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Abstract

This paper considers the contextual multi-armed bandit (CMAB) problem with fair-
ness and privacy guarantees in a federated environment. We consider merit-based expo-
sure as the desired fair outcome, which provides exposure to each action in proportion
to the reward associated. We model the algorithm’s effectiveness using fairness regret,
which captures the difference between fair optimal policy and the policy output by the
algorithm. Applying fair CMAB algorithm to each agent individually leads to fairness
regret linear in the number of agents. We propose that collaborative – federated learn-
ing can be more effective and provide the algorithm Fed-FairX-LinUCB that also ensures
differential privacy. The primary challenge in extending the existing privacy framework
is designing the communication protocol for communicating required information across
agents. A naive protocol can either lead to weaker privacy guarantees or higher regret. We
design a novel communication protocol that allows for (i) Sub-linear theoretical bounds
on fairness regret for Fed-FairX-LinUCB and comparable bounds for the private counter-
part, Priv-FairX-LinUCB (relative to single-agent learning), (ii) Effective use of privacy
budget in Priv-FairX-LinUCB. We demonstrate the efficacy of our proposed algorithm
with extensive simulations-based experiments. We show that both Fed-FairX-LinUCB and
Priv-FairX-LinUCB achieve near-optimal fairness regret.

Keywords: Multi-armed Bandits; Fairness; Differential Privacy; Federated Learning

1. Introduction

The bandit problem Auer et al. (2002) is a well-known problem encapsulating the explo-
ration and exploitation trade-off in online learning. It has a wide array of applications,
such as crowdsourcing Tran-Thanh et al. (2014), recommendation systems Li et al. (2010),
sponsored search auctions Abhishek et al. (2020), service procurement Badanidiyuru et al.
(2013), etc. This paper considers the contextual multi-armed bandit (MAB) problems in a
federated setting.

Linear contextual bandits Li et al. (2010) associate dynamic contexts with each action
by assuming that the reward for each action is modeled as a fixed but unknown linear
combination of the context and thus aims to learn these linear weights for maximizing
the reward of a single learning agent. Multiple agents can collaborate in many real-world
applications such as crowdsourcing, service procurement, and recommender systems for
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better effective learning He et al. (2022); Réda et al. (2022); Solanki et al. (2022). For
example, in crowdsourcing, requesters (agents) of similar tasks intend to learn the qualities
of a pool of workers (actions), which are context-dependent. In such examples, agents can
help each other by collaborating to learn the correlation between worker attributes (action
context) and task completion proficiency (rewards) faster.

Such collaborative learning should be allowed without sharing sensitive data (such as
specific worker selection in any given round) among the agents while allowing for effec-
tive learning, i.e., it should protect the privacy of individual agents’ sensitive information.
The literature model collaborative learning with privacy requirements via the paradigm of
federated learning for practical collaboration Kairouz et al. (2021). Recent works Solanki
et al. (2022); Dubey and Pentland (2020) have explored differential privacy guarantees in
federated bandits which extend bandit problem in federated settings.

In many practical applications, actions often involve interactions with humans, e.g.,
workers in crowdsourcing. Here, it becomes crucial to ensure that each action receives suffi-
cient exposure. Traditional bandit approaches exhibit a “winner takes all” behaviour Wang
et al. (2021), which consistently favors the optimal action and deprives other actions of
opportunity, leading to starvation among actions. We address this issue by considering
fairness of exposure Wang et al. (2021) in multi-agent contextual bandit problems. Other
fairness notions in the context of bandit problems, such as guaranteeing minimum exposure
to each action Patil et al. (2020), group fairness, and fair treatment Joseph et al. (2016b)
depend solely on the rewards or prioritize fairness for the learning agents rather than the
individual actions. On the other hand, fairness of exposure ensures proportionality Aumann
and Maschler (1985); Suksompong (2016) for the actions, meaning that every action would
be selected proportional to its merit/reward. This is an essential indicator of individual
fairness in ML algorithms and proportionality in game theoretical frameworks. The algo-
rithm in Wang et al. (2021) works only for a single-agent setting. There are a few works
Hossain et al. (2021); Biswas et al. (2023) that provide fairness guarantees in a federated
setting; however, these works consider fairness for agents instead of actions.

Fairness of exposure in bandits focuses on minimizing fairness regret, which measures the
deviation of action selection policy from the optimal policy satisfying fairness. For the first
time, this paper provides fairness regret guarantees in the federated setting while ensuring
privacy. One naive way to ensure fairness in federated learning is to adapt existing single-
agent bandit techniques (e.g., from Wang et al. (2021)) by integrating a communication
protocol. Following a naive communication protocol, all agents will communicate with each
other in every round by sharing all their information about the actions. It can be easily
proved the naive communication protocol, as expected, offers better fairness guarantees than
the single-agent setting. However, it leads to maximum privacy leakage. Another extreme
is not to allow any communication among agents. It leads to maximum privacy, but in the
absence of collaborative learning, the regret blooms in terms of the number of agents. If
we adopt existing communication protocols designed for privacy preservation in federated
bandits, we observe that they fail to offer good regret guarantees. In summary, developing
an intelligent communication protocol that provides a regret bound that is sub-linear in the
number of agents and extends to the private setting is essential.

