,¢). Then
the parameter p in [Vovk (2015)) corresponds to ¢ and Ay and Ay correspond to Zl and Zg The log
loss is then given by A(p) = (—In(1 — p), — In(p)).

Therefore, from our point of view, in previous works there is an implicit choice of a parametrization of
A?, particularly motivated to interpret the parameter as a probability. However, it is well known that
sometimes this might not be the case and a link function is needed (Reid & Williamson, 2010 — this fits
well with our approach as a link function for us is a different choice of parametrization; this will carefully
explained in Section 2.7] In favor of the study of loss functions using tools from differential geometry we
are then motivated to eliminate this choice of parametrization and consider ¢ as a map between manifolds
(namely, int(A?) and £(int(A?)) as a submanifold of R?). Although picking a general parametrization of
A? complicates the interpretation of the parameter, it makes other properties of loss functions transparent.
This approach has, to the knowledge of the authors, never been explored. We remark that, however, one
can always set ® = Py q and reinterpret the results of this work as the parameter being a probability. With
this geometric characterization of loss functions and properness at hand we continue to study mixability.

2 Properness and Mixability for Binary Classification

We first restrict our discussion to binary classification, i.e., setting n = 2. Thus, we consider maps £: A? —
R2,, where A? = {(p1,p2) € R?|p; + p2 = 1}, with partial losses ¢ (p) and f2(p). In this case the standard
parametrization of A? is given by ®gq(t) = (t,1 —t) for t € [0,1]. When a parametrization of A% say ®, is
chosen, then the local expression of ¢ with respect to ® (27 = (o ®) is a map from some interval I C R to R?,
that is, a curve in the plane R2.

Dating back to [Haussler et al.| (1995)); |Vovk| (1998)) it has been established that properness of a loss function
imposes strong conditions on the first and second derivatives of their partial losses. In [Vovk| (2015]) these
relations were expressed by means of the curvature of the loss curve. Moreover, in Buja et al. (2005); Reid
& Williamson| (2010) properness is related to the second derivative of its Bayes risk, which in a way can be
interpreted as its curvature. However, in these works there is always an implicit choice of parametrization
of A?, which in turn imposes certain restrictions on the “admissible” loss functions, particularly making the
results parametrization dependent. In this section, we first recast properness as a geometric property which
allows us to obtain results in a parametrization (or coordinate) independent way.
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Definition 2.1. An admissible loss function s a map £: A? — Réo such that

(i) £(int(A?)) C Rzzo is a 1-manifold of class C?,

(ii) there exists a differentiable map n: £(int(A%)) — N{(int(A?)), n(l(p)) = nyy,), where NU(A?) is the
normal space of £(A?%), and

(iii) n(p) or —n(p) belongs to R% for all p € int(A?).

We denote the set of admissible loss functions as L.

Remark 2.2. We give the following interpretation of the previous definition. (i) simply says that the loss
curve (once parametrized) is twice differentiable with continuous second partial derivatives. (ii) prevents
some “anomalies” on L, for example, { can not be constant on a neighborhood of a point. (iii) defines a
subfamily of loss curves which are not allowed to vary “too much” This definition should be compared to the
definition of loss functions in Section 2 in|Vovk (2015).

Definition 2.3. Let ¢ € L. Let n: {(int(A?)) — N{(int(A?)) be the map that assigns to each {(p) the
normal vector to M at £(p) that lies in R . We denote by k1 (-) the signed curvature of v with respect to
the unit normal belonging to R . We refer to k1 (-) as the curvature with respect to the unit normal vector

pointing towards RQZO.

2.1 Proper losses

Lemma 2.4. Suppose that { in L is strictly proper, then the signed curvature of the loss curve {(A?) has a
sign. Moreover, its curvature, kg, is positive with respect to unit normal vector (field) pointing towards R%o-

Proof. Let py € int(A?%) and let ®: I € R — A2 be a parametrization of A? around py = ®(to), for
some tq € I, which we use to obtain a parametrization of A% x A? around (po, po)ﬂ We consider the local
expression of L given by

L(t,s) = (L(®(s)), D(1))-
Using strict properness we know that fixing ¢, the function Z(t, -) achieves a minimum at s = ¢ (and it is the
only one), that is
0= 0, L(t, 5)[s=e = (I'(£), ®(1)) = (1)1 (1) + L5(1) B(8), (2.1)
0 < Qs L(t, 8)ls=e = ("(2), (1)) = 1 (£)@1(1) + f5 (1) @(1). (2:2)

To compute the sign of the signed curvature of £(A2) it is enough to determine the sign of ¢ (t)¢4(t) —
27 ()04 (t). Without loss of generality, assuming ®2 # 0 on this coordinate neighborhood we can write

_Ew¢mﬂ

GO - HOBE = GOFO - H@) |-

_ (1)
D (t)

_ 4()
Dyt

|G O@o(0) + F ()21 (1)]

(&), )] >0,

~—

where we have used (2.1) and (2.2). Notice that if #|(t) = 0 for some ¢ then necessarily £ (t) = 0 by (2.1)),
which is impossible in £. Therefore ¢ has a sign and this sign determines the sign of the signed curvature

of £(A?).

1Notice that this particular choice of coordinates around (po, po) suffices since we want to conclude something about the
curvature of the curve loss ¢
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For the second statement, notice that again using we know that Z’l and Z’Q have different signs (and
they do not change). If Z’l > 0, then that means that the first coordinate increases and the second decreases,
hence n(t) points towards R%O and ry > 0. If Z’l < 0, then we are in the opposite case and in this case
n(t) points to RQZO and 7 < 0, thus the signed curvature with respect to —n(t) (the unit normal pointing
towards R2 ) is positive. O

From the proof of the previous theorem we obtain the following corollary.

Corollary 2.5. Let ¢ € L. If £ is proper, then p € int(A?) is normal to the loss curve £(A?) at £(p).

Proof. Tt follows directly from ([2.1]), since for fixed p € int(A2), (¢(q), p) attains a minimum at p. O

Lemma 2.6. In L, proper implies strictly proper.

Proof. Let p € int(A?%), and suppose that there is p* # p in int(A?), such that

(@"),p) = f {(9).p)-

Using (2.1)), we see that p* is normal to £ at £(p), and hence p and p* are parallel. Since both belong to AZ
it follows that p* = p, which is a contradiction. O

Therefore, in what follows (as long as we stay within £) we will use proper and strictly proper interchangeably.

Note that the converse of Lemma does not hold. That is, there are £ € £ which have positive signed
curvature (with respect to the unit normal pointing towards ]R2>0), but are not proper. Indeed let ¢ be
defined as B

£(p) = (—In(p2), — In(p1))-

Taking the (standard) parametrization ®gq(t) = (t,1 — ) we see that the loss curve £ goes from left to
right so ng, points towards R2>0. Moreover, we can readily see that the (signed) curvature Ky is positive.
However, ®yq(t) is not normal to £ at £(t), thus by Corollary £ can not be proper.

Therefore, we obtain the following characterization of proper losses in L.

Lemma 2.7. Let { € L. { is strictly proper if and only if p is normal to the loss curve £(A?%) at {(p) for
all p € int(A?) and the signed curvature of £(A*) with respect to the normal vector pointing towards R, is
positive at all points {(p) for p € int(A?).

Proof. The “if” part is Lemma [2:4] For the “only if” part, let ¢ € £ be such that
(2.3)
/12' >0, (2.4)

where HZ is the signed curvature of £ with respect to the unit normal pointing towards RQZO. Let p € int(A?)
and let ® be a parametrization around p. We readily see that (2.3)) implies that

OsL(t,s)]smt = 0,

while (2.4) implies assi(t, $)|s=¢+ > 0 by the proof of Lemma This implies that fixing ¢, L achieves its
minimum at s = ¢. Then ¢ is proper and by Lemma [2.6] we conclude it is strictly proper. O

Remark 2.8. Notice that to check whether a given loss function £ € L is proper or not, it suffices to do it
in any coordinate system. That is, given ®, we check conditions (2.3)) and (2.4) for £ = Lo ®.
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2.2 Mixable loss functions

We say that a loss function ¢ is fair if £1(p) — 0 as p — (0,1) and ¢5(p) — 0 as p — (1,0) (this is motivated
by the interpretation when using the standard parametrization, see [Reid & Williamson| (2010)). In addition,
recall that a loss function £ € L is proper if and only if

(i) nyp) = ﬁ can be chosen, and

(ii) /@2‘ (p) >0

for all p € int(A?).

Thus, a prototype of a fair proper loss function is shown in Figure [4

A? 14 n

4
.
.

P o
x'/ (=0o0®
(a,b) CR ~°

Figure 4: Prototype of a mixable fair proper loss function.

Recall from Sectionthat mixability is defined in terms of the superprediction set spr(¢) of £. More precisely,
for n > 0, consider the set

Ey(y1,92) = (e‘”yl,e—nyz) ’

where E,,: Rzzo — [0,1]? is the exponential projection (1.3). Then, ¢ is n-mixable if and only if E, (spr(¢))
is convex.

Remark 2.9. We stress the fact that this definition depends on the superprediction set of ¢ rather than on
¢ itself — two different loss functions with the same superprediction set will be equally mizable. From our
perspective, when talking about mizability of the map £ (i.e., without making reference to the superprediction
set), we see that we can define it as follows. A loss ¢ is mizable if the 1-dimensional manifold E, of(int(A?))
has signed curvature ’{Enoz < 0. We will adopt the latter version here. Although clearly these definitions are
equivalent, it is useful to have this at hand to relate mizability with properness. For now on, when we say £
is mizable we mean in the latter way. See Figure[5

We close this part by describing the log loss, which will play an important role. Let f: A? — R?, given
by

bog(p) = (= n(p1), —In(p2)). (2.5)

10
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A
Se
A2 / n
- K
’;V
® E,"’/ By
(ab) cR -~
(0,1)
En(SZ)
(0,0) (1,0)

Figure 5: Diagram depicting how convexity of E,(spr(¢)) is characterized by the principal curvatures of
E, o {(int(A?)).

Let ® = &4 q. Then N
log(t) = (—1In(t), —In(1 —¢)).

