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Abstract

We investigate the problem of minimizing the ex-
pectation of smooth nonconvex functions in a dis-
tributed setting with multiple parallel workers that
are able to compute stochastic gradients. A signif-
icant challenge in this context is the presence of
arbitrarily heterogeneous and stochastic compute
times among workers, which can severely degrade
the performance of existing parallel stochastic gra-
dient descent (SGD) methods. While some parallel
SGD algorithms achieve optimal performance un-
der deterministic but heterogeneous delays, their
effectiveness diminishes when compute times are
random—a scenario not explicitly addressed in
their design. To bridge this gap, we introduce Mind-
Flayer SGD, a novel parallel SGD method specifi-
cally designed to handle stochastic and heteroge-
neous compute times. Through theoretical analy-
sis and empirical evaluation, we demonstrate that
MindFlayer SGD consistently outperforms existing
baselines, particularly in environments with heavy-
tailed noise. Our results highlight its robustness
and scalability, making it a compelling choice for
large-scale distributed learning tasks.

1 INTRODUCTION
We address the nonconvex optimization problem:

mmin {f(x) = Eenp [f (2] } (1
where f : RY x S — R, and ¢ is a random variable with
some distribution D on S. In the context of machine learning,
S could represent the space of all possible data, D denotes
the distribution of the training dataset, and f(-,£) denotes
the loss of a data sample &.

The function f is assumed to be differentiable, and its gradi-

ent is L-Lipschitz continuous (see Assumptions 5.2).
We assume that we have n workers available to work in par-
allel, each able to compute independent, unbiased stochastic
gradients of f, whose variance is bounded by o2 (see As-
sumption [5.3). In this paper, we study the time complexity
of methods working in this setup.

We also assume access to n parallel workers capable of
computing independent stochastic gradients, in which case
the classical approach is Minibatch SGD [Cotter et al., 2011}
Goyal et al.} 2017, |Gower et al., [2019].

1.1 MINIBATCH SGD

Minibatch SGD awaits the completion of all workers’ com-
putations of a single stochastic gradient before executing a
gradient-type step:

1. receive a single stochastic gradient V f(z*; ¢¥) from
each worker i € [n],

2. update the model:

o S ¥ ZVf(lUk%ff)’
i=1

n -

where [n] := {1,...,n}, v > 0is a stepsize, &’ are i.i.d.
samples from D, and the gradients V f(z*; £F) are calcu-
lated in parallel.

In real systems, each worker’s computational power may
differ from the others, leading to varying completion times
of gradient computation. A notable drawback of Minibatch
SGD is its failure to account for these differences in com-
pute times across workers. The duration of each step is
determined by the slowest worker’s computation time. As a
result, all other workers remain idle after completing their
tasks, waiting for the slowest device to finish. Meanwhile,
this idle time could potentially be used in a more efficient
way to improve the overall time complexity. Clearly, a re-
design of the algorithm is necessary.



1.2 ASYNCHRONOUS SGD

As a result, a new generation of algorithms
emerged—asynchronous stochastic gradient descent
(ASGD) methods—designed to fully utilize all available
computational resources [Recht et al., 2011} Agarwal and
Duchil 2011}, [Feyzmahdavian et al.| 2016, [Mania et al.,
2017, Nguyen et al.l 2018 |Arjevani et al.| 2020, (Cohen
et al., 2021, Mishchenko et al., |2022] [Koloskova et al.,
2022 Islamov et al., 2024] Maranjyan et al.,|2025b].

Here, the server performs a gradient-type update immedi-
ately after receiving a stochastic gradient from any worker,
without waiting for the others. The updated model is then
sent back to the worker, which immediately begins comput-
ing a new stochastic gradient based on the updated model.
By the time the worker finishes computing this gradient,
the model may have already been updated multiple times
on the server due to gradients received from other workers.
This creates a delay in the model update, denoted as Jx. The
algorithm can be described as follows:

1. receive a stochastic gradient V f (z* =% ; ¢¥=%) from
any worker,

2. update the model:
ot =k — Va0 €,

3. send new x**! to the worker so the worker computes
Vf(ahHh g,

Cohen et al.|[2021]], Mishchenko et al.|[2022]], Koloskoval
et al.| [2022] showed that ASGD is provably faster in terms
of time complexity than Minibatch SGD.

However, it turns out that this untamed and wild asynchrony
can be detrimental. The drawback of ASGD lies in the as-
sumption that all worker computations are beneficial. It
suffers from the issue of updating the model with potentially
significantly delayed gradients, which ultimately harms con-
vergence and, consequently, the overall time complexity,
as discussed in the work of [Tyurin and Richtarik! [2024]).
To address this, there was a need to introduce a method
that ignores outdated gradients while still maximizing the
utilization of available computational resources.

1.3 RENNALA SGD

Such a method was proposed in a recent breakthrough by
Tyurin and Richtarik| [2024]. Their method, Rennala SGD,
is a semi-asynchronous variant of Minibatch SGD. At each
iteration, the server asynchronously collects a batch of gra-
dients, allowing workers to send as many gradients as they
can on the same point z*. Then, using this batch, Rennala
SGD proceeds with a gradient-type update using this batch
as in Minibatch SGD:

1. wait until the server receives B stochastic gradients at
point xk,

2. update the model:
5 B
k+1 _ ok Z k. ¢k
€ =T _Ej:lvf(x7€])7

more details on Rennala SGD are in Appendix [D] In this
case, the faster the worker, the more gradients it sends. For
the struggling workers, it may happen that they are ignored.

Worker Time. Their approach assumes each worker ¢
requires a fixed 7; > 0 seconds to compute a stochastic
gradient. For the first time lower bounds on time complexity
were obtained for first order asynchronous methods in the
fixed compute time regime for nonconvex functions with
Lipschitz gradients. They showed that Rennala SGD is mini-
max optimal in this setup in terms of time complexity.

Although it may seem like the story ends here, we challenge
the fixed time assumption, arguing that a random time model
better reflects reality. The claim of optimality no longer
holds due to this randomness, suggesting that the algorithms
should be reevaluated and redesigned. In this paper, we
focus on this redesign, aiming to better align the algorithms
with a more realistic model.

2 PROBLEM SETUP AND
CONTRIBUTIONS

The deterministic compute time setup considered by [Tyurin
and Richtarik![2024]], where Rennala SGD is optimal, fails to
capture the complexities of real-world distributed learning
environments. In practice, compute times are often uncertain
due to various factors such as failing hardware, preemption
by other jobs, delays in GPU computation, and inconsisten-
cies in network communications [[Chen et al., {2016, [Dutta
et al.l 2018]]. This uncertainty is even more pronounced in
federated learning scenarios, where client unreliability can
lead to unpredictable computation times or even incomplete
tasks [Kairouz et al., 2021]].

To address these real-world challenges, we propose a prac-
tical setup that incorporates randomness in compute times.
Specifically, we consider a scenario where the stochastic
gradient computation time of worker ¢ is given by:

Ti + i, (2)

where 7; > 0 is a constant representing the minimum time
for client 7 to complete the gradient computation, and 7; is a
non-negative random variable drawn from some distribution
Ji, modeling the aforementioned uncertainties.

In this more realistic setting, existing methods like Rennala
SGD and ASGD can perform poorly or even fail to converge.
We can illustrate this with a simple example:
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Figure 1: We conducted an empirical evaluation on a quadratic optimization problem (see AppendiXJE for details on the
setup). In this experiment, we modeled the computation time for each worker as 7; + 7;, where 7; = /1 is a fixed constant
and n; ~ lognormal(0, s) introduces noise for each worker ¢ € [n]. To investigate the effect of increasing noise variance,
we tested different values of s: s = 1 (left plot), s = 10 (middle plot), and s = 100 (right plot). As the variance increases,
MindFlayer SGD remains robust to the noise in worker computation times, whereas the convergence of the other methods
Rennala SGD, ASGD, and Ringmaster ASGDH degrade significantly. This highlights how MindFlayer SGD maintains efficiency
even in the presence of heavy-tailed noise. Finally, we observe that Adaptive-MindFlayer SGD, which does not assume prior
knowledge of the distributions and adjusts the thresholds for each client adaptively based on observed times, performs better
than MindFlayer SGD. This improvement comes from its ability to adaptively select batch sizes for each worker based on

random times, using a single batch size that is the sum of all individual ones.

