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ABSTRACT

Softmax Attention has a quadratic time complexity in sequence length, which
becomes prohibitive to run at long contexts, even with highly optimized GPU
kernels. For example, FlashAttention2 and FlashAttention3 (exact, GPU-
optimized implementations of Softmax Attention) cannot complete a single for-
ward-backward pass of a multi-head attention layer once the context exceeds
~ 4 million tokens on an NVIDIA GH200 (96 GB). We introduce RACE At-
tention, a kernel-inspired alternative to Softmax Attention that is strictly linear
in sequence length and embedding dimension. RACE Attention replaces the ex-
ponential kernel with a sharpened angular similarity, and approximates attention
outputs via randomized projections and soft Locality-Sensitive Hashing (LSH).
Across language modeling, masked language modeling, and text/image classifi-
cation, RACE Attention matches or outperforms strong baselines up to 64K se-
geuence length while reducing wall-clock time and memory. In a controlled scale
test, it processes up to 12 million tokens during a single forward-backward pass on
an NVIDIA GH200 GPU and 75 million tokens on an Intel Xeon® Gold 5220R
CPU—well beyond the practical limits of the current state-of-the-art attention im-
plementations. RACE Attention thus offers a practical and theoretically grounded
mechanism for long-context training on today’s hardware.

1 INTRODUCTION

The Transformer (Vaswani et al., | 2017; |Dehghani et al.,|2019) is the backbone of modern sequence
modeling across language, vision [Parmar et al.|(2018]), and speech |Luo et al.|(2020). We have seen
remarkable improvements over the past few years in reasoning and understanding capabilities. Most
of these are attributed to the increased parameters of the transformers along with the capability to
process longer context windows than before. All this progress, however, rests on a computationally
expensive primitive: Softmax Attention, whose time scales quadratically with context length. As
models and contexts grow, spanning multi-document reasoning, long-form code, audio, and video,
the quadratic barrier increasingly dictates who can train and deploy capable systems. Industrial labs
mitigate the cost with large-scale distributed hardware; most practitioners cannot. There is a grow-
ing need for attention mechanisms that are accurate, fast, and memory-efficient. To highlight the
limits of Softmax Attention: even with FlashAttention2 [Dao| (2023) and FlashAttention3 [Shah et al.
(2024), the state-of-the-art GPU implementations, a single forward—backward pass of a multi-head
attention layer (1 batch, 4 heads, embedding dimension of 128) remains computationally and mem-
ory intensive and cannot process sequences beyond ~ 4 million tokens on an NVIDIA GH200 (96
GB) GPU. Clearly, to achieve an outrageously long context where the target context size is hundreds
of millions of tokens or beyond, fundamental rethinking of attention will be required (Bahdanau
et al.l [2014).

Linearized and Low-Rank Approximations to Quadratic Attention: Due to the significance of
the problem, a very large body of work attempts to accelerate attention by approximating softmax
with linear approximations |Zeng et al|(2021) or clever kernel feature maps (Katharopoulos et al.,
2020; (Choromanski et al., 2021} [Peng et al., 2021} Qin et al., 2022). A work more closely re-
lated to ours is YOSO Attention Zeng et al. (2021), which also approximates a powered angular
kernel using hard LSH. Despite this same kernel formulation, the underlying estimators differ sub-
stantially. RACE Attention leverages a smooth, differentiable relaxation of classical RACE-based
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hashing (Coleman & Shrivastaval [2020) to approximate the powered angular kernel. More impor-
tantly, YOSO lacks formal theoretical guarantees on its approximation quality and a mechanism that
enables causal language modeling. RACE addresses both limitations: Sections[3.2]and[3.3]develop a
theoretically grounded estimator with quantifiable approximation error, and Algorithm [2| presents a
practical attention mechanism that naturally supports causal settings. We defer an in depth compari-
son between RACE and YOSO to Section[3.1] Two notable lines of work in the direction of linearly
approximating attention are Linear Attention Katharopoulos et al.|(2020) and Performer /Choroman-
ski et al. (2021). Linear Attention replaces the softmax similarity with a simple positive kernel via
a feature map, e.g. ¢(x) = elu(x) + 1. This lets the attention be re-ordered into associative sums,
achieving linear computation. Although such a kernel trick reduces computational complexity, it of-
ten degrades accuracy, as clearly demonstrated by our experiments in Section Performer takes
a different approach and cleverly leverages the classical idea of approximating the exponential of an
inner product using Random Fourier Features Rahimi & Recht (2007)). However, this strategy comes
with its own drawbacks. In particular, the method incurs a time complexity that is quadratic in the
embedding dimensionality, which offsets many of the intended computational savings. Furthermore,
it is well established [Backurs et al.| (2017) that approximations based on Random Fourier Features
require high-dimensional representations to achieve satisfactory accuracy. Our experimental results
in Section [4.2] reinforce this limitation by showing that these methods exhibit poor scalability in
practice.