Since £, (t) = (—t~1, (1 — ¢)7'), its canonical normal vector is

log
~ S A
N RN TR (A=t)~1e ).
The curvature with respect to ng the normal vector pointing towards R2, is then given by
og >
t(1—t

KL = —ry = (1= > 0. (2.6)

Liog liog (t2 + (1 . t)2)3/2

When there is no risk of confusion with denote kT simply as /ﬁtg.
“log

2.3 Mixability and curvature

Haussler, Kivinen and Warmuth in [Haussler et al.| (1995)) gave a characterization of the mixability constant
of a mixable proper binary loss function ¢ in terms of the first and second derivatives of its partial losses.
We reprove this characterization from a geometric point of view, that is, independent of the parametrization
chosen for A™.

Let ¢ € L be proper and ¢ a 1-chart parametrizatiorﬂ of A%, then E,(spr(¢)) will be convex if and only if
the curve y(t) = E(£(®(t))) has negative curvature with respect to the unit normal pointing towards RZ.

2This means that the map ®: D — A? is such that ®(D) = A2

11



Under review as submission to TMLR

Since ¢ is proper we can assume without loss of generality that ke(p) = r; (p) > 0. We are then interested
in computing the signed curvature of

9(t) = (91(1), 92(1) = (B (), B (1)) = (770, e7120),

and showing that kg, > 0. We have

gi(t) = —nly (t)e "2 ®

gl (t) = =l (t)e™" O 4 20 (t)2e 10 ®

= e [y ()2 — T (1)

and
—775/( Ye~ ne2(t)
_néu( )6 7742 (t) + ,'72€/ (t)ZefnZQ(t)
ne= =0 [y (1) — B(1)]

g5(1)
g5 (1)

and thus we have
(912 + g4 (1)%) ™ g (1)
= =l (B Onem =0 [nfh (1) — By (t)]
= e 18O [T (1)~ B(0)] (~nby0)e )
e OO [T (0T (1) — B (0l (1)* + Bty (0 — BT (1))
=Pe OO [ 7 () (7 () — By(0) + [B0B () - BOT )]

Note that the sign of £, (t)€4(t) — £5(t)¢/(t) is the sign of ry. If Ky is positive, then one can check that

7/(t) > 0 and () < 0, thus the first term in brackets is necessarily negative. Thus by making 7 large Kg(t)
will become negative. Then we want

nly(8) (1) (61 (8) = 6(8)) + |G (88 (8) = B(8E (1) | =0,

that is,

When considering the case when the signed curvature is negative, we have:

Lemma 2.10. Suppose that ¢ € L is a proper loss function. Then, if ¢ is mizable, for any I1-chart
parametrization ® of A2, the mizability constant is given by

f_ oo G0 () — ()8 (1)
" e hiany B0 BO@ 1)~ B0) | 27)

Conversely, if (2.7) holds, then € is mizable with mizability constant n; .

By the local nature of curvature, it would be possible to consider a “local version” of Lemma [2.10} which
would characterize a “local” notion of mixability. This alternative will not be pursued here.

Vovk| (2015]) observes that mixability for proper losses is equivalent to a quotient of curvatures being bounded
away from zero. For the reader’s convenience we prove this statement. To recover Vovk’s statement observe
that the properties he imposes on the loss functions imply that k™ is the signed curvature (see Section [1.6]).

12
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Lemma 2.11. A proper loss function ¢ € L is mizable if and only if

e 5 (D)
m T
P K/]og (p)

where Hlo denotes the curvature of liog. Moreover, when this holds,

Proof. By Lemma £ is proper with mixability constant 7; > 0 if and only if
f'l(t)f’z’(t) — B ()
AOMOIGAGEYAG)

for any given 1-chart parametrization ®. Setting ® = ®yq and using (2.6)), we have the following. For any
t € 71 (int(A?)),

ne =

inf
ted— 1(1nt(A2))

%@@m—%u%ww
AOGIGIGENAG)

7 = 3/2 3/2
BB - Buio| (GO +E0°) 7 (ol + #) 1

=

1
(1—t)% 12
) —

o OIAGIGIGEAG)]

y4
(Ber+aer)” | (Zp+a)” T
_ %“><E@V+%@f>”2~ a%ré
TR ) BOB O () -

log

1 1
o7 T

~ ) 3/2

o (A0 )
-+ 2 2

O\ Eir RN

+
_ "@;(t)

kT ()’

elog

t

where we used that by properness () = —1—_tl7’1(t) (see (2.1))).

Since k7 is independent of the parametrization, we obtain the result. O

Remark 2.12. Lemma exemplifies the usefulness of ®stq. The curvature of liog is easily computed with
respect to the standard parametrization, by fixzing ® = ®gq we can easily recognize when the curvature of Liog
appears in our computation. However, since curvature is a geometric quantity we know this relation between
curvatures will hold for any parametrization too.

Using this point of view, the following observations enlighten why the weight function in Buja et al.| (2005)
and in [Reid & Williamson| (2010) basically encodes all the relevant information in the binary case. Recall
that given a proper loss function ¢, the weight of ¢ (with respect to a local parametrization ® of A?) is
defined as ~

l5(t)

o)

0 (t)

Do (t) (28)

Weg, (t> =

We stress that the weight depends on the coordinates ® of A that we use, and hence we use the notation
ly. As observed in Remark we sometimes set ® = Pgq (as it is done in Buja et al.| (2005); Reid &
Williamson| (2010))) to be able to recognize some terms.

13
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Lemma 2.13. Let £ € L be a proper loss and ® a local parametrization of A%, denote by lo its local
expression and by wy, be its weight. Then we have for any t € ®~1(int(A?)),

1 ) 1 3/2
)= 190 (¢1<t>2 +<I>2<t>2)

and moreover, if \ is another proper loss,

= . 2.9)
2 X (
ry (8 wg (1)
In particular, when ® = Pgyq,
b 1 1 3/2
Laa wy,,, (1) \ 12+ (1 —t)2 '
and if in addition, A = liog (with ® = Pga),
+
kz;td (t) _ 1 1 _ wzlog (t) (2 10)

AL (1) w1 —1)  we,(t)
log
Proof. Let £: A2 — R222 be a proper loss and let ® be any parametrization of A? around p. Let us compute

n%' (assuming w.l.o.g. that /i,}' =Ky, which means Z’l > 0 and 9} < 0).
P P

_ B0 - B
~ ~ 3/2
(B2 + F(02)

-~ o~ - 2 _ —-3/2
— (BoE0 -+ HOROF ) (Fhiehe? + Fw?)

(2108 + 2:(05()) <q>

KT (t)

Lo

S

Po(t) 71 (1)3 Dy(t)
S S Lo 21D (@11 + ()
S By(t) (1) (cbl(t) () <I>2(t)> Po(1)? )
11 <¢>a<t>q>2<t> - %(t)cbl(t)) ( 0k )/

(1) 7, (1) &5 (1) By (1)7 + B (12
o ¢2(t) ’ ’ 1 52
=- ) (@1 (1) P2(t) — Po(t)P1(2)) (W)

1 / / 1 3/2

— L @R + 20 0) (g g

1 / 1 3/2
= o CHO) @00+ 1) <¢1(t)2 - %(t)z> :

where we have used that by properness we know that (¢(t), ®(t)) = 0 ((2.1))), which implies (¢”(t), (t)) =
—(¢'(t), ®'(t)) by differentiating with respect to ¢ from the third to the fourth equality, and that ®(¢t) +
4 (t) = 0 since ®(t) € A? from the third to last to the second to last equality.

14
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Notice that in the last equation of the previous string of equalities, the only term involving £ is Z’l (or more
precisely wy, (t)) and the remaining terms depend only on the parametrization ®. Then we obtain

ACEIRTWO0)
W) we(t)

The remaining statements follow from setting ® = ®gq and (2.6)). O

Remark 2.14. Combining Lemma and , we recover the characterization of the mixability constant
in terms of the quotient of weights obtained by lvan Erven et al| (2012, Section 4.1). However for the
corresponding statement involving the quotient of second derivatives of the Bayes risks, the fact that A? has
an affine parametrization is important. Indeed, this relies on Corollary 3 in|Reid & Williamson (2010) that

states that w(t) = fz/(t). In general, it can be checked that
ro- [H0)

N 2\ 3/2
L' g | L0 =-0a0f0? (1+ g4 w0,

which reduces to w(t) = —z//(t) when ® = Bgq. From the point of view of the present work, L (or a quotient
of them) is mot a good quantity to consider since it strongly depends on coordinates. However, notice that if

one restricts to affine parametrizations of A? then Z/(t) depends on 0, (t)2 and k5(t) and hence in view of

Lemma restricting to a fized affine parametrization of A? will make quotients of the second derivative
of the Bayes risk well behaved.

Let us remark some points about Lemma [2.13

e Let /: A2 — R be a given strictly proper, fair, loss function. Given a parametrization, we obtain
a weight wy, given by (2.8), that is, the weight depends on the parametrization.

e The curvature of ¢ is independent of ® up to a sign. However, when defining /<;2' we made the
choice of the sign in a uniform way, thus the curvature is independent of the parametrization for the
family of losses considered here. Then it follows that the quotient of curvatures is independent of
the parametrization and by , it also follows that the quotient of weights is also independent of
the coordinates (despite the weights being coordinate dependent themselves).

o A corresponding notion of weight in higher dimensions (for the multi-class case) is way more compli-
cated and it is unclear whether using them would lead to successful results. One higher dimensional
analog of curvatures is readily seen to be the so called “principal curvatures” of a hypersurface in
Euclidean space (see Appendix . This will be the main motivation when dealing with the multi-
class case (Section [3)) Alternative ways to characterize proper higher dimensional loss functions have
been studied in Williamson et al.| (2016)).

2.4 Geometric comparison of loss functions

Fix a proper, fair loss function A\: A2 — R?. Given another proper, fair loss function ¢ # X, how might
we compare them? From the point of view of differential geometry, since given p the normal vectors at A(p)
and /(p) coincide, it is natural to look at their curvatures. Motivated by Lemma [2.11} we impose (for the
moment) the condition

Ky (p)

=1.
pEA? mj(p)

Note that this implies that x; (p) > £ (p) for all p € A2, We divide the comparison in steps for clarity.

15
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(1)

Expressing A\(A?) as a function. Note that since \ is proper and fair, the normal vector to a point
A(p) can only be (1,0) when p = (1,0) (i.e., when evaluating A at the boundary of A?). Thus, the set
A(int(A?)) can be expressed as a graph over the x-axis. To obtain an explicit expression let ® = ®gq.
We use the fact that A;: (0,1) —s (0,1;) (where I; could be infinity) is invertible. Then, we have that

A(int(A?)) = {(z, f(x)) [z € (0,11)}
where f(z) = A (A\]H(2),1 — A7 Hz)).

