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Pre-training techniques have successfully promoted the training of neural networks. Since neural networks
and kernel machines share similar properties, such as both learning the problems by the non-linear projection
on features and both being capable of handling complex tasks, the idea of pre-training may also help kernel
machines achieve promising training speed. However, existing pre-training-based kernel machine solvers show
limited improvements on efficiency when the hyper-parameter varies. To effectively reduce the training cost,
we propose a novel method that can make efficient use of pre-trained models to infer kernel machine models
with different hyper-parameters. Our pre-training-based method is built on top of theoretical foundations. The
difference between the model inferred based on pre-training and the optimal model is theoretically bounded
by a constant. Experimental results show that our method can save an order of magnitude of training time
compared with the existing approach while producing competitive accuracy.

1. Introduction

Pre-training has advanced large-scale neural network training in
many real-world problems from natural language processing [1] to
computer vision [2]. The convergence speed of neural network training
as well as model quality can be substantially improved using pre-
trained models. Inspired by these advancements, we explore whether
similar benefits could extend to kernel machine training. This poten-
tial stems from key similarities between neural networks and ker-
nel machines. First, neural networks have feature transformation, and
kernel machines have the similar property of implicit data mapping
to feature spaces through kernel functions. Second, several studies
demonstrate that kernel machine based solutions can achieve com-
parable performance with neural networks when solving the popular
sentiment analysis problem [3] and the random label problems [4]
with robust generalization. These similarities suggest that applying
pre-training to kernel machines is promising and may alleviate the
expensive computational cost in kernel machine learning.

Existing approaches have investigated pre-training strategies for
kernel methods. However, these approaches have shown notable limi-
tations. Most of them are effective only when the data vary [5] and are
restricted to specific kernel machine forms [6]. Several methods [7,8]
avoid the training by deducing the solution path to the kernel machine
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with hyper-parameter variations. Nevertheless, they exhibit compu-
tational complexity comparable to training a single kernel machine
from scratch [9]. The marginal efficiency improvements are resulted
primarily from the expensive kernel matrix computations required by
conventional pre-training-based approaches.

To overcome this limitation, we propose a novel kernel machine
training method that can achieve substantial computational advan-
tages. Our key idea is to infer the new kernel machine model with dif-
ferent hyper-parameters based on pre-trained models while eliminates
the need for repeated kernel matrix computations. We theoretically
prove that the difference between the inferred model and the optimal
one (i.e., training from scratch) is bounded by a constant. To further
generalize our pre-training-based method, we provide a theoretical
foundation for using pre-trained models when the regularization con-
stant of the pre-trained model is different from the targeted model. We
demonstrate that the kernel machine model is inversely proportional
to the regularization constant. Thus, we can obtain the new kernel
machines by multiplying the pre-trained model by a constant factor.
Moreover, we take the Support Vector Machine (SVM) as an example
to further elaborate our theoretical results. Our method benefits from
a linear time complexity.

A paramount application of our pre-training-based method is for
model selection, where a model can be quickly trained for the new
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hyper-parameters based on the previously trained model. Experimental
results on the model selection show that our method can help reduce
the elapsed time of model selection by an order of magnitude. Our
method can achieve competitive test accuracy as the optimal model
training from scratch. Furthermore, the experimental study shows that
the gap between the objective values of the pre-training-based model
and the optimal one is extremely close. Our findings indicate that
the idea of pre-training is an excellent facilitator for hyper-parameter
tuning in kernel machines. In summary, we make the following major
contributions in this paper.

+ To accelerate the kernel machine training, we propose a method
that can make efficient use of the pre-trained models to infer new
kernel machine models with different hyper-parameters.

We develop theoretical foundations for reusing pre-trained kernel
machines and further verify the theoretical results on common
kernel machines, i.e., SVMs.

We conduct extensive experiments to evaluate our proposed
method. The experimental results show that our method can
save an order of magnitude of elapsed time when performing
hyper-parameter tuning, and the model inferred based on the
pre-trained model yields competitive performance to the optimal
model on prediction.

2. Related work

To efficiently train the kernel machine algorithms [10], existing
approaches try to reduce the size of training data [11,12], or narrow
down the hyper-parameter searching space [13]. Pre-training, which
has been widely studied in neural networks such as BERT [1], GPT [14]
and DeepSeek [15], however, has not been adequately explored for
traditional machine learning.

2.1. Pre-training in kernel machine initialization

Some studies consider previously trained kernel machines as effi-
cient initialization but have notable limits as described below. Wen
et al. [5] explored three alpha seeding strategies based on k-fold CV.
The dual solution in the previous CV round are adjusted in three
different ways to initialize the solution in the next round which leads
to minimal violation of the optimality condition. Tommasi and Ca-
puto [16] interpolate the model trained on the old data set into the
objective of a new problem with a scaling factor to control how close
are the new and old models. Tsai et al. [6] invented incremental
and decremental algorithms for linear SVM classifiers. The new dual
solution is initialized by multiplying the original optimal dual solution
by a ratio. Multiple incremental and decremental learning [17] im-
plement Cholesky factorization for kernel matrix to efficiently update
the model when multiple instances are added or removed simultane-
ously. Galmeanu and Andonie [18] introduced a weighted incremental—
decremental SVM (WIDSVM) to handle concept drift. WIDSVM adjusts
the weights of samples and constraints based on previous SVM so-
lutions while preserving the optimality for historical data fulfilled.
Chen et al. [19] reformulated the infinitesimal annealing algorithm to
continuously update the solutions of transductive SVMs with streaming
samples. Xu et al. [20] use incremental SVMs to generate initial solution
population for the new multi-objective optimization problems. Budget
online learning [21] constrains a budget number of support vectors and
updates the pre-trained SVM with efficient matrix computation when
new instances are added. Chu et al. [22] proposed a warm start method
for linear classifiers such as linear SVMs. It increases the dual solution
by a certain number when the regularization constant changes.

