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Abstract

The Langevin Dynamics framework, which aims to generate samples from the
score function of a probability distribution, is widely used for analyzing and
interpreting score-based generative modeling. While the convergence behavior of
Langevin Dynamics under unimodal distributions has been extensively studied in
the literature, in practice the data distribution could consist of multiple distinct
modes. In this work, we investigate Langevin Dynamics in producing samples
from multimodal distributions and theoretically study its mode-seeking properties.
We prove that under a variety of sub-Gaussian mixtures, Langevin Dynamics is
unlikely to find all mixture components within a sub-exponential number of steps in
the data dimension. To reduce the mode-seeking tendencies of Langevin Dynamics,
we propose Chained Langevin Dynamics, which divides the data vector into patches
of constant size and generates every patch sequentially conditioned on the previous
patches. We perform a theoretical analysis of Chained Langevin Dynamics by
reducing it to sampling from a constant-dimensional distribution. We present
the results of several numerical experiments on synthetic and real image datasets,
supporting our theoretical results on the iteration complexities of sample generation
from mixture distributions using the chained and vanilla Langevin Dynamics.

1 Introduction

A central task in unsupervised learning involves learning the underlying probability distribution of
training data and efficiently generating new samples from the distribution. Score-based generative
modeling (SGM) (Song et al., 2020c)) has achieved state-of-the-art performance in various learning
tasks including image generation (Song and Ermon) 2019} 2020; |Ho et al.| 20205 |Song et al., |2020a;}
Ramesh et al.||2022; Rombach et al., 2022), audio synthesis (Chen et al.,[2020; Kong et al., |2020),
and video generation (Ho et al.| 2022} [Blattmann et al.| [2023)). In addition to the successful empirical
results, the convergence analysis of SGM has attracted significant attention in the recent literature
(Lee et al.,[2022] 2023} |Chen et al., 2023} L1 et al., 2023} [2024).

Stochastic gradient Langevin dynamics (SGLD) (Welling and Teh} 2011)), as a fundamental method-
ology to implement and interpret SGM, can produce samples from the (Stein) score function of a
probability density, i.e., the gradient of the log probability density function with respect to data. It
has been widely recognized that a pitfall of SGLD is its slow mixing rate (Wooddard et al., 2009
Raginsky et al., [2017; |Lee et al., [2018)). Specifically,|Song and Ermon|(2019) shows that under a
multi-modal data distribution, the samples from Langevin dynamics may have an incorrect relative
density across the modes. Based on this finding, Song and Ermon| (2019) proposes anneal Langevin
dynamics, which injects different levels of Gaussian noise into the data distribution and samples with
SGLD on the perturbed distribution. While outputting the correct relative density across modes can
be challenging for SGLD, a natural question is whether SGLD would be able to find all the modes of
a multi-modal distribution.
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In this work, we study this question by analyzing the mode-seeking properties of SGLD. The notion
of mode-seekingness (Bishop, 2006; |Ke et al., 2021} |L1 and Farnia, [2023) refers to the property that a
generative model captures only a subset of the modes of a multi-modal distribution. We note that
a similar problem, known as metastability, has been studied in the context of Langevin diffusion,
a continuous-time version of SGLD described by stochastic differential equation (SDE) (Bovier
et al., 2002, 2004} Gayrard et al., [2005). Specifically, Bovier et al.| (2002) gave a sharp bound on
the mean hitting time of Langevin diffusion and proved that it may require exponential (in the space
dimensionality d) time for transition between modes. Regarding discrete SGLD, |Lee et al.|(2018)
constructed a probability distribution whose density is close to a mixture of two well-separated
isotropic Gaussians, and proved that SGLD could not find one of the two modes within an exponential
number of steps. However, further exploration of mode-seeking tendencies of SGLD and its variants
such as annealed Langevin dynamics for general distributions is still lacking in the literature.

In this work, we theoretically formulate and demonstrate the potential mode-seeking tendency of
SGLD. We begin by analyzing the convergence under a variety of Gaussian mixture probability
distributions, under which SGLD could fail to visit all the mixture components within sub-exponential
steps (in the data dimension). Subsequently, we generalize this result to mixture distributions with
sub-Gaussian modes. This generalization extends our earlier result on Gaussian mixtures to a
significantly larger family of mixture models, as the sub-Gaussian family includes any distribution
over an {5-norm-bounded support set. Furthermore, we extend our theoretical results to anneal
Langevin dynamics with bounded noise scales.

To reduce SGLD’s large iteration complexity shown under a high-dimensional input vector, we
propose Chained Langevin Dynamics (Chained-LD). Since SGLD could suffer from the curse of
dimensionality, we decompose the sample x € R? into d/Q patches xV), - x(¥/®@) each of
constant size @, and sequentially generate every patch x(@) for all ¢ € [d/Q)] statistically conditioned
on previous patches, i.e., P(x(® | x(9) ...x(@=1)) The combination of all patches generated from
the conditional distribution faithfully follows the probability density P(x), while learning each patch
requires less cost due to the reduced dimension. We also provide a theoretical analysis of Chained-LD
by reducing the convergence of a d-dimensional sample to the convergence of each patch.

Finally, we present the results of several numerical experiments to validate our theoretical findings.
For synthetic experiments, we consider moderately high-dimensional Gaussian mixture models,
where the vanilla and annealed Langevin dynamics could not find all the components within a million
steps, while Chained-LD could capture all the components with correct frequencies in O(10%) steps.
For experiments on real image datasets, we consider a mixture of two modes by using the original
images from MNIST/Fashion-MNIST training dataset (black background and white digits/objects)
as the first mode and constructing the second mode by i.i.d. flipping the images (white background
and black digits/objects) with probability 0.5. Following from |Song and Ermon|(2019)), we trained
a Noise Conditional Score Network (NCSN) to estimate the score function. Our numerical results
indicate that vanilla Langevin dynamics can fail to capture the two modes, as also observed by [Song
and Ermon|(2019). On the other hand, Chained-LD was capable of finding both modes regardless of
initialization. We summarize the contributions of this work as follows:

* Theoretically studying the mode-seeking properties of vanilla and annealed Langevin dynamics,

* Proposing Chained Langevin Dynamics (Chained-LD), which decomposes the sample into patches
and sequentially generates each patch conditioned on previous patches,

* Providing a theoretical analysis of the convergence behavior of Chained-LD,
* Numerically comparing the mode-seeking properties of vanilla, annealed, and chained Langevin
dynamics.

Notations: We use [n] to denote the set {1,2,--- ,n}. Also, in the paper, ||-|| refers to the ¢3 norm.
We use 0,, and 1,, to denote a O-vector and 1-vector of length n. We use I,, to denote the identity
matrix of size n X n. In the text, TV stands for the total variation distance.

2 Related Works

Langevin Dynamics: The convergence guarantees for Langevin diffusion, a continuous version of
Langevin dynamics, are classical results extensively studied in the literature (Bhattacharya, |1978};
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Roberts and Tweedie, |1996; Bakry and Emery, 1983} Bakry et al.,[2008). Langevin dynamics, also
known as Langevin Monte Carlo, is a discretization of Langevin diffusion typically modeled as a
Markov Chain Monte Carlo (Welling and Teh, [2011)). For unimodal distributions, e.g., the probability
density function that is log-concave or satisfies log-Sobolev inequality, the convergence of Langevin
dynamics is provably fast (Dalalyan, [2017}; |Durmus and Moulines} 2017} [Vempala and Wibisonol
2019). However, for multimodal distributions, the non-asymptotic convergence analysis is much more
challenging (Cheng et al.,2018]). Raginsky et al.|(2017) gave an upper bound on the convergence time
of Langevin dynamics for arbitrary non-log-concave distributions with certain regularity assumptions,
which, however, could be exponentially large without imposing more restrictive assumptions. |[Lee
et al.| (2018) studied the special case of a mixture of Gaussians of equal variance and provided
heuristic analysis of sampling from general non-log-concave distributions.

Mode-Seekingness of Langevin Dynamics: The investigation of the mode-seekingness of gener-
ative models starts with different generative adversarial network (GAN) (Goodfellow et al., [2014)
model formulations and divergence measures, from both the practical (Goodfellowl, [2016; |[Poole
et al.| 2016)) and theoretical (Shannon et al.| 20205 [Li and Farnial 2023)) perspectives. In the context
of Langevin dynamics, mode-seekingness is closely related to a lower bound on the transition time
between two modes, e.g., two local maximums. Bovier et al.|(2002] 2004); |Gayrard et al.| (2005)
studied the mean hitting time of the continuous Langevin diffusion. [Lee et al.| (2018]) proved the
existence of a mixture of two Gaussian distributions whose covariance matrices differ by a constant
factor, Langevin dynamics cannot find both modes in polynomial time.

Score-based Generative Modeling: Since Song et al.| (2020b) proposed sliced score matching
which can train deep models to learn the score functions of implicit probability distributions on high-
dimensional data, score-based generative modeling (SGM) has been going through a spurt of growth.
Annealed Langevin dynamics (Song and Ermon| [2019) estimates the noise score of the probability
density perturbed by Gaussian noise and utilizes stochastic gradient Langevin dynamics to generate
samples from a sequence of decreasing noise scales. |[Song and Ermon| (2020) conducted a heuristic
analysis of the effect of noise levels on the performance of annealed Langevin dynamics. Denoising
diffusion probabilistic model (DDPM) (Ho et al.,2020) incorporates a step-by-step introduction of
random noise into data, followed by learning to reverse this diffusion process in order to generate
desired data samples from the noise. |Song et al.| (2020c) unified anneal Langevin dynamics and
DDPM via a stochastic differential equation. A recent line of work focuses on the non-asymptotic
convergence guarantees for SGM with an imperfect score estimation under various assumptions on
the data distribution (Block et al., [2020; De Bortoli et al.| [2021}; [Lee et al.,[2022; |Chen et al.| [2023;
Benton et al.,[2023; L1 et al.|, 2023}, 2024]).

