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We introduce a pipeline for representing a protein, or protein complex, as the union of
signed distance functions (SDFs) by representing each atom as a sphere with the appropriate
radius. While this idea has been used previously as a way to render images of proteins, it has
not, to our knowledge, been widely adopted in a machine learning setting. Mirroring recent
successful work applying SDFs to represent 3D geometry, we present a proof of concept that
this representation of proteins could be useful in several biologically relevant applications.
We also propose further experiments that are necessary to validate the proposed approach.
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1. Introduction

Modeling the three-dimensional shape of proteins is crucially important for understanding
how they interact with other molecules. Advances in representations of protein structure have
lead to corresponding advances in the ability for machine learning (ML) methods to predict
biologically relevant properties of proteins, such as: binding affinity with bioactive molecules;
prediction of protein conformation; and simulation of protein behavior under a variety of
external conditions. One common representation of proteins that has received much attention
is the protein surface,! also sometimes called the solvent accessible surface (SAS), which is a
2D manifold that represents the portion of the protein’s surface that is physically accessible
to a solvent.

In this work, we propose an alternate protein surface representation: an isosurface of a
signed distance function (SDF), produced by smoothing the boolean union of individual spher-
ical SDFs for each of the protein’s component atoms. This approach naturally produces the
same notion of a protein’s solvent-accessible surface. We present a proof-of-concept demonstra-
tion of how this representation can be applied to predict protein-protein interactions; further
work is needed to validate the proposed approach. The main contributions of this work are
as follows: 1) we discuss prior work training machine learning models on protein surface ge-
ometry; 2) we demonstrate a way to represent this surface as the zero-level set of a signed
distance function, constructed with boolean operations; 3) we investigate using acceleration
structures to query a protein SDF more efficiently; 4) we produce a dataset of protein-protein
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interface meshes, and provide code to reproduce our results.

1.1. Mathematical and Biological Background

We first introduce some necessary background in protein biology, geometry, and geometric
machine learning. Throughout this paper, variables with an arrow (#) represent points in nD
Euclidean space, lowercase letters represent constants, and || - || is the nD Euclidean norm.

Signed Distance Functions (SDFs) Let Q C R" be a compact subset of Euclidean space,
and let 9 represent its boundary. For any point # € R"™, the signed distance dq(F) is defined
as:
0 x € 082
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In other words, the signed distance measures the distance between any point and the
boundary of Q, with the sign indicating whether a point is inside the shape or not (some
authors take the opposite sign as convention, i.e. positive values denote an object’s interior).
Signed distance functions have many properties that make them useful in a machine learning
context: 1) they have unit gradient everywhere the gradient is defined; 2) analytic formulae
have been found for a wide variety of SDFs for specfic shapes;? and most significantly for this
work, 3) simple SDF's can be combined into SDF's for more complex shapes using basic boolean
operations. We will specifically make use of the exponential smooth-min operation, one of a
family of SDF blending operations originally proposed by Quilez.? If dy(z), ds(z),...d,(z) are
a set of SDFs, then their smooth-min d is given by

d(7) = —klog <Z e‘idi(5)> where k determines the smoothing radius. (2)
i=1
As a relevant example of a specific closed-form analytic SDF, the SDF d for a n-dimensional
sphere of radius r centered at ¢ is given by d(%) = || — ¢]| — .
When SDFs are combined with boolean operations, the resulting function may not be
a true SDF, in the sense that it may not satisfy Equation 1. In practice boolean operations
produce distance fields that are approximate enough for applications like raycasting or training

ML models.

Protein Surfaces Protein surfaces* are a common way to represent the parts of a protein
that are available to react/bind with other proteins or small molecules. A protein surface is
typically calculated by representing each atom as a hard-shell sphere of a given radius, and
rolling a simulated spherical probe (typically taken to have the radius of a single hydrogen
atom, 1A) over the collection of atoms. The final mesh representing the protein is produced
by discretizing the surface traced by the probe. If we trace the center of the probe sphere, we
get the Solvent Accessible Surface (SAS) of the protein. Tracing instead all the contact points
between the probe and the atoms of our molecule produces the Solvent Excluded Surface. See
Figure 1 for examples of protein solvent excluded surfaces.