Consider a scenario where each time we request a device
to compute a stochastic gradient, one of two outcomes oc-
curs. Either the device completes the computation exactly
after the minimum time 7 without any delays, or something
goes wrong and the computation is never completed. This
situation can be modeled using a random time 7 as follows:

fy

where 0 < ¢ < 1.

with probability 1 — g, 3)
with probability g,

In this scenario, any method that waits for a certain number
of batches on each iteration to perform a step runs the risk
of never receiving the required batch and getting stuck. This
includes methods like Rennala SGD or ASGD. Specifically,
if the algorithm waits for a single stochastic gradient on
each iteration, with probability ¢™, it will never receive it
and consequently never proceed.

To address these limitations, we propose a new method that,
unlike Rennala SGD or ASGD, does not wait for a fixed
number of gradients. Instead, it allocates a specific time
for computing each stochastic gradient. If a client fails to

'This algorithm is presented by Maranjyan et al.[[2025b] and
was published after our work. It is included here due to its rele-
vance, but despite its novelty, our method still outperforms Ring-
master ASGD.

2We can view 7 as an extended real random variable, or just
assume that oo is a very big number.

complete its computation within the designated time, the
partial computation is discarded, and a new computation is
initiated. Our main contributions are as follows.

* In Section[5] we introduce a time-efficient parallel SGD
method, MindFlayer SGD (Algorithm [T]), designed for
the heterogeneous and random worker compute time
regime described in (2)). To the best of our knowledge,
MindFlayer SGD is the first algorithm tailored to this
regime. We demonstrate that our method generalizes
Rennala SGD, making it optimal in the deterministic
compute time setup. Furthermore, when the distribu-
tion of computation times is positively skewed, we
show that MindFlayer SGD outperforms the other meth-
ods, with the performance gap widening as the skew-
ness coefficient increases. As illustrated in Figure [T]
where J; = lognormal(0, s), increasing s results in a
higher skewness coefficient, which worsens the perfor-
mance of Rennala SGD and ASGD. In contrast, Mind-
Flayer SGD remains robust to changes in variance.

Additional experiments using various functions and
distributions are presented in Appendix [A] For distribu-
tions, we explore lognormal, log-Cauchy, and Infinite-
Bernoulli (defined in (]3[)). For functions, we examine
a quadratic loss and a neural network trained on the
MNIST [LeCun et al,[1998] dataset. This diverse test-
ing framework highlights MindFlayer SGD’s robustness
and effectiveness across a wide range of challenging
scenarios.



https://yann.lecun.com/exdb/mnist/

* In Section[6] we introduce Adaptive-MindFlayer SGD, a
version of our algorithm that enhances practicality in
two ways: it adapts to the computation time distribution
during the learning process, eliminating the need for
prior knowledge of the distribution, and it reduces the
number of hyperparameters by treating all workers as
a single entity, using only two hyperparameters in total.
These improvements make Adaptive-MindFlayer SGD
more suitable for real-world implementation.

In Section [/} we compare our theoretical time com-
plexity with that of Rennala SGD, which is optimal in
the deterministic time setting. We show that the time
complexity of Rennala SGD worsens as the distribu-
tion’s tails become heavier or as the skewness coef-
ficient increases, leading to an arbitrary performance
gap compared to MindFlayer SGD.

In Appendix [C] we expand our theory to develop Vecna
SGD, designed for the heterogeneous case, where work-
ers have datasets that are coming from different distri-
butions.

3 RELATED WORK

There are several other related works. Dutta et al.|[2018]] ex-
plore the error-runtime trade-offs in distributed SGD, reveal-
ing how slower and stale gradients can sometimes enhance
convergence processes. Woodworth et al.| [2020] compare
local SGD with minibatch SGD, analyzing the efficiency
of local updates in different distributed settings. [Wu et al.
[2022]] advance the understanding of asynchronous meth-
ods by proposing delay-adaptive step-sizes that adjust to
asynchronous learning environments, optimizing the conver-
gence rates. Furthermore, Hanna et al.|[2022] 2020]] focus
on adaptive stochastic gradient descent to improve commu-
nication efficiency in distributed learning, offering strategies
that reduce communication demands while maintaining fast
convergence.

4 MOTIVATION AND SINGLE DEVICE
CASE

To illustrate the motivation behind the design of our method,
let us consider a single device setup. Recall the scenario
introduced in Equation (3) where we have single device and
it either returns a gradient after 7 time or gets stuck with
probability g. A straightforward and optimal workaround to
this issue is to wait exactly 7 seconds. If we do not receive
a gradient within this time frame, it indicates that we will
never receive it, so there is no point in waiting longer. In
this case, we discard the current computation, which would
never finish anyway, and request the device to compute the
gradient again. The probability of getting stuck again is
lower, so eventually, we will receive a gradient and proceed.

Consider the following two strategies for each step.

* Strategy 1: Rennala SGD. We wait for the first B
stochastic gradients. Thus, the time for one step for
this strategy is the random variable:

B

Tp = Z(T + T]j).

j=1

 Strategy 2: MindFlayer SGD. We repeat the following
random trial B times: allocate time 7 4 ¢ to computing
a stochastic gradient. If no gradient is received within
that time, discard the current computation and start
over. Then the time for the j-th trial is given by:

Tj(t) _ {T+7lj7

T+,

if ) <t,
if nJ > t.

Thus, the time per step is a random variable:
B
Tp(t)=>_ TI(t).
j=1

In the second case, rather than waiting for B gradients, we
attempt to compute B gradients. Essentially, we limit the
time spent on computing a stochastic gradient. In expec-
tation, Strategy 2 will collect Bp gradients per iteration,
where p = P(n < t) is the probability of collecting a gra-
dient within a trial. Setting ¢ = co removes this restriction,
resulting in the same strategy as the first one.

The fact that MindFlayer SGD receives Bp gradients on aver-
age makes it effectively a scaled-down version of Rennala
SGD. Consequently, MindFlayer SGD is expected to require
1/p times more iterations than Rennala SGD to achieve the
same level of convergence. However, this trade-off is inten-
tional and necessary to handle the heavy-tailed nature of
computation times.

We have the following proposition.

Proposition 4.1 (Proof in Appendix[F). Consider the single
device setup. Let K be the number of iterations required by
Rennala SGD with batch size B to find an e-stationary point.
For sufficiently small e, MindFlayer SGD with the same batch
size B, needs K /p iterations to find an e-stationary point.

Thus, the time complexities in this setting are given by:

TRennaIaSGD = KE [TB] = KB(T +E [77})7 (4)
K -
TMindFlayerscp (t) = ?E [TB(t)}
R B a4 R <)

< “B(r +1). 5)

<=

This leads us to the following remark.
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Figure 2: We consider a single-device setting with computation time 7 + 1, where 7 = 1 and 1 ~ lognormal(0, s) for
s = 2.5. On the left, we compare the expected time complexity of MindFlayer SGD (3)) as a function of the time threshold ¢
with the constant time complexity of Rennala SGD (@), showing the efficiency of MindFlayer SGD for various choices of .
We set K = 1 since it appears in both algorithms and does not affect the comparison. Four key values of ¢ are highlighted:
a very small one, the optimal choice from (@), the median of 7, and a very large number. As expected, MindFlayer SGD
degrades for small ¢ due to the server receiving fewer gradients, remains unchanged between the median and optimal values,
and worsens as ¢ increases, approaching Rennala SGD. In the middle, we present an empirical evaluation on a quadratic
optimization problem (see Appendix [A)), confirming time complexity reductions for MindFlayer SGD across the same four
thresholds. On the right, we plot the ratio of time complexities between Rennala SGD and MindFlayer SGD across different
standard deviations s, revealing exponential efficiency gains at optimal clipping times, with similar trends at median values.

Remark 4.2. For the case where n = 1, MindFlayer SGD
is faster than Rennala SGD if there exists a time threshold
t > 0 such that the following inequality holds:

T+t
Pin<t)> ——.
=02 e

The optimal choice of ¢ is given by

¢ & i T+
= arg min ——.
>0 Pn<t)

(6)
Note that it is necessary that ¢ < E [)]. In case where E [n] =
oo, this assumption hold for any finite values of ¢ > 0.
An example of this scenario is given in (3). Many other
distributions also have an infinite expectation, including
Pareto, log-Cauchy, Lévy, log-t, and Landau distributions,
among others.

A less restrictive example of distributions are positively
skewed distributions. Let

s = E[n] — Med|[]

be the skewness coefficient of the distribution 7, where
Med([n] denotes the median of n. If s > 0 we say that
the distribution is positively skewed. Then we have the
following proposition.

