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Abstract

In this article, we propose a new paradigm for training spiking neural networks (SNNs), spike
accumulation forwarding (SAF). It is known that SNNs are energy-efficient but difficult to
train. Consequently, many researchers have proposed various methods to solve this problem,
among which online training through time (OTTT) is a method that allows inferring at each
time step while suppressing the memory cost. However, to compute efficiently on GPUs,
OTTT requires operations with spike trains and weighted summation of spike trains during
forwarding. In addition, OTTT has shown a relationship with the Spike Representation, an
alternative training method, though theoretical agreement with Spike Representation has
not to be proven. Our proposed method can solve these problems; namely, SAF can halve
the number of operations during the forward process, and it can be theoretically proven that
SAF is consistent with the Spike Representation and OTTT, respectively. Furthermore, we
confirmed the above contents through experiments and showed that it is possible to reduce
memory and training time while maintaining accuracy.

1 Introduction

Due to the carbon emission reduction problem, energy-efficient spiking neural networks (SNNs) are attract-
ing attention (Luo et al. |2023). SNNs are known to be more bio-plausible models than artificial neural
networks (ANNs) and can replace the multiply-accumulate (MAC) operations with additive operations. This
characteristic comes from propagating the spike train (belonging to {0,1}%, where T is the number of time
steps) and is energy-efficient on neuromorphic chips (Akopyan et al., 2015; [Davies et al., 2018)).

Despite the usefulness of SNNs for COs reduction, their neurons are non-differentiable, which makes them
difficult to train. Solving this problem is in the mainstream of SNN research, and back-propagation through
time (BPTT) with surrogate gradient (SG) (Zheng et al., 2021} Xiao et al.l [2022) is one of the main methods
to achieve high performance. In particular, the recently proposed Online Training Through Time (OTTT)
can train SNNs at each time step, just like our brains, and achieve high performance with few time steps (Xiao
et al.l [2022)).

To enable online training, OTTT uses different information for the forward and backward processes. For
forwarding, the spike train is used; for backwarding, the weighted summation of spike trains (which we refer
to as spike accumulation) is used. Therefore, efficient computation on GPUs using the Autograd of libraries
such as PyTorch (Paszke et al.l [2019) requires operations with spike train and spike accumulation during
the forward process (see Fig. . Meanwhile, OTTT has the theoretical guarantee that the gradient descent
direction is similar to that of Spike Representations by the weighted firing rate coding by summing up the
gradients of each time step (Xiao et al., [2021; Meng et al.l [2022)). However, these gradients are not shown to
be perfectly consistent. To accurately bridge them, it is essential to develop a method that guarantees the
gradient can be consistent with each of above two gradients.

In this article, we propose Spike Accumulation Forwarding (SAF) as a new paradigm for training SNN.
Unlike OTTT, SAF propagates not only backward but also forward processes by spike accumulation (see
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Figure 1: Overview of OTTT and SAF training. OTTT requires operations with spike s' [t] and spike accu-
mulation @'[t] during the forward process, while SAF requires operations with a'[t]. Also, u![t] represents
the membrane potential, and U 1] represents the potential accumulation (see Sec. . The SUM layer
computes the spike accumulation, and the Switch layer propagates W's and W'a in forwarding and back-
warding, respectively. Note that, unlike membrane potentials, the potential accumulation does not require
the retention of past information.

Fig.|l). By using this process, we can halve the number of operations during the forward process. In addition,
because SAF does not require retaining the information of membrane potentials as in [Zhou et al.| (2021)), we
can reduce memory usage during training compared to OTTT. Furthermore, this propagation strategy is only
executed during training, and during inference, we can replace the propagation with the spike train without
approximation error. We demonstrate this by proving that the neurons for spike accumulation are identical
to the Leaky-Integrate-and-Fire (LIF) (Stein, [1965) neuron, which is a generalization of the Integrate-and-
Fire (IF) (Lapiquel |1907) neuron, which are commonly used as SNN neurons. This result indicates that the
SNN composed of LIF neurons can achieve the same accuracy using the trained parameters of SAF (i.e.,
SAF is capable of inference by the SNN composed of LIF neurons). Furthermore, we prove that the gradient
of the SAF is consistent with that of the OTTT, which trains at each time step, and that by summing up
the gradients at each time step, SAF is also consistent with the gradient of the Spike Representation. This
shows that SAF can accurately bridge the gap between Spike Representation and OTTT.

Main Contributions

(A) We propose SAF, which trains SNNs by only spike accumulation, halving the number of operations
in the forward process, reducing the memory cost, and enabling inference on SNNs composed of LIF
neurons.

(B) We prove theoretically that the neurons for spike accumulation are absolutely identical to the LIF
neuron.

(C) Our study also shows that the gradient of SAF is theoretically consistent with the gradient of the
Spike Representation and also with that of OTTT, which trains each time step.

(D) We consider the situation that SNNs have a feedforward or feedback connection like brain and discuss
the equivalence of SAF with OTTT and with Spike Representation.

(E) Brief experiments confirmed that for training at each time step, the training results were in close
agreement with OTTT while reducing the training cost.
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2 Related Work

Regarding SNN training, there are two research directions: conversion from ANN to SNN and direct training.
The conversion approach reuses the parameters of the ANN while converting the activation function for the
spiking function (Diehl et al.,2015; Deng and Gul [2020; |[Han et al.,|2020)). This approach can be employed by a
wide range of many trained deep-learning models, and there are use cases for tasks other than recognition (Kim
et al., |2020; Qu et al., |2023). However, because the accuracy tends to be proportional to the number of time
steps and although several improvement methods have been proposed (Chowdhury et al.| |2021; [Wu et al.
2021)), high-precision inference is still difficult for small time steps. Meanwhile, direct training does not use
the parameters of the trained ANNs. Thus, the non-differentiable SNNs are trained by some approximation
techniques. One of the most significant techniques is to utilize the surrogate gradient (SG). SGs enables
backpropagation by approximating the gradient of non-differentiable activation functions, and various types
of SGs (e.g., rectangular or derivatives of sigmoid functions) have been proposed (Shrestha and Orchard,
2018; |Wu et al., 2018} [Lian et al.l |2023; Suetake et al. [2023). Other recently proposed methods include those
based on the clamp function (Meng et al., [2022) or implicit differentiation on the equilibrium state (Xiao
et al.,|2021)). These employ Spike representation, which propagates information such as firing rates, not spike
trains, and have the advantage of being able to train SNNs like ANNs (Thiele et al., 2019; Zhou et al.| [2021)).
However, because these methods assume T° — oo, T must be large to achieve high accuracy. In addition,
these are only differences in how to approximate; the basic approach is similar to SGs. Although there are
bio-inspired training methods, such as Hebbian learning rule (Hebb) 2005} [Frémaux and Gerstner, [2016]) and
spike timing dependent plasticity (STBP) (Bi and Pool [1998; [Bengio et al., 2015). In particular, learning
rules based on eligibility traces, such as SuperSpike (Zenke and Ganguli, [2018), a method for improving
SpikeProp (Bohte et al 2002)), are associated with three-factor plasticity rules (Neftci et al.,|2019). OTTT,
the main focus of our study, has also been mentioned as being associated with the three-factor plasticity rule.
However, training multi-layered SNNs with SuperSpike is challenging, and it is necessary to introduce local
errors in each layer (Kaiser et all [2020). Nonetheless, in Kaiser et al.| (2020), fewer than ten layers were
trained, and training deeper SNNs has still been challenging. On the other hand, OTTT can train deeper
networks such as VGG, which is useful for many applications.