While existing studies leverage pre-trained models to warm-start
training, they suffer from key limitations. Most approaches [5,18,19]
are tailored to specific kernel machine types, which restricts their
generalization to diverse models. More importantly, these initialization
methods [6,17,20] typically require the fixed hyper-parameter across
tasks. This severely limits their applicability to scenarios with varying
hyper-parameter spaces.
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2.2. Pre-training in solution deducing

In addition to initialization, some researchers use pre-trained mod-
els to compute a direct numerical solution path to the machine learning
problem with new hyper-parameters. Hastie et al. [9] derived the
regularization path for the SVM which uses the pre-trained SVM to
compute the exact solution to an SVM problem with different regular-
ization constants. In addition to the standard SVMs, Gu et al. [23]
computed the solution surface and validation error surface for the
biased SVM which has two regularization parameters (C,,C_). Based
on the surfaces, the solution and regularization parameters with the
global minimum CV error can be found. Gu and Sheng [24] presented
a new equivalent dual objective and a robust regularization path based
on lower upper decomposition for v-support vector classification (SVC),
which avoids exceptions and singularities in standard v-SVC path.
Zhai et al. [25] proposed to compute numerical solutions for both
the regularization parameter and the ramp parameter used in robust
SVMs. The computational complexity of these approaches [9,24,25]
can be unified as O(c,n*m + c;nm?), where m is the average number
of in-bound samples, » is the number of training samples, and ¢,, ¢,
are coefficients that scale with » and m, respectively. Suzumura and
Ogawa [26] identified the necessary and sufficient conditions for local
optimal solutions in robust SVMs and developed a homotopy approach
to derive the solution based on these conditions. Gunter and Zhu [7]
proposed a regularization path for support vector regression. The total
complexity of computing the exact regularization path in each iteration
is O(nm)+O(nm?). Gu [27] tracked the solution of support vector ordinal
regression (SVOR) which solves multiple binary classifications when
the regularization parameter varies. Its complexity is comparable to the
training of a single SVOR [27].

While regularization parameters are important, hyper-parameters
in kernel functions are equally crucial in governing kernel machine
behavior. Wang et al. [8] introduced a kernel path that calculates the
exact solution to the problem with neighborhood kernel or regular-
ization parameters of the pre-trained model, yet it faces numerical
problems and exhibits an exponential time complexity of O(n* + m?).
Therefore, Giesen et al. [28] proposed an e-approximate kernel path
to avoid the high computation cost of exact path. Despite the authors’
methodological contributions, our empirical findings in Section 6.1
show that the approximate kernel path method performs substantially
slower than training from scratch. Its excessively long execution time
makes it computationally infeasible for practical applications.

Although current methods provide a theoretical shortcut to the solu-
tion path, they incur notable computational costs. Their computational
burdens such as O(c;n’m+cynm?) [9,24,25] or O(n?>+m?) [8], are similar
to the O(n2d) or O(n’d) [29] complexity of single kernel machine
training as demonstrated in the previous study [9,24,27], where d is the
feature dimensionality. Furthermore, the kernel path [8] even suffers
from numerical issues which lead to instability in convergence. While
some approximation techniques aim to mitigate these costs, they still
rely on maintaining and updating kernel matrices [28] which imposes
a non-negligible overhead empirically. In contrast, our method cir-
cumvents the recomputation of kernel matrix during model inference.
The computational complexity of our method inferring the new kernel
machine model is O(n) which is much less than the existing solution
path algorithms.

3. Preliminaries on kernel machines

A kernel machine projects a non-linear problem into a feature space
where the problem may be solved linearly [30,31]. Formally, suppose
we have a training data set {X,y}. The data set consists of » training
instances where {X € R™y € R"} = {(x1,¥1), (X2, ¥2)s v s s ¥u)
and (x;,y,) denotes the instance x; € RY with its label y,. Instead
of solving the primal problem, we focus on solving the dual problem
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where the kernel machine training aims to find the optimal weight
vector « that satisfies the following objective.

min L@ =+ ¥ 17600+ 21 Y a1
i=1 Jj=1

subject to  #;(X,a,0)=0,Vi € {1,...,n,}, 1
g (X, a,0)<0,Vje(l,....n.}, 1>0,

where « = [ay, ..., @,]” is an n-dimension column vector, each dimen-
sion of which corresponds to the contribution of a training instance to
the kernel machine. The regularization constant is denoted as 4 and O is
the set of hyper-parameters in kernel machines (i.e., © = {1,6,,6,,...}).
The function ¢(-) maps the instances from their original data space
to a higher dimensional feature space induced by the kernel function.
Based on the reproducing property [32], we have the decision function
fx) = Z?:l a;k(x;,x;) where k(x;,x;) is a positive-definite kernel
and k(x;,x;) = ($(x;), p(x)). The inner product (-,-) is defined on the
reproducing kernel Hilbert space. The loss function (i.e., L; loss) can be
defined as follows.

n
£,y =1 Y apk(x;, %)) = il 2
j=1
The loss is widely used in kernel machines (e.g., SVMs) and is robust
to the outliers [33]. We use h;(X,a, ©) to represent the ith equality
constraint function, and use g;(X, @, ©) to represent the jth inequality
constraint function. The numbers of equality constraints and inequality
constraints are n, and n,, respectively. The equality and inequality
constraints are affine functions, and the inequality constraints are
convex and continuously differentiable, which are common in kernel
machines such as SVMs [34].

4. Leveraging pre-trained models for kernel machine training

To mitigate the computational burden in kernel machines, we pro-
pose an inference-based approach which efficiently reuses the pre-
trained models instead of training from scratch. Our method circum-
vents the prohibitive cost of kernel matrix recomputation, which has
limited the efficiency advantages of using pre-training for kernel ma-
chines [7,8]. In the following, we theoretically show that the kernel
machine model with a new kernel hyper-parameter can be inferred
using the computation of the pre-trained model. To further expand
the use of pre-trained models, we theoretically analyze the relationship
between the optimal model and the regularization constant. At last, we
summarize the entire procedure of our method.