Proposition 4.3 (Proof in Appendix [F). For the n = 1
case, if s > T + Med[n)] then MindFlayer SGD is faster than
Rennala SGD. Moreover; if s = (1 + Med[n]) (2a — 1) then

TRennaIaSGD
TindFiayerscp (Med[n])

> .

Therefore, Rennala SGD can be arbitrarily bad. As an ex-
ample consider the lognormal (s, o2) distribution. For this
distribution, we have:

2

s = E[n] — Med[n] = exp (u + 2) — exp(p).

Thus, as we increase o, the difference becomes arbitrarily
large. To verify this, we also conducted a small experiment,
see Figure[2] The right plot showcases how the ratio of time
complexity between Rennala SGD and MindFlayer SGD can
get arbitrarily large for the optimal clipping time

t* = arg mtin TMindFiayerscb (%)

and even the median of the distribution ¢yeqian = Med|[7)].
The left and middle plots showcase the potential improve-
ment, and even loss resulting from different choices of clip-
ping time ¢t.

S MINDFLAYER SGD

Here, we introduce MindFlayer SGD for the multi-device
setting (n > 1) Algorithm [I] For the heterogeneous case,
see Appendix [C]

MindFlayer SGD starts at an initial point z° € R¢ with step-
size v > 0, time allowances ¢; > 0, and trial counts B; > 0
for each client. At each iteration k, ranging from 1 to K, the
server sends the current point z* to all clients.



Algorithm 1 MindFlayer SGD[]

1: Input: Initial point 2° € R?, stepsize v > 0, allot-
ted times ¢1,...,t, > 0, number of trials per client
By,...,B, >0, probabilities p; = P(n; < ;)

2: fork=1,2,...,Kdo

Send ¥ to all clients i € [n], each executes B; trials

4:  Compute the gradient estimate: _

g =3 2511 I(n] < t:)Vf(a*;€])
5. Update: 2! = zF — Lg% where B=3""" | p;B;
6: end for

b

Each client ¢ makes B; attempts to compute stochastic gradi-
ents. During each attempt, it computes a stochastic gradient,
but if the computation exceeds the allotted time 7; + ¢;, the
gradient is discarded, and a new attempt begins. This behay-
ior is captured by the indicator function I(n] < ;) in lineE
of Algorithm I}

The probability of completing the computation within the
time limit is defined as p; := P(n] < ¢;). Thus, the number
of stochastic gradients received from client ¢ is a random
variable ranging from 0 to B;, with an expected value of
p;B;. Summing over all clients, the expected total number
of stochastic gradients is B = >, p; B;. Finally, after
aggregating the collected gradients, the server updates the
point using an unbiased gradient estimator, following the
update rule 2" ! = zF — L gk,

In the special case where the computation time is determin-
istic, i.e., n; = 0 for every worker ¢ € [n], we have p; = 1
for all <. While Rennala SGD does not explicitly specify the
number of gradient computations B; for each client, in the
deterministic setting, each client will send a fixed number
of gradients per communication round. Consequently, for
any t > 0, MindFlayer SGD Algorithm [} by choosing B;
appropriately, reduces to Rennala SGD Algorithm 5]

However, the situation changes when 7; > 0 is not deter-
ministic. If we set ¢; = oo for all ¢ € [n], MindFlayer SGD
Algorithm|[T]does not reduce to Rennala SGD Algorithm 5]
This is because, in the case of Rennala SGD, the randomness
in each iteration causes the number of stochastic gradients
computed by each client to vary across different communi-
cation rounds. Nevertheless, this scenario is not our primary
focus, as we will demonstrate that allowing each worker to
complete its gradient computation by setting ¢; = oo is in-
efficient when dealing with positively skewed distributions.

Since Algorithm [I|has multiple hyperparameters, we pro-
vide a more practical version in Section[6] where a single
batch size B and a single probability p are used instead
of client-specific values. While this simplification is useful

3We name our method MindFlayer SGD, drawing inspiration
from The Mind Flayer from Stranger Things, due to its ability to
precisely control its clients, analogous to the creature’s supreme
control over its victims (The Flayed).

in practice, the more fine-grained version with per-client
hyperparameters is generally more effective when computa-
tion time distributions are known. In such cases, choosing
the hyperparameters optimally is straightforward, making
this version preferable when efficiency is a priority. For this
reason, we begin with a theoretical analysis of the more
flexible version before introducing its practical counterpart.

5.1 THEORETICAL ANALYSIS

We consider standard assumptions used in nonconvex opti-
mization.

Assumption 5.1. Function f is differentiable, and its gradi-
ent is L—Lipschitz continuous, i.e.,

IVF(@) = VIl <Lz —yl, forallz,y e R

Assumption 5.2. The function f(z) is bounded below, and
we denote its infimum by f™f € R. Let 2° be the initial
point of the optimization method, define A := f(z%) — finf.

Assumption 5.3. For all x € R? stochastic gradients
V f(w; &) are unbiased and o-variance-bounded, i.e.,

Ee [Vf(z:8)] = Vf(z),
Ee [|V/(2:€) - VS (@)|I°] < 0%,

where o2 > 0.

5.1.1 Convergence Theory

The following theorem gives iterations guarantees for the
convergence of MindFlayer SGD.

Even though MindFlayer SGD is similar to Rennala SGD
the convergence analysis require additional considerations,
since the batch size is a random variable here as apposed to
the case of Rennala SGD.

Theorem 5.4 (Proof in Appendix |G.1)). Assume that As-
sumptions and[5.3| hold. Let

" 1 eB
B = i B; d = — mi 1, —
;Pz an ¥ oL mm{ 2 }

in Algorithm [I| Then, the method guarantees that
- 2
% szolE [va(xk)H } < € after

inf
K>max{170-2}8L(f(xO)f )
eB €

iterations.
Note that the rate is inversely proportional to the probabili-

ties p;, which is expected—smaller p; implies a potentially
smaller batch size, leading to more iterations.


https://strangerthings.fandom.com/wiki/The_Mind_Flayer

In the deterministic case where 7; = 0 for all i € [n], we
have p; = P(n; <t;) = 1forall i € [n], resulting in the
same rate with B = "' | B,. This recovers the rate of
Rennala SGD, up to a constant factor. Similarly, as ¢; — oo
for all 7, we get p; — 1, again leading to the same rate.

On the other hand, if ¢; = 0 for all ¢ € [n], then K = oo,
which is expected—if the success probability is zero for all
clients, the server never receives any stochastic gradients,
making progress impossible.

5.1.2 Time Complexity

The following theorem gives time complexity for MindFlayer
SGD.

Theorem 5.5 (Proof in Appendix [G.2). Assume that As-
sumptions and[5.3 hold. Let

- 1 B
B:ZpiBl- and vzﬂ;min{l,;}
i=1

in Algorithm Lett = (t1,...,tn), t1,..
out loss of generality assume that

<t > 0. With-

O<m+t1 <--- <7+t

Let

-1
m

_ bj
t(m)_ ZTj—‘rlfj

j=1

m
S—l—zp]’ s
=1

2 . .
where S = max {1, "?} Let m* = arg min,,¢,) t(m), if
there are several minimizers we take the smallest one. Put

t(m™) o .
Bi = H);l, bz = Titt; 1) lf Z S m*,
07 lf i>m*.

Then, MindFlayer SGD guarantees to find an e-stationary
point within

T\indFlayerscp (%)

seconds, where p = Z;"‘:l ;-

The term 7i+ti/p, also appears in the single-device case (Re-
mark @, where the optimal choice of ¢; minimizes this
quantity, similar to (6). As in the single-device case, we
observe an inverse dependence on p;: smaller p; increases
mi+ti/p,, which may lead to certain devices being excluded
from m*. This is expected, as a small p; indicates an unreli-
able device.

For the first m* selected workers, the optimal allocation
of B; depends on 7; + t;: the smaller this value (i.e., the
faster the device), the more trials it should receive. Thus, the
choice of B; takes into account both the speed of a device
(7;) and its reliability (p;). Some devices may be fast (small
7;) but unreliable (small p;), leading to B; = 0 for such
devices.

This allocation strategy ensures that devices with high com-
putation times and low reliability are excluded. For example,
a device might be computationally fast but suffer from fre-
quent network issues, preventing gradients from reaching
the server. In such cases, the server should not rely on this
device and should exclude it from gradient computations.

