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ABSTRACT

This paper investigates conservative exploration in reinforcement learning where
the performance of the learning agent is guaranteed to be above a certain thresh-
old throughout the learning process. It focuses on the episodic linear Markov
Decision Process (MDP) setting where the transition kernels and the reward func-
tions are assumed to be linear. With the knowledge of an existing safe baseline
policy, two algorithms based on Least-Squares Value Iteration (LSVI) (Bradtke
& Barto, [1996; (Osband et al.l 2016)), coined StepMix-LSVI and EpsMix-LSVI,
are proposed to balance the exploitation and exploration while ensuring that the
conservative constraint is never violated in each episode with high probability.
Theoretical analysis shows that both algorithms achieve the same regret order as
LSVI-UCB, their constraint-free counterpart fromJin et al.|(2020), indicating that
obeying the stringent episode-wise conservative constraint does not compromise
the learning performance of these algorithms. The algorithm design and the the-
oretical analysis are further extended to the setting where the baseline policy is
not given a priori but must be learned from an offline dataset, and it is proved that
similar conservative guarantee and regret can be achieved if the offline dataset
is sufficiently large. Experiment results corroborate the theoretical analysis and
demonstrate the effectiveness of the proposed conservative exploration strategies.

1 INTRODUCTION

One of the major obstacles that prevent state-of-the-art reinforcement learning (RL) algorithms from
being deployed in real-world systems is the lack of performance guarantees throughout the learn-
ing process. In particular, for many practical systems, a reasonable albeit not necessarily optimal
baseline policy is often in place, and RL is later brought in as a (supposedly) superior solution to
replace the baseline. System designers want the potentially better RL policy, but are also wary of the
possible performance degradation incurred by exploration. This dilemma exists in many domains,
including digital marketing, robotics, autonomous driving, healthcare, and networking; see (Garcia
& Fernandez| (2015); [Wu et al.| (2016) for a detailed discussion of practical examples. It is desirable
to have the RL algorithm perform nearly as well (or better) as the baseline policy at all times.

To address this challenge, conservative exploration has received increased interest in RL research
over the past few years (Garcelon et al.l 2020b; |[Yang et al.l |2021b} [Efroni et al.l 20205 Zheng &
Rathiff, [2020; Xu et al., [2020; [Liu et al., [2021)). In the online learning setting, exploration of the
unknown environment is necessary for RL to learn about the underlying Markov Decision Process
(MDP). However, “free” exploration provides no guarantee on the RL performance, particularly in
the early phases where the knowledge of the environment is minimal and the algorithm tends to
explore almost randomly. To solve this problem, the vast majority of the conservative exploration
literature (see Appendix [A] for a detailed literature review) relies on a key idea of invoking the
baseline policy early on to build a conservative budget, which can be spent in later episodes to take
explorative actions. This intuition, however, critically depends on the definition of the conservative
constraint being the cumulative expected reward over a horizon falling below a certain threshold. If
a more stringent constraint defined on a per episode basis is adopted, this idea becomes infeasible
and it is unclear how conservative exploration can be achieved.

Besides the difficulties of incorporating the conservative constraints, practical RL applications may
involve a large number of states, and linear function approximation (Jin et al.}2020; Yang & Wang,
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Table 1: Comparison of Conservative Exploration Methods with Linear Function Approximation

Algorithm (Reference) Regret Constraint Additional Assumption
LSVI-UCB (Jin et al.| 2020} 0 ( d3H4N) - -
SLUCB-QVI (Amani et al.|[2021) O(%\/d‘Hi“N ) Step Continuous feature space, known x’
BudgetFirst / LCBCE (Yang et al.|2021b) O (\/m + Z;fiﬁg) Cumulative Known / Unknown A,
StepMix-LSVI (this work) o) ( BHIN + “%) Episodic ;
EpsMix-LSVI (this work) o) (m + o EAU) Episodic ;

d: dimension; H: horizon; N: number of episodes; Ag: suboptimality gap for the base policy;
& tolerable reward loss from base policy. x: minimum gap between the costs of base actions and the constraint.

2020) is a simple yet effective approach to approximate either the value function or the policy.
The introduction of linear function approximation raises a fundamental set of challenges involv-
ing the computational and statistical efficiency, especially given the need to manage the explo-
ration/exploitation tradeoff. Incorporating linear function approximation also makes the conser-
vative exploration problem much more difficult (Amani et al., 2021} |Yang et al.,|2021b).

In this paper, we focus on conservative exploration in a finite-horizon episodic MDP with linear
function approximation. Unlike most of the prior works, we enforce a more strict conservative con-
straint that the expected reward of the RL policy cannot be much worse than that of a baseline policy
for every episode. When such baseline policy is explicitly given, we propose to integrate various
types of mixture policies into conservative exploration to cope with the more stringent per-episode
constraint. We then extend the study of conservative exploration to the setting where the baseline
policy is not given a priori but must be learned from an offline dataset. Our main contributions are
summarized as follows.

* With a given baseline policy, we propose StepMix-LSVI, a new model-free learning algorithm
based on the Least-Squares Value Iteration (LSVI) principle with a step mixture design embedded
in each episode. StepMix-LSVI is built on a novel two-stage policy design that dynamically
evolves with episodes, where we add an evaluation step to examine different concatenations of
the baseline policy and the optimistic policy in terms of potential constraint violations. This
evaluation relies on a careful integration of the LSVI principle and the lower confidence bound
(LCB) to produce the desired balance of baseline and optimistic policies.

* We then develop EpsMix-LSVI which, instead of relying on step mixture policies as in StepMix-
LSVI, adopts a randomization mechanism and constructs episodic mixture policies in each
episode. Episode-wise randomization is critical in allowing EpsMix-LSVI to be less conserva-
tive than StepMix-LSVI without violating the conservative constraint.

* Regret analyses reveal that without any additional assumption, both algorithms achieve
10) (\/ d3HAN ) regret, which is of the same order as LSVI-UCB, their constraint-free counter-

part (Jin et al.| [2020), while never violating the conservative constraint during the learning process
with high probability. The conservative constraint turns out to only incur an additive regret term,
as opposed to a multiplicative coefficient in|Amani et al.|(2021). Furthermore, the additive terms
are comparable to that in|Yang et al.[(2021b)), while our constraint is more stringent. A comparison
of our work and these relevant papers is presented in Table [I]

* When the baseline policy is not given, we study an extension where we first learn an approximately
safe baseline policy from an offline dataset and then use it as an input to the StepMix-LSVI or
EpsMix-LSVI algorithm. We characterize the impact of safety uncertainty due to learning from
an offline dataset on the safety and regret of conservative exploration, and prove that as long as
the dataset is sufficiently large, similar regret and conservative guarantees to the case of explicitly
using a provably safe baseline policy can be achieved. This is further validated in the experiments.

2 PROBLEM FORMULATION

We consider an episodic MDP M = (S, A, H, P,r,x1), where S and A are the sets of states and
actions, respectively, H € Z. is the length of each episode, P = {P,}L  and r = {r,}L, are
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respectively the state transition probability measures and the reward functions, and x; is a given
initial state. We assume that S is a measurable space with possibly infinite number of elements and
A is a finite set with cardinality A. Moreover, for each h € [H]|, Py(:|z,a) denotes the transition
kernel over the next states if action a is taken for state z at step h € [H|,and rp, : S x A — [0,1] is
the deterministic reward function at step h. Our result can be easily generalized to random reward
functions. We consider the learning problem where S and A are known while P and r are unknown
a priori.

A policy 7 is a set of mappings {7, : S — A(A)}ne[a, where A(A) is the set of all probability
distributions over the action space A. In particular, 7, (als) denotes the probability of selecting
action a in state s at time step h.

An agent interacts with this episodic MDP as follows. In each episode, the environment begins with
a fixed initial state z1. Then, at each step h € [H|, the agent observes the state x5, € S, picks an
action aj, € A, and receives a reward r,(xp, ap) € [0, 1]. The MDP then evolves into a new state
Zp1 thatis drawn from the probability measure Py (|2, ar ). The episode terminates after H steps.

For each h € [H], we define the state-value function V;" : & — R as the expected total reward
received under policy 7 when starting from an arbitrary state at the h-th step until the end of the
episode. Specifically, Vo € S, h € [H],

H

Vi (z) = IE,,{ > rwe(@n, an)

h/=h

Ty = :v], (D

where we use E,[-] to denote the expectation over states and actions that are governed by 7 and
P. Since the MDP begins with the same initial state x;, to simplify the notation, we use V'™ to
denote V{™(z1) without causing ambiguity. Correspondingly, we define the action-value function
Q7 S x A— Ratstep h as the expected total reward under policy 7 after taking action a at state
x in step h, that is:

H

QZ(:C’&) = E‘n’ l: Z Th/(xh/,ah/)

h'=h

Th = T,ap = a] =ru(z,a) + [PLV) 1 )(2, a),

where [P, V[T, (2, a) := Epop, (ja,a) [V 1 (2')]. Since the action space and the episode length
are both finite, there always exists an optimal policy 7* that gives the optimal value V;*(z) =
sup, V7 (z) forallz € S and h € [H].