Translating and parametrizing ((A?). Let py € int(A?) with & (po) > K5 (po), if such py does not
exist then £ = \. We define £°: A2 — R? by °(p) = £(p) + [A(po) — £(po)], i-e., we translate ¢ so
that it coincides with A at A(pg). (fo is not fair anymore, however, the curvature is invariant under
translations.)

We now parametrize ¢(A?) as the graph of a function g defined on an interval Iy around g (the
x-coordinate of A(pg)), “aligning” it with A\ (we can assume this interval to be maximal). We let
g(z) = 09((0) =1 (2),1 — (£2)~'(x)). Since ) (po) > k¥ (po), we know that around z the graph of g is
to the northeast of f.

Comparison. If the graph of g is to the northeast of f on the whole I, then we see that the super-
prediction set of £V is contained in that of A. If this does not hold, it means that there is z; € Iy such
that f(z1) = g(z1), and w.l.o.g. we can assume z1 > xo. Thus we know that g(z) — f(z) > 0 on [zg, 1]
and g(z) — f(z) = 0 on {xg, 1}, i.e., the boundary of [zg, z1]. Define the second order operator which
computes the curvature of the graph (z, h(z)) (see (A.1]):
_ —+ _ "
B0@) = ) = )

Since k; (po) > K5 (po), we see that L(g — f) > 0 on [z, z1]. The maximum principle now implies that
the supremum of g — f is attained at the boundary on [zg, 21], and hence we know that f(x) = g(x) on
[0, 21], which is a contradiction. Thus the superprediction set £ is contained in the superprediction set
of A (see Section [d)).

More generally, if we assume instead that

inf ,

pEA? /f}\" (p)

for some n > 0, we see that (see Appendix that £,(p) = nl(p) satisfies

Ky (p)

inf —— =1.
ped? k5 (p)

That is, we can reproduce the previous analysis with ¢, instead of /.

The previous discussion motivates right away a comparison between proper, fair loss functions.

Definition 2.15. Let A: A2 — ]RQZO be a proper, fair loss in L, which we call a base loss. We say that a
proper, fair loss £: A? — R? is mizable with respect to \ if

inf HZ_ (p)

> 0.
ped? k¥ (p)

2.5 Mixability and fundamentality as comparison to the log loss

Now, suppose ¢ € L is proper and fair. Thus, in particular ;] (p) > 0 for all p € int(A?). We want to think
of mixability as a geometric comparison to the log loss as suggested by [Vovk| (2015) and give a detailed

16
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interpretation of this comparison. We fix the standard parametrization of A%, ® = ®gq: [0,1] — A2, given
O(t) = (t, 1 —1).

by
The log loss in these coordinates is thus given by
fiog(t) = (~In(t), =In(1 — 1)),

tH1—1)

KJ+ = .
€ (2 + (1 —1)2)*?

Zlog

and by (2.6), its curvature with respect to the unit normal pointing towards Rzzo is given by
Notice that x= (¢) > 0 for all t € (0,1) and k% () — 0 ast — 0 or t — 1. Thus, clearly by Lemma

log

Liog 2
any proper subinterval C of [0, 1] (cf. [Vovk| (2015, Corollary 2)), we have
+
t

ieC KL (t)

elog
Thus, whether a proper, fair loss function ¢ is mixable or not will depend of the behavior of the quotient
k) (p)/ Hﬂ;g(p) as p approaches (0,1) and (1,0). More precisely, we have obtained the following.

ﬁzr (p) > 0, and

Lemma 2.16. Let £ € L be a proper loss. Then £ is mizable if and only if

P=(0.1) figg, ()
)
p—(1,0) /iltg(p)

Motivated by this we make the following definition.
Definition 2.17. Let ¢ be a proper, fair loss function in L, and ® = Ogq be the standard parametrization

of A2. We say that is { (By, Ba)-logarithmic at the boundary if

ni‘(t)
lim —f— = B;' >0, and
t—0+ kT ()
elog
+
k(1)
L —B;'>0

Let us analyze what this means. Suppose that ¢ is proper and (B, Bs)-logarithmic. Then for any ¢t € (0, 1),

using ([2.10) in Lemma and (2.8), we have
REE 1 11
W e, 00 Rt
Notice that as t — 0T,
11 Oog )y (
Byt = tim 21 = |Leh()
SOt @)] 0t £ ()
and similarly,
11 Clog)s(t
B2_1 = lim ——= = lim 7( l~g)2( ) .
t—1-1—1¢ L) =1 | ()

17
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that is, we are only comparing the rate at which ¢;, i = 1,2, go to 0 (since they do by fairness) with the rate
at which the log loss does.

Vovk| (2015)) defines a loss function A* to be fundamental if given a (computable, proper, mixable) loss
function A and a data sequence in ¢ € Z*° that is random under A\* with respect to a prediction algorithm
F, then it is random under A with respect to F'. He shows that a fair, mixable ¢ € £ is fundamental if and
only if (using the notation in [Vovk| (2015))

. ke(p)
sup
pel0,1] Klog (p)

< o0

Since we have seen that mixability can be regarded as a comparison of curvatures of the loss curve of ¢ and
that of {1,z and we have reinterpreted fundamentabiliy as a comparison of ¢ and £,z near the boundary
building on Definition we can easily come up with a notion of A-fundamentality.

Definition 2.18. Let X\ be a proper, fair loss function in L. We say that a proper, fair loss function £ € L
is A-fundamental if
o { is mizable with respect to A, and

o when & = dyq, we have

Hi'(t)
lim 5_
t—0+ H,X t

( ) < o0
' KT (t)
i =0

< 00.

Suppose now that a mixable loss function ¢ € £ is fundamental. Then there exist 7,y > 0 such that

ry (p)

+

n =<
Iilog (p)

<7

for all p € int(A?). This implies that
N~ el (p) = ki, (p) and ki (p) = 77w/ (p),
for all p € int(A2), which readily implies (Appendix [A)) that
Fe(p) > Kb, (p) and w5, (p) > K1, (p),

for all p € int(A?).
Rephrasing the previous discussion we have obtained the following characterization of fundamentality.

Theorem 2.19. A loss function ¢ € L is fundamental if and only if there exist numbers n,~v > 0, such that
for any p € int(A?), there are translation vectors x, and y, in Rzzo such that

spr(nf + x,) C spr(liog) C spr(v€ + yp).

2.6 Constructing new mixable losses from previous

We now observe how mixability helps us to construct new proper, fair and mixable functions from previous
proper, fair and mixable losses. We first define a family of loses that will serve to illustrate the idea. We set
® = Pyq and A = fig. Let a > 0 and define the loss function A*: A% — RQZO

A (p) = aA(p).

18
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It can be readily checked that r; (1) = a~1k{(t), thus since

k5 ()
Ky (1)

77
a

it follows that A® is 1-mixable for a < 1 and it is not if a > 1. Note that A® is still proper and fair. Take
then a < 1, we can readily see that there exists a proper, fair an mixable loss function A* such that

A= AT+ )\
Indeed, \* = X\ — A% = A'~%, which is fair, proper and 1-mixable.

This process works in a more general setting than scalings of A\. Consider for example the spherical loss o
defined in coordinates by

= — _ t t
7= (1 Ve \/t2+<1t>2) '

It can be easily checked that this is bounded, proper and fair and that x(t) = 1. Thus

RE(t) (12 4 (1 — 1)2)3/2
T

thus ¢ is 1-mixable. Thus, as before, there is a loss function £* such that A = o + £*. Moreover, the loss
function given (in coordinates) by

() = A(t) — o(t) = (—1n(t) —1+ ﬁ,—ln(l —t)—1- H’EH)) ’

which can be seen to be unbounded, proper, fair and mixable.

We close this part with the following observation. Suppose that ¢ is a proper, fair, mixable loss function
with mixability constant > 0. Then the loss function ¢7 = nf is 1-mixable. Thus, there exists a proper,
fair, mixable loss #* such that

liog = 0" + 0.

As we will see in Section [ the previous observation can be interpreted from the point of view of the
superprediction sets of the involved loss functions and convex geometry: spr(nf) slides freely inside spr(\)
(see Theorem |4.23)).

2.7 Composite losses and the canonical link

In this part we discuss composite losses following [Reid & Williamson| (2010). Let us recall their setting.
Let ¥V C R be a set of prediction values. A link function is a continuous map #: [0,1] — V. Given a loss
function g: {0,1} x [0,1] — R and assuming V = R, if ¢ is invertible, we define the composite loss o as

¥ (y,v) = oy, v~ (v))-

Definition 2.20. A composite loss 0% is a proper composite loss if o is a proper loss in the sense of Reid
& Williamson| (2010).

Recall that in |[Reid & Williamson| (2010), & = ®4q is implicitly assumed. Then, given a loss function g

(in the |Reid & Williamson| (2010) sense), we can construct a loss function ¢: A* — R%,, by ¢ = g0 L

Then, the composite loss g¥ can be expressed as

¢¥(v) = (Goy™)(v)
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= (00 a0~ 1) (p)
= (00 (®saovy™ ")) (p)

In other words, the composite loss g% is the local expression of ¢ with respect to the parametrization ® =
Bgqorv ™! of A2, We denote the local expression of p with respect to ® by g, that is 9 := go®Pgqo ¥~ = goU !

To show how this reconciliation of terms work, we obtain a result similar to Corollary 12 in|Reid & Williamson!
(2010). Suppose that a composite loss g% is given and it has differentiable partial losses (i.e., the correspond-
ing loss g is in £), furthermore, we assume that ¢ is a diffeomorphism which in one dimension means it is
strictly monotonic. Then we know that g¥ is strictly proper if and only if o is strictly proper (by definition).
This implies that p is normal to o(A2) at o(p) for all p € int(A?) and its curvature is positive (with respect
to the unit normal pointing towards R2 ). This means for all v € V,

(v), 2(v))

(0)®1(v) + 0(v)P2(v)

@ @)™ (0)P1(v) + 250 () () (0)D2(v)
(¥~ (0)@1(v) + 254~ () (1 — @1 (v)),

where we have used that v is a diffeomorphism and that ®; + ®, = 1 for all parametrizations ® of AZ2.
Therefore, we have

o
|
—~
=2

TSN

I
>
S

@1 (v) (B (¥™ 1 (v) = (¥~ (v)) = —aa (v (v)),
that is

Y v) =

)
(@~ () — 21 (¥~ (v)))

for all v € V.