1.2. ML Analysis of Protein Surfaces

In this section we briefly discuss prior work that applies machine learning to the task of
protein surface analysis. Protein design and analysis is a rapidly evolving application area
of machine learning.>% For a more thorough review of ML for protein design and concepts
in geometric machine learning, we refer the reader to Cheng et al.” and Bronstein et. al®
respectively. Protein surfaces have been widely adopted as a representation of proteins that
facilitates training machine learning models to identify possible protein-protein and protein-
ligand interactions.® '3 While much of the prior work on protein surfaces has focused on
meshes as an intermediate representation, there is a complimentary vein of work that uses
signed distance functions to represent proteins. SDFs have been thoroughly examined in the
context of rendering 2D and 3D images of proteins.' 6 Much of this prior work uses machine
learning or an SDF representation of proteins, but not both. A notable exception is Sverrisson
et al.'” which uses a similar atomic union SDF to the one we propose. However, that work
mainly examines the definition of a convolution-like operation on implicitly defined protein
surfaces, and does not consider combinations of such surfaces with constructive solid geometry
operations as we do in the present work.

2. Method
2.1. Protein Representation

We propose representing a protein as the union of spherical SDFs of each of its component
atoms, where each atom is a sphere sized according to its van der Waals radius (as reported
in'®). These spherical SDFs are combined using the smooth-min operation, which we and
others have observed in practice!”'? to resemble SAS and SES computed via other means.
See Figure 1 for several examples of protein SDFs computed according to this method. We
implement these SDFs in Pytorch,? enabling backpropagation of error through loss functions
composed of protein SDF queries.

2.1.1. Possible Issues

As noted above, boolean operations on SDFs are not guaranteed to produce a valid SDF.
The effect of this on our proposed protein SDF can be seen in Figure 2. While the resulting
SDF has the correct d = 0 isosurface which would be expected from performing the boolean
operation, this technically results in a “broken” or incorrect SDF in the protein interior. The
exterior distance values are still correct, but the interior values are instead a lower bound.

2.2. Intersection of Protein Chains

In this section, we use properties of SDFs to produce an implicit function that represents
the shared interface between two protein chains. In addition to the smooth max defined in
Equation 2, we make use of three operations on SDFs: 1) the rounding operation d()(z) =
d(Z) — r, which expands the zero level set of an SDF by r in the positive direction; 2) the
intersection operation, where the intersection of two SDFs d; and ds is given by dg,na,(Z) =
max (di(£), d2(¥)), and finally 3) the union operation, where the union of two SDFs d; and ds
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Fig. 1: d = 0-level set meshes of multiple proteins from the DB5 dataset. Each protein imaged
here is the “left” chain of the protein complex, in its bound confirmation.

is given by dg,4, (%) = min (d1(Z), d2(Z)). Let d; and dy be the SDFs for two protein chains.
Then we calculate an interface SDF as:

dinTer = min ( max (di (&) —r,d2 (7)), (3)
max (dy (Z),ds (%) — 1))

This produces an SDF of the parts of chain 1 that are within r of chain 2, and vice versa. See
Figures 3 and 5 for examples of these interface meshes with an intersection radius of r = 4A.

2.3. Accelerating Queries

We investigate the use of two data structures for accelerating spatial queries of protein SDF's:
Bounding Volume Hierarchies (BVHs) and K-D Trees. For further details about these data
structures, we refer the reader to.2!"2®> BVHs in particular have been previously explored as a
technique to accelerate SDF queries.?* Both of these data structures use spatial subdivision to
accelerate finding the k nearest points to a given query point. See Figure 4 for an illustration
of the BVH approach. Both of these data structures yield an approximation (see Figure 6) of
the original signed distance function, but with a substantially lower memory footprint, which
we analyze in Section 3.2.

