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Abstract

We study the performance of the Thompson Sampling algorithm for logistic bandit
problems, where the agent receives binary rewards with probabilities determined
by a logistic function exp(8(a, §))/(1 + exp(5(a,6))). We focus on the setting
where the action a and parameter 6 lie within the d-dimensional unit ball with
the action space encompassing the parameter space. Adopting the information-
theoretic framework introduced by Russo and Van Roy| (2015), we analyze the
information ratio, which is defined as the ratio of the expected squared difference
between the optimal and actual rewards to the mutual information between the
optimal action and the reward. Improving upon previous results, we establish that
the information ratio is bounded by %d. Notably, we obtain a regret bound in

O(d+/Tlog(BT/d)) that depends only logarithmically on the parameter /3.

1 Introduction

This paper studies the logistic bandit problem, where for 7" time steps, an agent selects an action and
receives a binary reward with probabilities determined by the logistic function exp(8{a, 8))/(1 +
exp(fB{a,0))) with slope parameter 3 > 0. In this setting, both the action @ and the parameter vector
0 lie within the d-dimensional unit ball. The logistic bandit applies to various scenarios, for instance,
in personalized advertisement systems, where a platform suggests content to users who provide binary
feedback, such as “like” or “dislike” (Chapelle and Li, [2011; Russo and Van Roy, [2017).

The performance, or regret, of algorithms for logistic bandits, has been extensively studied, with
significant contributions including analyses of Upper-Confidence-Bound (UCB) algorithms by [Filippi
et al.| (2010), ILi et al.| (2017) and |[Faury et al.| (2020) as well as the study of Thompson Sampling
(TS) by Russo and Van Roy| (2014) and |Abeille and Lazaric|(2017). However, nearly all existing
regret bounds exhibit an exponential dependence on the parameter 5. This dependence is highly
unsatisfactory because, in practice, as J increases, it is faster to identify the optimal actions, as the
distinction between near-optimal and suboptimal actions becomes more pronounced.

In this work, we focus on the TS algorithm (Thompson, 1933)), which, despite its simplicity, has
proven to be highly effective across a wide range of problems (Russo et al., [2018}; |Chapelle and:
Lil [2011). To analyze the regret of TS, Russo and Van Roy|(2015) introduced the concept of the
information ratio, a statistic that quantifies the trade-off between the information gained about
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the parameter and the immediate regret incurred. [Dong and Van Roy| (2018)) conjectured that the
information ratio for TS in logistic bandits could be bounded solely by the problem’s dimension d,
and several studies have since aimed to characterize this ratio for logistic bandits.

Recently, Neu et al.| (2022)) derived a regret bound of O(+/dT|.A|log(ST)) on the logistic bandit
problem, but their result relies on a worst case TS information ratio bound scaling with the cardinality
of the action space |.A|. Dong et al.[(2019)) provided a bound of 100d on the information ratio for TS
when 8 < 2. They also suggested, through numerical computations, that this bound holds for larger
values of 3. However, their work has two key limitations. First, they do not provide a rigorous proof
for generalizing to larger 5 values. Second, and more critically, their regret analysis is incomplete as
it relies on the rate-distortion bound from|[Dong and Van Roy|(2018])), which specifically requires a
bound on the one-step compressed TS information ratio; a fundamentally different quantity from the
TS information ratio they studied. Notably, their techniques to bound the TS information ratio do not
apply to the one-step compressed TS information ratio.

In this work, we address these issues and propose a regret bound that scales only logarithmically with
the slope of the logistic function. Our key contributions are as follows:

* We propose an information-theoretic regret bound for infinite and continuous action and
parameter spaces that relies on the entropy of the quantized parameter, H(©. ). This result is
achieved by adapting the approaches from Neu et al.|(2021) and |Gouverneur et al.| (2023).

* We present a refined analysis showing that for all 5 > 0, the information ratio of TS for
logistic bandits is bounded by %d, improving upon previous results.

* We establish a bound of O(d+/T log(8T'/d)) on the regret of TS. To our knowledge, this
is the first bound on logistic bandits that scales only logarithmically on 5 > 0 and is
independent of the number of actions.

2 Problem Setup

We consider a logistic bandit problem, where at each time step ¢t € {1,...,T}, an agent selects an
action A; and receives a binary reward R; € {0, 1} with probability following a logistic function:

P(Ry = 1|4; — 0,0 — g) — —=PWBl@:6)
1+ exp(B{a,d))

Here, ( is a known scale parameter, and {(a, §) denotes the inner product of the action vector a € A
and the unknown parameter 8 € O. The logistic function, sometimes referred to as the link function,
is denoted ¢3({(a,#)). In this setting, the action « lies within the d-dimensional Euclidean unit
ball, B;(0, 1), and the parameter vector € on the d-dimensional Euclidean unit sphere, S;(0,1).
Additionally, we assume the action space .A encompasses the parameter space O, thatis O C A. Note
that this ensures that, for each § € O, there exist an action a € A equal to 6, such that (a, 0) = 1.