In the deterministic case where 7; = 0, we have p; = 1
for all ¢ € [n]. The optimal choice in this setting is ¢; = 0,
which recovers the same time complexity as Rennala SGD.

This theorem assumes that the computation time distribu-
tions of the devices are known. While this may seem re-
strictive, it is often reasonable in distributed systems, where
models are trained repeatedly. Over time, these repeated
executions provide enough data to approximate the distri-
butions with high confidence, making such an assumption
practical in many cases.

However, relying on this prior knowledge is not always
feasible, especially in settings like federated learning, where
devices may be unpredictable or newly introduced into the
system. To address this, in the next section, we present
a practical version of the algorithm that does not require
knowledge of computation time distributions, making it
more adaptable to real-world scenarios.

6 PRACTICAL MINDFLAYER SGD

To run our algorithm, we need to specify B; for each client.
One possible approach is to learn the distribution of each
client’s behavior on the fly and assign an appropriate B;
accordingly. Similar ideas are explored by Maranjyan et al.
[2025a]). However, this is not straightforward in our setting,
since we perform thresholding and cannot directly observe
or learn the distribution of clients’ compute times. Instead,
in this work, we replace the client-specific parameters B;
with a single global parameter B. To make this possible,
we treat all clients in a uniform way. If every client had
the same probability p of successfully sending a gradient of
equal quality, such a simplification would be justified.

To enforce this uniform probability, we need to set ¢; such
that each client has a probability p of completing its compu-
tation within the given threshold. Since we do not assume
prior knowledge of the computation time distribution, we
estimate t; empirically. For each client, we need to solve the
following problem: given p, find ¢ such that

P(r+n<t)=p.



Since P(7 + 1 < t) is a non-decreasing function of ¢ and
I(7 4+ n < 't) is an unbiased estimator, we can solve this us-
ing Robbins-Monro stochastic approximation method [[Rob{
bins and Monro, [1951]]. This algorithm iteratively updates
the threshold ¢ using the rule:

tr+1:tr—ar([(T—l-’I]TStr)—p), (7)
where " is the stepsize, which we take o" = ad /i with
a® > 0.

Note that we do not need to know 7 and 1"; we only re-
quire I(7 +n" < t"), which is 1 if the worker finishes the
computation within the threshold and O otherwise.

Putting all the pieces together we derive our algorithm Al-
gorithm 2}

Algorithm 2 Adaptive-MindFlayer SGD

1: Input: Initial point 2° € R<, stepsize v > 0, probabil-
ity p € (0, 1], number of trials B > 0
2: Robbins-Monro inputs: initial thresholds ¢?, initial
stepsizes ) > 0 for all i € [n]
fork=1,2,..., K do
Each worker i € [n] computes a gradient at z*
Initialize g* = 0and b= 0
while b < B do
Wait for the fastest client ¢ to finish its trial
Receive g — I(7; + 1 < t4)9 f(a%; )
Update tfb using (7))
10: Update: g* = g +g;b=b+1
11:  end while
12:  Update zFt1 = zF — plng
13: end for

R A A

The algorithm is controlled by two key parameters: p and B.
The parameter p represents system reliability and is shared
across all clients, allowing us to define a single global param-
eter B. Although the Robbins-Monro process requires per-
client parameters, these are not critical for the algorithm’s
performance. For the initial threshold, one can simply start
with a large value, as the algorithm will automatically adjust
it over time. Similarly, the step size is not highly sensitive;
in our experiments, we used 1, but the algorithm performs
well with other choices.

By dynamically adjusting ¢; based on real-time observa-
tions of worker compute times, Adaptive-MindFlayer SGD
continuously aligns the clipping threshold with the desired
completion probability p. This eliminates the need for ex-
tensive manual tuning of hyperparameters and improves
robustness to variability in compute times.

Even without assuming prior knowledge of computation
time distributions, this empirical threshold selection per-
forms nearly as well as the previous approach, which relied
on such knowledge. In Figure [T, we show that Adaptive-
MindFlayer SGD achieves comparable performance to Mind-

Flayer SGD while simplifying hyperparameter selection,
making it particularly practical for distributed systems with
heterogeneous and unpredictable worker compute times.

7 COMPARING TO RENNALA SGD

Comparing the theoretical performance of Rennala SGD and
MindFlayer SGD is particularly challenging due to the in-
herent randomness in the time complexity of Rennala SGD
and the dependence of MindFlayer SGD on optimizing time
variables ;. A comparison based on expected time complex-
ity overlook the nuances of each algorithm’s performance
across different distributions. Therefore, we turn to an em-
pirical comparison to provide insights into their practical
behavior. Particularly, we demonstrate how MindFlayer SGD
can achieve arbitrarily small time complexity in heavy-tailed
distributions.

To begin, we derive the time complexity of Rennala SGD in
the context of random times. Let

. B; ENo;zn:Bi:B}

i=1

B .= {(Bl,BQ,...,Bn)

be the set of all possible batch sizes for each device, the
time 7' required for one step with batch size B of Rennala
SGD is given by:

BTZ-FZ’I]Z

n{n—s—n }> rg[lil]n—kzrg[lﬁn

T = mBin max >T

1€[1,n]

1

Thus, the expected time to collect a batch B is

E[TB] > Tmin + E [min m} )
i€[n]

Note that if the distribution of min;c,) 7; is heavy-tailed,
then the expected time complexity may be infinite, thus
favoring MindFlayer SGD over Rennala SGD. A simple illus-
tration of this occurs when extending the Equation (3) case,
where 7 is either zero or infinite, to scenarios involving mul-
tiple devices. In such cases, the expectation of the minimum
time across devices, min;e [n) 7 also results in an infinite
expected time complexity.

While a detailed theoretical comparison is intractable, we
conduct an empirical comparison to highlight practical dif-
ferences between the two algorithms. To capture the random-
ness in Rennala SGD’s rate, we generate a histogram of T
and convolve it with itself K times, where K is the number
of iterations needed for e-convergence. We set n = 100 and
B = 250. Additional details are provided in Appendix [A.1]

For MindFlayer SGD, we compare the theoretical time com-
plexity from Theorem [5.5] We evaluate two strategies for
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Figure 3: Empirical comparison of the theoretical time complexities of Rennala SGD and MindFlayer SGD. We set n = 100
and B = 250 (see Appendix [A.T|for details). Since Rennala SGD’s time complexity is a random variable, we plot a histogram
with its empirical mean. For MindFlayer SGD, we compare the theoretical time complexity from Theorem[5.5] evaluating two
strategies for selecting ¢;: (1) using the median of the distributions 7;, and (2) finding the optimal ¢; from @ We examine
three distributions: lognormal, log-Cauchy, and log-t (5 degrees of freedom), shown in each column. As variance increases
(rows: 5, 10, 20), MindFlayer SGD increasingly outperforms Rennala SGD.

selecting ¢;: (1) using the median of the distributions J;,
and (2) solving the following optimization problem:

Fix m € [n], minimize ¢(m) over
t= (1, ,tpn), (temember p; = F;(t;)).

We optimize this using the L-BFGS-B algorithm, a well-
suited method for solving smooth, convex, or mildly non-
convex problems due to its efficiency and robustness [Zhu
et al., [1997]]. For each m, we take the minimum over all
possible configurations.

Our empirical results, illustrated in Figure [3] demonstrate
that as the variance of the underlying distribution increases,
MindFlayer SGD consistently outperforms Rennala SGD. The
heavy-tailed nature of the distributions causes Rennala SGD
to experience extreme slowdowns, while MindFlayer SGD
maintains robust performance.

8 CONCLUSION AND FUTURE WORK

In this paper, we address the problem of minimizing the
expectation of nonconvex functions with Lipschitz gradi-
ents, with the use of parallel workers computing stochas-
tic gradients. Our focus lies on the challenging scenario
where worker compute times are heterogeneous and ran-
dom, expanding on recent developments in ASGD methods
like Rennala SGD. We observe that while Rennala SGD per-
forms optimally in environments with deterministic compute
times, its effectiveness diminishes under random compute
conditions.

To better understand and improve stochastic optimization in

these conditions, we introduce a novel asynchronous SGD
method named MindFlayer SGD. This method adjusts to the
randomness in computation times by not adhering to a fixed
batch size but rather setting specific times for computing sin-
gle stochastic gradients. If a client fails to deliver within this
time frame, the computation is discarded, and the process
restarts. This flexibility allows MindFlayer SGD to perform
robustly across various conditions, notably outperforming
both Rennala SGD and standard Asynchronous SGD (ASGD)
in our theoretical and empirical analysis.