2.4. Implementation Details

Code used to build the SDFs described in this paper is available at https://anonymous.
4open.science/r/protein_sdfs-2E2C/README.md. Our code is built on top of the



Fig. 2: An illustration of one possible issue when representing a protein as a collection of
spherical SDFs. The left shows the union SDF, while the right shows the true distance to the
d = 0 isosurface. The union SDF is incorrect in the protein’s interior.

(b) (c)
Fig. 3: An example of the d(x) = 0 isosurface generated by our method for the protein IWDW
from the DB5 dataset. Left: The intersection isosurface rendered alongside both chains of

the protein complex (color denotes chain ID). Nodes in the intersection region have been
highlighted in green. Right: two views of the isolated intersection mesh.

torch sdf package, which is available at https://anonymous.4open.science/r/torch_
sdf-FFCB/README.md. For visualizing SDF's, we first convert each to a mesh using the March-
ing Cubes algorithm?® as implemented in SciKit-Image.? We render images of each mesh
using the meshplot package.



Fig. 4: A visualization of the bounding volume hierarchy built by our method for the protein
1WDW.

(b)
Fig. 5: As in Figure 3, but for protein 2GAF.

| | Avg time (ms) | Peak memory |

Basic 48.01 1.91MB
KDTree | 77.43 11.15 kB
BVH 45.77 7.06 kB

Table 1: Comparison of time/memory usage by two acceleration structures.



(c) 1A2K, kd-tree rendering. (d) IWDW, kd-tree rendering.

Fig. 6: Illustration of SDFs produced by the two acceleration structures we examine in this
paper. Each picture shows a 2D slice through the signed distance field at z = 0. We see that
both accelerated SDFs are only approximations of the SDFs in Figure 2. In particular, the
BVH approach leads to rectilinear artifacts on the exterior of the SDF; this could likely be
ameliorated by using a different shape as the bounding volume (as opposed to axis-aligned
rectangular prisms).

3. Results

For this paper, we evaluate our model on the Docking Benchmark 5 (DB5) dataset.?” This
dataset consists of protein complexes, where each complex includes two chains. Each chain is
represented with PDB files?® with atom coordinates for both its undocked pose (i.e. the pose
it folds into naturally) and its docked pose with the other protein in the complex. We use the
“bound” version of each chain in the complex.

3.1. Calculation of Protein Interaction Surfaces Using Smooth-Min SDFs

We use the SDF defined in Equation 3 to compute signed distance functions for all of the
protein complexes in the DB5 dataset. We use an interaction radius of 4.0A in line with
previous work on protein-protein interaction.??3% See Figures 3 and 5 for example protein
interface meshes. We provide interface meshes for all of the complexes in the DB5 dataset.
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Fig. 7: Time/memory benchmarking of acceleration structures for querying protein SDFs.

3.2. Comparison of Acceleration Structures

We compare the performance of the two acceleration structures described in Section 2.3. For
each protein complex in the DB5 dataset, we benchmark the time and GPU memory needed to
evaluate all grid points in a 256 grid laid over the bounding box of the complex. In Figure 7,
we compare the accelerated version of each protein structure to the time and memory required
to query all of the atomic SDF's for a given complex. We see that the BVH approach is slightly
faster than the naive approach, but the KDTree is much slower, likely due to CPU-GPU latency
(at time of writing, there was no functional Torch+CUDA KDTree implementation, so the
KDTree approach necessitates copying data back to the CPU. We hope to ameliorate this
inefficiency in future work). Both the KDTree and BVH approaches offer significant memory
savings (see Table 1). However, this approximation does incur some rectangular artifacts in
the BVH tree approach; this could likely be resolved by using a different shape primitive in
the volume hierarchy (e.g. bounding spheres instead of axis-aligned rectangles).

