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Abstract

Model-based offline reinforcement learning methods (RL) have achieved state-of-the-art per-
formance in many decision-making problems thanks to their sample efficiency and gener-
alizability. Despite these advancements, existing model-based offline RL approaches either
focus on theoretical studies without developing practical algorithms or rely on a restricted
parametric policy space, thus not fully leveraging the advantages of an unrestricted policy
space inherent to model-based methods. To address this limitation, we develop MoMA, a
model-based mirror ascent algorithm with general function approximations under partial
coverage of offline data. MoMA distinguishes itself from existing literature by employing an
unrestricted policy class. In each iteration, MoMA conservatively estimates the value func-
tion by a minimization procedure within a confidence set of transition models in the policy
evaluation step, then updates the policy with general function approximations instead of
commonly-used parametric policy classes in the policy improvement step. Under some mild
assumptions, we establish theoretical guarantees for MoMA by proving an upper bound
on the suboptimality of the returned policy. We also provide a practically implementable,
approximate version of the algorithm. The effectiveness of MoMA is demonstrated via
numerical studies.

1 Introduction

Reinforcement Learning (RL) has emerged as an effective approach for optimizing sequential decision making
by maximizing the expected cumulative reward to learn an optimal policy through iterative online interactions
with the environment. RL algorithms have made significant advances in a wide range of areas such as
autonomous driving (Shalev-Shwartz et all 2016)), video games (Torrado et al., |2018]), and robotics (Kober
et al., [2013)). However, numerous real-world problems require methods to learn only from pre-collected and
static (i.e., offline) datasets because interacting with the environment can be expensive or unethical, such
as assigning patients to inferior or toxic treatments in healthcare applications (Gottesman et al.l 2019).
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Therefore, the development of offline RL methods, which learn an optimal policy solely from offline data
without further interactions with the environment, has grown rapidly in recent decades (Levine et al.l 2020)).

The performance of offline RL methods often relies on the coverage of offline data. Earlier theoretical studies
of offline RL usually assume that offline data have full coverage, i.e., every possible policy’s occupancy
measure can be covered by the occupancy measure of the behavior policy that generates offline data Munos|7
2003} [Antos et all [2008; [Munos & Szepesvari Farahmand et all, 2010} [Cange et all, 2012} [Ross &]
Bagnell, 2012; |Chen & Jiang), 2019; [Liu et all 2019, [Uehara et al., [2020; Xie & Jiang} 2020; 2021). This
assumption implies a highly exploratory behavior policy that can explore all state-action pairs, a condition
rarely met in practical scenarios. Recent studies have shifted from this restrictive full coverage assumption to
a more realistic partial coverage framework. This only requires the behavior policy’s occupancy measure to
cover that of the target policy. Methods developed under the partial coverage assumption fall into two main
categories: policy constraint methods and pessimistic methods. Policy constraint methods focus on learning
an optimal policy within a boundary that maintains proximity to the behavior policy (Fujimoto et al., 2019
Kumar et all 2019} [Wu et all, 2019} [Liu et all [2019; [Laroche et all [2019; Nachum et al., [2019} [Siegel et al.
2020; Kostrikov et al 2021} [Fujimoto & Gu, 2021), ensuring that the performance of the learned policy is at
least as good as the behavior policy. On the other hand, pessimistic methods, which include both model-free
(Kumar et all) [2020; [Liu et all [2020; Jin et al) 2021; Rashidinejad et al., 2021} [Xie et al., 2021} [Zanette]
et al| [2021} [Yin & Wang| 2021} Kostrikov et all, 2021} [Cheng et al., [2022} [Shi et al., 2022} [Zhang et al.
2022) and model-based approaches (Yu et al., [2020; [Kidambi et al. 2020; [Chang et al. 2021} [Uehara & Sun
2021; [Yu et all |2021} Rigter et al., [2022} |Guo et al., 2022; Rashidinejad et al.| 2022; Bhardwaj et al. [2023),
employ a principle of pessimism to penalize less-visited state-action pairs without constraining the policy,
thereby avoiding uncertain regions not covered by the offline data.

Compared to pessimistic model-free methods, a key advantage of pessimistic model-based methods lies in
their ability to utilize an unrestricted policy space (Uehara & Sunl 2021). Nonetheless, existing offline
model-based approaches (Uehara & Sun, 2021; Rigter et all [2022; |Guo et al. 2022; Rashidinejad et al.l
[2022; Bhardwaj et al., 2023) either focus on theoretical studies without developing practical algorithms, or
rely on a restricted parametric policy space, thereby not fully exploiting the potential of an unrestricted
policy space inherent to model-based methods. The drawback of using parameterized policy classes becomes
evident when the optimal policy falls outside the predefined policy class. To circumvent the constraint of
parametric policy spaces, this paper aims to develop a pessimistic model-based algorithm that employs an
unrestricted policy class.

In this study, we introduce MoMA, a pessimistic model-based mirror ascent algorithm designed for offline
RL, without the need for explicit policy parameterization. At a high level, MoMA iteratively performs two
steps: conservative policy evaluation and policy improvement. In the conservative policy evaluation step, we
find a pessimistic @) function of the current policy at each iteration ¢ by minimizing the @ function over a
confidence set of transition models. It plays a critical role in relaxing the full coverage assumption to partial
coverage in offline RL. In the policy improvement step, given the pessimistic @) function from the first step,
we update the policy by mirror ascent (Beck & Teboulle, 2003) with general function approximations. The
design of the policy improvement step is adapted from to facilitate an unrestricted policy class
in our model-based offline RL setting.

The theoretical framework of MoMA separates conservative policy evaluation from policy improvement.
This separation is advantageous as it allows for independent investigation of statistical and computational
complexities. Under this theoretical framework, we establish an upper bound on the suboptimality of MoMA
with a characterization of statistical error, optimization error, and function approximation error, assuming
a computational oracle for a constrained minimization problem in the conservative policy evaluation step.
A notable distinction of our work, compared to model-free approaches like [Xie et al| (2021)), is that our
suboptimality upper bound does not include the size of the policy class. This is a significant advantage,
as it permits the assumption of an unrestricted policy class. In model-free settings, the policy-dependent
confidence set must maintain certain properties uniformly across all policies in the class, resulting in the
inclusion of the policy class size in the suboptimality upper bound. In contrast, in our model-based approach,
the confidence set is independent of the policy. This independence eliminates the need to factor in the size of
the policy class, thereby removing constraints on its expansiveness. On the computational side, we develop
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a practically implementable algorithm that serves as an approximation of the theoretical algorithm. In
particular, a primal-dual step is designed to address the computational oracle requirement - approximately
solving the constrained minimization problem in the conservative policy evaluation step.

The rest of the paper is organized as follows. Section [2]introduces some preliminary settings and definitions.
In Section 3] we present MoMA, the proposed algorithm, followed by Section [d] which discusses its practical,
approximate version suitable for implementation. Section[5|establishes the main theoretical results for MoMA
under some assumptions. Numerical results in both synthetic dataset and D4RL benchmark are included
in section [6] Section [7] discusses the comparison between MoMA and several existing works in offline RL.
Finally, Section [§] concludes the paper with a discussion.

2 Preliminaries

Markov decision processes and offline RL: We consider an infinite-horizon Markov decision process
(MDP) M = (S, A, P,r,, 110), with continuous state space S, discrete action space A = {Ay, Aa, ..., A}, a
transition dynamics P(s’ | s,a) with s, s’ € Sand a € A, a reward function r : Sx.4 — [0, 1], a discount factor
v € 10,1), and an initial state distribution po. We assume a model space P for the transition dynamic, i.e.
P € P. The reward function r is assumed to be known throughout this work. A stochastic policy m maps from
state space to a distribution over actions, representing a decision strategy to pick an action with probability
7(:|s) given the current state s, i.e. 7(- | s) € A(A) :={p € R™ : Y7"  p; = 1,p; > 0,Vi} for all s € S.
Given a policy 7 and a transition dynamics P, the value function VZ(s) := Ep [ ;" v'7(st,at)|s0 = ]
denotes the expected cumulative discounted reward of m under the transition dynamics P with an initial
state s and a reward function r. We use VZ = E,.,,V5(s) to denote the expected value integrated
over § with an initial distribution pg. The action-value function (i.e., @ function) is defined similarly:
Qp(s,a) =Ep (> 207 r(st,a)|s0 = s,a0 = a]. Let di(s,a) := (1—7) Do g V' Pr(se = s,a¢ = alsg ~ po) be
the occupancy measure of the policy 7 under the dynamics P. Then V5 can be expressed as E(S’a)wd; [r(s,a)].
Assuming that a static offline dataset D,, = {(s;,a;,7,8}) : i = 1,...,n} is generated by some behavior policy
under the ground truth transition dynamics P*, model-based offline RL methods aim to learn an optimal
policy that maximizes the value V7. through learning the dynamics from the offline dataset without any
further interactions with the environment.

Partial coverage: One fundamental challenge in offline RL is distribution shift (Levine et al., 2020)):
the visitation distribution of states and actions induced by the learned policy inevitably deviates from the
distribution of offline data. The concept of coverage has been introduced to measure the distribution shift
using the density ratio (Chen & Jiang, |2019)). Denote p(s, a) to be the offline distribution that generates the
state-action pairs (s;,a;)j_; in offline data. Full coverage means sup; , dp.(s,a)/p(s,a) < oo for all possible
policies 7w, which may not hold in practice. In contrast, partial coverage only assumes that the offline
distribution covers the visitation distribution induced by some comparator policy ! (Xie et al., 2021)), such
that sup, , d}LT* (s,a)/p(s,a) < co. Our work aims to learn the optimal policy among all polices covered by
offline data, i.e., Il := {7 : sup, , d7.(s,a)/p(s,a) < oo}.

3 Model-based mirror ascent for offline RL

In this section, we present MoMA, which is summarized in Algorithm MoMA can be separated into
two steps in each iteration: 1) In the policy evaluation step, we conservatively evaluate the updated policy
through a minimization procedure within a confidence set of transition models; 2) In the policy improvement
step, we update the policy based on mirror ascent (MA) under the current transition model. The conservative
policy optimization procedure is designed to mitigate distribution shift by penalizing the value of state-action
pairs that are rarely visited, thereby addressing the high uncertainty in their value estimation. This approach
ensures performance under a partial coverage assumption rather than a full coverage assumption. We provide
details for the policy evaluation and policy improvement in section [3.1] and section [3.2] respectively.



