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Abstract

Estimating causal quantities from observational data is crucial for understanding
the safety and effectiveness of medical treatments. However, to make reliable
inferences, medical practitioners require not only estimating averaged causal quan-
tities, such as the conditional average treatment effect, but also understanding
the randomness of the treatment effect as a random variable. This randomness is
referred to as aleatoric uncertainty and is necessary for understanding the prob-
ability of benefit from treatment or quantiles of the treatment effect. Yet, the
aleatoric uncertainty of the treatment effect has received surprisingly little attention
in the causal machine learning community. To fill this gap, we aim to quantify
the aleatoric uncertainty of the treatment effect at the covariate-conditional level,
namely, the conditional distribution of the treatment effect (CDTE). Unlike average
causal quantities, the CDTE is not point identifiable without strong additional
assumptions. As a remedy, we employ partial identification to obtain sharp bounds
on the CDTE and thereby quantify the aleatoric uncertainty of the treatment effect.
We then develop a novel, orthogonal learner for the bounds on the CDTE, which
we call AU-learner. We further show that our AU-learner has several strengths in
that it satisfies Neyman-orthogonality and, thus, quasi-oracle efficiency. Finally,
we propose a fully-parametric deep learning instantiation of our AU-learner.

1 Introduction

Estimating causal quantities from observational data is crucial for decision-making in medicine [9} |12}
22,|30L{70]]. For example, medical practitioners are interested in estimating the effect of chemotherapy
vs. immunotherapy on patient survival from electronic health records to understand the best treatment
strategies in cancer care. Here, common estimation targets are averaged causal quantities such as the
average treatment effect (ATE) and the conditional average treatment effect (CATE), yet averaged
causal quantities do not allow for understanding the variability of the treatment effect.

What is needed for the reliability of causal quantities in medicine? To obtain reliable causal quantities,
one often needs to “move beyond the mean” [44] |68]] and consider the inherent randomness in the
treatment effect as a random variable. This randomness is referred to as aleatoric uncertainty |17, 60,
110]. Quantifying the aleatoric uncertainty of the treatment effect is relevant in medical practice to
understand the probability of benefit from treatment [26} |60] and the quantiles and variance of the
treatment effect [5, |17, 26| [33 |59]. As an example, averaged quantities such as the CATE would
simply suggest a positive effect for some patients, while the probability of benefit from treatment
can inform patients about the odds of being negatively affected by the treatment. Hence, aleatoric
uncertainty of the treatment effect promises additional, fine-grained insights beyond simple averages.

Methods for quantifying the aleatoric uncertainty of the treatment effect have gained surprisingly
little attention in the causal machine learning community. So far, machine learning for treatment
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Figure 1: Identification and estimation of the conditional distribution of the treatment effect (CDTE)
(=our setting) compared to the (well-studied) identification and estimation of the CATE. In this paper,
we focus specifically on the CDF of the CDTE, P(Y[1] — Y[0] < § | z), shown in orange. Our main
contribution relates to the estimation, shown in yellow. However, moving from CATE identification
and estimation to our setting comes with important challenges: (1) CATE (shown in green) is point
identifiable but the CDTE is not (shown in blue); @) there is no closed-form expression of the target
estimand in terms of nuisance functions and, because of that, CATE learners cannot be directly
adapted for estimation; and (3) CATE is an unconstrained target estimand whereas Makarov bounds
(shown in gray ) are monotonous and contained in the interval [0, 1].

effect estimation was primarily focused on estimating averaged causal quantities [20} 57} 64} 69, |96|
98| (114, 125/ |128]]. Some research aims to quantify the epistemic uncertainty in treatment effect
estimation [51]] or the total uncertainty (but without distinguishing the types of uncertainty) [1,/67,
76|. Other works focused on the aleatoric uncertainty of the potential outcomes [|13| (31} 65| |66, 94
or on contrasts between distributions of potential outcomes (also known as distributional treatment
effects) [[16, 29, (62, 92, IOO]E] However, to the best of our knowledge, there is no comprehensive
meta-learning theory for the estimation of the aleatoric uncertainty in the treatment effect.

In this paper, we aim to quantify the aleatoric uncertainty of the treatment effect at the covariate-
conditional level in the form of a conditional distribution of the treatment effect (CDTE). Knowing
the CDTE would automatically allow one to compute the above-mentioned quantities of aleatoric
uncertainty, namely, the probability of benefit from treatment and the quantiles and variance of the
treatment effect, at both population and covariate-conditional levels.

1.1 Challenges

Yet, the identification and estimation of the CDTE in contrast to CATE come with three challenges
as follows (see Fig.[I):

Challenge (1) is that the CDTE does not allow for point identifiable, neither in the potential outcomes
framework nor in randomized control trials due to the fundamental problem of causal inference
as counterfactual outcomes can not be observed [26, [88]]. We thus employ partial identification
[48] to obtain bounds on the CDTE and thereby quantify the aleatoric uncertainty of the treatment
effect. Specifically, we focus on Makarov bounds [|87, (126} |129] that give sharp bounds for both the
cumulative distribution function (CDF) and the quantiles of the CDTE.

Challenge (2) is that there is no closed-form expression of the target estimand in terms of nuisance
functions. Because of this, existing CATE learners cannot be directly adapted to our task of estimating
Makarov bounds. For example, there are no orthogonal learners in the general setting, and existing

'In the Neyman-Rubin potential outcomes framework [[109]], a potential outcome Y [a] refers to the value an
outcome variable would take for an individual under a specific treatment or intervention a. Each individual has
multiple potential outcomes — one for each possible treatment condition — but only one of these outcomes is
observed.

zNotably, (a) the distributional treatment effects and (b) the distribution of the treatment effect (our setting)
are both different interpretationally and inferentially. That is, (a) provide contrasts between distributions of
potential outcomes and are point identifiable, and (b) work on the distribution of the difference of potential
outcomes and are only partially identifiable. See Appendix E] for further details.



approaches only use naive plug-in estimators/learners. Furthermore, even the derivation of the
orthogonal loss is non-trivial as there is no efficient influence function at hand for the Makarov
bounds.

Challenge (3 is that CATE is an unconstrained target estimand whereas Makarov bounds are
monotonous and contained in the interval [0, 1]. Notably, any constraints of the target estimand
could be violated by orthogonal learners [[71}|125]]. Therefore, an orthogonal learner for Makarov
bounds needs to be carefully adapted, especially to perform well in low-sample settings.

1.2 Our contributions

In this paper, we develop a novel, orthogonal learner for
estimating Makarov bounds which we call AU-learner,
which allows to quantify the aleatoric uncertainty of the
treatment effect. Our AU-learner addresses all of the
above-mentioned challenges @) — 3). Further, our AU-
learner has several useful theoretical properties, such as
satisfying Neyman-orthogonality and, thus, quasi-oracle
efficiency [98]]. Finally, we propose a flexible, fully-
parametric deep learning instantiation of our AU-learner.
For this, we make use of conditional normalizing flows } } } }
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ment effect can have different sources.
Both upper and lower plots have the
same total uncertainty but vastly dif-
ferent aleatoric and epistemic compo-
nents. Yet, aleatoric uncertainty is non-
identifiable (see Challenge (1)).

2. We prove several favorable theoretical properties of
our AU-learner, such as Neyman-orthogonality and,
thus, quasi-oracle efficiency.

3. We propose a flexible deep learning instantiation of our
AU-learner based on conditional normalizing flows,
which we call AU-CNFs, and demonstrate its effective-
ness over several benchmarks.

2 Related Work

In the following, we briefly summarize the existing works on uncertainty quantification in the potential
outcomes framework; on the identification of the CDTE; and on the estimation of Makarov bounds.
For a more detailed overview of literature, we refer to Appendix [A]

Uncertainty quantification in the potential outcomes framework. The (total) uncertainty of a
predictive model in machine learning is generally split into (a) epistemic and (b) aleatoric uncertainty
(41} 50] This split is important, as it informs a decision-maker about the source of uncertainty (see
Fig. [2), especially in the context of the potential outcomes framework. (a) Epistemic uncertainty was
studied for predictive models targeting at identifiable averaged causal quantities, such as conditional
average potential outcomes (CAPOs) and CATE [51}|52]. (b) Aleatoric uncertainty, on the other
hand, is only identifiable for potential outcomes [88]]. Prominent methods focus on interventional
(counterfactual) quantities such as: (i) CDF/quantiles estimation [6} (13} 31} |43, |86]; (ii) density
estimation [65}66,91,|94}|97,/102, 124]]; and (iii) distributional distances (also known as distributional
treatment effects) estimation [16} 29} 62} 92,|100]. Yet, our work differs substantially from the above,
as we aim at inferring the aleatoric uncertainty of the treatment effect, which is only partially
identifiable.

3Code is available at https://github.com/Valentyn1997/AU-CNFs,

*Epistemic uncertainty [50] relates to the uncertainty of fitting a model on finite data and reduces to zero as
data size grows. In contrast, aleatoric uncertainty originates from the inherent randomness of the outcome and is
irreducible wrt. data size.
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Table 1: Overview of methods for estimating Makarov bounds on the CDF/quantiles of the CDTE.

Covariate- Estimator/

Work - Limitations Orthogonal  Instantiation
conditional learner
Fan et al. [26] ) — Plug-in X Empirical CDF
Ruiz et al. [110] v — Plug-in X Conditional mean with hold-out residuals
Lee |77], Cuietal. [17] v — Plug-in X Kernel density estimation
Kallus [60] X Binary outcome A-IPTW/NO v Random forest & causal forest
Jietal. [54] X Optimization assumptions A-IPTW/NO v Homoskedastic Gaussian linear model
Semenova [ 112] X Propensity score is known IPTW v —
Our paper (AU-learner) v — A-IPTW/NO v Conditional normalizing flows (AU-CNFs)

(A-)IPTW: (augmented) inverse propensity of treatment weighted; NO: Neyman-orthogonal

Identification of the distribution of the treatment effect. Point identification of the distribution of
the treatment effect (or, equivalently, a joint distribution of potential outcomes) is only possible under
additional assumptions on the data-generating mechanism. A common example is, e. g., invertibility
of latent outcome noise 2| 3,|6]. Other works have rather focused on partial identification [48]]. For
example, [88|] proposed sharp bounds for the distribution of the treatment effect under a monotonicity
assumption. Later, assumption-free sharp bounds were proposed for both the joint CDF of potential
outcomes [26] and for the variance of treatment effect [5]], both known as Fréchet-Hoeffding bounds
[39,|49]]. Finally, [26l 28}, |33|] proposed sharp bounds on the CDF/quantiles of the treatment effect
without any additional assumptions, so-called Makarov bounds |87, |126]. Makarov bounds were
further generalized [81}|129] and applied to other settings [[17} 25} 27} 36} 59] but different from ours.

Estimation of Makarov bounds. Table [I] provides a comparison of key methods for estimating
Makarov bounds, at both covariate-conditional and population levels. Existing methods build mainly
upon plug-in (single-stage) estimators/learners. Examples are methods tailored for randomized
controlled trials [[26, |110] and for potential outcomes framework [[17, 77, [110]. Crucially, these
methods are not orthogonal and, thus, are sensitive to the misspecification of the nuisance functions.
Nevertheless, we include the latter methods [|17}|77] as baselines for our experiments as they use
a highly flexible CDF estimator based on kernel density estimators. Some works also developed
efficient estimators for Makarov bounds at the population level (analogous to the two-stage Neyman-
orthogonal learners at the covariate-conditional level) but only in highly restricted settings. In
particular, [60] is restricted to binary outcomes, [[112] assumed a known propensity score, and [54]
made special optimization assumptionsE] In addition, all three works [54, 60, |112] suggest fixing
a value of ¢ /«, which the CDF/quantiles of the treatment effect are evaluated at; when our work
suggests targeting at several values of § /«v at once. Therefore, the previous methods are nor applicable
to our general setting of estimating covariate-conditional level Makarov bounds.

Research gap. To the best of our knowledge, we are the first to propose an orthogonal learner for
estimating Makarov bounds on the CDF/quantiles of conditional distribution of the treatment effect.

3 Identification of Distribution of Treatment Effect

Notation. Let capital letters X, A, Y, A denote random variables and small letters x, a, y,  their
realizations from domains X', A, Y, A. Let P(Z) denote a distribution of some random variable Z,
and let P(Z = z) be the corresponding density or probability mass function. Furthermore, 7(z) =
P(A = 1| X = x) is propensity score, p,(z) =E(Y | X = x, A = a) are conditional expectations,
and F,(y | ) = P(Y < y | z,a) is a conditional outcome CDF. For other conditional quantities
or distributions, we use short forms whenever possible; e.g., E(Y | ) = E(Y | X = z). Further,
P {f(Z)} = L 31" | f(z) is a sample average of a random f(Z), where n is the sample size. We
denote linear rectifier functions as ]+ = max(z,0) and [x]— = min(z, 0), and sup/inf convolutions
of two functions [116] f1(- | z), fa(- | #) as (f1* f2)y(d | ) = sup,eyp{fi(y | 2) — faly =0 | z)}
and (f1x f2)y(0 | #) = infyep{fi(y | ) — fa(y =6 | 2)}.

Problem setup. We consider the standard setting of the Neyman—Rubin potential outcomes frame-
work [[109]. That is, we have an observational dataset D with a binary treatment A € A = {0,1},
potentially high-dimensional covariates X € X C R% and a continuous outcome Y € ) C R. For
instance, a typical scenario is in cancer therapy, where the outcome is tumor growth, the treatment is
whether chemotherapy is given, and the covariates include patient details like age and sex. We define
a joint random variable Z = (X, A,Y"). D = {x;, a;, y; }1— is sampled i.i.d. from the observational

>The work in [54] assumes the possibility of finding feasible Kantorovich dual functions to a target functional
(e. g., CDF of the treatment effect). By doing so, the authors are able to infer valid partial identification bounds
on very general functionals; yet, the sharpness can not be practically guaranteed.



distribution P(Z) = P(X,Y, A), where n is the sample size. The potential outcomes framework
then makes three (causal) assumptions, i. e., (1) consistency: if A = a, then Y[a] = Y; (2) overlap:
P(0 < w(X) < 1) = 1; and (3) exchangeability: A L (Y[0],Y[1]) | X.