4. Conclusion and Future Work

This paper demonstrates the utility of representing a protein using the signed distance to
its solvent-accessible surface (as approximated by the smooth-min function to the protein’s
component atoms). We also show how this can facilitate constructive solid geometry operations
on protein interfaces. While this technique is promising, further work is needed to validate
the proposed approach. One of the major advantages of building our protein representation in
PyTorch?? is the ability to optimize over parts of the protein representation. In future work,
we hope to use our framework to optimize protein shape, conformation, and position according
to SDF-based loss functions.

Recent work has used neural networks as maps between vectors of latent states and signed
distance functions,3! producing a single model that is able to predict SDF values for a dataset
of multiple 3D shapes. We hope to investigate a combination of this approach and our SDF
construction, perhaps by utilizing embedding vectors from a pretrained protein transformer



architecture.?? We also hope to incorporate atomic characteristics as features of the generated
surfaces. Finally, the literature includes examples of data structures like the ChainTree®3
which have been specifically developed for fast querying of energy potentials of proteins. It is
likely that our proposed approach could be further enhanced by one of these protein-specific
acceleration structures.

Finally, we note that constructing an SDF that implicitly stores the SAS shape is only
the first step. We anticipate that this approach could be useful in any case where a machine
learning model operates on the solvent accessible surface (AKA, where differentiability is
needed). An example could include optimizing the position and pose of amino acids to produce
an SAS that fits some other structural motif; or to provide some other machine learning
model with a training signal that takes protein shape into account. We hope to use our SAS
representation in one or more of these applications.



10

References

1

\V)

@

10.

11.

12.

13.

14.
15.

16.

17.

18.
19.

20.

21.

22.
23.

24

M. L. Connolly, Solvent-accessible surfaces of proteins and nucleic acids, Science 221, 709 (1983).

. I. Quilez, Modeling with distance functions. http://iquilezles.org/www/articles/

distfunctions/distfunctions.htm, (2008).

I. Quilez, Smooth minimum. https://iquilezles.org/articles/smin/, (2013).

A. Shrake and J. A. Rupley, Environment and exposure to solvent of protein atoms. lysozyme
and insulin, Journal of molecular biology 79, 351 (1973).

R. Casadio, P. L. Martelli and C. Savojardo, Machine learning solutions for predicting protein—
protein interactions, Wiley Interdisciplinary Reviews: Computational Molecular Science 12, p.
e1618 (2022).

P. Notin, N. Rollins, Y. Gal, C. Sander and D. Marks, Machine learning for functional protein
design, Nature biotechnology 42, 216 (2024).

J. Cheng, A. N. Tegge and P. Baldi, Machine learning methods for protein structure prediction,
IEEE reviews in biomedical engineering 1, 41 (2008).

M. M. Bronstein, J. Bruna, Y. LeCun, A. Szlam and P. Vandergheynst, Geometric deep learning:
going beyond euclidean data, IEEE Signal Processing Magazine 34, 18 (2017).

A. J. Bordner and A. A. Gorin, Protein docking using surface matching and supervised machine
learning, Proteins: Structure, Function, and Bioinformatics 68, 488 (2007).

P. Gainza, F. Sverrisson, F. Monti, E. Rodola, D. Boscaini, M. Bronstein and B. Correia, Deci-
phering interaction fingerprints from protein molecular surfaces using geometric deep learning,
Nature Methods 17, 184 (2020).

K. Atz, F. Grisoni and G. Schneider, Geometric deep learning on molecular representations,
Nature Machine Intelligence 3, 1023 (2021).

O. Méndez-Lucio, M. Ahmad, E. A. del Rio-Chanona and J. K. Wegner, A geometric deep
learning approach to predict binding conformations of bioactive molecules, Nature Machine In-
telligence 3, 1033 (2021).

S. K. Mylonas, A. Axenopoulos and P. Daras, Deepsurf: a surface-based deep learning approach
for the prediction of ligand binding sites on proteins, Bioinformatics 37, 1681 (2021).