This work designs a novel communication protocol for federated bandits while learning
generalizes the techniques from FairX-LinUCB Wang et al. (2021), an algorithm designed



for a single-agent setting, to a federated setting. We call our algorithm as Fed-FairX-
LinUCB. Our communication protocol is scalable to differentially private methods since the
number of communication rounds is bounded while ensuring fairness given the bounded
communication gaps. We denote the privacy-ensuring version of the proposed algorithm
by Priv-FairX-LinUCB. In summary, our paper solves the fair federated contextual MAB
problem while ensuring differential privacy guarantees. Our contributions include:

1. We introduce the notion of fairness for actions in federated contextual bandits.

2. We propose a novel communication protocol and show that Fed-FairX-LinUCB achieves
sub-linear fairness regret in terms of the number of learning agents while being optimal
in terms of the number of rounds up to a log dependence term (Theorem 6).1

3. The proposed communication is extensible to privatizer routine from Dubey and Pent-
land (2020). It lets us develop Priv-FairX-LinUCB, which ensures differential privacy
guarantees (for the agents).

4. We theoretically show that Priv-FairX-LinUCB achieves differential privacy guaran-
tees while having bounded fairness regret (Theorem 8).

5. We empirically show that Fed-FairX-LinUCB and Priv-FairX-LinUCB outperform a
non-collaborative learner.

2. Related Work

Federated Bandits. Bandit problems Robbins (1952); Lai and Robbins (1985); Auer
et al. (2002) with contextual nature Li et al. (2010); Abbasi-yadkori et al. (2011) have
gained significant prominence in both academia and industry. Moreover, analysing bandit
problems in a federated setting He et al. (2022); Réda et al. (2022) has been an important
exploration of cooperative learning.
Privacy. Our work leverages federated learning, which does large dataset querying. We use
differential privacy, introduced by Dwork et al. (2006), to provide privacy for context/reward
information. Differential privacy is a rigorous mathematical notion of privacy that encap-
sulates the requirement that the probability of output should have minimal changes for
neighbouring input datasets. Chan et al. (2011) and Dwork et al. (2010) introduced the
notion of differential privacy under continual observation using a tree-based algorithm,
which we leverage. This method has seen utilisation across several online learning problems
Tossou and Dimitrakakis (2016); Guha Thakurta and Smith (2013); Kairouz et al. (2021);
Jain et al. (2012). Shariff and Sheffet (2018) study differential privacy for the traditional
contextual bandit setting but is limited to a single learning agent. Differential private fed-
erated bandits have been studied in Liu et al. (2022) and Solanki et al. (2022). However,
our work is closely related to the important work of Dubey and Pentland (2020), extending
it for non-traditional bandit optimisation.
Fairness in Bandits. Significant progress has been made in traditional bandits, but
bandits with fairness objectives have only recently gained popularity. Joseph et al. (2016b),
propose bandit fairness which is achieved by ensuring that a better arm is always chosen

1. It is trivially implied that fairness regret would scale linearly in m for non-collaborative learning.
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with at least the same likelihood as a worse arm. Several other works, including Chen et al.
(2020); Patil et al. (2020), aim to guarantee a minimum exposure for arms in the stochastic
bandit problem. However, based on discussion in Section 1, it remains unclear how much
exposure would be enough. Hossain et al. (2021) and Biswas et al. (2023) define fairness for
multi-agent setting, but fairness with respect to agents rather than actions is considered.

The notion of fairness, for actions, in the aforementioned works is modelled as a con-
straint rather than a desired outcome, with reward maximisation being the primary ob-
jective. In our work, we use the concept of fairness of exposure, introduced by Wang
et al. (2021) for the single-agent setting and later used in works like Sood et al. (2024)
and Pokhriyal et al. (2024), which is an objective-oriented notion of fairness that addresses
the problem of starvation among actions. Additionally, it is important to highlight that
no work has previously studied proportionality-based fairness in a federated bandit setting
with respect to the actions. To the best of our knowledge, our work is the premiere work to
generalize fair contextual bandits into a federated setting, in addition to being the first work
to simultaneously incorporate the notion of fairness and privacy for the bandit problem.