Treatment effect distribution. In this paper, we refer to the treatment effect A = Y[1] — Y[0] as a
random variableﬁ The CATE is given by 7(x) = E(A | x), which is identifiable as pq (x) — po ()
under the causal assumptions (1)—(3). We are interested in identifying a conditional distribution of
the treatment effect (CDTE), specifically, its CDF or quantiles:

F(3 | o) =P(A<5|a)=P(Y[]-Y[0]<5|a), €4 (1)

F ' (a|z)=imf{dc A|a<F@|z)}, aclo1] 2)
The CDF and the quantiles of the CDTE are point non-identifiable due to the fundamental problem
of causal inference, i.e., that the counterfactual outcome, Y[1 — A], is never observed. This is
illustrated in Fig. 3] where both conditional potential outcome distributions are identifiable as
P(Y[a] | ) = P(Y | z,a); but a conditional joint distribution, P(Y'[0], Y[1] | z), and the CDTE,
P(A | z), are not.
Partial identification of the CDTE. Fan et al. [26]] proposed pointwise sharp bounds on the CDF
and the quantiles of the CDTE, so-called Makarov bounds |87, 126, 129]]. Given that the outcome Y
is continuous, the Makarov bounds for the CDF of the CDTE are given by linearly rectified sup/inf
convolutions [[116] of conditional CDFs of potential outcomes:

F(d|2) <F(6|z) <F(| ),
F(0|2) =[(F1*Fo)y(d |2)], and F(3|z)=1+[F1xFo)y(d|z)]_,

where 0 € A, and F,(y | ) is the CDF of P(Y[a] | ). Similarly, Makarov bounds can be formulated
for the quantiles of the CDTE:

3

Fl(a]2) <F ala) <E ' (a]a),

Fl(a|x) = (2 Fg Djay(al2),  ifa#0,
o F7H0|2) —Fy'(1|z), ifa=0,

(Fy ' %Fy Do, (@ —1]2), ifa##1,

Frl(1|2) —F3H (0] =), ifa =1,
()

where a € [0,1], and F,'(u | z) are the quantiles of P(Y[a] | z). Then, under the causal

assumptions (1)—(3), conditional distributions of potential outcomes coincide with observed ones,

i.e., P(Y]a]) = P(Y | z,a). Notably, Makarov bounds on the CDFs are CDFs themselves, but these

CDFs do not correspond to the solution of the partial identification task (which implies pointwise

sharpness). We refer to Appendix [B|for more illustrations about the inference of the Makarov bounds,

the explanation of pointwise sharpness, and Makarov bounds for categorical/mixed-type outcomes.

and F Ya|z)= {

4 An AU-learner for estimating Makarov bounds

In the following, we develop a theory of orthogonal learning for Makarov bounds, which then gives
rise to our AU-learner. For this, we first review the plug-in learner and its shortcomings. Motivated by
this, we then derive two-stage learners. Here, we first present a novel CA-learner in an intermediate
step and finally our AU-learner. Note that both are novel but we frame our contributions around the
AU-learner because of favorable theoretical properties. For notation, we use over- and underlines as
in, e.g., F(6 | z) to refer to the upper and/or lower bound.

4.1 Single-stage learners for Makarov bounds

Plug-in learner. A naive way to construct estimators for Makarov bounds [|17} 26, 77, |110] is to
estimate conditional outcome CDFs, F,,(y | ), and plug them into Eq. (3):

Fp (6 | 2) = [(F1¥Fo)y(d | 2)], and Fu(S|2) =1+ [(Fy+Fo)y (0| 2)] _. )

The plug-in learner for the bounds of the quantiles, Fp;! (v | 2), can be obtained in a similar way but
where one uses Eq. (@) and relies on the estimators of either the conditional outcome quantiles or

inverse of the estimated conditional outcome CDFs, @;1 (u| ).

%Also known as an individual treatment effect. The term ‘individual® should not be confused with the term
‘covariate-conditional’, which refers to the causal quantity and not the random variable itself.
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Figure 3: An example showing point non-identifiability of the distribution of the treatment effect
based on the ¢ = 7-th instance of the semi-synthetic IHDP100 dataset [46]. Shown are two data-
generation models, indistinguishable in potential outcomes framework or RCTs, i. e., a monotone,
M, and an antitone, M,. For both models we also plot (a) conditional densities of potential
outcomes, P(Y[a] = y | 27) and conditional joint laws of potential outcomes, P(Y[0], Y[1] | 27);
and (b) corresponding CDFs of the CDTE (shown in blue), F(J | z7) = P(Y[1] = Y[0] < 0 | z7),
together with Makarov bounds (shown in gray ) and point identifiable CATE (shown in green),
T(z7) = E(A | 27) ~ 2.342. Non-identifiability of the CDTE is easy to see: Both data-generation
models have the same conditional distributions of potential outcomes but different conditional joint
laws and, thus, different CDTEs. The latter figures, (b), also demonstrate the bounds on the probability
of benefit from treatment (a special case of Makarov bounds), P(Y[1] — Y'[0] < 0 | z7) € [0,0.242].
Hence, Makarov bounds are informative almost everywhere (except 6 = 7(x7)).

Shortcomings. The plug-in learner suffers from two important shortcomings [96]. (a) The plug-in
learner does not account for the selection bias, meaning that [F; is estimated better for the treated
population and F for the untreated. Hence, it could be necessary to re-weight the loss wrt. to the
propensity score. A remedy is to employ an inverse propensity of treatment weighted (IPTW) learner
for both Fy and IFy [6l |43]] (see Appendix [C). (b) The plug-in learner does nor target the Makarov
bounds directly but rather the conditional outcome distributions. Therefore, it is unclear how to
incorporate an inductive bias that the Makarov bounds are less heterogeneous than either of the
conditional outcome CDFs (i. e., the Makarov bounds can depend on a subset of covariates X ). The
second shortcoming thus motivates our derivation of two-stage learners.

4.2 Two-stage learners for Makarov bounds

In order to address the above shortcomings of the plug-in learners, a two-stage learning theory was
proposed [15, 35, (72, 96]. Yet, the two-staged learning theory is primarily built for simple target
estimands (e. g., CATE) and therefore requires non-trivial adaptations by us to extend to Makarov
bounds, which we do in the following.

Working model & target risk. Our two-stage learners seek to find the best approximation of the
ground-truth Makarov bounds, functional target estimands, by a (parametric) working model G.
Formally, the working model is given G = {g(d,x) | g : A x X — [0, 1]; g(-, x)is non-decreasing}.
The best approximation g, is then obtained by minimizing a (population) target risk via g, =
argmingcg L(g))’| In our setting, £ is chosen as some distributional distance between the target
estimands and the working model. Specifically, we use continuous ranked probability score (CRPS)
[40,|117]] as a target risk for learning Makarov bounds on the CDF via

Zawst) =5 ( [ (®6120) - 96.3))" a5 ©
or squared Wasserstein-2 distance as a target risk for learning Makarov bounds on the quantiles via
1
Lot = ([ @1 X) -9 (@) da). ™
0

"By postulating a restricted working model class, G, we might compromise on the sharpness and end up
having looser bounds. Yet, this looseness bias is only relevant in the infinite data regime. In the finite-sample
regime, the feasibility of the low-error estimation is a much more important problem.



The target risks in Eq. (6) and (7) cannot be directly minimized as we do not observe the ground-truth
Makarov bounds. Yet, due to the identifiability results in Sec. [3] the Makarov bounds depend on the
nuisance functions, F, (y | ), which can be estimated from the observational data. We perform that
in the following.

Single-stage learners  Two-stage learners

From now on, we denote the ground-truth nuisance functions Plugin IPTW- CA-  AU-

as 7 and their estimates as 7). Also, we make the dependence el e )
on the target risks of the nuisance functions explicit; that is,

we write the target risk as £(g, n7) and the target estimands | &)/5eseng e

asF(§ | X;n)and F~ o | X;7).

Covariate-adjusted learner. A straightforward way to es- Nikkaroes s

timate and then minimize the target risk is to plug-in the esti- PRy —

mates of conditional outcome CDFs, F,(y | ), into Eq. () | thelosswrt totne

and (7), respectively. This yields the so-called covariate- :

adjusted (CA) learner, which aims at minimizing the follow- Figure 4: Comparison of learners for

ing losses (empirical risks): estimating Makarov bounds.
Lor caes (9,7 = (o, F1) = Puf /A (En(3 | X:9) - 9(8, X))* o}, ®)
~ R R T
Lozl = E B =P [ (Bl X0 — 97 (0, %)) da}, ©)
0

where we call both Fp (0 | 2;%) = Epy(6 | ) and Fpi' (o | 239) = Fp* (« | ) pseudo-CDFs and
pseudo-quantiles, respectively, and where both can be obtained from Eq. (3).

The CA-learner addresses the shortcoming (b) of the plug-in learner from above in that loss mini-
mization in the equations above targets directly at Makarov bounds. However, the shortcoming (a)
of the selection bias still persists. Furthermore, a new shortcoming (¢) now emerges: The losses

can be highly sensitive to badly estimated nuisance functions so that Lpi(g,n) and Lp(g, 1) differ
significantly. Next, we develop an orthogonal learner that addresses all of the shortcomings.

One-step bias correction. In order to address the before-mentioned shortcomings of the CA-learner,
we employ the concept of (Neyman-)orthogonal losses [[15}35]]. Informally, orthogonal losses are
first-order insensitive to the misspecification of the nuisance functions, which introduces many
favorable properties such as quasi-oracle efficiency [98] and double robustness [[127]. The CA-learner
losses in Eq. (8) and (9) can be made orthogonal by performing a one-step bias correction [10} [63].
The one-step bias correction requires the knowledge of an efficient influence function, which has not
yet been derived for Makarov bounds (— Challenge (2)). Hence, the following theorem presents one
of our main theoretical results.

Theorem 1 (Efficient influence function for Makarov bounds). Let P denotes P(Z) = P(X, A,Y),

and let i3, (- | x) and uiy_l] (- | ) be argmax/argmin sets of the convolutions (F1 %*Fg)y (- | x) and

(F ' Tyt )] (- — 0| @), respectively. Then, under mild conditions on the conditional outcome
distributions and for almost all values of 6 € A and for all values of o € (0,1) (see Appendix @)
average Makarov bounds are pathwise differentiable. Further, the corresponding efficient influence
functions, ¢, are as follows:

SEFEG | X));P) =C(5, Z;n) +E6 | X5n) —EEG | X;5n)) (10)
PEE " (a| X));P)=C o, Z;n) +E Ha | X;n) —EE e | X;7)),

.20 = 1060) | L (Y < 0) =517 1 ) = T (1Y <0 = =R -8 1 0)]

A Wy <F;'(u* | X))} —u o 1-A (I{Y <F'(u' —a+0]|X)} - (v —a+0)
T(X)\P(Y =F, "(u* | X)| X, A=1) 1—7(X) P(Y =F, '(u* —a+0]X) | X,A=0) ’
(12)

C Ha, Z3m) =

where 1(X;1) = 1{(F1%Fo)y(6 | X) > 0}, y* is some value from the finite set y3,(6 | X); u* is
some value from the finite set v |, (a | X); and C (5, Z; 1) and C~ (6, Z; 1) can be then obtained

*
o,

by swapping the symbols {*, >, yi, uﬁl 1 —0,40} ro {x, <, y;, uﬁ) a]’ —1,+1}
Proof. See Appendix D]



In the above theorem, we use red color to show the nuisance functions of [P that are influencing the
target estimand, i. ., averaged Makarov bounds. Therein, we also provide a Corollary [T} where we
derive efficient influence functions for the target risks from Eq. (6) and (@), namely ¢(L(g); P).

Note on infinite argmax/argmin sets. When argmax/argmin sets of the sup/inf-convolutions are
infinite, average Makarov bounds are pathwise non-differentiable, and, thus, one-step bias correction
is not possible as statistical inference becomes non-regular [47]]. This result also holds for other
causal quantities that contain sup/inf operators (e. g., for the policy value of the optimal treatment
strategy [|84,|106]]). Although, there exist approaches to perform inference in the non-regular setting
[84], we focus solely on the regular setting where pathwise differentiability holds (see Appendix D]
for a discussion on the generality of such a setting).

Orthogonal leaner (AU-learner). Given the derived efficient influence function for the target risks,
we perform a y-scaled one-step bias correction [[63] of the CA-learner losses, namely, Epl(g, n) +
'yIP’n{qﬁ(E(g); I@D)} The latter then yields our novel orthogonal AU-learner (see Corollary 2| in
Appendix D). Our AU-learner effectively resolves all the above-mentioned shortcomings (see a
comparison in Fig.[d). Formally, it aims at minimizing one of the following losses:

L, cros (9,71 = (7,0, F1)) = Pn{ /A (Fau (6, Z3,7) = 9(6, X)) ds (13)

~ 1

= PN _ ) _ )
Lauwz(g an(wﬁol,wll)):m{/o (Fap' (e, Zi,7) = 97 (@, X)) da (14
= ~ = ~ el ~ = — ~ = ~ ——1 ~
Fou(6,Z:0,7) = Fp(8 | X;0) +vC(6,Z;%)  and  Fuyg'(a, Z;0,7) = By (| X30) +vC (e, Z;),

where C(8, Z; 7)) and C~ (v, Z; 7)) are given by Eq. (TT) and (T2)), respectively; and v € (0, 1] is a
scaling hyperparameter. We present a meta-algorithm of our AU-learner (with the CRPS target risk)
based on cross-fitting in Algorithm (AU-learner with the W2 target risk follows analogously).

Scaling hyperparameter. The scaling hyperparameter ~ is introduced to tackle Challenge (3) from
above, namely, that the pseudo-CDF term, F ,;(8, Z; 7, ), is not guaranteed to be a valid CDF for
~ > 0 (both monotonicity wrt. § and [0, 1]-constraint can be violated)[ﬂ The same happens with the
pseudo-quantiles of the AU-learner, F \i* (v, Z; 1), y), which could be non-monotonous wrt. «. The
main intuition behind scaling is that it interpolates between the full AU-learner (v = 1), that has
favorable theoretical properties; and the CA-learner (y = 0), for which the pseudo-CDFs and pseudo-
quantiles are valid CDFs and quantiles, respectively (we refer to Appendix |E{ with visual examples).
Hence, scaling mimics a learning rate of a Newton-Raphson method (usually considered as an analogy
to the one-step bias correction [34]). We found fixed values for the scaling hyperparameter v to work
well in all of our experiments and to improve the low-sample performance of our AU-learner.

4.3 Theoretical properties of

AU-learner Algorithm 1 AU-learner (CRPS) via cross-fitting

1: Input. Training dataset D = {xz;, a:,y: }i=1, scaling

v € (0,1], folds K > 2, 6-grid {d; € A}72,

Output. Estimator of Makarov bounds g(d, )

fork e {1,...,K} do > First stage
Use {i, @i, Yi  k—12£( mod K) 10 fit ) = (7, Fo,F1)

In the following, we formulate our sec-
ond main theoretical result. For the re-
sults to hold, the nuisance functions n =
(m,Fo,F1)/n = (m,Fy ', F ') need to be
estimated independently from the second fori:k—1= (i mod K)do

stage model g/g_l. This could be done by Use 1 to infer the pseudo-CDF for the d-grid:
either assuming a not-too-flexible class of {Fpu(05, 25 ﬁ)}?il (Eq. (03))

A N

models (such as a Donsker class of estima-  7: end for
tors and fitting all the models on the same ~ 8: end for
9: Fit the working model based on 6-grid: > Second stage

dataset D) or by using a generic approach
of cross-fitting [[15} [35]]. g = argmin,cg Ly cres(9: 7))
Theorem 2 (Neyman-orthogonality of
AU-learner (informal)). Under the assumptions of the Theorem|[I] the following holds for AU-learner
from Algorithm[I)\with the scaling hyperparameter -y = 1:
1. Neyman-orthogonality. Losses in Eq. (13) and Eq. (T4) are first-order insensitive wrt. to the
misspecification of the nuisance functions.