Published in Transactions on Machine Learning Research (10/2024)

Algorithm 1 MoMA: Model-based mirror ascent for offline RL

Input: The learning rate {n;}7_, a consistent estimate P and its corresponding a,.
Initialization: Initialize mo(-|s) = Unif(A).
fort=1to T do

Conservative policy evaluation:

Policy improvement: 7;41(- | s) = arg max {(Q}Lﬁ(s, Py — =D (m (- | 8),p)} ,Vs.
pEA(A)
end for

3.1 Policy evaluation: conservative estimate of ()
In the policy evaluation step, inspired by [Uehara & Sun| (2021)), we first construct a confidence set
Pra, ={P €P:&,(P) <an}

for transition models. Here N L
gn(P) = Ln(P) _Ln(P)a

where Zn : P — RT is an empirical loss function for P, depending on the offline dataset D,,, and

~

P =arg glel% L, (P)

is an estimator based on En For example, if En(P) denotes the negative log-likelihood function of P, then

P is the maximum likelihood estimator (MLE) for P. «, can be understood as the radius of the confidence
set. Then, we find P; that minimizes the value function V5* within P, 4, , which is formulated as

Py =argminp.p V5" (1)

If the radius of the confidence set «,, is set to zero, then P; exactly corresponds to the MLE for P. In
this scenario, no uncertainty penalization is considered. A positive «,, allows us to construct a perturba-
tion around the MLE. Finding the most pessimistic P, within the confidence region implicitly imposes an
uncertainty penalization for rarely visited state-action pairs.

The minimizer P;, combined with the current policy 7, can be used to evaluate Q}Ei through Monte Carlo
methods. In section we will provide an example using negative log-likelihood to illustrate the implemen-
tation procedure.

The conservative policy evaluation step is designed to provide a pessimistic estimate of the value function
given a policy. This idea has been employed in pessimistic model-free actor-critic algorithms (Khodadadian,
et al} |2021;|Zanette et al.l 2021} [Xie et al.,|2021)), where the critic lower bounds the @ function. For example,
Khodadadian et al.|(2021) constructed the pessimism for ¢ under the tabular setting. |Zanette et al.| (2021)
assumed a linear @) function and conservatively estimated ¢ by minimizing ) within a confidence set of the
coefficients for Q. [Xie et al|(2021) conservatively estimated @ in a general function approximation setting,
however, the size of the function class was limited by the sample size of offline data. Compared to these
model-free methods, MoMA has several advantages. First, unlike [Xie et al|(2021), the size of the function
class for approximation in MoMA can be arbitrarily large. Second, MoMA has no restriction on the policy
class, which is crucial when the optimal policy is not contained in a restricted parametric policy class. See
Appendix [7] for a detailed discussion about the comparisons between our work and existing literature in the
policy evaluation step.

3.2 Policy improvement: mirror ascent

In the policy improvement step, we use mirror ascent, which maximizes the ) function with a regularizer that
penalizes the Bregman distance D(-,-) between the next policy and the current policy. We first introduce
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Algorithm 2 MoMA: A Practical Algorithm

Input: The learning rate n:, Pp, q,, -

Initialization: Initialize 7y = Unif(A).

fort=1to T do
Conservative policy evaluation:
Compute P := Py, where #¥) is the output from eq. .
Policy improvement:
Sample {s; }é\le from df; .
for j=1to N do_

Input {fi—1.4(s; Bi—1.4)}7, and s; into algorithm {4} and output {Q, +(sj, A;) 7.

end for
Find B;; that solves eq. @ for each i = 1,...,m.

Save the parametric function {f; ;(s; B\t,i)}?il as an input for iteration ¢ + 1.
end for

the definition of the Bregman distance. Let || - || be a given norm in A(A) and w : A(A) — R be a strongly
convex function with respect to (w.r.t.) || - ||. Then D(:,-) is a Bregman distance if

1
D (p,p/) = w (pl) = [w (p) + (Ve (p) .0/ = p)] = 5 llp7 = pII* . Vo, p7 € A(A),
where (-, -) denotes the inner product. For clarity, we consider QF (s,-) € R™ with i-th element Q7 (s, A;).
Given a pre-specified learning rate n; > 0, the proposed update rule is:

(s, _ 1 (-] s s
““('s):irfi?jf{@f’f( »)s D) mD( +(- | ),p)} Vs. 2)

Intuitively, the update rule aims to maximize the value function while ensuring minimal deviation from the
previous step. The distance D measures the divergence between the updated policy and the original policy
from the previous step. The parameter 7; can be interpreted as the step size, indicating the weight placed on
distance control. This update rule is distinct from existing literature in that it does not require any explicit
policy parameterization. This feature underscores the advantage of MoMA over existing model-based offline
algorithms that rely on parametric policy classes, e.g., |[Rigter et al| (2022); |Guo et al.| (2022)); Rashidinejad
et al.| (2022)); Bhardwaj et al.| (2023)).

As the Bregman distance defines a general class of distance measures, one can design corresponding algo-
rithms based on specific distance measures if desired. Notably, natural policy gradient (NPG) (Kakade,
2001) is a special case of policy mirror ascent when D(-, ) is set to be KL divergence.

We remark that for a continuous state space S, it is impossible to enumerate for infinitely many states.
To overcome this issue, in section [I.2] we provide a computationally efficient algorithm through function
approximation, which is one of the key advantages of MoMA compared to existing literature, e.g., Algorithm
1 in [Xie et al.| (2021).

4 A practical algorithm

In this section, we present an implementable algorithm that approximately solves the constrained minimiza-
tion problem , summarized in algorithm

4.1 Primal-dual (PD) for solving the constrained optimization problem

In order to approximately solve the constrained minimization problem in the policy evaluation step, we
introduce its Lagrangian form:

in V7t P) — ay,).
max min V' + A(€n(P) — an) (3)
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Suppose the transition model P is parameterized by ¢, denoted as P4. To solve (3), we design a model
gradient primal-dual method with the following update rule:

P = %) — 1V Ly (0" A \EHD — Proj, (w + ko (En(Py) — an)) . (4)

Here Proj, is the projection to a pre-specified interval A for A, and £V7t(¢(k), A(®)) is the Lagrangian function:

Vgt(k) + )\(k)(é’n(P(z,(m) — av,). Here A is a user-defined interval designed to prevent A(*) from reaching 0 or
@

+0o0.

4.2 Function approximation in MA

In the policy improvement step of algorithm [1} updating m:41(- | s) for an infinite number of states s is
computationally impossible, as Q. can only be evaluated when m;(- | s) is known for all s. Although Monte
Carlo estimation may be utilized in evaluating Q}Li in eq. , the computational complexity would grow
exponentially with the number of iterations 7', resulting in computational inefficiency. Notably, this issue
is also present in Algorithm 1 of Xie et al.| (2021). In contrast, our practical algorithm exhibits polynomial
dependence on T, which is computationally efficient. A detailed justification for this claim is provided in
Appendix [7]

By the definition of D(m(- | s),p), the objective function in the policy improvement step of algorithm [ is

equivalent to ) .
(QF.(s,),p) + — (Vw(m( | 5)),p) — —w(p).
Nt Uz

We define the augmented action-value function as

th S P Zth S A <Qw,t(sv‘)7p>,

where
Qui(s, A7) = QF (s, Ai) + " Vw(ﬂt( | $))i

and Q%t(s, -) is a vector with its i-th element as Qw,t(s,Ai). The augmented action-value function not
only incorporates information about the action-value function but also includes information about the policy
itself. Following Lan| (2022)), we approximate Q. +(s,p) by a parametric function fi(s,p; ;) € F; such that
fi(s,p; 87) = Q. +(s,p) for some B}, which is sufficient to approximate Qu (s, A;) for each A; according to
Q. 1(s,p) = <Qw,t( -),p). To this end, for each i = 1,...,m, we introduce f;(s; 8;;) € Fr; to approximate
Qw’t(s, A;), and thus

fe(s,p; Be) = th,i(SQBt,i)pi = (fi(s; Be),p)-

i=1
Here, F;; can be chosen as e.g. reproducing kernel Hilbert spaces (RKHS) or neural networks.

For each ¢ = 1, ...,m, the optimal parameter ﬂt*l can be obtained as follows,
X . ~ 2
By € argming, Eswd;: [(Qw,t(sti) — fri(s; Bei)) } - (5)

Specifically, we can generate {s; }5\;1 ~ d;, and then minimize the empirical version of :

N

Bos € argming, 3" [(Quelss, A) — Fealssi 8))°]. (6)

Jj=1

where {Qw (85, A )}jv ; are output from algorlthml (see Appendix [E)). The computable Bt ; satisfies the
property that f ;(s; ﬁt i)~ fri(s;i Bry) ~ Qu.i(s, A;) for each i = 1,...,m.
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With the obtained { f(s; 3“) i 1, the update rule in the policy improvement step can be written as below
and solved by standard optimization algorithms,

741 (- | 8) = arg max {th i Bm)pi — ;tw(p)} ,Vs e S. (7)

PEA(A)

Such a design of function approximation enjoys several benefits. 1) The objective function in is concave
which can be solved by standard first-order optimization methods. 2) Compared to commonly-used para-
metric policy classes, our policy class is unrestricted, ensuring it includes the optimal policy. 3) The function
approximation error in eq. can be made arbitrarily small by enlarging the function classes F ;.

4.3 An example

We provide a concrete example to illustrate the implementation procedure of the proposed practical algo-
rithm [2] though our framework is general and different settings can be considered if desired.

Policy evaluation step. We consider the following empirical loss function Zn for transition models:
L, (Py) = —fZlogP¢ si | siya;).
i=1

Then P = P$ is exactly the MLE, and

ACAEIND)

1
Z Og / ‘Sz;az)

The gradient of the Lagrangian function is:
VLv,i(d,A) = VgVi! + AV4En(Ps).

Here the model gradient V¢V1’§; can be calculated using the proposition 2 of Rigter et al.[(2022). Specifically,
let
My(s',5.0,m) o= (r(s,) + VI (5))) x Vylog Py (s | s,0),
then
V¢VI§; = ]Es,ar\zd;t ,S/NP¢(‘|S,G)M¢(S/7 S, a, 7Tt)-
For V4&,(Py), we have V4&,(Pp) = ZZ 1 Vg log Py(s; | si,a;). Then the expressions of V4Ly (¢, A),
Vg Vi, and V4&,(Py) can be plugged into and output a P; := Pyx).

Policy improvement step. We consider

= pilogp;
=1

and introduce a multi-layer neural network f; ;(s; 8¢ ;) for approximating Qw?t(s, A;). Foreachi=1,...,m, in
order to find the best j;;, we first sample {sJ}N , ii.d. from d7, then run any policy evaluation procedure

such as Monte Carlo (algorithm I in Append1x' for Q. +(s5, Al) for each j = 1,..., N. Using training data

(55, Qu.t(sj, A; ))iL1, we can obtain ﬁt,z by standard neural network (NN) training procedure. In addition,
thanks to the form of w, we have a closed form solution to which is the update rule

i1 (Ai | 8) o< exp(ne fii(s; Bt,i))

for i = 1,...,m. Besides NN for f; ;(s;f,;) for each ¢ = 1,...,m, alternative general function classes, such
as infinite-dimensional RKHS, can also be employed for function approximations.
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4.4 Efficient policy update

We provide a detailed discussion of the computational complexity for each step in our MoMA algorithm here.
We first consider the case w(p) = Y .-, p;logp;, which leads to a closed function form of Ty 41 (4; | s)

exp (77tft,i (s; B“)) for each ¢ = 1,...,m. In the policy evaluation step ¢, given Bt,l which is the output

from the (¢ — 1)-th iteration, we can count the number of calls of m:(s) from ¢ to ¢t + 1 as by realizing we
need 7 in the Monte Carlo evaluation of Vg; for k = 1,..., K and the sampling from d7 in the policy
evaluation step. Specifically, for each sampling or Monte Carlo evaluation, the effective numbers of using m,
is ﬁ, which is the effective trajectory length in an infinite-horizon discounted MDP. Therefore, for each ¢,

1—~
of Monte Carlo trajectories. In the policy improvement step, we need m; in the sampling of (s, Ai);,v:l and

in the policy evaluation step, we need to use m; for a total of O (K—LQ) times, where L denotes the number

Monte Carlo evaluation of Qw’t(sj, A;) for each j,i. Therefore, we need O (%) Monte Carlo trajectories
starting from (sj,p;) for each j = 1,..., N. Therefore, collectively at each ¢ in algorithm [2| we need to
evaluate the function m; (4; | -) = exp (ftfl,i (~; Bt,M)) /C' approximately O (%Lj + %) times, which
is independent of ¢t. More generally, when w does not induce an explicit solution to ), then I more steps
for gradient descent of may be needed. In that case, running algorithm 2| costs O (I T (K—LZ L))

1—y 7 (1-7)?
operations related to policy updates, which is polynomial on all the key parameters.