Our results demonstrate that MindFlayer SGD significantly
reduces time complexity, particularly in environments char-
acterized by positively skewed distribution of computation
times. We empirically validate this in simulations with sev-
eral distributions conditions where MindFlayer SGD consis-
tently outperforms the other methods, particularly in high-
variance scenarios. This showcases its superiority in adapt-
ing to the unpredictable duration of gradient computations
typical in real-world applications such as federated learning
environments.

In this study, our analysis was confined to computation
times, with no consideration given to communication times.
Future research will extend our investigation to include
communication times. Moreover, we plan to explore the
application of gradient estimators with varying variance
bounds across different clients. We hypothesize that control-
ling these variance bounds could yield further benefits in
the optimization process.
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A  EXPERIMENTAL DETAILS

In this section we explain the setup for comparing MindFlayer SGD, Rennala SGD, and ASGD, which we used throughout this
paper. We compare the algorithms’ performance on a quadratic optimization (8)) task with access to a stochastic gradient. The
parallelism was simulated on a machine with 2 Intel(R) Xeon(R) Gold 6226R CPUs @ 2.90GHz, with a total of 64 logical
CPUs. For each setting of the algorithm, we run 10 different seeds for the random time and plot the average, minimum and
maximum, see Figure[T] Figure 2] etc.

We use a similar setup to the one employed by Tyurin and Richtarik|[2024]], but modify it so that we have a known expected
variance. We make this choice, so we can compare theoretical parameters, as we did in Figure

Furthermore, we consider the homogeneous optimization problem I] with the convex quadratic function:

1
f(z) = ngAx —b'x Ve e R?. (8)
We take d = 1000,
2 -1 0 _q
1 e 0
A=; eR™ and b=17%| . | eR%
1 :
0 -1 2 0

Assume that all n workers has access to the following unbiased stochastic gradients:
Vi@, 8); = V;flz)+¢,
where & ~ A(0,0.0003?), thus, we get that in Assumptionwe have,

o2 =0.0003? - d = 0.00032 - 1000 .

Now setting the convergence threshold ¢ = 10~%, we can infer all theoretical parameters. To find the optimal time
corresponding to Rennala SGD we need to fix the times, we do that by either removing the randomness, or adding the
expected randomness. On the other hand, for MindFlayer SGD we use the results from Theorem [5.5]to set the theoretical
number of trials for each client. For some experiments we used theoretical stepsizes, e.g. Figure [2] for others we used the
range of stepsizes from a set {2¢]i € [~10,10]}, e.g. Figures and similarly to Tyurin and Richtdrik| [2024]). Finally,
for the nonconvex problem in Figure We tried the set {0.01,0.001, 0.0001}.

In addition to the experimental results shown throughout the paper, we ran two more experiments. One with the Infinite-
Bernoulli distribution on the same quadratic problem, and a second with the log-Cauchy distribution with a small two-layer
neural network on the MNIST dataset, see Figure | and Figure 3]

A.1 COMPARING THEORETICAL TIME COMPLEXITIES

To produce the empirical comparison demonstrated in Figure[3] we design a synthetic setup to compare the time complexities
of MindFlayer SGD and Rennala SGD. We use distributions with varying tail behaviors and levels of variance. Specifically,
the base task time for each worker is defined as 7; = 100+/7, which accentuates systematic variation in task durations across
workers. On top of this base time, random delays are added, drawn from one of the distributions listed in Table m These
distributions are parameterized by varying scale factors s = 5, 10, 20. The log-t distribution uses df = 5 to control its tail
behavior.

The rate of MindFlayer SGD is derived from Theorem[5.5] expressed as:
-1

1 <~ p; S 1 & AL
Twi t) < 8 x mi — E J —+ — E ] —
MmdFlayerSGD( )< mnél[%] m T+t m + m = Pi €

j=1
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Figure 4: We ran an experiment as described in Appendix@ where we employ the same 7; = InfBernoulli(q) distribution
for all clients 7 € [n], with different g values. From left to right we have ¢ = 0.6, 0.7, 0.8. Additionally, we set 7; = Vi. As
we observe, with an increase of the probability of failure ¢ unlike Rennala SGD and ASGD, MindFlayer SGD demonstrates the
ability to continue optimizing and not be stuck
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Figure 5: We train a two layer Neural Network on the MNIST dataset where we set the distribution 7; = log-Cauchy(s) for
all clients ¢ € [n], with different scale values s. From left to right we have s = 1,10, 100. Additionally, we set 7; = Vi
We observe that MindFlayer SGD convergence doesn’t suffer from the increase in the scale parameter s. On the other hand,
Rennala and ASGD are delayed significantly with bigger scale parameters s

Here, the rates depend on the clipping times ¢t = (t1, ..., t,), which determine p; := F;(¢;). As described in Sectionm we
use both the medians of the distributions and the output of an optimizer as baselines for .

For Rennala SGD, the time complexity is modeled as an approximation of the random variable Zfil T4, where K =

a2 | 8AL
max {17 ?} .
variables T represent the time to collect a theoretical batch of size B = [0 /¢]. As described in Section |7, we obtain an
approximation of the distribution of the sum using convolution.

is the iteration complexity, as demonstrated in the proof of Propos1t10n1n Section ﬁ The random

Both rates depend on the problem constants €, 02, L, A, which are defined in Table

Distribution | Parameters
log-Normal | Scale s = 5, 10,20, Mean =0
log-Cauchy | Location p = 0, Scale s = 5,10, 20
log-t Degrees of freedom df = 5, Location p = 0, Scale s = 5, 10, 20

Table 1: Random Time Setup for Worker Task Times



Symbol | Description Value
o Standard deviation of noise v/0.025
€ Convergence threshold 10~%

A-L Lipschitz constant multiplied by suboptimality 1
B Rennala SGD batch size [02 /€]
S Theoretical Parameter in MindFlayer SGD [02 /€]
n Number of workers 100

Ngamples | INumber of random samples to estimate T'g 1000
T Fixed compute time for worker ¢ 100v/4

Table 2: Experimental Parameters

B TABLE OF NOTATIONS

Notation Meaning

[n] {1,...,n}

L Lipschitz constant of gradients, i.e., |V f(z) — Vf(y)|| < L |z — y| (Assumption
finf Minimum value of the function, i.e., f"f < f(z) (Assumption

A A = f(2%) — fif where 20 is the starting point of optimization methods

o? Variance bound on gradients, i.e., E¢ |||V f(z;&) — V f(x) ||2} < o2 (Assumption
5y Stepsize

Ti Minimum time required for client ¢ to compute a gradient

i Additional random time taken while computing the gradient

Ji Distribution of the non-negative random variable 7;

t; Allotted time for worker ¢ to compute a gradient

C HETEROGENEOUS REGIME

So far, we have discussed the scenario where all workers compute i.i.d. stochastic gradients. However, in distributed
optimization and federated learning [[Konecny et al.|[2016]], workers may have different datasets. Consider the following
optimization problem:

min {f(l‘) = iiﬂ%w)i [fi(x; &) }, )

z€ERY

where f; : Re x S; — R% and &; are random variables with some distributions D; on S;. Problem (9] generalizes problem

.

C.1 RELATED WORK AND DISCUSSION

The optimization problem (9) has been thoroughly studied in many papers, including [Aytekin et all, 2016 Mishchenko et al,
2018, Nguyen et al., 2022 Wu et al., 2022} Koloskova et al., |2022| Mishchenko et al.| 2022]. There have been attempts to
analyze Asynchronous SGD in the heterogeneous setting. For example, Mishchenko et al.|[2022] demonstrated convergence
only to a neighborhood of the solution. In general, achieving good rates for Asynchronous SGD is difficult without making
additional assumptions about the similarity of the functions f; [Koloskova et al.,|2022, Mishchenko et al., 2022].

In the deterministic case, when o2 = 0, Wu et al.|[2022] analyzed the PIAG method in the deterministic heterogeneous
regime and showed convergence. Although the performance of PIAG can be good in practice, in the worst case PIAG requires
0 (TnEA/e) seconds to converge, where 7, is the time delay of the slowest worker, L := /). L?, and L; is a Lipschitz
constant of V f;. Note that the synchronous Minibatch SGD (see Section[I.1)) method has the complexity O (7LA/<), which



is always betterﬂ

Tyurin and Richtarik| [2024]] proposed an optimal method in the regime where worker computation times are deterministic,
similar to the homogeneous setup.