Linear MDP. We assume the MDP (S, A, H, P,r,x1) is a linear MDP (Jin et al. [2020) with a
(known) feature map ¢, i.e., for any h € [H|, there exist d unknown measures p;, = (ug), cey ugld))
over S and an unknown vector 6, € R?, such that for any (z,a) € S x A, we have Py (z'|x,a) =
(¢p(x,a) and pp(2')), rp(x,a) = (¢(z,a), 0y ). Without loss of generality, we assume ||¢(z, a)|| <

1 forall (x,a) € S x A, and max{||u,(S)|, [|0x]|} < V/d forall h € [H].

Conservative Constraint. While there could be various forms of constraints imposed on the RL
algorithms, in this work, we focus on a baseline policy-based constraint (Garcelon et al., [2020b;
Yang et al.,[2021b). In many applications, it is common to have a known and reliable baseline policy
that is potentially suboptimal but satisfactory to some degree. Therefore, for applications of RL
algorithms, it is important that they are guaranteed to perform not much worse than the existing
baseline throughout the learning process. Denote the baseline policy as 7° and the corresponding

expected total reward obtained under 7° in an episode as v Then, throughout the learning, we
require that the expected total reward for each episode n is at least v with high probability, where

ko= —~ > 0 characterizes how much risk the algorithm can take during the learning process. A
policy 7 that achieves expected total reward at least +y is considered to be “safe”, and we emphasize

that our proposed algorithms do not require the knowledge of V™. Let 7" be the policy adopted by
the agent during episode n € [N]. Mathematically, we formulate the conservative constraint as

P [V”" > ~,¥n € [N]| > 1 -4, where § € (0,1). ®)

Comparison with Previous Conservative Constraints. The conservative constraint in Equation
is more restrictive compared with |Garcelon et al.[(2020b)); Yang et al.|(2021b)), where the constraint



Under review as a conference paper at ICLR 2023

is imposed on the cumulative expected reward over all experienced episodes instead of on each
episode. We note that this stringent constraint has a profound impact on the algorithm design. While
the previous cumulative conservative constraint enables the idea of saving the conservative budget
early on and spending it later to play explorative actions, it cannot guarantee that in each episode,
the expected total reward is above a certain threshold. Our constraint in Equation (2)), in contrast,
requires the expected total reward to be above a threshold in each episode. Hence, the idea of saving
budget from early episodes for exploration in future episodes cannot be adopted, and it requires a
more sophisticated algorithm design to control the budget spending within each episode and ensure
the safety of all executed policies. A comprehensive review of the related works and how our work
is different from them are deferred to Appendix [A]due to the space limitation.

In addition, the per-episode conservative constraint in our paper is more practical than the cumulative
reward-based constraints. This is because each episode in the episodic MDP setting corresponds to
the learning agent interacting with the environment from the beginning to the end, e.g., a robot walks
from a starting point to the end point. Guaranteeing the performance in every episode has physical
meanings, e.g., making sure that the robot does not suffer any damage while learning how to walk.
This cannot be captured by the long-term constraint that spans many episodes.

Learning Objective. Under the given episodic MDP setting, the agent aims to learn the optimal
policy by interacting with the environment during a set of episodes, subject to the conservative
constraint. The difference between V™ and V* serves as the expected regret or the suboptimality
of the agent in the n-th episode. Thus, after playing for IV episodes, the total expected regret is

N
Reg(N) := NV* = > V™" 3)

n=1

Our objective is to minimize Reg(/N') while satisfying Equation (2)) for any given § € (0, 1).

3 THE STEPMIX-LSVI ALGORITHM

In this section, we present a new model-free learning algorithm based on Least-Squares Value Iter-
ation (Bradtke & Barto| 1996} |Osband et al., |2016), coined StepMix-LSVI. A major component of
StepMix-LSVI is to design a step mixture policy (Baram et al., [2021)) in each episode. Before we
present the StepMix-LSVI algorithm, we first introduce the definition of step mixture policies.

Definition 1 (Step Mixture Policy). The step mixture policy of two Markov policies 7' and 72 with
a parameter p, denoted by pr! + (1 — p)m2, is a Markov policy such that the probability of choosing
an action ay, given a state j, under the step mixture policy is pri (an|zp) + (1 — p)7i(ap|xp).

3.1 ALGORITHM DESIGN

We elaborate the design of StepMix-LSVI, which is presented in Algorithm[I] The StepMix-LSVI
algorithm proceeds in episodes. At the beginning of each episode n, it first constructs an informa-
tion matrix A} for each step h. This information matrix, together with the historical data, will be
utilized in the LSVI-UCB subroutine to obtain an optimistic policy 7". The LSVI-UCB subroutine,
shown in Algorithm 2] in Appendix [C.1] is directly adopted from [Jin et al| (2020). The essential
idea of LSVI-UCB is to parameterize Q;(z,a) by the linear form w, ¢(x,a), where wy, can be
approximated by solving a least-square problem. An upper confidence bound (UCB) is then added
to the estimated Q)7 (x, a) to balance exploration and exploitation during learning. When the con-
servative constraint is not imposed, LSVI-UCB is known to converge to the optimal policy with a
regret in the order of O(Vd?H*N). However, LSVI-UCB cannot guarantee that the total expected
reward obtained in each episode is always above the desired threshold +. In other words, the nec-
essary exploration may temporarily hurt the total reward in certain episodes and lead to undesirable
performance degradation.

To overcome this disadvantage of LSVI-UCB and avoid constraint violation during learning,
StepMix-LSVI relies on a novel two-stage construction to produce the mixture policy 7" for episode
n. Notably, this two-stage construction dynamically evolves with episodes. In the first stage, we
construct a set of candidate policies by concatenating the baseline policy 7” with the optimistic
policy 7". The purpose of this set of candidate policies is to evaluate potential violations of the
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constraint, which directly affects the mixture probability in Definition[] Specifically, we let the first
ho € [0, H] steps of the candidate policy be the same as the baseline policy 7, and the last H — hg
steps be the same as the optimistic policy 7. We denote each of those H + 1 policies as 7™/, and
then estimate the performance of those policies by invoking the LCB-V subroutine (see Algorithm 3|

in Appendix [C.2)).
The LCB-V subroutine also utilizes the LSVI

Algorithm 1 The StepMix-LSVI Algorithm

principle to estimate the action-value function

A" () under policy #™"0. Compared
with LSVI-UCB, there are two major differ-
ences: First, instead of constructing an upper
confidence bound for the action-value function,
we obtain a lower confidence bound (LCB)
by subtracting the bonus term 3| (-, ) || (az)-1.

where we use ||z||y to denote VT V. We ex-
pect that the true action-value function is above
its LCB with high probability, similarly for the
state-value function. Second, since LCB-V is a
policy evaluation subroutine, it does not apply
the max operator to the action-value function
for the greedy action selection. Rather, in or-
der to evaluate the state-value function, it needs
to take expectation of the action-value func-
tion. These differences would also complicate
the corresponding analysis.

Once the LCB of the expected total reward

L/'ﬁ"’ho is returned, the learner will compare it
with the threshold ~. If it is above the threshold,
it indicates that with high probability the con-
catenated policy 70 will satisfy the conser-
vative constraint. Then, the learner would stop
evaluating the remaining concatenated policies.

Let h,, be the smallest g such that V""" > .

Input: A\, 3, v, b
Dy 1]
for episoden =1,2,..., N do
/l 1st sta?e: policy evaluation
p e S Lo, al)éah,af) T + AL
7" <= LSVI-UCB(Dy—1,A}); ho < 0
while hy < H do
ﬁn,ho A (7TI177 s 77F2077_TZO+17 e 7?71-1[)

VA" LCB-V(7", D,_1, A}, B)

if V" > + then
Break;

end if

ho < ho +1
end while
hn < ho
/l 2nd stage: policy construction
if h, € [1: H]| then

~n,hn
% -y

= VAThn _ a1

(C))

Pn

T = pai™ T (1= pa)7 M (5)
else if h,, = 0 then

Tt =a"
else

™=
end if

Play «™ and collect {(z?, a}, r(z], a})) i1
Dp + Dn-1 U {(Iz7 QZ, T}L(:r:u a;))}thl

end for

If none of the candidate policies achieves the
threshold, we let h,, = H + 1.

Then, in the second stage, depending on the value of h,, the learner constructs and executes the
policy ©™ for episode n as follows:

e If h,, = 0, LSVI-UCB is considered safe, and the learner executes 7.

e If h,, € [1 : H], it indicates that 7"~ is safe but 7" ~1 may be not. More importantly, they
only differ in one step h,. Then, the learner would construct a mixture of 7™/~ and #™/»—1
according to Equation (@) and Equation (), such that the expected total reward obtained under the
mixture policy is guaranteed to be above the threshold.

e If h,, = H + 1, it indicates that the LCB of V”b is below the threshold, which occurs when the
estimation is highly uncertain. The learner will then resort to 7® for conservative exploration.

Therefore, at each episode n, StepMix-LSVI finds a safe policy 7™ chosen from either 7°, 7", or a
step mixture policy in Equation (3)) . Once the policy 7™ is executed and a trajectory is collected,
the learner moves on to the next episode.

3.2 THEORETICAL ANALYSIS

The performance of StepMix-LSVI is formally stated in the following theorem.

Theorem 1. There exist absolute constants ¢, cg, ¢1 and co_such that, for any § € (0,1), if we
choose A\ = /dlog(dN H/6) and 8 = cgdH /v in Algorithm|I|with . = 2log(4dH N /$), then with
probability at least 1 — 6, StepMix-LSVI (Algorithm[I)) simultaneously (i) satisfies the conservative
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constraint in Equation @), and (ii) achieves a total regret that is at most
cod®H4Ag1?
aVBHINZ + 2/<;720’ (©6)

where Ay := V* — V" is the suboptimality gap of the baseline policy and k := v — v is the
tolerable value loss from the baseline policy.