4.5 Extension to continuous action space

We now extend MoMA to handle complex RL tasks with nonlinear dynamics and continuous action spaces.
Instead of considering p € A(A) introduced in section where A is assumed to be finite, we consider a
continuous action space A C R% in this section. Here d_4 is the dimension of the action space and A is
assumed to be a compact convex set. In the continuous-action case, we consider the deterministic policy
m:S = A, ie. 7(s) € Ais a feasible action for each state s € S.

In this case, a proposed update rule is

I ,i m(s), a s
ma(s) =angmax { QF; (5, - D (mi(s)a)} v ®)

Still, since the update rule is computationally infeasible for infinitely many s, we propose a version with
function approximation that is similar to section Specifically, by expanding D(m(s),a), the objective
function in (8)) is equivalent to QF; (s, a)Jr% (Vw (me(s)) ,a>f%w(a). We also deﬁn? Qu.i(s,a) == QF (s,a)+
i (Vw (m(s)) ,a) as the augmented action-value function. We then approximate Q,, (s, a) by a parametric

function fi(s,a;B:) € Fi such that fi(s,a;6;) =~ Qw)t(s,a) for some 3;. Here F; can be RKHS or Neural
Networks.

In particular, the optimal parameter 5} can be obtained as follows,
* . 2 2
B; € argming, E(s,a)ng [(Qw,t(&a) - ft(S,a;ﬁt)) } . (9)
Specifically, we can generate {s;,a; }j\le ~ d’;;t, and then minimize the empirical version of :
1 2
Bi € argming, — > [(Qw,t(sj,aj) — fi(sj, a5 B1)) } : (10)
j=1
where {wat(sj,aj)}évzl are output from algorithm [5| (see Appendix . The computable Et satisfies the

property that fy(s,a; B;) & fi(s,a; 87) ~ Qu.(s, a).

Finally, the update rule involving function approximation can be written as
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me41(8) = arg max {ft(s, a; Bt) - 1w(a)} ,Vs e S. (11)
acA Up

A standard optimization procedure such as accelerated gradient descent method can be employed to solve
().

For completeness, we summarize the whole algorithm for the continuous-action case in algorithm [3]

Algorithm 3 MoMA: A Practical Algorithm in the continuous-action case
Input: The learning rate n;, P q,, -
Initialization: Initialize 7y = Unif(A).
fort=1to T do
Conservative policy evaluation:
Compute P := Py, where #) is the output from eq. .
Policy improvement:
Sample {sj,aj}j.vzl from df .
for j=1to N do_
Input fi—1(s,a; ft—1) and (s, a;) into algorithm and output Qy, ¢+(s;,a;).
end for
Find B;; that solves eq. .
Save the parametric function f;(s,a; ;) as an input for iteration ¢ + 1.
end for

5 Theoretical analysis

In this section, we present the upper bound on the suboptimality of the learned policy 7 in Algorithm [2]in
terms of sample size, number of iterations and all key parameters. All proofs are presented in Appendix [C]
We first present the following assumptions.

Assumption 1. The following conditions hold.
(a) (Data generation). The dataset D = (s;, a;, 74, 5,)", satisfies (s;, a;) bl p with s ~ P*(- | s;,a;), where
p denotes the offline distribution induced by the behavior policy under P*.

T
dpx(s,a)

(b) (Coverage of any comparator policy «'). Cp+ :=sup,, Fey

(¢) (Realizability). P* € P.
(d) There exist <+ < a, = o(1), & < 6, = o(1) such that with high probabilities P. € Py o, and

< 0.

S

Eest = SUP  E(ga)plllP(- | 5,a) = P*(- | 5,a)|l1] < d,. (12)

Epn,an

Assumption a) is related to offline data generation, common in offline RL theoretical literature. Assumption
b) essentially requires the partial coverage of the offline distribution. The concentrability coefficient C+
measures the distribution mismatch between the offline distribution and the occupancy measure induced
by wf. Assumption c) requires that the model class P is sufficiently large such that there is no model
misspecification error. Assumption (d) is needed to provide a fast statistical rate uniformly over the
confidence set. We remark that assumption d) is a mild condition. For example, commonly-used empirical
risk functions (e.g. negative log-likelihood) satisfy it. See proposition |1} corollary [1| for more details in
Appendix [B]

Now we provide the suboptimality upper bound for algorithm [2] in the following theorem, assuming an
access to a computational oracle for solving the contained minimization problem in the conservative
policy evaluation step. Theoretical results for algorithm [1] in which we assume no function approximation,
are summarized in Theorem [2] in Appendix
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Theorem 1. Under Assumptz’on ifm=01-—7) 21%@4%) for every fixed T, then we have

t - y ¥ 1 1
V5. — VZ. 5( + )Cn“r Eest + N R
P -2 ()P (1-7)VT
model error policy optimization error
1 dr. (s) Vvmaxy ; | Fy i
+ A sup £ Eapproz T+ —_—
(177)%‘ | . HO(S) ( PP \/N )

function approximation error

with high probability. Here T ~ Unif(mg, 71, ..., mr—1) where {Wt}tT;()l are output by Algom'thm@ and Eqpprox
is defined in Definition [A.3

A brief proof sketch is provided here. The proof of Theorem [I]is based on a decomposition of suboptimality:

Ve it = (Vi Vi) (VA Vi) (VR V) 13
—

(a) (b) (0)

Term (a) can be bounded by the distance between the true dynamic model P* and P;, which converges to 0
as the sample size increases to co. Term (b) is managed through the mirror ascent update rule, which tends
to 0 as the number of iterations &k — co. Term (c) is negative thanks to the construction of the confidence
set and the definition of P;. The proof is completed by averaging both sides of the above equation over T

The upper bound in Theorem [1] includes three terms: a model error (depending on fixed n) coming from
using offline data for estimation of the transition model, an optimization error (depending on iteration 7T')
from the policy improvement, and a function approximation error coming from using Monte Carlo samples
approximating the augmented ) function. The model error is a finite-sample term that cannot be reduced
under the offline setting, while the optimization error can be reduced when the number of iterations T
increases. Typically, we have .5t = Op(1/4/n). The function approximation error involves an approximation
eITOr E4pprop that decreases as the function class is enlarged max,; |F; ;| — oo, an estimation error that
scales with Op(1/v/N), and a distribution mismatch sup, ’}T;* (s)/1o(s) between the initial distribution and
the occupancy measure induced by a single 7! under P*. Indeed, if max; ; |F; ;| — 0o, then qppror — 0 by
Deﬁnition Consequently, the function approximation error can converge to 0 as long as max; ; | F ;| — 00
and N — oo at the same speed based on its expression in Theorem [I} The function approximation error and
the model error share similar intuitive interpretations. In the model error, C,; measures the transfer of .4
changing from the offline distribution to the target distribution d7.. Analogously, sup, d}&i (s)/po(s) in the

4/ max |

. . . i | Fti e c . .
function approximation error measures the transfer of e,pprox + % from the initial distribution to

R t
the target distribution dp..

6 Numerical studies

We perform numerical studies on both an illustrative synthetic dataset and MuJoCo (Todorov et al.| [2012)
benchmark datasets, where we extend MoMA to the continuous-action setting.

6.1 Synthetic dataset: an illustration

We design a test environment based on a modified random walk with terminal goal states to generate data
with partial coverage and understand how pessimism helps MoMA avoid common pitfalls faced by model-
based offline RL methods. w(p) is set to be " | p; log(p;).

Environment and offline dataset For each episode that starts with an initial state sg ~ U(—2,2),
at time n a particle undergoes a random walk and transits according to a mixture of Gaussian dynamics:
Spt1—8n =t A ~ VN (11,4, 0.1) + (1 —1pq )N (112,40, 0.1), where the discrete action a € {—1,0, 1} corresponds

10
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to Left, Stay, and Right, respectively. We generate a partially covered offline dataset collected by a biased (to
the left) behavioral policy S that penalizes over-exploitation of the MLE. The full details for the environment
and the behavioral policy are given in Appendix

MoMA performance The implementation follows Algorithm [2] with details in Appendix We com-
pare with 1) model-based NPG, which can be seen as a simplified version of MoMA without the conservative
policy evaluation; 2) model-free neural fitted Q-iteration (NFQ) (Riedmiller, 2005); and 3) a uniformly ran-
dom policy. All algorithms are offline trained to convergence, and then put into the environment for 1000
online evaluation episodes. We choose the number of episode steps as the metric for this shortest path
problem, and report the means and standard deviations for the scores of all 4 algorithms in Table [l MoMA
has significantly superior performance compared to the baselines, while the model-based peer NPG achieves
the second best performance. This is not surprising since a learned dynamics model in general helps gen-
eralization in tasks with continuous state spaces, and NFQ’s lack of generalization ability is exacerbated in
this partial coverage setting.

Table 1: Average episode length (+ std.) over 1000 online evaluation episodes; shorter is better.

MoMA NPG NFQ Uniform
2.63 £1.61 3.20+233 439+£296 6.13 £ 5.07

Contribution from pessimism To understand pessimism empirically, we zoom into the state s = 0.1,
where the optimal policy is consecutive Right, the data-supported suboptimal policy is consecutive Left,
and the faulty policy centers on Stay. Due to inaccurate MLE, a model-based algorithm without pessimism
over exploits the model and converges to the faulty action Stay. In contrast, pessimism allows MoMA to
trust the model on Left which has high coverage, while cautiously modifying the model such that Stay does
not lead to substantial Right movement, i.e., 1[)0 increases (see Figure in Appendix . This behavior is
clearly captured during the training process: shown in the right plot of Figure [T} while the weight of the
faulty action Stay monotonically increases for NPG, it decreases from the 10*" epoch for MoMA. As a result,
the suboptimal action weight (shown middle) eventually dominates for MoMA but vanishes for NPG, and
NPG’s value function V'(0.1) under the true dynamics (shown left) decreases due to the over exploitation of
the learned dynamics model.