3. Model Preliminaries

3.1. Setting and Notations

We abstract the problem as a federated contextual bandit setting where each of M = [m]
agents are learning about actions a ∈ D. The bandit algorithm runs for T rounds, where, at
each round t, an agent i ∈M observes a context vector X i

t = (xit(a))a∈D (|| xit(a) ||2≤ 1;∀a)
with xit(a) ∈ Rd and selects an action ait. Each agent observes a different context vector and
selects an action independently at each round t. The agent obtains a reward for a selected
action ait at time t which we represent as yit(a

i
t) = θ∗ · xit(ait) + ηt(a

i
t). Here, θ∗ ∈ Rd is an

unknown but fixed parameter. As standard in the literature, ηt(a
i
t) is a noise parameter,

which is i.i.d. sub-Gaussian with mean 0. Thus, the expected reward for an action a at time
t, for an agent i, is given by E[yit(a)] = θ∗ · xit(a). We denote this reward by the quantity
µa | X i

t representing the expected reward for an action a, when ith agent is observing the
context vector X i

t . Note that θ∗ (the true parameter) is the same for all the agents and is
learned by the agents till time T in a collaborative fashion while preserving the privacy of
their contexts/reward observations and satisfying the fairness guarantees.

We denote the set of available contexts to all the agents at time t as Xt = (X i
t )i∈M ,

X i = (X i
t )

t=T
t=1 and X = {X 1,X 2, . . . ,Xm}. The goal of each agent i is to implement a

policy πi
t(X i

t ) which denotes the vector of probabilities of action selection by ith agent at
time t. The probability of selecting action a is denoted by πi

t(a,X i
t ). Instead of maximizing

the reward, each agent needs to ensure fairness amongst the actions so that all actions get
a fair fraction of chances to avoid otherwise observed “winner takes it all” Mehrotra et al.
(2018) problem. Specifically, this setting aims to learn a policy that selects actions with
probabilities proportional to their merit. Note that the objective here is to learn the fair
policy rather than the optimal-reward policy.

Agents assign a merit score function f i over the actions based on their expected rewards
for the given context. f i : R+ → R+ where f i(µa | X i

t ) denotes the score assigned by agent
i for the action a when observed context is X i

t . Each agent then needs to implement the
policy such that the following fairness constraint, which is denoted as fairness of exposure,



is satisfied:
πi
t(a,X i

t )

f i(µa | X i
t )

=
πi
t(a

′,X i
t )

f i(µa′ | X i
t )
∀a, a′ ∈ D (1)

f i quantifies the utility of rewards derived from an arm for the agent. We assume Min-
imum merit and Lipschitz continuity properties on merit function Wang et al. (2021). The
minimum merit property provides a lower bound on the merit function, i.e. minµ f

i(µ) ≥ γ,
∀i ∈ M for some γ > 0. Lipschitz continuity property assumes that the merit function is
Lipschitz continuous, i.e., ∀µ1, µ2, i ∈M , |f i(µ1)− f i(µ2)| ≤ L|µ1 − µ2| for some L > 0.

We denote the optimal policy by πi
∗(X i

t ) when θ∗ is known, i.e., at round t, it satisfies
fairness condition (Eq. 1). Note that given a context vector the optimal policy, πi

∗(.), does

not depend on round t, πi
∗(a,X i

t ) =
f i(θ∗·xi

t(a))∑
a′∈D f i(θ∗·xi

t(a
′))
. Typically, θ∗ being unknown, each

agent is learning θ∗ and in turn the optimal policy through algorithm A over the rounds,
taking actions using policy πi

t(·). θ̂it is used to denote the learnt θ∗ for agent i at time t.
Unlike the optimal policy, πi

t(·) is round dependent. For agent i at round t the instantaneous
fairness regret is defined as: FRi

t(A,X i
t ) =

∑
a∈D|πi

∗(a,X i
t ) − πi

t(a,X i
t )|. As these agents

learn about the same actions, they can communicate with each other about their estimates
of θ∗ and learn it faster, reducing the per-agent fairness regret. We assume that all the
agents deploy the same learning algorithm. Thus, the fairness regret can be defined as:

Definition 1 Fairness Regret. For a learning algorithm A, we define fairness regret as
FR(A, T,X ) = 1

m

∑
i∈M FRi(A, T,X i) where FRi(A, T,X i) =

∑T
t=1 FRi

t(A,X i
t )

Henceforth, we will avoid using X i
t from fairness regret to avoid notation clutter. Addition-

ally, since we are bounding it only for the algorithms in the paper, we refer to the above
quantities as FRi

t, FRi, FR. We also use FRi([T1, T2]) to denote
∑t=T2

t=T1
FRi

t and similarly
FR([T1, T2]).

3.2. Why fairness of exposure?

We motivate with a single agent setting who is interested in assigning tasks to 3 workers
with unknown completion times. Let the optimal task assignment (according to Eq. 1)dis-
tribution be [0.14, 0.28, 0.56], where faster worker is assigned more tasks, if the goal is to
minimize total project completion time while ensuring exposure guarantees to the workers.
Traditional regret optimization finds the best worker which does not lead to balanced/fairer
task allocation.While some approaches try to incorporate fairness into bandit algorithms,
they often fall short in the task assignment scenario:

• Delta-fairness Joseph et al. (2016a); R and Dukkipati (2020), which prioritizes arms
(workers) with higher rewards will essentially lead to giving maximum tasks to optimal
(faster) worker, in this case the worker 3, however it does not provide any exposure
guarantee.