4.1. Reusing pre-trained models for new kernel parameters

The models we aim to train may share the same parameters ex-
cept for the kernel parameter with pre-trained models. This scenario
commonly occurs in many applications, for example, when performing
kernel parameter tuning. To avoid the tedious kernel machine training
for different kernel parameters, we propose to reuse the computation
of pre-trained models to infer new kernel machines. We consider the
kernel machine problem as stated in Problem (1) with kernel k(x;, x j).
For clarity, we assume that only one hyper-parameter of the kernel is
different from the pre-trained model, and the other hyper-parameters
in the kernel are unchanged. The alterable kernel parameter is denoted
as o. Thus the kernel k(x;,x;) can be simplified as k(x;,x;) = k;;(0).
Through our investigation of the behavior of optimal solutions, while
changing kernel parameters, we raise a convergence theorem for the
solution to the kernel machine problem as follows.

Theorem 1. Suppose the kernel machine Problem (1) is solved with a
fixed regularization constant A and a continuous positive-definite kernel
k(x;,x;) = k;;j(0). Let a* € R” and a'* € R" be the optimal solutions
to Problem (1) where the kernel parameters take the values of o, and ¢,
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separately. The parameter ¢’ is equal to the parameter o, moved by a small
step size A where ¢’ = o,/A and A > 1. Then the ith dimension of the
optimal solution a’* which is denoted as «]* converges to an approximation
a* within a constant range r(y;) as follows.

(@ =&y <r(y), Vie{l,..,n}, 3)

where &* is computed with the centroid of all the pre-trained weights

belonging to class y; using the form below.

&f* _ Zjel(y,)a; = c(yy),
[Tyl

where a is the jth element in a*. The centroid is denoted as c(y;) and the

set I(y;) includes the indices of all the instances in class y;.

Vie{l,...,n}, @

The proof of Theorem 1 is available in Appendix A. According to
Theorem 1, when the kernel parameter 6, moves to ¢’ by a small step
size 4, the optimal o]* can be approximated by the centroid of the
previous/pre-trained model. The gap between the optimal «/* and the
approximated one is bounded by r(y;) which is a constant. Therefore,
the optimal solution a’* with respect to ¢’ can be inferred using the
equation below.

.
Yierop ¥

_— Vi 1,...,n}. 5
T 2

al" % e(y) =

4.2. Reusing pre-trained models for new regularization constants

Another important hyper-parameter in kernel machines that pre-
training can take advantage of, is the regularization constant A. Next,
we show the fundamental theorem of reusing pre-trained models for
kernel machine models with different regularization constants. In par-
ticular, the theorem establishes a relationship between the solution and
the regularization constant.

Theorem 2. Suppose the kernel machine Problem (1) is solved with a
continuous positive-definite kernel k(x;, x ) = ki;(0). Let a* be the optimal
solution to Problem (1) where the regularization constant A, and kernel
parameter o, are used. Then the following relationship between the weight
vector and the regularization constant always holds.

Aol = sTK(op)7!,

where s € R" is a constant vector with respect to A and a. The matrix K (o)
is the kernel matrix where K(oy) = [k;;(00)],ixu-

The proof of Theorem 2 can be found in Appendix B. Theorem
2 is a generalization to the warm start strategy [22]. From Theorem
2, we derive that the optimal a* is inversely proportional to the
regularization constant. Therefore, when a regularization constant 4,
decreases by a small step size 4 to A’ (i.e., ' = A—A“ with A4 > 1), the
solution «’ to Problem (1) with the regularization constant A’ can be
initialized as follows.

o' = Aa*. 6)

4.3. Summary of our pre-training-based method

With Theorems 1 and 2, we summarize our pre-training-based
method for kernel machines below. The time complexity of our method
is O(n).

+ When the kernel parameter changes from o, to ¢’ by a step size
A (e, o' = %U with 4 > 1), the optimal solution a’* with respect
to ¢’ can be inferred using the pre-trained weight a* with respect
to oy as Eq. (5).

When the regularization constant changes from 4, to 4’ by a step
size A (i.e., A’ = %" with 4 > 1), the solution a’ with respect to A’
can be initialized using the pre-trained weight a* with respect to
o, as Eq. (6).
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4.4. Reusing pre-trained models in kernel machine hyper-parameter tuning

Algorithm 1: Pre-training in kernel machine hyper-parameter
tuning.

Input: Training instances X, with labels y,., validation instances
X, with labels y,,, initial kernel parameter o, initial
regularization constant A,, and the number of iterations for
calibration 7.

Output: The best solution a* with hyper-parameters 1* and ¢*

1 ay <0, Acc* < 0, 1 < 4,
2 fori < 1to 7, do //7, is the total number of iterations for tuning o

3 o« 0,
4 a’ <InitAlphaForRegularizer(a,, 4,) // Equation (6)
5 a'* « TrainModel(X,,,y,.a, 4,0)

6 Acc «EvaluateModel(X ,,, ¥, @, 4,0)

7 if Acc > Acc* then Acc* < Acc, a* <« a’*, A* <« A, 6" <o
8 ay < a’*

9 for j « 1 to 7, do //T, is the total number of iterations for
tuning y

10 6 —o/A, a—a* //4; is the step size of tuning y
11 a' «<InferAlphaForKernel(a) // Equation (5)
12 if j % © == 0 then //calibration
13 L a'* « TrainModel(X,,, y,.,a, 4,0)

14 else a”* « o’