-25 1.0 1.0
c NPG MoMA
S 20.8 - 0.8
= g 2
§ -26 =06 g 0.6
L E 3
5 3 £
> _2.7 202 0.2
0 10 20 30 40 0.0 0 10 20 30 40 0.0 0 10 20 30 40
Epoch Epoch Epoch

Figure 1: MoMA vs NPG training behavior, zoomed in at state 0.1. Left: the value function V(0.1); middle:
the data-supported suboptimal action weight; right: the model-mislead faulty action weight.

Furthermore, in Appendix we provide an illustrative example demonstrating that assuming a nonpara-
metric policy class leads to better performance compared to a parametric class, highlighting scenarios where
the limitations of parametric policies become evident.

6.2 Continuous action D4RL benchmark experiments

We now extend MoMA to handle complex RL tasks with nonlinear dynamics and continuous action spaces
by approximating Q) (s, a), Va € continuous A rather than approximating @, (s, 4;) for discrete actions.

11
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See section for more implementation details. We adjust the implmentation accordingly, and evaluate on
D4RL (Fu et al 2020) MuJoCo benchmark datasets.

We consider the medium, medium-replay, and medium-expert datasets for the Hopper, HalfCheetah, and
Walker2D tasks (all v0), respectively. We compare against SOTA model-based baseline algorithms MOPO
(Yu et all|2020) and RAMBO (Rigter et al.,[2022), and model-free baseline algorithms CQL (Kumar et al.,
2020) and IQL (Kostrikov et al. 2021). With the exception of RAMBO for which we cite the results
reported in Rigter et al.| (2022]), we train all algorithms for 1E6 steps with early stopping and with 5 different
random seeds; additional experimental details are given in Appendix We summarize the scores (average
returns of 10 evaluation episodes) in Table [2l MoMA consistently demonstrates performance that is at least
comparable to state-of-the-art (SOTA) algorithms. Notably, in 4 out of 9 cases, our algorithm outperforms

the other two model-based RL algorithms, achieving the highest performance.

Table 2: D4RL benchmark averaged performance over 5 random seeds (& std.).

Ours Model-based Model-free

MoMA MOPO RAMBO IQL CQL
Hopper, medium 429 +12.9 | 58.2 + 15.2 | 92.8 £ 6.0 101.1 £ 0.5 | 100.6 + 1.0
Hopper, medium-replay 102.2 = 0.8 | 101.2 + 0.9 | 96.6 = 7.0 66.0 + 16.2 | 89.2 £ 9.3
Hopper, medium-expert 102.5 + 3.4 | 46.3 £17.1 | 83.3 £ 9.1 106.7 £ 7.1 | 82.8 &£ 19.0
HalfCheetah,medium 44.2 + 0.8 26.5 +£ 10.1 | 77.6 £ 1.5 425 £ 0.1 41.3 £ 0.3
HalfCheetah, medium-replay | 55.4 £+ 1.0 53.0 = 2.0 68.9 £ 2.3 42.6 £ 0.1 45.9 £ 0.1
HalfCheetah, medium-expert | 98.4 £ 12.6 | 95.5 &+ 10.6 | 93.7 £ 10.5 | 96.9 + 1.8 8.3 £ 7.9
Walker2D medium 36.8+£204 | 128 £ 7.1 86.9 £ 2.7 58.8 £ 4.4 83.1 £ 0.8
Walker2D, medium-replay 28.7 £ 5.8 67.9 + 5.8 85.0 &+ 15.0 | 22.5 £ 11.1 | 28.3 £ 9.3
Walker2D, medium-expert 98.5 £ 5.5 94.6 £ 16.0 | 68.3 £ 20.6 | 108.4 + 1.8 | 106.3 =+ 15.5

As one of the anonymous reviewers suggested, the confidence intervals (CIs) reported in our study can be
biased due to being based on only a small number of seeds.

As a supplement to the standard mean of evaluation scores reported in Table [2] we have adopted the evalu-
ation scheme proposed by |Agarwal et al. (2021]). Their method emphasizes the use of distributional metrics,
which are less sensitive to outliers, providing a clearer and more robust picture of algorithm performance
across different runs.

Specifically, we now include the interquartile mean (IQM) and the optimality gap as aggregate metrics,
along with 95% bootstrap Cls. The IQM provides a robust measure of central tendency by focusing on
the middle 50% of the data, reducing the influence of extreme values. The optimality gap measures how
close the performance is to an optimal policy, offering a meaningful interpretation of results. Additionally, we
present performance profiles based on score distributions, which offer a comprehensive view of the algorithm’s
performance across different scenarios. These results are detailed in Appendix F.2.

7 Comparisons with existing works

In this section, we present a discussion on the comparisons with some existing works in the field of offline
reinforcement learning.

7.1 The policy evaluation step

In Section we mentioned two fundamental advantages that can be attributed to the MoMA’s design in
the policy evaluation phase: 1) better expressiveness of the policy class, and 2) more flexibility of function
approximations. We add more explanations about these two points here. First, we elaborate on better
expressiveness of the policy class and more flexibility of the value function class. Indeed, these two advantages
mainly stem from the construction of a confidence set as well as the separation of estimation and optimization
under our model-based framework. Specifically, the offline dataset is only used to infer the transition model
rather than directly infer the value function (which also depends on a policy). Thanks to this model-based

12
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feature and the framework for the proposed algorithm, neither the size of the value function class nor that
of the policy class is limited by the size of the offline dataset. In fact, the policy class in our settings can be
taken large enough to contain the optimal policy, and the size of the value function class can keep growing
until it contains the true value as long as we run Algorithm [f]enough times to generate sufficient Monte Carlo
samples. These features result in an optimal rate of O(1/y/n) as shown in Theorem |1} which outperforms
the existing work (Xie et al., [2021). To illustrate this, we compare Corollary 5 of Section 4.1 in Xie et al.
(2021) with Theorem 6.11 from our work, both discussing the suboptimality gaps under general function
approximation. Corollary 5 in|Xie et al.| (2021) presented a convergence rate relative to the offline sample size
n as O(1/n'/®), while Theorem 6.11 established a rate of O(1//n). Therefore, MoOMA enjoys the benefits
of possessing more general policy classes and value function classes, while making no sacrifice on the data
efficiency.

7.2 The policy improvement step

For the policy improvement step, we have developed the first computationally efficient algorithm under
general function approximations (rather than linear approximations) with a theoretical guarantee. Existing
literature is only computationally efficient either under linear approximation settings (Zanette et al.l |2021;
Xie et al., |2021)), or without a theoretical guarantee for the policy improvement step (Cheng et al.l |2022)).
We give detailed comparisons below.

Though Algorithm 1 of Xie et al.| (2021)) employs a mirror ascent method, it is not efficiently implementable
when |S| = oo, since it is impossible to enumerate every s in a continuous state space to update the policy
when the f; in Algorithm 1 of Xie et al.| (2021)) actually needs the access to m(- | s) for every s. Even if
finitely many m;(s) are employed for obtaining f; via Monte Carlo methods, it still incurs an exponential
complexity of at least (C’T). To clearly show the difference, we exhibit our proposed algorithm and the
one in Xie et al| (2021):

o Our proposed update rule when w(p) = >, p; log p;:

mer1 (A | s) ocexp (ntft,i(s;gt,i))
foreachi=1,...,m.

e The update rule in Algorithm 1 in Xie et al.| (2021)):

mer1 (A | s) o< exp (Utft (S; Em)) T (A; | s)

foreach:=1,...,m.

In the update rule of [Xie et al.| (2021)), 741 (A; | $) does not obtain a closed form without iteratively calling
the previous iteration. In the continuous state space, this procedure is computationally inefficient. Moreover,

assuming that the number of calls of m;(+) used to approximate fi <~; B“> is C, then at least Q) (C’T) number

of operations related to policies are needed. (See[4.4]). In contrast, our algorithm’s cost related to evaluating

policies is O (T (If fj + %) ), evidently more computationally efficient.

Additionally, while |Cheng et al.| (2022) considers a parametric policy class, they do not provide a theoretical
analysis for the actor step. Further, |Zanette et al.|[(2021)) only focuses on linear approximations, which may
not be applicable in more general settings.

In summary, MoMA can be utilized when policy classes and value function classes of greater generality are
needed, with no sacrifice on computational efficiency.

8 Conclusion

We developed MoMA | a model-based mirror ascent algorithm for offline RL, with general function approx-
imation under the assumption of partial coverage. A key strength of MoMA is its ability to fully exploit
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the potential of an unrestricted policy space, a characteristic advantage of model-based methods. This has
been achieved through a combination of our theoretical framework and the application of mirror ascent
techniques. Additionally, we have developed a practical, implementable version of MoMA that serves as an
approximation of the theoretical algorithm. The efficacy of this practical algorithm has been demonstrated
through a series of numerical experiments. While the numerical results do not consistently outperform the
SOTA, one plausible reason is that the policy classes used in other offline algorithms might be sufficiently
rich for these tasks. The proposed algorithm would gain more advantage in tasks where the optimal policy
is harder to approximate. Improving the algorithm to consistently match the SOTA is an important area
for future research.

There are several other intriguing avenues for future research. One promising area involves the development of
algorithms that can theoretically address the computational challenges posed by the conservative evaluation
step, particularly the need for a computational oracle. Another direction involves the integration of prior
domain-specific knowledge, such as physical principles in mechanical systems or clinical insights in medical
applications, into the transition model. Incorporating Bayesian estimators within our framework could
provide a robust means of estimating transition models in these contexts. In addition, we can consider model
misspecification, e.g., P* ¢ P, analyze both the estimation error and approximation error, and investigate
how they affect the suboptimality gap.
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A Notations and definitions

Definition A.1 (Integral Probability Metric (IPM)(Miller} [1997))). dx is an IPM defined by F if

dr(P,Q) :=sup | E [f(x)] = E [f ()]

fer x~P z~Q

where P and @ are two probability measures.

By considering different function class F, we have the relationships between IPM and several popular mea-
sures of distance, such as TV and Wasserstein distance.

Definition A.2 (Slater’s condition). The problem satisfies Slater’s condition if it is strictly feasible, that is:

Jzg€D: fi(xo) <0, i=1,...,m, hi(xg)=0, i=1,....p

The next definition essentially measures the size of the function classes F;;’s. If max; ;
large, then eapprox = 0.

Fy ;| is sufficiently

Definition A.3 (Approximation error).

€approx ‘= PS’}:’I;’Z_ ff,,inelg:t,i ”Qw,t(sa Ay) — ft,i(5§ﬂt,i)||27d}5'

Definition A.4 (Localized Population Rademacher Complexity). (Wainwright, |2019, chap. 14). For a
given radius § > 0 and function class F, a localized population Rademacher complexity is defined as

% Z&f (i)

i=1

Rn(6;F) = E.. | sup
feF
Ifll2<o

)

where {x;};_, are i.i.d. samples from some underlying distribution P, and {e;};_, are i.i.d. Rademacher
variables taking values in {—1,+1} equiprobably, independent of the sequence {x;};_,.