J. Parulek and I. Viola, Implicit representation of molecular surfaces, 1, 217 (2012).

J. Parulek and A. Brambilla, Fast blending scheme for molecular surface representation, IEFE
Transactions on Visualization and Computer Graphics 19, 2653 (2013).

D. Klepag, Rendering molecular surfaces using signed distance functions [online] (2023 [cit. 2024-
09-16]), SUPERVISOR : Jan Byska.

F. Sverrisson, J. Feydy, B. E. Correia and M. M. Bronstein, Fast end-to-end learning on protein
surfaces, 15272 (2021).

A. v. Bondi, van der waals volumes and radii, The Journal of physical chemistry 68, 441 (1964).
G. Patané and M. Spagnuolo, State-of-the-art and perspectives of geometric and implicit mod-
eling for molecular surfaces, Computational FElectrostatics for Biological Applications: Geomet-
ric and Numerical Approaches to the Description of Electrostatic Interaction Between Macro-
molecules , 157 (2015).

A. Paszke, S. Gross, S. Chintala, G. Chanan, E. Yang, Z. DeVito, Z. Lin, A. Desmaison, L. Antiga
and A. Lerer, Automatic differentiation in pytorch (2017).

E. Reinhard, B. Smits and C. Hansen, Dynamic acceleration structures for interactive ray tracing,
299 (2000).

T. Foley and J. Sugerman, Kd-tree acceleration structures for a gpu raytracer, 15 (2005).

D. Meister, S. Ogaki, C. Benthin, M. J. Doyle, M. Guthe and J. Bittner, A survey on bounding
volume hierarchies for ray tracing, 40, 683 (2021).

F. Liu and Y. J. Kim, Exact and adaptive signed distance fieldscomputation for rigid and de-



25.

26.

27.

28.

29.

30.

31.

32.

33.

11

formablemodels on gpus, IEEE transactions on visualization and computer graphics 20, 714
(2013).

T. Lewiner, H. Lopes, A. W. Vieira and G. Tavares, Efficient implementation of marching cubes’
cases with topological guarantees, Journal of graphics tools 8, 1 (2003).

S. Van der Walt, J. L. Schonberger, J. Nunez-Iglesias, F. Boulogne, J. D. Warner, N. Yager,
E. Gouillart and T. Yu, scikit-image: image processing in python, PeerJ 2, p. e453 (2014).

T. Vreven, I. H. Moal, A. Vangone, B. G. Pierce, P. L. Kastritis, M. Torchala, R. Chaleil,
B. Jiménez-Garcia, P. A. Bates, J. Fernandez-Recio et al., Updates to the integrated protein—
protein interaction benchmarks: docking benchmark version 5 and affinity benchmark version 2,
Journal of molecular biology 427, 3031 (2015).

H. M. Berman, J. Westbrook, Z. Feng, G. Gilliland, T. N. Bhat, H. Weissig, I. N. Shindyalov
and P. E. Bourne, The protein data bank, Nucleic acids research 28, 235 (2000).

J. Salamanca Viloria, M. F. Allega, M. Lambrughi and E. Papaleo, An optimal distance cutoff
for contact-based protein structure networks using side-chain centers of mass, Scientific reports
7, p. 2838 (2017).

R. A. Laskowski, J. Jabloniska, L. Pravda, R. S. Vafekovd and J. M. Thornton, Pdbsum: Struc-
tural summaries of pdb entries, Protein science 27, 129 (2018).

J. J. Park, P. Florence, J. Straub, R. Newcombe and S. Lovegrove, Deepsdf: Learning continuous
signed distance functions for shape representation, 165 (2019).

C. Dallago, K. Schiitze, M. Heinzinger, T. Olenyi, M. Littmann, A. X. Lu, K. K. Yang, S. Min,
S. Yoon, J. T. Morton and B. Rost, Learned embeddings from deep learning to visualize and
predict protein sets, Current Protocols 1, p. e113 (2021).

I. Lotan, F. Schwarzer and J.-C. Latombe, Efficient energy computation for monte carlo simula-
tion of proteins, 354 (2003).