• Minimum share fairness Patil et al. (2020); Chen et al. (2020)ensures each worker
receives a minimum fraction of tasks. Utility optimisation in this case relies on know-
ing expected completion times, which are unknown in our problem. This makes its
effectiveness uncertain.
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In contrast, proportionality-based fairness offers a more promising approach by directly
aligning fairness with utility optimization. Furthermore, when workers are involved in mul-
tiple projects simultaneously, (i.e., multiple agents are learning about the workers) federated
learning with differential privacy can further optimize task assignment by sharing limited
information privately, leading to faster learning and improved project completion times.

3.3. Fairness in Single-Agent Contextual MAB

We start with some notation and summarize FairX-LinUCB for a single-agent MAB setting
Wang et al. (2021).

• If H is positive semi-definite matrix, it is represented by H ⪰ 0. Additionally, for two
matrices H1 and H2, H1 ⪰ H2 implies H1 −H2 ⪰ 0.

• The H − norm for vector y w.r.t. a positive semi-definite matrix H, is denoted by
∥y∥H =

√
y⊺Hy

The central idea is to construct a confidence region, CRt, at every round t, containing
θ∗ with high probability. The confidence region is an ellipsoid centered around the linear
regression estimate θ̂t = (Iλ+X<tX<t

⊺)−1X<t
⊺Y<t. Here, X<t = [x1(a1)

⊺ . . . xt−1(at−1)
⊺]⊺,

Y<t = [y1(a1) . . . yt−1 (at−1)]
⊺, and xt(at) and yt(at) denotes the context and observed

reward of the selected action at at time t respectively. The proposed algorithm then opti-
mistically selects θt from the confidence region, and the selection policy, πt, using θt based
on the constraints. The selection policy defines a probability distribution over the actions,
based on which an action is chosen, and the observed rewards for the chosen action are
used to improve the estimation further. Optimistic selection is a non-convex-constrained
optimization problem, and projected gradient descent is used to find approximate solutions.

3.4. Privacy requirements

We consider privacy over the agent-action interaction, i.e., for any agent i, we consider that
the context vectors (X i) and the observed feedback ((yit(a

i
t))t∈[T ]) should be kept private.

Considering that agent only needs to store xit(a
i
t) for feedback estimation, we use the dif-

ferential privacy definition with respect (xit(a
i
t), y

i
t(a

i
t))t∈[T ]. Our differential privacy notion

matches the one defined in Dubey and Pentland (2020). Here, we leverage their differential
privacy definition for our setting. Let us consider two sets Si = (xit(a

i
t), y

i
t(a

i
t))t∈[T ] and

Si′ = (xit(a
i
t)
′
, yit(a

i
t)
′
)t∈[T ]. They are considered to be t′ − neighbors if at all time steps

t ̸= t′, (xit(a
i
t), y

i
t(a

i
t)) = (xit(a

i
t)
′
, yit(a

i
t)
′
).

Definition 2 Federated Differential Privacy (Dubey and Pentland, 2020, Definition 1) In
a federated learning setting with m ≥ 2 agents, a randomized multi-agent contextual bandit
algorithm A = (Ai)mi=1 is (ϵ, δ,m)− federated differentially private under continual multi-
agent observation if for any i, j ∈M such that i ̸= j, any t and set of sequences Si = (Sk)mk=1

and Si′ = (Sk)mk=1,k ̸=i

⋃
Si′ such that Si′ and Si are t′−neighbors, and any subset of actions

(ajt )t∈[T ] ⊂ D × . . .×D of actions, it holds that:

P(Aj(Si) ∈ (ajt )t∈[T ]) ≤ eϵP(Aj(Si′) ∈ (ajt )t∈[T ]) + δ



Here, the quantity, Lo
Aj(Si)||Aj(S′i)

= log( P(Aj(Si)∈o)
P(Aj(Si′)∈o)

) refers to privacy loss incurred by ob-

serving output o = (ajt )t∈[T ].
Differential privacy ensures that the presence/absence of one data point does not lead

to significant learning changes – for federated bandit settings, it implies small changes in
the data sharing do not lead to any major action changes.

Goal: Each agent’s goal is to learn θ∗ while minimizing fairness regret (Definition 1);
albeit ensuring differential privacy guarantees (Definition 2).

4. Multi-Agent Fair and Private Contextual Bandit Algorithm

The communication protocol currently used in federated bandits literature is not suitable
for achieving bounded fairness regret. It is important to limit the number of communication
rounds and maintain a constrained gap between communication instances in order to en-
sure both bounded fairness regret, and scalability with private methods. The total privacy
loss, which is the composition of privacy losses incurred overall communication rounds, is
proportional to the number of communication rounds. Thus, it follows that for a budgeted
(fixed) total privacy loss, the maximum possible per-round privacy loss is inversely propor-
tional to the number of communication rounds. As a result, the number of communication
rounds should be bounded to control the accumulation of noise and maintain privacy within
acceptable limits. At the same time, bounding the gaps between communication rounds is
necessary to make fairness regret claims.