Definition A.5 (Star-shaped function class). (Wainwright, (2019, chap. 14). A function class F is
star-shaped around origin if for any f € F and scalar a € [0,1], the function af also belongs to F.

Definition A.6 (Strongly convexity). f is strongly convex with modulus p if the following holds:

) = (@) + V@) (=) + Glly - ] (14)
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B Additional theoretical results

The following proposition shows that the commonly-used empirical risk functions satisfy Assumption d).
Proposition 1. Consider a uniformly bounded function class L(P) :={(s,s,a) — (P, s, s,a), P € P} that
is star-shaped (defined in Appendix around the true P*. Suppose 62 > %L s a solution to the inequality

Rn(6; L(P)) < 6% where R, (5; L(P)) is the localized Rademacher complexity (defined in appendia: of the
function class. Assume (P, s', s, a) is lg-Lipschitz w.r.t. P | i.e.,

l(P1,5'75,a) - Z(P27S/7570’) < ZO|P1(SI|570’) - P2(5/|57a)"

Assume further that (P, s, s, a) is also strongly convex w.r.t. P(s',s,a) under the norm || - |2 p-. Suppose
H2(P*(- | s,a),P(- | 5,a)) < 3By pe(fs,0)l (P, 8, 5,a) — 3By p-1(P*,s',5,a). Let a = 102, then with
high probabilities, we have P* € Py, o, and

sup E(S,a)fvp[HP(' | s,a) = P*(- | s,a)[l1] < c26n.

n,an

proposition [I] covers the commonly-used negative likelihood function classes, in which the empirical risk
minimizers are exactly MLEs. We show such a construction satisfies assumption (d) in the following
corollary.
Corollary 1. Consider I(P,s',s,a) := —log P(s' | s,a) and L,(P) = —Llog P. Assume there exist b >
0,v > 0 such that

sup sup P(s'|s,a) < b,and, inf P*(s'|s,a) > v. (15)

’
PeP s',s,a §5,8,a

If 62 > (1 + %)% solves the following inequality for the local Rademacher complexity of P:

then assumption (d) holds with a,, = 102 and €qsy = 20, for some constants c1, ca.

In the following, we prove a suboptimality upper bound for the policy returned by algorithm
Theorem 2. Under assumption ifm=(1-—7) 21%(‘“4') for every fixed T, then we have

Y v 1 2log(].A|)
PP Tae P R EA T

statistical error policy optimization error

VE —VE <(

with high probability, where T ~ Unif (mo, 71, ..., Tr—1).

The upper bound in Theorem [2| includes two terms: a statistical error (depending on fixed n) coming from
using offline data for estimation, and an optimization error (depending on iteration T') coming from the
policy improvement. Different from Theorem [T} function approximation is not involved in this case. The
sacrifice is that the update rule is computationally infeasible.

C Technical proofs

In this section, we present all the technical proofs of the main theoretical results. We first prove theorem
in appendix which is a simplified version of theorem [I] Then we prove theorem [I]in appendix by
further analyzing the effect of function approximation.
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C.1 Proofs of theorem

Proof of theorem[2 In this proof, we let A,,=A(A) and 7(s) = m(- | s) for clarity. We first split the average
regret into the sum of three parts. We will deal with the three parts separately.

L L S NS RS DU ST

t=0

For the first term, we can upper bound V},TI - V5 " for each t. By the simulation lemma ,

VB = Vo = 75 B aymag! [ES“P*(v\s,a)VH (5) = Esrnp,(ls.m) VP, (Sﬂ
g
|
1— (s,a)~dT.

V «
S T2 (S,G)Nd;j* [P*(-[s,a) = P(-]s,a)|lx (17)

.

ST
Y

= (1—7)2

where we used the definitions of C+ and e.s (see assumption .

The third term in is negative with high probability: by assumption d)7 P* € Py, with high
probability. Recall the updating rule in 1D P, = argminpep, Vp'. So V5! < Vp!i for all t with high
probability. Then the following holds with high probability:

;
s

1P Cls,0) = Pi(ls.a)l1

CWTE(s,a)Np ”P*('Sa a) - Pt("87 a)Hl

Cﬂ'T Eest

1 T-1
7 (VEr=Viy) <o. (18)
t=0

Then it remains to upper bound V53" — V2. By performance difference lemma,
Py Py

T-1
1 ot e T
7o (VA Vi) =5 Z (csaya) AT (5,0)]
t=0 =0
=
== E - |AB(s,a (19)
T(l_,},) — (s,a)~dT,. [ Pt( )]
T-1

1 -
+ T(1—~) e (E(s,a)Nd;;I - E(s,a)Nd;T*) [APt (s.a)] .

To further deal with the term above, we will first establish an upper bound for the advantage function
A% (s,a).
Recall the policy update rule in (2)),

rr41(s) = argmax {<Q}2§ (5.9.0) — LD <m<s>,p>}

PEA, u

or equivalently,

mi4+1(8) = arg min {—(Q’E(s, ,p) + %D (wt(s),p)} . (20)

PEA,

By the optimality condition of , we have for any p € A,,,

<_Q71;i(37 )+ %V,,D (m(8),p = T41(8)) ,p — 7Tt+1(8)> > 0.
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Note that D(m,p) = w(p) — w(m) — (Vw(me), p — m). We can explicitly write out the gradient term in the
inequality above, then we get

(=561 + - (Valma(s)  Vasm().p = msas)) 2 0. 21)
By definition of D(:,-), we can derive that
Diry(3).1) = Dls(s), me41(5)) = Dl (5).9) = (Ves(mesa(5)) = Vool (5)).p = mepa(5).

So becomes

(QF(s,),p — meya(s)) < i(D(Wt(s)vp) — D(m(s), m11(8)) — D(Wt+1(5)7p))~

3

We can rewrite it in terms of advantage function:
(A% (s,7),p)
= (QF (s,-) ),p) — Vp!(s)

< (QR (5. ) mesa(s)) = VB (5) + - (Dma(s).) = Dim(s). 14 (3)) = Dlmvsa(s).0)

= (QF(5:) musa(s) = m(5)) + — (D(mu(s), p) = Dlmu(s), musa (5)) — Dl (5).)).

Nt

Let p = wi(s):

<A7};i (S’ ')aﬂ-T(S)>
<(QF () m1(9) = m() + - (Dlm(s), 77 (5)) = Dlme(s), mus1(5)) = Dl (), 71(5))

Tt
(Q (5, ), w41 () — mi(s)) — %mumms) (s
+

7Tt18,7TT8
— (D) 71(5)) = Dl (5). 71 (5))

< 1@, (s, oo llmer1(s) = me(s)ll1 — %IIMH(S) —m(s)lI}

IN

+ 2 (D)7 () = D ().71(9))
< BIQR (5. + - (Dlrls). 7 (3)) = Dlmrra(s). 71 ()

"t 1
S g (D) (9)) = Dl (5),77(5)))

IN

where the third line above is because D(p',p) > 1|p — p'||* (see section . For simplicity, we assume the
norm is Li-norm here. Even in the general case, recall that this norm || - || is defined on R™, and by a well
known result in functional analysis, all norms on a finite dimension linear space are equivalent. So we can
still establish a step similar to the third line in , replacing the second term by —%HMH(S) —m(s)]|?

for some constant C'. Then in the last line in , the first term changes to 35(|Q||2, and the remaining are
the same. We will see this difference does not affect the general form of the theorem, while it only changes
some constant.
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Then we can use to upper bound the first term in :

T-1
Z E(s,a)wd}i [A;;‘tt (87CL)]
t=0
T-1
=D Bt (AR (s,).7(s)
= (23)
T—-1 e 1 T T
- =0 ESNdP* {2(1 —)? - E(D(m(s)’ﬂ (8)) = D(mesa(s), (5)))]
T-1 T—1
ST 2™+ B, 2 (D) (9) = Dl (o). (4)

The second term in can be bounded by the following telescoping technique. By assumption, {n;} is
non-decreasing. Also note that the Bregman divergence is non-negative, so we have

—o \t
1 =, 1 1 1
:—Dws,ﬂ'TS —— D7TS,7TTS — D(mw S,ﬂ'TS
o (mo(s), 7' (s)) t:1(m nH) (me(s), 7' (s)) p— (mr(s),7'(s)) (24)
1
< —D (mo(s),7(s))
o
< iDo-
Mo
Then becomes
T-1 T—1
1 Dy
< .
;E(S’“)Nd?f* AR (0] < 2(1 —7)? ;m T (25)

The second term in can be handled with simulation lemma: Let 7(s,a) = A% (s,a). Consider two
modified MDPs, M, = (S, A, P, 7,v) and M* = (S, A, P*,7,7). We still focus on the policy 7' and evaluate
it under both modified MDPs. Since the visitation measure only depends on the transition probabilities and

the discounting factor, we can rewrite the expectation of 7 under visitation measure as the value function of
modified MDP. Then directly apply simulation lemma:

1

1 (Ewarst ~ Byt ) AT (5:0)

=Vi. ~ Vi

- g LB VE ) = By (oaVE ()] -
T Bzl [Eo~pclsa Vi P (ls,a)VE

21



Published in Transactions on Machine Learning Research (10/2024)

Note that the original reward function satisfies r € [0, 1], so both Q% (-, ) and V! (-) are bounded in [0, %ﬁy]

T
Then |7] < = \V~ ()] < ﬁ So

1 ™
1— ol (E(s,a)wd;: - E(s,a)wd’lgi )APZ (S’ a)

v t -
1 E(s a)~dy! [Eswpt('\s,a)VM(S’) —Espr*<.|s,a>vﬂt(s’)}

y ot ) _ pE(
< T Bt [[VE] L 1Pl @) = P Cls,a)l ] o
g

< TR ot 1PClsa) = P*Cls.a)l,
"}/ *

< =y CriEare IR, 0) = PCls, )l
v

< Wcﬂ'fgest

where the penultimate line comes from assumption b), and the last step is by the definition of st (see
assumption [I[(d))

So now we can use and to control the two terms in (L9):
L T-1 .
7 (va - vi)
=0
T-1 T—1

1 - .
= (-7 Z E(s,a)Nd;;T* [AT (s,a)] + Z (ss)~ag T B a)ng*) (AT (s,a)] (27)

t=0

CﬂT Eest-

L
M T =y  (1—79)3
Finally, we use , , to upper bound the three terms in :
s
VB — Z Vi

Z (vel -va )+ % ! (V,;f ~VE) +% (VB - VE)

t t

’ﬂ
L
!
-

Il
o
Il
o

2

1 = D 5
< L COrtest + ooz + o 4
(1—7)2 ™ T 2r(1 = )3 ; TETA = m T @A)

C’TFTEGSt +0

1 Dy
T AT — .
= QS T T ) ; " T 2

C.2 Proofs for theorem [l

Proof of theorem[1 We first focus on V;: —Vg:. Let A= {A;, As, ..., A, }, and the goal is to find an optimal
randomized policy in the probability simplex A, :={p € R™: >"""  p; =1,p; > 0,4 =1,...,m}. Then, for
a given m(s) € Ay, we use

Q?t (S,Al) = R(S,Al) +’}//V}§: (8/) P(S/ | S,Al) dslvi = ]_7 v,y

) 1 (28)
Qu.i(s, Ai) == QF (s, 4i) + H—Viw (me(8)),i=1,...,m
t
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to denote the action value function and the augmented action value function evaluated at the action A;.
Then for any p € A,

Quitls,p) = th(s p) + (Vw (me(s)) , p) /me
= ZQR (s, 4i) pi + (Vw (me(s)) , p) /e (29)
<th p>

where Qw7t(s, -) is defined as an m-dimensional vector with its i-th element as Qw,t(s, Ay).