C.2 VECNA SGD

Here we describe our method called Vecna SGD.

Algorithm 3 Vecna SGD[]

1: Input: starting point 29 € RY, stepsize v > 0, allotted times ¢4, . .., %, > 0, number of trials per client By, ..., B, >0

fork—12 , K do

3. Put g¥ = 0

4:  Send z* to all clients

5:  Run Method[]in all clients i = 1,2,...,n

6:  while there is a client that has trials to perform do
7: Wait for the fastest client

8: Receive gradient g; from client ¢

9 gr=gi+g

10:  end while N

11: gk:% :Llp,giB s <>p7:E(t1):P(T]7StZ)
12: a2kt =gk — gk

13: end for

Algorithm 4 Client i-s k-th step

1: Receive z* from the server
2: forj=1,2,...,B;do
Sample ] ~ J; o Start computing gradient estimator.
if n/ <t, then
g = Vf(zk; §f ), 5{ ~D < The computation completes within the allotted time ¢;.
Send g to the server
end if
end for

b

AN A

The Vecna SGD algorithm begins with an initialization at a starting point 2° in R?, with a specified stepsize -, time
allowances t;, and trial counts B; for each client. In each iteration k, ranging from k& = 1 to K, the server distributes the
current point z* to all clients. Each client i then executes a subroutine (Algorlthm to attempt to compute B; stochastic
gradients from samples fJ drawn from a distribution D. During each attempt, client ¢ starts computing a stochastic gradient; if
the computation exceeds the allotted time ¢;, they discard the current gradient and begin another computation. Consequently,
the actual number of stochastic gradients received from each client ¢ becomes a random variable, ranging from O to ;. The
expected number of gradients from client ¢ is given by p; B;. The server normalizes the gradients by the expected batch size
p; B; and then aggregates them. Finally, the point is updated to z*+! = 2% — ~v¢* following each aggregation round.

C.3 CONVERGENCE THEORY

The following theorem gives iterations guarantees for the convergence of Vecna SGD.

'In the nonconvex case, L canbe arbitrarily larger than L.
*We name our method Vecna SGD, drawing inspiration from [Vecnal from Stranger Things.


https://strangerthings.fandom.com/wiki/Vecna

Theorem C.1 (Proof in Appendix [H.1). Assume that Assumptions and hold for function f; for all i € [n]. Let
~ = min {\/ﬁ, Liﬁ, QE—C} in Algorithm Then after

K> 12AL

max{ﬁ, 12Aoz’ 2(})

9 3

iterations, the method guarantees that ming<,<x E {va(a:k) ||2} < e, and

where Ainf = Z?:l (finf _ lenf)
C4 TIME COMPLEXITY

The following theorem gives time complexity for Vecna SGD.

Theorem C.2 (Proof in Appendix[H.2). Assume that Assumptions[5.1} [5.2] and[5.3| hold for function f; for all i € [n]. Let
~ = min {\/ﬁ, %, ﬁ} in Algorithm where

L 1—p; 21 2L 1—p; inf
== C =5+ Zmax | LA
@ nirel%z}]({ p;B; } ¢ n? ;piBi * n ?612[2]({ p:iB;

Lett = (t1,...,tn), t1,...,t, > 0. Without loss of generality assume that 0 < 71 +t1 < --- < 1, + t,,. Let

1l -7+t | 02 1—p; L(A+ AR
T=7,+t, + 727"' 7+ max p(n—i—ti) Q
n P Di ne i€[n] Di ne
Put T
B, =1[b;], b= .
[bi] Ti + 1
Then, Vecna SGD guarantees to find an e-stationary point after
AL L =T+t | o2 1—p; L(A+ A
Tecnascn(t) < 288 x — [ 1+t + [= > Tl oo —|—max{ Pir, +ti)} L(a+a™)
£ n P Pi ne i€[n] Di ne

seconds.

D THE RENNALA ALGORITHM

Algorithm 5 Rennala SGD

1: Input: starting point 2, stepsize -, batch size S
2: Run Method[@lin all workers

3: fork=0,1,...,K — 1do Algorithm 6 Worker’s Infinite Loop

. —
4 Initg"=0ands =1 I: Initg = Oand k' = —1
5 while s < S do .
. 2: while True do
6: Wait for the next worker ,
. . o , 3:  Send (g, k') to the server
7: Receive gradient and iteration index (g, k') . &
ep 1 4:  Receive (2", k) from the server
8: if £/ = k then 5 W= k
1 =
9: k—ghtLlg, s=s5+1
. g9 Tsd 6 g=Vf(ahg), {~D
10: end if 7: end while
11: Send (x*, k) to the worker :

12:  end while
13: ghtl =2k — g
14: end for




We mention the Rennala SGD throughout the paper, here we provide a brief introduction to the method and its development.
Algorithm 5| shows the work done by the server. Essentially, the server asynchronously waits to collect a batch of size S,
whenever it receives a gradient from a worker that has the same iteration as the algorithm, it assigns it to compute a gradient
at the same point x. After collecting the batch, we preform a synchronous update (given that all gradients were made on
the same point x), using an average of the collected batch.

E THE CLASSICAL SGD THEORY

In this section, we present the classical SGD theory as developed by |(Ghadimi and Lan| [2013]] and |Khaled and Richtarik
[2020]. Our analysis will follow the approach of the latter.
We consider the stochastic gradient descent (SGD) method:

aftl = ok — qg(2"),

where 70 € R is the initial point, and g() is a stochastic gradient estimator at .
We make the following assumption:
Assumption E.1. The stochastic gradient estimator g(x) satisfies:
Elg(z)] = V[ (2)
2 in 2
E llg(@)|*] < 2a (f(z) = /) + BIVS @) +¢,

for all z € R? and some constants o, 3, > 0.

This assumption is both general and reasonable, and it is satisfied by many modern SGD-type methods. For further details,
refer to|Khaled and Richtarik] [2020]].

Under this assumption, we can derive the following convergence result.

Theorem E.2 (Corollary 1 [Khaled and Richtarik, [2020]). Assume that Assumptions[5.1] [5.2land[E. 1| hold. Then for any
e>0

o, B[V <<

for

and

K> 12L (f(xo) — fF) max{@ 12A« 2(}

€

F PROOFS FOR PROPOSITIONS IN SECTION @

Proposition 4.1} Consider the single device setup. Let K be the number of iterations required by Rennala SGD with
batch size B to find an e-stationary point. For sufficiently small €, MindFlayer SGD with the same batch size B, needs K /p
iterations to find an e-stationary point.

Proof. The iterations of Rennala SGD can be viewed as iterations of Minibatch SGD. Thus, we can apply the classical SGD
theory (Theorem [E.2)) to derive its iteration complexity:

P {1, s } SL(f(°) = ™)
eB €



For MindFlayer SGD, the iteration complexity follows from Theorem [5.4] Therefore, the number of iterations K s required

for MindFlayer SGD to guarantee that
K]\/[ —1

1 2
w2 B[] <

is given by

Koy — max{l’ o’ } 8L(f(x%) — f™1)

eBp €
Ife < %;,wehave
K
Ky = —.
p
O

Proposition 4.3} For the n = 1 case, if s > 7 + Med|[n] then MindFlayer SGD is faster than Rennala SGD. Moreover, if
s = (7 + Med[n)]) (2 — 1) then
TRennalaSGD >
> a.
TindFiayerscp (Med[n])

Proof. Lett = Med[n] =: m, recall that s = E [] — m, then we have:
K
TMindFlayersep (M) < ;B(T +1t) =2KB(1+m),

TRennalasGD = KB(T +E [’I]]) = KB(T +m + S).
Thus, if s > 7 + m then MindFlayer SGD is faster than Rennala SGD.
Now, let s = (7 + m) (2ac — 1) then

TRennalasGD T+m+s  2a(r+m)

Tvindriayersep (M) — 2(r+m)  2(7+m)

G PROOFS FOR HOMOGENEOUS REGIME

G.1 PROOF OF THEOREM

First, we rewrite MindFlayer SGD in a classical SGD way where we do gradient step with an unbiased estimator of the
gradient at each iteration.