15 Acc <EvaluateModel(X ;, ¥pu» @', 4, 06)

16 if Acc > Acc* then Acc* « Acc, a* « a'*, A* « A, 6" < 0o

7 | A< A/4, //4, is the step size of tuning o

We provide the pseudocode of our method in the context of hyper-
parameter tuning in Algorithm 1. In the outer loop (Line 2), we tune
the regularization constant 1. The weight « is initialized using Eq. (6)
(Line 4) and the model is then trained with the initialized a (Line 5).
We evaluate the model on the validation data and select the hyper-
parameters based on the highest validation accuracy (Lines 6-7). In the
inner loop, we select the hyper-parameter ¢ for kernel functions (Line
9). The optimal weight of the pre-trained model is used to infer the
weight of model with the next ¢ (Lines 10 and 11). We notice that
if we train and infer the model alternatively, the training time can
only be reduced by half at most because we need to train the model
every other iteration. Otherwise, if we constantly infer the solution
for every upcoming kernel parameter by using the same pre-trained
optimal solution, the inferred solution will always be the same due to
the unchanged centroid c(y;). In this way, the inferred solution will be
more inaccurate for the problems with new kernel parameters as the
kernel parameter gradually changes. The intuition is that when the gap
between the new kernel parameter and the initial one becomes larger,
the feature space that the problem mapped to is more diverse and so
do the optimal solutions. Therefore we design a calibration procedure
that uses the inferred solution as initialization and trains the model
based on the initialization every r iterations (Line 12-14) to obtain the
optimal solution. The calibration not only reduces the training cost but
also mitigates the accumulation of inaccuracy.

5. Theoretical results on non-linear SVMs

The findings in Section 4 are applicable to any kernel machines
that satisfy the form in Section 3. Here, we use the non-linear SVM as
an example to show how to apply our theoretical results to a specific
kernel machine.

First, we demonstrate that non-linear SVMs satisfy Theorem 1. The
dual objective of SVM training using positive-definite kernels is defined
below.
minimize W(a) = %aTQ(a)a —ela, @
subjectto a’y =0, 0<a, <C, Vie{l,...,n},
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The matrix Q(o) is an n X n matrix and the element on the ith row and
Jjth column is Q;;(c) where Q,;(¢) = y;y;k;;(c). The penalty parameter C
serves as the regularization constant in SVMs where C = % Please note
that the hinge loss used in the SVM can be treated as a variant of L, loss
with the loss value equal to 0 when 1 — y,(% ; @;kij(0) +b) is less than
zero. Suppose when Problem (7) is solved with the hyper-parameter
set @' where ®' = {C,¢’'}, the optimal solution to Problem (7) is a’*.
As the equality and inequality constraints are affine functions and are
convex, for each in-bound support vector x; where i € I ,, we obtain
the following KKT conditions.

o T, + By, —1=0, Viel, ={(il0<a* <C},

where f/* is the optimal Lagrange multiplier for the ith constraint and
Q;(-) is the ith column in Q(.).
Using the KKT conditions, we can derive that the optimal solution

1 L PR
a* converges to an approximation &* within a constant range r;,,(y;)
as follows.

(@ =& <rply), Viell,, (8)

where the approximation is the centroid of all the in-bound pre-trained
weights belonging to class y; and is computed with the form below.

& = Zjel(nb(yi) 0!;‘
! [ ()]
where ¢;,;(y;) is the centroid and o} is the jth optimal solution to
Problem (7) with hyper-parameters {C, o, }. The set I,,,(y;) includes the
indices of the in-bound pre-trained weights in class y; where I,,,(y;) =
{jl0 < @ < CAy; = y;}. Hence, we have Eq. (8) which is consistent
with Inequality (3) in Theorem 1. For the bounded instance, its weight
a; tends to stay at the bound 0 or C when the parameter changes, and
thus we infer the solution directly with the pre-trained solution where

I
i

viel

inb’

= Cinp (V)

a* =al.

1
The detailed proof is available in Appendix C and we can easily
prove that SVMs satisfy Theorem 2 following the similar flow in the

proof of Theorem 2.
6. Experimental studies

We empirically study the efficiency and effectiveness of our method
in the context of hyper-parameter tuning, which is paramount in ma-
chine learning.

6.1. Data sets and experimental setting

Data sets. Table 1 gives the details of data sets evaluated in our
experiments which are binary classification problems downloaded from
LIBSVM website [35]. The data sets cover various real-world tasks. For
example, rcvl is a collection of newswire articles and is used for text
categorization. The real-sim task tries to classify the real and simulated
vehicles from the given documents. The ijcnnl data set involves text
decoding tasks and the covtype data set is used to recognize the forest
types. Except for the data sets tested in our experimental studies (i.e., as
listed in Table 1), our method is applicable to a broader range of
problems addressable by kernel machines, such as image classification
with mnist data set [36] and sentimental analysis on Wikipedia com-
ments [29]. We leave the exploration of more diverse applications to
our future work.

Experimental setting. Our experiments were conducted on a machine
with an Intel(R) Xeon(R) E5-2678 CPU and 125 GB main memory run-
ning on Linux OS. We choose SVMs with Gaussian kernel (i.e., k(x;, x ) =
exp(—o||x; — x jllg)) to evaluate our method. Our method and the base-
lines are implemented in C++ with ThunderSVMs [37]. ThunderSVMs
train SVMs using SMO [38] solver with high computing performance.
In our experiments, we aim to select the best hyper-parameters, where
the regularization constant C is selected in the range [273,2!'], and the
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Table 1
Data set information.
data set #train. ins. #test ins. #features data set #train. ins. #test ins. #features
adult 22,696 9,865 123 ijennl 49,990 91,701 22
covtype 464,810 116,202 54 revl 20,242 677,399 47,236
epsilon 400,000 100,000 2,000 real-sim 57,847 14,462 20,958
3 time ¢ error 1 time ¢ error C
i It jjcnnl rcvl o
- adult ijcnnl ol adult fjennl ol o, =
&200%% 0.2 82 0%(}50.0 800§§§§00 100§§§§0.0 0&%500 g
o 0.0 02 80 -0.2 -0.2 g -0.2120 -02%
€150 -0.2100 0.0 600 100 £
= £
o 80 -0.2 60 60 80 s
& 100 60 400 5
E— 20 40 40 60 g
[9] 40 ]
= 50 20 200 20 @
g 20 20 2
oo 0 0 0 o}
2345 2345 2345 2345 45 2345 z
T T T T T
(C=2" (b)C =23

Fig. 1. Influence of different calibration parameters.

kernel parameter ¢ is selected in [27!%,20]. Following common settings
in grid search [22,39], the step sizes 4, and 4, of tuning C and o are
set as 2, respectively. Five-fold cross-validation is used and 20% of the
training data serve as the validation set.