That means, if we want to approximate Q%t(s, p) which is a linear function of Q%t(s, -), then we only need
to approximate Q,, (s, A;) for each i =1,...,m.
For each ¢ = 1,...,m, we consider the approximation

fri(s;Bei) = Qw,t(s»Ai) (30)
where ft ;(s; Bt,i) denotes some function class parameterized by .
Then the update rule in @ is reduced to

MH@Fﬂ@m%{%@ﬁ%w—1MM}WGS- (31)

PEA, Nt

For simplicity, we consider an equivalent rule of :

wﬁao=ammm{—uua&xm+,;4m}wse& (32)

PEA,

Here we notice that since w is assumed to be strongly convex with modulus 1, and (f;(s;3),p) is a convex
function of p, we have a strongly convex objective function in QD with modulus i Also, A,, is a convex
space. Therefore the optimization procedure in is meaningful.

Then, by the optimality condition of , we have

<v{—m@ﬁamﬂw»+;wmﬂw»}p—mﬂw»zo

t
for any p € A,,. By expanding this inequality, we get
1

(—fe(s:8e),p — miqa(s)) > —a (Vw(m1(s)), p — Te41(8))

1

= —(D(me41(5),p)) — w(p) + w(mg1(s) ).
77t( )

We rewrite it as

- <Qw,t(5; ) > <Q ( )7 ft( Bt)>p>
Z—<Qw,t(5, )y Tey1(s )> <th( )= ft(Séﬁt)vﬂtH(S» (33)

+%wmﬂwn—%mm+aDmemn

We notice that <Qw,t(s, 1), p) is exactly Q.,.+(s,p). For clarity, we denote

5:(s) :== QNM,t(S, ) — fi(s; Be)

which represents the error in the approximation step in algorithm By previous notations, d;(s) is also
an m-dimension vector. Plugging (Qu (s, ),p) = Q. +(5,p) = Qp,(s,p) + (Vw (m(s)),p) /n: for any p, and
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0(s) = wat(s, ) — fi(s; Bt) into , then we have

= Qp,(s:p) = (Vw (me(s)),p) /11 + (0:(5), P)
> = Qp, (s, m41(s)) = (Vw (me(s)) , mep1(s)) /me + (8e(s), Trpa(s)) (34)

+ mlmia(s)) = 2-w(p) + 2-Dlmera(s).p)
By definition of D(,-), we have
w (me+1(8)) — w(p) — (Vw (me(s)) s met1(s) — p) = D (me(s), me41(8)) — D (me(s),p) - (35)
Then becomes

QF (s, my1(s)) — QF.(s,p)
1 (36)

> (64(s), me41(s) — p) + %D(T"t-‘rl(s)vp) + %D (me(8), meg1(s)) — ED (me(s),p) -

Therefore we have

5) ) + %Dmms),p) + %D (m2(s), T (5)) — %D (m2(5). 7).

Reorganize it and we have

A% (s,p)
< A3 5 mea(5) = Gu(s): Tear(9) = )+ 2D (1)) = - Dlmesa(s).p)
- %D (72(s), me41(5))
< AT (5,7m041()) — (04(), mrsa (5) — p) + %D (m(s), ) - %Dwtms),p)
1 2
- gl ()~ mIR
= (QF ) e (5) = mls) ~ g lesas) ~ (o) 33
(Gu() e (s) — p) + %D (me(s),p) - %Dmms),p)
< 1@l llmes1(5) — 7)1 — ;mnml(@ i (s)?
(5u(8), T (s) — ) + %D (mi(s), ) — %Dml(s),p)

< %”QH@O —(64(s), me41(s) —p) + %D (m(s),p) — %D(Wﬂrl(s)’p)

where the third line above is because D(p’,p) > %Hp —p'||* (see section [3.2)). The reason we assume L;-norm
was already explained in the proof of theorem [2| (see the remark after (22)) in section appendix |C.1)).
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Now we return to the analysis for V7 - Vp!:

T
Z VPt o VI;?
t:O
T
; T Eleayay AT (5,0) (39)

T T
1 1
Tt _ T
; = Bamay AR (50 + 77 > i (E(S,a)wdg E(, oymar )Apt (s, ).

For the first term in , we can let the randomized policy p in be 71 (s):

T

1 1 T (s q
T+1 t; 1= Mol AR )
B B S N
= T—Hgm oz AR (5.77(5))
T
< ETDT) 2 Bt | 3100 — (3072 (9) =719 .
1 1
+—D (ﬂ't(s)ﬂTT(S)) - D(7rt+1(s)77rT(s))}
e ui
1 d T
ST & T =) & et (T 0 Z e 0]

The second term in is bounded by approximation error:

E, gt (0(5), 71 (s) = me1(s))

=Byt (Quals,) = fuls: ).l (s) - m1<s)>

<E, gt (|Qu.i(s,-) = fuls; Bl w1 (s)) + o, (|Qu.i(s,-) = fils; Bo)l, miva(s))
< 2l AJmaxE,_ 1 |8 a(s, Ar) — ft,i(S;ﬂt,i)]

< 2[A] max \/]ESng* (Qut(s, Ai) = frils: ﬂt,i))2

1
2

| dB(s) ;
< 2[Alm Tt s~d T (Qw t(s, Ai) — ft,i(S;Bt,i))
e
2| A| max; || d%. (s) : \/ W2
< VI—7v 1o(s) N srvdph (th(s A;) — ft,z(saﬁt,z)) .
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By the updating rule in @,
2
s~d (Qw t(s, A;) — ft,i(&ﬁt,i))

- 5 z .
< réllnE (Qw,t(sti) — fri(s;:Beq))” + C| ]:;1'7
< supinf Esar, (Qw (8, A5) — fri(s; Bt Z‘))2 + 0M7 w.h.p.
P Bt i ’ ’ ’ N
2 | F il

=& +c
approx N

,w.h.p.

where the second step follows from the analysis of standard M-estimator (Van de Geer & van de Geer} [2000)

and the last step is because of definition [A-3]

Combine the previous two inequalities, then we get

1
2| A i

V9I=7y

.
d’h. i i
dp-(s) (Capprox + € maxt’TW). (41)

]ESNd;rj* (8e(s), 1 (8) = mepa(s)) < 0 (5)

o0

The third term in (40)) can be bounded by the same method from appendix (see (24)). So we have
/1 1 1
Z (D (me(s), 7l (s)) — D(ﬁt+1(s),7rf(s))> < —Dy. (42)
—o \It n Mo

By , , , we obtain the following inequality, which is an upper bound for the first term in :

Z; mazt AT, (5, 0)
- <T+1>1< i’”* Sy iEM@t (81(s), 7 (5) = e (9)
+ T B! i (50 () 71(6) = Dl (31,715 (43)
= 2<T+1>1<1-7>s§m+1¥% di}(:)) OO(+VmXN|f|>

+ Do
(T+1)(A~=v)m0

The second term in can be handled by the same method from appendix (see (26])). So we have

! g
E -E )43 (5,0) €~ Crien.
1_~ ( (s,0)~dp! (s,a)~dzl, )P (s,a) < 1—)7 CrtEest (44)

So now we can use and to control the two terms in respectively:

1 ™
Z VA~ VE)
t=0
_ly 1y AT L5~ 1 (g E AT
- T 1— ~ (s,a)wd?; Py (S’ CL) + T 1— v ( (s,a)wd;:r - (s,a)~d§1> Py (S’ CL) (45)
t=0 t=0
1 1 204 |[dr.(s)||” Dy o~
S A a a2 n + Eapprox T + Oﬂfses .
201 —)? t; T VT | mols) || T T = (1) '
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: 3 Ll Tt
Finally, we consider V5. — Vp!:

R T-1 . . 1 T . | T
V. —Tt;vgf; =3 (VB Ve ) 2 (VB - VE) o (VE-VE). (46)

t=0 t t

|
A

|
A

Il
o
Il
o

The second term in is already upper bounded by .

The third term in is negative with high probability: by assumption (c), P* € Py 4, with high proba-
bility. Recall the updating rule in , Py =argminpcp  Vp'. So Vi < V! for all t with high probability.
Then the following holds with high probability:

T—1
1 T Tt
LS (v - v <o )
t=0
The first term in can be dealt by simulation lemma, which is same to in appendix
i adl Y
R v Qe Ay S
VP VPf, = (1 _’Y>QC7‘—T€ t (48)
By ([@3), (6), @), (@),

T—1
1 v 1
VB ==Y VRS — o CriEest + o=
BT LT S e a2

1
1 204 |dx.s)||” max ; | Fyil
(EapprOX"‘c ’ : )
L=y VT=7 | no(s) || N
D
T 0 4 T e 40

T =y (1—7)3

. (s maxy ; | Frs
< 10 Eest + CQ‘A| Sgp ,li)(i)) (5approx + CW)

Dy

1 T—1
o > Mt :
TP 2" T

C.3 Proofs of proposition [I]

Proof. Here we adapt a result from theorem [3] Specifically, given the conditions in proposition [, we have
|P =P l2 < e1dn
and .
E(I(P) — I(P*)) < c202.
Now we prove the first result in proposition [l} i.e., P* € P, o, with high probability. Consider Zn(P*) —
L, (P) where P minimize L, (P), and L,(P) = 2 3" I(P)(s;,a;, ;). We also use the notion L(P) := El(P

n
which is an population counterpart of L,,. Then we have

~

L (P*) = Ln(P)
=L, (P*) — L(P*) + L(P*) — L(P) + L(P) — L,(P)
=(Lyn(P*) = Ln(P) + L(P) — L(P*)) + L(P*) — L(P)
<[(Ln(P*) = Ln(P) + L(P) = L(P"))|.

(49)
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as the third term is less than 0.
By (b) of theorem [3] we have

|(Ln(P*) = La(P) + L(P) = L(P*)| _ _ |(La(P") = La(P) + L(P) = L(P"))]

= >~ - S 63571.
1P =P P 1P = P2

Then we get N L R N
[(La(P*) = Ln(P) + L(P) = L(P*))| < c30,]|P — P*||2 < 46,
< 402

Therefore we get Ly, (P*) — L, (P) and it implies

n?
£
P* e Py a,

where « is set to be ¢d2.