In the following, we discuss the OTTT (Xiao et al., 2022) most relevant to our study. Because OTTT is
a variant of BPTT with SG, it allows for low-latency training. In addition, it is sufficient for OTTT to
maintain the computational graph only for the current time step during training, different from the standard
BPTT with SG. Thus, training can be performed with constant memory usage even as time steps increase.
However, OTTT requires additional information for propagating the spike accumulation as well as the spike
train for the forward process, which can increase training time. In addition, because OTTT is based on
the LIF neuron, it must retain the membrane potential, which can increase memory usage. Furthermore,
it is important to note that while OTTT and Spike Representation have similar gradient directions, their
gradients do not necessarily match exactly (i.e., the inner product between their gradients is positive).

3 Preliminaries

3.1 Typical Neuron Model

In this subsection, we explain the LIF neuron, which is widely used in SNNs. The LIF neuron is a neuron
model that considers the leakage of the membrane potential, and its discrete computational form is as follows:

(1)

w1 t] = Mt — 1] — Vi st — 1)) + Whs![t] + b,
sHl[ﬂ — H(u”l[t] _ Vth)7

where s'[t], u![t], W' and b are the spike train, membrane potential, weight and bias of [-th layer, respectively.

A <1 is the leaky term, and X is set to 1 if we use the IF neuron, which is a special case of the LIF neuron.

Also, H is the element-wise Heaviside step function, that is, H = 1 when the membrane potential u[t] exceeds
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the threshold Viy,. From this relation, the membrane potentials u![t] are computed sequentially and must
retain the previous membrane potential u'[t — 1]. This is the same in the case of OTTT, which uses the LIF
neuron as described below.

3.2 Training methods for SNNs

This subsection introduces two training methods that are closely related to our method: Spike Representation
and OTTT.

Spike Representation

Spike Representation is a method of training SNNs by propagating information differently to the spike
trains (Xiao et al., [2021; Meng et al., |2022)). In this article, we consider the weighted firing rate a[t] =
S ATTS[T]/ 3 AT as in (Xiao et al (2021); Meng et al. (2022); [Xiao et al. (2022). Likewise, we
define the weighted average input m[t] = S0 _  N~7a[r]/>.._ AN~ | where z is the value of the input
data. Then, given a convergent sequence m[t] — m™* (t — 00), it is known that a[t] — o (m*/ Vin) (t — o0)
holds (Xiao et al. [2021)), where o is the element-wise clamp function o(z) = min(max(0,z),1). Using this
convergence and under the assumption that the time step T is sufficiently large, the weighted firing rate
in the (I + 1)-th layer is approximated as a!*[T] ~ o(W'a![T] + b'*1/V4,). We consider the loss L as
L[t] = L(a[T],y) (where L is a convex function like cross-entropy and y is the label). Then the gradient of
L with respect to W' is computed as follows:

oL oL = 0aT] dalt[T) )
<an>SRaaN[T} | 0ai[T] oWt @)

where N represents the number of layers.

Spike Representation can include a feedforward or feedback connections, which have been frequently used
in recent years (Xiao et al., [2021; 2022} [2023), where notice that, feedforward and feedback connections do
not refer to the weights between adjacent layers but to additional weight matrices connecting any layers [
and I’. When there is a feedforward connection, the gradient holds. However, in the case of feedback
connection, it does not hold because we need to calculate implicit differentiation. See Appendix for a
detailed explanation.

Online Training Through Time

OTTT (Xiao et al., [2022) is a training method based on BPTT with the surrogate gradient (SG). BPTT
with SG enables low-latency training; however, during training, it requires the computational graph to be
maintained at each time step, resulting in substantial memory usage when a large number of time steps are
involved. OTTT solves this problem and allows for training with minimal memory consumption.

In OTTT, for the forward process, (weighted) spike accumulation aft] = Zi:o A=7s[r] is propagated in
addition to spike trains s[t] computed by the LIF neuron. Defining the loss at each time step as L[t] =
L(s[t],y)/T, OTTT computes the gradient at time ¢ as follows:

OL[t] o OL[ [ N 9siti]) 9stti]
(an>OT:“l[t] sV [1] ( 1l Zsm )aulﬂ[t]' ®)

i=N-—1

Note that since this equation uses the accumulated information of spikes up to @'[t] at the current time
t, OTTT implicitly trains using information up to ¢, not just the current time. This corresponds to the
fact that membrane potentials accumulate information from the past. Note also that the term 9s/du is
non-differentiable at u = V4y,; thus, we approximate it with the SG; for example, since ds'*1[t]/ds'[t] can
decomposed into (9s*1[t]/0u1[t])(u!T1[t]/0s![t]), we also replace ds*1[t]/OuiT1[t] with the SG. Like the
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case of Spike Representation, OTTT can include a feedforward or feedback connection, and the gradients are
almost the same as .

Xiao et al.[(2022) proposed two types of training approaches: OTTT, where parameters are updated at each
time step using OL[t]/OW!, and OTTT 4, where parameters are updated collectively by summing dL[t]/OW
up to 7T

In particular, they proved that the gradient descent directions in OTTT, and Spike Representation are
similar, i.e., the inner product between their gradients is positive.

4 Spike Accumulation Forwarding

In this section, we introduce our proposed method, SAF, which only propagates (weighted) spike accumulation
a[t]. We first explain the forward and backward processes. Then, we prove that SAF can be consistent with
OTTT and Spike Representation. We also show that the feedback connection can be added to SAF, as
in [Xiao et al.| (2022), and furthermore, feedforward connections can also be incorporated into the SAF. For
summaries of the main formulas, see Appendix [A]

4.1 Details of SAF

Forward process

As mentioned earlier, for the forward processes of conventional SNNs, the spike trains s[t] are propagated. In
other words, the firing state of the spike for each neuron at each time step is retained. In SAF, as in OTTT
and SR, instead of the spike trains, it propagates (weighted) spike accumulation a[t] = Zi:o AT (T,
meaning that it retains the (weighted) count of the fired spikes up to the current time for each neuron.
Additionally, although in conventional SNNs, the spike firing is determined with the membrane potential
u[t], in SAF, it is determined with (weighted) potential accumulation U[t] defined by Ut [t] = AU [t —
1] + W'(a'[t] — Aa'[t — 1]) + b'!, which corresponds to the membrane potential in the relation (). With
these considerations, SAF' is updated as follows:

ﬁl-ﬁ-l[t] = W'al[t] + bl Zfr_:](-) M-T 4 /\tij-l-i-l[o]7 "

@t = Nt — 1] + H(O ] - Vie(\al 1 [t — 1] + 1)),

where U'+1 [0] is the initial value for potential accumulation, and here, we assume it to be the initial membrane
potential w!*1[0]. Here, the membrane potential u!*1[t] and spike trains s!*1[t] in the LIF model can be
expressed by U'T![t] and a'*![t — 1] as follows:
ul ] = ﬁl+1[t] — Vip Aa 1t — 1], )
st = HU™ [t] — Vin(Aa' Tt — 1] + 1)),

For derivations of (4) and (), refer to Appendix Note that, as shown in (), SAF does not need to
retain the past potential accumulation U 1t — 1]. Meanwhile, the various SNNs, including OTTT, require
the LIF neurons used for training to retain the previous membrane potentials u!*![t — 1], as described above.
Therefore, SAF can reduce the memory usage for the forward process compared to OTTT.

