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ABSTRACT

Derivative-free optimization algorithms play an important role in scientific and
engineering design optimization problems, especially when derivative informa-
tion is not accessible. In this paper, we study the framework of classification-
based derivative-free optimization algorithms. By introducing a concept called
hypothesis-target shattering rate, we revisit the computational complexity upper
bound of this type of algorithms. Inspired by the revisited upper bound, we pro-
pose an algorithm named “RACE-CARS”, which adds a random region-shrinking
step compared with “SRACOS” (Hu et al., 2017). We further establish a theorem
showing the acceleration of region-shrinking. Experiments on the synthetic func-
tions as well as black-box tuning for language-model-as-a-service demonstrate
empirically the efficiency of “RACE-CARS”. An ablation experiment on the in-
troduced hyperparameters is also conducted, revealing the mechanism of “RACE-
CARS” and putting forward an empirical hyperparameter-tuning guidance.

1 INTRODUCTION

In recent years, there has been a growing interest in the field of derivative-free optimization (DFO)
algorithms, also known as zeroth-order optimization. These algorithms aim to optimize objec-
tive functions without relying on explicit gradient information, making them suitable for scenarios
where obtaining derivatives is either infeasible or computationally expensive (Conn et al., 2009;
Larson et al., |2019). For example, DFO techniques can be applied to hyperparameter tuning, which
involves optimizing complex objective functions with unavailable first-order information (Falkner
et al.,[2018} |Akiba et al., [2019; |[Yang & Shami, 2020). Moreover, DFO algorithms find applications
in engineering design optimization, where the objective functions are computationally expensive to
evaluate and lack explicit derivatives (Ray & Saini, [2001}; Liao} 2010; |Akay & Karaboga, 2012).

Classical DFO methods such as Nelder-Mead method (Nelder & Mead,, |1965)) or directional direct-
search (DDS) method (Céa, 1971} |Yu, |1979) are originally designed for convex problems. Conse-
quently, their performance is compromised when the objective is nonconvex. One kind of well-
known DFO algorithms for nonconvex problems is evolutionary algorithms (Back & Schwefel,
1993} [Fortin et al) 2012} Hansenl [2016; Opara & Arabas) [2019). These algorithms have been
successfully applied to solve optimization problems with black-box objective functions. However,
theoretical studies on these algorithms are rare. As a consequence their performance lacks theo-
retical supports and explanations, making it confusing to select hyperparameters. In recent years,
Bayesian optimization (BO) methods have gained significant attention due to their ability to effi-
ciently optimize complex and expensive-to-evaluate functions (Snoek et al., 2012; |Shahriari et al.}
2015} [Frazier, 2018)). By leveraging probabilistic models, BO algorithms can guide the search pro-
cess automatically, balancing the processes of exploration and exploitation. However, BO suffers
from scalability issues when dealing with high-dimensional problems (Bickel & Levina, |2004; Hall
et al.| 2005} Fan & Fanl 2008)). Another class of surrogate modelling algorithms called gradient ap-
proximation have also been extensively explored in the context of DFO (Nesterov & Spokoinyl 2017}
Chen et al.} |2019; |Ge et al., 2022; Ragonneau & Zhang| [2023)). These methods aim to estimate the
gradients of the objective function using finite-difference or surrogate models combined with trust
region. However, although some recent researches have shown the view that DFO algorithms using
finite-difference are sensitive to noise should be re-examined (Shi et al.| 2021} |Scheinberg, |2022),
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this kind of algorithms are intrinsically computationally demanding for high-dimensional problems
(Yue et al.} 2023)) and difficult to tackle nonsmooth problems.

“RACOS” is a batch-mode classification-based DFO algorithm proposed by Yu et al.| (2016). Com-
pared with aforementioned algorithms, it shares the advantages of faster convergence rate, lower
sensitivity to noise, available to high-dimensional problems and easy to implement (Qian et al.,
2016aib; Hu et al., |2017; [Liu et al.,|2017;[2019b). Additionally, “RACOS” has been proven to con-
verge to global minimum in polynomial time when the objective is locally Holder continuous (Yu
et al., |2016). The state-of-the-art classification-based DFO algorithm is “SRACOS” proposed by
Hu et al.|(2017), namely, the sequential-mode classification version. As proofs show, the sequential-
mode classification version “SRACOS” performs better compared to the batch-mode counterpart
“RACOS” under certain mild condition (more details can be found in|Hu et al.| (2017)).

However, “SRACOS” is a model-based algorithm whose convergence speed depends on the positive
region of classification model, meaning that its convergent performance can be impacted by the
dimensionality and measure of the solution space. Additionally, we find that the upper bound given
in [Yu et al| (2016); Hu et al.| (2017) cannot completely dominate the complexity of “SRACOS”.
Moreover, we construct a counterexample (see in equation [3) showing that the upper bound on the
other hand is not tight enough to describe the convergence speed.

We notice that a debatable assumption on the concept invoked by |Yu et al.| (2016)) called error-target
dependence (see Definition takes charge of these minor deficiencies. In this paper we propose
another concept called hypothesis-target n-shattering rate to replace the debatable assumption, and
revisit the upper bound of computational complexity of the “SRACOS” (Hu et al., 2017)). Inspired
by the revisited upper bound, we propose a new classification-based DFO algorithm named “RACE-
CARS?” (the abbreviation of “RAndomized CoordinatE Classifying And Region Shrinking”), which
inherits the characterizations of “SRACOS” while achieves acceleration theoretically. At last, we
design experiments on the synthetic functions and black-box tuning for language-model-as-a-service
comparing “RACE-CARS” with some state-of-the-art DFO algorithms and sequential “RACOS”,
illustrating the superiority of “RACE-CARS” empirically. In discussion, we empirically show (also
under theoretical support) the ability of “RACE-CARS” beyond continuity. In addition, ablation
experiment is performed to shed light on hyperparameter selection of the proposed algorithm.

The rest of the paper is organized in five sections, sequentially presenting the background, theoretical
study, experiments, discussion and conclusion.

2 BACKGROUND

Let Q be the solution space in R™, we presume that € is an n dimensional compact cubic. In this
work, we mainly focus on optimization problems reading as

min f(z), (1

where only zeroth-order information is accessible for us, namely, once we input a potential solution
x € Q into the oracle, merely the objective value f(x) will return. In addition, we will not stipulate
any convexity, smoothness or separability assumptions on f.