In this section, we firstly build an algorithm, Fed-FairX-LinUCB, that learns θ∗ collec-
tively amongst m agents using a novel communication protocol. We then design a privacy-
preserving version, Priv-FairX-LinUCB, in Section 4.2.

4.1. Fed-FairX-LinUCB

We consider a group of m agents actively participating in the contextual bandit problem
and maintaining synchronization through periodic communication. Algorithm 1 without
the privatizer routine represents Fed-FairX-LinUCB. Essentially, the exact information of
the agents is sent to other agents when communication is required. For any agent i, at
round t, let the last synchronization round take place at instant t′. Then, there exist
two sets of parameters. The first set of parameters is the set of all observations made
by all m agents till round t′. We store this in terms of a shared gram matrix, Ut =∑

i∈M (λI+
∑t′

τ=1(x
i
τ (a

i
τ ))(x

i
τ (a

i
τ ))

⊺), and a shared vector, ut =
∑

i∈M
∑t′

τ=1(x
i
τ (a

i
τ ))y

i
τ (a

i
τ ).

Secondly, each agent has access to its own observations since the last communication round.
We note those using the gram matrix Si

t =
∑t

τ=t′(x
i
τ (a

i
τ ))(x

i
τ (a

i
τ ))

⊺ and the reward vector
sit =

∑t
τ=t′(x

i
τ (a

i
τ ))y

i
τ (a

i
τ ), where t′ was the last communication round. The agents use

combined parameters for estimating the linear regression estimate, θ̂it. For an agent i,
V i
t = Ut + Si

t , bit = ut + sit, θ̂
i
t = (V i

t )
−1bit. The agents then constructs a confidence region,

CRi
t around θ̂it. Suitable sequence [

√
βi
t]i∈M,t∈[T ] needs to be used, ensuring that with high

probability ∀i, t, θ∗ ∈ CRi
t. An optimistic estimate, θit is selected from CRi

t (line 6 of
Algorithm. 1). The agent selects the action using a policy construction, πi

t. This ensures
fairness by assigning a probability distribution for action selection based on estimated merit.
We now explain our communication protocol that achieve sub-linear fairness regret.
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Algorithm 1 Priv-FairX-LinUCB

1: Input: βt, [f
i]∀i∈[m], λ, m

2: Initialization: ∀i ∈ [m], V i
1 = Si

1 = U1 = λId, b
i
1 = si1 = u1 = 0d, τ = 1.

3: for t = 1 to T do
4: for i = 1 to m do
5: Observe contexts X i

t ; θ̂
i
t = (V i

t )
−1

bit; CRi
t = (θ : ∥θ − (θ̂it)∥V i

t
≤
√
βi
t)

6: θit = argmaxθ∈CRi
t

∑
a∈D

f(θxi
t(a))∑

a
′∈D f(θxi

t(a
′))
θxit(a)

7: Construct Policy πi
t(a) =

f(θitx
i
t(a))∑

a
′ f(θitx

i
t(a

′))

8: Sample arm ait ∼ πi
t and observe reward yit(a

i
t)

9: Si
t+1 = Si

t + (xit(a
i
t))(x

i
t(a

i
t))

⊺; sit+1 = sit + (xit(a
i
t))y

i
t(a

i
t)

10: if t == τ then
11: Sync ←− true
12: if t < ⌈ T

md2 log2 (1+T/d)
⌉ then

13: τ = 2τ
14: else
15: τ = τ + ⌈ T

md2 log2 (1+T/d)
⌉

16: end if
17: end if
18: if Sync then
19: [∀j ∈M ] Send Sj

t , s
j
t → PRIV ATIZER

20: [∀j ∈M ] Receive Û j
t , û

j
t ← PRIV ATIZER

21: [∀j ∈M ] Communicate Û j
t , û

j
t to others

22: [∀j ∈M ] Ut+1 =
∑M

k=1 Û
k
t ; ut+1 =

∑M
k=1 û

k
t ; S

j
t = 0d×d; sjt = 0d; ∆j

t = 0
23: Sync ←− false
24: else
25: Ut+1 = U i

t ; ut+1 = uit; ∆
i
t+1 = ∆i

t + 1
26: end if
27: V i

t+1 = Ut+1 + Si
t+1; b

i
t+1 = ut+1 + sit+1

28: end for
29: end for

Communication Protocol. If the agents were to communicate in every round with-
out any optimization, they could enhance their fairness regret by order of O(1/

√
m).