Algorithm 7 MindFlayer SGD

1: Input: starting point 29, stepsize v, time budgets ¢, ...,t, > 0, batch sizes By,..., B, > 0,
2: fork=0,1,..., K —1do

5, ‘ ‘
3¢t = p X 1 (n <) Vi (k)
4: bl =gk — gk

5: end for

where B = >"" | p;B;, p; = F(t;) = P(n; < t;) and I(-) denotes the indicator function. To prove the theorem we need to
establish some properties of the gradient estimator. First, we need an unbiased estimator.

Lemma G.1 (Proof in Appendix [G.I.1). The gradient estimator in Algorithm|[7) given by
1 n B;

)= BSOS
i=1 j=1

=1 j=

is unbiased, i.e., E [g(x)] = V f(z) for all x € R%.

(nf < ti) Vf (x;ff)



Next, we obtain an upper bound for the variance of this estimator.

Lemma G.2 (Proof in Appendix [G.1.2). The gradient estimator in Algorithm|7) given by

g(x) = ;Xn;il (nf < ti) \i (x;ﬁf)
P

satisfies .
E [lg(@)?]] <2|IVf@)|* + Sl

We are ready to prove the Theorem 5.4}
Theorem 5.4} Assume that Assumptions[5.1| 5-2]and[5.3| hold. Let

B—i B, and —Lmin 1§
_Z,lel K3 7_2.[/ )0_2

in Algorithm[I} Then, after

K > max {1, o } 8L (f(xo) — finf)

eB £

iterations, the method guarantees that 4 2(:—01 E “‘Vf(xk) HQ} <e

Proof. Note that Algorithm[T|can be viewed as a special case of classical stochastic gradient descent (SGD), as reformulated
in Algorithm [7] We need to verify that the gradient estimator fulfills the conditions required by classical SGD (Theorem [E2).
The two preceding lemmas address this requirement precisely. Specifically, Lemma|G.T| confirms that the gradient estimator
used in Algoritﬁ is unbiased, while Lemma verifies that the variance of this estimator meets the conditions specified

in Assumption with o = 0, 8 = 2 and ¢ = % . Consequently, it remains to apply Theorem O

G.1.1 Proof of Lemma

Lemmal[G.1} The gradient estimator in Algorithm[7]given by
1 n Bi
L J ) L e
g(z) == B ;;I (771‘ < tz) Vf (xvgi)

is unbiased, i.e., E[g(z)] = V f(z) for all x € RY, where B="""_| p;B;.

Proof. This follows from direct computation:

B;

E éizf(nfﬁti)vf(w;éf)

i=1 j=1
= E N E[(h26) Vs (n€)]
n B;

(v L&) % S Y E [1 (n{ < t)} E [Vf (9”? 55)}

i=1 j=1

Eg(x)]



G.1.2 Proof of Lemma

Lemma|G.2} The gradient estimator in Algorithm[7|given by

an ZB ( t”) i (”“5?)
i=1 j=1
satisfies

E [|lg(e)?]] < 21V 5@ + 0%

where B =" p;B;.

Proof. In order to simplify notation, let

B;
:Zb{,
j=1
bg ::I(ng Stq;) Vf (x,ff)

Step 1 (Initial expression). We express E [||g(z)||?] in terms of a;:

E|llg@)|*] =E

We further simplify both terms via:

where

n

Z

i#]

ZHaLH —|—Z a;, a; ] .

B; 2 B;
laall? = ||S 07 =S (o] + S ot ey, (10)
j=1 j=1 k£l
B; B;j
(ai,a;) :<Zb Zbl>:2 (b, BL). (11)
=1 k=1 1=1

Step 2. (Finding the expectations). Further

o] - ol
|

»

( ]

(1 =) | e s ()]

< n(Iv@r e |97 () - vie)| )
(

(nfi&f)

(Assumptzon 5

T (195 @) + %), (12)
and

E[(b5.0)] = E[(I (nf < t:) VS (:68) .1 (o} < 1) V] (2:61))]
DRI (f <t)]E[I 0 <t,)] (B [VF (2:65)] E[Vf (2:€))])
= pip; V()] (13)



Step 3 (Putting everything together). We start with

(LOHL2H13)
E[lail?] TS B (IVF@)F +0%) + Bi (B = 1) p? IVF ()|

< B (IVF@)IF +02) + B2 V@),

using this and recalling the definition of B, we get

< B|Vf@)|*+ Bo® +||Vf()|*> Bip?.

2
E | lail
=1 =1
Next
3
(ai,a;) = BipiBjp; ||V ()],
finally,
1 n
E[lg@)’] = 5B | 2 sl + Y (aiva)
i=1 i#]
1 n
< )i B|Vf(x)|* + Bo? + Z Bip? + ZBipiijj IV f ()|
i=1 i#]j
1 o?
=53 (B+B) Vi@ + 5
2 o?
<2 .
<2[VI@)"+ 5

G.2 PROOF OF THEOREM

The following lemma gives time complexity for any choice of By,..., B, and t = (t1,...,t,) in MindFlayer SGD.

Lemma G.3 (Proof in Appendix [G.2.1). Assume that Assumptions[5.1} B.2|and5.3| hold. Let

- 1 B
B:ZpiBZ— and vnrnin{l,;}
i=1

in Algorithm[I} Then after

TMindFlayerscp (t) < max{B; (1; + t;)} max

i€[n]

{17 ;f;} 8L (f(l’og) - ™)

seconds, the method guarantees to find an e-stationary point.

Now we are ready to prove the theorem.

Theorem 5.5} Assume that Assumptions and|5.3|hold. Let
n
1 eB
B:;ple and ’y:ﬂ/mln{l,(ﬂ}

in Algorithm Lett = (t1,...,tn), t1,...,tn > 0. Without loss of generality assume that 0 < 11 +t; < -+ < 7, + tp.

Let
-1

m P;
t(m) =
j; T+t

m
S+ij R
j=1



2 . . . . .
where S = max {1, — } Let m* = argmin,, c[y t(m), if there are several minimizers we take the smallest one. Put

Hm) 1, if i <m*
0, if i >m*.
Then, MindFlayer SGD guarantees to find an e-stationary point after
-1
I <~ p; S 1 & AL
Twi t) <8 X min — 7 —_ 4 — i —
M ndFIayerSGD( ) < Ry m 2 P— m + m ;pJ -

seconds.

Proof. First we show that B;-s are valid choice, i.e. b; > 0 for i < m*. If m* = 1, then #(1) = %(5 + p1), thus
by = pil > 0.If m* > 1, then, by its definition, t(m*) < t(m* — 1). This implies

—1 —1

m* » m* m*—1 D m*—1
S (seSn)< (X2 (s w).
j=1'J j=1 j=1 4T =1

leading to

m*—1 » m* m* P m*—1
O I CED 917 B D SE ) NERS op
— T; + — — 7; + 1 —
j=1 Jj=1 Jj=1 j=1
and
m* m*
Dj Pm>
Pm~ - < S + pj
; T+t Tm* + ;

From the last inequality, we get that 7,,« + t,,« < t(m*), thus b; > by, > 0 for all 2 < m*.

It remains to find the time complexity with these choices of B;. From Lemma|[G.3] we have that the time complexity is

o2 ) 8AL
TMindFiayersap (1) < ?éf[i;]i{Bb (7 + t;)} max {1, EB} P
Then,
mz[u]({Bi (i +t)} < Enif)({(bi + 1) (1 +t)} = t(m*).
i€[n i
On the other hand
n n m* . i m*
B= i B > ib; = t - i
* 71 * * *
m m m m 2
_ P; S - Pi _ s>
ZTJHJ 2 ZTi"’ti dopi=8>-
7j=1 j=1 i=1 i=1
Therefore, the time complexity is
W SAL
ThiindFlayerscp (t) < t(m*) -
-1
- ; “ SAL
me[n] = T + 1 = €



G.2.1 Proof of Lemma

Lemma Assume that Assumptzonsn nand . hold Let B = Zl 1PiBiand v = 5 min {1 B } in Method I
Then after

8L (f (wo) — f™)

3

02
TMindFIayerSGD(t) S EIEI%I)]({BZ (Ti + tz)} max {17 EB}

seconds, the method guarantees to find an e-stationary point.

Proof. Let Tij (t;) be the random time taken by client ¢ in the j-th attempt of calculating gradient estimator. We have

: o, i gl <ty
Ty =7 e TS (14)
T +t;, if 77'1-7 > t;.