Assume f(z) is lower bounded in 2 and f* := min,cq f(z). For the sake of theoretical analysis,
we make some blanket notations: Denoted by F the Borel o-algebra defined on (2 and P the prob-
ability measure on F. For instance, when 2 is continuous, [P is induced by Lebesgue measure m:
P(B) := m(B)/m(Q) forall B € F.Let Q. := {x € Q: f(x) — f* < €} for some € > 0. We
always assume that for all € > 0, it holds || := P(£2,) > 0.

A hypothesis (or classifier) & is a function mapping the solution space €2 to {0, 1}. Define

_ J1/PHz € Q: h(x) =1}), h(zx)=1
Dn(z) := {0, otherwise, @
a probability distribution in 2. Let X}, be the random vector in (€2, F, P) drawn from Dj,, meaning

that Pr(X;, € B) = [ _ Dn(2)dP forall B € F. Denoted by T := {1,2,...,T} and filtration

F := (]:t)te'lr a family of o-algebras on (2 indexed by T such that /; C F» C --- C Fp C F.
A typical classification-based optimization algorithm learns an F-adapted stochastic process X :=
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(X¢)tet, where X, is induced by X, and h; is the hypothesis learned at step ¢. Then samples new
data with a stochastic process Y := (Y¢):er generated by X (Yu & Qian| [2014; Yu et al.| [2016).
Normally, the new solution at step £ > r + 1 is sampled from

v, - Xy, with probability A
"7 Xq, with probability 1 — A,

where X, is random vector drawn from uniform sampling U and 0 < A < 1 is the exploitation
rate. A simplified batch-mode classification-based optimization algorithm is presented in appendix
Algorithm At each step t, it selects a positive set Spositive from S containing the best m sam-
ples, and the rest belong to negative set Spegative. Then it trains a hypothesis h; which partitions the
positive set and negative set such that ht(a;j) = 0forall (z;,y;) € Snegative- At last samples  new
solutions with the sampling random vector Y,. The sub-procedure h; < T (Spositives Snegative)
trains a hypothesis under certain rules. “RACOS” is the abbreviation of “RAndomized COordi-
nate Shrinking”. Literally, it trains the hypothesis by this means (Yu et al., [2016), i.e., shrinking
coordinates randomly such that all negative samples are excluded from positive region of resulting
hypothesis. Algorithm [3]in appendix [A] shows a continuous version of “RACOS”. The main dif-
ference between sequential-mode and batch-mode classification-based DFO is that the sequential
version maintains a training set of size r at each step ¢, then it samples only one solution after learn-
ing the hypothesis h;. It replaces the training set with this new one under certain rules to finish step
t. In the rest of this paper, we will omit the details of replacing sub-procedure which can be found in
Hu et al.| (2017). The pseudocode of sequential-model classification-based optimization algorithm
is presented in Algorithm [d]in appendix [A]

Classification-based DFO algorithms admit a performance bound on the query complexity, see Defi-
nition (Yu & Q1an, [2014)), which counts the total number of calls to the objective function before
finding a solution that reaches the approximation level e with high probability 1 — ¢. Definition
and[2.3]are given by Yu et al.|(2016). The first one characterizes the so-called dependence between
classification error and target region, which is expected to be as small as possible. The second one
characterizes how large the positive region of hypothesis, which is also expected to be small.

Definition 2.1 ((e, §)-Query Complexity). Given f,0 < § < 1 and e > 0, the (e, §)-query complex-
ity of an algorithm A is the number of calls to f such that, with probability at least 1 — J, A finds at
least one solution & € (2 satisfying

f@-f<e

Definition 2.2 (Error-Target §-Dependence). The error-target dependence 6 > 0 of a classification-
based optimization algorithm is its infimum such that, for any ¢ > 0 and any ¢,

Q6] - P(R:) — P(Qe N Ry)| < 0]9%],

where R, := Qq,A{z € Q: hy(z) = 1} denotes the relative error, the operator A is the symmetric
difference of two sets defined as A1 AAy = (A; U As) — (A1 N As). Similar to the definition of €.,
Qu, ={z € Q: f(z) — f* <oy} withay := 11}1i£1ff(a:i) - f*.

SistU

Definition 2.3 (y-Shrinking Rate). The shrinking rate v > 0 of a classification-based optimization
algorithm is its infimum such that P(z € Q: hy(z) = 1) < v|Q,, | for all £.

Theorem 2.1. (Hu et al2017) Given 0 < 6 < 1 and € > 0, if a sequential classification-based op-
timization algorithm has error-target 6-dependence and ~-shrinking rate, then its (¢, d)-query com-
plexity is upper bounded by

1 1-) & L1
o — (A === @) In,T
(max{mel( +7(T—r) tZTZH f,) n(s, }),
where the ®; = (1 — 6 — P(Rp,) — m(Q)y/3 Dxr(D:[Ua)) - [Qa,|~" with the notations D; :=
)\Dht + (1 - )\)Z/{Q and ]P)(RDt) = th D,dP.

3 THEORETICAL STUDY

3.1 DEFICIENCIES CAUSED BY ERROR-TARGET DEPENDENCE

(i) The query complexity of Algorithm 4] cannot be upper-bounded by Theorem 2.1}
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On the basis of error-target #-dependence and -shrinking rate, Theorem[2.1] gives a general
bound of the query complexity of the sequential-mode classification-based DFO algorithm
E} As assumptions entailed in|Yu et al.| (2016); Hu et al.[|(2017), it can be easily observed
that the smaller 6 or - the better the query complexity. However, in some cases even though
these two factors are small, something wrong happens. Following the lemma given by |Yu

etal|(2016): P(R,) < P(Rp,) + m(Q),/ 3 Dkw(D:||Us), it holds

¢, = (1-0-P(Rp,) —m() %DKL(Dtlluﬂ)) Q0,7 S (10 -P(Ry)) Q0,7

According to the definition of error-target §-dependence, small 6 does not indicate small
relative error P(R;). Contrarily, small 6 and big (P(Q. N R:))/|Q| implies big P(R,),
which can even be 1 as long as €2,, is totally out of the positive region of h., namely the
situation that hypothesis h; is 100% wrong. Then ®; < (1 — 6 — P(Ry)) - [Qa,| ™ <0,
which is unacceptable since ®; performs as a divisor in the proof of Theorem [2.1] the
negative divisor will change the sign of inequality relationship. Actually, in order that
®, <0, P(R;) is not necessary to be 1 since 6 is nonnegative. In other words, a sequence
of inaccurate hypotheses suffice to make the upper bound wrong.