Following the Bayesian framework, we assume the parameter vector 6 is sampled from a known
prior distribution Pg. As the reward distribution depends only on the selected action and the
parameter, it can be written as R; = R(A;, ©). The agent’s history at time ¢ is denoted by H' =
{A1,R1,...,As_1, Ri_1}, representing all past actions and rewards observed up to time ¢.

The goal of the agent is to sequentially select actions that maximize the total accumulated reward, or
equivalently, that minimize the total expected regret defined as:

T
E[Regret(T)] :=E | >  R(A*,0) — R(A;,0)],

where A* is the optimal action for the parameter ©. We construct the optimal mapping 7* () :=
argmax . 4E[R(a,#)] and define A* = 7*(©). The expectation is taken over the randomness of the
action selection, the reward distribution, and the prior distribution of the parameter O.

Since the o-algebras of the history are often used in conditioning, we introduce the notations
E[] .= E[-|H?] and P;[-] := P[-|H?] to denote the conditional expectation and probability given H*.
Additionally, we define I;(A*; R¢|A;) = E¢[DkL(Pr, m¢,a5,4, PR, H,4,)] as the disintegrated
conditional mutual information between the optimal action A* and the reward R, conditioned on the
action Ay, given the history H*.



3 Thompson Sampling, Information ratio, and Quantization

An elegant algorithm for solving bandit problems is the Thompson Sampling algorithm. It works by
randomly selecting actions according to their posterior probability of being optimal. More specifically,

at each time step t € {1,...,T}, the agent samples a parameter estimate ©; from the posterior
distribution conditioned on the history H' and selects the action that is optimal for the sampled

parameter estimate, A; = 7* (@f) The pseudocode for TS is given in Algorithm

Algorithm 1 Thompson Sampling algorithm

1: Input: parameter prior Pg.

2: fort =1toTdo )

3:  Sample a parameter estimate ©; ~ Pg| .

4:  Take the corresponding optimal action A; = W*(ét).
5:  Collect the reward R, = R(A;, O).

6:  Update the history H'*! = H' U {A;, R}

7: end for

Studying the regret of TS in bandit problems, Russo and Van Roy|(2015)) introduced a key quantity to
the analysis, the information ratio defined as the following random variable:

E:[R(A*,0) — R(4;,0))?
It(A*; R(Atv @)7 At)

This ratio measures the trade-off between minimizing the current squared regret and gathering
information about the optimal action. Russo and Van Roy use this concept to provide a general
regret bound that depends on the time horizon T', the entropy of the prior distribution of A*, and an
algorithm- and problem-dependent upper bound I on the average expected information ratio (Russo
and Van Roy, 2015|, Proposition 1).

Ft =

A limitation of this approach is that the prior entropy of the optimal action, H( A*), can grow arbitrarily
large with the number of actions or get infinite if the action space is continuous. We address this
issue with Theorem I} where we propose a regret bound that depends instead on the entropy of ©,, a
quantized version of the parameter ©. The quantized parameter, defined in Definition[I] is obtained
by setting O, as the closest approximation for © on an e-net for the metric space (O, p).

Definition 1 Let the set O, be an c-net for (O, p) with associated projection mapping q : O — O,
such that for all § € O we have p(6,q(0)) < e. We define the quantized parameter as O, = ¢(O).

4 Main Results

This section presents our main results on the regret of TS for logistic bandits. In Theorem [I] we start
by leveraging the previously introduced concepts to derive an information-theoretic regret bound
that holds for continuous and infinite parameter spaces. Following this, we state in Proposition [I]
our principal contribution, where we prove a bound of 2d on the TS information ratio. Combining
this result with our regret bound, we derive in Theorem@ a bound on the expected regret of TS for

logistic bandits, which scales as O(d+/T log(8T/d)).

The first theorem we present is an adaptation of (Gouverneur et al., 2023, Theorem 2) and (Neu
et al., 2021, Theorem 2) to the logistic bandits setting. It relates the regret of TS to the entropy of the
quantized parameter O..