3 Preliminaries

3.1 Langevin Dynamics

Generative modeling aims to produce samples such that their distribution is close to the underlying true
distribution P. For a continuously differentiable probability density P(x) on RY, its score function is
defined as the gradient of the log probability density function (PDF) Vy log P(x). Langevin diffusion
is a stochastic process defined by the stochastic differential equation (SDE)

dx; = —Vy log P(x;) dt + V2 dwy,

where w; is the Wiener process on R?. To generate samples from Langevin diffusion, Welling and
Teh|(2011)) proposed stochastic gradient Langevin dynamics (SGLD), a discretization of the SDE for
T iterations. Each iteration of SGLD is defined as

1)
Xt =X¢—1+ Etvx log P(x¢—1) + \/0c€¢, ()

where d; is the step size and €; ~ N(0g4, I;) is Gaussian noise. It has been widely recognized
that Langevin diffusion could take exponential time to mix without additional assumptions on the
probability density (Bovier et al.| 2002, [2004; |Gayrard et al., 2005; Raginsky et al., 2017} |Lee et al.,
2018). To combat the slow mixing, Song and Ermon|(2019) proposed annealed Langevin dynamics
by perturbing the probability density with Gaussian noise of variance o2, i.e.,

P,(x) := /P(Z)N(x | z,0°1,) dz, 2)
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and running SGLD on the perturbed data distribution P,, (x) with gradually decreasing noise levels
{Ut}tE[T]’ i.e.,

1)
Xt = Xt—1+ Etvx log Py, (x¢—1) + v/ 0r€t, 3)

where §; is the step size and €; ~ N (04, I;) is Gaussian noise. When the noise level o is vanishingly
small, the perturbed distribution is close to the true distribution, i.e., P,(x) ~ P(x). Since we do
not have direct access to the (perturbed) score function,|Song and Ermon|(2019) proposed the Noise
Conditional Score Network (NCSN) sg(x, o) to jointly estimate the scores of all perturbed data
distributions, i.e.,

Vo € {oi},e(7)» So(x,0) = Vxlog Py(x).

To train the NCSN, |Song and Ermon| (2019) adopted denoising score matching, which minimizes the
following loss
]

L (95 {Ut}te[T]) = 2T Z of Ex~PEgn(x,0214) {
te[T)

Assuming the NCSN has enough capacity, sg- (X, o) minimizes the loss £ (0; {o+}, E[T]) if and only

if sg- (x, 0¢) = Vx log P,,(x) almost surely for all ¢t € [T7.

X —X
(X, O't) - 3
0%

3.2 Multi-Modal Distributions

Our work focuses on multi-modal distributions. We use P = . ek w; P() to represent a mixture

of k modes, where each mode P is a probability density with frequency w; such that w; > 0
foralli € [k] and 3 iefk) Wi = 1. In our theoretical analysis, we consider Gaussian mixtures and
sub-Gaussian mixtures, i.e., every component P(*) is a Gaussian or sub-Gaussian distribution. A
probability distribution p(z) of dimension d is defined as a sub-Gaussian distribution with parameter
v? if, given the mean vector p := E,,[z], the moment generating function (MGF) of p satisfies the
following inequality for every vector o € R:

2 2
E,p [exp (aT(z — u)] < exp(%). (@)

We remark that sub-Gaussian distributions include a wide variety of distributions such as Gaussian
distributions and any distribution within a bounded ¢s-norm distance from the mean p. From
equation [2] we note that the perturbed distribution is the convolution of the original distribution
and a Gaussian random variable, i.e., for random variables z ~ p and t ~ N (0g4, I), their sum
z+t ~ p, follows the perturbed distribution with noise level o. Therefore, a perturbed (sub)Gaussian
distribution remains (sub)Gaussian. We formalize this property in Proposition |l|and defer the proof
to Appendix [A] for completeness.

Proposition 1. Suppose the perturbed distribution of a d-dimensional probability distribution p with
noise level o is p,, then the mean of the perturbed distribution is the same as the original distribution,
ie, Epp, 2] = Eunplz]. If p = N(u, X) is a Gaussian distribution, p, = N (p, X + 021 ,) is also
a Gaussian distribution. If p is a sub-Gaussian distribution with parameter v?, p, is a sub-Gaussian
distribution with parameter (v? + 02).

4 Theoretical Analysis of the Mode-Seeking Properties of Langevin Dynamics

In this section, we theoretically investigate the mode-seeking properties of vanilla and annealed
Langevin dynamics. We begin with analyzing Langevin dynamics in Gaussian mixtures.

4.1 Langevin Dynamics in Gaussian Mixtures

Assumption 1. Consider a data distribution P := Z —0 w; P as a mixture of Gaussian distribu-
tions, where 1 < k = o(d) and w; > 0 is a positive constant such that Zf ow; = 1. Suppose that
PO = N (p;, v 1) is a Gausszan distribution over Rdfor all i € {0} U [k] such that for all i € [k],

2 2
v < vy and ||p; — pol|® < ”0 v <log( ) — 2”;'3 + 21/ ) d. Denote Vnax := maX;e|y) Vi.
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Regarding the first requirement v; < v, we first note that the probability density p(z) of a Gaussian

distribution N/ (u, v21,) decays exponentially in terms of M . When a state z is sufficiently far

from all modes (i.e., ||z|| > ||p:|]), the Gaussian dlstrlbutlon with the largest variance (i.e., P(?) in

- 2 2 2
la—siol” el s T o Ll e can
0 vi i

such mode P9 the universal mode. Therefore, if z is initiahzed far from all modes, it can only

converge to the universal mode because the gradient information of other modes is masked. Once

z enters the universal mode P, if the step size J; of Langevin dynamics is small (i.e., 0y < ug),

it would take exponential steps to escape the local mode P(?); while if the step size is large (i.e.,

Oy > Vg), the state z would again be far from all modes and thus the universal mode PO dominates

all other modes. Hence, z can only visit the universal mode unless the stochastic noise €, rzniraculously
e

leads it to the region of another mode. In addition, it can be verified that log (V:> — ok + ;
Yo

Assumption |1) dominates all other modes because

21/ 21/2 isa
positive constant for v; < 1, thus the second requirement of Assumptlonmessentlally represents
i — poll* < O(d). We formalize the intuition in Theoremland defer the proof to Appendix |A

Theorem 1. Consider a data distribution P satisfying Assumption[l] We follow Langevin dynamics
for T = exp(O(d)) steps. Suppose the sample is initialized in P(%), then with probability at least
2 2

1— T - exp(—Q(d)), we have ||x; — pi||” > 2t ¥mexd for all t € {0} U [T and i € [k].

v0+l/

We note that ||x; — p;|° > max d jg a strong notion of mode-seekingness, since the probability

density of mode P\") = A/ (u;,v?1,;) concentrates around the ¢-norm ball {z e — ] < ufd}.

This notion can also easily be translated into a lower bound in terms of other distance measures such
as total variation distance and Wasserstein 2-distance. Moreover, in Theorem 2] we extend the result
to annealed Langevin dynamics with bounded noise level, and the proof is deferred to Appendix [A.2]

Theorem 2. Consider a data distribution P satisfying Assumption|l| We follow annealed Langevin
dynamics for T = exp(O(d)) steps with noise levels c, > oo > -+ > op > Ofor constant c, > 0.
2 uzfuf V,?Jrcg v +c z/2+c§
—mol” < =5 (log (V§+cg) itz 219§+cg) d.
Suppose that the sample is initialized in Pég), then with probability at least 1 — T - exp(—Q(d)), we
2 2 2
have ||x; — p||> > Y0t mest2% g for ail ¢ € {0} U [T) and i € [k].

In addition, assume for all i € [k],

4.2 Langevin Dynamics in Sub-Gaussian Mixtures

We further generalize our results to sub-Gaussian mixtures. We impose the following assumptions on
the mixture. It is worth noting that these assumptions automatically hold for Gaussian mixtures.

Assumption 2. Consider a data distribution P : Zf o WiP P9 as a mixture of sub-Gaussian
distributions, where 1 < k = o(d) and w; > 0 is a positive constant such that Z _ow; = L
Suppose that P(0) = N (o, v314) is Gaussian and for all i € [k], P(%) satisfies
i. P is a sub-Gaussian distribution of mean p; with parameter v}
ii. P is differentiable and VP (u;) = 0y,
iii. the score function of P\ is L;-Lipschitz such that L; < ‘;—? for some constant cy, > 0,

. 2 4(cptever) | Viax —
iv. V5 > max {1 %} for constant ¢, € (0, 1), where Vpax 1= max;e(x] Vis

(1—c,)vd— v;

2 < v? 1 c, V2 2 (1—c,)vi d
V. H/Lz B “’OH — 2(1—cy) 0g (cL-&-cucL)uO T 2(1—c )2 + 20?2 :

0

We validate the feasibility of Assumption in Lemma[9)in the Appendix. With Assumption[2] we
show the mode-seeking tendency of Langevin dynamics under sub-Gaussian distributions in Theorem
[3land defer the proof to Appendix[A.3]
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Algorithm 1 Chained Langevin Dynamics (Chained-LD)
Require: Patch size (), dimension d, conditional score function estimator sg, number of iterations

T, noise levels {01 }c (14> step size {0t }ie g q)-
(1) (d/Q)

1: Initialize xo, and divide x into d/Q patches x; ', - - - X of equal size @)
2: for ¢ < 1tod/Q do
3: fort < 1to TQ/d do
4: x\¥  x{9 4 %59 ( @ | gy x ,x§’1‘1)) + v/01€;, where €, ~ N'(0g, Ig)
5: end for
. ( ) (9)
6: S X,J?Q/d
7: end for
8:

return xXrq/q

Theorem 3. Consider a data distribution P satisfying Assumption[2] We follow Langevin dynamics
Sfor T = exp(O(d)) steps. Suppose the sample is initialized in PO), then with probability at least

1 —T - exp(—O(d)), we have ||x; — pi* > ( + 2(1“"‘;‘ )) dforallt € {0} U [T] and i € [k].

Finally, we slightly modify Assumption [2|and extend our results to annealed Langevin dynamics
under sub-Gaussian mixtures in Theorem[4] The details of Assumption [3]and the proof of Theorem 4]
are deferred to Appendix

Theorem 4. Consider a data distribution P satisfying Assumption |3} We follow annealed Langevin
dynamics for T = exp(O(d)) steps with noise levels ¢, > oo > -+ > or > 0. Suppose
the sample is initialized in chg), then with probability at least 1 — T - exp(—O(d)), we have

e — il > (”o*”t + (7”) dforallt € {0} U[T] and i € [k).