Since we are working with valid reparametrizations the choice of ¥ will not affect the curvature of o. Hence
we obtain

Corollary 2.21. A composite loss g% is strictly proper if and only if o € L is strictly proper and 1 satisfies

(W~ (v)

—1 V) =
V) = T = @)

for all v e R.

Remark 2.22. We have seen that whether a loss function £ € L is strictly proper or not, depends on whether
conditions and (2.4) hold or not. Notice that under a (admissible) change of coordinates, for example
given by a link 1), z'll not be modified. However, might change (since in a way, we are changing
the “velocity” at which we move on ((A?)). Hence, Corollary is giving us a way to define the set of
admissible links (or reparametrizations of A%) given a loss function ¢ and the standard parametrization of
A2, In this case, the new parametrization is given by ® = Py q 0L,

For applications, it is desired to be able to work with a given composite loss ¢¥, and moreover, to have
convexity of the partial losses @/’f and @42/’ From our point of view, we see g% as the local expression of some

0: A — R, so that 9:= 00 ® = po (Pga o0t ™!) = (00 Pga) 0™t =gopt.

Let us work with the partial losses separately:
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Proceeding as in the proof of Lemma [2.4] properness implies
0= 0y L (1, v)]y—u
=2 (07 () (7Y (0) @1 (w) + 2T () (¥ (0) @2 () |s=u

or, equivalently,

0= 2, (v (0)@1(v) + 25 (¥~ (v)) 2(v).

Therefore, we can define w as

w(v) = wi (¥ (v)) = Qz(gl_(v()v)) = —@71(;{}2_(7](;)))7 (2.11)

where wy is the weight of g, we can rewrite the derivatives of the partial losses of o as

9 (1) = )@ (o) (7 (0),

9 (1) = wi)e ()Y ()
Taking second derivatives we have
D1 (1) = — [wo) (™Y (0)] Ba(0) — [wo)( 1 (0)] B30,
T2 (1) = ()WY @) 01(0) + [wl)(w Y ()] 2 (0).

A way to guarantee both expressions are positive is as follows. Assume w.l.o.g. that (¢=1)’ > 0. Since we
are assuming w > 0, g5 is increasing and p; is decreasing (also we have ®; is increasing and @5 is decreasing).
We readily see that imposing

w(v)(®™) (v) =1
for all v € R, is enough to guarantee both second derivatives to be strictly positive.

Definition 2.23. Given ¢ € L strictly proper, we define the canonical link i as the link defined by

WY () = 52V zw(lv), (2.12)

(¥ (v)
forv eV, where w is defined in .

The differential equation (2.12)) can be seen as separable ordinary differential equation, which is solvable for
loss functions in L.

To give a geometric meaning, we look at the norm of the velocity of the loss curve a(v) = p(v).
o/ () [* = w(v)* (V1) (v)? [@1(0)* + Pa(v)?]
By assuming w(s)(¢"1)'(s) =1 and ® = ¥, we have
la(s)]? = [@o(¥ ™ ())* + 21 (¥~ (s))?] -

Thus the canonical link gives a parametrization of A2 such that  is a curve such that its velocity vector at
v coincides with the length of the vector ®()~1(v)). In other words, it is a parametrization of the loss curve
o(int(A?%)) such that for o(p) = 9(v) € £(int(A?)), the tangent vector at the point has length [p|. We close
this discussion with a charcterization of the canonical link.
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Theorem 2.24. Let p € L be a stxrictly proper loss function and v its canonical link. The reparametrization
of o determined by its canonical link is a parametrization of o(int(A?)) with weight equal to 1.

Proof. Let 9= go(®gq01 1) = goth~! be the reparametrization of g(int(A?)) determined by the canonical
link. Since

for all v € V, and from Definition [2.23

LW (W) = s (2.13)

for all v € V, we have

25(v)

Thus w;{v) =15

3 Mixability for Multi-Class Classification

Now we focus our attention on multi-class classification loss functions, that is, maps £: A™ — R"> 0 given
by the partial losses

£(p) = (1(p); -, €n(p))-

Our main goal is to interpret mixability as a geometric comparison of a given loss function ¢ to the log loss, as
we did for the binary case. As suggested by the comments after Remark[2.11] the extra work of characterizing
properness and mixability in a geometric way (coordinate independent) will pay off since to carry out the
comparison we will look at the scalar second fundamental forms of £(int(A™)) and fiog(int(A™)). The scalar
second fundamental form measures how a Riemannian manifold curves inside an “ambient space”, in this
case how £(int(A™)) curves inside R™ (see Appendix [A] for details).

The definition of £ (Definition can be extended to higher dimensions.

Definition 3.1. An admissible loss function is a map £: A" — R% such that

(i) L(int(A™)) C R, is a (n — 1)-manifold of class C?,

(ii) there exists a differentiable map n : £(int(A")) — NL(int(A™)), n(€(p)) = ny), where NL(int((A™))
is the normal space of £(int((A™)), and

(i) n(p) or —n(p) belongs to RZ, for all p € int(A™).
We denote the set of admissible loss functions as L., or simply L when the dimension is clear from context.
We fix the log loss and denote it for convenience by A := fiog: A" — RY,, as the map

Alp) = (=In(p1), ..., = In(pn)),

for p = (p1,...,pn) € A™.

Let ¢ € £, and consider a parametrization ®: D C R*~! — A" of A" around p € int(A"). The local
expression of the conditional risk (using the parametrization ® x ® of A™ x A™ around (p, p)) is given by

L(t,s) = ({(s), ®(0)) = 3 Tu(s)Bu(t),
k=1
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where t = (t1,...tn—1),5 = (81, ..., Sn—1) € D and (=100,

Imposing ¢ to be proper implies that when fixing ¢, s =t is a critical point of z(t, -), that is,

0= 04, L(t, )| smt = (95, £(t), B(1))

for all i € {1,...,n —1}. Note that since the tangent space of M, at ((t), Tf[(t)Z(U), is generated by

{0s,0(), ..., 05, _, (1)}, we conclude that ®(¢) is a normal vector. In other words, as before, we have

S
n(l(p)) = i\pl’

for all p € int(A™).

The fact that L(t,-) achieves a minimum at s = ¢ (at interior points) is equivalent to requiring that the
Hessian, D2L, is positive definite at s = t. The Hessian of L(t,-) at s = t is given by

[DQZ]ij(t) = asjsiz<t7 ')|s:t = <82 Z(t),q)(t».

5584

The next step is to relate [D2L],;(t) to the scalar second fundamental form h of M, = £(A™) (see Appendix
for its definition). More precisely, we compute the h with respect to a local parametrization ® of A", i.e.,
we obtain the matrix [h;;] representing h. To do this we need to compute the second derivatives of its

parametrization (=(o® (Appendix . Since,

0,,0(s) = (as,fe}(s), ...,asjn_l(s))
we have
92, 0s) = (agjsjl(s), ...,agjsjn_l(s))

The scalar second fundamental form (with respect to the normal vector pointing towards RZ) is then given
by B

hij(s) = h(Ds,0(s), 05, 0(s)) = (92, U(s),n(((s)))

— (0 o) o)

1 ., -
1
[@(s)]

[D2L];(s), (3.1)

fori,j =1,...,n—1, thus if [DQE]”'(S) is positive definite, then the matrix [h;;](s) is positive definite. In this
case its eigenvalues are strictly positive and hence, the principal curvatures of My at {(s) (see Appendix [A]),
k7 (s) (with respect to the unit normal pointing towards RZ,) are all positive. Therefore, using a similar
reasoning as we did in the case n = 2, we have obtained the following geometric characterization of properness
(by following the same arguments as in Section .

Lemma 3.2. Let £ € L,,. { is strictly proper if and only if ng(p) = +p/|p| and the principal curvatures of
My at £(p), k1 (p) (i=1,..,n—1), are strictly positive for all p € int(A").

We briefly explain how the comparison of scalar second fundamental forms will be performed. We follow a
similar procedure as the one described in Section [2.4] for the case n = 2.
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(1)

(2)

3)

(4)

We establish that given a proper loss function ¢ € L,,, around every p* € int(A™), £(int(A™)) can be
parametrized as a graph of a function f defined on a neighborhood around some z* € R™ such that
(x*, f(z*)) = £(p*). We do this explicitly for the log loss A.

Since A and ¢ are proper, the normal vector to A(int(A™)) and £(int(A™)) at A(p*) and ¢(p*), respec-
tively, is p*/|p*|. Hence we can identify their tangent spaces at these points. We do so and fix the
parametrizations given in step (1).

By assuming n-mixability of ¢, we look at the principal curvatures of E,(¢(int(A™)) and prove an
equivalent condition for them to be non-negative with respect to normal vector field pointing towards
E, (spr(¢)) (i.e., convexity). The condition to be satisfied is seen to be comparison of the scalar second
fundamental forms of A and ¢ that we can recognize by step (1).

We interpret this comparison as follows. Since the tangent spaces to £(p*) (and nf(p*)) and A(p*)
coincide for the chosen point p*, if we translate ¢ to coincide to A at p*, call this tangent space H (and
note it can be indetified with the supporting plane of the loss functions at the given point). Then if we
express (locally) nf(int(A™)) and A(int(A™)) over H, the graph of nf(int(A™)) lies above the graph of
A(int(A™)). See Figure [

Figure 6: Geometric interpretation of n-mixability.