Theorem 1 Under the logistic bandit setting with logistic function ¢g(x) = /(1 + €5%), let O
be defined as in Definition|l|for some € > 0. Assume that the average expected TS information ratio

is bounded, % Zthl E[T¢] < T, for some T > 0. Then, the TS cumulative regret is bounded as

E[Regret(T)] < +/TT (H(O.) + ¢AT).

Notably, the above theorem holds for continuous action and parameter spaces and works with bounds
on the average expected information ratio of the “standard” TS, instead of the one-step compressed



TS as in (Dong and Van Roy, [2018], Theorem 1). This distinction is crucial for effectively controlling
the information ratio. We explore this difference in more detail in Appendix

The proof of Theorem [I] relies on an approximation of the conditional mutual information
1(©; Ry|Ay, HY) as 1(O.; Ry| Ay, HY) + Be exploiting the fact that, for all @ € A and 0 € O,
the log-likelihood of R(a, ) is 8-Lipschitz with respect to 6. The proof is presented in Appendix @

In the following proposition, we present our main contribution, a bound on the information ratio of
TS that depends only on the dimension d of the problem. This result confirms, under the considered
setting, and up to a multiplicative factor of 9, the conjecture of | Dong and Van Roy| (2018)).

Proposition 1 Under the logistic bandit setting with logistic function ¢g(z) = €% /(1 + €P%), let
A C By(0,1) and O C S4(0,1) be such that O C A. Then, for all B > 0, the TS information ratio
is bounded as T'; < %d.

The proof of Proposition 1]is presented in Appendix B} At a high level, our proof consists of three
parts: a lower bound on the mutual information, an upper bound on the squared expected regret at
time ¢, and an upper bound on a ratio of expected variances by the study of the limit case 5 — co. A
quantity that plays a central role in our analysis is the expected variance of the reward probability
¢3((A¢, ©)) conditioned on ©, E;[V,[¢5((As, ©))|O]]. It is used as a lower bound on the mutual
information and a related quantity shows up in the upper bound on the squared expected regret.

By combining Proposition [T] with Theorem [I] we arrive at our main result: a bound on the expected

TS regret that scales as O(d+/T log(8T/d)).

Theorem 2 Under the logistic bandit setting with logistic function ¢g(z) = €% /(1 + P%), let
A CB4(0,1) and O C S4(0, 1) be such that O C A. Then for all > 0, the TS regret is bounded
as

E[Regret(T)] < 3d, | T log ( 3+ 65dT>

Sketch of proof After combining Theoremwith Proposition we upper bound the entropy H(©.)
by the cardinality of the e-net to get a regret bound of 3\/d/2T (log(|O.|) + eBT). As the parameter
space O is within the Euclidean unit ball, we can use Lemma(8|to control the covering number as
log(|0:|) < dlog(1+2/¢). Finally, setting ¢ = d/(8T') and rearranging terms inside the logarithm
vields the desired result.

To the best of our knowledge, this is the first regret bound for logistic bandits that scales only
logarithmically with the logistic function’s parameter 5 while remaining independent of the number
of actions. We note that it is within a factor of O(+/log(BT/d)) of the minimax lower bound Q(dv/T)
from (Danu et al., [2008)).

5 Conclusion and Future Work

In this paper, we studied the Bayesian regret of the Thompson Sampling algorithm for sequential
decision-making problems under uncertainty, focusing on logistic bandit problems with action and
parameter spaces in the d-dimensional unit ball. We improved the state-of-the-art bounds, proving that
when the action space A encompasses the parameter space O, the information ratio of TS is bounded

by 2d. Using this result, we established that TS expected regret is bounded by O(d+/T log(8T/d)).

A natural direction for future work is to extend our bounds to settings where the action space does
not fully encompass the parameter space. This extension requires careful analysis of how well the
action space aligns with the parameter space, a property closely related to the fragility dimension,
n(A, O), introduced by Dong et al.|(2019). This quantity is crucial for the analysis of logistic bandits,
as/Dong et al.|(2019) demonstrated that there cannot be an 7(.A, O)-independent upper bound that
is both polynomial in d and sub-linear in 7". In cases where the action space does encompass the
parameter space, this fragility dimension is minimal, equal to d + 1. However, in problems where
this relation is not satisfied and with dimension d > 3, the fragility dimension can grow significantly
and become as large as the cardinality of the action set. Future research should take this challenge
into consideration to develop regret bounds applicable to more general settings.
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A Proof of Theorem (1]

Theorem 1 Under the logistic bandit setting with logistic function ¢g(x) = e’ /(1 + eP%), let O,
be defined as in Definition[l|for some € > 0. Assume that the average expected TS information ratio

is bounded, 7 ZtT:1 E[T¢] < T, for some T > 0. Then, the TS cumulative regret is bounded as
E[Regret(T)] < +/TT (H(O.) + £T).