However, communicating at every round results in inefficiencies and potential privacy
breaches. To address these concerns, our algorithm suggests a communication strategy al-
lowing agents to communicate only ⌈2md2 log2 (1 + T/d)⌉ times while achieving comparable
fairness regret performance. In our proposed approach, we suggest that the agents com-
municate with increasing intervals between two consecutive communication rounds during
the first ⌈ T

md2 log2 (1+T/d)
⌉ rounds (line 12-13 of Algorithm 1). Subsequently, they com-

municate only after every ⌈ T
md2 log2 (1+T/d)

⌉ rounds. Rapid communication in the initial

rounds proves beneficial in practice, considering the trend in regret is sub-linear in T .
Concurrently, the number of communication rounds and the gap between the communi-



cation rounds remain bounded. The number of communication rounds is upper bounded

by O
(
log(⌈ T

md2 log2(1+T/d))
⌉) +md2 log2(1 + T/d)

)
while the gap between communication

rounds is upper bounded by ⌈ T
md2 log2 (1+T/d)

⌉, both of which can be trivially calculated.

This distinguishes it from the communication protocols employed by Dubey and Pentland
(2020); Solanki et al. (2022), where the gaps between communication rounds can be of the
order O(T ), which makes it difficult to bound fairness regret. In summary, on observing the
context set, each agent utilizes their estimate of θ∗ to formulate a selection policy, which
yields a probability distribution for choosing an action. Once an action is selected and the
corresponding reward is observed, the agents update their local estimates and periodically
exchange these updates with each other to enhance the accuracy of the shared estimates.

4.2. Priv-FairX-LinUCB

The key difference between Priv-FairX-LinUCB and Fed-FairX-LinUCB lies in the commu-
nication perturbation. In a non-private setting, we communicate exact observations about
context and reward to all other agents. However, we must carefully add perturbation for
the private setting to satisfy the differential privacy constraints mentioned in section 3. In
the private setting, let Û i

t =
∑t−1

τ=1(x
i
τ (a

i
τ ))(x

i
τ (a

i
τ ))

⊺ +H i
t , ûit =

∑t−1
τ=1(x

i
τ (a

i
τ ))y

i
τ (a

i
τ ) + hit

denote the perturbed contexts and rewards. Here H i
t and hit are noise additions used for

perturbation. Here, V i
t =

∑
i∈M Û i

t + Si
t and bit =

∑
i∈M ûit + sit, where Si

t and sit remains
same as stated in Section 4.1. We note that V i

t can also be represented as: V i
t = Gi

t +H i
t

with Gi
t denoting the gram matrix in absence of noise perturbations.

To achieve privacy, we introduce a privatized version of the synchronization process
amongst the agents. We do so by using the privatizer routine, which uses a tree-based
mechanism to communicate while limiting the noise addition. The tree-based mechanism for
differential privacy maintains a binary tree of logarithmic depth in terms of communication
rounds. The sequential data released at communication rounds are stored at the leaf nodes,
while every parent node stores the sum of the child nodes’ data. In addition, noise is
sampled at each node to maintain privacy. This allows for returning partial sums by adding
at max k nodes if k was the depth of the tree. While our algorithm vastly differs from
the FedUCB algorithm Dubey and Pentland (2020) in terms of objective constraint, arm
selection protocol, and communication round selection, it resembles our algorithm in terms
of linear regressor estimation in a federated setting. Based on this, we can use the privatizer
routine with marginal changes to ensure privacy guarantees. The privatizer routine is
formally outlined for completeness.

5. Theoretical Analysis

On a high level, the fairness regret proof considers a single hypothetical agent who plays mT
rounds instead of considering m agents playing T rounds, each with sparse communication.
The bounded deviation from this scenario to our intended setting is used to show the
fairness regret analysis. Lemma 3 captures the fairness regret in terms of the determinant
of the gram matrices, which is important to capture the deviation between the hypothetical
agent and our intended set of agents, while lemma 4 is useful for fairness regret bounds
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Algorithm 2 PRIVATIZER

1: Input: ϵ, δ, d, τ (number of communication rounds), L (upper bound on norm of
context vector)

2: Initialization:
3: n = 1 + ⌈log τ⌉
4: T ← a binary tree of depth n
5: for each node i in T do
6: Create a noise matrix: N̂ ∈ Rd×(d+1), where N̂kl ∼ N (0, 16n(L2 +

1)2 log(2/δ)2/ϵ2)
7: N = (N̂ + N̂⊺)/

√
2

8: end for
9: Runtime:

10: for each communication round t do
11: Receive Si

t , s
i
t from agent, and insert it into T as a d × (d + 1) matrix (Alg. 5,

Jain et al. (2012))
12: Receive M i

t using the least nodes of T (Alg. 5, Jain et al. (2012))
13: Û i

t = U i
t +H i

t , top-left d× d submatrix of M i
t

14: ûit = uit + hit, last column of M i
t

15: Return Û i
t , û

i
t

16: end for

for a single-agent. Lemma 5 formalizes the instantaneous fairness regret, a prerequisite for
proving Theorem 6.

5.1. Regret Analysis

The following lemma is useful in proving the fairness regret of Fed-FairX-LinUCB.