As a result, it becomes possible to compute w!T1[t] and s'*[t] during the process of obtaining U'*![t] and
a't1[t]. Because it is possible to compute U'[t] and @'*1[t] from w!*1[t] and s'*[r] (r = 1,...,t), the
forward processes of SAF and SNN composed of LIF neurons are mutually convertible. Additionally, because
the IF neuron is a special case of an LIF neuron (i.e., A = 1), the forward processes of SAF, when A = 1, and
SNN composed of IF neurons are mutually convertible. Furthermore, in OTTT, both s[t] and at] need to
be propagated during the forward process for efficient GPU computation, whereas in SAF, only a[t] needs
to be propagated (see Fig. |l)). Therefore, SAF can reduce the computation time during training.
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Backward process

As with OTTT, SAF can be trained in two different ways. The first method updates the parameters by
computing the gradient at each time step. We call this SAF-E. Let Lg[t] = L(sN[t],y)/T be the loss
function. Assuming that Ly [t] depends only on @'[t] and U'[t], i.e., not on anything up to ¢ — 1, we calculate
the derivative based on the definition of forward propagation as

8LE[t]_a oLl ( Yy oaiti[t]\ oalti[t
ow't 3aNt da'(t 8Ul+1[t].

(6)

Note that da/ oU is non-differentiable; we approximate it with SG. Detailed calculations are given in Ap-
pendix Here, we set

l“[t] _ OLg|t] ( I+1 darti[t ]> 8Al+1”

90 U= e \ AL Taai | apiyy

Then, it holds that
OLg[t] 4y 141
S = ) gl . 7

The second method calculates the gradient only at the final time step and updates the parameters. We call
this SAF-F. Let Ly = E(ZtTZO )\T*tsN[t}/ZtTZO M=t y) be a loss function. As with SAF-E, suppose that
L depends only on @'[T] and U'[T]. Simply replacing ¢ with T and Ly with Ly in the above calculation,
we obtain

8LF =l I+1
awt = @ g [T (8)

4.2 Equivalence with OTTTo and Spike Representation

In this subsection, we show that SAF-E is equivalent to OTTTo and SAF-F is equivalent to Spike Represen-
tation, i.e., the forward and backward processes are consistent, respectively. This means that we can train
SNNs by SAF and infer by LIF neurons.

Equivalence with OTTTo

We will transform the gradient of SAF-E to be consistent with that of OTTTo when the loss function is
Lgt]. Because Lgt] does not include any argument before ¢, we obtain

OLsl] ALl
5aN = 3] ©)

The following two equations hold from the forward processes of SAF and OTTT:

oa™tt]  9s™t]  oa'tt]  0s'T[t]
da’lt] — 9sit] ~ ouiti[]  Outil]

By substituting @, . for ng in , we have

g - OLell ( I as”l[t]) 0

sVt \ AL Tosi | guti)

Hence, the following theorem holds from .
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L
Theorem 1. The backward processes of SAF-E and OTTTo are identical, that is, L[] = L[] .
oWl oWl ) o

A detailed proof is given in Appendix [B:3] Because we have already confirmed that the forward process is
consistent, SAF-E and OTTTg are equivalent.

Equivalence with Spike Representation

Now, we show that SAF-F is equivalent to Spike Representation. Setting the loss function of Spike Repre-
sentation as Lg, from the expression , we have

oL _am( oL S gaitT] )
(awfl)SR‘m<aaN[TJ <_E[ oa ) 4 )

where d'THT] = o/ (W'a'T]/A + b!T1)/Vip), A = ZZ:O M'=7 and ® is the element-wise product. Now
we assume that

ds (T . I+1
m = diag(d™ " [T]),
for any [ = 0,..., N — 1, where diag(d'**[T]) is a diagonal matrix constructed from d'*![T]. The reason why
this assumption is valid discussed in |Xiao et al.| (2022). Then, we obtain
ILp Ly I+1
— = —a'[T) g3 [T].
(F ).~ atriay

Hence, the following theorem holds.

Theorem 2. Suppose that m[t] converges whent — oco. Then, for sufficiently large T, the backward processes

L
of SAF-F and Spike Representation are identical up to a scale factor, that is, a—F = Vin (gﬂ;) .
SR

See Appendix [B-4] for the complete proof. Because we have already confirmed that the forward process is
consistent, SAF-F and Spike Representation are equivalent.

4.3 Feedforward and Feedback Connection

In the brain, there are not only layer stacking, as in normal SNNs, but also feedforward and feedback con-
nections (Semedo et al.l [2022)). Therefore, it is important to consider SAF-E/F including these connections.
In this subsection, we discuss the relationship between OTTTq, SR, and SAF-E/F in the context of both
feedforward and feedback connections.

Feedforward Connection

To begin, we consider the SNN composed of LIF neurons. The forward process of the (¢ + 1)-th layer of the
SNN with a feedforward connection from the p-th layer to the (¢ + 1)-th layer (where ¢ > p) with weight W
is as follows:

{ Wt t] = Mudt [t — 1] — Vi s7H [t — 1]) + WOs9[t] + b9+ + WisPt], an

1ML [t] = H(uITt] — Vin)-

Note that the layers other than the (¢ + 1)-th layer are the same as in . Meanwhile, the forward process
of the (¢ + 1)-th layer of the SAF is as follows:

{ T [1] = WIasft] + be+! (02 A7) + MO0 [0] + Wy arf], (12)

a?m[t] = Nar [t — 1] + H(U! — Vin(Aa9+t [t — 1] + 1)).
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The layers other than the (¢ + 1)-th layer are the same as in . The forward processes of SAF and LIF
with feedforward connection are mutually convertible.

Regarding the backward processes, the gradients for parameters other than Wy are the same as when there
is no feedforward connection. The derivative with respect to W; is calculated as

aLE[t] —ar 8LE f, lﬁ ’\2+1 8a<1+1[t]
oW aaN t] - dailt] 6UQ+1[t]'

Therefore, OLg[t]/OW; = aP|t] qH[ t] for SAF-E and 0Ly /0OWy = a? (T gqﬁH[T] for SAF-F.

Feedback Connection

The forward process of the (¢4 1)-th layer of the SNN with a feedback connection from the p-th layer to the

(¢ + 1)-th layer (where ¢ < p) with weight W), is as follows:

wItHt] = Mud™ [t — 1] — Vi 891t — 1)) + W9s4[t] + bIHL + W, sP[t — 1], (13)
sTH[t] = H(ut ! [t] — Vin).