Proof 1 We start by rewriting the expected regret of TS using the information ratio:

E[Regret(T Z E[R — R(A,09)]

- ZE [\/Ftlt(A*; R(4;,0),4,)| .

We continue using Jensen’s inequality and applying Cauchy-Schwartz inequality:

E[Regret(T <Z\/E R(A,0), A|HY)

IN

T
T 1(A*; R(A;,©), A|HY)
t=1

where in the last inequality, we used that Zthl E.[I'¢] < T'T. Applying the chain rule (Yury Polyan:
skiy, 2022, Theorem 3.7.b) we can decompose the mutual information as

[(A*; R(A;,0), Aj|H') = 1I(A*; A;|H') + I,(A*; R(A, ©)|HY, Ay)
=1(A*; R(A;,©)|H", Ay),

where we used the fact that the mutual information 1,( A*; Ay|H') = 0 as the optimal action A* and
the TS action A; are independent conditioned on the history H®.

Let [Rr,|Ht,4,,0 denote the probability density of Ry conditioned on H' A, © and IR, |Ht,A, denote
the probability density on H', A;. Then, the mutual information terms can be written as
thle,At,e(Rt)}
SRy Ht A, (Rt)

We let the set O, be an e-net for (O, p) with associated projection mapping q : O — O. such that
forall 8 € O we have p(0,q(0)) < e. Similarly, as in the proof of (Neu et al.l|2021| Theorem 2), we
note that the mutual information can equivalently be written as

TRriA,,0=0(Rt) TR, |H!, A @_q(e)(Rt)> ]
E / Lmea, (0 (10 ik +1o pe do|, )
[ ofem”H 4 (0) ngt\At,G:q(O)(Rt) s TRy H? A, (Rt)

since fr,|mt,A,.0 = [R,|A,,0 as. by the conditional Markov chain Ry — Ay — H; | ©.

1(©; Ry|H', Ay) = ]E{log

Since the derivative of log(¢g(x)) is equal to §/(1 + exp(Bx)), it is bounded by (3 and is therefore
B-Lipschitz. As for all a € A and all 0 € O, the inner product (a,0) < 1, we conclude that
log(fr,|a,,0=0(1)) is B-Lipschitz with respect to 0. Slmllarly —log(1—-9¢s(x)) = —Bexp(Bx)/(1+
exp(Bx)) is also bounded by [ and is therefore 3- Llpschltz We get that 1og(fr,|a,,0=0(0)) is (-
Lipschitz with respect to 0. We conclude that |log fr,|a,.0=0(R:) — 10g fr, |4, 0=q0)(Rt)| <
Bp(0,q(0)) < Be.

Then, defining the random variable ©. := q(©), we note that the second term in (1) is equal to
(O R |HY, Ay). Summing the T mutual information 1(©; Ry|H', A;) and applying the chain rule
(see (Yury Polyanskiy| 2022 Theorem 3.7.e)), we obtain

E[Regret(T \/I‘T (I(©g; HT) 4+ ¢BT).

Finally, we upper bound the mutual information 1(©.; H™') by the entropy H(©.) as in (Yury Polyan-
skiy, [2022, Theorem 3.4.e) to obtain the claimed result.



B Proof of Proposition|I]

This section presents the key ideas of the proofs of our main contribution, Proposition [T}

Proposition 1 Under the logistic bandit setting with logistic function ¢g(z) = % /(1 + €°%), let
A CB4(0,1) and O C S;4(0, 1) be such that O C A. Then, for all B > 0, the TS information ratio
is bounded as T'y < %d.

Under the logistic bandit setting with link function ¢, the reward R(A;, ©) is given by a Bernoulli
random variable with associated probability ¢z((A;, ©)). We use the notation Bern(¢g ({4, ©))) to
make the setting more explicit. Since we assumed the action space .4 encompasses the parameter
space O and both are subsets of a d-dimensional unit sphere, the optimal action is to select the
action that aligns with the parameter, 7*(6) = 6. We can therefore write R(A*,©) = R(7*(0), O)

equivalently as Bern(¢((©, ©))) and similarly, write R(A;, ©) as Bern(¢s((O;, ©))). To alleviate
the writing, we will omit the subscript ¢ notation for the rest of the section.