(ii) The upper bound is not tight enough.
Let us consider an extreme situation. Assume that the hypotheses at each step are all

1 Q.
h(z) = {0’ z;Q 3)

Since the size of training sets used to train the hypothesis h; is tiny and the training data
is biased in the context of sequential-mode classification-based optimization algorithm, it
is quite reasonable to assume that the relative errors P(R;) are large. In other words,
in this situation we learn a series of “inaccurate” hypotheses with respect to {2,, while
accidentally “accurate” with respect to {2.. Consequently, the error-target dependence 6 =
maxj<¢<7 P(R¢) is large. Even though &, are all positive, the query complexity bound
given in Theorem can be large. However, in this situation, it can be easily proven that
the probability an e-minimum is not found until step 7" is
Pr( min f(z) = f*>¢) = (1— Q)7 (1 =N =),
1<t<T

which is smaller than ¢ for not very large 7. It means that the upper bound in Theorem
is not tight.

3.2 REVISIT OF QUERY COMPLEXITY UPPER BOUND

Considering the minor deficiencies caused by error-target dependence, it can be observed that re-
gardless how small error-target dependence is, deficiencies happen due to large relative error of clas-
sification, since error-target dependence cannot dominate relative error. It seems that an assumption
on small relative error should be supplemented. However, this kind of assumption is not reasonable
since the size of training sets is tiny and the training data is biased in the context of sequential-mode
classification-based optimization algorithm. To this end, we give a new concept that is independent
to the influence of relative error:

Definition 3.1 (Hypothesis-Target 7-Shattering Rate). Given n € [0, 1], for a family of hypotheses
‘H defined on €2, we say €. is n-shattered by h € H if

P(Q. N {x € Q: h(x) =1}) > n|Q],
and 7 is called hypothesis-target shattering rate.

Similar to error-target dependence, hypothesis-target shattering rate is relevant to certain accuracy
of the hypothesis. Moreover, the error-target dependence can be bounded by relative error and
hypothesis-target shattering rate: § < max{P(R;), |1 —P(R;) — n|}. Hypothesis-target shattering
rate 1) describes how large the intersection of target 2. and positive region of hypothesis. Addition-
ally, it eliminates the impact of relative error on error-target dependence. In the following theorem,
we revisit the upper bound of (¢, §)-query complexity with hypothesis-target shattering rate.
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Theorem 3.1. Consider sequential-mode classification-based DFO Algorithm |4 let X; = Xp,,
assume that for € > 0, €2 is 7-shattered by h; forall ¢t = r + 1...,T and o, nax T]P’({J; €

.....

O: he(r) =1}) < p < 1.Thenfor0 < ¢ < 1, the (e, §)-query complexity is upper bounded by

n -1, 1 1
O<max{()\p +(1=2X) (mlng -r) +T,T}).

The detailed proof of Theorem [3.1]can be found in appendix

3.3 AN ACCELERATION FOR SEQUENTIAL-MODE CLASSIFICATION-BASED DFO

Actually, in terms of the (¢, §)-query complexity analysis of classification-based optimization algo-
rithm, the relative error P(R;) does not play a decisive role since we aim at finding the optimum
rather than learning a series of accurate classifier. As the counterexample equation (3| which is lit-
erally the most desirable hypothesis although the relative error can be large, we should focus more
on the intersection of {2, and positive region of hypotheses, namely the hypothesis-target shattering
rate.

Shrinking rate defined in Definition describes the decaying speed of P(z € Q: hi(x) = 1).
However, on the one hand, training a well-fitted hypothesis to €, is not our original intention; On
the other hand |2, | decreases rapidly as oz — 0, whereas it is also unrealistic to maintain such
a series of small y-shrinking hypotheses by means of sequential randomized coordinate shrinking
method. Therefore, vy-shrinking assumption is usually not guaranteed for small ~.

Instead of pursuing small relative error and ~y-shrinking with respect to |2,, |, we propose the follow-
ing Algorithm|[I]“sequential RAndomized CoordinatE Classifying And Region Shrinking” (sequen-
tial “RACE-CARS”), which shrink the positive region of the sampling random vector Y, proactively
and adaptively via a projection sub-procedure. We put a 2-dimensional illustration as follows:

The left subfigure is the intersection before projection,
where the ellipse centered on x* is the intersection of QQ -
Q. and the rectangle containing xp.s: is the positive
region of h; such that h;(x) = 1. The right one shows
the intersection after projection, where the positive re-
gion of h; shrinks to the positive region.

Algorithm 1: Sequential Randomized Coordinate Classifying and Region Shrinking Algorithm

Input:
Q: Boundary; T € N*:Budget; 7 =m+k; Replace: Replacing sub-procedure;
~: Region shrinking rate;  p: Region shrinking frequency.
OUtPUt: (xbestaybest)-
Collect § = {(z1,v1), - - ., (@r,y,)} 1.i.d. from Ug;
(Toest, Yvest) = argmin{y: (z,y) € S}
Initialize £ = 1, Q = Q;
fort=r+1,...,T do
Train: hy <— T (Spositive, Snegative) through “RACOS”;
s + random(0, 1);
if s < p then
Shrink region: Q = [Tpest — 27 [|Q], zpest + 377 (1Q0] N2
k=k+1;
Project: Yt < Proj(ht,Q);
Sample: (z¢,y:) ~ Yy,
Replace: S < Replace((xt,yt),S);
L (-rbestv ybest) = arg Hlll’l{y ($7 y) € S}?
return (Tyest, Yoest)

The operator || - || returns a tuple comprised of the diameter of each dimension of the region. For
instance, when Q = [wi, wi] x [w}, W3], we have||Q|| = (wi —wi, w3 —w?). The projection operator
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Proj(h, Q) generates a random vector X; with probability distribution
Dy, = hy/P({z € Q: hy(x) = 1}),

where h;(z) = 1 when h;(x) = 1 and = € Q. The sampling random vector Y is induced from X.
The following theorem gives the query complexity upper bound of Algorithm I}

Theorem 3.2. Consider Algorithm Assume that for ¢ > 0, Q. is 7)-shattered by h; for all
t =r+1...,T. Let the region shrinking rate 0 < v < 1 and region shrinking frequency 0 < p < 1,
then for 0 < & < 1, the (e, §)-query complexity of “RACE-CARS” is upper bounded by

—p —(T-r)p _ 1 1
O(max{(w—i—é/\n—k (1-=2X) 1(mlng —7) —l—r,T}>.

The detailed proof of Theorem [3.2]can be found in appendix

0 < v < 1 implies WJ% & 1. Theorem [3.2|indicates that the upper bound of the (¢, )-
query complexity of sequential “RACE-CARS” is smaller than “SRACOS” as long as > 0.