Note that the layers other than the (¢ + 1)-th layer are the same as in . Meanwhile, the forward process
of the (¢ + 1)-th layer of SAF is as follows:

Ut [t] = W9aa[t] + b7 (X120 A7) + MU 0] + Wy aP[t — 1], 14
art[t] = N\art[t — 1] + H(U! — Vin(Aa9tt — 1] + 1)).

The layers other than the (¢ + 1)-th layer are the same as in . The forward processes of SAF and LIF
with feedback connection are mutually convertible.

Regarding the backward processes, the gradients for parameters other than W, are the same as when there
is no feedback connection. The derivative with respect to W}, is calculated as

8LEM . Ap[t B 1 8LE t (ﬁ H—l 8aQ+1[t]
ow, @ 661\’ t] oatft 8U‘J+1[t}'

i=N-—1

Therefore, we obtain OLg[t]/OW, = aP[t — 1] qul[] for SAF-E and OLp/0W, = a?[T — 1] Q?jﬂ[T} for
SAF-F.
Equivalence with OTTTo and Spike Representation

We can show the equivalence of SAF-E and OTTTo with a feedforward connection, or with a feedback
connection, as well as in Theorem [I} Moreover, as mentioned in Sec. Spike Representation computes the
gradients as , then the equivalence of SAF-F and Spike Representation also holds, even with a feedforward
connection.

Corollary 3. For SNN with a feedforward connection , or a feedback connection , the following hold.
(i) The backward processes of SAF-E and OTTTo with a feedforward connection are identical.

(ii) Suppose that mt] converges whent — oo. Then, for sufficiently large T', the backward processes of SAF-F
and Spike Representation with a feedforward connection are identical up to a scale factor.

(iii) The backward processes of SAF-E and OTTTo with a feedback connection are identical.

The proof is stated in Appendix [B:5
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Algorithm 1 One iteration of SAF training.

Require: Network parameters {W'}, {b*1}; Time steps T; Number of layers N; Other hyperparameters;
Input dataset
Ensure: Trained network parameters {W'}, {b'*1}
1: fort=1,2,...,T do
2: % Forward
3 for([=1,2,...,N do R
4 Update the (weighted) potential accumulation U'[t] and spike accumulation @'[t] using ().
5. end for
6: % Backward
7. forl=N,N-1,...,1do
8 if training option is SAF-E then
9 Update parameters with dLg[t]/OW! = a'[t] gg'l[t] based on the gradient-based optimizer.

10: else if training option is SAF-F and ¢t = T then

11: Update parameters with OLr/OW'! = a![T] gg'l [T] based on the gradient-based optimizer.
12: end if

13:  end for

14: end for

Proximity to Spike Representation

Assume that the SNN have a feedback connection same as in . Then, the same assertion as Theorem
does not hold, that is, SAF-F is not equivalent to Spike Representation in general. However, we can show
that the gradient descent directions in SAF-F and Spike Representation are close.

Theorem 4. Suppose that m[t] converges whent — oco. Then, for sufficiently large T, the backward processes
oL oL
of SAF-F and Spike Representation with a feedback connection are similar, that is, <80F’ <86F> > >0
SR
for all parameters 6.

See Appendix for the proof.

5 Experiments

In Sec. we theoretically proved that SAF-E and OTTTg as well as SAF-F and spike representation are
equivalent. In this section, we experimentally compare these methods. As complex and large datasets make
it difficult to analyze the results, we trained SAF on the CIFAR-10 and the CIFAR-100 datasets (Krizhevsky
and Hinton, [2009) and inferred with SNN composed of LIF neurons. This experiment was performed five
times with different initial parameters, and all approximation was executed by the sigmoid-like SG for fair
comparison. We used the same experimental setup as (Xiao et al.,|2022)), including the choice of SG. The code
was written in PyTorch (Paszke et al.,|2019)), and the experiments were executed using one GPU, an NVIDIA
Tesla V100, 32GB. We show the pseudo-code of SAF-E and SAF-F in Algorithm [I] to better understand our
methods. The implementation details are in Appendix[C] The main objective here is to analyze whether there
are any inconsistencies between theory and experiment rather than to achieve state-of-the-art performance.

5.1 Analysis of SAF-E

We experimentally analyze the performance of SAF-E. First, we compare accuracy. Table [I] shows the
accuracy when we set T' = 6 (the difference of gradients are shown in Appendix E[) As shown in this table,
SAF-E and OTTTg have almost the same accuracy. The values in parentheses in Table [T]show the change in
accuracy due to inference by an SNN composed of LIF neurons. From this table, we can see that the accuracy
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change due to inference by SNN consisting of LIF neurons is almost negligible in the case of CIFAR-10. On
the other hand, CIFAR-100 shows a minor difference in accuracy (compared to the difference in gradient).
This could be attributed to the increased task complexity, resulting in a more intricate loss function and
greater susceptibility to even minor numerical errors affecting final accuracy.

Figure[2]shows the accuracy and loss curves during the training of CIFAR-10. This indicates that the progress
during training are comparable. Therefore, we confirmed experimentally that SAF-E and OTTTo are nu-
merically close. Similar results were obtained when there was a feedforward or a feedback connection (see

Appendix .

Next, we compare the training costs. From Table [T} it can be seen that SAF-E takes less time to train and
uses less memory during training than OTTTg. However, OTTTo can be executed with constant memory
usage even as time steps increase. Therefore, we compared the training time and memory usage at different
time steps. Figures[3[ (A) and (B) show the training time and memory at different time steps. Note that the
training time was measured in one batch. It can be seen that the memory usage of SAF-E does not increase
even if the number of time steps increases, similar to OTTTo. Also, from Fig. 3| (B), we can see that SAF-E
uses less memory than OTTTq. This result stems from the fact that SAF does not need to maintain the
previous membrane potential.

Finally, we compare the firing rate. As shown in Table [I} the total firing rates of SAF-E and OTTTg are
close. Also, the amount of change due to inference with SNNs consisting of LIF neurons is also almost
negligible, similar to the case for accuracy. Furthermore, from Fig. 3| (C), the firing rates of each layer are
almost close too.

These results indicate that using SAF-E can reduce the training time and memory compared to OTTTo
while achieving close firing rate and accuracy. It was also shown that using the parameters trained with
SAF-E to infer with the SNN consisting of LIF neurons is feasible.

5.2 Analysis of SAF-F

In this subsection, we experimentally analyze the performance of SAF-F. First, we compare accuracy. The
results are shown in Tableand Fig. 4] (the difference of gradients are shown in Appendix@. Since the spike
representation method is effective when T is large, there is no theoretical guarantee that SAF-F can infer well
in a short time step. However, Table [2| shows that the accuracy of SAF-F is almost the same for T = 6 and
T = 32. Note that Spike Representation methods, except for SAF-F, do not use SGs, which makes precise
comparisons difficult. Therefore, we only compared SAF-F with OTTT . As with the previous results, the
accuracy change due to inference with SNNs consisting of LIF neurons is almost negligible. Meanwhile, the
accuracies of SAF-F and OTTT, are close, though from the perspective of standard deviation, there seems
to be a difference. From Sec. the gradient directions of Spike Representation and SAF-F are identical,
but those of Spike Representation and OTTT are only similar. Therefore, the gradient directions of SAF-F
and OTTT, are also only similar. This is thought to be the cause of the differences in accuracy and loss.