Equipped with this new notation, we recall the definition of the information ratio:

_E[Bern(¢5((0,6))) — Bem(5((0, 0)))*
1(©;Bern(¢5((0,0))),0)

re,e)

Our proof can be broadly divided into three key components: establishing a lower bound on the
mutual information, deriving an upper bound on the squared expected regret, and obtaining an upper
bound on a ratio of expected variances by analyzing the limit case as 5 — co. A crucial element in our

analysis is the expected variance of ¢3((©, ©)) conditioned on O, expressed as E[V[¢5((6, ©))|0)]].
It appears in the lower bound on mutual information and a related quantity is used to upper bound the
squared expected regret.

B.1 Lower bounding the mutual information

We start by giving a general lemma that relates the mutual information between a random variable U
and a Bernoulli random variable with probability U to the variance of the random variable U.

Lemma 1 Let U be a random variable taking values in [0, 1] and Bern(U) be a Bernoulli random
variable with probability U. Then it holds that,

I(U;Bern(U)) > 2V(U).
Proof 2 The proof uses the decomposition of mutual information as a difference of entropy and the

Taylor expansion of the binary entropy function. Using proposition |Yury Polyanskiy (2022)[ Theorem
3.4.d], we can decompose the mutual information between U and Bern(U ) as

I(U;Bern(U)) = h(Bern(U)) — h(Bern(U)|U)

Following |\Duchi| (2016)[ Example 2.2] notation, we define ha(p) = —plog(p) — (1 — p) log(1 — p)
forp € [0, 1]. We note that we can rewrite the mutual information as

1(U; Bern(U)) = ha(E[U]) — Elhs(U)]. @)

From a Taylor expansion of ho(x) we have that

ha(2) = ha(p) + (= — D)My(p) + ~(x — p)2RL(E)

2
Jor some & € (0,1). We can compute the second derivative of hs and get h}y(§) = —5(17175). This
function is concave and is maximal at & = 1/2, where it takes the value h(1/2) = —4. We then

have that for all x € [0,1] and all p € [0, 1],
ha(z) < ha(p) + (x — p)hy(p) — 2(x — p)*.
Using this fact for x = U and p = E[U], we have that
ha(U) < ho(E[U]) + (U — E[U)hy(E[U]) - 2(U — E[U])*.
Applying the last inequality to the second term in @), it comes that
1(U; Bern(U)) > E [ha(E[U))~h2 (E[U])—(U~E[U])ho(E[U])+2(U~E[U])?] .
Finally, simplifying terms and taking the expectation gives the desired result.



Equipped with Lemmal([I] we can now state and prove our lower bound on the mutual information
1(©;Bern(¢3((0,0))), ©).

Lemma 2 Let the link function be ¢5(z) = €% /(1 + €5%), then, it holds that

1(6; Bem(9((6,0))), 0)= 2E |V [6((6,6))| ©] | .
Proof 3 We start the proof by applying the chain rule. It comes that

I (@; 6, Bern (%((@, @>)))
1(©:6) +1(0;Bem (¢4((6,6))) | 6)
( ; Bern (qﬁg (e, @))) |6
21(6:Bern (65((6,0))) | ©)
CEl (¢5<<@ ©));Bem (95((6,0))) ) | © = 0],

where (i) follows as © and O are independent conditioned on the history; (j) follows as © and O are
identically distributed conditioned on the history; and (k) is obtained by taking the expectation over

© and using (Yury Polyanskiy| 2022, Theorem 3.2.d) as ¢5((0, x)) is a one-to-one mapping. Finally,
applying Lemmallyields the desired result.

’L

I

We note that this result would not be possible to obtain for mutual information of the “one-step
compressed Thompson Sampling” as equality (j) requires © and © to be identically distributed.

B.2 Upper bounding the squared expected regret

A quantity that wil} naturally come up often is the expected difference between of the parameterA@ and
the sampled ones © and how it relates to the expected difference of rewards ¢3((©, ©)) —¢3((©, ©)).
To alleviate the notations, we define () == ¢5(1) — ¢p(1 — ).
Observing that (0, 0) = ||©||3 = 1, we have indeed

$5((0,0)) — 95((0,0)) = ¢5(1) — 65((0,0)) = (1~ (6,0)).
The two following lemmata from Dong et al.|(2019) will be of importance for our analysis.

Lemma 3 ((Dong et al., 2019, Lemma 16)) Let U,V be random vectors in R, and let U , V be
independent random variables with distributions equal to the marginals of U,V , respectively. Then

E[UTV)] <d E [(UTV)Q} .