Remark 1. Theorem|l|indicates that StepMix-LSVI achieves a regret in the order of O(v/d® HAN),
the same as LSVI-UCB in Jin et al.|(2020), while ensuring zero constraint violation with high
probability. The conservative exploration only leads to an additive constant term in the learning
regret bound in Equation (). Besides, when = 0, the algorithm reduces to standard LSVI-UCB,
and the additive constant term becomes zero.

The proof of Theorem |I|is provided in Appendix |E] where important lemmas can be found in Ap-
pendix [D| We outline the major steps of the proof as follows.

First, we note that the mixture policy 7™ is stochastic in general, as opposed to the deterministic
greedy policy under LSVI-UCB. To cope with the policy randomness and temporal dependency, we
develop a new uniform concentration lemma for value functions under policy ™" for any hy €
[0 : H + 1], as elaborated in Lemma[7] Thus, the uniform concentration can be established for any
mixture of 7™/ and 7™ ~!. Such uniform concentration ensures that with high probability, the
true value functions are bounded by the constructed UCB and LCB in Algorithm [T} (see Lemma [9).
Thus, when the LCB of a policy is above the threshold ~, it ensures its safety with high probability.

Moreover, the gap between them is controlled by the total expected bonus within an episode, i.e.

7, 7", and 7" (see Lemma |10). The next step is thus to bound the total expected bonus under

«". However, the various forms policies 7™ may choose from make our analysis significantly harder
than the original analysis in Jin et al.|(2020). We highlight several major challenges in the following.

Zthl En [||¢(xh, an)ll¢ A;;)_lhzvhere 7™ is the actual policy executed in episode n, chosen from

First, when 7™ is a step mixture policy, we do not have a direct estimation on the corresponding
value function. Thanks to the one-step-difference of ™" and 7""»~1 the true value function
~n, hp—

under the step mixture policy 7" is a linear combination of VE" and V7 ' (see Lemma Eb
The linearity also holds for the LCB, which ensures the safety of the 7" for each episode n. Besides,
the difference between the LCB and V™" is controlled by Zthl En [||¢)(xh, an)ll¢ A;L)fl} , similar

to that between the UCB and true value function under the optimistic policy 7" (see Lemma|[TT).

Another challenge is due to the randomness of the step mixture policy. Since the actions taken un-
der the same step mixture policy may be different, the information matrix A} may have different
realizations. To cope with such randomness, we relate the information matrix with its expecta-

tion, ie., A7 = A + Zf;ll Exr [¢(zh,an)¢(zn,an) "], and show that the elliptical potential
[¢(zn,an)ll(az)-1 is upper bounded by [[¢(xn, an)l|(zy)-1 up to a constant factor (see Lemma .

In order to bound the regret, we first relate the step mixture policy with the baseline policy. Intu-
itively, since 7" is an optimistic policy, switching from 7® to 7™ after step h,, increases the value

function in general. Thus, V™", after padding the bonus terms, should be larger than V™. Combin-
ing with the gap between LCB and its true value, we have the following corollary.

Corollary 1 (Informal). Denote V™" as the LCB of V™" . With probability at least 1 — &, we have
VSV 4B B [l an)lag)-a] - ™

We also note that the LCB of V™" when 7" is a step mixture policy is exactly equal to the threshold
~. Therefore,

vy AT B [I0(a s an)lagy ] ®

Let \V be the subset of episodes when a step mixture policy is adopted. Summing Equation (8] over

N, we have the right hand side bounded by O(+/|\]) due to a revised elliptical potential lemma
(see Lemma E]) However, the left hand side equals I€|N |, which implies N is a finite set. Similar
argument applies to 7°. Therefore, StepMix-LSVI always plays 7" except for a finite number of

episodes, which results in adding only a constant term to the original regret 0(\/ d3H*N).
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4 THE EPSMIX-LSVI ALGORITHM

In this section, we propose an algorithm named EpsMix-LSVI to learn the optimal policy subject
to the conservative constraint. Different from StepMix-LSVI in Algorithm [1| EpsMix-LSVI does
not construct step mixture policies during the learning process. Rather, it adopts a randomization
mechanism at the beginning of each episode, and designs episodic mixture policies (Wiering &
Van Hasselt, [2008; [Baram et al., |2021)) defined as follows.

Definition 2 (Episodic Mixture Policy). Given two policies 7! and 72 with a parameter p € (0, 1),
the episodic mixture policy, denoted by pr! @ (1 — p)72, randomly picks 7! with probability p and
72 with probability 1 — p at the beginning of an episode and plays it for the entire episode.

4.1 ALGORITHM DESIGN

The EpsMix-LSVI algorithm is presented in Algorithm [4]in Appendix [C.3] and it proceeds as fol-
lows. Similar to StepMix-LSVI, at the beginning of each episode n, it first constructs an optimistic
policy based on the LSVI-UCB subroutine, denoted as 7™. It then evaluates the LCB of the expected

total rewards under both 7" and 7, denoted as V™" and L/”b , respectively. If both V™" and L/”b are
above the threshold ~, it indicates that the optimistic policy 7" satisfies the conservative constraint

with high probability. The learner thus executes 7" in the following episode n. Otherwise, if Y”b is
above the threshold while V™" is not, it constructs an episodic mixture policy p,, 7" @ (1 — p,,)7° as

in Equation and Equation of Algorithm where p,, is determined based on V™", L/”b and
the threshold ~. It can be shown that the episodic policy satisfies the conservative constraint with
high probability while balancing the exploration-exploitation tradeoff.

4.2 THEORETICAL ANALYSIS

The performance of the EpsMix-LSVI Algorithm is characterized in the following theorem.

Theorem 2. There exist absolute constants ¢, cg, cs and cy_such that, for any 6 € (0,1), if we
choose A\ = /dlog(dN H/6) and 3 = cgdH /v in AlgorithmMwith . = 21og(4dH N /$), then with
probability at least 1 — 6, EpsMix-LSVI (Algorithm[{d)) simultaneously achieves (i) the conservative
guarantee in Equation @), and (ii) a total regret that is at most

374N 2

csVBHIN2 + w_ 9)
Remark 2. Theorem [2|indicates that EpsMix-LSVT achieves a regret in the order of O(Vd>H*N)
while ensuring that the conservative constraint is satisfied with high probability. It can be observed
that Equation (9 has the same form as Equation (6)) except for the constants (c3 and ¢4 replacing
c1 and cy respectively), suggesting that both StepMix-LSVI and EpsMix-LSVI have very similar
regret performances and constraint guarantees. At the same time, we note that EpsMix-LSVI is less
conservative than StepMix-LSVI in the sense that, the expected total return under a selected policy
in an episode may be below the threshold when V™ < ~. However, when taking the randomness in
the policy mixture procedure into consideration, we can still guarantee that the expected total return
under an episodic mixture policy is above the threshold with probability at least 1 — 4.

The proof of Theorem [2]is deferred to Appendix [F] A sketch of the proof is as follows: First, we
establish a uniform concentration of the value functions under 7" in each episode, following similar
approaches as in the proof of Theorem [I] We then show that the total number of episodes where
the algorithm executes 7 or the episodic mixture policy is bounded, conditional on the uniform
concentration of the value functions. This ensures that the performance degradation compared with
LSVI-UCB (Jin et al., [2020) is bounded. Besides, the uniform concentration also ensures that the
conservative constraint is satisfied in each episode.

5 FROM BASELINE POLICY TO OFFLINE DATASET

Both EpsMix-LSVI and StepMix-LSVI critically depend on the baseline policy 7* to achieve the
desired conservative guarantee. In reality, however, a baseline policy that provably satisfies the
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conservative constraint may not be explicitly given to the algorithm. Instead, the learning agent may
have access to an offline dataset that is collected from the target environment, and the goal is to
design a conservative exploration algorithm that satisfies Equation (2) only using the offline dataset.

A natural approach to solve this problem is to first learn a baseline policy from the dataset, and then
use it as an input to EpsMix-LSVI or StepMix-LSVI. The challenge, however, is that instead of
having full confidence in the conservative guarantee of 7°, we must deal with the safety uncertainty
of the learned baseline policy, that is introduced by using the offline dataset as well as the offline
learning algorithm that produces the baseline policy. Fortunately, Theorem 3]states that for StepMix-
LSVI, the uncertainty of learning a safe baseline policy from the offline dateset does not affect the
conservative constraint violation or the regret order if the offline dataset is sufficiently large.

Theorem 3. Let 7 be the output of the PEVI algorithm (Jin et al., 2021) (see Algorithm |5|in
Appendix @ with N = @(dBH 4 offline trajectories and parameters chosen properly. If we

K2
replace the baseline policy 7° used in Algorithmby 7 then there exist two constants c1, ca such
that with probability at least 1 — 26, we can simultaneously (i) satisfy the conservative constraint in
Equation (IZ]) and (ii) achieve a total regret that is at most

deod® HA (A 2).2
e VABHAN 2 + C2 ( 20+"$/ ) .
K

A similar result for EpsMix-LSVI can be established, and is given as Theorem [§]in Appendix [G|
We see that N, scales inversely proportional to 2, suggesting that a good baseline policy would
require small amount of data and vice versa. Besides, the additive term increases compared with
Theorem [I] In general, a large Ny serves two purposes: First, it reduces the safety uncertainty due
to offline learning, such that the impact on the safety constraint violation is negligible compared with
that caused by the (online) StepMix policy. Second, it ensures that the regret bound is dominated
by the number of online episodes IN. We also note that although both Theorem [3] and Theorem [§]
depend on using PEVT as the offline learning algorithm, the conclusion can be extended to general
offline algorithms as long as they can produce an approximately safe policy from the pre-collected
data with high probability; see Appendix [G]for more discussion.