Next, we compare the training costs. From Table 2] it can be seen that SAF-F requires less time for training
and uses less memory than OTTT,. This trend is also similar when the time step is varied (see Figs. 5| (A)
and (B)).

Finally, we compare firing rate. As shown in Table [2] as for accuracy, the change of the total firing rate
by inferring with SNNs consisting of LIF neurons is almost negligible. Meanwhile, the total firing rate of
SAF-F is smaller than of OTTT,. In addition, from Fig. [5 (C), it can be seen that the firing rate of each
layer (especially the first layer) is smaller in SAF-F than OTTT 4. These differences also indicate that SAF-F
and OTTT, are generally not identical.

From the above analysis, we can say that SAF-F is a better choice than OTTT, in terms of training time,
memory usage, and firing rate. Also, as with SAF-E, inference can be performed by the standard SNN using
the parameters trained by SAF-F.

10
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Table 1: Performance comparison of SAF-E and OTTTo on CIFAR-10 and CIFAR-100. The values in
parentheses were the changes in accuracy and total firing rate due to inference by the SNN composed of LIF
neurons. Note that training times were measured in one minibatch, and training time and memory were not
perturbed between trials.

CIFAR-10
Method T Memory [GB] Training Time [sec] Firing rate [%] Accuracy [%]
OTTTo 6 1.656 0.666 15.1440.17 93.44£0.15
SAF-E 6 1.184 0.468 14.760.15 (1.048x10~5)  93.54-0.17 (0.016)
CIFAR-100
Method T Memory [GB] Training Time [sec] Firing rate [%] Accuracy [%]
OTTTo 6 1.656 0.666 17.27+0.19 70.70£0.19
SAF-E 6 1.186 0.464 16.7740.08 (1.513x107%)  71.56£0.35 (0.042)
— orTT.o
0s 14 —— SAF-E
g _‘D.B
— oTTT.0 "
o —— SAF-E 04
0 50 100 Epl;OCh 200 250 300 0 50 100 EplgOCh 200 250 300
(A) Accuracy (B) Loss

Figure 2: Accuracy and loss curves of SAF-E and OTTTgo on CIFAR-10 (T = 6).

mmm OTTT_O

Time [sec]

1.0
0.50

Memory [GB]
Average Firing Rate

— OTTT.0
—— SAF-E

0 5 10 15 20 25 30 ] 5 10 15 20 25 30 : 1 2 3 4 5
Time Steps Time Steps Layer Index

6 7 8

(A) Training Time (B) Memory Consumption (C) Firing rate

Figure 3: Training time, memory consumption, and firing rate of each layer of SAF-E and OTTTo on
CIFAR-10.
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Table 2: Performance comparison of SAF-F and OTTT,s on CIFAR-10 and CIFAR-100. The values in
parentheses are the changes in accuracy and total firing rate due to inference by the SNN composed of LIF
neurons. Note that training times were measured in one minibatch, and training time and memory were not
perturbed between trials.

CIFAR-10
Method 7T Memory [GB] Training Time [sec] Firing rate [%)] Accuracy [%]
OTTTx 6 1.656 0.661 15.51+0.10 93.39£0.16
OTTT, 32 1.656 3.474 13.96+0.20 93.62+0.04
SAF-F 6 1.157 0.247 10.5040.19 (3.306x107°)  93.0940.15 (0.076)
SAF-F 32 1.157 1.077 10.6540.12 (0.965x107°)  93.25+0.07 (0.002)
CIFAR-100
Method 7T Memory [GB] Training Time [sec] Firing rate [%] Accuracy [%)]
OTTTx 6 1.656 0.666 18.26+0.21 70.18+0.26
OTTTA, 32 1.656 3.479 16.62+0.20 70.77£0.16
SAF-F 6 1.157 0.249 12.1940.22 (1.106x10~5)  70.580.34 (0.002)
SAF-F 32 1.157 1.077 12.21£0.15 (1.016x10~)  71.7340.04 (0.096)
E; ~os
N — OTTTA :
SAF-F o4

0

50 100 150 200

Epoch

(A) Accuracy

250 300

0 50 100 150

Epoch

(B) Loss

200 250 300

Figure 4: Accuracy and loss curves of SAF-F and OTTT, on CIFAR-10 (T = 6).
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Figure 5: Training time, memory consumption, and firing rate of each layer of SAF-F and OTTTA on
CIFAR-10. It can be seen that the firing rates do not match, which agree with the theoretical result that
SAF-F is not always consistent with OTTTy.

12



Under review as submission to TMLR

6 Limitation and Discussion

In this paper, we have shown that SAF-E coincides with OTTTo and that SAF-F coincides with OTTTy.
On the other hand, Xiao et al| (2022)) shows that OTTT methods are more accurate than BPTT. Given
the concordance between SAF and OTTT, SAF is more accurate than BPTT. We consider that the better
accuracy than BPTT is due to the difficulty of achieving optimal rollout at all times in BPTT, as known by
vanishing gradients, and the fact that most of the datasets used in the field of deep SNNs are time-independent
labels. Therefore, we assume that da’¥ [t — 1]/OW! is zero (see Appendix . This assumption is intended
to even out the gradient’s effect on parameter updates at each time, as described in Appendix[B-2] and is also
valid for widely used time-independent datasets. On the other hand, since SAF trains using information up
to t by the spike accumulation @, not just the current time, SAF can implicitly train at each time while using
information up to the previous time. The above assumption can be easily removed; however, its validation
would require a labeled time-dependent data set. This would require the preparation of an appropriate data
set, which is outside the scope of this paper, considering theoretical consistency with OTTT and is therefore
considered one for future research.

7 Conclusion and Future Work

This article proposed SAF. SAF is a training method of SNNs that propagates the spike accumulation during
training; however, SAF propagates the spike trains during inference, as do other SNNs. This article showed
that SAF trained at each time step (SAF-E) is equivalent to OTTTq, and SAF trained at the final time step
(SAF-F) is also equivalent to Spike Representation. We conducted experiments on the CIFAR-10 dataset
and confirmed that the experimental results are consistent with these assertions and that training time and
memory of SAF are reduced compared to OTTT.

Most SNNs, including OTTT, Spike Representation, and SAF, train under time-independent labeled training
data. Then, the issue of improving SAF to train even if the labels change at each time step remains for future
work. Other remaining tasks are to experimentally confirm the similar results of this work for other surrogate
gradients and to investigate the theoretical relationship with other learning rules such as SuperSpike.

SAF, as presented in this article, assumes training on a GPU. Therefore, it may not be suitable for training
on neuromorphic chips. However, we believe executing training on GPUs and inference on neuromorphic
chips is reasonable. In the future, we also plan to verify inference on the neuromorphic chip, including the
extent to which numerical errors are affected by differences in computing environments.
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Appendix

A List of main Formulas

The neurons and gradients are as follows. Note that s'[t], u'[t], W' and b’ are the spike train, membrane
potential, weight, and bias of [-th (also denoted by p-th and ¢-th) layer, respectively. Also, A < 1 is the leaky
term, Viy, is the threshold, L, Lg, and Ly are the loss functions, H is the element-wise Heaviside step function,
N is the number of layers, a[t] = 3°0_ A" 7s[r]/ Y.L _, A7 is the weighted firing rate, a[t] = S°4_, A'~ 7 s[7]
is the (weighted) spike accumulation, and U1 [t] = AU [t—1]+W'(@'[t] - Aa![t—1])+b' ! is the (weighted)
potential accumulation.