Lemma 4 ((Dong et al., 2019, Lemma 18)) Ler f : Ry — Ry be such that f(0) > 0and f(¢)/¢
is non-decreasing over ( > 0. Then, for any non-negative random variable U, there is

EfU)P _ VIfU)]
EU]Z — VU]

The function g(z) satisfies the first two requirements from Lemma applied on the
difference of inner products (©,0) — (0,0), it is a mapping from [0,2] to [0,1] and
1¥3(0) = ¢g(1) — ¢g(1 — 0) = 0. However, it fails to satisfy the third requirement; ¢5(z)/x in-
creases initially, reaching a maximum between 1 and 2 before decreasing (see in Remark|[I)). This
issue leads to the introduction of a modified function, which we call the logistic surrogate, as the
tightest upper bound ¢5() on that satisfies the last requirement from Lemma 4]

Definition 2 (Logistic surrogate) We construct the logistic surrogate function pg as the tightest
upper bound on g (x) such that g(x)/x is non-decreasing over x > 0.



s (x)
() = {wﬂ(m) z € [0, 4],
7 Yp(dp) + (x —dp) - ¥p(08)/0p  x €]dp,2].

Namely, let g = arg max,c|o,2] , we define the function pg as

We are now equipped to state and prove an upper bound on the squared expected regret.

Lemma 5 Let the logistic surrogate be defined as in Definition 2} Then, it holds that
E[Bem(¢((0, 6))) — Bem(((0,0)))) < d-E |V [¢5(1 - (6,0))| 0] .

Proof 4 Integrating over the randomness of the Bernoulli outcome, we can write the squared expected
regret as El¢((0,0)) — ¢5((0,0))]? = E[s(1 — (O, ©))]%. By the definition of @, we have
wp(z) > g(x). Using this and the law of total expectation, we have that

Elys(1 - (0.0))° <E[E[ps(1 - (6,0))0]]*.
We now apply Lemmaon Elps(1 — (8, 0))|©)]. It comes that

Vs (1-16.0)) | €]

E[E[ps(1 - (0,0))|0]> <E A
V[1—<®,@> | @}

=U(O)

A 2 NE
~E[U©)©.0) - (6.0)] =E[W(©)0,0 - 6)]

Finally, we apply Lemmawith U=U©)0andV =0 — O and rearrange terms to obtain the
claimed result:

Putting together Lemma and Lemma we get that the information ration I'(O, @) can be bounded
by

r(e,6 <d2.E[V[‘Pﬂ(1‘<®’@>)|®H.
(©,0) <d/ E[V{W(l_@,@))I@H

The last part of the proof, Appendix [B.3] takes care of controlling the ratio of expected variances
over the functions ¢g and 3.

B.3 Bounding the ratio of expected variances over the functions ¢z and 73

By definition, the function g and its surrogate g are equal for x € [0, d5] and then diverge linearly
at a rate of ¢3(d3)/03. We observe, in Remark (I} that dg is a decreasing function of /5 and that
1p(d3)/dp strictly increases with 5. This observation suggests that studying the case 3 — oo could
provide a general upper bound. Indeed, taking the limit case 5 — oo, the domain where the two
functions differ is maximized, and the rate at which they differ is the largest. We show in Lemma 7]
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that under some simple transformations, increasing the value of 5 does lead to a larger ratio of
expected variances, and therefore, the case J tending to co can serve to derive general upper bounds.
Quite satisfyingly, this limit case will provide a lot of simplifications. We will prove in Lemma[7}
that the ratio of expected variance between 15 and ¢z can be upper bounded by the ratio of expected

variance between v and % defined as

— [0 xze]0,1],
7’W){1 z €]1,2)], )
and
o0 z € [0,1],
s"(96)_{1+2(gc—1) z €]1,2]. @)

We present first the analysis of the ratio of expected variance for the case g tending to oo and then
justify studying the case 2 — oo as an upper bound to the general case in Lemmal[7]

Lemma 6 Let 1) and  be defined respectively in (3) and (@). Then, it holds that
E[V[z(1-(6,0) 6] o
E[V[s(1-©.0)e]]

Proof 5 We start by analyzing E [V [@ (1—(@, @)) | @” We note that 1) (1—(@, @>) is equal
tolif <é, ©) < 0 and is equal to 0 otherwise. To distinguish those two cases, we introduce
the notation 1(©,0) = 146 .0y<oy- We observe that E [V [@ (1—(@, @)) | 9” is equal to the

expected variance of Bernoulli random variable with probability given by Q(©) := E[I(©, ©)] and
can therefore be written as

E[v[s(1-6.0)) |0]| =ElQ©)1 - QO))
The last part of the proof concerns E [V {E (1—(@, @)) | @H Similarly, we can distinguish
=0, or

between two cases: either (©,0)> 0 and 7(1—( ,0)) (6,0)< 0 and B(1-(0,0)) =
1 —2(0, ©). Introducing the notation G(0) = E[I( @)(@, ©)], we can write

)
E [V [¢ (1—<é,e>) | @H —E []E Kp (1—<é,e> “E [¢ (1—<é,e>) | eDQ | @”

0
+E[1(6,0) (Q(0) +26(6)°] + E[(1-1(6,0)) (Q(6) +26(8))’]

~5[16.0)(1-20.0))] = [(Q(e» +26(0)7].