Definition 3.2 (Dimensionally local Holder continuity). Assume that z, = (zl,...,2%) is the
unique global minimum such that f(z,) = f*. We call f dimensionally local Holder continuity if

forall z = (2!, ..., 2") in the neighborhood of X, where 3%, 55, Li, L% are positive constants for

1=1,...,n.
Under the assumption that f is dimensionally locally Holder continuous, it is obvious that

. . € i . € i
Qe g [xif(i)iﬁlv'):i‘i»(j)iﬁl}
i:rll Ll Ll

Denoted by Z; = (Zf,...,Z}) = argmin;_; , f(z;), the following theorem gives a lower
bound of region shrinking rate v and shrinking frequency p, such that “RACE-CARS” meets the
assumptions in Theorem [3.2]

Theorem 3.3. For a dimensionally local Holder continuous objective f. Assume that for € > 0, Q).

is n-shattered by h forallt = r+1,...,7T. In order that ). being n-shattered by hy, it is sufficient
when the region shrinking rate « and shrinking frequency p satisfy:

1 B € . a1 n " € . _an
el 2 (3 - ot + (Pt -tk ().

However, 3%, L} and x, are unknown generally, v and p are hyperparameters should be carefully se-
lected. Although new hyperparameters are introduced, they make practical sense and there are traces
to follow when tuning them. Empirical hyperparameter-tuning guidance is conducted in section 3}

4 EXPERIMENTS

In this section, we design 2 experiments to test “RACE-CARS” on synthetic functions, and a
language model task respectively. We use same budget to compare “RACE-CARS” with several
state-of-the-art DFO algorithms, including sequential “RACOS” (“SRACOS”) (Hu et all 2017),
zeroth-order adaptive momentum method (“ZO-Adam”) (Chen et al.| [2019), differential evolution
(“DE”) (Opara & Arabas,|2019) and covariance matrix adaptation evolution strategies (“CMA-ES”)
(Hansen, [2016). All the baseline algorithms are fine-tuned.

4.1 ON SYNTHETIC FUNCTIONS

We first test on four well-known benchmark test functions: Ackley, Levy, Rastrigin and Sphere. An-
alytic expressions can be found in appendix [B]and Figure[3|shows the surfaces of four 2-dimensional
test functions. It can be observed that they are highly nonconvex with many local minima except
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Figure 1: Comparison of the synthetic functions with n = 500.

for Sphere. These functions are minimized within the boundary Q@ = [—10, 10]™, and the mini-
mum of them are all 0. We choose the dimension of solution space n to be 50 and 500, and the
budget of function evaluation is set to be 5000 and 50000 respectively (as the results show, in order
to make the algorithm converge, only a few portions of the budget is enough for “RACE-CARS”).
Region shrinking rate is set to be v = 0.9,0.95 and region shrinking frequency is p = 0.01,0.001
respectively when n = 50, 500. Each of the algorithm is repeated 30 runs and the convergence tra-
jectories of mean of the best-so-far value are presented in Figure ] (in appendix [C) and Figure [T}
The numbers attached to the algorithm names in the legend of figures are the mean value of obtained
minimum. It can be observed that “RACE-CARS” performs the best on both convergence speed
and optimal value, except for the strongly convex function Sphere, where it is slightly worse than
“CMA-ES”. However, it should be emphasized that “CMA-ES” involves an n-dimensional covari-
ance matrix, which is very time-consuming and suffers from scalability issue compared with the
other four algorithms.

4.2 ON BLACK-BOX TUNING FOR LANGUAGE-MODEL-AS-A-SERVICE

Prompt tuning for extremely large pre-trained language models (PTMs) has shown great power.
PTMs such as GPT-3 (Brown et al) |2020) are usually released as a service due to commercial
considerations and the potential risk of misuse, allowing users to design individual prompts to query
the PTMs through black-box APIs. This scenario is called Language-Model-as-a-Service (LMaaS)
(Sun et al.| 2022} Diao et al., [2022). In this part we follow the experiments designed by Sun et al.
(2022) E], where language understanding task is formulated as a classification task predicting for a
batch of PTM-modified input texts X the labels Y in the PTM vocabulary, namely we need to tune
the prompt such that the black-box PTM inference API f takes a continuous prompt p satisfying
Y = f(p; X). Moreover, to handle the high-dimensional prompt p, [Sun et al.| (2022) proposed
to randomly embed the D-dimensional prompt p into a lower dimensional space R? via random
projection matrix A € R”*?, Therefore, the objective becomes:

min £(f(Az + po: X),Y),

where Z = [—50,50]¢ is the search space and £(-) is cross entropy loss. In our experiments, we
set the dimension of search space as d = 500, prompt length as 50, let RoOBERTa (Liu et al., 2019a)

!Code can be found in https://github.com/txsun1997/Black-Box-Tuning
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be backbone model. We test on datasets SST-2 (Socher et al.| 2013)), Yelp polarity and AG’s News
(Zhang et al., [2015)), and RTE (Wang et al., 2018). Under the same budget of API calls T" = 8000,
we compare “RACE-CARS” with “SRACOS” and the default DFO algorithm “CMA-ES” employed
in|Sun et al.| (2022) ﬂ The shrinking rate is 7 = 0.7 and shrinking frequency is p = 0.002. Each of
the algorithm is repeated 5 runs independently with different seeds. Figure [2|shows comparisons on
the performance of mean and deviation of training loss. In appendix [C] results on training accuracy
(Figure[5), development loss (Figure[6) and development accuracy (Figure[7) can be found. Results
show that “RACE-CARS” accelerates “SRACOS” in each case. “CMA-ES” outperforms “RACE-
CARS” on Yelp polarity, AG’s News and RTE, while it is a bit overfitting compared to “RACE-
CARS?” (see Figure [6] and [7). “RACE-CARS” realizes comparable performance to “CMA-ES”.
In contrast to the well-tuned “CMA-ES”, the hyperparameters of “RACE-CARS” are only tuned
empirically w.r.t. SST-2 dataset, and then directly applied on three other datasets.

—— RACE-CARS —— RACE-CARS
SRACOS. SRACOS
— cmaEs — cmaEs

rain)

55 entropy loss (t
entropy loss (train)

0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000
number of API calls number of API calls

(a) SST-2 (b) Yelp P.

225 —— RACE-CARS —— RACE-CARS
SRACOS. SRACOS
2.00 — CcMAES 10 — cMAES

0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 80O
number of API calls number

Pl er of API calls

(c) AG’s News (d) RTE

Figure 2: Comparison of black-box tuning for LMaaS (Training loss).