A.1 Neurons
LIF neuron :
wtL[t] = ANu [t — 1) — Vi ULt — 1)) + Wsi[t] + o',
sHl[t} — H(u”l[t] _ Vth)
SAF neuron :
{ UHt] = WHal[t] + b1 0 AT + AT o),

att) = Aa ]t — 1) + HU ] - Vie(Aa 1t — 1] +1)).

A.2 Neurons with feedforward connection

LIF neuron (TI):
{ T [t] = A(uTH[t — 1] — Vi 891t — 1)) + W2s[t] + b9 + WsP[1],
97 [t] = H(ut ™ [t] — Vi)
SAF neuron (T2):
{ T4t = WOas[t] + b7 (30, A7) + MU 0] + Wy arle],

art 1] = \aT [t — 1] + H{U = Vin(AaT [t — 1] + 1)).

A.3 Neurons with feedback connection

LIF neuron :
wItt] = ANuw?t it — 1] — Vi 897t — 1)) + Was9[t] + b9 + W, sP[t — 1],
sTHt] = H(u9TLt] — Vip).

SAF neuron :

{ UTH[t] = Waaa[t] + ba T (S0 AT) + AU 0] + W, aPt — 1],

7=0

ar it = AaT [t — 1) + H({U — Vin(Aa? [t — 1] + 1)).
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A.4 Gradients

Spike Representation :

oL oL = 0aitUT] dalt[T]
(avw)SR_aaN[T} (_H amm) ow't

i=N-—1
OTTTo (B):
OL[\ . OL[] [ Yy 0sTH) 98t
(5w7)., =2t gy (1;[ e )fhlﬂm'
OTTTa:

oL I oaL (Y astti ) asttl[y
<8WI>OT :zt:al[ﬂ dsN[t] ( 11 dsi]t] ) DUl

i=N-—1

SAF-E @, or :

OLg|t] =al[t] OLg|t] ( I1+1 aaiﬂ[ﬂ) oa' L[

b, oalft] ) Uty

SAF-F (§):

OLr _ aipy 8LF ﬁ aaitT]\ 9al+L[T]
owtl — ¢ 8&1\’ da'[T] ) gUi+[T)

i=N—1

B Derivation and Proofs

B.1 Derivation of (E[) and @

In this subsection, we derive and through proving that and hold for any ¢t € {1,...,T} with
mathematical induction.

First, we prove that and hold for ¢t = 1. We compute ﬁl+1[1] based on definition as follows:
U 1) = AU 0] + W@l [1] — Aa@'[0]) + b T
= wla'[1] + b + AU 0]
Taking account into a@'*1[0] = 8'*+1[0] = 0, we obtain
w! 1] = A TH0] — Vip s'H10]) + Wis![1] + b+
= U 0] - Vina't[0]) + W'(@'[1] — Aa'[0]) + b
=U"'[1] - Vi@t (o).
With this equation, we have
Sl-‘rl[l] — H(ul-i-l[” _ Vth)
= H({U"[1] - Viu(A@"*[0] + 1)).
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Then, a'*1[1] can be computed as follows:

1
al+1[1] _ Z )\177‘814“1[7_}
7=0
_ )\al+1[0] 4 Sl-‘,—l[l]
=A@ 0] + H({U"1] — Vin(Aa@"1[0] + 1)).
Therefore, and hold for ¢t = 1.

Next, we prove that and hold for ¢ when they hold for any 7 € {1,...,t — 1}. Assuming that and
hold for any 7 € {1,...,t — 1}, we have

U] = XUt — 1] + W@'[t] — Aa'[t — 1)) + bt

t—2
=) (W”[ 14+ bFE Y AT 4 A 1Ul+1[0]> + W@t — xa'[t — 1)) + b+
7=0
t—1 N
_ Wl&l[t] + pitt Z AT + )\tUH_l[O].
7=0

Also, u!t1[t] is computed as follows:
ul+1[t] _ )\(ulJrl[t —1] = Vin Sl+1[t — 1))+ + Wls l[ ] + +pitt
= MUt — 1] = Vip(Na! Tt — 2] 4 st — 1)) + W@ [t] — Ma'[t — 1)) + bt
= U t] - Vipaa" [t — 1.
With this equation, we have
st = H(u*[t] - Vin)
= HU"'[t] = Vi (A&t = 1] + 1)),

Then, @'T![t] can be computed as follows:

t
al—&-l[t] — Z )\t—TSl-'rl[T]
a1+ s
=xa'"t -1+ H(U“‘l[t] — Vin(\a' 1t — 1] + 1)).
Hence, and hold for ¢ when they hold for any 7 € {1,...,t —1}.
Therefore, and hold any ¢t € {1,...,T}.

B.2 Derivation of (7)) and (8)

First, since Lg[t] = L(sV[t],y)/T, we have

OLglt]  OLg[t] 9sN[t]
oWl — 9sN[t] oWl

Assuming that Lg[t] depends only on a'[t] and U! [t], i.e., not on anything up to t — 1, we regard @™ [t] as
NTt] + Const. Then, we calculate that

OLgplt]  OLglt] 0sV[t] 0a™[t]  OLg[t] 9aN|t]

oWl 9sN[t] daN[t] oWl — galN[t] ow'! "’

(15)
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Next, it follows from that

oaN[t)  o9aN[t) 9aN[t—1] , 9aN[t] oUNY)
oWl oaN[t—1] OW! JUN[t] OW!
_9aN[t] aUN[Y] 9aN—'[t]
© QUN[ 0aN -1t OW!
aaN[t] oaN—'[t]

= %N oWl (17)

(16)

where we regard daN [t — 1]/OW! as 0, and UN|[] as a function of @~¥~'[¢]. It should be noted that the
assumption da[t — 1]/OW = 0 implies equalizing the effect of gradient on parameter updates at each time.
Indeed, daft—1]/OW is already used for updating parameters at time ¢t—1. Therefore, using also da[t—1]/0W
in the calculation of da[t]/OW will result in excessive influence of the gradient at ¢ — 1 on the parameter
update at t.

By repeating the process from (|16 to in the same way, we derive

9aN[t] _ ( st aaiﬂm) oal1[t]

owt —\ AL “aaqy | Town

Therefore, the gradient of SAF-E is calculated as follows:

oLplt]  oLglt) ( Yy oaiti[] 0@ttt
oW — dalN[t] 1] dailt] | oW

i=N-—1

oLplt] [ Yy aai*lm) dal+1[t) (18)

~
=a'll] = = —~ :
daN|t] <i-N1 dailt] | aU1[t]
where note that the Heaviside step function H is element-wise. This concludes the derivation of ([7]) by setting

Lo OLglt] (Y eartin) oatti[i]
g [t] = ( H dai[t] >8ﬁl+1[t]'

g
i=N-1

Derivation of is almost the same as that of . As with SAF-E, suppose that Lz depends only on a'[T
and U'[T]. Since Lr = L(a™[t]/ ZZ;O ATt y), holds when ¢ is replaced with T, and Lg[t] is replaced
with Lg. The rest derivation is the same as in case . Then we have

OLp _ . OLp ([ Tp @I\ &M T) o

Note that da'+1[t]/0U[t] in and is non-differentiable; we approximate it with the SG.