Next, we show that Eg o, ||P(:|s,a) — P*(:|s,a)|1 < ¢y for every P € P, ,,. Here we incorporate an
assumption that E, ,.,H?(P, P*) < L(P) — L(P*) for every P. Then we have

Es anpH? (P, P¥)

< L(P)— L(P")

= L(P) — Lo(P) + L,(P) — L,(P*) 4+ Ln(P*) — L(P¥)

< |L(P) = Ln(P) + Lo (P*) — L(P*)| + | Lo(P) — Lo (P7)) (50)
< |L(P) = Ln(P) + Lo (P*) = L(P*)| + |Ln(P) = Ln(P)| + |Ln(P) — Ly (P*)]

< 0162 + coay, + 20y,

< C(;i.

Since H? is an upper bound for TV distance, we have

sup  Es anpl|P(]s,a) = P*(|s, a)l[1 < cbn.
PEPn,an

And the proof is done. O

C.4 Proofs of corollary 1]

Proof. Let

1 zn: (sh | si,ai)
n P(s | si,a;)
and its population counterpart:

P*(s' | s,a)

L(P) = E(sa)~p,s'~P*(-[5,0) P = Dxr(P"||P).

s s,a)
We prove P* € P, ,, first. Consider L,(P*) — L,(P) where P minimize L, (P). Then we have

(P*) = Lu(P)
n(P*) = L(P") + L(P") = L(P) + L(P) = Ln(P) (51)
)+ () +(¢)
Terms (a)(c) can be bounded by

L,
=L
=(a

sup |(Ly, — L)(P)|-
peP

Again, we use theorem [3[ to show that suppcp (L, — L)(P)| < 52,
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For term (b), we notice that L(P*) — L(ﬁ) = DKL(P*Hﬁ). Combining lemma [3| which shows convergence
rate of MLE under Hellinger distance and lemma[d] which upper bounds KL divergence by Hellinger distance
when P has a lower bound, then we have

(b) = Dxr(P*||P) < 5,
with high probability.

Then we have shown that R L
L, (P*) — L,(P) < ¢d2 = «

with probability at least 1 — §. This implies that P* € P, with probability at least 1 — 4.

For the second part, we show

Nl

sup (B [df (P(- | 5,a), P*(- | 5,a))?])

PEPn,ay

S CQ(Sn . (52)

s,)~p

To see this, we bound the Hellinger distance by KL divergence (lemma |4}, specifically, for any P € P, o, we

have
H2(P,P*) < KL(P||P")

= L(P)— L(P") (53)
= L(P) = Ln(P) + Ln(P) = Ly (P) + Ln(P) — L(P) + L(P) — L(P*).
Again, the first and the third terms are bounded by

sup |(L,, — L)(P)| < 6.
PeP

The second term is bounded by a = ¢62 because P € Py, o, . The fourth term is equal to KL(P||P*) < ¢362
by consistency of MLE in KL-divergence. And the proof is done. O

D Supporting lemmas

Lemma 1 (A generalization of simulation lemma). Suppose S, A, r, 7, po are all fixed. Here S and A can
be infinite sets, and r : S — R can be any real value function. For two arbitrary transition models P and P,
and any policy w: S — A(A), we have

s s ’Y e T
VP - V’PS = EE(s,a)wd}; []ES’NP(-\S,U,) [Vﬁ(sl)} _Es’wl/’\(-|s,a) [Vﬁ(sl)}} :

If Vg(s) is bounded, i.e. —C' < Vg(s) < C, Vs €S8, then we further have

’VP ~VZ

B ~
< P ks . . .
< 20T B [TV(P(]s,0), P(5,a))]
If Vg(s) is positive and bounded, i.e. 0 < Vl/g(s) <C, Vs€ S8, then

Ve - vz

¥ ~
<C—— . . ) .
< O By [TV(P(ls, @), P(5,0))

Proof. We first prove the first part of the lemma.

Let d%(+, -|s0, ag) denote the visitation measure over (s, a) conditioning on (Sy = sg, Ag = ap) under transition
model P, i.e. dF(-,|s0,a0) = (1 =) Y ioq V' P (St =, Ay = |s0, ap).

Then we have for any (sg, ag),

" 1
Qp(s0,a0) = jE(s,a)w;(wsO,ao)[7“(57 a)l. (54)

1
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By Bellman equation, for any (s,a),

Q;(sa Cl) = T(Sv a) + ’V]ES’NP(-|s,a),a’~7r(v|s’) [Q;(S/7 a/)] .

s _ Y 7/1'\ !/ /
Qli}(& (l) - ’I"(S, CL) + 7Es’~P(-|s,a),a’~7r(~|s’) |:QP(S @ ):|
Substitute the r(s,a) in (54) by the r(s,a) in (56):

T 1 T
Qp(50,00) = 7= E(s a)mdp (-ls0,00) {Qﬁ(s»a) —E, 5

Jeararmnion @50 (57)
By and , we first apply to the Q% (so, ap) in 7 then apply iteratively:

1
_ ,}/E(S»a)wd}('rlsoyao) [7"(8, a)]
= Q% (s0,a0)

= 7ﬂ(507 aO) + ’YESNP(-|so,a0),a~7r('\s) [Q};(S, a)]

=1(50,a0) + YEsuP(:|50,a0),a~7(-|5) [

—E

1 Y (S’,a’)wd}g(y-‘s,a) [T(S/,a/)]:| .

Rearrange it as

77ﬂ(80a aO) = ESNP("S(),G()),CLNTK’("S) [E(s/,a/)fvd;(-yls,a) [T(S/, a/)]}
1

— ,YE(s,a)~d}‘,(~,-\so,ao) [7‘(8, a)]
Note that the equation above holds for any real function r : § x A — R, so we can replace r(-,) by Q’ILD(-, 3

*Q%(s()a aO) -

B sosaa) amnle) [ Bt armdn (1o (@5 )]
1 us
T T B ls0.00) [Q5(5 @)

(58)
ED+E3):

us s ’y us

Q% (s0,a0) — Q% (0, a0) *ﬁESNPHSO,aO),aNﬂ'Hs) [E(s’,a’)~d§(~,~\s,a)Qﬁ(s a )}
—E

L=y

(59)
™ / /
(s,a)~dT (+,+[s0,a0) [ES/NIS(,‘57(1)7@/,\,71.("5/)@?(8 , a ):|
Consider the first term on right hand side:

B P fsosa0) a1 Esr oy (s [ = By o) i (s ooy ]
= E(s,a)~dp (- |s0,a0) Bs'm P(-]5,a) a7~ (-|s) []
where E}’,(S, also,ap) == (1 =) Yoo V' P™(St+1 = s, Aer1 = alSo = so, Ao = ay).
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So can be rewritten as

@p(s0,a0) — Q% (s0, a0)
Y

T 1o ’YIE(sﬂ)Nd;(."‘so’aO) []ES/NP("s’a)’a/Nﬂ("s/)Q%(S/’ a') - Es’rvlg('|s,a),a’~7r('\s’)Q%(S/’ a/)]

’y T T
= mE(s,(L)Nd’};(w\sO,ag) {]ES’NP('\s,a)Vﬁ(S,) - Es/Nﬁus’a)VjS(sl) .

Finally, consider V7 (so), V}g (so) and the initial distribution p. Recall that d7 is the visitation measure
conditioning on the initial distribution p. So we have

VE = VE = Eoyrs | VB (s0) = VE(50)|
= ESON/J,,G,()NTF("SU) I:QTIFD(SOv aO) - Q%(SOa aO)]

v T ’
= 1_ ry]Esow/L,aONTr('\SO)E(s,a)N(i;(',~|507a0) |:ES/NP("S7U,)Vﬁ (3/) — Es’~ﬁ(-|s,a)vﬁ(s/)

y

1—nv

]E(s,a)wd’}; [ES’NP(-\S,LZ)V’E(S/) - Es/NﬁHs,a)Vg(sl) )
which finishes the first part of the lemma.

Then we prove the second part: first note that

T

s T ’y T
’VP - V’ﬁ = m ’E(s,a)Nd’;, |:Es’~P(~\s,a)Vj5(sl) - Es'~ﬁ(»|s,a) ’PE(SI)”

(60)

]ES/NP(-|S,O,) Vg(sl) —E

5
< ﬁ]E(s,a)Nd};

s /
S1C s Bllsa) VP ()|

Suppose g1, g2 are two arbitrary probability distributions, and C' is a constant satisfying —C < f(z) < C.
By property of total variation distance, TV(q1,¢2) = %qu —q2|1-

By Holder inequality

[Esng, f(2) = Eang, f(2)] = ‘/f(x)(fh(x) — q2(x))dx

= lf(e1 — a@2)lli < Ifllocllgr — g2l < 2CTV(q1,q2)-

(61)

Apply to the right hand side of :

‘VP ~ V&

< 20T By, [TV(P(15,0), P15, )]

which concludes the second part.

Third part: Consider the special case that 0 < f(z) < C, then we can improve the upper bound in
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| m~q1f - w~q2f( )|
/f (1 (z) — qo(2))dz

= ‘/f(w)(cn(w) = a2(2))Haq1(z) > go(x) }dz — /f(w)(qz(:v) —q(z)H{aq1(z) < g2(x) bda|.

Note that on the right hand side, the two terms inside the absolute value sign are both non-negative, so

|Ezngy [(2) — Epngy £(2)]
< max {/ f(@)(a1(z) — ¢2(2)) Haqa (z) > g2(z) }dz, / f(@)(g2(z) — q1(2)) H{aqu () < fh(iﬂ)}dﬂ?}

< C'max { [@@ - ee@nin@ > e@his [ @ - a@)iow < q2<x>}dx}
=CTV(q1, ¢2),

where the last step is an equivalent definition of total variation distance (for two probability distributions).
So the factor 2 on the right hand side in can be improved to 1 in this case. O

Lemma 2. If f is strongly conver with modulus . and differentiable, i.e.,
F) = f@) + V@) (=) + Sy — =l (62)

suppose g is a convex differentiable function, then f + g is a strongly convex function with modulus p.

Proof. Since g is a convex function, we have

9(y) > g(x) + Vg(z)" (y — z). (63)

Then
f)+9(y) = flx) +g(@) + (V@) + Vg@)")(y— =)+ %Hy —z|)?, (64)
0

Theorem 3. Theorem 14.20 of (Wainwright, (2019, chap. 14) (Uniform law for Lipschitz cost functions)
Given a uniformly 1bounded function class F that is star-shaped around the population minimizer f*, let
52 > = be any solution to the inequality

R (0; F*) < 62
(a) Suppose that the cost function is L-Lipschitz in its first argument. Then we have

sup Py (Lp—Ly) =P (Ly— Ly)] < 106,
feF If = f*lly + 0n

with probability greater than 1 — cre—candy R
(b) Suppose that the cost function is L-Lipschitz and ~y-strongly convex. Then for any function f € F such

~— <
that P, (ﬁf Ef) <0, we have .
1l < ( + 1> On
2 v

P (.cff Lf) <10L <2()f + 2) 52,

where both inequalities hold with the same probability as in part (a).

and
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Lemma 3. Corollary 14.22 of (Wainwright, |2019). Given a class of densities satisfying the previous condi-
tions, let 0, be any solution to the critical inequality (14.58) such that §2 > (1 + %) % Then the nonpara-

metric density estimate ]? satisfies the Hellinger bound
H? (FIIf*) < cod?

with probability greater than 1 — cie” TR,

Lemma 4. Lemma B.2 of Ghosal & Van der Vaart (2017). For every b > 0, there exists a constant ¢, > 0
such that for all probability densities p and densities q with 0 < d%(p,q) < exP(p/q)?,

1 1 ’
K(pia) £ d4(p.0) (1 +plogdu(p.q) + ylog. P (2) ) F1-QM),

b 2
1 1 P
Va(piq) < d(p.q) <1+b10g dH(p7q)+b10g+P(q> ) :

Furthermore, for every pair of probability densities p and q and any 0 < € < 0.4,
K(p;q) < d(p,q) (1+2log_€) +2P Klog 5) I{q/p < e}} ,

Va(p; q) < di;(p,q) (12 + 2log? €) + 8P (log 5) {q/p < e}] .