6 EXPERIMENTAL RESULTS

Synthetic Environment. We generate a synthetic environment to evaluate the proposed algorithms.
We set the number of states |S| to be 10, the number of actions |.4| for each state to be 100, and the
dimension of the feature d to be 5. The feature vector ¢(-,-) for each state-action pair is generated
independently and uniformly at random from the d-dimension simplex. We also generate a d X |S|
matrix g where each row is a probability measure randomly drawn from a |S|-dimensional simplex.
Let {1(s)} be the columns of p. Besides, we also randomly draw 6, uniformly from [0, 1]¢. Such
procedure guarantees that the synthetic environment is a linear MDP with rewards lying in [0, 1].

Baseline Policy. We adopt the Boltzmann policy (Thrun, [1992) as the baseline in our al-
gorithms. Under the Boltzmann policy, actions are taken randomly according to mp(als) =

= e’fiﬁg&g’:& a1 where a larger k leads to a more deterministic policy and higher expected value.
a€ AT

Results. We first evaluate the proposed StepMix-LSVI, EpsMix-LSVI, and compare with LSVI-
UCB.Weset A\ =1,v = 0.7V™". For each algorithm, we run 10 trials and plot the average results.

In Figure[I] we track the total reward obtained in each episode with different confidence bound coef-
ficient 3 and baseline parameters. We also track the total number of episodes during which the total
reward is below the threshold . We emphasize that this is different from violating the conservative
constraint, as our constraint in Equation @) is defined in terms of the expected total reward rather
than the actual return. We have the following observations: First, StepMix-LSVI and EpsMix-LSVI
converge to the optimal policy with zero or very few violations. Between them, EpsMix-LSVI
appears to be more aggressive, leading to faster convergence and a few more violations. Mean-
while, LSVI-UCB also converges to the optimal policy, but with a much slower rate and much
more violations. Second, the performance of baseline affects the performances of StepMix-LSVI
and EpsMix-LSVI significantly. A better baseline policy leads to faster convergence. Third, the

"We hide the logarithm factor for simplicity.
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Figure 1: Total reward of each episode under StepMix-LSVI, EpsMix-LSVI, and LSVI-UCB with different 3
and baseline parameter k. Numbers of violations are stated in the legend.

confidence bound coefficient /3 also affects the performances of our algorithms, especially StepMix-
LSVI, dramatically. With large 3, StepMix-LSVI tends to stay with the baseline policy for more
episodes, i.e., being more conservative. This is due to the fact that our conservative exploration
strategy becomes too pessimistic with large 3.

Stephtix

Epshix
Lsvi-uce

0 2000 4000 6000 8000 10000 0 200 400 600 ° 2000 4000 6000 8000 10000 5 10 15 20
o online epochs number of offine trajectories (Ns)

(a) Regret with 8 =1 ® k=20,8=1 (¢c) k =20, 8 = 2, 30 of- (d) violations vs. number
fline trajectories of offline trajectories

Figure 2: Online: (a) regret, (b) compare with StepNoMix. Offline: (c) large N1, (d) varying Ni.

We compare the regret performances in Figure All algorithms achieve sub-linear regret, and
the regret under StepMix-LSVI and EpsMix-LSVI are much lower than that under LSVI-UCB. In
general, a better baseline policy leads to lower regret under our algorithms, which is consistent with
the theory. In Figure 2(b)l we compare with an additional algorithm termed StepNoMix, a modified
version of StepMix-LSVI. Instead of constructing a step mixture policy, StepNoMix will execute
the first concatenated policy whose LCB is above the threshold. Compared with StepMix-LSVI,
StepNoMix stays at the baseline for more episodes, indicating that it is less effective in exploring
unknown dimensions.

Finally, we report the performance of learning from an offline dataset. When the number of offline
trajectories is sufficiently large, Figure shows that learning a baseline policy from the offline
dataset and using it as an input to StepMix-LSVI and EpsMix-LSVI do not affect their performances
— we observe similar reward behaviors and similar violations (i.e., numbers of episodes when the
reward is below «) as in Figure When there are not sufficient trajectories in the offline dataset,
however, we see varying degrees of violations in Figure 2(d)} More results from the offline dataset
experiments can be found in Appendix [G.3]

7 CONCLUSIONS

We have investigated conservative exploration in episodic MDPs with linear function approximation.
Different than majority of the existing literature, we considered a stringent conservative constraint
that the expected total reward of the learning policy be not much worse than that of a baseline policy
in every episode. This constraint has motivated us to incorporate mixture policies in conservative
exploration. We proposed two LSVI-based algorithms, one with step mixture policies and the other
with episodic mixture policies and randomization. Both algorithms were proved to achieve the same
regret order as the constraint-free LSVI-UCB algorithm, while never violating the conservative con-
straint in the learning process. We also investigated a practical case where the baseline policy is
not explicitly given to the algorithm, but must be learned from an offline dataset. We showed that
as long as the dataset is sufficiently large, the offline learning step does not affect the conservative
constraint or the regret of our proposed algorithms. Experimental results in a synthetic environ-
ment corroborated the theoretical analysis and shed some interesting light on the behavior of our
algorithms.
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A RELATED WORKS

Constrained RL with Baseline Policies. Conservative exploration studied in this paper can be
viewed as a specific case of the Constrained Markov Decision Process (CMDP) (Altman| |1999),
which has been investigated in both offline and online settings. In the offline setting, a given baseline
policy produces a set of trajectories for the agent to learn a policy that is guaranteed to perform at
least as good as the baseline with high probability without actually interacting with the MDP (Bottou
et al., [2013; Thomas et al.l 2015bsa; Swaminathan & Joachims, 2015} Petrik et al., [2016:; |Laroche
et all [2019; Simdo & Spaan, 2019). It can also be extended to the semi-batch setting (Pirotta
et al., 2013). In the online setting, which is the focus of our paper, the agent has to trade off
exploration and exploitation while interacting with the MDP. Several algorithms have been proposed
in the literature (Garcelon et al., 2020bj |Yang et al., 2021b)). \Garcelon et al.| (2020b)) introduces
a conservative upper-confidence bound for reinforcement learning (CUCRL?2) algorithm for both
finite horizon and average reward problems with O(1/T') regret. Conservation exploration for low-
rank MDPs is studied in|Yang et al.[(2021b) where a generic BudgetFirst algorithm instantiated with
LSVI-UCB of Jin et al.| (2020) is shown to match the regret upper bound of the non-conservative
counterpart. We note, as discussed in Section E], that our constraint is more stringent than these
papers. Correspondingly, the algorithms and the regret analysis are also different from the prior
works.

Policy Optimization. This is another research direction in RL that utilizes baseline policies (Schul-
man et al.| 2015). However, the focus and assumptions of these papers are very different from this
work. For example,|Zhong et al.|(2021)); Luo et al.|(2021)) focus on the non-stationary and adversary
environments, respectively. While policy optimization can achieve sublinear regret under certain
MDP models (Shani et al., [2020), it usually lacks performance guarantees during the learning pro-
cess, which is in stark contrast to our results.

Other Forms of Constraints. Beside the constraint imposed by a baseline policy, which is generally
“aligned” with the learning goal, CMDP also studies the case where the algorithm must satisfy a set
of constraints that potentially are not aligned with the reward (Efroni et al., 2020; Turchetta et al.,
2020; |[Zheng & Ratliff] 2020; |Qiu et al.l [2020; [Ding et al.l [2020; Kalagarla et al., [2020; [Liu et al.,
2021;|Wei et al} 2022} |Ghosh et al.,[2022)). The constraint considered in the aforementioned papers
is w.r.t. the cumulative expected cost over a horizon falling below a certain threshold, which is
different than ours. In addition, constraints such as minimizing the variance (Tamar et al., [2012)
or generally, maximizing some utility function of state-action pairs (Ding et al., |2021)), have been
investigated. A recent work (Amani et al |2021) also studies conservative exploration with linear
function approximation, and the constraint is defined using an (unknown) linear cost function of
each state and action pair. Lastly, |Yang et al| (2021a) studies constrained reinforcement learning
with a baseline policy that may not satisfy the given set of constraints.

Linear Function Approximation. [Jin et al.| (2020) presents a Least-Squares Value Iteration (LSVI)-
based algorithm and shows that it achieves O(V d3H3T) regret, where d is the ambient dimen-
sion of feature space, H is the length of each episode, and 7 is the total number of steps. Im-
portantly, such regret is independent of the number of states and actions. |Yang & Wang| (2020)
proposes an online RL algorithm, namely the MatrixRL, that leverages ideas from linear ban-
dit to learn a low-dimensional representation of the probability transition model while carefully
balancing the exploitation-exploration tradeoff. It shows that MatrixRL achieves a regret bound
O(H 2dlog TVT ) Wang et al.| (2021) proposes the USVI-UCB algorithm under a weaker op-
timistic closure assumption, which achieves an O(v/d3H3T) regret. This result is improved to
(’)(d\/ H3T) inZanette et al.[(2020), which proposes another weaker assumption called low inher-
ent Bellman error. Instance-dependent logarithmic regret bounds are established for linear MDPs
in |He et al.[(2021). In addition, there is another related line of works focusing on linear mixture
MDPs (Ayoub et al., [2020; (Cai et al., 2020; Zhou et al., |2021). We note that those algorithms do not
consider any conservative constraints into their formulation.