5 DISCUSSION

5.1 BEYOND CONTINUITY

(i) For discontinuous objective functions.

The sufficient condition Theorem [3.3] gives a hyperparameters selection strategy when the
objective is dimensionally local Holder continuous (see Definition[3.2)), in which the objec-
tive is restricted by several continuous envelopes whereas not supposed to be continuous.
Aside from continuous cases in the last section, when dealing with discontinuous objec-
tives, “RACE-CARS” is still valid. See appendix [E] for details.

(ii) For discrete optimization.

Similar to “SRACOS”, “RACE-CARS” maintains the ability to solve discrete optimization
problems. Theorem [3.1]and [3.2]can fit this situation when altering the measure of probabil-
ity space to be for example, induced by counting measure. We further conduct experiments
on mixed-integer programming problems, showing the acceleration of “RACE-CARS” em-
pirically. See appendix [E] for details.

2As section shows, neither “ZO-Adam” nor “DE” achieves satisfactory result when the objective is
a high-dimensional nonconvex black-box function. In the consideration of concision and explicitation, we
discard these two methods in this section.
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5.2 ABLATION EXPERIMENTS

Generally, the word “black-box” implies objective-agnosticism or partial-cognition. Just like what
“No Free Lunch” theorem tells, it is desirable but not realistic to design a universal well-performed
DFO algorithm for black-box functions while hyperparameter-free. We propose “RACE-CARS”
carrying 2 hyperparameters shrinking-rate v and shrinking-frequency p. For an n-dimensional opti-
mization problem, we call 4" shrinking factor of “RACE-CARS”. In Theorem [3.3| we give a lower
bound of shrinking factor in the expectation sense. In this subsection we take Ackley for a case
study, design ablation experiments on the 2 hyperparameters of “RACE-CARS” to reveal the mech-
anism. We stipulate that we do not aim to find a best composition of hyperparameters, whereas to
put forth an empirical hyperparameter-tuning guidance. See appendix [E| for details.

5.3 ON THE NEWLY INTRODUCED ASSUMPTION

In the former studies, |Hu et al.| (2017)) establish query complexity upper bound based on two quan-
tities, namely the error-target 6-dependence (see Definition and the ~-shrinking rate (see Def-
inition [2.3). According to the analysis in subsection [3.1] and the second paragraph in subsection
these two quantities may lead to inaccurate upper bound under certain extreme conditions. The
pertinence of these two quantities is therefore debatable. In the present study, we deprecate these
quantities and introduce a more straightforward concept, i.e. “hypothesis-target n-shattering” (see
Definition [3.1)), which describes the percentage 7 of the intersection of hypotheses and target. Ac-
cording to the derived Theorem3.1]and Theorem [3.2] region-shrinking accelerates the classification-
based DFO as long as > 0. Following the idea of this newly introduced assumption, training a
series of accurate hypotheses is not necessary, while pursuing bigger shattering rate 7 is more pre-
ferred. This radical strategy is in contrast to |Hashimoto et al.| (2018)), who propose a batch-mode
classification-based DFO using a conservative T'raining sub-procedure, namely consistent selec-
tive strategy (CSS) (El-Yaniv & Wiener, 2012). They prove that for a hypothesis class H of VC-
dimension V C(H), an accurate hypothesis needs O(e ! (VC(H) log(e~!))) per-batch samples for
Training. Although they propose a computationally efficient approximation, only successes on low
dimensional problems are provided and performance on high dimensional remains unclear.

However, it is not trivial to identify the applicable scope of the newly introduced assumption,
given the complexity of the stochastic process corresponding to the Training and Replacing sub-
procedure (see equation 2} Algorithm [3]and Algorithm ). To our best knowledge, the conditional
expectation of such process cannot be determined analytically. We plan to address this gap via two
routes in our future work. Firstly, despite the provided empirical test results, numerical tools com-
promising black-box function exploration and computational cost may be useful to further clarify the
applicability of the proposed algorithm. Furthermore, altering the Training and Replacing sub-
procedures inherited from “RACOS”, which may ideally lead to a bigger shattering rate and maintain
the easy-to-sample characterization, will be another extension direction of the current study.

6 CONCLUSION

In this paper, we propose a concept called hypothesis-target shattering rate and revisit the query
complexity upper bound of sequential-mode classification-based DFO algorithms:

n -1, 1 1
(’)(max{()\p +(1=X\) (mlng -7) +T,T}>.

Inspired by the computational complexity upper bound under the new framework, we propose a
region-shrinking technique to accelerate the convergence. Computational complexity upper bound
of the derived sequential classification-based DFO algorithm “RACE-CARS” is:

-p —(T—r)p _ 1 1

The 2 newly introduced hyperparameters v € (0, 1) is shrinking rate and p € (0, 1) is shrinking

frequency. Since wﬁ% < 1, “RACE-CARS” outperforms “SRACOS” theoretically. In
empirical analysis, we study the performance of “RACE-CARS” on synthetic functions and black-
box tuning for language-model-as-a-service, showing its superiority over “SRACOS” and other 4

DFO algorithms.
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A  ALGORITHMS

Algorithm 2: Batch-Mode Classification-Based Optimization Algorithm

Input:
T € N*: Budget; r: Training size; m: Positive size.
Olltpllt: (xbesh ybest)-

Collect: S = {(29,49),..., (22,949)} i.i.d. from Uq;
(xbesh ybest) = arg mln{y (337 y) € };
fort=1,...,7/rdo
ClaSSify: (Spositiv67 Snegative) <~ S;
Train: ht — T(Spositive; Snegative);
Sample: {(z%,4%), ..., (zf,yL)} i.id. with Yy,
Select: S < best r samples within S U {(x%,9!), ..., (2L, yt)};
(xbestvybest) = arg mln{y (x,y) S S}

return (xbesta ybest)

Algorithm 3: RACOS

Input:
Q: Boundary;  (Spositives Snegative): Binary sets; 1= {1,...,n}: Index of dimensions.

OQutput: h: Hypothesis.
Randomly select: 4 = (z1,...,2"") < Spositive;
hiz)=1;
while 3z € S,cgative 5.1. he(x) =1 do
Randomly select: k < T;
Randomly select: z_ = (z,...,2") < Speqative;
if 2% < 2" then

s « random(z* , 2% );

Shrink: h(z) =0, Vo € {z = (2!,...,2") € Q: 2F > s};
else

s < random(z* , 2% );

Shrink: h(z) =0, Vz € {z = (2!,...,2") € Q: 2F < s};
L return h

Algorithm 4: Sequential-Mode Classification-Based Optimization Algorithm

Input:
T € N*: Budget; r: Training size; m: Positive size;
Replace: Replacing sub-procedure.