Baselines. We compare our method with existing hyper-parameter tun-
ing methods which are: (i) single instance replacement (SIR) [5], (ii)
warm start (WS) [22], and (iii) basic tuning. SIR accelerates the cross-
validation by initializing the new weights with those from the previous
round so that the change of optimality condition of the current training
is minimized. Warm start [22] initializes the weight of the model
with new regularization constant by multiplying the weight of the
pre-trained model with the step size A, which is similar to Eq. (6).
In basic tuning, the model is trained from scratch with the weight «
initialized to 0, which is the default setting in ThunderSVMs [37]. We
regard the model obtained in basic tuning as the optimal model in
our experiments. Note that we have also evaluated the solution path
algorithm [28] but could not collect sufficient empirical results due to
the extremely long execution time. It took more than 2 months to finish
the grid search on even our smallest tested data set adult, which is not
practical for industrial applications.

6.2. Selection of the calibration parameter

To fully exploit the strength of our method, we need to first decide
the calibration parameter z. As shown in Algorithm 1, choosing the
calibration parameter is a trade-off between the predictive accuracy
and the training cost. Therefore we design an experiment to select the
calibration parameter that can achieve the best overall performance.
We conduct kernel parameter selection using our method and vary =
from 2 to 5 on three data sets considering generality.

Fig. 1 shows the total elapsed time of kernel parameter searching
when using each calibration parameter. The averaged approximation
error over all the kernel parameters is also added into Fig. 1. The
approximation error is computed by subtracting the predictive ac-
curacy of the optimal model from that of the inferred model. Our
method achieves better predictive accuracy than the basic method
where the approximation error is positive. The approximation error
becomes negative and its absolute value becomes larger with the cal-
ibration parameter ¢ increasing. Moreover, when 7 is greater than 4,
the time saved is not as notable as when it is smaller than 4. Based on
the findings, training the model to optimal every 4 iterations yields an
overall good performance and hence we recommend to use 7 = 4 in
applications as well as in our experiments.

6.3. Analysis on efficiency

We perform a grid search on kernel parameters and regularization
constants to observe the efficiency of our method compared with
baselines. Our method trains the models to optimal when y is equal
to {29,274,278,2712}, and infers models for other hyper-parameters for
that the calibration parameter is set to 4. We record the total elapsed
time of the grid search and the results are depicted in Fig. 2. The model
selection with our method is 3 to 10 times faster than the baselines on
all the tested data sets. The time saving is more prominent for larger
data sets such as covtype and epsilon.

6.4. Analysis on prediction performance

To verify that our method not only takes less training time than the
baselines but also achieves competitive performance on prediction, we
study the overall prediction performance of our method.

Approximation errors. The approximation error on the test accuracy
for each set of tested hyper-parameters is shown in Fig. 3. When y is
equal to one of the values in {29,274 2782712} the model is trained
to optimal and thus the approximation error is 0 which we do not
show in Fig. 3. The best approximation errors tend to gather in the
lower left triangle of each heat map. The predictive performance is
either superior to the optimal or satisfactory with an approximation
error that is less than —0.02. In conclusion, if there is at least one of
the hyper-parameters, either the regularization constant or the kernel
parameter is small, our method is then able to infer models that achieve
competitive test accuracy as the optimal models. We recommend that
practitioners use our method in such circumstances.

Averaged accuracy. We show the training and test accuracy averaged
over all the hyper-parameters tested in the grid search in Table 2 where
“error” indicates the approximation error. The accuracy achieved by
different baselines is arranged in the same column because they pro-
duce the same accuracy. The baselines need to fine-tune the models
to optimal after utilizing the pre-trained models and thus have the
same accuracy under the same hyper-parameters [5]. Our method infers
models with a less than 6.13% averaged loss on the test accuracy for
most data sets. The best average approximation error is obtained on the
covtype problem which is —1.12%. However, the averaged test accuracy
achieved by our method on real-sim is much lower than the baselines.
We check the optimal models trained on real-sim and find that in certain
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Fig. 3. Approximation error on the test accuracy of our method with each {C,c} pair.

Table 2
Averaged predictive accuracy in grid search.

data set averaged training accuracy (%) averaged test accuracy (%)

basic/SIR/WS ours error basic/SIR/WS ours error
adult 81.77 75.83 -5.94 78.73 74.56 -4.17
covtype 97.36 96.25 -1.10 97.30 96.18 -1.12
epsilon 79.33 70.28 —-9.05 74.21 68.08 -6.13
ijennl 86.63 82.30 -4.33 86.54 81.97 —4.57
revl 87.44 83.07 -4.37 85.44 81.27 -4.17
real-sim 86.54 67.67 -18.87 86.43 67.61 -18.83

ranges of hyper-parameters (e.g., when the value the regularization
constant is large), the optimal solutions and their objective values vary
widely from one hyper-parameter to another. As a result, the pre-
training-based model may not well approximate the diverse optimal
models of the next hyper-parameters. A smaller calibration parameter
will help mitigate this degradation in accuracy.

6.5. Quality of our inferred models

As our method infers the model for a new kernel parameter based
on the pre-trained model instead of training, we show the detailed ac-
curacy and objective values to confirm the high quality of our inferred
models.