B.3 Proof of Theorem

OLg[t OLg[t
Theorem 1. The backward processes of SAF-E and OTTTo are identical, that is, 81;1/[[] = ( 3V]i/[l]>OT'

Proof. The gradient of SAF-E and OTTTg are as follows:

oLgplt] dLg[t] 0Ll [ Ky 9stti]) astti[y
e g (), — a5y (E 05T )3"’“[t]'
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We show that the gradient of SAF-E is equal to the gradient of OTTTg by transforming gl+1[ t]. First, we
calculate OLg[t]/0a™ [t]. Because Lg[t] does not include any argument up to ¢ — 1, it holds that

OLglt] OLg[t] 0s™[t]  OLglt]
daN[t]  0sN[t] 9aN[t]  0sN[t]’

Then, we have

41 g "
glil[ . OLg|t] I 8ajl[t] 8gl+1[t] .
osN[t] \ -, 9a'lt] | outift
Second, because of the forward process of SAF, i.e., and , we obtain that
m = 6(U"[t] = Vin(Aa" 't — 1] + 1)
8Ul+1[ ]

= 8(u""[t] — Van),

where § represents the delta function. On the other hand, the following equation can be derived from the
forward process of OTTTp, i.e., :

8sl+1[t]

Ful i = 5(u"[t] — Vip).

Hence,

= . (20)

Then, we have that

l+1[t 8LE t ﬁ Al+1 alerl[t]
95 Nt] dailt] ) oultift]’
From (), @"*'[t] depends on a’*'[t — 1] and U*[t], while @*'[t — 1] does not depend on @' +1[t], Thus, we
calculate that
oartl) _ oatl[) o0 | oatll) dattiit—1]  oait]
dailt] — gU[] oda'lt] | datlt—1] 0da'lt]  gU[1]

W (21)

Moreover, s"1[t] depends on u'™![t] because the forward process of OTTTg is given by (). Hence,

st 08Tt Outt[t]  9stH[t]

= = L 22
0st] Outl[t] 0s't] Outt1[t] w (22)
Combining 7 and 7 we have
a1t 0s"[t]
oait]  9s'[t]
In the end, we transform ng[ t] as follows:
gty = 2Lzl 25 ot (23)
U 0sN(t] SN dsi[t] | dultl[t]
This concludes the proof. O

20



Under review as submission to TMLR

B.4 Proof of Theorem

Theorem 2. Suppose that mlt] converges whent — co. Then, for sufficiently large T', the backward processes

L L
of SAF-F and Spike Representation are identical up to a scale factor, that is, % = Vin (gv[fl>

Proof. From assumptions, a' ™' [T] = o (W'a![T] + b'*!)/V4y,), where o(x) = min(max (0, z), 1). Therefore,
the followings hold for i =1+ 1,...,N —1:

8LF 8LF 80,N [T]

oWt 9aN[T] oWl ’ (24)
a1 [T]  0a''[T] da’[T) (25)
oWl 9ai[T] oWl
By repeatedly substituting for , we can calculate OLr/OW'! as follows:
OLp  OLp lﬁ daitl[T]\ da+![T] (26)
oW 9aN|T] e, 0al[T] owt -

This is the gradient of Spike Representation and denote it by (OLrp/0W')sg. We will show that
(OLp/OW')gR is in proportion to dLp/OW! = @[T ggl[T], which is the gradient of SAF-F.

First, let A = ZZ;O AT=7_ Then a![T] = @'[T]/A for any layer . From linearity of differentiation and change
of variables, we have followings:

OLp 0Ly  0aitMT]  0@itMT] 0at\[T]  Ada*t[T)

9aN[T] ~ AoGN[I]T oa[r] _ o0&l oWl owl (27)

Substituting into , then we obtain

Lr\  OLp ﬁ dait1[T)\ oal+! [T
OW! ).~ 0aN[T] 90 [T oWl

i=N-—1

Second, it follows from a'[T] = @'[T]/A and a'™'[T] = o (W'a'[T] + ') /Viy) that

1 1
ST 5l 1+1
a [T]~Ag<th<AWa[T]+b ))

Here, taking care that o is element-wise, we calculate as follows:

OLp al[T) 8LF s da' T[T 1 /1, )
_ ® Ao wlaliT +1
<8Wl)SR VinA \ 8aN[T] H -, “0ai[T] Vin \ A alT]+b

_alg) ( oLe [ Yy dati[r] |
= T <aaN[T] <Z._Nlaafm>®dl+ W)’

where we set d'F1[T] = o/ (W'@'[T]/A + b'"1)/V;y), and © is the element-wise product. Now we assume
that

os!tl! [T]

OuTl[T] = diag(le[T]),

21



Under review as submission to TMLR

for any [ = 0,..., N — 1, where diag(d'**[T]) is a diagonal matrix constructed from d'*![T]. The reason why
this assumption is valid discussed in Xiao et al.|(2022). Then, we obtain from that

oL allT] oL 0@t oalti(T 1
(av&) _ v[ ]a NF 1T Z } ] _ a![T] (7).
SR th Oa 0a'T] | oUt+'[T]  Vin

i=N—1

B.5 Proof of Corollary

Corollary 3. For SNN with a feedforward connection , or a feedback connection , the following hold.
(i) The backward processes of SAF-E and OTTTo with a feedforward connection are identical.

(ii) Suppose that mlt] converges when t — co. Then, for sufficiently large T, the backward processes of SAF-F
and Spike Representation with a feedforward connection are identical up to a scale factor.

(iii) The backward processes of SAF-E and OTTTo with a feedback connection are identical.

Proof. First, we show (i). The gradients for parameters other than W are equal to the gradients when there
is no feedforward connection. From Theorem [I] these gradients are same as OTTTq. Therefore, we only
need to check OLg[t]/OW; = (OLg[t]/OWy)or. In fact, the gradient of OTTTq calculated (see Xiao et al.
(2022)) as

OLg|t] o OL[) [ astHU) 0sTHY]
( oW, > = a’ll] ( 11 sift] ) durti[e]

i=N—1

and holds, then we have

OLglt] ~pra ati _ OLplt]
(Go) —atey'n -G

Hence, SAF-E is equivalent to OTTTg even if there is a feedforward connection in SNN. The same method
can be used to prove (iii).