To get to the last part of the proof, we rewrite explicitly Q(0)+2G(©) as E [I(@, 0) (1 — 2(@, @))}
and optimize over the values of (1 — 2(©, ©)). We can that

E [I(@, o) (1-2(6, @))2] ~E [E [10,0) (1-26, @>)ﬂ

< sw B[16,0)%] - [E[16.0)] | ~9-EQ@©)1 - QO

a€[—1,3]
which concludes the proof.
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Lemma 7 Let¢g(x) = ¢p(1) — ¢(1 — x) and the logistic surrogate pg as in Deﬁnitionand let
and @ be defined respectively in @B) and @). Then, for all 3 > 0, it holds that

E |V |ps(1-(0,0))8]] _E vz(1-©.0) @H.
evfon (100 1o]] “2[v (5 @) 0]

Proof 6 Beginning with the ratio of expected variances between g and g, we will apply a series

of transformations to the functions g and 1, ultimately yielding the functions © and . These
transformations are chosen to ensure that they can only increase the ratio of expected variances.

By definition, the function 1g and its surrogate g are identical for x € [0,0g) and then diverge lin-
early at a rate of 13 (0g) /6 on the interval x € [0g, 2|. We illustrate this on Figure Focusing on the
domain where the two functions coincide, we observe that the transformation f(x) = max(z, (1))
reduces the expected variance for both 1 g and pg. However, since 15(x) is less than or equal to
() forall x € [0,2], and both functions exceed (1) on the interval [1,2], the transformation f
proportionally reduces the expected variance of 13 more than that of pg. As a result, the transforma-
tion increases the ratio of expected variances between the two functions. As 1pg and g are strictly
increasing functions, the resulting functions, illustrated on Figure[2} can be written as

_ (1) xe[0,1],

and

_J¥s(1) xel0,1],

The second transformation we apply concerns only the function f(¢g(x)). We will crop all the

values larger than (dg) by applying the transformation g(x) = min(z,¥(03)). As f(¢¥g(x)) is an
increasing function, the function g(f((x))), illustrated on Figure|3| can be written as

Ys(1) 2 €][0,1],
9(f(s(x))) = S ¥p(z)  x €]1, 6]
Vp(ds) =z €]0p,2].

The transformation g reduces the variance of the function f(g(x)) as it both decreases the values

of f(Yg(x)) and the derivative of f(15(x)) for all x €)da,2].

The third transformation we apply is increasing the value of 5. As [ increases, the derivative of
f(ps(x)) increases everywhere,

J 0 z €10,1],

_ Bexp(=B(1—x))
%f(‘pﬁ(x)) = (1+6X§(,5(1,I)))2 z €]1, 55]
¥3(dp)/0s x €63, 2],

and the expected variance of f(pg) increases. Regarding g(f(vs(x))), we can show that that for all
x € [0,2], the ratio f(ps(x))/g(f(¥s(x))) increases with 5. Indeed, this ratio is equal to 1 for all
x € [0, 63] and increases for all x €)dg,2] as

flos(x) _ 28(08) +¢8(08)/0p - (x —bs) _ | (x—0p)
9(f (s(2))) vp(d3) Ip

and as dg is a decreasing function of [3 (see Remark, the ratio (x — 03) /05 is a increasing function
of B for all x €)dg,2]. This fact ensures that the expected variance of g(f (v¥g(x))) cannot increase
proportionally more than the expected variance of f(pg(z)). We can therefore study the ratio of
expected variances between f(poo) and g(f (Veo))-

The last operation we apply is merely a convenient shifting and scaling, h(x) = (x —

9(f(()))/(9(f (¥ (2))) — 9(f(5(1)))). Applied on both g(f (o)) and f(poeo) these opera-

tions do not affect the ratio of expected variances. The resulting functions are illustrated on Figure[d)
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To express the resulting functions, we have to analyze the function 1 (x) for 3 tending to infinity for
values x €]1,2].