OutPUt: (xbesfm ybest)-

Collect S = {(x1,11); - - -, (@1, yp) } 1.1.d. from Ug;
(-rbesh ybest) = arg mln{y (mv y) € S}?
fort=r+1,...,T do

Classify: (Spositive, Snegative) < S

Train: ht — T(Spositive; Snegative);

Sample: (¢, y:) ~ Y3

Replace: S < Replace((xt,yt),S);

(-Tbestv ybest) = arg mln{y (557 y) € S}’
return (Tpest, Ypest)

13
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B SYNTHETIC FUNCTIONS

(c) Rastrigin (d) Sphere

Figure 3: Synthetic functions with n = 2.

Ackley:

n
f(a) = —20exp(—0.2, | Y (2; — 0.2)2/n) — exp Zcos%’xl/n) + e + 20.
i=1 i=1
e Levy:
n—1
f(x) = sin®(wwy) + Z(wi —1)*(1 + 10sin®*(mw; + 1)) + (w, — 1) (1 + sin®(271w,,))
i=1
where w; =1 + ”””1
* Rastrigin:
f(z) =10n+ Z(m? — 10 cos(2mz;)).
i=1

* Sphere:

14
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C FIGURES
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Figure 4: Comparison of the synthetic functions with n = 50.
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Figure 5: Comparison of black-box tuning for LMaa$ (Training accuracy).
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D TABLES

Table 1: Comparison of shrinking frequencies p for Ackley on 2 = [—10, 10]* with shrinking
rate v = 0.95. Mean and standard deviation of function value at the 30n step are listed in the table. The first
row of the table with p = 0 is the results of “SRACOS” for reference. We omit the results of p bigger than 0.1
for concision. The bold fonts are relative better results in each dimension.

50 100 150 200 250 300 350 400 450 500

0 3.8£02 39402 59401 5.7+£0.1 58+£02 58+01 59400 584+00 59401 5.810.1
0.002 3.7+£02 35+02 43+03 44403 40+£06 3.9+05 3.7+04 33+04 33103 26+04
0.004 34403 32101 3.8+06 37402 28+05 21405 19402 19402 18406 17104
0.006 33+£03 29402 29404 20%0.1 21+£04 18402 19402 24403 27403 31415
0.008 3.0£03 24+04 23£05 17402 18+04 23407 25+£04 39£08 45409 55+1.0
0.010 2.8+04 18+05 19404 21402 23+06 3.6+08 414+06 49+09 75+07 63£08
0.012 25401 14402 16+04 18402 31407 44411 54£05 56414 66+08 75+0.7
0.014 26+£03 15+03 25+05 22405 39+06 50£08 71+£12  63+£06 8307 83%05
0.016 26404 13+04 20403 34+13 44409 61110 70+1.1 6.9+08 8.0+06 89408
0.018 23402 13404 28408 41406 51£09 69£1.0 71+13  83+05 91409 93+04
0.020 20£06 20£05 32+12 44408 63+13 72%f11 74406 9.1+£08 102409 10.0£0.6
0.022 17403 204+1.0 39+13 53+10 68+1.0 T5Ell 88+06 9.14+08 1074+05 100403
0.024 19+02 33£09 43+11 60409 7.0+£03 85+£07 93+£04 101407 10.7+05 108406
0.026 15+04 27412 43+£06 704+07 83+04 9.0+04 98+£07 10.1£0.7 107406 11.6+04
0.028 13402 38+06 49+07 72407 88+1.0 88£09 95+05 10.7£04 109402 11.3£04
0.030 13+04 40£04 50£04 71409 82+10 92406 103£05 106+1.0 109+04 11.8+04
0.032 15405 61+1.2 62+1.1 7.3+£06 91+£08 99+05 106+£04 105£08 112406 12.0£03
0.034 19+06 51£08 59+£07 82+07 9.0+03 104+£04 106£06 11.2+04 11.94+05 121+04
0.036 15+02 64£05 68+£06 79+10 93+10 104+£04 109£03 11.3£05 119403 120403
0.038 22416 51+08 61+06 82+10 9.6+08 108+05 109£05 116403 118404 123405
0.040 22411 73+£16 76+04 87+04 93+07 104+£05 114£04 1174106 1234+02 122403
0.042 22408 64+12 76+08 93+08 10.0+08 104+£05 11.6£03 123+£04 1204+05 125405
0.044 18+06 68+1.0 69+09 9.6+05 103+04 11.0£1.0 11.1£03 120403 124404 126403
0.046 21+£03 74407 81+08 94403 104409 11.3+£04 11.6£05 12.1+04 124402 127402
0.048 32+£11 66+£1.0 75+13 99+04 101404 113402 122404 120405 1234+03 125403
0.050 35+10 7.74£08 86+03 100+03 106406 11.1+05 124£02 125+04 126403 128402
0052 3.6+£07 88%£09 81+£06 100+08 11.0+04 11.6£0.7 127£02 125+01 128404 13.34+0.1
0.054 38+£15 73+£09 85+03 101409 11.3+03 11.74£02 127403 129402 128402 13.0+03
0.056 38+13 88+1.0 91408 105407 111407 11.8404 124402 126+04 131401 13.0+0.2
0.058 414£1.0 91411 93+13 10.74£05 109402 11.94+03 121404 127£04 131402 132403
0.060 41£1.0 88+04 914+09 108+£05 11.24£05 118403 125402 128402 13.0+£03 13.2+0.2
0.062 41417 92410 91406 109405 119405 121403 124402 129404 13.0+£03 13.3+0.1
0.064 45+12 8605 97+04 11.14£08 11.7£02 123405 126403 131402 133402 13.4+£0.2
0.066 47403 95+09 92+04 11.0£05 120£03 121403 128404 129402 133402 13.3+£0.2
0.068 47407 92410 97+07 11.04£07 1174104 128404 125406 13.0+02 134401 134402
0.070 54+15 95+09 1014+06 108+04 123403 124404 125407 13.14£04 1334+02 135401
0.072 53+12 91£08 1014+04 11.7405 122406 125404 13.0£04 133£02 132402 13.7+0.2
0.074 58+1.0 10.14+0.8 103+04 114403 120+04 125+04 127403 13.0£04 133403 13.7£0.1
0.076 52+13 98%05 106+05 11.3+09 123403 127405 13.0£02 132402 135403 13.7+02
0.078 59405 103+£05 98+06 11.84+0.1 121401 127404 132403 133£03 13.64+0.1 13.7+0.2
0.080 56+0.7 1014£01 106+04 114404 123405 13.0+£03 13.1£01 134£03 135£04 13.7£0.2
0.082 43+13 1034+08 102407 11.84£05 125+£04 128403 131403 134402 135403 13.8£0.2
0.084 6.7£09 106+£03 109402 118403 125403 13.0£03 133£02 134403 13.64+02 13.84+0.2
0.086 49406 102+£06 11.0+£04 11.9+03 124402 126+05 13.0£03 13.5+02 137402 13.940.2
0.088 58+1.0 10.7£0.6 109402 11.7+06 125402 13.0£05 133£02 136403 13.64+0.1 13.94+0.1
0.090 66+£14 102406 111404 121403 126405 13.0£02 135£01 134402 136402 13.84+0.2
0.092 7.0+£1.0 104406 11.14£07 122403 128403 13.0+£02 133£02 135%£03 13.7£02 13.8£02
0.094 79405 102402 112406 123402 125403 128403 132402 13.54£02 13.64+02 13.9402
0.096 6.7£05 109£06 111402 122405 128402 131403 134403 134402 138403 13.9+0.1
0.098 7.6+05 10.7£05 11.14£02 122403 126403 13.0+£04 133£02 13.6£02 13.7£02 14.0+£0.1
0.100 82+1.0 108£03 113408 11.9+04 13.0+£02 133403 134401 136402 138401 13.84+0.2
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E DIiscussioN