5 Chained Langevin Dynamics

To reduce the mode-seeking tendencies of vanilla and annealed Langevin dynamics, we propose
Chained Langevin Dynamics (Chained-LD) in Algorithm[I] While vanilla and annealed Langevin
dynamics apply gradient updates to all coordinates of the sample in every step, we decompose the
sample into patches of constant size and generate each patch sequentially to alleviate the exponen-
tial dependency on the dimensionality. More precisely, we divide a sample x into d/@Q patches
x( ... x(d/Q) of some constant size @, and apply annealed Langevin dynamics to sample each
patch x(9) (for ¢ € [d/Q)) from the conditional distribution P(x(®) | x(1) ... x(a=1),

An ideal conditional score function estimator sg could jointly estimate the scores of all perturbed
conditional patch distribution, i.e., Vo € {0¢},¢(7q/a) -4 € [d/Q),
S (X(Q) | o, xM) ... xla 1)) Vo log Py (x| xM) .. x(@=1),

Following from |Song and Ermon|(2019), we use the denoising score matching to train the estimator.
For a given o, the denoising score matching objective is
2]

%@ _ x(9)
2

So (X<q> lo,xD ... ,X<q71>> _

1
((0;0) := gEx~PEi~N(xvo21d> Z [ g

q€[d/Q]
Then, combining the objectives gives the following loss

L (9§ {Ut}te[TQ/d]) =70 Q Z ((0;01).

te[TQ/d]

As shown in[Vincent| (2011)), an estimator sg with enough capacity minimizes the loss £ if and only if
se outputs the scores of all perturbed conditional patch distribution almost surely. Ideally, if a sampler
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Figure 1: Samples from a mixture of three Gaussian modes generated by vanilla, annealed, and
chained Langevin dynamics. Three axes are {5 distance from samples to the mean of the three modes.
The samples are initialized in mode 0.

perfectly generates every patch, combining all patches gives a sample from the original distribution
since P(x) = [],ca/q) P(x? | xD),---x(71)). In Theorem |5 we give a linear reduction from
producing samples of dimension d using Chained-LD to learning the distribution of a (-dimensional
variable for constant ). The proof of Theorem [3]is deferred to Appendix [A.5]

Theorem 5. Consider a sampler algorithm taking the first ¢ — 1 patches x| x4~V as input
and outputing a sample of the next patch x(9 with probability P (X(Q) | x( ... ,x(q_l)) for all

q € [d/Q). Suppose that for every q € [d/Q] and any given previous patches xV) - .- x4~ the
sampler algorithm can achieve

Tv(p <X<q> X, X<q_1>> p(X(Q) x0),... X(q—l))) <. 9
b) b b ) b - d

in 7(e, d) iterations for some € > 0. Then, equipped with the sampler algorithm, the Chained-LD

algorithm in % - 7 (g, d) iterations can achieve

6 Numerical Results

In this section, we empirically evaluated the mode-seeking tendencies of vanilla, annealed, and
chained Langevin dynamics. We performed numerical experiments on synthetic Gaussian mixture
models and real image datasets including MNIST and Fashion-MNIST
[2017). Details on the experiment setup are deferred to Appendix



257
258
259
260

261
262
263
264
265

266
267
268
269
270
271
272
273
274
275
276

Samples Samples
from initial from target
distribution distribution

- IR RVE R \\ & L
Langevin “‘\WQ W N i wmm
R \

Dynamics

Annealed
Langevin
Dynamics

Chained
Langevin

Dynamics

Figure 2: Samples from a mixture distribution of the original and flipped images from the MNIST
dataset generated by vanilla, annealed, and chained Langevin dynamics. The samples are initialized
as original images from MNIST.

Synthetic Gaussian mixture model: We define the data distribution P as a mixture of three Gaussian
components in dimension d = 100, where mode 0 defined as PO = N (04, 31,) is the universal
mode with the largest variance, and mode 1 and mode 2 are respectively defined as P(Y) = \/ (14, 14)
and P(®) = J\f(—ld, 1,). The frequencies of the three modes are 0.2, 0.4 and 0.4, i.e.,

P =02P® 4 0.4PW 4+ 0.4P? = 02N (04, 31,) + 0.4N (14, 1) + 0.4N (=14, I).

As shown in Figure |1} vanilla and annealed Langevin dynamics cannot find mode 1 or 2 within 105
iterations if the sample is initialized in mode 0, while chained Langevin dynamics can find the other
two modes in 1000 steps and correctly recover their frequencies as gradually increasing the number
of iterations. In Appendix we present additional experiments on samples initialized in mode 1 or
2, which also verify the mode-seeking tendencies of vanilla and annealed Langevin dynamics.

Image datasets: We construct the distribution as a mixture of two modes by using the original images
from MNIST/Fashion-MNIST training dataset (black background and white digits/objects) as the
first mode and constructing the second mode by i.i.d. randomly flipping an image (white background
and black digits/objects) with probability 0.5. Regarding the neural network architecture of the score
function estimator, for vanilla and annealed Langevin dynamics we use U-Net (Ronneberger et al.|
2015) following from |Song and Ermon| (2019). For chained Langevin dynamics, we proposed to use
Recurrent Neural Network (RNN) architectures. We note that for a sequence of inputs, the output of
RNN from the previous step is fed as input to the current step. Therefore, in the scenario of chained
Langevin dynamics, the hidden state of RNN contains information about the previous patches and
allows the network to estimate the conditional score function V() log P(x(@ | x(1) ... x(@=1),
More implementation details are deferred to Appendix
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Figure 3: Samples from a mixture distribution of the original and flipped images from the Fashion-
MNIST dataset generated by vanilla, annealed, and chained Langevin dynamics. The samples are
initialized as original images from Fashion-MNIST.

The numerical results on image datasets are shown in Figures[?]and 3] Vanilla Langevin dynamics
fails to generate reasonable samples, as also observed in|Song and Ermon|(2019). When the sample
is initialized as original images from the datasets, annealed Langevin dynamics tends to generate
samples from the same mode, while chained Langevin dynamics can generate samples from both
modes. Additional experiments are deferred to Appendix

7 Conclusion

In this work, we theoretically and numerically studied the mode-seeking properties of vanilla and
annealed Langevin dynamics sampling methods under a multi-modal distribution. We characterized
Gaussian and sub-Gaussian mixture models under which Langevin dynamics are unlikely to find all
the components within a sub-exponential number of iterations. To reduce the mode-seeking tendency
of vanilla Langevin dynamics, we proposed Chained Langevin Dynamics (Chained-LD) and analyzed
its convergence behavior. Studying the connections between Chained-LD and denoising diffusion
models will be an interesting topic for future exploration.

Limitations

Our RNN-based implementation of Chained-LD is currently limited to image data generation tasks.
An interesting future direction is to extend the application of Chained-LD to other domains such as
audio and text data. Another future direction could be to study the convergence of Chained-LD under
an imperfect score estimation which we did not address in our analysis.
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A Theoretical Analysis on the Mode-Seeking Tendency of Langevin Dynamics

We begin by introducing some well-established lemmas used in our proof. We first provide the proof
of Proposition[I] for completeness:

Proof of Proposition[l] By the definition in equation 2] we have
po(z) = /p(t)N(z | t,0%1,)dt = /p(t)N(z —t | 04,0%1,)dt.
For random variables t ~ pandy ~ N(04, 1), their sum z = t +y ~ p, follows the perturbed
distribution with noise level o. Therefore,
Eznp, (2] = Ettry)mp, [t + Y] = Eeplt] + Eyonr0u, 1) [y] = Eeaplt]-

If t ~ p= N(u,X) follows a Gaussian distribution, we have z =t +y ~ p, = N'(p, = + 0%1,).
If p is a sub-Gaussian distribution with parameter v, we have z = t +y ~ p,, is a sub-Gaussian
distribution with parameter (2 + o2). Hence we obtain Proposition O

We use the following lemma on the tail bound for multivariate Gaussian random variables.

Lemma 1 (Lemma 1, |Laurent and Massart| (2000)). Suppose that a random variable z ~ N (04, I4).
Then for any A > 0,

i (||z||2 > d+ 2VdA + 2)\) < exp(—)),

P (||z||2 <d- 2\/5) < exp(—\).

We also use a tail bound for one-dimensional Gaussian random variables and provide the proof here
for completeness.

Lemma 2. Suppose a random variable Z ~ N(0,1). Then for any t > 0,

exp(—1%/2)

P(Z20)=P(Z <)<= —

Proof of Lemma[2] Since 7 > 1 forall z € [t,00), we have

1 o 22 1 *©z 22 exp(—t2/2)
P(Z>1) = — e —— |z < — —e —— | dz = ———.
(Z =) \/27r/t Xp( 2) - 27T/t t xp( 2) V2mt

Since the Gaussian distribution is symmetric, we have P(Z > t) = P(Z < —t). Hence we obtain the
desired bound. O

A1 Proof of Theorem[I} Langevin Dynamics under Gaussian Mixtures

Without loss of generality, we assume that py = 04 for simplicity. Let r and n respectively denote
the rank and nullity of the vector space {fti};c i), then we have 7 +n = dand 0 < r < k = o(d).

Denote R € R?*" an orthonormal basis of the vector space {mi}; c[k]® and denote N € R4*" an
orthonormal basis of the null space of {u;} iclk]- Now consider decomposing the sample x; by

r; := R7x;, and n; := N7x,,
where r; € R", n; € R™. Then we have
x; = Rr; + Nng.
Similarly, we decompose the noise €; into
egr) :=RTe;, and egn) = NT¢,,
where egr) eR", egn) € R™. Then we have

€ = Regr) + Negn).

13
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Since a linear combination of a Gaussian random variable still follows Gaussian distribution, by
€ ~N(0g4,1;), RTR = I, and NTN = I,, we obtain

e ~ N (0,,1,), and €™ ~ N(0,,, I,,).

By the definition of Langevin dynamics in equation [I] the two components of x; follow from the
update rule:

1) n
n, = ny + SN Vilog P(xi-1) + V/ore(™, ©)

) r
ry=r;_1+ éRTVx log P(x¢—1) + §teg ).

2 2
It is worth noting that since N7 p1; = 0,,. To show ||x; — pu;]|? > 20 ¥max 4 it suffices to prove
g 2 122 2 p
2, 2
vy + v,
||nt||2 > 0 5 max g

We start by proving that the initialization of the state x has a large norm on the null space with high
probability in the following proposition.

Proposition 2. Suppose that a sample X is initialized in the distribution P, i.e., xg ~ P9, then

2 2
for any constant vy < vo, with probability at least 1 — exp(—(d)), we have ||nol|* > %d.