6.5.1. Detailed accuracy comparison

We choose the regularization constant C = 273 and the ker-
nel parameter y which is ranged from {2°,27%,277} as examples to
present the detailed accuracy and approximation error produced by our
method. Our method infers the models for the three y values based on
the pre-trained model where y is equal to 274, The results are presented
in Table 3. We do not show the results of the warm start baseline in
this section as it is proposed for regularization constant tuning.

According to Table 3, the approximation error on test accuracy
is quite small, which indicates the high quality of our pre-training-
based models. It is remarkable that our method even produces better
accuracy than the baselines for epsilon, rcv1 and real-sim problems. The
test accuracy achieved on rcvl is improved by 32.65% at most with



Y. Chen et al

Table 3
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Comparison on predictive accuracy (C =27%).

data set y

training accuracy (%)

test accuracy (%)

basic/SIR ours error  basic/SIR ours error
24 83.92 83.92 0.00 84.29 84.29 0.00
adult 27 83.87 83.80 0.07 84.36 84.61 0.25
2-6 83.76 82.03 -1.73 84.34 82.54 -1.79
277 83.54 76.55 -7.00 84.23 77.17 -7.06
274 86.06 86.06 0.00 85.85 85.85 0.00
covtype 2-° 86.06 86.06 0.00 85.85 85.85 0.00
26 86.06 86.06 0.00 85.85 85.85 0.00
277 86.06 86.06 0.00 85.85 85.85 0.00
24 72.63 72.63 0.00 71.58 71.60 0.02
epsilon 273 56.90 71.08 14.18 55.10 70.02 14.92
276 50.42 67.04 16.62 49.70 64.98 15.28
27 50.42 59.85 9.43 49.70 58.50 8.80
24 90.64 90.64 0.00 90.58 90.58 0.00
iiennl 27 90.29 90.29 0.00 90.50 90.50 0.00
J 26 90.29 90.29 0.00 90.50 90.50 0.00
277 90.29 90.29 0.00 90.50 90.50 0.00
274 94.56 94.56 0.00 93.80 93.80 0.00
revl 2-° 93.40 94.35 0.95 92.77 93.67 0.90
2-6 61.18 93.25 32.07 59.65 92.30 32.65
277 51.83 86.40 34.57 52.47 84.85 32.38
24 90.28 90.28 0.00 90.04 90.04 0.00
real-sim 27> 84.11 87.68 3.57 83.81 87.41 3.61
2-6 74.78 82.09 7.31 74.56 81.73 7.16
27 69.65 73.07 3.42 69.62 72.89 3.27
basic tuning ~ SIR —%-ours basic tuning SIR -%-ours basic tuning SIR -*-ours
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Fig. 4. Trajectories of objective value decreasing with {C =273,y =277}.

our method. The basic method turns out to underfit the rcvl problem
with a training accuracy of around 50%. The underfitting behavior
results from the basic method failing to converge as shown in Fig.
4(e). On the contrary, our method infers a solution that is close to
the optimal solution and thus maintains the performance close to the
optimal. Similar behaviors can be observed on epsilon and real-sim.

6.5.2. Variation of the objective in model training

We compare the objective values of the solutions inferred using our
method with the solutions trained using the baselines. We take the
hyper-parameters {C = 273,y = 277} as an example and show the
trajectories of objective value decreasing in Fig. 4. Our method infers
the model with y equal to 2~7 based on the pre-trained model where y
is equal to 27#. In order to observe the difference between our inferred
objective and the optimal objective, after the new models were inferred,
we further applied the SMO solver [38] to fine-tune the inferred model
until optimal.

As depicted in Fig. 4, the objective value of our inferred model
(i.e., the first cross marker on the curve of our method) is close to
the optimal one. When we further fine-tune the inferred model, the
training takes much fewer iterations to meet the optimality condition,

compared with basic tuning or SIR. For example, in Fig. 4(d), the
number of iterations of our method is about 30 times fewer than the
baselines. Thus, the model inferred based on the pre-trained model
can approximate the optimal model extremely well. The accuracy and
objective curves with other hyper-parameters can be found in D which
are also consistent with our findings.

7. Conclusion

In this work, we have proposed a novel method that leverages the
pre-trained model to infer new kernel machines. We have provided the
theoretical foundation to guarantee that the model inferred based on
pre-trained models is of high quality and close to the optimal one.
In our experiments, the gap between the objective value of the pre-
training-based model and that of the optimal one is extremely close,
which further verifies the correctness of our theorems. The competitive
predictive accuracy indicates the model quickly obtained from the pre-
trained model is as good as those trained from scratch. Moreover,
the results have also confirmed that our method performs an order of
magnitude faster than the existing approach. Our findings in this paper
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can encourage more researchers to investigate pre-training techniques
on more traditional machine learning algorithms.

In the future, we plan to integrate our method into existing ma-
chine learning pipelines to facilitate its practical adoption by domain
practitioners. Concurrently, we will further advance the theoretical
foundations of leveraging pre-training in kernel machines. A key focus
will be deriving a more rigorous error bound that accommodates spe-
cific hyper-parameter variations. We will also expand our evaluation to
a wider range of real-world applications including computer vision and
natural language processing tasks to further demonstrate the broader
applicability of our method.
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Appendix A. Proof of Theorem 1

Proof. In order to solve the optimization Problem (1), we first trans-
form the Problem (1) into the following form with Lagrangian multi-
pliers.

i=1

L@ o = Y 1Y, akx, %), 00+ 51 Y, aybx I
Jj=1 j=1

+ fTh(X,a,0)+ u" g(X, a, 0). (A1)

The transformation is inspired by the proof of Lemma 4 in the pa-
per [40]. The ith element of vector g € R" and vector u € R": are
the Lagrangian multipliers f; and y; respectively. With the positive-
definite kernels defined in Theorem 1, the hyper-parameter set O is
equivalent to {4,c}. The n, dimensional vector function h(X,a,©)
treats the constraint 4,(X, a,0) as its ith dimension; similarly, the n,
dimensional vector function g(X, a, ©) is formed by all the inequality
constraints and its jth dimension is g (X, @, 0).