We recall that Vg () = ¢5(1) — ¢a(1 — x) and can equivalently be written as
1 1

Yp(z) = 1+exp(—=B) l4exp(—B(1—z))

We have to distinguish between three cases for (v — 1): negative, zero, or positive. For values of x €
11, 2], we have that(1—z) < 0 and thatlimg_, o ¥g(x) = 1, ifx = 1, we have that limg_, o ¥p(z) =
1/2 and for values of x € [0, 1, we have that(1 — x) > 0 and that limg_, , ¥5(x) = 0. We can then
write

0 ze€l0,1],
Yoo(®) =< 1/2 =1,
1 x €]1,2].
We can now construct the corresponding po.(x). We note that ¢“T(I) is maximized when taking the

limit to x = 17 from the right: lim,_,+ w%(x) = 1. It comes that v () can be written as

0 z € 0,1]
Yool(x) = 1/2 x=1,
1+(zx—1) =ze€]1,2].

We denote the resulting functions h(g(f (Voo ()))) and h(f(poo(x))) respectively as 1) and p. We
note that they can be written quite simply as

D) = {0 z €10,1],

1 z€)l,2,
and
P() = 0 x €1]0,1],
P T2 - 1) z€ll,2)
—5= —8=
1.5 B =10 1.5 B =10

—pB=2 —pB=2

0.5
0 —
T T T T T T T T T T
0 0.5 1 1.5 2 0 0.5 1 1.5 2
x
Figure 1: Illustration of the function g (in Figure 2: Illustration of the function f(z3) (in
solid line) and the function ¢4 (in dotted line) solid line) and the function f(¢p) (in dotted
for different values of (. line) for different values of 3.
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T /B =3 “"'..
1.5 B =10
—pB3=25
0.5 Z
0 .|
0 0.5 1 15 2

Figure 3: Tllustration of the function g(f(3))
(in solid line) and the function f(¢g) (in dotted
line) for different values of 3.

6l <

Figure 4: Illustration of the function % (in blue)
and the function © (in orange).

Remark 1 We illustrate the function 1 (x)/x on Figure[5and the behavior of 65 and 15(83) /03

for increasing values of B on Figure

4 (282)-3

@ The derivative of the function 1 g(x)/x is given by

Yp(z) — ——

T

wﬁ(fﬂ)) .

We note that it is equal to zero for values of x €]0, 2] such that %’(/15(1') = wﬂT(x). By definition of

85, we have “-45(55) = 71&;36(;513)'

084 —HB=5

8=10

—B=25
0.6
0.4
0.2
0 _

0 0.5 1 1.5 2
x

Figure 5: Illustration of the function ¢3(z)/x
for different values of x. The maximum of the
function is attained for x = dg.

0.5

\
0 20 40 60 80 100
g

Figure 6: Illustration of 3 and ¢(d3)/dp as
functions of 3. One can observe that jg de-
creases with /5 while ¢(d3)/d increases.
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C Proof of Theorem 2]

This section presents the proof of Theorem@ One lemma, (van Handel, 2016, Lemma 5.13), will be
particularly useful to control the covering number. We restate the lemma below.

Lemma 8 ((van Handel, 2016, Lemma 5.13)) Let B4(0, 1) denote the d-dimensional closed Eu-
clidean unit ball. We have IN (B4(0,1), || - ||2,€)| = 1 fore > 1 and for 0 < & < 1, we have

d

(i)dg W (Ba(0,1), |- [|2,2)] < (”i) '

Theorem 2 Under the logistic bandit setting with logistic function ¢g(x) = €% /(1 + €°%), let
A CBy(0,1) and O C S4(0, 1) be such that O C A. Then for all § > 0, the TS regret is bounded
as

E[Regret(1")] < 3d, | T'log ( 3+ 62;)

Proof 7 The proof starts by combining Theorem[I|with Proposition[l| We can then write
E[Regret(T)] < 31/dT/2 (H(0.) + £3T),

where O, is defined for some € > 0 as in Definition|l| To define ©., we can set O, as the -net
of smallest cardinality. The entropy H(©.) is upper bounded by the logarithm of the cardinality
of the space O (see ((Yury Polyanskiy| (2022, Theorem 1.4.b)), which corresponds to the logarithm
of the covering number N'(O, p,e). As O C By(0,1) and p is the Euclidean distance, we can
apply Lemma 8| and upper bound the TS regret as

E[Regret(T)] < 3\/ T2 (dlog (1 + i) + 55T>.

As the bound holds for any ¢ > 0, we can set ¢ = d/(8T). Using properties of the logarithm, we
arrive at the claimed inequality:

E[Regret(T)] < 3d\/ T/2 <log (1 + QﬁdT) + 1)
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