3.1 Representing proper loss functions as graphs over Euclidean spaces

When restricting to the set of admissible loss functions £,, (n > 2), we can represent losses as functions over

R"™~

! (a similar approach was taken in [van Erven et al| (2012)); the difference relies on the fact that here we

are after the comparison of second fundamental forms), which allows us to represent geometric quantities in
a simple way. This will be useful to recognize these quantities when comparing a proper loss function £ to

the log loss A, as we did for the binary case in Section Let £: A™ — R%, be a proper loss in £;, given by

Z(p) = (Zl(p)7 7€n(p)) .
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Let ®: A"~! Cc R"~! — A" be the standard parametrization of A" given by

n—1
D(s) = Pgrals) = (sl, vy Sp—1, 1 — Z si> ,
i=1

where s = (s1,..., $n) € A"=!_ The local expression of ¢ in these coordinates is then given by £(s) = (£o®)(s),
so that ¢;(s) = (£; o ®)(s). Also, we define the projection II: RY, — Rggl as (y1, .o, Un) = (Y1, oy Yn—1)-

Recall that properness implies that the normal vector of My = £(A™) at ¢(p) can be chosen to be |p|~!p, for
p € int(A"™). As a consequence, the normal vector is never parallel to the hyperplane {(x1,..,z,) € R* | 2™ =
0}, so that around any point ¢(p) with p € int(A™), M, can be written as a graph over RZ, x {0} (as
regular as M, is). In general, the existence of this function is guaranteed by the implicit function theorem,
however, in our case we can give an explicit description of it as follows. The function II|,s, is a map with
injective derivative, say around £(q) for a fixed ¢ € int(A™), therefore, the inverse function theorem ensures
the existence (and differentiability) of a local inverse, which we can denote by 1_[|1\_41/Z This inverse map can
be seen as a local parametrization of M,. Thus, the local expression of ¢ (viewed as a map from A" to
M), £: Dy C R"™' — Uy,) C R"™! (where the latter are small neighborhoods around ®~*(¢) and II(¢(q))
respectively) is given by

U(s) = (Ilo Lo ®)(s) = (Lo 0)(s) = (Zl(s), ...,Z,H(s)) .

This map is a diffeomorphism and its inverse A Uyq) — Dy, will be denoted by
7 ) = (Z;l(x), ...,Z;il(s)) .

We warn the reader about this abuse of notation, Z;l(x) is not the inverse of £;(s), it is a map satisfying

T = Ei(S),
8 = Z;‘71(1:)7
(ol x) ==,
T ol)(s)=s

We want to define f: U, — R such that graph(f) C M,. We see that setting Uy, C II(M;), so that it

contains II(¢(q)), we arrive to
~ 1

F(x)=(lno®ol ) z) =0, '(z)).

We have obtained the following result.

Lemma 3.3. Let £ € L,, be a strictly proper loss. Let q € int(A™). Then there exists an open set U C
Rggl x {0} and o function f: U — R>¢ such that M, admits the parametrization

o/ (z) = (z, f(2)),
around £(q).

Let £ and f be as in Lemma The unit normal vector field (pointing towards R%) is then given by
1

VIDf(@)? +1

We proceed to calculate the scalar second fundamental form. The first and second derivatives of ®/ are
given by

n'(z) = (—Df(z),1). (3.2)

(9k(I’f(l‘) = (ek,akf(x))’
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8km<I>f(x) = (0; akmf(x))a

for k,m =1,...,n — 1, where ej, denotes the canonical basis of R®*~! and 0 is the 0 vector of R*~!. Denote
by A the scalar second fundamental form of M,. Thus with respect to this coordinates we have

1

VIDf(2)]2 +1

hiom (2) = (Om ® (), 0" (2)) = Oem f (), (3-3)

for kkm=1,...,n—1.

3.1.1 M, as a graph

Fix an arbitrary point ¢* € int(A"™). The local expression of A (with respect to the standard parametrization
® = Pgq around ¢* and II around £(g*)) is given by

As) = (=In(s1), ..., —In(s,_1)),

thus, we have

Fix s* = ®~!(g*). Thus, around z* = II(\(¢*)), using Lemma M, around ¢(gq) can be described as
®9(z) = (x,9(x)).
n—1 __g,;

Moreover, in this case we have the explicit expression g(z) = —In(1—-_,"; e~*"). Notice that Xﬁl(aﬂ*) = s*.
We now compute the scalar second fundamental form h* of \ at z*.

0p 09 () ¢
LT)=\|Ck T =n=1T . |>
. Y- e

5 me_mk e_$k6_17n
akmq)q(x) = <0a . n—1 ) + n 2) >
1= ge®  (1- D img €77)

for k,m =1,...,n — 1 (here 0y, denotes the Kronecker delta). In particular,

kP (J? ): ekv_l n—1 . |°
— e S
Okm ), SkSm

—1 2
L=Xsh (1-xts)

8kmq)g(x*) =10,

)

for k,m =1,...,n — 1, and since n((z*, g(z* (s*,1— Z?;ll s7) we have

)) - n—1 - n—1
\/Zi:1 (S:)2+(1_Zi:1 57)?

R (@) = (Okm®? (2, n((2", g(z*))) (3.4)
_ 1 <5k 8* T stjn ) (3 5)
VoGP A - s L L= s ) '

fork,m=1,..,n—-1

Remark 3.4. Note that if instead of A we would have used a translation of it, that is, for c € R™, define a
loss function ¢: A™ — RY, by

o(p) = Ap) + ¢,

we can repeat the previous computation. The only difference is that we would have a different point x< instead
of .
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3.2 Geometric interpretation of mixability

Mixability is defined as a property of the superprediction set of a proper loss £ € L,,. More precisely, ¢ is
mixable if and only if E, (spr(¢)) is convex for some n > 0. As before, we can determine whether E, (spr(¢)) is
convex by looking at its boundary 0E, (spr({)) = E,(¢(A™)). E,(spr(¢)) is convex if the principal curvatures
of E,(¢(A™) are non-negative (when defined with respect to the inner pointing normal vector) at all points.
Since convexity is a global property that can be tested “locally everywhere”, it makes sense to make the
following definition.

Definition 3.5 (n-Mixability at p € A™). We say that £ € L, is n-mixable at p € int(A™) if E,(My)
has non-negative principal curvatures with respect to the unit normal vector pointing towards E,(spr(f)) at
E,(t(p))-

Clearly, ¢ € L,, is n-mixable at all p € int(A") if and only if it is n-mixable.

Let ¢, 0 € L,, be strictly proper. First, we note that properness implies that the second fundamental forms
of ¢ and p can be compared in the following sense. Given ¢* € A™, note that the normal vector to M, and
M, can be chosen to be ¢*/|¢*|. A translation does not affect the geometric properties of M, (since it is an
isometry of R™), thus we consider the translated loss 0% A" — R”, given by

0" (p) = o(p) + [¢(q") — olq")],

i.e., we translate ¢ by the vector ¢ = A(¢*) — £(¢*) so that both ¢¢ and ¢ coincide when evaluated at g*.
Doing so allows us to identify the tangent spaces to M+ and M, at 0" (%) = £(¢*). We will call *(4")
the translation of o to ¢(q*).

Lemma 3.6. Let £ € L,, be strictly proper. Let h® and h* denote the scalar second fundamental form of M,
and M)y (the log loss), respectively. Then, { is n-mizable at p € int(A™) if and only if

Kt (L(p)) — nh*(A(p)) (3.6)

is positive semi-definite, where h® and h* denote the second fundamental forms of £ and X in the graphical
coordintes described in Lemma . And therefore, € is n-mizable if and only if (3.6)) holds for all p € int(A™).

Proof. Let £: A" — R, be an admissible proper loss
t(p) = (tr(p); -+ £n(p)) -

The n-exponential projection map E, : R" — R" is given by

En(y) — (6*77?!1’ ey e*nyn)'

Let ¢* € int(A™) and write M, around ¢(¢*) as the graph of a function f over R"~!, defined on an open
set U/, containing z*, such that f(z*) = £(¢*). We can directly give a parametrization of E,(M;) around
E,(0(q")) = Ey((z”, f(z*)) by

U(z) = (e"’xl?...,e"’x"*l,e_”f(m)) .

We proceed to compute the second fundamental form of E,(M,) around E,(¢(¢*)) (with respect to the
inward pointing unit normal vector). The first and second derivatives of ¥ are given by

OV (x) = (—7767"“ €k, —nakf(x)efnf(f))
O (@) = (1 0me ™" ex, =1 (@)™ 4320, f (2)0.f (w)e ™))

and noting that the (inward pointing) unit vector field is given by

n(E,(l(x) = ! 7 (al Fl2)e™™ .. Onf(z)em™ _enﬂm))

(S0 s ()22 4 e20 @)
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Therefore, letting £7 := £"(Uy) = E,(f(Uy)), the second fundamental form of £ at E,((z*, f(z*))) is given
by
e (z7)

km
=(Okm ¥ (z7), n(£7(7)))
1

n
(P Ome ke, Z O; f(z*)e™ 7 e;)pn—1

n—1 * . 1/2 :
(Ei:l i f (x*)2e?1ei 4 e2nf (@ )) i=1
+10km f(2™) — n23kf(x*)8mf(x*)]
- N 1/2 ["75km3kf($*) + 6kmf($*) — nakf(x*)amf(x*)] .

(Z?;f 0if (z=)2e*20 + e%f(x*))

Thus, since the convexity of E, (spr(¢)) is equivalent to the principal curvatures of E, (M) being non-negative
at ¢* for all ¢* € int(A™) (with respect to the inner pointing normal vector), we see this will be the case if
and only if the matrix

Akm = 8kmf(x*) -1 [_5km8kf('r*) + 8kf(x*)amf(x*)}
is positive semi-definite for all * corresponding to ¢* € int(A™).

Note that since we have a graphical parametrization ®f of M, around z* € U, we have
@’ (z*) = (ex, Opf(2"))

and by (3.2),
1

VIDf(a)[?+1

On the other hand, since the normal vector to ®f(U) at (*, f(z*)) is %, we have

n(z”, f(z%)) = (=Df(z"),1).

1 n—1
n Jj*’ x* = ST,...,S:,lf S;k 5
e ) ¢2?1<sz>2+<1—2?1sz>2< - )

for s* € R"~! such that ®(s*) = ¢*.
By properness we know that
0 = (@' (z*), n((z", f(z*))))

1
\/Z?:l(sf)z + (1=, 87)?

n—1
sy 4+ Ok f(z") <1 — Zsf)]

thus

and also

e St (12t s)
L IDf ) =1 =t ) et si)

n—1 4 2 n—1 4 2
(1 - i1 sz’) (1 - i1 si)

Using (3.3) and the previous observations, we can rewrite the terms of Ag,, as

Do f () = W@W(ﬁ)
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:(1—21&‘582‘)@?—_3(3 (1= ) o)

and

* * %
_ Okm Sy, spSy,

n—1 2"
1*2115 (1—2?115*)

Now, consider the log loss A and its translation to ¢(¢*) which we denote by A* to simplify the notation.
That is, we have

N = Ap) + [€(g*) — Ng")].