8The issue of pseudo-outcomes violating constraints was also raised wrt. DR-learner for CATE [71 125
when the outcome space is bounded (e. g., ) = [0, 1]) and for the CDFs of potential outcomes [43]. Yet, the
optimal solution remains an open research question.



2. Quasi-oracle efficiency. The bias from the misspecification of the nuisance functions is of second
order.

We refer to the Appendix [D]for the detailed formulation of the theorem and the proof. Notably, the
quasi-oracle efficiency [98]] means that our AU-learner with (sufficiently fast) estimated nuisance
functions performs nearly identical to the AU-learner with the ground-truth nuisance functions.

5 Neural instantiation with AU-CNFs

We now introduce a flexible fully-parametric instantiation of our AU-learner, which we call AU-CNFs.
Therein, we employ conditional normalizing flows (CNFs) [[105} [121]] as the main backbone for our
AU-learner. CNFs are a flexible neural probabilistic method with tractable conditional densities,
CDFs, and quantiles. Importantly, all three attributes of the CNFs (densities, CDFs, and quantiles)
can be used for both training via back-propagation and inference [115]], which makes them a perfect
model for both stages of our AU-learner.

Architecture. The architecture of our AU-CNFs is inspired by interventional normalizing flows
(INFs) [94] (a two-stage model for efficient estimation of potential outcomes densities). Our AU-
CNFs consist of several CNFs correspondlng to the two stages of learnlng, namely a nuisance CNF,

which fits the nuisance functions, (7, Fo, Fl) or, equivalently, (7, IE‘O 7]F1 1); and two target CNFs,
which implement second stage working models for upper and lower bounds, G and G, respectively.

Training & implementation. At the first stage of AU-CNFs learning, the nuisance CNF aims at
maximizing the conditional log-likelihood and minimizing a binary cross-entropy via a joint loss.
Then, we generate the pseudo-CDFs and pseudo-pseudo quantiles, as described in Algorithm [T}
Therein, we set the §/a-grid size to ng = n, = 50 and discretize the Y-space/[0, 1]-interval to infer
the argmax/argmin values, §*/4*. Then, we proceed with the second stage of AU-CNFs learning,
where we set v = 0.25 for the CRPS loss and v = 0.01 for the W loss. We found the fixed values
of v to work well in all of the synthetic and semi-synthetic experiments (except for the IHDP100
dataset, where the overlap assumption is violated). We use the same training data for two stages of
learning, as (regularized) CNFs as neural networks belong to the Donsker class of estimators [[123].
We refer to Appendix [F] for more details on our AU-CNFs.

6 Experiments

We now evaluate our AU-learner. For this, we use (semi-)synthetic benchmarks with the ground-truth
conditional CDFs/quantiles of potential outcomes, i.€., F,(y | 2)/F; 1 (u | z). In this way, we can
infer the ground-truth Makarov bounds and use them for evaluation.

Evaluation metric. We use evaluation metrics based on the target risks (as introduced in Sec[4.2)).
Specifically, we report root continuous ranked probability score (rCRPS) and Wasserstein-2 distance
(W5) based on training data (in-sample) and test data (out-sample).

Baselines. We compare the proposed hierarchy of learners from Sec. [4] with CNFs as backbones.
These are the plug-in learner (Plug-in CNF), IPTW-learner (IPTW-CNF), CA-learners (CA-CNFs
(CRPS / W2)), and AU-learners (AU-CNFs (CRPS / W2)). The only relevant baseline found in the
literature is a plug-in learner based on kernel density estimation [[17} (77, IIO]H For this, we used
distributional kernel mean embeddings [97]] (Plug-in DKME), a standard conditional kernel density
estimation method. Details on the baselines are in Appendix [G]

Synthetic data. We adapt the synthetic data generator (d, = 2) from [|61, 93] by creating three
settings with different conditional outcome distributions: normal, multi-modal, and exponential (see
data generation details in Appendix [H). In the synthetic data, the ground-truth Makarov bounds
are less heterogeneous than the potential outcomes, and, hence, two-stage learners are expected
to perform the best. We sample ny,i, € {100; 250; 500; 750; 1000} training and nese = 1000 test
datapoints. The out-sample results are in Fig. [5] Here our AU-CNFs perform the best wrt. rCRPS in
the majority of settings and different sizes of training data. We also report the results wrt. W2 in
Appendix [T

The work of [54] focuses on averaged (population-level) Makarov bounds for fixed values of §/c and it is
unclear how to extend it to our setting.



Table 2: Results for HC-MNIST. Re-
ported: median out-sample rCRPS +

sd / Wy = sd over 10 runs.

B: upper
‘ rCRPS | Waout
Plug-in CNF [ 0.399 +0.162 | 1.051 +0.514
IPTW-CNF | 0.385 4+ 0.501 | 0.986 + 1.936

CA-CNFs (CRPS) | 0.382 £ 0.045 ‘ 1.029 +0.119

CA-CNFs (W3) 0.494 +0.229 | 1.239 £ 0.541
AU-CNFs (CRPS) | 0.347 £ 0.114 | 0.940 + 0.389
AU-CNFs (W3) 0.422 +0.189 | 1.065 £ 0.523
B: lower
‘ rCRPS, | Waou
Plug-in CNF | 0.391 +0.104 | 1.003 & 0.333
IPTW-CNF | 0.447 £0.218 | 1.141 £ 0917
CA-CNFs (CRPS) | 0.388 £0.051 | 1.011 £0.146
CA-CNFs (W3) 0.446 +0.148 ‘ 1.089 + 0.341
AU-CNFs (CRPS) | 0.357 +0.097 | 0.948 + 0.344
AU-CNFs (W3) 0.415 +0.190 ‘ 1.025 + 0.520

Lower = better (best in bold)

S: normal | B: upper

S: multi-modal | B: upper

S: exponential | B: upper

Method
Plug-in learner
Plug-in DKME
Plug-in CNF
IPTW-learner

' —@— IPTW-CNF
CA-learner

—&— CA-CNFs (CRPS)

s
— AU-CNFs (W2)

250 500 750 1000 250 500 750 1000 250 500 750 1000
Mirain Mirain Mirain

Figure 5: Results for synthetic experiments with varying size
of training data, Ny, in 3 settings: normal, multi-modal, and
exponential. Reported: mean out-sample rCRPS over 20 runs.

HC-MNIST dataset. HC-MNIST is a high-dimensional semi-synthetic dataset (d,, = 785), built
on top of the MNIST dataset [52] (see details in Appendix [H)). Here, the heterogeneity of Makarov
bounds is also smaller than that of potential outcomes, reflecting inductive biases in the real world.
We report the out-sample performance of different methods in Table [2|(the Plug-in DKME is omitted
due to a too-long runtime). Therein, our AU-CNFs (CRPS) achieve the best performance and, thus,
scale well with the dataset size and the dimensionality of covariates. Further, our AU-CNFs (VV22 )
improve the performance of CA-CNFs (W23). In general, we observe that the loss based on the CDF
distance (i. e., CRPS) has a lower variance and is easier to fit. In Appendix |} we additionally report
the results for another popular semi-synthetic benchmark, IHDP100 [46| [114].

Case study. In Appendix|J| we provide a real-world case study based on the observational dataset
from [7]. Therein, we demonstrate how our AU-learner (AU-CNFs) can be used to estimate the
effectiveness of lockdowns during the COVID-19 pandemic. We estimate the probability of benefit
from intervention (a special case of Makarov bounds with § = 0). As expected, we observe a drop in
the incidence rate is highly probable after the implementation of a strict lockdown.

7 Discussion

Low-sample & asymptotic performance. In several experiments, especially in low-sample settings,
the CA-learner or even the plug-in approach are performing nearly as well or even sometimes better
than the AU-learner. This can be expected, as the best low-sample learner and the asymptotically
best learner can, in general, be different [20], and there is no single “one-fits-all”” data-driven solution
to choose the former one [19]. This can be explained by too small dataset sizes or the severe overlap
violations (as is the case with the IHDP100 dataset; see Appendix [[). Yet, only our quasi-oracle
efficient AU-learner offers asymptotic properties in the sense that it is asymptotically closest to
the oracle (see Fig. ). We thus argue for a pragmatic choice in practice (i. e., in the absence of
ground-truth counterfactuals or additional RCT data) where our AU-learner should be the preferred
method for the covariate-conditional Makarov bounds even in low-sample data.

Future work. Our work sets a foundation for several extensions to estimate covariate-conditional
Makarov bounds. For example, the estimation of the interval probabilities (see Appendix |B) of the
treatment effect can provide a connection with the existing works on total uncertainty with conformal
prediction [1]]. Additionally, one might want to study possible extensions of Makarov bounds tailored
to high-dimensional outcomes.

Limitations & broader impact. Our work is subject to the standard assumptions of the potential
outcomes framework. We further make assumptions on the outcome distribution, though these are
very mild. Nevertheless, we expect our work to have a positive impact, as it will help to improve the
reliability of decision-making in medicine and other safety-critical fields.

Conclusion. We are the first to offer a theory of orthogonal learning to quantify the aleatoric
uncertainty of the treatment effect at the covariate-conditional level and present flexible neural
instantiation.
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A Extended Related Work

Partial identification and sensitivity models in the potential outcomes framework. Interventional
quantities (such as CAPOs and distributions of potential outcomes) and some counterfactual quantities
(e. g., CATE) are point identifiable in potential outcomes framework (see Fig.[6). However, relaxation
of the unconfoundedness assumption renders those quantities partially identifiable or even non-
identifiable identifiable [89]. In this case, additional sensitivity models can be employed. Examples
are the marginal sensitivity model [11, 23| 37,|38,,|52,(53,(56, |119]] and outcome sensitivity model
[L1}/104]. Other approaches suggest using instrumental variables [4} 45| or noisy proxy variables
[42]120]. Counterfactual quantities, on the other hand, are inherently non-identifiable (e. g., joint
distribution of potential outcomes [26]], expected counterfactual outcomes of (un)treated [[95]], and
distribution of treatment effect [26]). There is no general approach for deriving sharp bounds for
partially identifiable causal quantities, therefore the above-mentioned works are not relevant in our
setting.

Example of causal diagrams Ladder of causation
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Figure 6: Pearl’s ladder of causation [8} |101]] containing different observational, interventional,
and counterfactual quantities related to the potential outcomes framework. Here, X are covariates,
A is a binary treatment, and Y is a continuous outcome. We also plot three exemplar causal
diagrams, satisfying the assumptions of the potential outcomes framework, for each layer of causation,
correspondingly. Quantities with the light gray background can be expressed with the quantities
from lower layers (e. g., conditional average treatment effect) and quantities with yellow background
require the information from the same layer. In this paper, we are interested in the CDTE, P(Y'[1] —
Y[0] | x), shown in orange. Notably, point non-identifiability of the CDTE can be seen with a
parallel worlds network (the causal diagram of the counterfactual layer).

Distributional treatment effects and the distribution of the treatment effect. There are two
seemingly similar notions in the existing literature: (a) distributional treatment effects [[16[29, |62, (92}
100] and (b) the distribution of the treatment effect 6} 26, [28} |33, [88]]. However, (a) and (b) have two
important differences:

* (i) Interpretation. Distributional treatment effects represent the differences between different
distributional aspects of the potential outcomes (e.g., Wasserstein distances, KL-divergence, or
the quantile differences) [62]. Hence, they can answer questions like “How are 10% of the
worst-possible outcomes with treatment different from the worst 10% of the outcomes without
treatment?”. Here, the two groups (treated and untreated) of the worst 10% contain, in general,
different individuals. This is problematic in many applications like clinical decision support
and drug approval. Here, the aim is not to compare individuals from treated vs. untreated
groups (where the groups may differ due to various, unobserved reasons). Instead, the aim is to
accurately quantify the treatment response for each individual and allow for quantification of the
personalized uncertainty of the treatment effect. The latter is captured in the distribution of the
treatment effect, which allows us to answer the question about the CDF/quantiles of the treatment
effect. For example, we would aim to answer a question like “What are the worst 10% of values
of the treatment effect?”. Here, we focus on the treatment effect for every single individual.
The latter is more complex because we reason about the difference of two potential outcomes
simultaneously. Hence, in natural situations when the potential outcomes are non-deterministic,
both (a) the distributional treatment effect and (b) the distribution of the treatment effect will
lend to very different interpretations, especially in medical practice. In particular, the distribution
of the treatment effect (which we study in our paper) is important in medicine, where it allows
quantifying the amount of harm/benefit after the treatment [60]. This may warn doctors about
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situations where the averaged treatment effects are positive but where the probability of the
negative treatment effect is still large.

* (ii) Inference. The efficient inference of the distributional treatment effects only requires the esti-
mation of the relevant distributional aspects of the conditional outcome distributions (e. g., quan-
tiles) and the propensity score [62]]. However, in our setting of the bounds on the CDF/quantiles
of the treatment effect, we also need to perform sup/inf convolutions of the CDF/quantiles of the
conditional outcomes distributions. Hence, while the definitions of (a) the distributional treatment
effects and (b) the distribution of the treatment effect appear related, their estimation is very
different.

Alternatives to Makarov bounds. Potential alternatives to Makarov bounds vary depending on the
type of aleatoric uncertainty. For example, explicit or implicit sharp bounds were proposed for:

¢ The variance of the treatment effect, Var(Y[1] — Y'[0]) [5]. Here, the sharp bounds are explicitly
given by Fréchet-Hoeffding bounds [39, 49] and are, in general, different from Makarov bounds.

* The interval probabilities, P(6; < Y[1] — Y[0] < §3) [33]. The sharp bounds on the interval
probabilities are only defined implicitly and are also, in general, different from Makarov bounds
(see Appendix [B).

We are not aware of other bounds for measuring aleatoric uncertainty (e. g., kurtosis, skewness,
or entropy). Importantly, the above-mentioned bounds on different measures of uncertainty are
orthogonal to our work, and we focus on the bounds on the CDF/quantiles of the treatment effect.

Efficient estimators and orthogonal learners. Efficient estimation of causal quantities (target
estimands) was studied in the scope of (i) semi-parametric efficient estimation theory and, more
general, (ii) orthogonal learning theory. Both theories (i) and (ii) rely on the concept of influence
functions (pathwise derivatives) [[63, (72} [122]], which allow performing a one-step bias correction for
(1) a plug-in estimator of the target estimand or (ii) the population risk containing target estimand,
respectively. (i) Semi-parametric efficient estimation theory [[10} (73} (74} 107} 122] provides asymptot-
ically efficient estimators for finite-dimensional target estimands (e. g., average treatment effect (ATE)
and average potential outcomes (APOs)). On the other hand, (ii) orthogonal learning theory (or
debiased ML) [[15}|35} 96, |125]] was developed for infinitely-dimensional (functional) estimands, like,
CATE and CAPO. Orthogonal learning theory (or orthogonal learners) estimates target estimands
by minimizing (Neyman-)orthogonal losses that are first-order insensitive to the misspecification of
the nuisance functions. Specific examples of orthogonal learners for identifiable quantities include
CAPO learners [[125]] and CATE learners [18| 64, (71,96 98]].