Lemma 3 (Elliptical Potential (Shariff and Sheffet, 2018, Lemma 22)). Let x1, . . . , xn ∈
Rd be vectors with each ∥xt∥ ≤ L. Given a positive definite matrix U1 ∈ Rd×d, define

Ut+1 := Ut+xtx
⊤
t for all t. Then

∑n
t=1min

{
1, ∥xt∥2U−1

t

}
≤ 2 log detUn+1

detU1
≤ 2d log trU1+nL2

d det1/d U1

Also, we extend Lemma A.6.4 from Wang et al. (2021) to multi-agent setting as follows.

Lemma 4 When || xit(a) ||2≤ 1 ∀a, t, i, for the Fed-FairX-LinUCB algorithm, ∀i ∈ [m],
with probability 1− δ/2,∣∣∣∣∣

T∑
t=1

wi
t(a

i
t)−

T∑
t=1

Ea∼πi
t
wi
t(a)

∣∣∣∣∣ ≤√2T ln(4/δ)

Here, wi
t(a) =

√
xit(a)(V

i
t )

−1(xit(a))
⊺ is the normalized width. With the help of the above

lemmas, we now provide bounds on instantaneous regret FRi
t and defer proofs to appendix.

Lemma 5 For the Fed-FairX-LinUCB, with high probability, the instantaneous regret for
any agent i is bounded by,

FRi
t =

∑
a∈D

∣∣πi
t − πi

∗
∣∣ ≤ 4L

√
βt

γ
Ea∼πi

t

∥∥xit(a)∥∥(V i
t )

−1



The probability with which Lemma 5 holds true is dependent on βi
t, where βt = maxi∈Mβi

t.

Theorem 6 With high probability, Fed-FairX-LinUCB achieves a fairness regret of

O

(
4νL
√
βt

γ

√
mTd log (1 +

T

d
) +m2d3 log3 (1 +

T

d
)

)
when || xit(a) ||2≤ 1 ∀a, t, i.

The values in sequence of βt dictates the probability with which Lemma 5, and in turn
Theorem 6 holds. The problem of selection of values in sequence of βt is well studied in the
literature. For instance, using Theorem 2 from Abbasi-yadkori et al. (2011), it can be said
that θ∗ lies in the confidence region with probability 1−α for βt = O

(
d log (1+mt

α )
)
resulting

in a regret bounds of Õ

(
d
√
mT log2 (1 +mT/d)

)
for Fed-FairX-LinUCB (typically m <<

T and hence the
√
mT term dominates

√
m2 log2(1 + T/d) ).

The key difference between private and non-private regret analysis lies in the gram
matrix regularization and confidence interval construction (use of appropriate βt).

We note the following claim is useful for completing Priv-FairX-LinUCB’s regret anal-
ysis. It provides values for the sequence of βt for which the confidence interval contains θ∗

with high probability.

Lemma 7 (Similar to (Dubey and Pentland, 2020, Proposition 2)) For an instance of
problem where synchronisation occurs exactly n times in a span of T trials, and ρ, ρ̄ and
z are (α/2nm)-accurate (Dubey and Pentland, 2020, Definition 3). Then for Priv-FairX-
LinUCB with bounded target parameter (|| θ∗ ||2≤ c), the sequence of

√
βi
t is (α,M, T )-

accurate if,
√
βi
t = σ

√
2 log ( 2α) + d log ( ρ̄ρ + t

dρ) +mc
√
ρ̄+mz

Theorem 8 With high probability, when || xit(a) ||2≤ 1 ∀a, t, i and Lemma 7 holds, Priv-
FairX-LinUCB achieves a fairness regret of

O
(
4νL

√
βT

γ

√
mTd log ( ρ̄ρ + T

dρ) +m2d3 log3 ( ρ̄ρ + T
dρ)
)
.

5.2. Privacy Guarantees

As mentioned in Section 4.2, we can leverage the privatizer routines to provide differential
privacy guarantees for Priv-FairX-LinUCB. At each synchronization, new observations, Si

t

and sit, are added to a leaf node, while all other nodes store the sum of the child nodes.
Thus, 1+ ⌈log(n)⌉ nodes of the tree, where n is the total number of communication rounds,
are sufficient to represent any partial sum till the last synchronization round. Since the
privatizer routine follows the routine introduced by earlier works, it trivially follows that
if each node guarantees (ϵ/

√
8m ln (2/δ), δ/2m)−privacy, the outgoing communication is

guaranteed to be (ϵ, δ,m)−federated differential private for each synchronization with sim-
ilar values for ρ̄, ρ, z.

Claim 1 (Follows from (Dubey and Pentland, 2020, Remark 3)) The privatizer routine
in Priv-FairX-LinUCB guarantees that each of the outgoing messages for an agent i is
(ϵ, δ)−differentially private.
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6. Experimental Analysis

6.1. Experimental Set-up

Dataset Synthetic datasets were generated for all experiments by randomly fixing the
model parameter θ∗. Context size was set to five (d = 5), and feature vectors X i

t were
sampled from a uniform distribution, xit(a) ∈ [0, 1]d. Noise ηit(a), sampled from a normal
distribution centered at 0, was added to produce reward observations.