Then we compute the Karush-Kuhn-Tucker (KKT) conditions [40]
for the Problem (A.1) as follows.

n

oL@ B.p) _1
rabw Ly

T
%0, V,,ﬂl(j; a;k(x;.x;). ;) + Ao’ K, (o)

i=1

+ T oh(X,a,O) b g(X, a, 0) _
da Ja

P P

h(X,a,0)=0, Vi€ (1,...,n,},
#;8;(X.a,0)=0, g;(X,a,0) <0, p; 20, Vj€{l,...,n.}.

0, (A.2)

subject to

Since the matrix X of instances is the same for all the constraints, we
omit the matrix X in all the constraints for the rest of the paper. We
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use h; (e, ©) and g;j(a. @) as the shorthand for #,(X, a, ©) and g(X,a, 0),
respectively. Then the KKT conditions [40] in Eq. (A.2) can be rewritten
as follows.

dL(a, B, p,9) =R (0T + 1aT K (o) + T oh(@.0) T’ 0g(@,0) _ 0,
dap dap dap
subject to  h(a,0) =0, Vi {1,....n,}, (A.3)

”jgj(a,@)=07 gj(aae) <0, Hj >0, Vje {L---,Vlg},

where e is an n-dimension vector with all the elements equal to 1. Let
K, (o) arld l?;,(a) denote the pth column in the kernel matrix K(c) and
matrix K(c), respectively. The elements in the ith row and jth column
of matrices K (¢) and K (o) are defined separately as K; i(0) = k;;(0), and

- _kij(o')s yi > f(x;);
Kij(U) =3 ko), Vi < f(x);
0, yi =f(x).

With the above definition of I?,-j(a), L, loss defined in Eq. (2) is
continuously differentiable and convex over variable a.

Suppose when the hyper-parameter set ©’ = {1,¢’} is used where
o = % and 4 > 1, the optimal solutions to Problem (A.1) are a’*,
B and p'*. For all i in {1,...,n}, the optimums g/* and u/* satisfy the
following inequalities.

/% 1%
ﬁmin S ﬂi S ﬁmax’ /4[ S Hmax’

where f,.., Bnax and p,,. are constants. Substituting the optimums
(i.e., a’*, p"* and u'*) of Problem (A.1) into Eq. (A.3), and adding
—AcTKp(a’ ) on both sides, we can obtain

M — K, (6') =B, - Q,, Vpe {1.....n},
1 Oh(a™,0") + T og(a’*, 0")

da,, da,

— 1 (T T ’ _
B,=-K,(c') e—Ac" K,(c"), 2,=p

where ¢ = [¢(y)) ... ¢(y,)]T. The above equations can be integrated into
one formula as

AT —eTy= B - QK ' ==eTU - 1¢T — QK(6')7!, (A.4)

where B=[B; B, ... B,Jand 2 =[Q, @, ... ©,]. The matrix U is a
diagonal matrix. The element u,,, on the diagonal of matrix U equals —1
when y; is larger than f(x;) or equals 1 when y; is smaller than f(x;),
otherwise equals 0.

Next, we take square on both sides of Eq. (A.4) and can obtain

(@ = ey, = [—uy, — Ac(y,) = QK (),
< 2wy, + Ac(y)) +2[QK ()T

n 2
=2[u,, + Ac(y,)* +2 [2 Q,-K(a’)a)]]

i=1

< 20u,, + Ac(y,) +2 [Z Q?] [Z(K(a')i_pl)z] .
i=1

i=1

(A.5)

The last step can be derived from Cauchy-Schwarz inequality. The last
term K (o’ );}1 on the right side of Eq. (A.5) is the element on the ith row
and pth column of inverse K(¢’)~! which is a constant as the kernel
function and hyper-parameter ¢’ are given. The term Q’.Z on the right
side of Eq. (A.5) satisfies the following inequality.

Q<@ viell, ... n}, (A.6)

where ©; = 2max{|ful B (0P 4 2,2 (SO0 gince
the constraints h;(a’*,0’) and gj(a/*,@") are affine functiéns, we can
derive that the partial derivatives a"(“:'@/) and dg(":_’g/) are constants
with respect to «;. Finally, combining E(’]S. (A.5) and (A.é), we have the

following inequality.

@) = ey, < 20uy, + A + 201215 1K), 113
< 2[u,, + A, + 2021|2110 122 1K (6") ™), o 1
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Table D.4
Comparison on model accuracy (C = 2°).

Pattern Recognition 170 (2026) 111961

training accuracy (%)

test accuracy (%)

data set y
basic/SIR ours
= 84.57 84.56
adult 2-13 84.46 84.44
2714 84.18 83.30
2715 83.91 78.93
2-12 100.00 100.00
covtype 2-13 100.00 96.25
214 99.99 93.70
2-1 99.94 89.11
212 82.45 82.45
epsilon 2713 74.17 81.76
2714 58.67 79.85
2715 50.34 73.97
2712 91.34 91.34
ijennl 2713 90.63 90.29
2714 90.30 90.29
2715 90.29 90.29
2-12 95.56 95.56
revl 2-13 94.63 95.16
214 93.41 92.27
2-1 63.70 77.58
2-12 94.84 94.83
cealsim | 2" 91.15 95.59
2714 84.82 63.51
2-15 75.19 30.84

error basic/SIR ours error
0.00 85.14 85.15 0.01
-0.02 85.08 85.22 0.14
-0.88 84.91 84.14 -0.77
-4.98 84.69 79.86 -4.83
0.00 100.00 100.00 0.00
-3.75 100.00 95.88 -4.12
-6.29 100.00 93.45 -6.55
-10.83 99.95 89.33 -10.62
0.00 81.10 81.10 0.00
7.59 72.96 80.52 7.56
21.18 57.32 78.66 21.34
23.63 50.78 72.64 21.86
0.00 91.05 91.05 0.00
-0.34 90.51 90.50 -0.01
-0.01 90.50 90.50 0.00
0.00 90.50 90.50 0.00
0.00 94.68 94.68 0.00
0.53 93.96 94.12 0.16
-1.14 92.81 90.54 -2.27
13.88 62.06 74.59 12.53
-0.01 94.66 94.66 0.00
4.44 91.05 95.56 4.51
-21.31 84.42 62.76 -21.66
-44.35 74.98 30.88 -44.10