Estimation of partially identifiable quantities. Orthogonal learners were also proposed for bounds
on partially identifiable causal quantities. Examples include different interventional quantities such,
e. g., in marginal sensitivity model [99]], in instrumental variables setting [[79], in noisy proxy variables
setting [80, |1 18]]. Examples from counterfactual quantities are, e. g., the variance of treatment effect
and joint CDF of potential outcomes (Fréchet-Hoeffding bounds) [|6]. More generally, estimation and
learning for partially identifiable quantities was studied in econometrics as estimation of intersection
bounds (|14} 112, [113]]. In this paper, we construct a novel orthogonal learner targeting at Makarov
bounds on the CDF/quantiles of the CDTE.

Total uncertainty quantification. Total uncertainty in potential outcomes framework can be generally
quantified with two approaches: (i) Bayesian methods (e. g., Gaussian processes) and (ii) conformal
prediction framework. (i) Bayesian methods [2| |3, 46] allow to infer posterior predictive distributions
or credible intervals and for both potential outcomes and treatment effect, but under additional identi-
fiability assumptions (e. g., an assumption of additive latent outcome noise, which renders treatment
effect distribution identifiable). (ii) Conformal prediction aims at providing a valid predictive interval
and was applied to quantify total uncertainty of predicting potential outcomes [76} |78} 90, |111]] and
treatment effect [[1, 55,58, |67, [78]]. The latter works either make a similar additive latent outcome
noise assumption or ‘hide’ non-identifiable treatment effect into the predictive interval (however,
oracle predictive interval could never be reached in this case). We argue that total uncertainty needs
to be split into epistemic and aleatoric explicitly to provide insights on the origin of uncertainty
[50], especially in our setting where aleatoric uncertainty of the treatment effect itself is partially
identifiable (see Fig. [2).
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B Makarov Bounds

B.1 Bounds Construction

In the following, we provide an additional intuition on how Makarov bounds are inferred from
conditional distributions of the potential outcomes, P(Y[a] | «). For example, Makarov bounds for
the CDF of the CDTE are a composition of the sup/inf convolutions, applied to the conditional CDFs
of the potential outcomes, and the rectifier functions (see Fig. E])

Makarov bounds can be inferred (i) analytically or (ii) numerically. (i) Analytic formulas were
proposed for very simple distributions (e. g., a normal distribution [26]). At the same time, the
(ii) numerical approach is more flexible. For example, we can discretize the )-space or [0, 1]-interval
and perform maximization/minimization on that grid. Notably, in our experiments, we infer the
ground-truth bounds with the approach (i), when the ground-truth conditional potential outcomes
distributions are normal; and (ii) otherwise.

(a) (b)
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Figure 7: A example of the inference of Makarov bounds on the CDF of the CDTE based on ¢ = 7-th
instance of the semi-synthetic IHDP100 dataset [46]. The construction of the upper bound is shown
in (a) and (b); and the lower bound corresponds to subfigures (¢) and (d). The subfigures on the
left, (a) and (c), contain the conditional CDFs of both potential outcomes, namely, Fo(- | z7) and
F1(- | 7). Therein, the conditional CDF Fy(- | x7) is shifted wrt. four values of §. The figures on
the right, (b) and (d), then demonstrate the corresponding Makarov bounds values for the same four
values of ¢ (shown in red). We also plot the full Makarov bounds with a gray color.

B.2 Pointwise and Uniformly Sharp Bounds

The sharpness of Makarov bounds proposed in [26] has one important characteristic. Specifically,
although the Makarov bounds on the CDFs, E(é | X), are CDFs themselves, they are not valid
solutions to the partial identification task. This can be easily checked, i. e., the expectation wrt. to the
Makarov bounds does not coincide with the point-identifiable CATE, 7(x) = E(A | x):

0

/0 F(5|x)d6+/000 (1—?(6\x))d5<7(m)<7/

— 00 — 00

F(5 | ) d5+/w (1-F(5 | x)) ds.
0

(15)
Therefore, there is an important distinction between so-called pointwise sharpness and a uniform
sharpness [33]].

In the case of uniform sharpness, a sharp bound coincides with the solution to the partial identification
task. This implies that if a bound is uniformly sharp, then the joint bound on the set of quantities,
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evaluated in two (or more) points of A or [0, 1], is also sharp. Many known bounds (e. g., Fréchet-
Hoeffding bounds [39} 49], and marginal sensitivity model bounds [23| (37} |38} |119]) are uniformly
sharp. Yet, Makarov bounds are only pointwise sharp.

Recent works developed uniformly sharp bounds on the CDF of the CDTE [33]. However, their
inference requires a special computational routine for every value of § /« wrt. the CDF/quantiles
of the CDTE. Their usage is further complicated by the fact that the CDFs of the uniformly sharp
bounds correspond to mixed-type discrete/continuous random variables. We show an example of the
uniformly sharp bounds on the CDF for § = 0 in Fig.[8} The uniformly sharp bounds may be useful
for more complex aleatoric uncertainty quantities (e. g., interval quantities like P(6; < Y[1]-Y[0] <
d2 | x)) or simultaneous bounds on the variance and the CDF of the CDTE. Nevertheless, in many
practical applications, pointwise sharp bounds (Makarov bounds) are enough and we focus on those
in our paper.

101 — F(5 |2r) 104 — B |or)
— FE(5|a7) — F(|ar)
047 08T — () =E(A | @)
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Figure 8: Comparison of pointwise (Makarov) and uniformly sharp bounds on the CDF of the CDTE
based on ¢ = 7-th instance of the semi-synthetic [IHDP100 dataset [46]. Pointwise (Makarov) bounds
are shown in gray . Also, we show uniformly sharp bounds inferred for F(0 | z7) = P(Y[1]-Y[0] <

0 | 27), namely F°(§ | 27) (shown in red). We display the lower bound in (a) and the upper bounds
in (b). Notably, the expectation wrt. F(§ | x7) coincides with the CATE, 7(z7) = E(A | z7).

B.3 Makarov bounds for mixed-type outcomes

In the following, we provide a connection of the Makarov bounds for the continuous outcome Y (the
main target of our paper), with the bounds on the fraction of the negatively affected (FNA) from [60].
The FNA is defined for the binary outcome, Y € {0, 1}, as

FNA = P(Y[1] - Y[0] < 0) = P(Y[1] - Y[0] < —1) = E(F(6 = —1 | X)). (16)

As suggested by [[60]], sharp bounds on the FNA are given by

FNA < FNA < FNA,

FNA = —E[min (0,7(X))| and FNA = E[min (1o(X), 1— m(X))] (an

To connect the Makarov bounds for continuous outcome and the bounds on the FNA, we formulate
the following remark.

Remark 1 (Makarov bounds for mixed-type outcome [129]). Sharp bounds on the CDF of the
treatment effect for the mixed-type outcome Y are E(6 | ©) < F(6 | ) < F(d | ©), which are

F(0|xz)=[(F1%(Fo—Po))r(d | 2)], and F(d|x)=1+[(Fix(Fo—Po))r(d| x)]i(’lS)
where Py = P(Y[0] = - | x) =P(Y = - | 2, A = 0) is a probability mass function.

Notably, for (absolutely) continuous outcome Py = 0, Eq. matches Eq. (3)) of Sec.
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Remark [T|immediately yields the bounds on the FNA, proposed by [60]:

FNA:E[max(sup{IF’(ng\X,A:l)fIP’(YSerl|X,A:0)+P(Y:y+1\X,A:O)},O)] (19)
yeR

=E[max(0, 0-P(Y<0|X,A=0)+P(Y =0|X,A=0), 0—P(Y <0|X,A=0)+0, (20)
=0 <0
P(Y SO[X,A=1)—1+P(Y =1|X,A=0), P(¥ <0| X, A=1)—1+0)] @

<0
= E[max (0,—P(Y = 1| X, A= 1)+ B(Y = 1| X, 4 =0))] = E[ max (0,~7(X))| = —E[min (0, 7(X))];
(22)
mzlJrE[min(yirelg&{]P(Yﬁy\X,A:l)f]P’(ngJrl|X,A:0)+]P’(Y:y+1\X,A:O)},O)]
(23)
=1+E[min(o, 0-P(Y <O0|X,A=0)+P(Y =0|X,A=0), 0—-P(Y <0|X,A=0)+0, (24)

=0

P(Y<O0|X,A=1)—1+P(Y =1|X,4=0), P(Y§0|X,A:1)—1+o)] (25)

:E[min(P(Y:HX,A:O), 1+P(Y =1|X,A=0)—P(Y =1| X,A=1), 17P(Y:1|X,A:1))]
(26)

= E[min (40(X), po(X)+1=pm(X), 1 - p1(X))] = E[min (u0(X), 1 - p1(X))]. @n
>110(X) and >1—p1 (X)
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C IPTW-learner

In the following, we develop an improved single-stage learner, namely, an inverse propensity of
treatment weighted (IPTW) learner. First, we revisit the plug-in learner by defining its estimation
objective. Then, we introduce the IPTW-learner, which addresses one of the shortcomings of the
plug-in learner. At the end, we mention a surprising property of the IPTW-learner, namely, the
orthogonality wrt. to target risk aiming at the potential outcome distributions.

Empirical risk of the plug-in learner. We assume that the plug-in learner (Sec. uses the
estimators of the conditional outcome CDFs, [, that aim at minimizing the following empirical risk:

Lsmali =Fo) = B {1{A = a} 1(V.Fo(- | ) }, (8)

where [(-,-) > 0 is a probabilistic loss (e. g., negative log-likelihood, check score, or CRPS with
an empirical CDF). Here, the plug-in learner has two possible variants, namely, S- and T-learner,
depending on whether the conditional outcome distribution is learned by a single model or two
models [20, 69]].

IPTW-learner. The IPTW-learner addresses the selection bias of the plug-in learner. For this, it
additionally employs an estimated propensity score, 7. The estimated propensity score is used to
re-weight the original probabilistic loss, {(-, -), in the following way:
N . 1{A = } N
L o= (7, F =P, ~ Y Fo( | X ) 29
prw,a (N = (7, Fa)) L{ 1 (X) I( 1 ))} (29)
where 7, (z) = a7 (z) + (1 — a) (1 — #(x)). The IPTW-learner up-weights the loss of Fy and F; in
the treated and untreated populations, respectively.

Orthogonality of the IPTW-learner. Interestingly, the IPTW-learner from Eq. (Z9) can be seen as
an orthogonal learner targeting at the following risk:

Lu(9) =E((Y[al.9(-. X)), (30)

where g(-,z) € G is a working model defined as in Sec. This target risk aims to find the best
approximation of the conditional potential outcome distribution, P(Y[a] | =), with the working
model, g € G.

The orthogonality of the IPTW-learner wrt. the target risk aiming at the potential outcome distributions
was formally proved in [125]). Therein, the authors notice that the target estimand (e. g., the CDF of
one of the potential outcomes) coincides with one of the nuisance functions (i. e., IF,). Informally, the
orthogonality follows from the fact that the working model, g, simultaneously fits the target estimand
and the nuisance function.

The orthogonality of the IPTW-learner can also be seen by (1) performing a one-step bias-correction
of Eq. and (2) setting the same estimator for the working model and the nuisance func-
tion, i.e., g = @a. For example, if the probabilistic loss is the CRPS with the empirical CDF,
WY, 9(-, X)) = [5,(I{Y <y} — gy, X))?dy, the (1) one-step bias-corrected loss is given by [6}
43

Bon.alg, 1 = (7,Fa) :P”{W ([ < —owxa

- / (Faly | X) = (v, X))* dy) + / (Faly | X) = (v, X))* dy}, 31)
y y
where 7, (z) = a#(z) + (1 — a) (1 — #(z)). Then, after step (2), g = F,, we immediately yield the
IPTW-learner from Eq. (29). Similarly, for the negative log-likelihood loss (NLL) (Y, g(-, X)) =
—log g(Y, X), the (1) one-step bias-correction is given by [[63} (94]

3 j=(#,P)) = 7]1{/1:(;} —lo o Py = =a
Lor,a (9,7 = (7, P)) ]P’n{ (%) < lgg(Y,X)+/ylgg(y,X)P(Y y| X, A )dy>

/logg Y, X =y|X,A=a)dy}, (32)
y
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where #,(z) = a#(z) + (1 — a) (1 — #(z)), and P is an estimator of the conditional density of
the outcome. Again, after (2) setting g = P, itis easy to see that the minimization of one-step bias
corrected loss in Eq. is equivalent to the minimization of the IPTW-learner’s objective in Eq.
(where Pis used in place of ﬁa). This is possible due to two facts: (1) both entropy terms in Eq. (32),
— fy log g(y, X) g(y, X ) dy, only require the minimization wrt. to the working model g under the
logarithm; and (2) these entropies are minimal as the cross-entropy for any distribution is minimal
when evaluated with itself.
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D Proofs

In the following, we provide the main theoretical results of our paper. We use the following additional
notation: §{-} is a Dirac delta function, ¢ < b means there exists C' > 0 such that a < C' - b, and

X, = op(r,) means X,,/r,, 25 0. Also, in the following theorems, we use red color to show the
nuisance functions of PP that are influencing the target estimand.

D.1 Efficient influence functions

We start with deriving the efficient influence functions for the average Makarov bounds and, af-
terwards, for the target risks. For that, we make two mild assumptions: (1) one the conditional
outcome distributions and (2) another on the set of § where linear rectifiers are differentiable. These
assumptions allow us to (1) handle sup-/inf-convolutions as max-/min-convolutions with a finite
number of argmax/argmin values and to (2) get a derivative of the linear rectifiers.

Assumption 1 (Finite argument sets). We assume that the outcome space ) is compact. Also, we
assume that conditional outcome CDFs, F,(y | x), are continuously differentiable and consist of a
finite number of strictly concave / convex regions.

Assumption [T implies that sup-/inf-convolutions are achieved by some finite set of values in ).
Furthermore, Assumption|[I]is a special case of the margin assumption (Assumption 3.2) from [112].
Yet, we find our version to be more interpretable and many regular distributions satisfy it, e. g., an
exponential family, finite mixtures of normal distributions, etc.

Assumption 2 (Differentiability of linear rectifiers). Values of 6 € A are considered to satisfy
differentiability of linear rectifier for some v € X if (F1¥Fg)y(d | ) # 0.

It is easy to see that, if Assumption holds, the new Assumption will hold for almost all § € A and
z € X, namely, P{(F1 %Fo)y(6 | X) = 0} = 0 or, equivalently, P{ |F1 ¥F)y (6 | X)| < &} <&
for some £ > 0. Also, no additional requirements are needed for the values of « € [0, 1]. Notably,
the Assumption 2]is analogous to the margin assumptions, e. g., Assumption 3.2 of [84] or Eq. (3) of
[112]. Therefore, the formulation of the following theorem is not too restrictive.