Thus, the random time taken for client 7 to finish it’s all b; trials is
Tit:) = > T (t:) < B (1 + i) . (15)

Finally, let 7 be the random time required for one iteration of MindFlayer SGD. We get

T= mz[ix'T( i) < max{B (i +t:)} (16)
S i€[n
It remains to multiply 7~ with the number of iterations K given by Theorem[5.4] O

H PROOFS FOR HETEROGENEOUS REGIME

H.1 PROOF OF THEOREM

Here, we rewrite Vecna SGD (Algorithm[3) in a classical SGD way.

Algorithm 8 Vecna SGD
1: Input: starting point 29, stepsize v, time budgets t1,...,t, > 0, batch sizes b1,...,b, >0,
2: fork=0,1,...,K — 1do
3 ogh=1yn pLBl ST (0 <) Vi (oH:€))
4: gkt =gk — gk
5: end for

where p; = F(t;) = P(n; < t;).

To prove the theorem we need to establish some properties of the gradient estimator. First, we need an unbiased estimator.

Lemma H.1 (Proof in Appendix [H.I.I). The gradient estimator in Algorithm[8| given by

)= Zn: lefi; Sor(nf <) Vi ()

is unbiased, i.e., E[g(z)] = Vf(x) for all x € R4

Next, we obtain an upper bound for the variance of this estimator.



Lemma H.2 (Proof in Appendix [H.1.2). The gradient estimator in Algorithm[8|given by

Z ZI(nJ§t>Vfi (w:€])

satisfies

2LA 1 L—=pi | rint
= o] < 2 s S f + IV 2} R P S T

We are ready to prove Theorem [C.T] First, let us restate the theorem.

Theorem Assume that Assumptions and|5.3|hold for function f; for all i € [n]. Let

. 1 1 e
= min s T
7 { VIaK LB 2LC }

in Algorithm 3| Then after

K >

12AL { 12A« 2(}
max < 3, — >,
€

iterations, the method guarantees that ming<y<x E {HVf(zk) HQ} < ¢, and

L 1—p; 02~ 1 2L 1=\ nint
== =1, (== = NS
“ n?el%l)]({ p:iB; }7 b N n2ZpiBi * n ?61%1)]({ ;i B;

Proof. Note that Algorithm 3]can be viewed as a special case of classical stochastic gradient descent (SGD), as reformulated
in Algorithm[8] We need to verify that the gradient estimator fulfills the conditions required by classical SGD (Theorem [E.2).
The two preceding lemmas address this requirement precisely. Specifically, Lemma [H.T| confirms that the gradient estimator
used in Algorithm [8]is unbiased, while Lemma [H.2] verifies that the variance of this estimator meets the conditions specified
in Assumption [E-I] Consequently, it remains to apply Theorem [E:2} O

H.1.1 Proof of Lemma
Lemma 1.1} The gradient estimator in Algorithm[8]given by

ijg Zf(nj <t ) Vi (xﬁf)

i=1 ti=1

3\'—‘

is unbiased, i.e., E [g(x)] = V f(z) for all x € R%.



Proof. This follows from direct computation:

H.1.2 Proof of Lemma

Lemma[H.2} The gradient estimator in Algorithm|8 given by

IR R ;
0 1SS (<) ()
satisfies
2LA 1 1 1=\ nin
e llotel] < 22 { S I+ 5 3+ S { S 4

Proof. Since nf and Ef are independent of each other for all ¢ € [n] and j, we have

Var (g nQZ BQZ::Var( (] <ti) Vi (x;éi)),

then we use the fact that
Var (XY) = Var (X) Var (Y) + Var (X) E[Y]* + Var (V) E[X],

where X and Y are independent random variables. Hence, we obtain the following bound on the variance
Var (I (nj <t ) 7 (x;&f)) <pi(1=pi)o® +pi (1= pi) |V fil)|* + o°p}
— pio® +p; (1= i) |V i)
As aresult, the variance of g(x) is bounded by

n B;

Var (o) € 5 3 3 (o + 21 (1= ) IVA@)IP)
i=1 41770 =1
11
=@ L (=R IVA@I).




Finally

E [|lg()?[|] = Var (g )+IIE[()]||2

R |
N +—QZ @I + 753>

Next we use ||V f;()||* < 2L (fi(z) — fi*f), thus

2L & : 2 1
Ellls@?ll) <75 2. 53 (fz( )= A IVI@IF+ 053
=1 o =1 v
2L 1 S mf 2 & 1
< 2 { ] }n; ) I+ Y
— % 1 — Db __ pinf 2
= ggggf{ 0B, }(f(m) )+ IVE@)]l
02 - 1 2L 1 —Di 1 . inf inf
+n2i:1piBi+n?é?i]{{piBi}n;(f i )

H.2 PROOF OF THEOREM

The following lemma gives time complexity for any choice of By, ..., B, and t = (¢1,...,t,) in Vecna SGD.

Lemma H.3 (Proof in Appendix [H.2.]| m Assume that Assumptions and hold for function f; for all i € [n]. Let

v = min {ﬁ, i, 2L<} in Algortthm Then after

12AL 12Aa 2
TVeenascp (t) < mz[u]({BZ— (1 + ti)}i6 max {1, 047 6(}
1€|n

seconds, where the method guarantees to find an e-stationary point, where A = f(zo) — f*f and

L 1—p; 02 & L—pi | \inf
== z ——Pit Aint,
@ n?elz[ln)]({piBi} 2; i nze[]{piBi}

Now we are ready to prove the theorem.

Theorem Assume that Assumptions and hold for function f; for all i € [n]. Lef v = min { Lla =<
§

£
’ 2L

b

in Algorithm|3} where

L 1—p; 221 2L 1—p;) .
a:max{ p}, C:U— +max{ p}A‘“f.

n ieln] | piBi n? = piBi  n e

Lett = (t1,...,tn), t1,...,tn > 0. Without loss of generality assume that 0 < 71 +t; < --- < 7, + t,,. Let

2 . L (A 4 Ainf
lzTZ+t aerax{l pl(Tithi)}( + )
n D €

T=m,+1t,+
1€[n] Di ne

Put




Then, Vecna SGD guarantees to find an e-stationary point after

liﬁthZ
n p

=1

AL
TVecnaSGD(t) < 288 % ? (Tn +t, 7‘1 +t; )

1 n
o

AL
ne
seconds.

Proof. Since we have b; > 1 for all i € [n], we get
i€[n] b; #0 i€[n]
It remains to apply Lemma[H.3] We get

12A« 12AL 1—p; 12AL 1—p;
= max < max
€ EN  i€[n] p; B; EN  i€ln] pib;

12AL 1 1—p;
ne T ze[n] Di

(Ti + tl)} <12,

and

20 202~ 1 ALAM 1—p;i
?_Q;PiBz‘_'_ ne ?GI%L}]( ;i B;

202 1 ALA™ 1—p;
en? izzlpibi * ne ?61[8;')]({ pib; }

20211 ~Ti+t; ALAM 1 1—p;
< — - + — max
ne T'n ~ D ne T ien) i

IN

(n+t)}

< 4.

Finally, we get that Algorithm 3]returns a solution after

12AL 12Aa 2
TindFiayersep (t) < max{B; (1; + t;)} —— max {1, a7 C}
i€[n] £ £ 5
< 288%'11

n

1
n i€[n] Pi ne

AL
< 288— | 7 +tn +
€ bi

max{l_pl hﬁt)}M)

i=1

seconds.

H.2.1 Proof of Lemma

Lemma Assume that Assumpnonsl Hand H hold for function f; for all i € [n]. Lef v = min { Lla <
in Algorlthm Bl Then after

b

12AL 12Aa 2
TVecnaSGD<t) < n;:_laX{B (Tz +1; )}T max {17 P 5(:}

seconds, where the method guarantees to find an e-stationary point, and

o= £ max 1- Pi 1 Xn: ﬂ Ainf
n i€l | piBi n? P i noieln] | piB; .

[
Y



Proof. LetT, f (t;) be the random time taken by client ¢ in the j-th attempt of calculating gradient estimator. We have

Tj(ti): T+, %f ﬂgﬁti»
T +t;, if ’173 > ;.
Thus, the random time taken for client 7 to finish it’s all B; trials is

B;
Ti(ti) ==Y T](t:) < Bi(ri + ).

j=1
Finally, let 7 be the random time required for one iteration of Vecna SGD. We get

T = max T;(t;) < max{B; (1; +t;)}.

i€[n] i€[n]

It remains to multiply 7 with the number of iterations K given by Theorem|C.1

A7)

(18)

19)
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