Another category of work replaces the full N x N attention matrix with a low-rank surrogate.
Some methods learn length-wise projections for keys/values (e.g., Linformer), while others use
Nystrom landmarks to approximate Softmax Attention matrix with a rank-k decomposition (e.g.,
Nystromformer). These approaches reduce the leading cost from O(N2d) to O(Nkd), at the cost
of choosing (and occasionally increasing) k to maintain accuracy. (Wang et al.| 2020; |Xiong et al.,
2021). Moreover, these methods provide no support for autoregressive tasks. As shown in Sec-
tion our method outperforms Linformer in accuracy despite Linformer having 13% more pa-
rameters than the other methods. Beyond the empirical shortcomings, a deeper conceptual issue
persists: existing approximation approaches lack a rigorous mathematical framework to character-
ize the trade-offs between efficiency and accuracy. For example, while Performer provides strong
kernel-approximation guarantees, a general framework connecting efficiency knobs (e.g., feature
count m) to downstream accuracy remains limited, and strong accuracy frequently entails large m
in practice. As a result, design decisions often appear ad hoc and fragile, leaving methods vulnerable
to instability between tasks and settings. Taken together, these limitations explain why, despite the
abundance of approximations, Softmax Attention continues to remain the most widely adopted and
reliable formulation.

Sparsity is Complementary: We note that there is also a popular line of work (Beltagy et al.,2020;
Zaheer et al., 2020; Kitaev et al., 2020; Han et al., 2023 |Petrick et al., |2022)) that exploits structural
information in natural language, with sparsity in attention being among the most widely studied.
These approaches are complementary to our proposal, which focus on making the fundamental
attention mechanism itself more efficient and mathematically grounded. In principle, our method
can be integrated with structural priors such as sparsity to further improve scalability and accuracy.
However, since our objective in this paper is to develop fundamentally efficient attention, we will not
discuss this line of structural approaches further, instead we view combining them with our method
as an important direction for future work.

Our Finding: Standard attention relies on the well-known softmax function, computing

_ QK '
0= softmax( Nz ) Vv, (D
where the softmax is applied row-wise so that attention weights are nonnegative and sum to one. In
this paper, we propose a surprising alternative to the softmax—namely, a higher-degree monomial
of an angular kernel based on cosine geometry:

o (o (=1

Eq. 2] should be read as an informal analogue to Eq.[I} where the angular kernel replaces the expo-
nential. A more precise definition, with explicit cosine normalization and row-wise normalization,
is given in Section We argue that, for sufficiently large values of +, this formulation closely
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mimics the behavior of softmax and refer to it as Angular Attention in the subsequent sections.
Importantly, it admits a linear-time approximation algorithm. In particular, we leverage the connec-
tion (Section[2.2)) between Repeated Arrays-of-Count Estimators (RACE) (Coleman & Shrivastaval
[2020; [Cuo & Shrivastava) 2018)) and the angular kernel to design our algorithm in Section 3.2 We

therefore refer to our proposed method as RACE Attention.

RACE Attention is a drop-in replacement for Softmax Attention. We evaluate it in Transform-
ers on causal language modeling, masked language modeling, and text/image classification (Sec-
tion .T). By reframing similarity around a powered angular kernel and using differentiable LSH-
based sketches, it provides a principled alternative that supports very long contexts on commodity
hardware. The sketching view keeps constant factors small: each query mixes with only a fixed
bank of S = LR bucket summaries rather than all N keys. Since we never materialize the full
attention matrix, the working set stays compact and activation memory drops, enabling much longer
sequences with reduced latency. In contrast, FlashAttention-2/3 (Dao} 2023} [Shah et al., 2024)
reduce the memory footprint of attention via tiling, but still require computing all key-query interac-
tions, preventing processing of much longer sequences at comparable speed, as shown in Section[d.2}
In addition to our novel findings about RACE Attention and rigorous supporting experimental evi-
dence, we provide the following:

* Long-context scaling: We show that RACE scales to context lengths well beyond those
reported for prior attention mechanisms, handling up to 75M tokens on a CPU and I12M
tokens on a GPU under the same hyperparameter settings used in our accuracy evaluations.

» Trainable RACE: We obtain a differentiable sketch by replacing hard hashing with smooth
soft assignments over hypercube corners, thereby enabling end-to-end training.

* CPU/GPU pre-training: We support both causal (autoregressive) and non-causal (bidi-
rectional) pre-training on CPU and GPU. For CPU workloads, we provide a custom
OpenMP kernel that computes the causal prefix operations in a single pass using efficient
streaming algorithm, enabling linear-time, memory-efficient training.