Theorem 1 (Efficient influence function for Makarov bounds). Let P denotes P(Z) = P(X, A,Y)
and let i5,(- | x) and ’uil] (- | ) be argmax/argmin sets of the convolutions (F1 *Fg)y(- | x) and
(Fy P xFh a,1](- — 0| ), respectively. Then, under the mild assumption of the finite argument sets
(Assumption, average Makarov bounds are pathwise differentiable for values of 6 € A that satisfy
the differentiability of linear rectifiers (Assumption E]) and for all values of « € (0,1). Further, the
corresponding efficient influence functions, ¢, are as follows:

S(E(E(5 | X)):P) = (6, Z:1) + Fo | X:n) ~ B(EG | X:m), 63
PEE (a| X));P)=C o, Z;n) +E a| X;n) —EE (| X37)), (34
€. Zim) = 1{(E 7o)y (01 X) > 0} | 45 (LY <57} = 7071 X))
(35
1-A

_T(X)(]l{ng*—(S}—]Fo(y*—5|X)>},

A WY SR X))
¢ (a’Z’r/)_W(X)(IP(Y:]Fll(u*|X)|X7A:1)>

(36)

C1-A (Y <SF (W -a+0[X)} - (u" —a+0)
1-—m(X)\ PY=F (v —a+0|X)|X,A=0) )

where y* is some value from y3,(6 | X); u* is some value from Ul 1] (a | X); and C(8,Z;n)

o,

and C~Y(6,Z;1) can be then obtained by swapping the symbols {%,>.,y3, ui 1> 0, +0} to0
{iv <7 y%}v uﬁ)ﬂ]a _17 +1}

Proof. We start the proof by employing the properties of the efficient influence functions, namely,
product rule and chain rule; and some existing efficient influence functions (e. g., for conditional
expectation [63]]).
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The efficient influence function of the lower averaged Makarov bound is as follows:

S(E(E(5 | X));P) = IF(E(E( | X)) (37)
= /X {HF(F((S |2)) P(X =2)+F(§ | 2) [F(P(X = x))] dx (38)
_ /X [HF(F(& | 2)) P(X = 2) + (8 | 2) {§{X — 2} — P(X = x)}] dx (39)
:/Xm(g(a | 2)) P(X = 2)dz +E(6 | X) — E(E(3 | X)). (40)

()

Furthermore, the inner term is

IF(E( | x)) = IF([(F1%Fo)y (5 | )], ) (41)
_ {w(m*wow @), i (F1¥Fo)y(3 | 2) >0, W
0, otherwise.

Then, the efficient influence function of the sup-convolution can be derived under the finite argument
sets assumption and using the envelope theorem (we refer to Appendix C.2.6 and C.2.7 of [83] for
further details):

IF((Fy Fo) (6 | ) = HF(EEE{Fl(y | 2) = Foly— 6 | x)}) —IF(Fu(y” | 2) — Foly” — 5| 2)),
(43)

where y* is some value from y§(5 | ). The latter can be expanded by using product and chain rules
and the efficient influence function for the conditional expectation. Specifically, we do the following:

IF(Fi(y" | z) —Fo(y" — 0| x)) =IF(Fi(y" | x)) — IF(Fo(y" — 6 | z)) (44)
=IF(E(1{Y <y"}|z,A=1)) —IF(E(1{Y <y" —6}|z,A=0)) (45)
:/y {]I]F(Il{y <Y PNPY =y |, A=1)+1{y <y }IFPY =y |z, A= 1))} dy (46)

(1) (2)

7/3; {]IIF(IL{y <y —HPY =y|z,A=0)+1{y <y -} IF(P(Y =y | x,A:O))} dy.
(3) (4)

The terms (2) and (4) yield well-known efficient influence function for CDFs, i. e.,

/ |10y <y IFEOY =y [0, 4= 1) = 1{y < y" = SHFEO =y | 2.4 =0) |y 7
:(—Péi{i;i} 5 (]l{Y <y} —TFi(y" | x)) _ —%(;Ififj; g)} (1{y <y =0} —Foly* — 5| q;)))
(43)
Let us now consider the remaining terms (1) and (3):
[[Faw<inry —yina-y-rau <y -ney —ylna=oja @

= [ ]8T Y =y [0 A= 1) 4 0y~ (47 - DYFG)PY =y |04 =0)| dy
Y
(50)
- f]I]F(y*)(IP(Y =y |z, A=1)-P(Y =y* —§ |z, A= o)) =0, 51)
where the last equality holds due to the properties of the argmax, y* € yfj(é | ). Namely, under

the necessary condition for a local maximum, we have d%(]Fl(y |z) —Foly—90|2)=PY =y|
2, A=1)—P(Y =y —4¢|x,A=0)=0. In the context of the efficient influence functions, this
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means that the Makarov bounds are first-order insensitive to the misspecification of argmax/argmin.
Interestingly, a similar result was demonstrated for the efficient influence functions of the policy
values of the optimal policies [82} [85].

Finally, we obtain an efficient influence function for the lower Makarov bound by expanding the part

x) of Eq. (@0):
/X IF(EG | 2)) B(X = o) da (52)
:/X [1{ (F1%Fo)y(d | x) >o}(P A5{X )(]l{Y<y} Fi(y” Im)) (53)
_(( _)i{j_g)}(jl{Y<y — 6} —Foly” —6|m))>]IF’(X:x)d:U

where C(8, Z;n) is defined in Eq. (33).

The Makarov bounds on the quantiles are derived analogously. However, several last steps are
different. The differences start from Eq. @4):

IF(Fy (v | 2) = Fg'(u* — o | @) = IF(F ' (u* | 2)) — IF(Fy ' (u* — a | 2)),  (55)
where u* is some value from u[ia_;] (a | ).

Now, again, the Makarov bounds for quantiles are first-order insensitive wrt. argmax/argmin values
misspecification. Thus, we can employ the efficient influence function for the quantiles [31}32]:

IF(F; (v | z)) — IF(Fy ' (u* — o | z)) (56)
A X —a} ( Y <F;'(u"|z)}—u” )
CP(X =z, A=1)\P(Y =F;'(u* | z) |z, A=1)

(1—A)6{X —a} ({Y <F;'(v* —alz)} - (v —a)
_]P(X—m,A—O)<P(Y—F01(u*—a|x)|x,A—0) ) ©8)

(57

The latter then yields the final part (x) of Eq. (40) for the efficient influence function:

/X IF(F ' (a|2))P(X =z)dz (59)
_ Ad{X —x} ]l{YSFfl(u* |a:)}—u*
_/X IP(X—.’L‘7A—1)<P(Y—F1_1(U*|£L‘)|$,A—1)) 60)
1-A)§MX -2} (H{Y <F;' (v —al2)}— (v —a) B
CP(X=x,A=0) ( P(Y =Fy'(u* —a|z)|z,A=0) ):|]P’(X—x)da:
=C" (o, Zsm), 1)
where C ™ («, Z;n) is defined in Eq. (36). O

Corollary 1 (Efficient influence functions of the target risks). Let the Assumption[I|of the Theoreml[l]
hold. Then, the efficient influence functions, ¢, of the target risks in Eq. (6) and Eq. (1) are as follows:

¢(ZCRPS(9);IP’)=/A[2 (FE© | X;m) —g(6,X)) C(6,Z;m) + (F (MX;'/)*Q(&X))Q]M (62)

([ -,

sz(gfl);]P’) = /0 [2 (Efl(a | X;5m) — gil(oe,X)) Qil(a,Z;n) + (Efl(a | X;5m) — gil(a,X))ﬂ da
(63)

[

9(

e ([ E X g @ x) ).

where C (6, Z; 1) and C~(«, Z; 1) are defined in Eq. (33) and ([B6)), respectively.
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Proof. We start by using the properties of the efficient influence function, namely, chain and product
rules. Then, the efficient influence function for the CRPS risk of the lower bound is as follows

O(Lexrs(9); P) = TF (E ( [ ®613) - g6, da) ) (64)
— [ ([ €610 - 9007 @) pex = 0yars [ (£613)- 9620205 69)

()

_E ( /A (B(5 | X) — g(5, X))? da) . 66)

We then note, that the inner term of the (x) can be expanded as:

v ( [ ©610) - 96,0 a8) = [ 18((€6 |0) - 906,007 ) s

=2 [ (B(6] 2) = 6.2) TF(B( | ) s ©7)
Finally, the term (*) of Eq. (63) equals to
/ m(/ (B(5 | 2) — g(5,2))° da) P(X = 7)o 68)
72/ / F(6|x) ,2)) IF(F(6 | 2)) P(X = z)dédx (69)
=2 [ (861 %)~ 906, X)) €6 Zi) s 70)
The derivations for the upper bound and for the W3 target risk is fully analogous. O

Corollary 2 (One-step bias-corrected estimator of the target risks). Let the Assumption |l of the
Theorem|[I|hold. Then, the ~y-scaled one-step bias-corrected estimator of the target risks Eq. (6) and
Eq. is given by the following:

= ~ A~ 0 — R 2

Law, cres9,1 = (7,Fo, F1)) = Pu{ /A (6. Z:7.7) = 9(6, %)) dd }, Gy

~ 1

- P - - ,

L9 Hn:(w,Fol,Fll)):Pn{/ (' (0, Z:7) = 97, X)) da}, (72)
0

EAU((S?Z;"%’Y) :EPI((S | X?ﬁ) +F)/Q(57Zvﬁ) and EA?Jl(OQZ;?%rY) :E;Il(a | X?ﬁ) +767 (aa Z777)7

where C (6, Z;9) and C~ (v, Z; 1)) are given by Eq. (33) and (B8), respectively; and v € (0,1] is a

scaling hyperparameter.

Proof. The v-scaled one-step bias-corrected estimator of the CRPS target risk proceeds as follows:
im, cres (9, 7) +7Pr {¢(ZCRPS (9); @)} (73)

P [ (Enl6 Zii.7) — 9(6.3))" a5} (74)

+7Pn{ /A [2 (Fp (0] X357) —9(0,X)) C(6, Z;0) + (Epy(6 | X57) —9(5aX))2} d5}

[

- wn{ [ a5 X5) - 6.)) da} _ as)

=2 { [ @0 2509) - 900:3))" a6} + 920 { [ 2 @0s) X00) — 906,3)) Cl6, 220 a5
(76)
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The minimization of the latter wrt. g is then equivalent to the minimization of
= . — " 2
Pn{/ (Epi(0 | X3) +~C(6, Z; 1) — 95, X)) dé}- 7
A

The proof for the y-scaled one-step bias-corrected estimator of the W3 target risk is analogous. [J

D.2 Neyman-orthogonality and quasi-oracle efficiency

Now, we proceed with the second main theoretical result. Here, we use additional notation.
Definition 1 (Neyman-orthogonality [35,|96]]). A risk L is called Neyman-orthogonal if its pathwise
cross-derivative equals to zero, namely,

DyDyL(gs,n)[g — g1 —n] =0 forallg € G, (78)

where Dy F(f)[h] = SF(f + th)le—o and DYF(f)[ha, ..., hi) = grlgrF(f + tihy + - +
tkhi)lt,=...=t, =0 are pathwise derivatives [35]], g. = arg min g L(g,n), and n is the ground-truth
nuisance function.

Informally, this definition means that the risk is first-order insensitive wrt. to the misspecification of
the nuisance functions. Notably, the pathwise derivative in the direction of the Dirac delta distribution
coincides with the efficient influence function [34} |63]], i.e., DpF(P)[0{Z — -} —P(Z = )] =
¢(F(P); P), where P(Z = -) is the PDF of the P(Z).

Theorem 2 (Neyman-orthogonality of AU-learner). Under the assumptions of the Theorem|[I} the
following holds for AU-learner from Algorithm [I)with the scaling hyperparameter ~y = 1:

1. Neyman-orthogonality. Population versions of the empirical risks in Eq. (11) and Eq. (71) are
first-order insensitive wrt. to the misspecification of the nuisance functions, i. e.,

DyDyLyy cres(9 Mg — g1 —n] =0 forallg € G, (79)
DyDyLyywz (gt mlg™ =gt —n=0 forallg™ :g€g, (80)
where g. = argmin g ZAU’CRPS(g, n) and g; 1 = arg ming-1,,c¢ EAU’sz (g4 n).

2. Quasi-oracle efficiency. The bias from the misspecification of the nuisance functions is of second
order. Specifically, the following two inequalities hold:

||§ — 9« ||;,CRPS < éAU,CRPS@» n) — LAU,CRPS(g*a 7))
2

+ 7w —#)2, HIE‘log* —Flog*H @1)
2,CRPS
2
A 12 ~ = ~
_ Foo (6 — ) — oo (4% — - H
=73, [Foo =) ~Foo 0 =), ¢
4
~x 14 = ~ . ~
+ |y Y ||4,CRPS + H 10Y 10y 4.CRPS + ||Fo o (y ) 0o (¥ )
N 2 . 2
—|—HF10y*—Flogj*H HFOO(y*—-)—FOo(g*—~)H ,
2,CRPS 2,CRPS
2
~1 _ 1 1
HQ — 04 ! ’2’W22 S éAU,Wg(Q ,1) _LAU,Wg(Q* 1>77)
+lr—#))2 |[FTroa* —F7 oot ’ (82)
Lo 1 1 o W2
2
~ 112 -1 ~ % Tn— ~ s
=3, [Foto 07—+ 0) By o (@ =+ )
* ~x 14
+lJu =@y
where g = argmingcg Lay,crps(9,7); @1 = argming g éAU7W22(971777);
k
1f D)z, = VEF@)% NG D)y cres = EU A0 2)" dO)V5; |1 f (e, 2wz =
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E(fol |f (o, 2)[F da))V/R) - T(X ;) = 1{(F1 xFo)y(6 | X) > 0}; y* is some value from
yy(6 | X); ¢ is some value from 33,(6 | X); u* is some value from u[a 1 (a | X);
and U* is some value from u[ ] (a | X). The inequalities corresponding to the up-
per Makarov bound, can be obtained by swapping the symbols {x, >,y3‘,,u[i0“1]7 —0,+0}

to {5,<,y§,uﬁ),a], —1,+1}.  Furthermore, if the nuisance functions are estimated suffi-

(=1, ’ 4,CRPS = op(n”");

ciently fast, i.e.,
H]Fo o(y*—-)—Fyo(j*

0p(n=1/2); and || — 7],

- e, [ o,
or(n /) |7 = 7l [Frog ~Froge|,

= op(n~ 1/2), then the AU-

B H4,CRPS
r0o -~ Foo - |
00 (7" =) =Foo (5" =), e

learner (CRPS) achieves the quasi-oracle property (analogous result holds for AU-learner (W3)).
This means that the estimation error of the second stage with the estimated nuisance functions
behaves in the same way as if the ground-truth nuisance functions were used.

Proof. 1. Neyman-orthogonality. The Neyman-orthogonality follows by the construction of the
AU-learner as a one-step bias-corrected estimator. Specifically, it is easy to verify that the pathwise
cross-derivative from Eq. (78) is equal to zero.