As discussed in Remark we can write My~ as a graph around z* (since \*(¢*) = #(¢*)). The scalar
second fundamental form of My« at A\*(¢*) is then given by

* 1 sEsh,
Ry (z*) = — (5kms; + ’“) . (3.8)
! \/Zz 1( ) (1721 1 :()2 1_21 154
This readily implies that
[ 5kmakf( ) + 8kf mf( )]
2
* n—1 4 * *
(1 nl*\/z (1_21 1S)h'7,Aj(x)
Therefore, ¢ is -mixable at ¢* if and only if we have that
[Pi;)(@") =y 1 ()
is semi-positive definite. Since ¢* was arbitrary the result follows. O

Remark 3.7. The previous comparison of second fundamental forms is possible because properness forces
the induced metrics by € and X to coincide at €(q*) = N\*(¢*), that is, [glj]( *) = [g” [(z*) (see Appendzx
and Remark-) The conclusion of Theorem- does not necessarily hold if one takes a different coordinate
system.

In order to get a geometric interpretation (i.e., independent of coordinates) we note the following:
0 < [hf](z") = n[h}y ](=")
= [AE;] (") gi) ™ (@) gi) (@) = nlhdy 1@)[gy 171 (@) [gdy (=)
= (IRl @) — A @) al 17 @) [a) (o).
The matrices [hf;](z*)[g"] ! (z*) and [h](z*)[g* ]! (2z*) are the local expression of the Weingarten map
(see [Leg| (2018]) for its definition and properties) of ¢ and A respectively. The eigenvalues of these matrices

are the principal curvatures of M, and M) (and they are independent of coordinates), and the determinants
are their Gaussian curvatures. From here it also follows that

U [;[hfj](x*)[gfj]_l(w*) - [h?f](w*)[g?f]_l(w*)] [gi;1(2")
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=1 [[h?f](w*)[g?f]*l(:v*) = [13y 1) gy 17" (=) | [955)(="),
that is,
(Wi = W] >0, (3.9)

where W' denotes the Weingarten map of the loss function ¢. Then once a system of coordinates around
p € A" is chosen the relation holds. A priori, the relation obtained between the Weingarten maps of
¢ and X\ does not provide much information, but it does points to look at the loss function n¢. With this in
mind Lemma does give a direct geometric interpretation as follows. Let £: A — RZ, in £ be a proper

loss. Given a point ¢ € A" we know that around £(g), M, can be parametrized with ®/(z) = (z, f(z)) for
some function f around the point II(¢(q)). Let z* = ®(£(q)). Consider now the proper loss o = ¢, for some
1n > 0. We readily see that ¢ can be parametrized as ®9(y) = (y, g(y)) with

9(y) =nfn~"y),

with g defined around y, = nz*. Now we compute the second fundamental form of ¢ at y,. Notice that

31‘9(2/)‘1/:?71:* = naif(n_lx)\y:m*n_l = aif(x*),
0ii 9 ly=na = O f (0 ) |y=pa=n " =003 f (™),

and hence,
o *\ _ 1.nf *\ __ —1p 0/, %
hij(nﬂf )= hij (nz*) =n""h"(x").
Then assuming the hypothesis of Lemma [3.6] we obtain

hij(nz*) = hiy(x*) = = hiz(@®) = y(a®) = 7" (B (") — nhiy(2")) = 0. (3.10)

The supporting planes at nf(p) and \(p) of My, (or more precisely, of its translation to A(p)) and My,
respectively, coincide (since the normal vectors are the same), we denote it by H,. By looking at M,, and
M) locally as graphs over H,, Lemma @ gives the following comparison of graphs, which in turn can be
regarded as local embeddability in the sense of convex geometry (see Definition below).

Theorem 3.8. ¢ € L,, proper is n-mizable if and only if for all p € int(A™) the local graph of the translation
of nt to X(p) over the supporting plane to both My, and My at X(p), Hy, lies above the graph of A over H,.

Remark 3.9. We would like to point out the resemblance of Lemma[3.6 to Theorem 10 in[van Erven et al.
(2012). To recover the latter from our point of view we will first reinterpret Lemma and Theorem
from a convex geometry point of view which will lead to a transparent bridge between Lemma [3.6 and [van
FErven et al| (2012, Theorem 10).

4 Connections to convex geometry

In this part we reinterpret our results from the point of view of convex geometry. With this interpretation
we can relate Theorem to results in jvan Erven et al|(2012)) and |Williamson & Cranko| (2022). We first
provide some background and state relevant results from convex geometry which are well-known and can be
found in [Schneider| (2014) and can be adapted to our setting.

Let K C R™ be a convex set, that is
A+ (1-NyeK

for all z,y € K and X € [0,1].

We define the recession cone of K as the set

rec(K)={zeR" : K+z C K}.
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The boundary of K is denoted by 0K, as since we will assume that 0K is a differentiable manifold we denote
the interior (as a manifold) of K by int(0K). As usual the scaling of K by n > 0 and the Minkowski sum
of K and L are defined as

nK ={nkeR" : ke K}, (4.1)
K+L={k+1le€R": ke K,leL}.

Definition 4.1. Let K be a closed convex set in R™. The support function of K, o(K,u): R® — R, is
defined as

o(K,u) = sup (x,u).
zeK

We sometimes denote it as o (u) = o(K, u).

From the definition we know that

y € K < (y,u) < og(u) for all u € R™.

From [Schneider| (2014, Section 1.7) we have the following.
Lemma 4.2 (Properties of o). Let L, K C R™ be closed convex sets.
(1) o, <ok if and only if L C K.
(2) o(K +t,u) =o(K,u) + (t,u) for allt € R™.
(3) o(K+ L,yu) =0c(K,u)+o(L,u).
Definition 4.3. A function f: D C R" — R is convex if its extension to R™ given by
~ flx), ifzeD
flwy =171
oo, if x ¢ D
18 convez.

The following lemma is a well-known result (see [Schneider| (2014, Theorem 1.7.1) for example).

Lemma 4.4. Let f: R™ — R convex, closed and positively homogeneous, then f is the support function of
the convezx, closed set

K ={z e R"|(z,u) < f(u) for all u € R"}.

Definition 4.5. Let L, K C R™ and closed and convex. We say that L is a summand of K if there exists a
convez, closed set M C R™ such that K = M + L.

We will be mainly interested in sets K whose recession cone is R%,, hence we denote by K the set of
closed, convex sets whose recession cone is RZ . In the following we ‘extend some common results in convex
geometry which are usually stated for closed, compact convex sets in R™ (see [Schneider| (2014))), however,
some of them are easily extended to K7 |Shveidel| (2001)).

Lemma 4.6 (Basic properties of sets in K7). Let K,L € K and n > 0. Then, the following holds:
(1) nK € K,

(2) rec(K + L) = RY,,

(8) K + L is closed, and

(4) K+ LeKkK?.
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Proof. In order to show (1), we need to show that nK is closed, convex and rec(nK) = R%,. Let z,y € nK
and A € [0, 1], then we have -

Az + (1 =Ny =n(Aeg + (1 — Nky)

where z = nk, and y = nk, for some k;,k, € K. Since K is convex, then Ak, + (1 — A\)k, € K and hence
nK is convex. Let x, € K be a convergent sequence that converges to . Then, there exists k., € K such
that x, = nk,,. Since 7 is a constant, {k,, } converges to k,__ € K (since K is closed). By the uniqueness
of the limit, * = nr € NK. Now, let x € RY,, we want to show that nK + 2 C nK. Take any k € K,

1
nk—i—x:n(lﬁ—nx) enkK
since %1’ € RL,,. Conversely, if x € rec(nk), then for any k1 € K, we have

nk1+x € nK

then there exists ko € K, such that nky + x = nks. Hence
1
kl + —x= k27
n

thus %a: € rec(K) = RY,, thus x € RY,,.
To show (2), let z € RY,. We want to show that K + L +x C K + L. Let k € K and | € L, then
k+l4+xze K+ 1L,

since [ + x € L. Thus R%, C rec(K + L). Now, suppose that there is € rec(K + L) such that z ¢ RZ,,.
Since rec(K + L) is a cone, for all A > 0, we have Az € rec(K + L). Let k € K and | € L. Then -

k+l+XeK+LCK.

Thus £+ Az € rec(K) = R% for all A > 0, but notice that this is a contradiction since by picking A sufficiently
large, | + Az ¢ RY,. Thus rec(K + L) = RY,,.

For (3), see Rockafellar Rockafellar| (1970) Thm. 8.2 and [Shveidel (2001) Thm. 3.1. (4) is simply the
combination of (2) and (3) (and the fact that K + L is convex). O

We now specialize the discussion to a particular type of sets K € KI'. First, suppose that the boundary 0K
is of class C?, then at each point z € int(0K) there is an outward pointing normal vector ux(x). Thus,
clearly, we can define a map ug: int(0K) — S~ assigning ur () to = € int(0K). We define

RZy ={r € R" : x = (v1,...,2,), with z; <0 for i = 1,...,n},
so that
int(R%;) = {z € R" : z = (21,...,7,), with 7; <0 fori = 1,...,n} = RZ,,.

Definition 4.7. Define CJQF(ICQ) as the collection of sets K € K™ with boundary OK of class C?, and such
that the map ug is a C'-diffeomorphism from int(OK) to S™~' = S~ N R7,.

We now specialize some properties of the support function to Ci (K™).
Lemma 4.8. If K € C3(K}), then dom(ok) = int(R%,) U {0}.

Proof. Take u # 0 in dom(og ), then it must be an outward normal vector to int(9K), hence it is in §" ',
Then dom(ox) C int(R%,) U {0}. Now, for u € RZ, normalize it to make it unitary by letting v = u/|ul,

then v € S™! and thus it must be a normal vector form some z € int(9K), hence the support function
evaluated at v is finite, and in consequence o (u) is finite too. O
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Remark 4.9. Following|Schneider (2014, Section 2.5) the condition K € C%(K7) is equivalent to assuming
the principal curvatures of 0K to be non-zero. It also follows that

ox (W)lgn-1 = (ug (u), u),

and moreover, oy is of class C2.

Remark 4.10. Let ¢ € L, be a proper loss function. By definition we see that Remark implies spr(f) €
C2(K?) (since My = d(spr(())).

Definition 4.11. Let K, L € C’i(/C”). We say that L slides freely inside K if to each boundary point x of
K, there exists a translation vector t € R™, such that x € L+t C K.

Theorem 4.12. Let K,L € C2(K?). L is a summand of K, then L slides freely inside K.