Proof of Proposition[2} Since xg ~ P(®) = N'(04,121;) and NN = I,,, we know ng = N7xq ~
N(0,,,v21,,). Therefore, by Lemmawe can bound

3 2 2 2 2 9 2
P(IIHoIFS“”‘““d)ﬂD Imoll® < 5 d.<”0”2max> d
4 Yo 8y

2 2 .9 2
< p (Il <n_2¢n(uo )4
vy 8 2

2 2 2

Y0 — Vmax d
< — | — 2 —
<o (- (55 4

where the second last step follows from the assumption d — n = r = o(d). Hence we complete the
proof of Proposition 2] O

2 2
Then, with the assumption that the initialization satisfies ||ng||* > %d, the following proposi-

tion shows that ||n; || remains large with high probability.

Proposition 3. Consider a data distribution P satisfies the constraints specified in Theorem
We follow the Langevin dynamics for T = exp(O(d)) steps. Suppose that the initial sample

2 2
satisfies ||no|® > %d, then with probability at least 1 — T - exp(—€Q(d)), we have that

g > Yt maxd for all t € {0} U [T
. 5 forallt € {0} U [T].

Proof of Proposition[3] To establish a lower bound on ||n;||, we consider different cases of the step

size &;. Intuitively, when &; is large enough, n; will be too noisy due to the introduction of random

noise \/EE,E“) in equation |5, While for small d;, the update of n; is bounded and thus we can

iteratively analyze n;. We first handle the case of large ¢, in the following lemma.

Lemma 3. [f§; > v32, with probability at least 1 — exp(—$(d)), for n, satisfying equation@ we
2 2

have ||, ||* > 208 max d regardless of the previous state x,—1.

Proof of Lemma[3] Denote v :=mn;_; + ‘;—tNTVx log P(x;_1) for simplicity. Note that v is fixed

for any given x;_;. We decompose egn) into a vector aligning with v and another vector orthogonal

14
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479

to v. Consider an orthonormal matrix M € R"*("=1) sych that M”v = 0,,_; and MM = I,,_;.
By denoting u := e§“) MMTegn) we have M7u = 0,,_1, thus we obtain

2
v+ \/Eei“)

2
= ||[v++/6u+ \/EMMTegn)

2
[ |

2 2
v v + | ananre
() [|?
VoMM €

2 7 _(m|?
> vy HM €

Y

Since egn) ~ N(0,,1I,) and MM = I,,_;, we obtain MTegn) ~ N(0,_1, I,_1). Therefore, by
Lemma[Ilwe can bound

]P)(nt|2 31/0 Zl/lnaxd) SP(‘MTei(Ln)

2 < 31/0 +Vmaxd
- 4V0

2 2 2 2
Sd—?\/d'<l/0 Vmax) d
8va

2
<P ‘MTG,E“) <

=P ‘MTG,E")

Vg_ylgnax 2d
Sexp | — =z ) 2
v 2

where the second last step follows from the assumption d — n = r = o(d). Hence we complete the
proof of Lemma 3] O

We then consider the case when §; < 2. Letr := RTx and n := N7x, then x = Rr + Nn. We

first show that when ||n||* > %d, P (x) is exponentially smaller than P(®) (x) for all i € [K]
in the following lemma.

VOJrV

ratmaxd and ||ps; |

Lemma 4. Given that |n|” >

G .
11;(0)(( )) < exp(—(d)) forall i € [k]

2 V2 V2 l/2
: (1og (V—Q> - 2”’ + 2y )dforall
9]
i € [k], we have

P (x)

Proof of Lemma[d] For all i € [k], define p;(x) := YZOTENE

then

P(i)(x) (2mv2)~ /2 exp (—# Ix — u¢||2)

i(x) = B
P PO (x) (2m3)—d/2 exp( 22 ||X||2>

/2
Ll oo i — gl
= exp | — [|x]|” — =5 ||x — p;
1% P 21/3 QVZ-Q K
d/2 2 2
11 N Nn [Rr[|”  [|Rr — p]
s~ 53 ) INn|* + > 5
1% 2y 2v; 2vg 2v;
d/2 2 2
— Lg exp 11 ||n||2 + [ _ ||r_RT“iH
VZ-Q ZVS 21/1-2 21/3 2yi2 ’

where the last step follows from the definition that R, € R%*" an orthonormal basis of the vector space
2
urn _ =BT
202

i

AN AN
w‘ow =Yoot

@
4
o

{;Ll}ZE (k] and NTN = I,,. Since 12 > 12, the quadratic term is maximized at
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2RT
480 T = VSQ_V” i Therefore,

i

e 50720 5072 A S 2||RT o el
208 202 T2 — )2 202 —v? Hi 22 —v2)’

2 2
481 Hence, for ||n|® > "°+”"‘a"dand | s]|? < M <log (%) - 21,2 + 21/ ) d, we have

2 d/2 2 T 2
(7 11 2 (Il =R pi]
pilx) = (Vf) xp <(2V§ 21/3) ]I+ <21/§ 21/1}2
2\ *? 1 1\ 3+ v} |12
(Y (L LY Il
v 2§ 2 2 2wg —vi)
Y v R Nd
= — (1 S e U s T | L) |
e"p( <g<) 2u5+2u3)2+2<u3—u3>
< | Vf 1/1-2 L 1/8 d
exp|—(log| % | — .
=P & Ve w2 w?) 4

ss2 Notice that for function f(z) = logz — % + 2—12,2we have f(1) = Oand Lf(z)=1-%-4 =

w3 —3(1- 1) < 0 when z € (0,1). Thus, log (—‘2 — 34 + 7.9 is a positive constant for v; < vy,
0 0 i

484 i.e., p;i(x) = exp(—€(d)). Therefore we finish the proof of Lemma] O

485 Lemma@implies that when ||n|| is large, the Gaussian mode P(®) dominates other modes P(*). To
sss  bound ||n.||, we first consider a simpler case that ||n;_1 || is large. Intuitively, the following lemma
a7 proves that when the previous state n;_; is far from a mode, a single step of Langevin dynamics with
488 bounded step size is not enough to find the mode.

489 Lemma 5. Suppose §; < v2 and ||n,_+||* > 3612d, then for n following from equation we have
w0 ||ng||® > v2d with probability at least 1 — exp(—Q(d)).

491 Proof of Lemmal5 From the recursion of n, in equation 5| we have
J
n; =n;_1+ EtNTVx log P(Xt_1) + \/aﬁgn)

k .
§ PG _ T = o
¢ (xe—1) N7 (x¢-1 N)Jr\/ael(t)

=n¢_1 —

2 — P(x¢-1) v}
k )
(St P(l) (Xt—l) 1 (n)
— (1N ) ) Ve, 6
( 2 pard P(Xt_l) I/i2 ng;+ \/7613 ( )

O (x4 ,
a2 By Lemma we have % < exp(—£(d)) for all i € [k], therefore

7
()
493 On the other hand, from eﬁn) ~ N (0, I,,) we know % ~ N(0,1) for any fixed n;_1 # 0,
494 hence by Lemma[2]we have

(ne_1, ™) _ Vd (1, ™) _ Vd 4 < d)
Pl—m—>— | =P| ———— < — | £ — - 8
( el © 4) ( el = 1) S Vama P \Te)
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Combining equation [6] equation[7]and equation 8] gives that

2
1 n
hacl > () Boeca = 2. )
1 vovd
29 ||nt71\| 5 [pavay
> 5 36v2d — M 6oV d
ygd
with probability at least 1 — ﬁ exp (— ) = 1 — exp(—£(d)). This proves Lemma O

We then proceed to bound ||n, || iteratively for ||n,_1||> < 3612d. Recall that equation gives
0y
n, =n;_q+ 2NTV log P(x¢—1) \/c?tetn.

‘We notice that the difﬁculty of solving n; exhibits in the dependence of log P(x;—_1) on ry_. Since
P = Zf:o w; P = Zz o WiN (ps, v21,), we can rewrite the score function as

V P " PO (x) M X POx) (x  x—py
Vaxlog P(x) = Z ) 72“?*2 P(x) <V2_ 2 )
1 0 Ze[k)] 0 K2
©)

Now, instead of directly working with n;, we consider a surrogate recursion n; such that ny = ng
and forall t > 1,

=

L or .
By =Ry g — —hy 4 /e (10)
2v5
The advantage of the surrogate recursion is that n; is independent of r, thus we can obtain the

closed-form solution to n;. Before we proceed to bound ny, we first show that n, is sufficiently close
to the original recursion n; in the following lemma.

2 2
Lemma 6. For anyt > 1, given that 6; < v and Lgm"d < ||nj_1||2 < 36v¢d forall j € [t] and

2 V2 u 1/,2 V2 . N
[l pei||” < 225+ (log( ) —ﬁ—l—ﬁ) d forall i € [k], we have ||, — ng|| < exp(tw\/&

Proof of Lemma[6] Upon comparing equation [5]and equation [I0] by equation 0] we have that for all
Jj el

A o5 . d;
Ilj_l — ﬁnj_l — Ilj 1 — —NTV IOg P(X] 1)

05 X1 1 1
=|{1-=L A J — — —\n._
(- ) oam 4 5 T (- 2

[h; —n;ll =

X5 1) 1 1
<(1-3 )|n31 T B O Ll
1€[k] i—1 v 0
6 PO(xj_1) (1 1
< [lBj-1 —mn; 1||+Z 2P‘))(xjjl)<y?_u§) 6oV d.
i€[k] !

O (x4 , . .
By Lemma we have % < exp(—£(d)) for all ¢ € [k], hence we obtain a recursive bound
j—1

. . 1
[ — 0| < By — 0, ]| + ——=— V.

exp(§2(d))
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511

512

513

514

515

516
517

518

519

520

521

522

523
524

525

Finally, by ng = ng, we have

t
ﬁ/—n, _ ﬁv—n' _ ﬁ,_ —n._ Si\/a
el ]%;](” sl =) exp(€2(d))

Hence we obtain Lemmal@ O

We then proceed to analyze n;, The following lemma gives us the closed-form solution of ;. We
slightly abuse the notations here, e.g., [];> (1 —

i:cl

9;
)

5 2> =1and 252:01 §; =0fore; > co.