Let us consider the CRPS risk. First, we find a pathwise derivative wrt. working model g:

DyLy,crrs(9+:Mg — g+ = %E[/A (Eau(8 Z5m,7) = 9+(8, X) = t(g(8, X) — g+(8, X)) d5] (83)
t=0
= 2E{~/A (EAU((;: Z; m, 7) - g*((s’ X) - t(g(5,X) - g*(év X))) (g((S,X) - g*(év X)) d6] (84)
t=0

= 2E[/A (Fau(8, Z;n,7) — 9+(8,X)) (9(8,X) — g+(8, X)) dé]- (85)

Then, we find derivatives wrt. to different nuisance functions (e.g., the propensity score):
DxDgLy crps(9x,m)[g — gs, 7 — 7] (86)
% - QE[/ (Eru(5, Zin = (m -+ 17 = m),F0,F1),7) = 9.(6, X)) (9(6, X) — (5, X)) dd] @7

A t=0
% - 2E[/A YVC6, Zin = (x+ 1 — 7). Fo, F1) (9(6, X) — 926, X)) do] B (88)
A (#(X) — (X)) . *
Q’Y]E[/AI(XW)[(W(X))Q(ﬂ{YSy}—F1(y \X)) (89)
—A)(& -7
(1 (1)(—(75(())())2 (X)) (1{Y <y* -8} —Fo(y" — 4| X))} (9(6,X) — g«(6,X)) d&} (90)
=271EXM I(X;n)E[ﬁ(Mng*}fm(y* X)) |X} o1
+ E[ﬁ (n{y <y* -8} —Fo(y* -4 X)) | X} (#(X) = 7(X)) (9(8, X) — g«(8, X)) d6}
92)
—2yEx { [ x| FESE D (By <y} | XA = 1) - Fa(y | X)) 3
w( ({Yy <y* =6} | X, A=0)—Fo(y*— 5| X))} (#(X) — 7(X)) (9(6, X) — g«(8, X)) da]

%4
—2yEx {/A 1(X:) [% 0+ — jr(X) o} (#(X) — (X)) (95, X) — g+(5, X)) dé} —o, ©5)

where I(X;7) = 1{(F1 ¥Fo)y(6 | X) > 0} or 1{(F1 xF)y(6 | X) < 0}; and y* is some value
from y3;(0 | X).
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The derivatives wrt. the conditional CDF F; is

Dy, Dg Ly, cres (95, )9 — gx,F1 — 4] (96)
:% - 2E[/A (EAU(& Z;n = (m,Fo,F1 + t(F1 —F1)),7) —g*(é,X)) (96, X) — g« (5, X)) dé] _ ©7)
% - QE[/A (Epl(a,x;n = (Fo,Fy + t(fy — F1))) 98)
+7C(6, Z3m = (m,Fo, F1 + t(F1 — F1))) ) (905, X) = 9(5, X)) do]
t=0
—2E|:/ I(X;n = (Fo,F1 +0 (Fy — F1))) — d [Fl(y (t) | X)
A
+t(FL (7 (1) | X) = F1 (5% () | X)) —Fo (4" (t) — 5 | X) (99)
(g (1 ST O RGO 13) (B 0| X) ~F @ 0] X))
1-A
g (M T =8~ R0 - 51 )) )|  @06.2)~.6.) da}

:2E|:/A I(X;n)[(i[ﬂrl(g*(t) | X) —Fo(g*(t) — 6| X)]

H0 LB O1%) -F G 01X

t=0 t=0
(x)=0
+F1(77(0) | X) = F1(5°(0) | X) (100)
o <w5§<>(d[{ <P -BEO1X)]| 0L EO 1) RGO X))
7<E“1(Q*(t)|X)*F1(Q*(t)|X)>)
1-A d . -
,mg{ﬂ{yg (t) — 6} —Fo(g (t)fé\X)} t_Q)](g(é,X)g*(é,X))dé_

=—2Ex [/A I(X;m) [I”Fl (7*(0) | X) —F1(5*(0) | X)

<”g; (E[_5{Y 0} | X, A= ];[g*(t)}
-

sy — VX, A= 1](‘; [g*(t)]

t=0

—E

_1-m(X)

0
(E[—é{Y—g’% 0+ | x.4=0] <[5

“r(X) at o (1o
d
~E[-8{y -3 (0)+5}\XA,o]d [5°(1)] ))}(g(é,X)—g*(é,X))dé}
t=0
— _oEy [ [ 1m =) (B ©) | X) =F1 (70| X)) (006, %) = (6. )) dé} 20 (102)
e
where I(X;n) = 1{(F1%Fo)y(6 | X) > 0} or I{(F1xFo)y(d | X) < 0}; §*(t) is
some value from 73,(5 | X); yy( | X) are the argmax/argmin sets of the convolutlons
(Fy 4 t(F; —F1)%Fo)y(- | X); and (¥) = 0 follows from the the same considerations as in

Eq. (5I). Analogously, the pathwise derivative wrt. Fy can be shown to be equal to zero. We refer to
the appendices of [96]] for more details.

The Neyman-orthogonality of the W2 population risk can be proved in a similar fashion. First, the
pathwise derivative wrt. g~ has a similar form to Eq. (83)), namely

p— 1 —
DyLaywz oz mlg™" — gt = 721*3[/0 (Bap (@ Z39,7) = 9 M@, X)) (971 @, X) = 7 (o, X)) da.
(103)
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Furthermore, similarly to the CRPS target risk, the cross-derivative wrt. to the propensity score is

DrDgLyywz ozt mlg™" — g2t & — 7] (104)
o / {P(A =1]X) (E(n{y SFLMwr | X)} | X, A=1) - u)
7 * 1o (m(X))? P(Y =F; ' (u* | X) | X,A=1)

]P‘(A:O\X)(IE(]I{YSIFal(u*—a+O|X)}\XAf()) (u* —a+0)
(1 —m(X))2 P(Y =F; ' (u* —a+0|X)| X,A=0)

=2rEx _/01 L&)(p( = (U*J f%‘ f;;u_ 1)) (10

N 1 (IFO(IFol(u —a+0|X)|X)— (u* —a+0)

(105)

L—a(X)\ P(Y =F;'(u* —a+0]X)|X,A=0)
1roa 1 . _ _
=2vEx /0 {W(X)O—i- T2 %) 0} (#(X) = 7m(X)) (g l(a,X)—g*l(a,X))da] =0, 107)

where ©* is some value from uﬁl 1] (a | X). The cross-derivative for the upper bound follows
similarly.

Finally, to show that a cross-derivative wrt. ]Ffl, we make use of the following property of the
derivative of the quantiles (inverse function rule):

d

= [F ) + tE @) —F ()] =

1
P(Y = F-1(a) + t(F-1(a) — F-1(a)); 1)

where P(Y = -;t) is the density function for a distribution with quantiles F~(a) + ¢(F~1(a) —
F~!(«)). Then, the pathwise derivative is

;o (108)

d 1 drd d 1.
— — _ - | = F,1 Bl f e | _]Ffl
at [p(y =F(a) + tF1(a) — F*l(a));t)} o dt [da [F@]] o T da [F (@]
(109)
Therefore, the cross-derivative is
Dy-1DoLyy wz (9: gt =gl BT —F Y (110

1 ~
- gn«:{/ % [F;l(ﬂ*a) | X) +t(F7 (@ (1) | X) —F (@' () | X)) —Fg ' (@ (1) — o | X)

N ( A ( Y <F7'@"(8) | X) +¢(Fy @ @) | X) —FyH(a"(e) | X))} —a*(t) >
v - atn
TOONP(Y =77 @ () | X) + ¢ (7 (@ () | X) = F7 '@ (8) | X)) | X, A = 1;t)

o 1-A (H{YS]Fgl(ﬁ*(t)—a-&-olX)}—(ﬁ*(t)—a-i-o)))}
1—m(X) P(Y =Fy ' (@*(t) —a+0| X) | X,A=0)

t=0

I L e — o A gt e (g
- mV G E0I0 g @e-a 9] wLE @00 -n @00
(%)=0
+ B (@ (0) | X) —F7 (@ (0) | X)
A dTey 1
(o]

t=0 ]P’(Y =F; N (ar(t) | X) | X, A= 1)

! —1/~% %
CE(Y =R @) [ X)X, A= 1))(1{Y SEO@O1X))-a (t)>

4 []1{1/ <FyN@s (o) | X) +t(F7 @t @t) | X) — BN (@t () | X))}] ‘t -4 [ﬂ*(t)}

+ =0

)} (#(X) — (X)) (9 (0 X) — g7 (0, X)) da}

)} (#(X) — (X)) (9~ (@ X) — g7 (e, X)) da}

(97 (@, X) = 9. (@, X)) da}

]P(Y =F7 Y@ () | X) | X, A= 1)

==t 1 ]
L—m(X)\dt [P(Y =F ' (@*(t) —a+ 0| X) | X,A=0)]l=0
@0 -a+0)
#[r st m-aroin)| - gf@wm-atol
i B(Y = Fy (@ () —a+0] X)| X,4=0)
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<]1{Y <F @ (#) —a+0] X)}

tzﬂ)) (97" (@, X) = 97" (@, X)) da}



I, [/01 [fw;l(a*(o) |X) -~ F (@ (0) | X)

+7<7r (( [ CEO X)Ht=o+ ]i”(Y:IF‘l’l(ﬂ*(O)1|X) | X, A= 1) IP’(Y_IF 1(m(01|x VI X, A= )>
o 4

B[ - sy <F @) 13031 XA =1 (& [F @0 10]] 4 G013 -5 @01 X)) - @ 0]

t=0
p(Y =F7' (@) | X) | X, A=1)
1 —=(X) 1
S 1-w(X) (E[P(Y:Fo’l(ﬁ*(t) —a+0]X)] X,Azo)} oL (113)
E[*5{Y*F51(ﬂ*(0)*0‘+0\X)}|X7A:0]%[F51(a*(t)fa+o‘X)” By di[ (t)] - - B
" P(Y =F, ' (@*(0) —a+0| X) | X,A=0) >)}(9 (o, X) — g, (a’X))da}

zfznzx[/ol {Ffl( (0) | X) — FyH(a"(0) | X)

H[E )], Py =FEO 101X A= 1) (7@ 010 - FE 0 0) - a7 0)]

+7< ]P’(Y:]Fl_l(ﬁ*(OHX)\X,A:l)

t=0

(114)

CP(Y =F; (a*(0) —a+0| X) | X,A=0)

= 2Ex [/01(1 7v)(]f7171(ﬁ*(0) | X) —Fy ' (a*(0) | X))( o, X) — g7 Ya, X))da} =0 (115)
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where @* (t) is some value from @ u[a 1 (o] X); and @ u[a 1 (a | X) is the argmin set of the convolution

(Fyt +t(F —Ft )xFy? ){a,1](+ — 0 | X). The cross-derivatives for the upper bound wrt. Ft
and for both upper and lower bounds wrt. F; ! follow similarly.

2. Quasi-oracle efficiency. The result is a direct application of Theorem 1 in [35]]: It is easy to see
that the Assumptions 1-4 from [35]] hold for the population versions of the empirical risks of our
AU-learner (i.e., CRPS and W3). In the following, we provide the derivation of the quasi-oracle
efficiency property for the population version of CRPS loss (the derivation is similar to one in [96|
125])).

o~

We first apply a functional Taylor expansion of ZAU)CRPS (9,1

7)) at the g,:

— ~ — ~ 2

Cavcnrs@ ) = B[ [ (Bao(0.2:0.0) =506, X) + 0.6, X) = 0.(6.X)) " 5] (116)
= Luv,cres(9+:7) — 2E| /A (Fau (6 Z37,7) = 9+(6, X)) (36, X) = 9+(6, X)) d8| ~ (117)

+E[/A (36 x) —g*((s,X))zd(S].

Therefore, the following holds:

2

HE’ 9|3 cres ~ E[/A @(57 X) — g«(3, X)>2 dé] Ly, CRPS(gv 1) = Lay,cres (9% 1) (118)

+ 28| /A (Fau (6 Z3,%) — 94(6, X)) (05, X) = 9+(6, X)) ad].
The latter term then also allows for the distributional Taylor expansion around 7:
28] [ (Fao(6Zi07) ~ E(G | X) +E6 | X) - 9.(6,X) (3(6.X) - 9., ) o] (119)
A
=28 [ (Ba(6 207~ E6 | X)) (§6.5) - 9.(0.X)) dd] (120)
A

+ 2]E[/A (B | X) — g«(5, X)) @(5,)() — 9.(5, X)) d5]7
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where the first term is known as a second-order remainder term, Rs (1, 1)), and the second term equals
to —Dy Ly crps (94> 1 r g«). Ra(n, 1) can be further expressed as

Ro(n.) = 28] || (En(8] X51) +9C(0.2Z:) ~ E(3 | X)) (06.X) = 0:(6.%)) ad] (21

:2E[/AI(X n)( [ﬂ_&)(]l{Y<y} (01 X)) - %(1{Y§@*75}7F0(@*76|X))}

(122)

HBL 1) ~Bo(5* =51X) ) ~ 106 (B0 1) — Bl = 81X)) ) (36, — 0.(6.5) cw]

2E[/Avf<x;ﬁ>([§rgg(m@*X)—fFl(zMX))—izgi(m(@*—éw)—Fo(@*—MX)ﬂ
= (B0 1 X) = Ba (57 1)) + Fo(” 61 X) ~ Fa(” = 61 X)) (306.%) - 0:(6.%) da]
+2E[ [ (G = 166m) (167 1) = Fa(a - 61 %)) (123)
+1(X5m) (F1 (5" | X) = Fo (3" =8| X) = Fi(y" | X) — Fo(y" —MX)))( (8, %) — (a,x>)d6}
= m[ /A f(X;mw(X)(% - ﬁ) (Fi(@ 1 X) = F1(5 1 X)) (306, %) - 9:(5, X)) dé]

- QE[/A I(X5m)(1 - w(xn(l - ;(X) - — i(X)) (Fo(s™ =61 X) —Fo (9" =51 X)) (506, %) — 9-(6, X)) da}

+2E {/A (I(X;9) — I(X;n)) (IF1 (5" | X) —Fo (" — 6 | X)> @(5, X) - g.(6, X)) da] (124)

+E

[ [ X) -Re-510)]|

where I(X;n) = 1{(F1 ¥Fg)y(6 | X) > 0} or 1{(F1 xFo)y(d | X) < 0}; y* is some value from
yy(6 | X); y* is some value from yy(é | X); and §* is a value between y* and §*.