Proof. Suppose that there exists M € C% (€ KI') such that K = L + M. Let € K. Then there are | € L
and m € M such that

x=1l+m.
Thus,re L+mC L+ M =K. O

Remark 4.13. For a general convex set L, if L is a summand of K € C’i (K?) we see that the previous proof
holds an we conclude that L slides freely inside K; note however that this imposes restrictions on possible
sets L. One of this consequences is that the principal curvatures of L must be positive as can be seen from
a second fundamental form comparison and Theorem[3.8

Lemma 4.14. Let K, L € C?(K?) and suppose that f(-) = ox(-) — or(-) is convex. Then the set
M ={z e R"|(z,u) < f(u) for all u € R"},
s in CJQF(ICf), and it is such that K = M + L, that is, L and M are summands of K.

Proof. From Lemma the domain of f is R%, U {0}, i.e., f: RZ, U {0} — R is convex. Thus it is the
support function of M (by Lemma [£.4). That is, f(-) = oa(-).

Therefore we have o)y = o — o, and hence K = M + L. Note that M is a summand of K, then using
Theorem [£.12] we know that M slides freely inside K, and since 0K has positive principal curvatures then
OM does too (Remark [4.13). Since oy is of class C2, then M has to be in C2 (K. O

Theorem 4.15. [(Schneider|, |2014, Theorem 1.5.2)] Let D C R™ convex and let f: D — R be a continuous
function. Suppose that for each point xo € D there are an affine function g on R™ and a neighborhood U of
xo such that f(xg) = g(xg) and f > g in UND. Then f is convex.

Definition 4.16. We say that L is locally embeddable in K if for all x € 0K, there is ay € L and a
neighborhood U of y, such that (LNU)+z—y C K.

Theorem 4.17. Let K,L € C2(K?) and L strictly convex. If L is locally embeddable in K, then L is a
summand of K.

Proof. Let ug € S* ! and zy € OK be a point such that u(zg) = up. Since L is locally embeddable in K
there are yo € L and a neighborhood Uy of yo such that (L N Uy) + xzo — yo C K. Since uzlz st —
OL is continuous, there exists a neighborhood Vj of ug such that ul}l(%) C Uy. Then it follows that
o(L + zo — yo, uo) = o(K,up) and o (L + 2o — yo,u) < o (K, u) for all u € Vy by Lemma [£.2]

Let f(-) = o(K,-)—o(L,-) (this is defined on R%Z,U{0} and is positively homogeneous), and g(-) = (z—y, -).
Then, clearly, we have

(i) f(uo) = g(uo), since

f(’LLO) = O’(K, U()) — O’(L, UO)
o(K,ug) — o(L + o — Yo, uo) + (o — Yo, Uo)
g

(uo)-
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(ii) f > g on Vy,

flw) =o(K,u) —o(L,u)
=o(K,u) — o(L + xo — yo, u) + (o — Yo, u)
> g(u).

It follows by Theorem that f is convex, and by Lemma we conclude that L is a summand of K. [

The following lemma is a direct consequence of the characterization of mixability in Theorem and
Definition .16

Lemma 4.18. Let ¢ € L,, be a proper loss. For n > 0, if £ is n-mizable then spr(nf) is locally embeddable
in spr(A).

Lemma 4.19. If ¢ is n-mizable then spr(nf) slides freely inside spr()\).

Proof. Let ¢ be nm-mixable, then Lemma implies spr(n¢) it is locally embeddable in spr(\). Then
Theorem implies it is a summand and Theorem implies it slides freely inside spr(\). O

Corollary 4.20. Let { be a n-mizable proper loss. Then spr(nf) € C? (K?) and it slides freely inside spr(\)
(X is the log loss). Additionally, there exists M € C?(K™) such that

spr(\) = spr(nf) + M.

Moreover, OM can be regarded as o(A™) for a 1-mizable proper loss .

Proof. Since ¢ is an n-mixable proper loss function, nf¢ is also a proper loss function and hence spr(nf) €
C2(K™) (Remark . Theorem implies that spr(nf) is locally embeddable in spr(A). From Theo-
rem we know that spr(nf) is a summand of spr(A), which proves the existence of M. As a consequence,
M is a convex set with recession cone RZ, (Lemma . By applying Williamson & Cranko| (2022, Propo-
sition 21) we can regard OM as the image of a proper loss function g, which since spr(p) is a summand of
spr()) it is 1-mixable (Lemma [4.14)). O

We now state [Schneider| (2014, Theorem 2.5.4) adapted to our setting which will be helpful to relate our
work to van Erven et al.| (2012]).

Theorem 4.21. Let K, L € C?(K?). Let hM () denote the second fundamental form of M at x with respect
tou (see (A.2))). The following are equivalent:

(i) hoF(x) > h9K (y) for all pairs of points x and y at which u(zx) = u(y).

(i) o — o s a support function.

Since A™ is an affine manifold, the geodesics in A™ are simply straight lines. This allows to define convexity
of functions defined on A" in the usual way we do for functions on R™. The following theorem connects and
reconciles our results to those in jvan Erven et al.| (2012)). More precisely, we create a bridge between our
results and jvan Erven et al.| (2012, Theorem 10).

Theorem 4.22. Let { € L,, be proper loss. Let n > 0, then £ is n-mizable if and only if nLZ(J — L’\(-) is
convez on int(A™), where L?(-) denotes the Bayes risk of the loss function o (Definition[1.3) and X denotes
the log loss.

Proof. Suppose that ¢ is a proper loss in £,, which is n-mixable. By Lemma spr(nf) slides freely inside
spr()\) and in particular h7(¢(p)) > h*(\(p)). By Theorem it follows that ogpr(n) — Ospr(ne) is a support
function with domain R”,U{0}, in particular it is convex on its interior. Let u € R%, such that the outward
normal vector of /(A™) and A(A™) at £(p) and A(p), respectively, is u. Then we have for z = —p € A™,

Tspr(\) ('T) — Ospr(nf) (x) = |$|(Uspr()\) (33/|$D — Ospr(nf) (Z‘/|Z‘|))
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[2|((A(p), x/|z[) — (nt(p), z/|z[))
Ip|((A(p), —p/Ipl) — (n(p), —p/IP]))
= (A(p), —p) — (nl(p), —p)

(A(p):p) + (nt(p),p)

L p) +nL (p),

—~

which proves the claim. O

Suppose now that for given ¢ € L, proper, there exists a n > 0 such that spr(nf) slides freely inside
spr(\). Note that in particular this implies that spr(nf) is locally embeddable in spr()), and hence for each
p € int(A™) we have

h"™(nt(p)) — kM (A(p)) > 0,

which by (3.10) and Lemma [3.6|implies that ¢ is n-mixable. Thus combining this with Lemma we obtain
the following characterization of mixability of proper (sufficiently differentiable) loss functions.

Theorem 4.23. Let { € L,, be proper. £ is n-mizable if and only if spr(nf) slides freely inside spr(\), where
A denotes the log loss.

In general, the set £ provides a family of loss functions with appealing properties. Arguably, one of the most
important properties is that given ¢ € L, if we assume that £ is proper then we know its principal curvatures
are strictly positive. This is a strong and useful geometric feature. For example, in [Williamson & Cranko
(2022) the notion of a “inverse loss” called the anti-polar loss was investigated. Given ¢ a proper loss (in the
sense of Williamson & Cranko| (2022)), which are not necessarily smooth), they consider the 0-homogeneous
extension of £ (see Remark 26 in Williamson & Cranko| (2022)), defined on RZ and given by

)= ().

where ||p|l1 = p1 + ... + pn. For the following we simply denote ¢°** by £. In Williamson & Cranko (2022,
Proposition 29) it is shown that there exists a map £°: Ryg — RY, such that

U(p) = (Lot o l)(p)
(x) = (Lo lol®)(x),

for all z,p € RY,. The map £° is called the anti-polar loss of £. For the family of admissible loss function
L considered in this work, we exploit the differentiability conditions to obtain in a straightforward way an
inverse loss defined on £(int(A™)). To see this, suppose that ¢ € L is proper. Since this is equivalent to
saying that spr(f) is in C%(K?), meaning that the map ugp, ) is C* diffeomorphism. Then we can define
the map £=1: £(int(A™)) — int(A™) by

spr(

N z) = Uoupr() (@)

||uSpr(€)(x)||1’
which is the inverse of the map £: int(A”) — £(int(A™)). Recall that upsyr(e)() is nothing else than the
unit normal vector (pointing towards RY) at = € £(int(A")).

It is of interest of finding parametrizations (or links) that simplify the expression of a given proper loss /.
At a theoretical level there are potentially many ways to to this. Notably we have at hand the notion of
canonical link in Williamson et al.| (2016) (or see Section [2.7|above for n = 2). As an example of other ways
to obtain nice links we have Lemma above, which gives a nice expression in coordinates (as the form of
a graph) of £. Unfortunately, to obtain that results one makes uses of the inverse function theorem which
does not provide an explicit inverse but rather its existence.

35



Under review as submission to TMLR

5 Conclusions

We summarize the main messages of this work.

e Since mixable loss functions are of great importance in prediction games, it is desirable to understand
them from different perspectives. Inspired by the work of [Vovk]| (2015)), in Sectionwe studied binary
loss functions from the point of view of differential geometry, hence restricting to loss functions in
L (Definition . To do this, we re-interpret properness as a geometric property, namely, a loss
function ¢ € L is proper if and only if

— the normal vector (belonging to RQZO) to My = £(int(A2)) at £(p) is ‘%‘, for any p € int(A?),
and

— the loss curve £(int(A?)) has positive curvature (with respect to |%|).

Having this framework at hand, we characterized mixability and fundamentality of a proper loss
¢ € L, as a curvature comparison to the log loss f1o5 (cf. [Vovkl (2015)).

e In Section 3] we extended the geometric characterization of proper loss functions to higher dimen-
sions, and obtained the corresponding interpretation of mixability as a geometric comparison (now
in terms of the principal curvatures of the “loss surface”). This comparison is done by using the
second fundamental forms of the “loss surfaces”.

o The main goal of Section [4]is to re-interpret the geometric results in Section [3] from the point of
view of convex geometry. The main result in this part is a new characterization of n-mixability of
a proper loss function ¢ € L, as spr(n¥¢) sliding freely inside spr(fios) (in general dimension). This
provides an intuitive and geometric way to interpret mixability.

e Since the results obtained in this work are in terms of curvature, it was necessary to re-interpret
well known properties of loss functions in the language of differential geometry. Although this task
might seem tedious at first, it is well worth it since it reconciles the results obtain by [Vovk| (2015)
for n = 2 and by jvan Erven et al.| (2012) for n > 2.

o It is worth to point out the relation of this work with [van Erven et al| (2012). Specifically, the
bridge between these to works established by Theorem [4.22] connects our results to Theorem 10 in
van Erven et al|(2012) in the following way. In (van Erven et al., 2012, Theorem 10) the following
statements are proven to be equivalent:

(i) a proper loss ¢ € L is n-mixable,

(ii) nHL(t) — HLOg(t) is positive semi-definite for all ¢t € ®_}(int(A™)), where HF(t) denotes the
Hessian of F at t,

(iii) nL(p) — Lyog(p) is convex on int(A™), and
(iv) nL(p) — Log(p) is convex on ®_} (int(A")).