Safe Bandits. Bandits problem is a standard RL problem while it interacts with a stationary envi-
ronment, which reduces the difficulties of learning. Several constraints are considered in the bandits
setting. The first is that the cumulative expected reward of an agent should exceed a certain thresh-
old. This setting is originally studied inWu et al.|(2016), which adopts an UCB type of exploration
and check whether the policy satisfies the conservative constraint. [Kazerouni et al.|(2016));|Garcelon
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et al.[(2020a)); Pacchiano et al.| (2021)) then extend the conservative setting to contextual linear ban-
dits. The second constraint is much stronger, as it requires that each arm played by the learning agent
be safe given the baseline or the threshold. |Amani et al.| (2019) and Khezeli & Bitar| (2020) both
use an LCB type of algorithm to ensure the arms selected by the algorithms are safe under linear
bandits setting. |Du et al.|(2021) considers conservative exploration with a sample-path constraint on
the actual observed rewards rather than in expectation.

B NOTATIONS

We summarize the notations frequently used in the appendix as follows. Each policy 7 contains H
step-wise policies, i.e. 7 := {m,...,my}. As standard in the literature, we use x;, ~ (P,7) to
denote a state sampled by executing policy 7 under the transition kernel P for h — 1 steps. We use
the notation E(,, 4,)~(p,r) [-] to denote the expectation over states z:, ~ (P, 7) and actions a;, ~ .
We use the short hand E [g(x, ar)] to denote the expectation of g(xy, ap) where xp, follows the
distribution induced by the transition dynamics P and policies 71, ...,7Th—1, and ap follows the
distribution 7y,

C ALGORITHMS

C.1 LSVI-UCB SUBROUTINE

We present the LSVI-UCB subroutine in the following algorithm.

Algorithm 2 LSVI-UCB Subroutine (Jin et al., [2020)
Input: D,,_q, A}
forsteph =H,...,1do i

Wi (M) g7 (Tﬁ + max Qi (Th 41, a))

T=1
Qr(-,-) + min {(wZ)T¢(~, )+ BloCs )l a1 H}

() < argmax Qj (-, a)

end for
Output: 7"

C.2 LCB-V SUBROUTINE

We present the LCB-V subroutine as follows.

Algorithm 3 The LCB-V Subroutine
Input: 7, D,, A}, B
forsteph=H,...,1do

k—1
wh — (AN 07 (17 + Earry, [QRi1 (2h 41, a)])

T=1

QR() = max { (W) T6(,-) = BI6C a0}

end for
Output: V7 (21) = Eqmr, [QF (21, )]

C.3 EPSMIx-LSVI ALGORITHM

We present the EpsMix-LSVI algorithm in Algorithm [4]
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Algorithm 4 The EpsMix-LSVI Algorithm
Input: )\, 3, 7°
Do +— 1]
for episoden =1,2,..., N do
R 30Ty o, an)d(g, an)T + A
7" « LSVI-UCB(Dy 1, A})
V™ « LCB-V(&",Dp_1,A}, B)
V™ « LCB-V(r*, Dn_1, A7, B)
if V™' >~ then
if V™" > ~ then

R
else
V”b -
n = — 10
p vy (10
7 ppt @ (1 — pn)ﬂ‘b (11)
end if
else
" P
end if

Play 7™ and collect {(z}, ay,, rn(z7,, a,TL))}hH:l
Dy < Dp-1 U {(xgz CLZ, Th(x‘}rw a’;))}hH:I
end for

D KEY LEMMAS

We first characterize some useful properties of the policies adopted in Algorithm|[I]in the following
two lemmas.

Lemma 1 (Linearity of step mixture policy). If two policies ' and ©% only differ in one step h,
then for any p € [0, 1], we have

ot — )2 7l 2
VT OO () = pVITE (no) + (1 — p)VIE (1), Vho € [H]

Proof. It suffices to prove the case when hg < h since policies ! and 72 are the same after step h.
Let 7 = pr! + (1 — p)n®. Suppose 7 = (7i,...,7%),i € {1,2,3}. We have 7}, = 77, = 7},
for any h' # h, and denote W;L/ by 7, when h' # h. Therefore, for any hg < h’ < h, the
distribution over S induced by W;LD, ...,m,_, and state xp,, are the same across i € {1,2,3}. In
addition, Q;{L (zp, ah) are all the same for any ¢ € {1, 2, 3}. In such cases, we omit the index 1, i.e.

PF := Pfoand QF (1, an) = QF (4, an). Then, we can express the value function as follows

h—1
Vit (@) = Y Exlra(@n, an)] + Eny [QF (xn,an)].-
h'=hq
Since it is linear in terms of 7, the proof is complete. O
Lemma 2. Given an MDP and any policy m, define ©' = (71, ..., Tp, T} 1,...,Tf), i.e., the policy

over the last H — h steps are replaced by the optimal policy 7*. Then, we must have V™ < v
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Proof. Recall that we use zp,4+1 ~ (P, ) to denote a state sampled by executing the policy 7 under
the transition kernel P for h steps. Then, the difference between the two values is
V7|' _ Vﬂ"l

= E$h+1N(P;7r)7ah+lN7rh+1 [QZ+1(33h+1a ah+1)] - Ewh+1N(P,7T);ah+1N7TZ+1 [QZ—&-I(xh-l-lv a'h-l-l)]

=Ko\ () [Z mn(alen1)Qf 1 (Thyr,a) = Y wh(alena) Qi (Thia, a)]

a a

(a)

< Egppan(Pim) [Z Th(alzn1)Qh g1 (Tht1, ) Zﬁ(ath)QZH(ﬂﬁhﬂaa)}
a a

(b) * *

= Eyp i ~(pm) [Z mh(alzh1)Qhi1 (Thi1,a) — mngh+1(mh+1va)1 <0

a

where (a) follows from the property that Q;{*(:ma) = Qi (z,a) > QF(x,a) for any 7, and (b)
follows from the fact that the optimal policy at step h is the greedy policy w.r.t. the optimal action-
value function Q7 (xp, ar) (Jin et al., 2020). O

The following lemma states a standard inequality in the regret analysis for linear models in rein-
forcement learning and bandits problems. Refer to Lemma G.2 in|Agarwal et al.|(2020) and Lemma
10 in|Uehara et al.|(2021)).

Lemma 3 (Elliptical potential lemma). Consider a sequence of d x d positive semidefinite matrices
X1,..., Xn withtr(X,,) <1 foralln € [N]. Define My = Mol and M,, = M,,_1 + X,,. Then,

N
Ztr ) < 2Ilndet(My) — 2Indet(Mp) < 2d1n (1 + d)\) )
0
If we focus on any subset of the set { X, M, *, }_,, we have the following revised elliptical poten-

tial lemma.

Lemma 4 (Revised elliptical potential lemma (He et al.l 2021)). Consider the setup of lemma
Then YN := {ny,...,nn} C [N],

> (XM, 1) < 2Indet (Z X, + M0> — 2Indet(Mp) < 2dIn (1 + W)

neN neN dAo

Proof. Define My = \oI, M; = M;_1 + X,,, fori > 1. We have

IV
Z tr(X, M, - Ztr m )
neN
WI
< Ztr nL 7
(®)
< 2lndet (Z X, + M()) — 2Indet(My)
neN
() NV
<2dln(1+-—].
< 2dn ( n d%)
where (a) is due to M,,, 1 > M;_1, (b) and () follow from Lemma O]

Different from LSVI-UCB where the learner always greedily selects the action associated with the
highest UCB of @} (z, a) in each step, under the StepMix-LSVI algorithm, the adopted policy may
not be deterministic. As a result, the information matrix A}’ may have different realizations. To cope
with such randomness, we adapt the concentration inequality of covariance matrix in|Zanette et al.
(2021)) to our setting as follows.
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Lemma 5 (Adapted from Lemma 39 in Zanette et al| (2021)). Define AZ = MM +
22;11 E,- [(b(xh, ah)é(:ch,ah)T]. If A\ = Cydlog(2N/§) for some absolute constant C), then
with probability at least 1 — %, we have

||¢(maa)||(A;t)*1 < \/§||¢(x>a)”([\;1‘)*1 >v¢(m’a)’h € [H]’n € [N]

Combining Lemma [5|and Lemma[d] we are able to upper bound the summation of the bonus terms,
which is key to prove that Algorithm |1|only stays on 7° or any step mixture policies for a finite
number of episodes.

Lemma 6 (Sublinearity of the summation of bonus terms). For any subset N € [N|, the following
inequality holds with probability at least 1 — §/2:

>~ Eun [I6(ahaidlag)- ] < VEINT,

neN
where . = log(4dNH/$).

Proof. By Lemmal[3| we have
> Ean [ll66@hs ap)llag)+| < VB Y Ean [0t ai) a1 -

neN neN
Note that
B (I8, af) sy 2| = tr (Ban [0, al)oteh, o) 7] (B5) 7).