E.1 BEYOND CONTINUITY

E.1.1 FOR DISCONTINUOUS OBJECTIVE FUNCTIONS

We design experiments on discontinuous objective functions by adding random perturbation to syn-
thetic functions in appendix [B] For example, the perturbation is set to be

P(z) = Zei - 0B(2;,0.5) ().
i=1

B(x;,0.5) is the open ball centering at x; with radius equals to 0.5, with ;, i = 1, ..., m, randomly
generated within the solution region. 63(%0.5)(1‘) is an indicator function, equals to 1 when x €
B(z;,0.5) otherwise 0. The perturbations ¢, are uniformly sampled from [0, 1] for every single ball
center x;, ¢ = 1, ..., m. The objective function is set to be

f(@) = f(x) + P(x),

which is lower semi-continuous. We use the same settings as in section[d.I| with dimension n = 50,
the perturbation size m = 5n and budget 7' = 100n. Similarly, region shrinking rate is set to be
~v = 0.9 and region shrinking frequency is p = 0.01. Each of the algorithm is repeated 30 runs
and the convergence trajectories of mean of the best-so-far value are presented in Figure [§] The
numbers attached to the algorithm names in the legend of figures are the mean value of obtained
minimum. It can be observed that the acceleration of “RACE-CARS” to “SRACOS” is still valid.
Comparing with baselines, “RACE-CARS” performs the best on both convergence, and obtain the
best optimal value. As we anticipated, the performance of “SRACOS” and “RACE-CARS” are
almost impervious to discontinuity, whereas the other three baselines, whose convergence relies on
the continuity, suffers from oscillation or early-stopping to different extent.
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Figure 8: Comparison on discontinuous objectives
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E.1.2 FOR DISCRETE OPTIMIZATION

In order to switch “RACE-CARS” to discrete optimization, Training, Region-shrinking and
Projection sub-procedures in Algorithm [T|should be modified. In all cases, we employ the discrete
version of “RACOS” (Yu et al.,[2016)) for T'raining. Furthermore, we presume counting measure #
as the inducing measure of probability space (2, F,P), where P(B) := #(B)/#(2) forall B € F.
The Region-shrinking and Projection is therefore similar only to set the operator || - || return the
count of each dimension of the region.

We design experiments on the following formulation:

min f(z,y) 4)
st.x € Q.
y € Qq,

where Q. is the continuous solution subspace and €2 is discrete. Equation ] encompasses a wide
range of continuous, discrete and mixed-integer programming problems. In our experiments, we
specify equation ] as a mixed-integer programming problem:

min Ackley(x) + LT abs(y)
st.xe[-1,1]™
y € {-10,-9,...,9,10}",

where L € R™2 is sampled uniformly from [1, 2], thus the global optimal value is 0. We choose
the dimension of solution space as n; = ny = 50 and 250, the budget of function evaluation is
set to be 3000 and 10000 respectively. Region shrinking rate is set to be v = 0.95 and region
shrinking frequency is p = 0.01, 0.005 respectively. Each of the algorithm is repeated 30 runs and
the convergence trajectories of mean of the best-so-far value are presented in Figure 0] As results
show, “RACE-CARS” maintains acceleration to “SRACOS” in discrete situation.
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Figure 9: Mixed-integer programming.

E.2 ABLATION EXPERIMENTS

(i) Relationship between shrinking frequency p and dimension n.

For Ackley on 2 = [—10,10]", we fix shrinking rate p = 0.95 and compare the perfor-
mance of “RACE-CARS” between different shrinking frequency p and dimension n. The
shrinking frequencies p ranges from 0.002 to 0.2 and dimension n ranges from 50 to 500.
The function calls budget is set to be 7' = 30n for fair. Experiments are repeated 5 times
for each hyperparameter and results are recorded in appendix [D] Table[T]and the normalized
results is presented in heatmap format in Figure The black curve represents the trajec-
tory of best shrinking frequency with respect to dimension. Results in Figure [I0]indicate
the best p is in reverse proportion to n, therefore maintaining np as constant is preferred.

(ii) Relationship between shrinking factor v*# and dimension n of solution space.
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Figure 10: Comparison of shrinking frequencies p for Ackley on 2 = [—10, 10]" with shrink-
ing rate v = 0.95. The horizontal axis is dimension and the vertical axis is shrinking frequency. The heat
of each pixel represents the y-wise normalized mean function value at the 30n step. The black curve is the best
frequency in each dimension.