There, they first proved the equivalence of (i) and (ii), which is the result of a long direct computation
done very carefully. The equivalence between (iii) and (iv) is straightforward. To connect these two
sets of equivalences, standard convex geometry is used to prove the equivalence of (ii) and (iii).
Note that the statements (ii) and (iv) make reference to a precise choice of parametrization of
A™ (i.e., the standard parametrization ®gq), therefore, the work presented here is naturally not
related to these statements but rather to (i) and (iii), whose equivalence can be considered to be
the content of Sections [3| and [4] Determining whether this new approach provides a simplification
of the computations in van Erven et al.| (2012) or not, strongly depends on the differential geometry
and convex geometry background of the reader. This work should be considered as complementing
the understanding of mixable loss functions and providing a new geometric insight into them.
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A Differential Geometry

In this part we provide a brief summary of the concepts of differential geometry that are used in this work (we
assume the reader has some familiarity with the topic although we try to put emphasis on the intuition). We
do not intend to give a comprehensive introduction to the topic. Most of the material can be found in almost
any differential geometry book, however, we recommend (and when possible use the notation of) [do Carmo
(2016)) and |Lee| (2018)).

A.1 Curvature of Curves

A parametrized curve is a differentiable map «: (a,b) — R™, (a < b). We are interested in studying the
geometry of parametrized curves. For this it would be useful to restrict our discussions to curves with a well
defined tangent line at every point «(t) for t € (a,b) (i.e., with non-vanishing o/(¢)). These curves are called
regular. Let ¢: (a,b) — (c,d) be a diffeomorphism, the curve 5 = a(p(s)) is a reparametrization of a. Note
that in this case «((a,b)) = B((c,d)). The image M = «((a,b)) is a 1-dimensional differentiable manifold
in R™ (for this it is essential to restrict to regular curves). The study of curves is of particular importance
since some aspects are carried to the study of the geometry of general hypersurfaces in R".

Typically, curvature is defined for curves parametrized by arc-length meaning that |8'(s)| = 1 for all s € (¢, d)
(and a regular curve can always be parametrized this way). For these types of curves, the curvature of 5 at
B(s) is defined as the length of 5”(s), which measures “how much” a curve “curves”. However, this notion
does not give information about the direction on which a curve is “curving”. We start looking at the case
n = 2. We define the signed curvature of a general curve a(t) = (21(t), z2(t)) by (cf. (L.5))

) ' () () — o (t)22(t)
Ko (t) ==
(21 (1)? + 2 (1))
It can be checked that |«(t)| coincides with the curvature of o when parametrized by arc-length (at the
corresponding point), the signed curvature is well defined up to a sign (the sign will change if we consider

a reparametrization that reverses the order of (a,b), for example a curve defined on (—b, —a) given by
B(s) = a(—s)), which motivates the discussion in Section

For example, suppose that a planar curver is defined by a function f: (a,b) — R is the following way:
a(t) = (¢, f(1)),
for ¢t € (a,b). A quick computation gives

_ "
Ka(t) = 0T o (A1)

Given a regular curve a: (a,b) — R3 as above and a real number n # 0, it is straightforward to see that
the curve f(t) = na(t) is also a regular curve and its signed curvature is given by

wa(t) = DT — P (ea(t) 1
(t)= (772x’1(t)2 + 772£E/2(t)2)3/2 = o(t).

Ui
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The notion of signed curvature can be extended to curves in manifolds sitting inside R™ (see for example Lee
(2018] Chapter 8)). For a(—e,e) — R™ parametrized by arc-length, the signed curvature (with respect to
n) k} of a at p = a(0) is given by k' (0) = (n,a”(0)). It can be shown that this definition agrees with the
one we gave for n = 2.

A.2 Geometry of hypersurfaces in R"

Let M be a differentiable hypersurface inside R” of class C* (i.e., a n — 1-dimensional C* manifold). By this
we mean that for each p € M there is an open set U C R"~! and a C* injective map ®: U — M (called a
parametrization of M around p). For each x € U, {01®(z), ..., 0p—1P(x)} forms a basis for the tangent space
T, M (¢ = ®(x)) to M at ¢g. Since ®(U) C R™ we can consider the induced metric on M by the Euclidean
metric in R™ (denoted by (-,-)). This is a Riemannian metric on M given on the coordinates given by ® by
the matrix

g9ij(z) = (0;®(x), 0;®(2)),

for z € U. The metric g allows us to define the length of a curves in M.

In general, if a manifold M of dimension n — 1 is sitting inside an n-dimensional Riemannian manifold M
(and M is endowed with the induced metric from M) the second fundamental form carries the information
on how M is “curved” inside M. Let § be the metric on M and g the induced metric on M by g. Let V
denote the Levi-Civita connection of g. Let n be a smooth unit normal vector field to M (that is n(p) is
perpendicular to T, M for each p € M). The scalar second fundamental form of M with respect to n is the
covariant 2-tensor h on M defined as

h(X,Y) = (n,VxY) = —(Vxn,Y). (A.2)

for X,Y tangent vectors to M. Note that for a hypersurface, at each point we have exactly to unit normal
vectors to M at p, thus the scalar second fundamental form is well-defined up to a sign. Fixing a point p € M
and an orthonormal basis {E1, ..., E,_1} for the tangent space at p T,,M, the eigenvalues of the matrix given
by hi; = h(E;, E;) for 4,j =1,...,n — 1 are called the principal curvatures of M at p and the corresponding
eigenspaces are called the principal directions. For details of the above see Chapter 8 in |Lee| (2018)).

When M = R" and M is parametrized by ®: U ¢ R*~! — M C R", with respect to the local frame
{019, ...,0p,—1P} of ®(U), the scalar second fundamental form with respect to a normal unit vector field n
is given by (Leg| (2018, Proposition 8.23))

fori,j=1,...,n—1.

Given any p € M and v € T, M, there a geodesic vy : (a,b) — M of M passing through p with velocity v at
p. Let M; and M; be two hypersurfaces in R" ™! tangent at a point p € M; N M,. Choose a normal vector
n and suppose that M; lies above My (with respect to n). We have the following lemma from |Lee| (2018)).

With the previous lemma we can obtain a comparison result for manifolds with positive principal curvatures.

Lemma A.1. Suppose that My and Ms are tangent at p € My N My and fix a normal vector n at p. Suppose
that My and My have positive principal curvatures at p. Then hq(v,v) > ha(v,v) for all v € T,M if and
only if My lies above Ms (with respect to n) locally around p.

Proof. First we make the following observation. Suppose that M is a smooth hypersurface in R™ and we
have a regular curve o (—¢,e) — M such that «(0) = p and /(0) = v for some p € M and v € T,M.
Then, letting h denote the second fundamental form of M from (A.2]) we have

h(v,v) = —(Vyn,v)

= (@2 i)
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= ((noa)(t),a”(t))
= (n,a"(0)).

Thus, if « is parametrized by arc-length, h(v,v) = (n,a”(0)) = x}(0).

t=0

Suppose M; lies above My are tangent at p and let v € T,My = T, M5 with |v] = 1. Then we can intersect
M; and M5 with the plane generated by v and n. Then we obtain two curves a7 and as on M; and My,
respectively, such that «;(0) = p and /(0) = v for ¢ = 1,2. Moreover, we can assume that these curves
are parametrized by arc-length so its Euclidean curvature is given by (o (0),n). Since we can regard these
curves as planar curves, there are functions f; and fs such that the curves oy and ay are represented in the
plane (v,n) by the curves

n(z) = (z, f1(x))
Y2(2) = (2, fa(z)),
with f; = (0), f/(0) = v, f/(0) > 0 (since M; and M, have positive principal curvatures at p) for i = 1, 2.

By construction #7, (0) = f;’(0) and by definition # (0) = (& (0),n), for i = 1,2.
If M lies above My at p, then f{'(0) > f3(0) and hence 7, (0) > x2,(0), which is equivalent to hy(v,v) >
ha(v,v) for any v € T,M with |v| = 1. Let w # 0 € T, M be arbitrary, then

woow woow

hy(w,w) = |w|*hy <, ) > |w|*hy (, ) = ha(w, w), (A.4)
[w|” w] [w[” w]

as claimed.

Conversely if (A.4]) holds, then we see that in particular holds for unitary v, which ultimately means that
/(0) > f5(0) for all unitary v € T,M. This implies that M; lies above M. O

We present the following instructive example.

Example A.2. Consider the differentiable function f.(z,y) = k(2® + y?) with k > 0, and let M,, =
{(z,y, fu(x,9)) | (x,y) € B1(0)}. We choose the parametrization ®.(x) = (z, fx(z)) of M, and compute the
scalar second fundamental form of M at p = (0,0,0) in these coordinates. We have

0:®(x,y) = (1,0, 2kx),
9y®(x,y) = (0,1,2ky),
Oz ®(z,y) = (0,0,25),
Ozy®(z,y) = (0,0,0),
Oyy®(z,y) = (0,0,2),

thus from (A.3) at the point ®,(0,0) = (0,0,0), the scalar second fundamental form of M, with respect to
n = (0,0,1) is given by

) = ()

)= (5 3)-

and in particular for k =1 we have

Thus, clearly we have

)0 -l = (57,0 ) (A5)

which is positive definite if and only if K > 1 (when My lies inside My and are tangent at p).
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Remark A.3. We stress a technical observation. The comparison in Example is wvalid since
regardless of the value of k, 0;®,(0,0) and 0,®.(0,0) are the same, meaning that we can identify the
tangent spaces to M, and My at p for all k, and the basis for them is given by {0,®1(0,0),9,2.(0,0)}. In
general this is not necessarily the case so one should perform a change of basis before comparing the second
fundamental forms.
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