(v =97 (36, X) = 9-(6, ) da} :

Considering there is such an € > 0, for which € < #(x) < (1 — €), the second-order remainder term
can be upper bounded with the Cauchy-Schwarz inequality:

. 2

m(X) = #(0)] [ C1af6.3) [F1 (57 1 X) =B (57 | )| [566.5) = 0.(6.)| da} (125)

2
+7E
€

() = 1) = G0 = )| [ €030 [Fola” =81 X) = Fo(5" =31 %) [5(6.%) = (5. )| dé}

+ 2E

[ e G0 11CX. ) = 10X ) [7(6.X) = 9.5, )| cw]

E /A Oy (6, X) (" — °)* 35, X) — 9-(6, X)| da]

2 R R A~ N =~
< < lvr — 7, HCLﬁ”Q,CRPs HlFl °og* —IFio y*H HQ - (126)

|
2,CRPS 2,CRPS

+ 2 (v = #llg + by = 11) 1Cna o cros |[Fo o @7 =) = Foo (57 =)

+2]Cs5+ |y cps 11Co) = 10,1, cres |G o=

g — 9=
2,CRPS Hg g HZ,CRPS

2,CRPS

+||Cy HL2 lly* — ?;*“i,CRPS HEi 9* |2 crps’

where C;;(6,2) = |I(z,9)]; Cy-(6,2) = I(z;n)3
C]F,?}* (67 SC) = IFl (,7)* | 1‘) - Fo(g* - (5 | .T)

L Fiy2) ~Fo(y—312)]|

|5 and
y=y*
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By combining the previous expressions, the following holds:

_ 2 _ N _ _ ~
HQ = 9%\, caps < Lu,cres(9: 1) — Lav,cres (9% 1) — DgLau,cres (9%, Mg — 9+] (127)

9 N ~
Zlcr —#l, [Frog—Fiog| G- 9|
+ €.l crps V7 = #llL, ||F109 LYl cres 1197 9%

2,CRPS

2 A ~
+ Z1ICralla.crps (Im = #llz, + 1y =11) [Foo (5 =)~ Fo o (5" - (=

) HQ,CRPS 2,CRPS

+2||Cr,5-

1) -1, oo
2,CRPS II ( 77) ( n)”Z,CRPS 9~ 9= 2,CRPS

%12
Lo ly™ — y*H4,CRPS Hg — 9=

+ Hcy*

2,CRPS

Furthermore, using the AM-GM inequality for the last three terms, for any constants §; > 0, d2 > 0,
03 > 0,04 > 0,01 + dg + 93 + d4 < 1, we obtain:

=~ 2 1 — ~ = R = ~
HQ - g*H2 CRPS < 101 — 0y — 03 — 04 (LAU,CRPS(Q7 n) — éAU,CRPS(gMn) - DQQAU,CRPS(Q*JI)[Q - 9*})
1 2 12 O e |
+ A |‘CI,”7||2,CRPS [|lym — 7"||L2 Fiog  —Fio09g 2.CRPS (128)
1 Cr -2 N 2 o . - 2
+ o5 1085 cues (I = #l, + 17 =11) " [Foo 6 =) =Foo (5 =)

1 .
+ 5*3 HCF,@* H;,CRPS HI('ﬂ?) - I('?ﬂ)”g,CRPS

1 2 * ~x (4
+ o5, 1w Iy Y™ = 7l cres -

We note that, given Assumptions and the term || I(-,7%) — I(-,n) ||§7CRPS can be upper bounded
as follows

(1I(-, %) — I('vn)H;,CRPS =E

/N
=
~
—~
=
—
*|
=

0)y(0 ] X) >0} — 1{(F1*Fo)y(d | X) > 0}) da}

/ 129
/

i ‘1{(]@1;F0)y(5 | X) > 0} — 1{(F1 ¥Fo)y(5 | X) > 0}) dé] (130)

= /A]P’{ sign { (F1 % F0)y (6 | X)} # sign { (F1%Fo)y (9 | X)}} ds (131
</ P{ |7 Eo) (3] X) — (B FEo) (5] X)| > g} a5 (132)
<& [E(@5r0s6 10 - w6 x0) as (133)
- é(’ Froy® ~Fy oy z,CRPs + HFO oy =) —Foo @ =) :CRPS
(134)

2

+ 2HF10y*fIﬁ‘1 of”

[Foo (y" — ) = Foo (5" =)

2
2,CRPS /)’

2,CRPS

where £ > 0 and (*) holds due to Markov’s inequality.
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On the other hand, since the term DQZAU,CRPS (g, n)@ — g.] is always positive (by virtue of the
optimization), we finally yield the desired quasi-oracle efficiency:

~ 2 1 — =~ . - N
HQ — gx 5 CRPS < 1— 61 — 0y — 05 —da (fAU,CRPS(g7 ) — QAU,CRPS(Q*»W)) (135)
1 c 2 ~ 12 F TR ) |2
+ e ICLall5,cres Ivm = 717, H 1oy —hiey H2,CRPS
1 2 ~ 2 ~* I 0" 2
+ oy 1€t (I =, +1 = 11) [Foo @7 =)~ Foo @™ =)
e e s ([Frov —Frog | 4|0t —)~Foot” -
4 . o _ o o — ) — o — .
Sagt 170" N2 cres 1oy Loy 4,CRPS 0o\ 0o 4,CRPS
. 2 - 2
+2‘F1oy*—F10@*‘ H]Foo(y*—')—]FOO@*_')H )
2,CRPS 2,CRPS
1 2 * Ak 14
+ 26, 1Cy= 117, ly™ — 9714 cres
1 —= = 7 A
ST (Crcus(@ )~ Lucws(o-1) (o
y=1
1 C 2 ~ (2 F A~k H}- |2
+ o ICall5,cres 17 = 7L, H ey —hiey Hz,CRPs
1 2 ~ 112 A~k - A~k 2
+ €da ”CLﬁHQ,CRPs | — 7r||L2 Foo (" =) =Foo (g ~ .)H2,CRPS
e 10 Bes ([[Frov —Frog| 4+ [Foot —)—Foo” )|
- oy —TFo0 o —-)—1Ioo -
554 F,9 ll2,crps 1oy 1oy 4,CRPS 0¥ 0w 4,CRPS
N 2 * - A% 2
—|—2HFloy*—F10Q*‘ H]Foo(y —)—TFoo(y _)H )
2,CRPS 2,CRPS
1 2 * ~x (14
+ 25, ||Cy*||L2 ly" =9 |4,CRPS7

L ; and

where Cr,5(9, ) = [I(z,7)]; Cy-(0,x) = I(z;1)3

%[E(ym) _Fo(y_(”m)”y:g*

Crg-(8,2) =F1 (" | ) = Fo (9" — 0| z).
The quasi-oracle efficiency of the W2 loss follows similarly. ]
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E Scaling in pseudo-CDFs and pseudo-quantiles

Fig.[9 provides a visual comparison of different pseudo-CDFs for our AU-learner, with and without
scaling . Therein, we see that the scaling hyperparameter helps to enforce the constraints on the
pseudo-CDFs (i. e., [0, 1]-boundedness and monotonicity).

B: upper; CA-learner B: upper; AU-learner (w/o scaling) B: upper; AU-learner (w/ scaling)
2.5

Fpi(6 | zi:9) Fpr(0 | zi30,7=1) Fpr(d | zi; 1,7 = 0.25)

Pseudo-CDF
o
&
)

—0.5

-1.5 T T T

§

5

B: lower; CA-learner B: lower; AU-learner (w/o scaling) B: lower; AU-learner (w/ scaling)

T
Epy(d | zi:1) Fpr(d] zi,7=1) Epg(0 | 21,7 = 0.25)

Pseudo-CDF
(=]
&
N

5 0 2 1 —2 0 2 4 —2 0 2 4
d d 0
Figure 9: Comparison of estimated pseudo-CDFs based on ¢ = {1,..., 50} instances of the semi-
synthetic IHDP100 dataset [46]. Here, we compare CA-learner’s pseudo-CDFs (first column) with
two variants of AU-learner: w/o scaling (7 = 1, second column), and w/ scaling (y = 0.25, third
column). The scaling hyperparameter v = 0.25 facilitates pseudo-CDFs to better comply with
[0, 1]-boundedness and monotonicity constraints.
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F Details on AU-CNFs
F.1 Architecture

U/L target CNFs

CNF Legend
Nuisance CNF 7 mee . 900, %) z
Wz z'N NODFP 75X ) [T T x| Lav, creswg Fully-connected subnetwork
7 5= No) CNF ;- Ewix ) Sl Wale
-\‘Z_ 1~ N(0,1) &> .’é(}(’ ;1,),“ >V )~ P(Y|X, A) | _ f - CNF Normalizing flow,
1\ 1’_ v, ch : s ':‘Z-J parametrized by 6
F ) fu == O — s comnectons
@ e o= Outputs with corresponding
FC Lr gy L2 1~ N, distributions
1 @ v : @_> Nuisance CNF r Losses
| @ | | ®—> = Gradient blocking
I i tex Noise regularization
! 1. Nuisance CNF ! 2. Upper and lower target CNFs

Figure 10: Overview of our AU-CNFs. AU-CNFs combine several conditional normalizing flows
(CNFs), which we call a nuisance CNF and upper/lower target CNFs. The nuisance CNF is a first
stage model and aims at estimating the nuisance functions, i.e., the propensity score, 7,(x) =

a@(x) + (1 — a)7(x); and the conditional outcome CDFs, F,(y | ). Upper/lower target CNFs are
the second stage working models, G and G, respectively. They aim at minimizing one of the losses of

AU-learner, ZAU’ CRPS/W2-

Our AU-CNFs allow us to implement the Algorithm [T|of our AU-learner (see Fig.[I0) by combining
several conditional normalizing flows (CNFs) [[105} [121]]. It consists of a (i) nuisance CNF and
(i1) two target CNFs (upper and lower). (1) The nuisance CNF aims to fit the nuisance functions,
(7, ]@0, ﬁl) or, equivalently, (7, @0_ L @1_1). (2) Upper and lower target CNFs constitute the second
stage working models, namely, G and G, and minimize the loss of our AU-learner.

(1) Nuisance CNF. The nuisance CNF has three components, similarly to [94]. These are two
fully-connected subnetworks (FC; and FC) and a CNF, parametrized by 6. The two subnetworks
FC; and FC; form a hypernetwork, which outputs the conditional parameters, § = (X, A). This
allows us to flexibly model the conditional outcome distribution.

The nuisance CNF has the following joint loss for the nuisance functions: Ln = Lnp + L. Here,
L is a conditional negative log-likelihood loss, £, is a binary cross-entropy, and o > 0 is a
hyperparameter. We additionally employed noise regularization to regularize the conditional negative
log-likelihood loss [[108].

(2) Upper and lower target CNFs. The upper and lower target CNFs use the pseudo-CDFs /
pseudo-quantiles, generated by the nuisance CNF, and then implement a second stage loss of our
AU-learner. Both target CNFs have the same structure. Specifically, they have a fully-connected
subnetwork, FC,, and a CNF, parametrized by 3. Analogously, FC, serves as a hypernetwork so that

the parameters can be conditioned on X: 8 = B(X).

To fit the target CNFs, we use a second stage loss of our AU-learner, namely, Eq. (13) or Eq. (T4).
For that, we discretize the )-space or the [0, 1]-interval of « into n4 values and infer argmin/argmax
values based on those grids. Then, to approximate the integrals, we do the same for the A-space and
the [0, 1]-interval of cv. The later creates a § /a-grid with ns/n,, points. Those grids are later used for
a rectangle quadrature integration. Furthermore, we also regularize the target CNFs by applying the
noise regularization [[108]].

F.2 Implementation

Implementation. We implemented our AU-CNFs using PyTorch and Pyro. For the CNFs of both
stages of learning, we used neural spline flows [24] with a standard normal distribution as a base
distribution. Neural spline flows build an invertible transformation based on invertible rational-
quadratic splines and, thus, allow the direct inference of the (conditional) log-probability, CDF, and
quantiles. Neural spline flows are characterized by two main hyperparameters, namely, a number
of knots nyues and a span of the transformation interval, [— B, B]. The number of knots, nygots
controls the expressiveness of the flow. The span B defines the support of the transformation. In
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our experiments, we tune the number of knots s and set the span B via a heuristic depending on
sample max/min values (as Y is assumed to be compact).

Training. To train our AU-CNFs, we make use of Algorithm |l However, both first and second
stage models are fit on the same training data D without cross-fitting as (regularized) CNFs as
neural networks belong to the Donsker class of estimators [[123]]. Training of our AU-CNFs proceeds
as follows: (1) we fit the nuisance CNF; (2) we freeze the nuisance CNF and generate pseudo-
CDFs/pseudo-quantiles; and (3) we train the upper and lower target CNFs. The hyperparameters are
then as follows:

1. First stage. We used stochastic gradient descent (SGD) with a minibatch size b, e n = 200
epochs and a learning rate ny. Furthermore, we set the loss coefficient to « = 1. Both the
number of hidden units of FC1/FC5 and the size of the output of the FC; are set to 10. The
nuisance CNF has the number of knots 7,05, N and the span B = max;(g;) — min; (g;) + 5,
where y; are standard normalized outcomes y;. The intensities of the noise regularization
for the input and the output are set to o2 and 05, respectively.

2. Intermediate stage. We set ny; = 200 and ns = n, = 50. Furthermore, we set the scaling
hyperparameters v = 0.25 for the CRPS loss and v = 0.01 for the W2 loss. We clipped too
low propensity scores (lower than 0.05).

3. Second stage. The upper and lower target CNFs are also fit via SGD with the minibatch
size by = 64, n. t = 200 epochs, and the learning rate nr = 0.005. The intensities of the
noise regularization for the input are the same as for the nuisance CNF, o2, The number of
hidden units of FC3 is also set to 10. The target CNFs have the number of knots twice larger
than the nuisance flow, nknots, T = 2 Nknots, N> and the span B = max;(a; ;) — min, (a; 9;) +
max;((1 — a;) §;) — min; ((1 — a;) §;) + 5, where g; are standard normalized outcomes ;.
To further stabilize the training of the target CNFs, we employed an exponential moving
average (EMA) of the target CNFs parameters [103]] with a smoothing hyperparameter
A =0.995.

We demonstrate the detailed training procedure of our AU-CNFs (CRPS) in Algorithm 2] (AU-CNFs
(W2) follow analogously).

Hyperparameter tuning. We performed extensive hyperparameter tuning only for the nuisance CNF.
The following hyperparameters are subjects to tuning: the minibatch size ny n, the learning rate 7y,
the number of knots 7o, N> and the intensities of the noise regularization, o2 and o~ Further details
of hyperparameter tuning are provided in Appendix |G} The hyperparameters of the target CNFs for
all the experiments are either kept fixed or are inherited from the nuisance CNF.
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Algorithm 2 Training procedure of our AU-CNFs (CRPS)

1: Input. Training dataset D = {x;, a;,y: }i—; scaling v € (0, 1]; hyperparameter a; number of epochs
Ne N, Ne,; Minibatch sizes by, br; learning rates 7, m, intensities of the noise regularization au a ; EMA
smoothmg A; 0-grid {0; € A}Y70 5 V-grid {y; € Y},

2: Init. Parameters of the nuisance CNF: FCSO) and FCéO) > First stage

3: fori=0to [n.n-n/bn] do

4: Draw a minibatch B = {X, A, Y'} of size by from D

5 (R #a(X)) «+ FCP(X)

6.