Consequently, for every pair of probability densities p and q,

p 2 p
AREE T
i) <2l

K(p;q) < di(p,q) (1 + log

2
p p
Va(psq) < diy (p,9) (Hbg‘qH ) gzd%{(p,q)HqH :

E Supporting algorithms

Monte Carlo algorithms for evaluating Qw,t(s, A;) at t for each i =1,...,m and Qw,t(s, a) are provided.

F Additional results and details for the numerical studies

F.1 Synthetic dataset: an illustration

Environment and behavioral policy details For each episode that starts with an initial state sg ~
U(—2,2), at time n a particle undergoes a random walk and transits according to a mixture of Gaussian
dynamics: $,41 — Sp =: As ~ YN (f1,4,0.1) + (1 = 14 )N (p2,4,0.1), where the discrete action a € {—1,0,1}
corresponds to Left, Stay, and Right, respectively. We choose the random walk steps p11,—1 = —2, 2,1 =0,
1,0 = p1,1 = 0, poo = po1 = 2 as known parameters, and ¢_; = g = 0.6, ¥ = 0.4 as the ground truth
unknown model parameters that we estimate with expectation maximization (EM). We generate a partially
covered offline dataset collected by a biased (to the left) behavioral policy 5, and define a goal-reaching
reward function, respectively given by:

2 _3<¢ <0,
0.05 a=1, 1.8 3> >0
—1. s ,
Blals) =40.05 a=0, 7(s)= .
0 s’ < =3,
09 a=-1, ,
0 s’ >3,
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Algorithm 4 A Monte Carlo algorithm for evaluating Qw’t(s, A;) at t

Input: The parametric function f;_1;(s; B\t,l’i).
Initialization: Let sg = s, ag = 4;, h =0, and ¢ = r(sg, 4;)
while TRUE do

Generate U ~ unif]0, 1].

if U <1—~ then

Break.
else
Sample s, ~ Pi(- | $h—1,an—1)-
Solve
m ~ 1
7y (sp) = arg max{ Je—1,i(s3 Be—1,)P; — W(Pl)} (65)
p'EA(A) P Tt

Generate ap, ~ m(sp,).
q=q+r(sn an).
h=h+1.
end if
end while
Let Q7 (s, Ai) == g
Let Qu,t(s, Ai) == QF (s, Ai) + %VUJ (me(s));

Algorithm 5 A Monte Carlo algorithm for evaluating Qw,t(S, a) for the continuous-action settings

Input: The parametric function f;_1(s,a; B\t,l).
Initialization: Let so = s, ap = a, h =0, and g = (s, ap)
while TRUE do

Generate U ~ unif(0, 1].

if U <1—~ then

Break.
else
Sample s, ~ Pi(- | Sh—1,an-1)-
Solve )
m(on) = angme  fims (s, o) - Tt (66)
a’€A Tt

Generate ap, ~ m¢(sp).
q=q+r(sn,an).
h=h+1.
end if
end while
Let QFp (s,a) == q-
Let Qu.i(s,a) == QF (s,a) + VW (mi(s)),

for all s € R. Thus, the particle is encouraged to reach either the positive or negative terminal state with
the shortest path possible, with a slight favor towards the positive end if the particle starts off near 0. The
offline dataset contains 50 episodes, which are sufficient for an accurate estimation of ¥_; but may lead
to misestimation of 1y and ;. Indeed, for our particular dataset, while the MLE z/AJ,l is accurate, ’(/AJO is
underestimated and 1[)1 is overestimated, which could make over-exploitation of the MLE a problem.

Implementation details We implement MoMA strictly following Algorithm [2l We choose D(,-) to be
KL divergence, reducing the policy improvement steps to natural policy gradient (NPG) as mentioned in
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Section We parameterize by fyi(s, Bti) = b’;e(s, A;), Vi =1,...,m where the features e(s, A;) are chosen
to be exponential functions.

Contribution from pessimism: accompanying figure The accompanying figure referenced in the
study of Contribution from Pessimism in Section [6.1]is given in Figure

Model Parameter value vs Epoch

0.8

0.6

0.41

0 10 20 30 40
Epoch

Figure 2: The estimated model parameter 1/;0 modified by the pessimism updates. As a result, MoMA policy
shifts away from the faulty action Stay.

Hyperparameters and compute information The hyperparameters of MoMA used in the random walk
experiment are summarized in table [3| The entire run (training and evaluation) of MoMA on a standard
CPU takes less than one hour.

Table 3: Hyperparameters for the random walk experiment

Hyperparameter | Value
actor steps 150
model steps 150

n 0.1

K1 0.1

A 3.0
MC number 300

¥ 0.4
iterations 40

F.2 The advantage of nonparametric policy class

We provide an illustrative example to empirically validate the importance of the nonparametric policy class,
demonstrating scenarios where the limitations of parametric policies are evident.

Consider an MDP with states S = {1,2,3,4,5} and an action space A = {0,1}. The transition dynamics
are defined as follows:

P(s=2]|s=1a=0)=08, P(s=1]|s=1a=0)=0.2,

P(s=3]|s=1a=1)=09, P =1]|s=1a=1)=0.1,
P(s'=k|s=k,a)=1 forall k=23,4,5and a=0,1.
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The reward function is set as follows:

r(s=1,a =1) =10,
r(s=1,a=0) =25,
r(s=2,a=1) =10,
r(s =2, a:O)zl,
r(s,a) = sin(s) + cos(a) for all s =3,4,5 and a =0, 1.

The discount factor v is set to 0.9. Under these settings, the optimal policy is 7*(s = 1) =1, 7*(s = 2) = 1,
and 7*(s) = 0 for all s = 3,4,5.

We aim to compare the results of the proposed nonparametric policy class and the log-linear policy class,
defined as:

1

7la=0]|s)= T o

mla=1]s)=1—m(a=0]s).

Based on these settings, we applied both a parametric policy gradient method and the proposed nonpara-
metric method. The results indicate that the optimal parametric policy yields a sub-optimal policy with a
value of 23.50, whereas the proposed nonparametric method successfully identifies the optimal policy with
a value of 27.08. This demonstrates the superiority of the nonparametric policy method over a pre-specified
policy class.

F.3 Continuous action D4RL benchmark experiments

Hyperparameters and compute information The hyperparameters of MoMA used in the D4RL ex-
periments are summarized in Table [d] We train and evaluate MoMA as well as baseline algorithms on one
A100 GPU for all D4RL experiments, and summarize the wall-clock times in Table [f]

Table 4: Hyperparameters for the DARL experiments

Hyperparameter ‘ Value

n 3E-4
K1 3E-4
A 5E-5
y 0.99

Table 5: D4RL benchmark wall-clock times, rounded to hours.

MoMA | MOPO | IQL | CQL
Hopper, medium 6.9 2.5 4.0 6.1
Hopper, medium-replay 8.1 3.2 2.4 5.5
Hopper, medium-expert 6.9 2.5 2.3 5.5
HalfCheetah,medium 8.7 4.4 5.6 8.1
HalfCheetah, medium-replay | 8.7 4.4 3.2 8.1
HalfCheetah, medium-expert | 9.0 4.5 4.3 8.3
Walker2D medium 10.3 2.7 2.8 6.4
Walker2D, medium-replay 8.6 44 2.3 5.9
Walker2D, medium-expert 8.9 3.2 3.4 6.0

Alternative evaluation metrics As a supplement to the standard mean of evaluation scores reported
in Table [2| we further consider the evaluation scheme proposed by |Agarwal et al.| (2021). Their method
addresses the need for more reliable performance evaluation in deep reinforcement learning, particularly in
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scenarios with limited seeds. It emphasizes the use of distributional metrics, which are less sensitive to
outliers, providing a clearer and more robust picture of algorithm performance across different runs.

Specifically, for our MoMA, model-based baseline MOPO, and model-free baseline CQL, we plot the aggre-
gate metrics including interquartile mean (IQM), mean, and optimality gap together with 95% bootstrap
confidence intervals (CIs) for each one of the 9 tasks in Figure 3] IQM has better statistical efficiency than
median, while optimality gap is a robust alternative to mean. Higher IQM and mean scores are better, and
lower optimality gap score is better. We further supplement the aggregate metrics with performance profiles
based on score distributions (Agarwal et al. 2021)), defined as the fraction of runs above a certain score
threshold, and higher curve is better. We plot the performance profiles and bootstrap 95% confidence bands
in Figure[d For the HalfCheetah environment, MoMA consistently outperforms the two baselines across the
three data settings measured by all three metrics, and exhibit uniformly higher performance profiles. For the
medium-expert data setting, MoMA achieves the best or competitive results across the three environments.

QM Mean Optimality Gap QM Mean Optimality Gap QM Mean Optimality Gap
| | S EEE BN - B = W
mopo | | | mopo | | mopo | | |
. C = | | | I
40 60 80 100 40 60 80 100 0 20 40 60 70 80 90 100 70 80 90 100 0 8 16 24 40 60 80 100 40 60 80 100 O 20 40 60

hopper-medium-v0 hopper-medium-replay-v0 hopper-medium-expert-v0

QM Mean Optimality Gap QM Mean Optimality Gap oM Mean Optimality Gap
| o ol | | oEE . I
- | L I | | - | |
I 11 il Il N .
24 32 40 24 32 40 56 64 72 80 48 51 54 48 51 54 45 48 51 54 80 88 96 104 80 88 96 104 0 6 12 18
halfcheetah-medium-v0 halfcheetah-medium-replay-v0 halfcheetah-medium-expert-v0
QM Mean Optimality Gap QM Mean Optimality Gap QM Mean Optimality Gap
| K -l W H - EIN I .
o | | | - | i1 - | |
-n N m -u il I~ H ®
25 50 75 25 50 75 25 50 75 30 a5 60 75 30 45 60 75 30 45 60 75 90 100 110 90 100 110 0 5 10 15
walker2d-medium-v0 walker2d-medium-replay-v0 walker2d-medium-expert-v0

Figure 3: Aggregate metrics on D4RL tasks with 95% bootstrap Cls.
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Figure 4: Performance profiles based on score distributions, pointwise 95% confidence bands.
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