2
Lemma 7. Forallt > 0, 1y ~ N <H§_1 (1 - 2%2) ng, 22:1 szj_'_l (1 - 2‘%) §jIn>, where
0] 0

2 2
. . t 8; 1 t t di
the mean and covariance satisfy [ [;_, (1 - 2u§) + > im1 Lz (1 - m) 5, > 1L

Proof of Lemmal7] We prove the two properties by induction. When ¢ = 0, they are trivial. Suppose
they hold for ¢ — 1, then for the distribution of n;, we have

I o
n; =ns;_1 — ﬁnt_l + 5t€§n)

0
5t t—1 (Si 5f 2t—1 t—1 51 2
~ 1- 2 1— 2% 1- 2 1= 2 5.1, + 6.1,
V() L zg) e (- 3p) S I (1 gig) oo
=1 j=li=j5+1

2
i=1 0 j=1i=j+1
5, \2 t—1 5 \2 1 t—1 t—1 5\ 2 1
=(1l--= — — = ) —6
( 21/3) H 208 + Ve Z H 208 if Ve ¢
i=1 j=1li=j+1
5 \* . 1 52
> (1— g) + 50 =141 >1
25 0 0
Hence we finish the proof of Lemmal(7] O

Armed with Lemma [7} we are now ready to establish the lower bound on ||1i;||. For simplicity,

2 2
denote o := []'_, (1 — i) and f§ := ,}g Z;Zl Hf:jH (1 — 5—) ;. By Lemmawe know

2 2
2vg 2v§

n; ~ N (amg, B131,), so we can write fi; = ang + v/Bro€, where € ~ N(0,,, I,).

2 2 2 2
Lemma 8. Given that |[fp||” > 22 mexd, ye have ||i|* > %

1 —exp (—Q(d)).

max o with probability at least

Proof of Lemma[8] By iy = ang + /Brpe we have

16]* = a® [Ino||* + B4 llel]” + 2ay/Bro (mo, €)

18



526 By Lemma[I]we can bound

527

528

529

530

531

532
533

534
535
536

537
538

539

540

541

542

2 2 2 o 2
IE”(Ie|2<3”0”“““(1) =P ||e||2<d—2\/d.(%”max) d
1%

2
4vg

I/2—1/2 2d
<P ||€||2<("—1)_2\/(n—1) (Omax) d
813 2

2 2 2

Y0 = Vmax d
< _ [ 20 "max Z
—eXp< ( 8172 )2)

where the second last step follows from the assumption d — n = r = o(d). Since € ~ N (0, I,,),
we know {22:€)  A7(0, 1). Therefore by Lemma

Inolf

P <<Il076> < 1/3 — V12nax \/Zi) 4”0 V 31/3 + VIZnax exp ( (Vg — Vr2nax)2d ))

— < _
[noll = 4wo /302 + 12, T V21— 12, )Vd 3202 (312 4 V20

2, 2 2, 2 2 9
Conditioned on ||fig > > 20T tmaxg, €] > %d and ”n—l()‘l(no,e) > —M@%ﬁ\/&,
0 max

since Lemmagives a? + B> 1 we have

18:)* = o® [mo||* + 5 |el|” + 2a/Bro (o, €)

2 2 2 2 Vg — V2
> o ||no||* + 815 |lell® — 2a/Bro Imoll -

max d

Vo318 + Vi

2 2
2 2 vy — V.
> o no||* + v |lell” = 2a/Bro |Inol| €] - 5

max

613 + 2v2

max

2 2
Vg — U, 2 2 2

> (1 29 “max <a2 n + B2 e )

_( 6v§+2u:iax> Imol|? + 84 |l

502 + 3v2 9 308 + 12
max . maxd
608 + 202 . (" +5) 4
N 508 + 312 . "
- 8
Hence by union bound, we complete the proof of Lemmal8] O

Upon having all the above lemmas, we are now ready to establish Proposition[3|by induction. Suppose
the theorem holds for all 7" values of 1,--- ,T" — 1. We consider the following 3 cases:

o If there exists some ¢ € [T such that 6; > 12, by Lemma we know that with probability

2 2
at least 1 — exp(—Q(d)), we have |[n,||> > %d, thus the problem reduces to the two

sub-arrays ng, - - - ,n;_1 and ny, - - - , np, which can be solved by induction.

« Suppose §; < 12 for all t € [T]. If there exists some ¢ € [T such that ||n,_;||* > 3612d,
by Lemma we know that with probability at least 1 — exp(—£(d)), we have ||ng||> >

2 2
vid > %d, thus the problem similarly reduces to the two sub-arrays ng, - - - , n;_;
and ny, - - - , np, which can be solved by induction.

%d for all ¢ € [T'], by Lemma|6| we have that for T = exp(O(d)),

5 2 32 2 2
|7 —nr| < (\/ % +8 Ymex _ \/VO +2Vma"> V.

By Lemma|8] we have that with probability at least 1 — exp(—£(d)),
5v8 + 3u2

max d

8

« Suppose 6; < 12 and ||[n,_1||> < 3612d for all t € [T]. Conditioned on [[n,_,|* >

A~ 2
[ar|” >

19
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552
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557
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559
560

561
562
563

564

565

566
567

568

569
570
571

572
573

574
575
576

Combining the two inequalities implies the desired bound

2 2
0 + v max g

[Inz|| > [[ar| - [[ar —nzf| > 5

2 2
1/0+V

Hence by induction we obtain ||ng||* > “o—maxd for all ¢ € [T] with probability at least
(1= (T = 1) exp(=92(d))) - (1 — exp(=(d))) = 1 — T'exp(—(d)).

Therefore we complete the proof of Proposition 3} O
Finally, combining Propositions 2] and [3| finishes the proof of Theorem|I]

A.2  Proof of Theorem 2; Annealed Langevin Dynamics under Gaussian Mixtures

To establish Theorem [2] we first note from Proposition [I] that perturbing a Gaussian distribution
N (w, v?1;) with noise level o results in a Gaussian distribution N'(, (v* + 02)1). Therefore, for
a Gaussian mixture P = Zf:o w; P4 = Zf:o w; N (i, v314), the perturbed distribution of noise

level o is
k

P(r = szN(M“ (VzQ —|— 0'2)Id).
i=0
Similar to the proof of Theorem|[I} we decompose

x; = Rr; + Nny, and €¢; = Re,(fr) + Ncsgn)7

where R € R?*" an orthonormal basis of the vector space {p;} sepr) and N € R4*"™ an orthonormal
basis of the null space of {u;}; el Now, we prove Theorem [2| by applying the techniques developed
in Appendix [A.1] via substituting 2 with 2 + o7 at time step ¢.

First, by Proposition [2| suppose that the sample is initialized in the distribution P, then with

probability at least 1 — exp(—$2(d)), we have

3 + o) + (V2 ax +03) i 3+ v+ 408d

2
>
o * 2 - ;

(11)

2 2 2
Then, with the assumption that the initialization satisfies ||n0||2 > w& the following

proposition similar to Proposition [3|shows that ||n,|| remains large with high probability.

Proposition 4. Consider a data distribution P satisfies the constraints specified in Theorem
We follow annealed Langevin dynamics for T = exp(O(d)) steps with noise level c, > oo >
o1 > 09 > -+ > or > 0 for some constant c, > 0. Suppose that the initial sample satisfies

2 2 2
Inol|* > 2amx?9% g then with probability at least 1 — T - exp(—Q(d)), we have that ||n,||* >

YVt 208 g for all ¢ € {0} U [T).

Proof of Proposition ] We prove Proposition ] by induction. Suppose the theorem holds for all T’
values of 1,--- ,T"— 1. We consider the following 3 cases:

* If there exists some ¢ € [T] such that 6; > ¢ + o7, by Lemma we know that with proba-

2 2 2 2 2 2 2
bility at least 1 — exp(—€(d)), we have [, ||* > 2000 Mnaxtor) g — 30t matior g
thus the problem reduces to the two sub-arrays ng, - -- ,n;—1 and ng, - - - , np, which can
be solved by induction.

* Suppose &; < 12 + o2 for all t € [T). If there exists some ¢ € [T such that |n,_|*> >
36(v3 + o?_1)d > 36(v3 + 0?)d, by Lemma [5| we know that with probability at least
1 — exp(—Q(d)), we have |[n||> > (13 + 02)d > 2ot mas®% g thus the problem
similarly reduces to the two sub-arrays ng, - - - ,n;—1 and ny, - - - , np, which can be solved

by induction.
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592
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596

597

598

« Suppose §; < 12+ 02 and ||n,_y||* < 36(v2 +02_,)d forall t € [T)]. Consider a surrogate
sequence n; such that ny = ng and for all ¢ > 1,

5 n)
n, =, ] :
ng =mn;_1 — 202 + 202 P YL 1+\/>t€t
Since vy > v; and ¢, > oy forall t € {0} U [T], we have zizz’ > Z Igt Notice that for
function f(z) = longf+ﬂ,wehave L f(z ) i1 L=-1 (771) <0.

Thus, by the assumption
HH__NUH2<V3—V¢2 log it vitea +y§+cg i
! -2 Vg +c2 W34z 2wi+cz)
we have that for all ¢t € [T,
s — ||2<V§*1/¢2 lo v? + o} 7 v+ o} +y§+gt2 J
pi— Holl =775 E\Z+o2)  22+0? T wito?

2 2 2
Conditioned on [n,_y||* > %d forallt € [T], by Lemma@we have that for
T = exp(O(d)),

52 + 3U2,4 + 802 2+ 12, + 2072
RN e e

8 2

By Lemmal|8] we have that with probability at least 1 — exp(—(d)),

5v5 + 3v 807
iy 2 20 e 20T

Combining the two inequalities implies the desired bound

2 2 2
VO+Vmax+20Td

[nz(| > [[ar|| - a7 —nr| > \/ 5

. . . 2 1/2+u2 +2(72 . ey
Hence by induction we obtain ||n;||” > “0—max===t d for all t € {0} U[T] with probability
at least

(1= (T = Dexp(=0(d))) - (1 — exp(=Q(d))) = 1 — Texp(—Q(d)).
Therefore we complete the proof of Proposition ] [
Finally, combining equation [IT]and Proposition @ finishes the proof of Theorem 2}

A.3  Proof of Theorem 3} Langevin Dynamics under Sub-Gaussian Mixtures

The proof framework is similar to the proof of Theorem I] To begin with, we validate Assumption
in the following lemma:

c,)va—v?

s . . 1—
Lemma 9. For constants vy, v;, ¢, cg, satisfying Assumptions 2”111. and we have (Q(Ifc)‘ >
2

cyv? v;
c +chL) T 2(1—c )3

0 and log @ > + = c”)ug > 0 are both positive constants.