For Ackley on Q = [—r, 7]™, we compare the performance of “RACE-CARS” between dif-
ferent shrinking factors and radius r. Different shrinking factors are generated by varying
shrinking rate v and dimension times shrinking frequency np. We design experiments on 4
different dimensions n with 4 radii r. The function calls budget is set to be 7" = 30n. Exper-
iments are repeated 5 times for each hyperparameter and results are presented in heatmap
format in Figure [T1] According to the results, the best shrinking factor is insensitive to
the variation of dimension. Considering that the best np maintains constant as n varying,
slightly variation of the corresponding best +y is preferred. This observation is in line with
what we anticipated as in section 4]
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— best shrinking factor
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(

hrinking factor

E
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_ 0294

hrinking factor ()
2 8 &5

st

500
dimension dimension
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500

Figure 11: Comparison of shrinking factor +"” and dimension n of the solution space
Q = [—r,r]". Results of different solution space radius are presented in each subfigure respectively. In
each subfigure, the horizontal axis is the dimension and the vertical axis is shrinking factor. Each pixel repre-
sents the heat of y-wise normalized mean function value at the 30n step. The black curve is the best shrinking
factor in each dimension.

(iii) Relationship between shrinking factor v*# and radius r of solution space.
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For Ackley on Q = [—r,r]™, we compare the performance of “RACE-CARS” between
different shrinking factors and radius r. Different shrinking factors are generated by varying
shrinking rate  and dimension times shrinking frequency np. We design experiments on
4 different radii  with 4 dimensions n. The function calls budget is set to be T = 30n.
Experiments are repeated 5 times for each hyperparameter and results are presented in
heatmap format in Figure[T2] According to the results, the best shrinking factor v"*# should
be decreased as radius r increases.
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Figure 12: Comparison of shrinking factor v and radius r of the solution space Q = [—r, r]".
Results of different dimension are presented in each subfigure respectively. In each subfigure, the horizontal
axis is the radius of solution space and the vertical axis is shrinking factor. Each pixel represents the heat of
y-wise normalized mean function value at the 30n step. The black curve is the best shrinking factor of each
solution space radius.
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F PROOFS

Theorem F.1. Let X; = X}, , assume that for € > 0, {), is n-shattered by h; forallt =r+1...,T
and max TIP’({m € Q: hy(z) =1}) <p <1 Thenfor0 < § < 1, the (¢, §)-query complexity

t=r+1,...,

is upper bounded by

Sh| =

n -1, 1
O(max{()\p +(1=X\) (|Qe| In-—r) +T,T}>.

Proof. Let & := argmin f(x;), then
t=1,...,T

Pr(f(z)—f*>¢)
=E []I{Ylv---aYT—lEQQ}E[H{YTEQ:}

Fr-1l]
=E [H{Yu---,YszéQ:}E [H{YT—IEQg}E[H{YTeﬂg}|‘FT*1”‘FT72:|:|
=E[lpy,...v.co} B[y, cey - E Iy, cooy Ellpyreaey [ Fr—i]|Fr—z] - - | Fr]]-

Where I () is the identical function on B € F such that Ip(z) = 1 forall z € B and Ip(z) =0
otherwise. Atstep t > r + 1, since X, is independent to F;_1, it holds

Ellyy, caey|Fi-1] =E[lx, + - nxgeae) | Fi-1]
=M1 - E[lx,, ey [Fi-1]) + (1 = A) (1 = [Q]).

Under the assumption that €2, is n-shattered by h;, it holds the relation that
P({z € Qc: he(z) =1})
P({zx € Q: h(z) =1})

E[H{Xhte(zg} Fi1) = > g|Q€|

Therefore,
Ellgy, eqey[Fe—1] =A(1 — E[lyx,, eq.3[Fe-1]) + (1 = A)(1 — [2])
1= (] + (-2

Apparently, the upper bound of E[I¢y, cqcy [ Fi—1] satisfies 0 < 1 — (AL + (1 — \))[Q] < 1, thus

]E[H{Ytegg}E[H{erlGQE} ‘Ft”]——t*l] §<1 - ()‘g + (1 - )‘))|Q€|)]E[H{Yf6§lg} ]:tfl}
n 2
<(1- A+ - A1)

Moreover,
Pr(f(Z)—f">¢)
=E [H{Yl,...,YTEQg}E[I[{YT_HGQ;} K [H{YT_leQE}E[H{YTng}|-FT71]|-7:T72] vl
<(1- (Ag + (1= TEY, . Y, € QF

=(1= O+ (=) (= [y
< exp {_ ((T _ mu% F(1— )+ r> Q€|} .
In order that Pr (f(Z) — f* > €) < 4, it suffices that

exp{ = (= nOL =47 )l f <o

hence the (e, 0)-query complexity is upper bounded by

n -1, 1 1
C’)(max{()\p +(1=X) (mlng -r) +T,T}).
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Theorem F.2. Consider Algorithm Assume that for € > 0, {2, is n-shattered by hy for all
t =r+1...,T. Let the region shrinking rate 0 < v < 1 and region shrinking frequency 0 < p < 1,
then for 0 < & < 1, the (e, §)-query complexity is upper bounded by

—p —(T—r)p _ 1 1

Proof. Let & := argmin f(z), then
t=1,...,T

=E []I{Yl ,,,,, YT_lng}E[H{YTng}\]:Tq]]

=E[Liy,...vr_ea}B (I, eoe) Elliypeaey [Froa] | Frs]]

=Eliy,....v,e00 E[Iiy,e0 B [Tiyro o Elliyreasy [ FroallFr—2] - | 7]
Atstept > r + 1, since X, is independent to F;_1, it holds

Ellfy,coepFi-1] =E[lx +(1-axoeqey [ Fe-1]
=M1 = E[l{x,eq. 3 [Fi-1]) + (1 =21 — [Q]).

The expectation of probability that hy hits positive region is upper bounded by
E[]P)({{,E e O: iLt(IIJ) = ].})|.th1] < ’Y(t_r)pP[Q] = ,y(t—r)p.

Under the assumption that €2, is n-shattered by th, it holds the relation that
P({z € Qc: hy(z) = 1})
E[P({z € Q: hy(z) = 1})|Fo1]

>y~ 0P|

E[H{Xteﬁe} ‘thl] =

Therefore,
Ell{y,eac}|Fio1] < 1— (Ay™772n 4+ (1= N)[) Q|-
Moreover,
Pr(f(z) — f*>¢)
=E[Ify,...v,co} E[Iiy, ey - B Livo s coey By reaey [ Froall Froz] - - | F] ]

T
< IT @= (™ 2+ (1= NNQe) @ - [2])
t=r+1
T
<exp {— ( DT (T =) (1= 2) + r) Qel}
t=r+1
—p —(T—r)p
= exp {_ ((T— r)(%/\n—k (1-A) +r> Q€|} .

In order that Pr (f(z) — f* > €) < 4, it suffices that

eXp{— ((T-@(WAH (1- 1)) —l—r) |Q€|} <6,

hence the (¢, 0)-query complexity is upper bounded by

-p —(T-r)p _ 1 1
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