Next, we show (ii). The gradients for parameters other than W} remain the same as when there is no
feedback connection. According to Theorem [2] these gradients are identical up to a scale factor to Spike
Representation. Therefore, we only need to check OLp[t]/OW), = Vin(OLp[t]/OWy)sr. When there is a
feedforward connection, holds. Therefore, it can be proved in the same way as Sec. noting that
a® T = o (W?[T] + b + Wyal[T]/Vin). O

B.6 Proof of Theorem E|

Theorem 4. Suppose that mlt] converges whent — co. Then, for sufficiently large T', the backward processes

oL oL
of SAF-F and Spike Representation with a feedback connection are similar, that is, <30F, (60F> > >0

for all parameters 6.

Proof. From the assumption, the firing rates of each layer converge to these equilibrium points: (a'*!)*

fira((@')*) (1 #q), (@) = fos1(fpo -0 fora((@®h)*), (@)*) = fe+1((aP)*, (a?)"), where fi11((a')*) =
o (WhHa)* + b)) /Vin), and fe1((@P)*, (a?)*) = o (W(a?)* + b + Wy (aP)*/Vipn). Since T > 1,
0L /00 can be calculated using the spike representation as follows (see Xiao et al.|(2021)),Xiao et al.| (2022)):
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oL _ oL 0fic1 \ " 0fipa(al[T))
(55 )= et (1 dattry) 5 )

where 0f;y1/0a'[T] denotes Jacobian matrix and I denotes identity matrix. Here, we regard (I —
Of1+1/0al[T)) =1t of as an identity matrix, and denote it by

oL __OLr 0fia(a'[T))
( 39F)SR - 8al+1F[T] Haa ' (29)

Then, it is proved in [Fung et al.| (2022)) and |Geng et al.| (2021)) that

B-EF/ OLp
— —_— >0,
() (55)0)
where (-, ) denotes inner product. If 8 is not W, right-hand side of is equal to right-hand side of ,
then from Theorem

OLp _ iaLF
90 o Vin 00
Next, we consider 6 as W;,. a?"'[T] can be approximated by o ((W4a?[T]+ b4 + W, a?[T])/V;p) and

a?[T] ~ aP[T — 1] because T is large. Therefore, a?™[T] ~ o (W%?[T]+ b?™' + Wy, a?[T — 1])/Vin).
Setting dy"![T] = o' (W'a![T] + b"*! + W, a*[T — 1])/Vin) and calculating similar to Sec. we derive

that
o7 ~ 1 ggitl
8LF o a [T - 1] 8LF Jda [T] ® dl+1[T]
W4 ) sr N Vin oaN|[T) 0at[T) b

i=N-—1

1
= —af[T -1 g&T
Vtha[ Jg5 [T

1 [0Lp
B V:ch 8Wb .

In the end, take the inner product between their gradient we obtain that

e~

(). (%), = ( () (%) ) o

C Implementation detail

In the experiments of our study, we used the VGG network as follows:
64C3-128C3-AP2-256C3-256C3-AP2-512C3-512C3-AP2-512C3-512C3-GAP-FC,

where xCy represents the convolutional layer with z-output channels and y-stride, APx represents the average
pooling with the kernel size 2, GAP represents the global average pooling, and FC represents the fully
connected layer.

As for the time step, we set it to 6 if there is no mention. We used the stochastic gradient descent (SGD)
as the optimizer with the batch size, epoch, initial learning rate for the cosine annealing, and momentum at
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Table 3: Gradient comparison of SAF-E and OTTTo on CIFAR-10 and CIFAR-100.

Dataset T Correlation Coefficient MAE (x107%)
CIFAR-10 6 0.984+0.001 2.26+0.10
CIFAR-100 6 0.969+0.001 12.440.40

Table 4: Gradient comparison of SAF-F and OTTT, on CIFAR-10 and CIFAR-100.

Dataset T Correlation Coefficient MAE (x107%)

CIFAR-10 6 0.566+0.097 23.2£4.40
CIFAR-10 32 0.557+0.064 22.5£4.00
CIFAR-100 6 0.590+0.021 72.6£12.8
CIFAR-100 32 0.55740.030 73.6£17.2

128, 300, 0.1, and 0.9. As for the loss function, we applied the combination of the cross-entropy (CE) and
the mean-squared error (MSE) losses, i.e., L = (1 — a)CE + aMSE (where a = 0.05). In addition, we set the
leaky term as A = 0.5 and the threshold as V4, = 1 and used the scaled weight standardization (sWS) (Qiao
et al.l [2019). We applied derivative of a sigmoid function as a surrogate gradient:

gat ] 1 exp((Vin — U+1()/8)

QU] B (1 + exp((Vin — UH1[t]) /)2

where (3 is a hyperparameter and we set 5 = 4. Note that all settings, including the above, were the same as
Xiao et al.| (2022]).

D Comparison of gradient

Tables |3|and [4] show the correlation coefficients and mean absolute errors (MAE) of gradients of the SAF and
OTTT. These values were computed in the input layer after training, where the gradient error between SAF
and OTTT were the largest. As can be seen from the table, it is considered that SAF-E and OTTTg have
the same gradients, while SAF-F and OTTT, have different (but close direction) gradients. These results
clearly support our theory.

E Experimental Analysis of SAF-E with Feedback and FeedForward Connection

In this section, we confirm that SAF-E and OTTTqo are equivalent even if there is a feedback or feedforward
connection. First, we compare the performance of SAF-E with OTTTo when both networks have a feedback
connection from the first layer to the N-th layer. The setup was the same as in the experiments of | Xiao et al.

(2022).

Table [5| shows the accuracy and total firing rate when we set T' = 6. As shown in this table, SAF-E and
OTTTo with feedback connection are almost close. Also, the change due to inference with SNNs consisting
of LIF neurons is also almost negligible. Figure [6]shows the accuracy, loss curve, and the firing rates of each
layer. From these results, we confirmed experimentally that SAF-E and OTTTo with feedback connection
are close, which consistent with the assertion in Corollary.

Next, we compare the performance of SAF-E with OTTTo when both networks have a feedforward connec-
tion. We used the RepVGG network (Ding et all, [2021)). The results are shown in Table [6] and Fig. [ As
in the case of feedback connections, we can also see that SAF-E and OTTTg with a feedforward connection
are close.
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Table 5: Comparison of SAF-E and OTTTq with feedback connection on CIFAR-10 (7' = 6). The values in
parentheses are the changes in firing rate and accuracy due to inference by the SNN composed of LIF.

Method Firing rate [%)] Accuracy [%)]
OTTTo with feedback 14.744+0.34 93.23+0.28
SAF-E with feedback (ours) 14.32+0.12 (1.78 x 107%)  93.20+0.18 (6.67 x 1075)

Table 6: Comparison of SAF-E and OTTTo with feedforward connection on CIFAR-10 (T' = 6). The values
in parentheses are the changes in firing rate and accuracy due to inference by the SNN composed of LIF.

Method Firing rate [%] Accuracy [%]
OTTTo with feedforward 15.03+0.10 93.53+0.15
SAF-E with feedforward (ours) 14.7240.04 (3.342x107°)  93.53+0.17 (0.004)
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Figure 6: Accuracy and loss curves, and firing rates of each layer of SAF-E and OTTTo with feedback
connection on CIFAR-10 (T = 6).
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Figure 7: Accuracy and loss curves, and firing rates of each layer of SAF-E and OTTTo with feedforward
connection on CIFAR-10 (T = 6).
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