(1—c,)v2—v?
2(1—cy)

2 2
Proof of Lemma(9 From Assumption 2fiiv. that Vg > f“‘% > 1=, we easily obtain

0is apositive constant. For the second property, let f(z) := log = +CiL)Z _ 2(12 -+ (-cy)z

(z) satisfies

if(z)_—l'i‘ S el T/ § St AN
dz oz 2(1—c)22 207 2(1—¢,) v? z '

3

For any 2
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(c?+cver)

Therefore, when 4 <1, we have

Cu(l_cv)
fwd > f vi log XL =) S 10045 0
v, =log —— > 1o .
0 1—c, gc%—l—cl,cL_ &
When % > 1, we have
fWR) > f 4(c2 +cyer) V2 _ o) c,,2(1 —¢) B cl,2(1 —¢) 2(c2 + cyer)
a(l—c¢) 1—c¢, 2(ci +cver)  8(cf +ever) (1 —¢,)
2(0% +eper) co(l—¢,) 2(0% + cper) 1
>2—2log2 — — >2—2log2— - >0.
= 8 e (1—c) 8(c + cuer) + c(1—1¢y) 8 2
Thus we obtain Lemmal[9] O

Without loss of generality, we assume g1y = 04. Similar to the proof of Theorem[I] we decompose
Xy = RI’t + Nl’lt, and € = Rﬁgr) + ]N-Gz(sn)7

where R € R%*" an orthonormal basis of the vector space {p;}, cr) ad N € R4*™ an orthonormal
llg l/2

basis of the null space of {1 };¢ ;- To show [Ix; — will® > (7 + 2(1‘1"‘;;)) d, it suffices to prove

2 2
Inall* > (% + 5gzs ) d. By Proposition if xo is initialized in the distribution P(©), ic.,

xo ~ P, since 1§ > =17, with probability at least 1 — exp(—$(d)) we have
2 3u3 V2.
> — + ——)d. 12
ol > (32 + s 12

2

2
Then, conditioned on |[ng|® > (3% + 4(11‘132‘ )) d, the following proposition shows that ||n;||

remains large with high probability.
Proposition 5. Consider a distribution P satisfying Assumption 2} We follow the Langevin dynamics

for T = exp(O(d)) steps. Suppose that the initial sample satisfies |ng||* > (% + 4(V1'z‘fc" )) d,

2

then with probability at least 1 — T - exp(—(d)), we have that |n||* > (é + 2(11‘12;)) d for all
te {0} U[T].

2
Proof of Proposition ] Firstly, by Lemma if & > 1, since v§ > T22= we similarly have that

Ine]* > (% + 4(1131&;)) d with probability at least 1 — exp(—€2(d)) regardless of the previous

state x;_1. We then consider the case when §; < 1/3. Intuitively, we aim to prove that the score
2 2
function is close to —~ when ||n||2 > (%0 + 2(1'1“3*0" )) d. Towards this goal, we first show that
2 v

P (x) is exponentially larger than P()(x) for all i € [k] in the following lemma:

2
10

2
Lemma 10. Suppose P satisfies Assumption Then for any ||n||2 > (%0 + Q(Vlf‘g/)) d, we have

|V Pt

PO (x) NGl ;
FGg < exp(—(d)) and *—prz—" < exp(—Q(d)) for all i € [k].

PO (x)

Proof of Lemma[I0] We first give an upper bound on the sub-Gaussian probability density. For any
vector v € R?, by considering some vector m € R, from Markov’s inequality and the definition in
equation ] we can bound
E,po [exp (m”(z — p;))]

exp (m” (v — ;)

v2m|*
Sexp |~ —m (v—p)|.

P, po (m"(z — ;) > m" (v — ;) <

22



s2a  Upon optimizing the last term at m = Y—#**, we obtain

i

2
P, pw (v — )T (v —2) <0) < exp (V“”> : (13)

s24 Denote B := {z: (v — p;)" (v — z) < 0}. Tobound P, p:) (z € B), we first note that
log P9 (v) — log P (z)
1
= / (v —2z,Viog PY(v + Xz —v))) dA
0

1
= (v —2,Viog P (v)) + / (v —2,Vlog P9 (v + Az — v)) — Vlog P (v)) dX
0

1
<|lv -2z ‘VlogP(i)(v)H—&-/ v -z ‘VlogP(i)(v—l—)\(z—v))—VlogP(i)(v)H A
0
1
<Iv-al Lillv = will + [ v =2l LilAz = v)] ax (14)
0
Lic, 2 cL + ¢y 2
< 2 v — e Lillv —
< Gt vl (e ) Ll -l

625 where equation |14{follows from Assumption that V log P (u;) = 04 and Assumption
e26 that the score function V log P(*) is L;-Lipschitz. Therefore we obtain

P,.pw»(z€B) = / P (z)dz

z€B
; L1 v v
> [ POwes ( %y — P - g, ||vz||2) dz
z€B 2cr, 2cy
. Lz ” v
PO e (<52 v l?) [ ew (< Ly -l aa as)
2cr, zcB 2c,

627 By observing that g : B — {z: (v — ;)T (v — z) > 0} with g(z) = 2v — z is a bijection such that

628 ||v—z| =|v—g(z)| forany z € B, we have
/ exp <CL a7y ST z||2> dz = / exp (CL v — z||2) dz
z€B 2¢, z€ER4 2¢,

1 2me, 3
- 2 ((CL +CV)L2'> ) (10

620 Hence, by combining equation[I3] equation[I3] and equation[I6] we obtain

N | =

2
v —
exp <H2Vl;”> > P, po (v —pi) (v —2) <0)

da
i LicV 2 1 271'61, 2
> P (v)exp ( 9r v = pill >2<(0L+c)L> :

630 By Assumption that L; < “% we obtain the following bound on the probability density:

d
, 2me, v? T2 1—c¢,
PO <2 (2T ey (<1 - u) . a7

cr, + Cu) %
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. (@) (5
631 Then we can bound the ratio of P(¥) and P9, For all ; € [k], define p;(x) := P(O)E ;, then we have

PO 2Cmef /(6 + cven) e (—(1— ) gl /207)
pi(x) - P(O)(X) = 472 2 9
(2m) =2 exp (= |xI1* /203

2 2
:2<<c%+cycmu3) eXp<||x|| _<1—cy>||x—ui||>

vl

e v? 203 2v?

(& + o) L 1me e (IReP (- a) R —
—o (LTI L N _
( 2 xp 8 202 INn[”+ 208 202

CuV;
Fl 2
o (et ek o (L ) e (IE A =a) e =R
cyyi2 21/8 21/2-2 2V§ 21/1-2 ’

632 where the last step follows from the definition that R € R?*" an orthogonal basis of the vector space
e R

(NN

633 {Hi};cy and N”N = I,,. Since v} < (1 — ¢,)12, the quadratic term ” ”

2”?
634 maximized at r = % Therefore, we obtain
2 2 2
Ief* (1 =c)[fr =R p o (A=) llpll
208 202 “2((1 =g —v?)
2 (1—c,)v, u 1/2 1/2 1
es35  Hence, for ||p; — pol|” < 2(1) ) (log ((/L"FCVCL)VU ~aa—ey T ( ) ) d and ||n|*

2
Yo Ymax
636 ( 5 + S )) d, we have

d
(¢ +eve)vg\? 1 1-q¢ 2 (1—cy) flil®
pilx) < < cyv? exp 202 2v? I fl”+ 2((1 = c,)vg —v?)

d 2
<9 (cf +acn)v? exp 1 1-c Lg + v (1 —co) il
- Cl,l/i2 21/3 21/2}2 2 2(1—¢,

) ()

~—

v? (1-c)B\d  (1—c)lpml’
=9 — (1 v _ i v)Po \ @ v i
exp( T R e R ) E (e s
cyv? V2 (1—c,)3\ d
<2 — (1 L — : )~ ).
= eXp( (°g<c%+cucL>u3 20 —c)g | w? )4)

637 From Lemma(9] we obtain p;(x) < exp(—€(d)).

@) (x
v xﬁ(x )| < exp(—£(d)), from Assumptions and |2lliii.| we have

638 To show

Vi« P® (x v P(z)( ) \v4 p(i)(u,) ) )
A x= W) I, log PO (x) — Vy log PO H
[0 )= 5o POl [Pxtog PO ~ Tuclog P
< Li|lx — pi| < 5 l1x = peal] -
639 erefore, we can boun ) pz( )% — pil|- en ||x — p;|| = exp(o(d)) is

0 (x
o small, by p;(x) < exp(—£(d)) we directly have w < exp(—Q(d)). When ||x — p;]| =

1 exp(Q(d)) is exceedingly large, from equation[I7| we have
i 4 2 2
[V<POX|| _ 2cr << +m>v§> o <x| Q=) lx—p ) I — sl

P(x) s cyv? 202 2v2

6:

X

6:

=~

24



642

644
645

646
647

648

649

650
651

652
653

654

655

Since 1 > 1%, when [[x — pil| = exp(Q(d)) > || we have

xl? (=) lx = ] :
exp | o g = exp(—Q(Ix - i)

) (x
Therefore w < exp(—(d)). Thus we complete the proof of Lemma O

Similar to Lemma [5] the following lemma proves that when the previous state n,_; is far from a
mode, a single step of Langevin dynamics with bounded step size is not enough to find the mode.

Lemma 11. Suppose §, < v and |n,_1||> > 36v2d, then we have |n,||* > v2d with probability at
least 1 — exp(—(d)).

Proof of Lemmaﬂ_?l For simplicity, denote v := n;_; + %NTVX log P(x¢—1). Since P =
¥ wiP® and P©) = N(pg, v21,), the score function can be written as

VxP(x)  VxwoP®(x) Vyw; P9 (x)
e iy T R P
__wP9x%) x 3 w; VP (x)
P(x) yg ie[k] P(x)
X inxP(i)(x)
= +y e A 18
1/3 Zk Vg iez[k] P(x) (18)

® Xt—1 .
For ||n,_y||* > 361v2d by Lemmawe have w < exp(—Q(d)). Since §; < 13, we
can bound the norm of v by

5
vl = |jn—1 + EtNTVx log P(x;_1)

§t Z wi(;t P(i)(Xt_l) Z wiét NTVXP(i)(xt_l)

= T g™ 22 Plxr) T 2T T Pay)

i€lk) i€k

1o d s PG g e [T G

> — Z =T
= Vg Pt 208 P(x¢-1) B P(x¢_1)
> Ll = 30 % exp( (@)
i€ [k]
>2V0\/Cj.