Merit Function and Optimization A steep merit function,f(·) = e10µ, was employed,
similar to Wang et al. (2021). Projected gradient descent was used in each round to solve
the resulting non-convex optimization problem.

6.2. Evaluation Set-up

Evaluation Metric Fairness regret was used as the primary evaluation metric to assess
the algorithms’ ability to balance performance and fairness. Exp 1 and 2 shows fairness
regret trends with respect to rounds while Exp 3 and 4 uses the fairness regret at t =
100, 000. The objective is to minimise fairness regret, and thus it is being used as the
evaluation metric in the experiments. (Though our focus is on fairness, for completeness,
we also evaluate the proposed algorithms for reward regret Wang et al. (2021) in Appendix.)

Experiment Repetition All reported results were averaged over 5 runs to ensure sta-
tistical significance.

6.3. Baselines

As we propose a novel setting, there are no algorithms for direct comparisons. 2 different
kinds of baselines are used to demonstrate the efficacy of our proposed algorithm.

Single-Agent Baseline (B0) FairX-LinUCB algorithm was employed as a single-agent
baseline to facilitate comparison with federated learning approaches. We note it as B0 in
our experiments. Each agent essentially learns on their own do not communicate with other
agents under this baseline.

Communication Protocol Baseline (B1 , B2) Two existing communication protocols
from Dubey and Pentland (2020) and Solanki et al. (2022) were compared against the
proposed protocol to evaluate its efficacy. These have been termed B1 and B2 respectively.
Note that the algorithms proposed in Dubey and Pentland (2020) and Solanki et al. (2022)
optimize for traditional regret, hence Priv-FairX-LinUCB has been modified to just use
their proposed communication protocols to form B1 and B2.

6.4. Experiments 2

Exp 1: Single-Agent vs Federated Learning Compares the fairness regret of baseline
B0 to the proposed non-private algorithm, Fed-FairX-LinUCB and its differentially private
counterpart, Priv-FairX-LinUCB, for 10 agents (m). [ϵ = 2, δ = 0.1, t ∈ [1, 100000]]

2. source code will be made publicly available
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Figure 1: (a) Exp 1 : Fairness Regret vs. Rounds for single-agent baseline and proposed feder-
ated learning algorithms (m=10) (b) Exp 2 : Fairness Regret vs. Rounds for different
communication protocol baselines and proposed algorithms (m=10) (c) Exp 3 : Fairness
Regret trend w.r.t. number of agents (t=100,000) (d) Exp 4 : Fairness Regret trend
w.r.t. privacy budget (t=100,000)

Exp 2: Communication Protocol Assesses the performance Priv-FairX-LinUCB against
B1 and B2 with 10 agents. [ϵ = 2, δ = 0.1, t ∈ [1, 100000]]
Exp 3: Dependence on m Compares the impact of the number of agents (m) on the
fairness regret of both proposed algorithms. [ϵ = 2, δ = 0.1, t = 100000]]
Exp 4: Privacy Budget Examines the effect of the privacy budget (ϵ) on the fairness
regret of the private algorithm. [m = 10, δ = 0.1, t = 100000]]

6.5. Inferences

• Both federated learning algorithms outperformed the single-agent baseline in terms
of fairness regret.

• Priv-FairX-LinUCB outperforms B1 while producing comparable performance for B2.
But unlike B2, Priv-FairX-LinUCB has bounded communication gaps, which is neces-
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sary for the theoretical guarantees provided. In B2, communication gaps are as high
as O(T ) in the later stages, and hence, in theory, fairness regrets could be as bad as
O(T ) for B2.

• The fairness regret scales as expected with respect to the number of agents, validating
theoretical results.

• The private algorithm achieved reasonable performance for ϵ values of 1 or greater,
highlighting the trade-off between privacy and regret.

7. Conclusion

This work looked at the federated contextual bandit problem with fairness optimization
objective while ensuring privacy of the agents. In order to extend the FairX-LinUCB algo-
rithm to a federated setting, we proposed a novel communication protocol in Algorithm 1.
Through rigorous theoretical analysis, we proved that Fed-FairX-LinUCB, the non-private
algorithm achieves sub-linear fairness regret (compared to linear regret in a non-federated
setting) with respect to the number of agents, i.e., for the m agent setting, the total fairness
regret is of the order O(

√
m) (Theorem 6). Additionally, we presented Priv-FairX-LinUCB,

which ensured differential privacy guarantees for the agents. We show that Priv-FairX-
LinUCB has bounded fairness regret (Theorem 8). We empirically validated our results,
highlighting that Priv-FairX-LinUCB significantly improves over non-collaborative learning
while maintaining privacy.

We believe that alternate objectives, such as fairness, are essential for the practical
adoption of the bandit framework in many use cases and that this work helps pave the way
for other exciting works in that direction besides enabling suitable applications.
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