Using the definition of /_\’,’j and Lemma we can complete the proof using Cauchy’s inequality.

S En [Hqﬁ(ﬂcﬁ,aﬁ)“mm”}

neN
<VEY B [0k ai)lay |
neN
< V3 INIY B [ll0ag, a5y |
neN

< V/6d|Ne.

O

Next, we present our main concentration lemma, which is critical for achieving a sublinear learning
regret while ensuring that the conservative constraint is satisfied. Compared with Lemma D.4 in Jin
et al.| (2020), we establish the uniform concentration for value functions under policy 7,,, which is
essentially the policy obtained under LSVI-UCB, as well as policy 7",

Lemma 7 (Uniform concentration). If 8 = cgdH+/t and v = 2log(4dNH/6), there exists an
absolute constant C which is independent of cs such that the we can define events

n—1
&= qVn,h: Z o7 [V}Zr:1(35£+1) - IP’th”ﬁi(IZ,,aZ,)} <CdH /X ¢,
=1 (A;;)—l
n—1 N \
Ea(ho) i= ¥, s || 3 07 VI (@hy) = PaVEG " (o, ap)| < CdH(X ¢,
=1 (At

Vho € [0 : H + 1], where x = 2log(4(cg + 1)dNH/6). Let € := & N (ﬂhHoilogg(ho)). Then,
underAlgorithm PlE] >1- 3.
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Proof. First, by following the argument in the proof of Lemma D.4 in|Jin et al.|(2020), we can show
that event £; happens with probability at least 1 — ﬁ.

For event &, it suffices to change the definition of function class in Lemma D.6 in[Jin et al.| (2020),
and show that the e-covering number of this function class has the same upper bound. Specifically,
define

V= {V() = max {anﬁ.n,ho [qu§(~,a) — ||<Z)(-,a)||A] ,O} lw]| < L,A= BQA_l} . (12)

where § € [0, B], and the minimum eigenvalue of A is no less than A.

Consider the distance function dist(V, V') = sup, |V (z) —V’(x)|. Since max(-,0) is a contraction
operator and E . zn.n, is a linear operator, we have

dist(V, V') < sup |w ' ¢(z,a) — [[¢(z, )4 — w'" $(x,a) + [[¢(z, a)|| 4

<w—w'+ VA=A,

which is the same upper bound as in Jin et al.| (2020).

We note that each candidate policy 7™"° is a concatenation of the baseline policy 7* and the deter-
ministic greedy policy in LSVI-UCB 7. ©* is independent of the trajectories. As for 7", given both
w and A, it is also independent of the trajectories, as shown inJin et al|(2020). Therefore, different
from the mixture policy 7", #™"0 does not depend on the previous stochastic transition noise given
both w and A, and the corresponding V' defined in Equation is thus independent of history as
well. Therefore, we can apply the uniform concentration inequality to the e-covering space similar
to that in Jin et al.[(2020), and conclude that the covering number of the function class V has the
same upper bound. Thus, event 5 (hg) happens with probability at least 1 — m.

Finally, applying the union bound over all events & and {£2(ho)}n,, € happens with probability
1-2. O
2

The following two lemmas are a direct extension from Lemma B.4 in |Jin et al.| (2020). We provide
the analysis of different parts for completeness.

Lemma 8. When the good event £ happens, there exists an absolute constant cg such that the
following inequalities hold for any fixed policy =:

’<¢(‘T7a)aw7}:1ho> - QZ(‘T7Q) - ]P)h(f Z:—:O - Vif+1)(17aa)’ S B ||¢(xaa)”(Ag)—l ) (13)

‘<¢(‘/I;?O/)awz> - QZ(J?,(I) - Ph(‘_/hﬂ:I - szr-i-l)(x?a')’ S B ||¢('r7a)||(/\;i)—1 . (14)

Proof. Recall that 3 = cgdH /. It suffices to choose cg such that 4C'\/x < cg/i. This gives us

4C\ /v +2log(cp + 1) < cav/t.

Thus, there exists an absolute constant cg such that the inequalities hold. O

Lemma 9 (LCB and UCB guarantees). Under Algorithm[l} we have
Fm.ho Fn.ho
Qh (:c,a) < Qh (x,a),th,h,

n

Qr (x,a) > Qj(x,a),Yh.
Proof. We prove the results by induction. For the base case h = H, Qg"’ho (z,a) < Q5" (x,a)

holds since the value function or (Q-function vanishes at step H + 1. Suppose 927 o (z,a) <
1" (2,a) holds for ' > h + 1. By Equation , we have

~n,hq Zniho ~n,hg

<¢($7a)’@2’h0> - QZ (l‘,a) < Ph(— h+1 V}ZT+1 )(x7a) + 5 ”gb(xﬂa)ll(Ag)*l .

Then, by induction and the definition of V' -functions, the first term of RHS is negative, which com-
pletes the proof of the first part. The second part directly follows Lemma B.5 inJin et al.|(2020). [
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Due to the stochastic nature of the step mixture policy adopted in Algorithm([I] the recursive formula
in the original analysis in|Jin et al.| (2020) does not work here. To handle this, we keep tracking the
expectations of the differences between the LCB/UCB and the corresponding true value functions
instead of the empirical values.

Lemma 10 (Bound the difference between LCB/UCB and the true value functions). Let
§Z>h0 = E_, znnho [an’ho (zp) — L/Zn'ho (xh)], Similarly, for the UCB, we let 5;} =

T hT

Exzn [Vhﬁ" (zp) — V" (zn)]. Then, conditioned on the good event &, we have
§Z’h0 < §fo + 2BE zn.n, [”qb(xhvah)”(Az)*l} ,
5 < By + 2B [0z, an)llag) 1] -

Proof. First, based on Equation (I3), we have

#n:ho

Qn(z,0) = (@, a), wi ™) + Pa(VELL" = Vi) (@, a) < B, a)llap)-s

n,ho

. Then, according to the definition of §,""°, we have
By o [V (2n) = VT (1)
=E(z,,an)~7m0 [Qﬁn?ho (Th,an) — Qﬁn’ho (@h, ah)}
< B aneinto |[~Pu (VI = VIS ) (ans an) + 28 6@, an)llag) 1 |
= Eguyanyinto [P (VT3 = VIGL") (onsan)] + 285m0 [I6(n, an)llag -1 |

n,h
= §h+f + 2B]E(ach,ah)~fr”»h0 {”(;5(%]—“ ah)”(A;’;)*l] :

The UCB part follows a similar argument. By Equation and the definition of Sﬁ, we have
Ean [V (@n) = Vi7" (@)
=Eo Q7 (@ a1) = Q" (on, 1)
< Ezn [Ph (Vhﬁ:1 - Vf?:l) (Th,an) + 28 ||¢(3Uh7ah)“(A;;)fl}
= Ean [Pu (VI = ViEr) (ensan)| + 28Ban [6(n, an)llag) 1
= G+ 28Ban [I0(nsan)ll a1 |
O

Since the policy executed by StepMix-LSVIis 7™, it is necessato characterize the performance of

7™ by examining its value function. As mentioned in Section|3.2} we define the LCB of Q;{” (z,a),
denoted by Q™" (, a), as anZn’hnﬂ (z,a) + (1 — pn)QF" " (x,a). Similarly, we define LCB of

Vi (x) as VT (z) = pnyzn’hn_l () + (1 — pn)L/Z"'h" (x). We remark that this is actually the
output of the LCB-V subrountine (Algorithm [3) if the input is 7™, although we do not utilize this
property in our analysis. Instead, we show that the following recursive formula also holds for 7.

Lemma 11. Define ' = En [Vi™ (1) — VT (x1)]. Then, underAlgorithm we have
0 < Gregn + 28 [[9(n, an)l g1 -
Proof. By Equation (13), for any fixed policy 7, we have

Qn(z,a) = QF " (w,0) < Pa(Viy — VL)@, 0) + 28]|6(2, )| (ppy 1 - (15)
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Then, we replace hg in Equation by h,, — 1 and h,,, multiply coefficients p,, and (1 — p,,) on
these two inequalities, respectively, and add them together. We have

Qf(z,a) = QF (z,a) < Pu(Vilyy — Viii)(@,a) + 28 | ¢z, a)l| (g

Finally, according the definition of 47!, we have

B [V (20) = VE" (on)]
=B [Q7" (on,an) = Q7" (an, an)|
< Epr [ (VD = VL) @nan) + 286G an) | agy- |
= Eon [P (W3 = V) onoan)] + 28Ben (16l gy
= 0741 + 28 |[@(en, )l a1 | -
O

Lemma 12. Define m"* = (7%, ..., 7%, T 15+ T3 ). The difference between LCB V™" and the

. bhp,*
true value function V™ is bounded as follows:

H
Ve <V 48 S B (6@ an) a1 ] -

h'=1

Proof. Note that for any hg € {0,1,..., H + 1}, the difference between 7%"0-* and 7™"0 is the
last H — hg steps, where 7}, is replaced by 7},. Therefore, we compare the two value functions

b,hqg,* ~n,h
Vi and VT as follows:

bohg . PR —n
VT - Vl Eﬂ‘b [V}Z)+l($ho+1) - V;0+1(.”L'h0+1):|

~n,h, g e
VA" B [Vl 1 (1) = Vi (@ )]

H
~n,h
S ‘/Tr 0 +Eﬁn,ho [ Z QBETT'" [||¢(xh'7ah')||(AZ,)1}] : (16)
h'=ho+1
Substituting hg in Equation with h,, and h,, — 1, respectively, we have,
b,h ~n,h u
| Z R VAL [, [ Z 28 {||¢($hwah')||(1\y,)1ﬂ (17)
h'=h,+1 '
bhp—1 ,h 1 H
Ve SV 4 B [Z 23 [|¢(xh’7ah')||(A2/)l]] ' {19
h'=h,, '

Multiplying Equation and Equation (I8) by p,, and 1—p,, respectively and adding them together,

and noting that fob’h"’* < V{“b’h"fl’*, we have
b,h H
Yty o [Z 8 [H¢> s an)llap)- ” :
h=hn,
"
<V [}jﬂﬂ¢Mﬂhmw H.
h=hy
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E PROOF OF THEOREMII

Lemma 13. The total expected reward received in episode n under policy ™ is always above ~y
under the good event &.