On the other hand, from €™ ~ A/(0,,, I,,) we know * ”vn ~ N(0,1) for any fixed v # 0,,, hence
by Lemma ] we have

(v.e™) _Vd\ _ o ((v.e™) _ Vd 1 d
P( v 24)”( o<1 ) < e ()

Combining the above inequalities gives

n)||? n 14 \/E
Inel® = [|v + V/3ee || = IvI? = 200](v, )] = [IvI® = 255 lvi] > vid
with probability at least 1 — \/T exp (—£) = 1 — exp(—£(d)). This proves Lemma O
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When ||n;_;||> < 3612d, similar to Theorem |1} we consider a surrogate recursion A, such that
nyg = ng and forall ¢t > 1,

N ot . n
B =Ry — gyl + Vo™, (19)
Yo
The following Lemma shows that n; is sufficiently close to the original recursion n;.

Lemma 12. Foranyt > 1, given that for all j € [t], 6; < vg and (”0 + (7“‘)) d<|n;_ P <
3612d, if ; satisfies Assumption for all i € [k], we have ||h; — ny|| < W\/&.

Proof of Lemmal(I2] By equation[18|we have that for all j € [t],
05 0;

[8; —n;l| = |f;—1 —nj_1 — 95/ 2nj 1— JNTV log P(x;—1)
R wlP(Z) (Xjfl) wiNTVxP(i)(xj,l)
= ||y-1 — -1 — Z TP, ) -1 Z ;
bt V§P(x;_1) by P(xj_1)

o [P s
w; PV (x;-1) Wi || Vx j—1
e Z “2P(xj1) 1 + Z P(x,_1) .

i€[k] i€ (K]

IN

PO (x; q) _ || VPO (x—1) |
By Lemma (10, we have =5 < exp(—£(d)) and 1) < exp(—Q(d)) for all

i € [k], hence from ||n;_1|| < 61y\/d we obtain a recursive bound
1
n; —ngl| < |hj_ — 0] + ————Vd.
|| J ]H H J J || eXp(Q(d))
Finally, by nyg = ng, we have

t
fl _n — ﬁ—n _ ﬁ._ —1n._ <7\/g
el ;gi(” e ()

Hence we obtain Lemma[12] O

Armed with the above lemmas, we are now ready to establish Proposition [5] by induction. Please

note that we also apply some lemmas from the proof of Theorem|l|by substituting /2, . with 7 Jmax
Suppose the theorem holds for all 7" values of 1, --- ;7" — 1. We consider the following 3 cases

o If there exists some ¢ € [T such that §; > 12, by Lemmawe know that with probability

at least 1 — exp(—$(d)), we have ||n,|* > (31/0 + 4(1‘%““‘ ) d, thus the problem reduces

to the two sub-arrays ng, - - - ,n;_1 and ny, - - - , np, which can be solved by induction.

« Suppose &; < 12 forall ¢ € [T7]. If there exists some ¢ € [T such that ||[n,_y||> > 3602d, by
Lemma we know that with probability at least 1 — exp(—€(d)), we have || n.||> > 1v2d >

2 2
(% + (Ufiac"u)) d, thus the problem similarly reduces to the two sub-arrays ng, - - - ,ny_1
and ny, - - - , np, which can be solved by induction.

« Suppose 6; < 12 and ||[n,_1||> < 3612d for all ¢ € [T]. Conditioned on [n,_,|° >
2

(”73 + 2(1’"‘“ )> dforall t € [T], by Lemmawe have that for T = exp(O(d)),

R 5v3 3v2 V3 v2
- < —Y 4 “max /0 _ max d.
|hr — nyp|| (\/ 3 +8(1—cu) 5 + 21— ) Vd

By Lemma|8] we have that with probability at least 1 — exp(—£(d)),

. 5V, v,
|mﬂfz( 0+))d

8 8(1—c,
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Combining the two inequalities implies the desired bound

2 2
||nT|| > ||ﬁT|| - HflT — nTH > Vio + & d
- 2 T 21-c)

) d for all ¢ € [T] with probability

2
Vmax
l1—c,

2
Hence by induction we obtain ||ng||* > (%0 + 5

)
at least

(1= (T = Dexp(=02(d))) - (1 — exp(—Q2(d))) = 1 — Texp(—Q(d)).
Therefore we complete the proof of Proposition [3] [

Finally, combining equation [I2] and Proposition 3] finishes the proof of Theorem [3]

A.4 Proof of Theoremd;: Annealed Langevin Dynamics under Sub-Gaussian Mixtures

=0 w; PY as a mixture of sub-Gaussian

Assumption 3. Consider a data distribution P :=
distributions, where 1 < k = o(d) and w; > 0 is a positive constant such that Zf:o w; = L
Suppose that P(©) = N (o, v31,) is Gaussian and for all i € [k], P\ satisfies

i. PY is a sub-Gaussian distribution of mean p; with parameter V2,

ii. P is differentiable and vpéf)(ui) = 04 forallt € {0} U[T],

iii. forallt € {0} U [T), the score function of Pé? is L; ¢-Lipschitz such that Ly < 5"l for

i t
some constant cy, > 0,

4(Ci+CuCL)} Vmaxtes

v 1/3 > max {1, — cg for constant ¢, € (0, 1), where Vyax := MaX;e(k] Vir

cy(l—cy) 1—c,
2 _ ()P c,d e (vPc?) (2te?) (1) (2 +2)
vl = ol < =o0=0h log e, enGiTad) ~ MmenGita T 20rray )

The feasibility of Assumption can be validated by substituting 2 in Lemma E] with 1% + 2.
To establish Theorem |4} we first note from Proposition [1| that for a sub-Gaussian mixture P =

Zf:o w; P, the perturbed distribution of noise level o is P, = Zf:o w; PV, where P(©) —
N (o, (V2 +02)1;) and P is a sub-Gaussian distribution with mean g1; and sub-Gaussian parameter
(2 + o2). Similar to the proof of Theorem we decompose

x; = Rr; + Nny, and €; = Regr) + Negn),

where R € R%*" an orthonormal basis of the vector space {p;} iepe) and N € RX™ an orthonormal
basis of the null space of {u;}; c[k)- Now, we prove Theoremby applying the techniques developed

in Appendix andvia substituting 2 and —— with VAL gt time step t. Note that for all

l—c, l—c,

2 2 2
t € {0} U [T, Assumption [3iv.|implies 13 + o7 > max {1, 452?(;”35; )} ”mfjjff because ¢, > 0.

First, by Proposition |2} suppose that the sample is initialized in the distribution P;g), then with
probability at least 1 — exp(—£(d)), we have

9 3(wg +od) Vi + ok
> max d. 20
L 20

2 2 2 2
Then, with the assumption that the initialization satisfies ||no||> > (3('/":00) + Zj’(’f’ioﬁj) d, the

following proposition similar to Proposition |5/ shows that ||n;|| remains large with high probability.

Proposition 6. Consider a distribution P satisfying Assumption|3} We follow annealed Langevin
dynamics for T = exp(O(d)) steps with noise level c, > o9 > 01 > --- > op > 0 for some

2 2 2 2
constant ¢, > 0. Suppose that the initial sample satisfies ||n0||2 > (S(VOIUO) Zrz"i“‘_t[’;’) d, then

2
t

with probability at least 1 — T - exp(—Q(d)), we have that | n.||* > (l,g;gf + lﬁf‘%) d for all
te {0} U[T].
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iy

s Proof of Proposition[8] We prove Proposition [f] by induction. Suppose the theorem holds for all T’

714 valuesof 1,--- |T"— 1. We consider the following 3 cases:
715 o If there exists some ¢ € [T] such that §, > v3 + o2, by Lemmal 3| we know that with
716 probability at least 1 — exp(—$(d)), we have || n.||*> > (3(”0 toi) | Zl“(“f"ta)t ) d, thus the
717 problem reduces to the two sub-arrays ng, - - - ,n;_; and ny, - - - , np, which can be solved
718 by induction.
719 « Suppose §; < 12 + o2 for all t € [T). If there exists some ¢ € [T such that ||[n,_y||* >
720 36(v3 + o7_,)d > 36(v3 + 0?)d, by Lemma |l 1| we know that with probability at least
721 1 — exp(—Q(d)), we have |ng||> > (12 4 02)d > (3(”°+Ut) + f(;”‘tat ) d, thus the
722 problem similarly reduces to the two sub-arrays ng, - -- ,n,_; and ng, - - - , np, which can
723 be solved by induction.
724 « Suppose 6; < 12+ 02 and ||[ny_1||> < 36(v2 + 02 ,)d forall ¢ € [T]. Consider a surrogate
725 sequence n; such that ny = ng and for all ¢ > 1,
N ~ 6 n)
n; =ng_q1 — 21/3 + 2 nt 1 + \/Eet .
726 Since vy > v; and ¢, > oy forall t € {0} U [T], we have % Zij:’i Notice that for
0 t
727 function f(z) =logz — 2+ &, wehave L f(z) =1 -1 L =1 (1_ 1)2 <0.
728 Thus, by Assumption we have that for all ¢ € [T,
2 1—c,)vg — v —c,c2 ey (V2 + ¢
i — poll” < ( )6 log - ( 2) 5
2(1-0a) (c7 +ever)(vg +¢3)
(@) (-a)R+R)Y,
W —c)B+E) T 207+
— 2 _ 2 2 2
CUapi v oadt (o)
2(1-c) (ci +ever)(vg + o)
B (vf +a?) (1—c) (g +07)
2(1 — ) (1§ + o7) 2w} + o7)
2 2
729 Conditioned on |[n;_+|* > (VOJF;T“I + ’;‘("1‘+ct 1) d forall t € [T], by Lemmawe
730 have that for T = exp(O(d)),
. 55 +07) | 3(Whax +07) _ V6 + 0T | Viax+ 07
_ < max _ max d'
|hr — npl| (\/ 3 + 8(1—c) 5 + 21— ) Vd
731 By Lemma|8] we have that with probability at least 1 — exp(—£(d)),
HﬁT||2 > 5(1/3—’_0—%) + 3(Vr2nax+a%)
8 8(1—c,)
732 Combining the two inequalities implies the desired bound
2 + o2 + 02
> If - > 0 T max T d
Inrll = s |~ iy — | \/ e
733 Hence by induction we obtain ||n,|* > ( oot | "("‘f‘t,a)T> d for all ¢t € [T] with proba-
734 bility at least