7

8

Noise regularization: & ~ N(0,02),&, ~ N(0,07), (R, f/) +— (R+&,Y+&)
0(X,A) « FC{” (A, R)
: P(Y | X, A) «+ density of a CNF with parameters 6(X, A)
9:  Ln(P,7) « Po{ —logP(Y =Y | X, A) + a BCE(74(X), A)}
10 (EC{V, FCYTY) « optimization step wrt. L (P, #) with the learning rate 7y
11: end for o
12: Output. Estimator of the nuisance functions 7; = (7, Fo, F1)

13: for:=0ton do B > Intermediate stage
14: Infer argmax/argmin of sup/inf-convolutions based on the Y-grid: {gﬁ,_grid(éj | ;) ;lil
15: Clip propensity scores for bias-correction terms { C(d;, ;1) }21 (Eq. (TT))
16: Use 7 to infer the pseudo-CDF for the d-grid: {F ,;(d;, zi; ) ;il (Eq. (13))

17: end for

18: Init. Parameters of the upper and lower target CNFs: ﬁéo) and Eéo) > Second stage
19: fori=0to [n.1-n/br| do

20: Draw a minibatch B = {X, A, Y’} of size br from D

21: Noise regularization: £, ~ N(0,02), X < X + &,

2 B(X) « FCY(X), B(X) + ECY)(X)
23: ;]\( X)) + CDF of a CNF with parameters 5(X)

\_/

(-, X) <+ CDF of a CNF with parameters 3(X)

\‘Q)

I

24: EAU,CRPS(§7 1) = Py, s 2"‘5 (FAU 05, Z;1M) — 5(6J7X))2}
> ~ ~ 2
25: ‘CAU CRPS(Q’ ) = Poy 775 Zj:l (—AU(6j7 Zin) — Q(éja X)) }
26: FC(ZJr ) optimization step wrt. Lau. CRps(g, 71) with the learning rate nr
27: FC“H) < optimization step wrt. L,y crps (9, 71) With the learning rate nr

28: EMA update for FC; () and Egiﬂ) with smoothing A
29: end for

30: Output. Estimator of Makarov bounds with CNFs: EMA smoothed 5 and g

39



G Hyperparameter tuning

We performed hyperparameters tuning of the nuisance function estimators for all the baselines based
on five-fold cross-validation using the training dataset. For each baseline, we did a grid search wrt.
different tuning criteria (see the details in Table[3). The optimal hyperparameters can be found as

YAML files in our GitHub.

Table 3: Hyperparameter tuning for baselines.

Model | Sub-model | Hyperparameter \ Range / Value
Kernel smoothness (o3, = th) 0.0001, 0.001, 0.01, 0.1, 1, 10, 20

Plug-in Regularization parameter (¢) 0.0001, 0.001, 0.01, 0.1, 1, 10
DKME [94./97] o Tuning strategy full grid search
Tuning criterion MSE of ridge regression

Number of knots (nknots.N) 5,10, 20

Intensity of noise regularization (c2) 0.0, 0.012, 0.052, 0.12

Intensity of noise regularization (05) 0.0, 0.012, 0.052, 0.12

nuisance CNF Learning rate (1) ' 0.001, 0.005

(= Plug-in CNF) | Minibatch size (bx) 32, 64

(= IPTW-CNF) Tuning strategy random grid search with 50 runs

Tuning criterion L

CA-CNFs, Number of epochs (n. n) 200
AU-CNFs Optimizer SGD (momentum = 0.9)
Number of knots (7nots.T) 2 Nnots,N

Intensity of noise regularization o2

Learning rate (1) 0.005

target CNFs Minibatch size (br) 64

Tuning strategy w/o tuning

Number of epochs (n.,1) 200

Optimizer SGD (momentum = 0.9)
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H Dataset details
H.1 Synthetic data

Our synthetic data generator is adapted from [61} [93]]. Although the original synthetic benchmark
contains hidden confounding, we include the confounder as the second observed covariate. We
created three settings with different conditional outcome distributions: (1) normal, (2) multi-modal
and (3) exponential. Specifically, synthetic covariates, X, X, a treatment, A, and an outcome, Y,
are sampled from the following data generating mechanisms:

X1 ~ Unif(—2,2),

Xo ~ N(07 1)7

1

A ~ Bern (1+exp(7(0.75 X17X2+O.5))) )

MA(X> =Q2A-1)X;+A-2 sin(2X1 +X2) —2Xo (1 +0.5X4),

Y ~Pi(Y | pa(X), A),

where X, X, are mutually independent and P;(Y | pa(X), A) are defined by three settings
jef1,2,3}

(137)

P1(Y | pa(X), A) = N(pa(X),1), (138)
3 _ 2 2 : _
Po(Y | ja(X), A) = MTxture {0.7N(po(X) — 0.5,1.52) + 0.3 N (o (X) + 1.5,0.52) }, %fA =0,
Mixture {0.3 N (po(X) — 2.5,0.35%) + 0.4 N (po(X) + 0.5,0.75%) + 0.3 N(uo(X) +2,0.5%)}, ifA=1,
(139)
Po(Y | pa(X), A) = Exp(1/ [pa(X)1), (140)

where N (11, 0?) is the normal distribution and where Exp()) is the exponential distribution.

The synthetic benchmark allows us to infer or approximate the ground-truth Makarov bounds. For
the (1) normal distribution, they are given by the analytical solution [26]], namely, the CDFs of half-
normal distributions. However, in the settings (2) and (3), they need to be approximated numerically.
Thus, for the (2) multi-modal distribution, we only infer the Makarov bounds on the CDF, as the
quantiles are not directly available for the mixture distribution. For the (3) exponential distribution,
however, we can infer both the Makarov bounds on the CDF and the quantiles.

H.2 HC-MNIST dataset

HC-MNIST dataset was introduced as a high-dimensional, semi-synthetic dataset [52]] based on
the MNIST image dataset [75]. The HC-MNIST dataset builds on 7y, = 60,000 train and
Neest = 10, 000 test images. HC-MNIST takes original high-dimensional images and maps them onto
a one-dimensional manifold, where potential outcomes depend in a complex way on the average
intensity of light and the label of an image. The treatment also uses this one-dimensional summary, ¢,
together with an additional (hidden) synthetic confounder, U (we consider this hidden confounder as
another observed covariate). HC-MNIST is then defined by the following data-generating mechanism:

U ~ Bern(0.5),
X ~ MNIST-image(-),
6 i= (clip (#2272 -1.4,1.4) — Min, ) }lase Ming

14-(—1.4)°
a(;I7) = = sigmoid(10.75¢>+0.5) +1- (141)
B(¢;T*) := m +1-1",
A ~ Bern (W + % ,

Y ~ N((2A — Do+ (2A—1) —2sin(2(24 — 1)¢) — 2(2U — 1)(1 4+ 0.5¢), 1),

where c is a label of the digit from the sampled image X; p1nv, is the average intensity of the sampled
image; (. and o, are the mean and standard deviation of the average intensities of the images with
the label c¢; and Min, = —2 + %c, Max, = -2 + %(c + 1). The parameter I'* defines what
factor influences the treatment assignment to a larger extent, i.e., the additional confounder or the
one-dimensional summary. We set I'* = exp(1). For further details, we refer to [52].

Similarly to the synthetic data with the normal distribution, the ground-truth Makarov bounds for the
HC-MNIST dataset are given by the analytical solution, namely, the CDFs of half-normal distributions
[26]].
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H.3 IHDP100 dataset

The Infant Health and Development Program (IHDP100) [46, [114] is a standard semi-synthetic
benchmark for treatment effect estimation. It contains 100 train/test splits with 7, = 672, Nest =
75, and d,, = 25. Yet, this dataset contains severe overlap violations, which makes the methods using
propensity re-weighting unstable [ 20} | 21]].

The THDP100 dataset samples synthetic outcomes from the conditional normal distribution, N (g, 1),
where p; are CAPOs provided in the dataset. Therefore, the ground-truth Makarov bounds are given
by the half-normal distributions [26]].
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I Additional results

In the following, we provide additional results for our experiments with synthetic data, the results of
the semi-synthetic IHDP100 benchmark, and the runtime information for all the baselines.

I.1 Synthetic data

We provide additional results of our synthetic benchmark in Fig. [TT] Therein, the out-of-sample
performance is reported wrt. W5 evaluation score for two settings, i.e., normal and exponential
settingm Our AU-CNFs achieve superior performance in the normal setting and perform well in the
exponential setting. Notably, the IPTW-CNF also perform well in the exponential setting, mainly due
to the orthogonality wrt. potential outcome distributions.
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&
0.8 2.2 \
\ \'\
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Figure 11: Results for synthetic experiments with varying size of training data, n.i,, in the settings:
normal and exponential setting. Reported: mean out-sample W over 20 runs. The results for Plug-in
DKME are omitted for the W, evaluation score, as Plug-in DKME does not provide direct quantiles
inference.

1.2 THDP100 dataset

We report the in- and out-sample results for the IHDP100 dataset in Table ] As expected, our
CA-CNFs achieve the best performance. This happens due to the severe overlap violations in the
IHDP100 dataset [20, [21]], and learners with propensity-score re-weighting are theoretically expected
to perform worse.

1.3 Runtime comparison

Table [5] provides the runtime comparison of different methods used to estimate Makarov bounds.
Therein, our AU-CNFs are well scalable.

1%We omitted the multi-modal setting, as the mixture distribution does not provide direct ground-truth quantiles
and, thus, Makarov bounds on the quantiles.
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Table 4: Results for IHDP100 dataset. Reported: median in-sample and out-sample rCRPS =+ sd /
Wy =+ sd over 100 train/test splits. The results for Plug-in DKME are omitted for the 1, evaluation
score, as Plug-in DKME does not provide direct quantiles inference.

B: upper
‘ I‘CRPSj“ I‘CRPSOm ‘ W2 in VVZ out
Plug-in DKME ‘ 0.718 £0.831 0.778 £ 0.865 ‘ — —
Plug-in CNF 0.302 £0.269 0.317 +0.260 | 0.631 £ 1.195 0.644 £ 1.237
IPTW-CNF | 0.367£0.198 0.380 £0.206 | 0.783 £0.971 0.783 £ 1.067
CA-CNFs (CRPS) | 0.281 +0.284 0.299 +0.294 | 0.609 4 1.508 0.649 + 1.625
CA-CNFs (W2) 0.283 £ 0.273  0.292 + 0.284 ‘ 0.583 +£1.318  0.606 + 1.425
AU-CNFs (CRPS) | 0.314 +0.264 0.324 £0.278 | 0.681 +1.385 0.709 % 1.503
AU-CNFs (W2) 0.285 £ 0.300  0.297 £ 0.308 ‘ 0.589 £ 1.375  0.620 £ 1.467

B: lower
rCRPS;, rCRPS,y | Wain W2 out

Plug-in DKME 0.709 £ 0.827  0.757 = 0.866 — —
Plug-in CNF 0.312 £0.212  0.326 +0.227 | 0.650 £0.973  0.660 & 1.073
IPTW-CNF | 0.3844+0.208 0.381 +£0.227 | 0.814 +1.028 0.781 £ 1.193

CA-CNFs (CRPS) | 0.303 +0.310 0.308 +0.329 | 0.675 +1.617 0.658 + 1.797
CA-CNFs (W3) 0.307 £0.302 0.311 +0.323 | 0.639 = 1.451 0.642 + 1.625

AU-CNFs (CRPS) | 0.330 +0.254 0.344 £0.267 | 0.726 == 1.379  0.744 £ 1.550
AU-CNFs (W2) 0.308 £ 0.284 0.314 +0.304 | 0.642 £ 1.362 0.647 & 1.549

Lower = better (best in bold, second best underlined)

Method |  Training stages | Average duration (in mins)
Plug-in DKME First stage ~ 10.7
Plug-in CNFs First stage ~1.4
IPTW-CNF First stage ~ 1.5
CA-CNFs First & second stages ~ 3.3
AU-CNFs First & second stages ~4.1

Table 5: Total runtime (in seconds) for different methods to estimate Makarov bounds. Reported:
average runtime duration (lower is better). Experiments were carried out on 2 GPUs (NVIDIA
A100-PCIE-40GB) with IntelXeon Silver 4316 CPUs @ 2.30GHz.
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J Case study: Lockdown effectiveness

In the following, we provide a case study, where we apply our AU-learner to a real-world problem.
Here, we want to study the effectiveness of lockdowns during the COVID-19 pandemic by using the
observational data collected in the first half-year of 2020 [7]]. Specifically, we aim to estimate the
probability that the incidence falls after the implementation of the strict lockdown, i. e., a probability
of individual benefit from treatment (intervention) (PITB).

J.1 Dataset

We used multi-county data provided by [7]@ The outcome Y € [—7,0] is defined as the relative
case growth per week (in log), namely, the number of new cases divided by the number of cumulative
cases. Then, the treatment A € {0, 1} is taken as an implementation of the strict lockdown one week
before. We also choose three (d, = 3) pre-treatment covariates X : the relative case growths from the
previous week, the relative case growth from two weeks ago, and the implementation of the strict
lockdown from two weeks ago. We assume that the data is i.i.d. and that the causal assumptions
(1)—(3) are satisfied. We filtered out observations where the number of cumulative cases is fewer than
20. As a result, we ended up with n = ng + n; = 152 4 112 treated and untreated observations,
respectively.

J.2 Results

We present the results for our case study in Fig.[I2] Therein, we report two quantities: the estimated
bounds on the probability of the individual treatment benefit (PITB), P(Y[1] — Y[0] < 0 | ), for 20
countries during week 15 of 2020. Additionally, we show bounds on a population analogue of PITB,
namely, a probability of the population treatment benefit, P(Y'[1] — Y'[0] < 0). We estimated the
bounds on the PITB with both AU-CNFs (CRPS) and AU-CNFs (WW3), and both methods produced
very similar results (which implies a robustness of our AU-learner). For the population analogue of
the PITB, we first efficiently estimated the distributions of the potential outcomes with interventional
normalizing flows (INFs) [94] and then used them to infer the Makarov bounds at the population

level.
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Figure 12: Results for the real-world case study analyzing the effectiveness of lockdowns during the
COVID-19 pandemic. Reported: in-sample estimated bounds on the probability of the individual
treatment benefit (PITB), P(Y[1] — Y[0] < 0 | ), over 20 runs for 20 countries during week 15 of
2020. Also, we show bounds on a probability of the population treatment benefit, i.e., P(Y[1]—-Y[0] <
0). These are displayed in the small figure on the left. Each estimated bound is shown as two boxplots;
hence, we also display the epistemic uncertainty.

There are two important takeaways: (1) The bounds on the PITB are more shifted towards 1,
suggesting the drop in the incidence is highly probable after the implementation of the strict lockdown
in all the studied countries. (2) The bounds on PITB are much tighter than their population analogue
(e. g., average upper-lower bound width is 0.66 for AU-CNFs (CRPS) and 0.88 for INFs). The latter
implies that individualization enhances decision-making and makes the Makarov bounds on the
aleatoric uncertainty tighter and, thus, more informative.

""The data is available at https://github.com/nbanho/npi_effectiveness_first_wave/blob/
master/data/data_preprocessed.csvl
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should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All the datasets, used in our work, are cited accordingly.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not provide any assets in our work.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our work does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our work does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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