Proof. First, we note that 7™ is a linear combination of two policies 7™ and 7™/~ ~1, which only
differ in one step h,,. According to Lemmal[T] we have

zn,hn— ~n,hn

V™ =0 VT (1= p) VT

~n,hn ~n,hp—1
Vet —y s —1 y—=VT Fnhn
= Vﬁ"vhn _ Vﬁn,hnfll/ + Vﬁ-n,hn _ Vﬁ.n,hn717
= ’Y.
Note that the inequality holds with probability at least 1 — §, which is due to Lemma 9] O

The next two lemmas show that the algorithm would always use the policy 7" except for a finite
number of episodes.

Lemma 14. Conditioned on the good event &, the number of episodes in which h,, € {1,2,... H+
1} is finite.

Proof. Tt suffices to show the conclusion holds for each h,, = h € [1 : H + 1]. We first consider the
case when h,, = H + 1. Let Nz 41 = {n : ©" = 7®}. Recall that h,, = H + 1 implies 7" = n°.

. .. b
With the condition 7" = 7%, we must have V™ < v =V™ — k. Therefore,
WNapale < Y Vo —ym
neENg 41

(@)

H
< D D 28En|¢Mllap-
neENg41 h=1
(b)
S 26[3dH2\ﬂ\/ 6d|NH+1|L
= 26,3 6d3H4|NH+1|L2,

2 33 4 2
where (a) is due to Lemma and (b) follows from Lemmalgl Thus, [Ngi1] < Wﬁ#.

Then, for any h € {1,2,...,H}, let N}, = {n : h, = h}. We have that when h,, = h,p, < 1
according to Algorithm The equality V™" =~ = V™ — Kk holds. Then, we have

- ot
Nulk = n;/h (V v )

(a) b,h,*
< D> V-V 448> Ean {I|¢(Ihuah’)||<A;;/)*l

neN;, h'>h
®) .
<48 3 Y B [I65lap-] -
neNy, h>1

where (a) is due to Lemma|[I2]and (b) is due to Lemma|2}

Finally, taking the summation over all h, we have
H41

S Nils<ap Y S B [I6lap -] (19
h=1

nEU;Lleh h>1

(a)
< deg |6d3H [ Y ING| | 02 (20)
h>1
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where (a) follows from Lemma@ Hence, >, |V is upper bounded by M

Finally we are ready to prove Theorem|l| We restate it as follows.

Theorem 4. There exist absolute constants ¢/, cg, ¢1 and co_such that, for any § € (0,1), if we
choose A = c’dlog(dNH/0) and 8 = cgdH /v in Algorithmwith v =2log(4dHN/§), then with
probability at least 1 — 0, StepMix-LSVI (Algorithm |l)) (i) satisfies the conservative guarantee in
Equation @), and (ii) achieves a total regret that is at most

d3H5Ag1?
e VABHAN 2 + u’

K2

where Ag = V* — V™" is the suboptimality gap of the baseline policy and k = v - v is the
tolerable value loss from the baseline policy.

Proof. Conditioned on the good event &, recall that cg is chosen based on Lemma 8 The first part
is a direct result from Lemma[13] For the second part, recall that Ny = {n : h,, =0} = {n : 7"
7"}. By Lemma|l4]and Lemma|9] we have

Ry= > (V*=Vv™)
n€[N]
_Vﬁ")+ Z(V*_Vwb)_’_ Z(Vﬂb_vw")
n€No n¢No ngNo
(a) H+1

< 27TV 3 N+ 3 Z Exn 2816 lag)-

neNo TL%N{) hE
9605d3H4A0L
2

Il
]
<

< Enn 286" g ] + ——
96¢3d> H* Ag:?
K2 ’

(©)
< 2c5V6dBHIN 2 +

where (a) is due to Lemma[12]and Lemmal[2} (b) follows from Lemma[I0]and Lemma[T4} and (c) is
due to LemmalEl By choosing ¢; = 2\fc/3, cy = 96013, we have
C2 d3H4A0 L2

K2 ’

Reg(N) < i VAPH*N +

which completes the proof. O

F PROOF OF THEOREM[2]

We follow a similar approach as the proof of Theorem [I} First, we define the good event under
Algorithm []as £ N €3(0) N E2(H + 1), where the definitions of £ and &£;(ho) can be found in
Lemma

Lemma 15. Conditioned on the good event &, all policies {n™} executed under Algorithm are
safe.

Proof. It suffices to check whether 7™ is safe when " # 7°. There are two cases. The first case is

b
when V™ < +, and the algorithm randomly picks between 7" and 7°. Note that p,, = 4 5 :7 <L
By Lemma(9] we have,

VT VT = gV 4 (L= pa)VT =,
Thus, in expectation, the episodic mixture policy is safe.
The second case is when 7 = 7", which occurs when V™" > ~. We again apply Lemma@to have
VT =V >y

Therefore ™ is always safe conditioned on the good event £. [
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Lemma 16. Let N, = {n : ©" is an episodic mixture policy}, and N, = {n : 7 = «*}. Condi-
tioned on the good event &, |Ny| and |N,| are both finite.

Proof. First, when 7™ = w0, we have

Wolw < S" v — v

nENb

(a) A

< Z Z2ﬁEwb||¢($h,ah)H(A2)*l
TLE/\/H+1 h=1

(b)
< 2cg 6d3 H4 ‘Nb|L2,

C2 3 4L2
where (a) is due to Lemmaand (b) follows from Lemma Thus, |Ap| < 2cpd Hv

K2

Similarly, when n € N, p, V™ + (1 — pn)V™ = ~ holds for all n € N,. We again apply
Lemma [[0]and Lemma[d|to have the following inequalities:

Wole < 0 V™ =y
nENp

b =n b
S VT —p VT = (1= pn)VT
neN,

H
<Y oV = V™ 4281 pa) B [[9(an, an)llag) 1]
neN, h=1

<28y i (puEre [16ten, an)llapy—1| + (1= pu)Ers (6o, an)l a1 ])

neN, h=1

H
=28 > S Ee [6(@n,an)ag)

neN, h=1
< 2cp4/6d3 HA|N, |12

24, 2d3H4 2
Therefore, |V, | < %. O

We are ready to prove Theorem 2] which is restated as follows.

Theorem 5. There exist absolute constants ¢, cg, c3 and cy such that, for any § € (0,1), if we
choose \ = dlog(dNH/$) and B = cgdH+\/v in Algorithmwith v = 2log(4dHN/9), then
with probability at least 1 — 6, EpsMix-LSVI (Algorithm[d) (i) satisfies the conservative guarantee
in Equation (), and (ii) achieves a total regret that is at most

BBH*Ny?
csVBHIN2 + u)

K2
where Ag = V* — V™" is the suboptimality gap of the baseline policy and Kk = v v is the

tolerable value loss from the baseline policy.

Proof. Define the set Ny = {n : 7" = n’}. Recall the definition of A} and N, and we have
[N] = No UN;, UN,. Then, conditioned on the good event &, with probability at least 1 — J, we
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have

N
Reg(N) = Z vi—v™
n=1

S e () Y ()

neNy neN, neN,
(@
<> (Vv e (vievT) e Y (vieve)
neNy neN, neN,UN,
= > (Vv N+ VD A
neNoUN,
(b) 48c2 AP HA A\ 12
< Z Epn [QﬂHﬁé(Ih,ah)H(Ag)%} + BT
neNoUN,
© 4833 H Ao 12
< 2e5V6BHINZ) + ——
K

where (a) is because V™' = p, VT + (1 — pn)V”b when n € N, (b) is due to Lemma@and
Lemma , and (c) follows from Lemma@and Lemma Finally, by choosing c3 = 2\/60/3 and
¢4 = 48c3, we complete the proof. O

G ALGORITHM AND THEORETICAL ANALYSIS WITH OFFLINE DATASETS

G.1 THE PESSIMISTIC VALUE ITERATION (PEVI) SUBROUTINE

The PEVI subroutine in Jin et al.[(2021) is given below for completeness. We set the parameters as
follows. Let N be the solution to the following equation:

1920043 H* log(4dH N, /5)
Ny = = .

Then, we set Ay = Cxdlog(2N1/d), 11 = log(4dHN,/6), and 31 = 20dH /i1, where C is
specified in Lemma 3]

Algorithm 5 Pessimistic Value Iteration (PEVI) (Jin et al.| 2021
Input: DY, A1, 51
AR = T+ 300 (™, ap o, ap ) T
1% (§+1 0
forsteph=H,...,1do

N1
!V(;zﬁ - (Asz)—1 Z¢T (r;,uff_l_yzfirl(x;ﬁf{)])
=1

Q1) < ma { (Wi 76, ) = B9 )l agny-1,0}
W;)lff(') «— arg maaxQ‘;lfil(~,a)
V) < QU ¢, (+)

end for )
Output: 7°7
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G.2 THEORETICAL ANALYSIS

We first show that 7° can serve as a conservative baseline policy with high probability. To this end,
we introduce the following operators.