(1 (T~ 1) exp(~2(d))) - (1 - exp(~d))) = 1 — T exp(~d)).
735 Therefore we complete the proof of Proposition [6] O

73 Finally, combining equation [20]and Proposition [§] finishes the proof of Theorem []
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A.5 Proof of Theorem[5} Convergence Analysis of Chained Langevin Dynamics

For simplicity, denote x[9 = {x(l), o, x(@ } By the definition of total variation distance, for all
q € [d/Q)] we have

= %/ P (X[q] i (X[q])‘ dx4

— %/ P (X((I) |X[q—1]) P (X[q—ll) _p (X(q) | xla=1l ) P (X[q 1] )’

< %/ p (X<q> |X[q—u) p (X[q—u) _p (X<q) | xl- 1) (X[q )’
)P

’p (Xm) | x[qfu) P(X[Q*1]> _ ( (@) | xla—1] ( )‘ dxla
9 | xla-1] dx(q /’p = 1]) (X[qfu)’ dxcla—1]

’p X(q) | qul) _p (X(q) | X[qfl])’ dx(® /p (X[qfl]) dxla—1

X[q,1]> P (X )) +TV( (X<q> ‘X[qa]) P (X<q> |X[q711)>
<TV (15 (x“l*”) P (X[Q*”)) te- %
S

Upon summing up the above inequality for all ¢
A d/Q R ) ) )

TV (P(X),P(x)) = ,; (Tv (P (x[ﬂ) P (x[‘ﬂ)) ~Tv (P (x[q 11) P (x[q 11)))

a/Q

S

Thus we finish the proof of Theorem 5

I
+$+
>~G)
\/‘\\

—TV (P

/N

[d/Q), we obtain

&\&)

B Additional Experiments

Algorithm Setup: Our choices of algorithm hyperparameters are based on|Song and Ermon| (2019).
We consider L = 10 different standard deviations such that {);}, elL] is a geometric sequence with

A1 = 1 and Ajp = 0.01. For annealed Langevin dynamics with 7" iterations, we choose the noise
levels {at}te[T by repeatmg every element of {A;}, ;) for T'/L times and we set the step size as

8¢ = 2x 107502 /02 forevery t € [T]. For vanilla Langevm dynamics with 7' iterations, we use the
same step size as annealed Langevin dynamics. For chained Langevin dynamics with 7 iterations, the
patch size @) is chosen depending on different tasks. For every patch of chained Langevin dynamics,
we choose the noise levels {0 },¢ 14 by repeating every element of {A;}, (7, for T'Q/dL times

and we set the step size as &, = 2 x 107° - 07 /o7, , for every t € [TQ/d].
B.1 Synthetic Gaussian Mixture Model
We choose the data distribution P as a mixture of three Gaussian components in dimension d = 100:

P =02P% 4 04PW +0.4P® = 02N (04,31,) + 0.4N (14, I) + 0.4N (—14, I).

Since the distribution is given, we assume that the sampling algorithms have access to the ground-truth
score function. We set the batch size as 1000 and patch size @) = 10 for chained Langevin dynamics.
We use T' € {10%,10%,10°,10°%} iterations for vanilla, annealed, and chained Langevin dynamics.

The initial samples are i.i.d. chosen from P(©), P(1) or P(?)_ and the results are presented in Figures
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Figure 4: Samples from a mixture of three Gaussian modes generated by vanilla, annealed, and
chained Langevin dynamics. Three axes are {5 distance from samples to the mean of the three modes.
The samples are initialized in mode 1.

[l @ and [5]respectively. The two subfigures above the dashed line illustrate the samples from the
initial distribution and target distribution, and the subfigures below the dashed line are the samples

generated by different algorithms. A sample x is clustered in mode 1 if it satisfies ||x — pe1]|> < 5d
and ||x — p1]|> < [|Jx — pa|*; in mode 2 if ||x — po||> < 5d and ||x — p1||> > [|x — p2|*; and in
mode 0 otherwise. The experiments were run on an Intel Xeon CPU with 2.90GHz.

B.2 Image Datasets

Our implementation and hyperparameter selection are based on|Song and Ermon| (2019). During
training, we i.i.d. randomly flip an image with probability 0.5 to construct the two modes (i.e., original
and flipped images). All models are optimized by Adam with learning rate 0.001 and batch size 128
for a total of 200000 training steps, and we use the model at the last iteration to generate the samples.
We perform experiments on MNIST (LeCunl [1998)) (CC BY-SA 3.0 License) and Fashion-MNIST
(Xiao et al.L 2017) (MIT License) datasets and we set the patch size as Q) = 14.

For the score networks of vanilla and annealed Langevin dynamics, following from [Song and Ermon
(2019), we use the 4-cascaded RefineNet (Lin et al.| 2017), a modern variant of U-Net (Ronneberger
et al.| [2015) with residual design. For the score networks of chained Langevin dynamics, we use the
official PyTorch implementation of an LSTM network (Sak et al., 2014) followed by a linear layer.
For MNIST and Fashion-MNIST datasets, we set the input size of the LSTM as ) = 14, the number
of features in the hidden state as 1024, and the number of recurrent layers as 2. The inputs of LSTM
include inputting tensor, hidden state, and cell state, and the outputs of LSTM include the next hidden
state and cell state, which can be fed to the next input. To estimate the noisy score function, we first
input the noise level o (repeated for () times to match the input size of LSTM) and all-0 hidden and
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Figure 5: Samples from a mixture of three Gaussian modes generated by vanilla, annealed, and
chained Langevin dynamics. Three axes are {5 distance from samples to the mean of the three modes.
The samples are initialized in mode 2.

cell states to obtain an initialization of the hidden and cell states. Then, we divide a sample into d/Q
patches and input the sequence of patches to the LSTM. For every output hidden state corresponding
to one patch, we apply a linear layer of size 1024 x @ to estimate the noisy score function of the
patch.

To generate samples, we use 7' € {3000, 10000, 30000, 100000} iterations for vanilla, annealed, and
chained Langevin dynamics. The initial samples are chosen as either original or flipped images
from the dataset, and the results for MNIST and Fashion-MNIST datasets are presented in Figures 2}
[6l B} and [7] respectively. The two subfigures above the dashed line illustrate the samples from the
initial distribution and target distribution, and the subfigures below the dashed line are the samples
generated by different algorithms. High-quality figures generated by annealed and chained Langevin
dynamics for 7' = 100000 iterations are presented in Figures [§and[9]

All experiments were run with one RTX3090 GPU. It is worth noting that the training and inference
time of chained Langevin dynamics using LSTM is considerably faster than vanilla/annealed Langevin
dynamics using RefineNet. For a course of 200000 training steps on MNIST/Fashion-MNIST, due
to the different network architectures, LSTM takes around 2.3 hours while RefineNet takes around
9.2 hours. Concerning image generation, chained Langevin dynamics is significantly faster than
vanilla/annealed Langevin dynamics since every iteration of chained Langevin dynamics only updates
a patch of constant size, while every iteration of vanilla/annealed Langevin dynamics requires
computing all coordinates of the sample. One iteration of chained Langevin dynamics using LSTM
takes around 1.97 ms, while one iteration of vanilla/annealed Langevin dynamics using RefineNet
takes around 43.7 ms.
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Figure 6: Samples from a mixture distribution of the original and flipped images from the MNIST
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dataset generated by vanilla, annealed, and chained Langevin dynamics. The samples are initialized

as flipped images from MNIST.
This paper presents work whose goal is to advance the field of machine learning. No potential societal

consequence of this work needs to be highlighted here.
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Figure 7: Samples from a mixture distribution of the original and flipped images from the Fashion-
MNIST dataset generated by vanilla, annealed, and chained Langevin dynamics. The samples are
initialized as flipped images from Fashion-MNIST.
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Figure 8: Samples from a mixture distribution of the original and flipped images from the MNIST
dataset generated by annealed and chained Langevin dynamics for 7' = 100000 iterations. The
samples are initialized as the original or flipped images from MNIST.
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Figure 9: Samples from a mixture distribution of the original and flipped images from the Fashion-
MNIST dataset generated by annealed and chained Langevin dynamics for 7' = 100000 iterations.
The samples are initialized as the original or flipped images from Fashion-MNIST.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We list the paper’s contributions about the mode-seeking tendencies of vanilla,
annealed, and chained Langevin Dynamics in the abstract and at the end of Section|[I] The
scope of this work is also discussed in Section [I]

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The limitations of this work are discussed in Section [7}

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: The assumptions and proof of every theorem are clearly stated. For Theorem|[T]
the assumptions are listed in Assumption [T]and the proof is in Appendix [A.T} for Theorem |2}
the assumptions are listed in Assumption [I|and the proof is in Appendix|A.2; for Theorem 3]
the assumptions are listed in Assumption [2]and the proof is in Appendix [A.3} for Theorem
[] the assumptions are listed in Assumption [3|and the proof is in Appendix[A.4]

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide all the information about our numerical experiments in Section [6]
and Appendix [B|that enable readers to reproduce our results.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
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some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We submitted our code in supplementary materials for the readers to reproduce
our numerical results.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they

should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: All details of the numerical experiments are listed in Appendix [B]
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: For the results of synthetic data, we report 1000 samples for every experiment.
For the results of image datasets, we report 49 or 100 samples for every experiment.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Information on the computational resources of the numerical experiments is
provided in Appendix [B]

Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We read the guidelines and wrote the paper according to the NeurIPS Code of
Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: As discussed in Appendix [C] this work has potential societal consequences,
none of which needs to be specially highlighted.

Guidelines:
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The answer NA means that there is no societal impact of the work performed.

If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

12.

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The models used in this work do not have a high risk of misuse.

Guidelines:

The answer NA means that the paper poses no such risks.

Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All assets are properly cited in our work.

Guidelines:

The answer NA means that the paper does not use existing assets.
The authors should cite the original paper that produced the code package or dataset.

The authors should state which version of the asset is used and, if possible, include a
URL.

The name of the license (e.g., CC-BY 4.0) should be included for each asset.

For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Crowdsourcing or research with human subjects is not involved in this work.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Crowdsourcing or research with human subjects is not involved in our paper.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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