- 2 2,2 42 =1y 12
=2[u,, + Ac(y,)” + 21112({22‘" ) [112?3« [(K(e")™ )il
=2[1 + Ale(y)IT? + 22222 (max ©2,)*[max |(K(c")™h);,[1%.
p 1723 <in 1<i<n P
The second inequality is obtained based on the equivalence relation be-

tween vector norms where z; and z, are constants. Finally, we can de-
duce the inequality (a/ * C(yp))2 < r(y,) as demonstrated in Theorem 1

where r(y,)= 2[1+/1|C(y,,)|]2 42 Q)? [max, ¢, [(K(c")~ 1),,,l]2
and r( yp) is a constant. Hence, the proof is completed. [

Appendix B. Proof of Theorem 2

Proof. To prove Theorem 2, we rewrite the KKT conditions shown in
(A.3) as follows.
~ oh(a*, 0,)
_K T,_ T o) _
i(0y) e—p )

i

1 98(a*,0p)
da;

= 4T Ky(0p), Vi € {1,....n},

where @) = {4, 0,}. Then all the equations above can be written into
one linear system as shown below.

o TK(oy) = 5T, (B.1)

where s € R” and the ith element in s is denoted by s, = [-K, (og) e —
g7 ‘)h("* O0) _ 5T ')g(a 90)] The right side of the equation is independent
of 4 and a. Accordlng to Eq. (B.1), we can obtain the relationship
between the optimal a and the regularization constant as in Theorem
2. Hence, the proof is completed. []

Appendix C. Proof of Theorem 1 on Non-linear SVMs

Proof. We prove that Theorem 1 holds for non-linear SVMs with the
dual objective defined in Eq. (7). The hinge loss used in the SVM
can be treated as a variant of L; loss with the loss value equal to
0 when I — y,(}; @;k;; + b) is less than zero. As the equality and
inequality constraints are affine functions and are convex, we have the
KKT conditions of the dual objective in SVMs as follows.

Vo, W)+ By =68 — (c.1)

subject to  §;a; =0, p;(q; —C)=0, 6; >0, u; >0, Vi € {1, ...,n},

where p;, 6; and y; are the Lagrange multipliers for the constraints.
The weight a is an n-dimensional vector and «; denotes the weight
of instance x;. Suppose when Problem (C.1) is solved with the hyper-
parameter set ©' where © = {C,¢’}, the optimal solutions to Prob-
lem (C.1) are a'*, p’*, 8"* and p'*. Then for each in-bound support
vector x;, where i € I = {il0 < a* < C}, we have §* = u* =0
and p* satisfies f,,;, < p* < f,,,,- Based on these properties of &%, y/*
and f/*, we can obtain the following KKT conditions.

viel

inb’

oa" T Q") + By, — 1 =0,

where Q;(-) is the ith column in Q(-). We follow the ideas in A and
rewrite Eq. (C.2) as the inequality below where z is a constant.

(C.2)

2

Y (= By, = ¢,y 0(c)0("),)

e
€l

Y A= By = 0@ || Y, (6,

: ! : !
i€l i€l

@ = cip(y,)) =

<222 [max [(Q(e) ™), I Y B+ (=0 | = vy,

inb icl’
lEle

 vinls | Bax | }- The matrix O € R™"inb consists of every
column Q, from Q where i € I i’nb. If Q is not a square matrix, we use the
pseudo inverse to compute O~'. Thus we have that the optimal solution

* converges to the centroid ¢;,,(y;) within a constant range rmb(y,) for

el N
as shown in Eq. (8), where c;,;,(y;) = —jf, '"b((yh;| L=apr.
inb\Yi

where § = max{|g

each iin I’
inb

Appendix D. Experiments on Kernel Parameter tuning

Detailed accuracy comparison. In addition to Table 3, we present the
model accuracy for a larger regularization constant where C = 2° and
smaller kernel parameters where y is ranged from {2713,2714 2715},
Our method infers models for the three kernel parameters based on
the pre-trained model with {C = 2%,y = 2712}, The model accuracy
is listed in Table D.4. The accuracy achieved by our method is similar
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Fig. D.5. Trajectories of objective value decreasing with {C =2,y =2715}.

to or better than that of the basic method on most tested data sets.
There is a notable degradation on the predictive performance of our
method on real-sim, because the inferred model is more different from
the optimal when the optimal solutions distinguish widely from one
hyper-parameter to another as explained in Section 6.4. We can choose
a smaller calibration parameter to alleviate the accuracy degradation.

Variation of objective in model training. We show the trajectories of
objective decreasing in the model training when the hyper-parameter
is set as {C = 2%,y =2-1%} in Fig. D.5. Our method infers the model for
{C =26,y =275} and then the inferred model is trained to optimal. As
shown in Fig. D.5, the objective value of our inferred model is close to
the optimal except for real-sim. On the real-sim data set, the objective
value of the solution inferred by our method is slightly far from the
optimal one compared with the results on the other tested data sets.
The objective curves for the rest tested hyper-parameters are similar to
Fig. 4 and Fig. D.5 which we do not show here for the limited length
of paper.

Data availability

I have shared the link to my data in the manuscript.
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