By Vo (zh, an) = Eoppynp[r(@n, an) + V3 (Thgr)zn, an),

N
BLV 5 (wn, an) = dn(en, an) (M) 1D dn(ah, ap) (v + Vil (z740) |
=1

where the matrix A‘,’ff and the estimated value function L/‘,’lfil are defined in Algorithm

Following Jin et al.|(2021)), we present a useful lemma that establishes an upper bound of the differ-
ence of two operators defined above.

Lemma 17 (Adapted from Lemma 5.2 in Jin et al.| (2021))). Assume the offline dataset is collected
under safe baseline policy ©° in a linear MDP M. Let $; = 20dH /v1 be the parameter for
Algorithm where 11 = log(4dH N1 /6). Define

el = {|(Br V) (@, a) — BV ) (2, a)| < Ty(z,a),¥(z,a) € S x A, h € [H]},
where T'y(x,a) = fy - (QS(I,a)T(AZﬁ)fl(j)(x,a))l/z. Then, P[EY] > 1 —6/2.
Now we are ready to prove that 7°7 is a conservative policy with probability at least 1 — 6.

Lemma 18. Let 7° be the behavior policy used to collect the offline dataset that satisfies v o=
v + k. If w0 is the output ofAlgorithm then, we have P[V”Uﬁ >y+k/2]>1-04.

Proof. By Lemma 5.1 in[Jin et al.| (2021}, based on the event £ off we have
0 < (BrViLy)(x,a) — Q5 (z,a) < 2B1[[d(x, a) || agry-1- 1)

In addition, note that
off ce off Ff
Vi (@) = V3l(@) = Erar [Bu (Vi) — Vi) (@,0) + (BaV310) (5, @) — Q3 (a, )|

Using the facts that V7, = V4, | = 0 and Equation (21), by induction, we conclude that V° is a
off off
lower bound of V™ | ie., V™ > V. Then, based on the event £, we can bound the difference
b off
of V™ and V™ as follows.

b ot (@) b f
‘771' ‘771' < ‘fﬂ' ‘70
H

H
= > En (@3 (xn, ), (" = 7 Clan)] + Y B [(BAY ) (wn, an) — Q3 (xh, an)]
h=1 h=1

(©) ul
< 261 Eq lz ||¢($h7ah)||(/\‘;ff)—1] :
h=1

where (a) follows from the LCB property of V°, (b) follows from Lemma A.1 in Jin et al|(2021),
and (c) is due to that 7°" is a greedy policy and Equation (21)).

By introducing the expected covariance matrix
AT = B[AST] = M I+ N E o[, af ) (2], af) ']
h h 1 1y s O, R @n) |

we can further bound E Zthl lp(zp, an) ||(A(;7rf)71] as follows.
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H H
(@)
En [ ||¢($h7ah)|(A?ff)1] < V3Eqm [Z ||¢($h,ah)||(1\3ff)1]
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< \/§Z \/E‘frb||¢(xhvah)”%]\!;lff)—l
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d
<V3H,\| —
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where (a) is due to LemmaE] and (b) follows from Jensen’s inequality. Note that our choice of Ny

ensures that N; > %. Finally ,we have
b off d K
VT V™ <2V33Hy— < —
<2v3p4 N <3
Combining the facts that V™ o= 4+ g P[Ef] > 1 — §/2, and Lemma we have
P|V™ >~ +r/2 >1-06. O

The next theorem generalizes our main result to the case when the baseline policy is only guaranteed
to be conservative with high probability. We note that this theorem allows for more general offline
algorithms and even imitation learning, including |Yin et al.|(2022) and Rajaraman et al.| (2021},
being adopted to learn a baseline policy from the offline dataset.

Theorem 6. Given 5,00 € (0,1), if there exists an algorithm which outputs a baseline policy 7°

such that with probability at least 1 — dy, v > v + Ko, then, with an overall probability at least
1 — & — 6o, using this ©° instead of w°, StepMix or EpsMix algorithm can simultaneously (i) satisfy
the conservative constraint in Equation (), and (ii) achieve regrets at most

_ d3H4 * _ 2 _ d3H4 * _
g VA3HAN .2 + €2 v 3 7 = ko)t ,or, csVA3HAN 2 + “ v 3 7 = o)t
Ko Ko

2

with the same parameters as in Theorem[I|and Theorem|2)}
Proof. We prove the result for StepMix, and note that the analysis for EpsMix follows the same
idea.

Let Regretqep (V) be the regret achieved by StepMix after N episodes. Define good events & =
{Vﬁb > v+ Ko}, and

d3H4 V* — o~ — 2
Esiep = {Regretstep(N) < Cl\/m + €2 ( ¥ — Ko)t

2
Ko

with zero constraint violation} .
Then, we have P[£o] > 1 — 6o, and P[Eep|Eo] > 1 — &, which is due to Theorem [1} Therefore,
PlEep] = P[Estep|E0]P[E0] = (1 —6)(1 — o) = 1 — 6 — do, (22)

which completes the proof. O

Combining Lemma|[I8]and Theorem [6|immediately proves Theorem 3] which is restated as follows.

Theorem 7. If we replace the baseline policy w° used in Algorithm |1\ by w0, which is the output
of Algorithm [5] then with probability 1 — 25, we can simultaneously (i) satisfy the conservative
constraint in Equation @), and (ii) achieve a total regret that is at most

dead® HY (Do + /2)2
VBN 1 A2 H (Dot w2
K

where cy and cy are absolute constants that are the same as in Theorem and 1 = 21og(4dHN/9).
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Finally, we present the complete theorem for EpsMix-LSVI with an offline dataset in Theorem [§]
The proof is the same as that for Theorem 3] i.e., combining Lemma [I8]and Theorem [¢]

Theorem 8 (EpsMix with an offline dataset). If we replace the baseline policy ©° used in Algo-
rithm by 70, which is the output of Algorithm|5| then with probability 1 — 26, we can simultane-
ously (i) satisfy the conservative constraint in Equation @]), and (ii) achieve a total regret that is at

most
deyd3HA(A 2).2
s VB HINZ + Cy4 ( 20‘4"f/ )t ’
K

where c3 and c4 are absolute constants that are the same as in Theorem[2] and . = 21og(4dHN/3).

G.3 ADDITIONAL EXPERIMENTS WITH OFFLINE DATASETS

To compare with the case of knowing the safe policy 7 in Figure we adopt the same experiment
settings but using 30 offline trajectories, and the results are shown in Figure[3]

21 21 o21] 21
20 £20 20 g0
D) Buo Y D

18 st

8, # o
: 2.06
16 16

[ 2000 4000 6000 8000 10000 3 2000
online epochs

. . - - . 1
[ 2000 4000 6000 8000 10000 [ 2000 4000 6000 8000 10000
online epochs online epochs

(@ k=208=1 () k=40,8=1 ) k=20,8=2 (d) k =40,8 =2

Figure 3: Total reward of each episode under StepMix-LSVI, EpsMix-LSVI, and LSVI-UCB with different 3
and baseline parameter k£ with 30 offline trajectories. Numbers of violations are stated in the legend.

We see from the results that with sufficient offline trajectories, our algorithms can be safe and con-
verge to the optimal policy. We also see that, with 30 offline trajectories, the learned policies actu-
ally have better performance than the original baseline policy. Additionally, the StepMix-LSVI and
EpsMix-LSVI algorithms have a faster convergence to the optimal policy. This is because offline
learning from the dataset may produce a better baseline policy (than the behavior policy), that may
improve the learning performance.

H ADDITIONAL DISCUSSIONS

In both StepMix-LSVI and EpsMix-LSVI, a mixture policy may be adopted in some of the episodes.
We note that such a random mixture mechanism is critical for the zero constraint violation guarantee.

To see this, we consider a special MDP where the state transition for any give state-action pair is
deterministic. Besides, we also assume that the given baseline is a deterministic policy such that at
each step h, WZ maps the current state to an action deterministically. Then, starting from the same
initial state, the trajectory under 7 will always be the same. As a result, the learner is unable to get
enough information outside the direction spanned by ¢(zp, ay), where (xp, ay) is the fixed state-
action pair at the h-th step under 7°. Therefore, if the algorithm does not allow any random mixture
mechanism in the design, the learner can only do one of the following: 1) continue with 7°, which
will lead to a linearly growing regret if 7r® is not optimal; 2) pick another policy without mixing with
7%, which can potentially violate the conservative constraint. Such deterministic policy, therefore,
may fail to simultaneously achieve sublinear regret and zero constraint violation.

Besides, we also note that the LSVI-UCB subroutine we adopt to obtain a candidate optimistic pol-
icy can be replaced by any other RL algorithms that are able to identify the optimal policy with
sublinear regret in linear MDPs. Our analysis can be slightly modified to show that the correspond-
ing regrets under StepMix-LSVI and EpsMix-LSVI remain the same order as that under the adopted
RL algorithm, with additional constant terms.
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