* Theory and ablations: Section [3.3] establishes approximation guarantees based on the
LSH framework. We also characterize how the parameters L (number of hash tables) and
R (buckets per table) influence the variance—accuracy tradeoff. Extensive ablations then
measure accuracy, runtime, and memory as these parameters are varied.
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Figure 1: This figure demonstrates the difference between the linear complexity of RACE Attention
and the quadratic complexity of Softmax Attention mechanism. Specifically, we highlight how the
final representation o5 is computed under Softmax versus RACE. In Softmax, the entire fifth column
of the attention score matrix is required. In contrast, RACE does not require the full matrix; instead,
it aggregates statistics within LSH-mapped buckets, utilizing the appropriate collision probability «
to compute 0s.
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2 BACKGROUND
2.1 LOCALITY-SENSITIVE HASHING (LSH)

An LSH family H for a similarity Sim makes near pairs collide more often than far pairs. Formally,
H is (So, cSo, p1, p2)-sensitive if for all z,y € RP,

Slm(x,y) 2 SO = Prhw?‘l[h(m) = h(y)] 2 b1,
) p1 > p2, c < 1.
Sim(z,y) < ¢Sy = Prpunlh(z) = h(y)] < p2,

Such families enable sublinear-time approximate nearest-neighbor data structures. A convenient suf-
ficient condition, satisfied by SimHash and WTA (Charikar, [2002} |Yagnik et al.,[2011};|Chen & Shri-
vastaval, [2018), is that the collision probability is a monotone function of similarity, Pr~y[h(x) =
h(y)] = f(Sim(z,y)) with f increasing.

2.2 RACE SKETCH

RACE (Coleman & Shrivastava, [2020; (Coleman et al., 2020) shows that any similarity expressible
as a (non-negative) linear combination of LSH collision kernels can be sketched using ACE-style
estimation |Luo & Shrivastaval (2018)). It provides an unbiased estimator of kernel-density sums for
LSH collision kernels and their powers. In particular, RACE estimates ) ., k(z, ¢)? by hashing
items into counters and reading the counters addressed by the query; averaging across L independent
rows reduces variance.

Lemma 1 (Theorem 1 of (Coleman & Shrivastava, [2020)). Given a dataset D, an LSH family H
with finite range [1, R] and a parameter p, construct an LSH function h(xz) — [1, RP] by concate-
nating p independent hashes from H. Let A be an ACE array constructed using h(x). Then for any

query q,
E[A[h(q)]] = > k(z,q)
xeD
3 INTRODUCING RACE ATTENTION

3.1 SOFTMAX-LIKE SIMILARITIES THAT ADMIT LINEAR-TIME ESTIMATION
Given a sequence of IV tokens, a Transformer produces

N . R w 3001
for each position i a query Q; € R?, and for every posi- = \
tion j a key K; € R? and a value V; € R?. The output £ 250 \
at position ¢ is a weighted sum of the values, where the £ 200
weight on V; reflects the relevance of token j to token @ 1501 \x
4. In the standard formulation (Vaswani et al., 2017), rel- [ \
evance is computed via the scaled dot product given by g 100 \
Eq.[T] This choice guarantees two useful properties of the 2 501
attention weights: (i) non-negativity and (ii) they sum to < ol " S g i —— —
one, so O; is a convex combination of the values. Equally 1 4 7 10 13 16
important, the exponential introduces a strong non-linear Sharpening paremeter y

mapping from similarity scores to attention weights, am-
plifying small score differences. This observation sug- Figure 2: Frobenius error between An-
gests a broader view: attention weights can be derived gular and Softmax Attention vs. .
from any normalized highly non-linear (exponential like)
similarity function. Let sim : R? x R? — R be any non-negative similarity function. We can
define normalized similarity attention as N

0. — > j=18im(Qs, K;) V; 3)

;=
Yo sim(Qs, K;)

Our quest is for finding non-linear (softmax-like) similarity kernels that admit accurate linear-time
estimation, eliminating the quadratic cost of attention in both training and inference. We argue
that a good starting point is a well known LSHable (Coleman & Shrivastava, [2020; [Choromanski
et al., [2017) angular similarity. It is well behaved and normalized, in particular, it depends only
on the angle between the vectors ); and K; and is invariant to their norms: sim(Q;, K;) = 1 —

T .
cos™! (7H QQ_ﬁ ”Iig T ) /7. However, unlike exponential in softmax, the raw angular kernel is relatively
i J

flat near high similarity values, reducing its ability to sharply discriminate between nearly aligned
vectors. To increase contrast, we propose to exponentiate the angular kernel with a sharpening



Under review as a conference paper at ICLR 2026

parameter -y, which accentuates differences among highly similar pairs. After sharpening the kernel,
the similarity function becomes as follows:

Slm(QmKJ)<1 €08 <|Qz||KJ|| / ¥

In fig. 8] we show that for sufficiently large -y, the angular kernel becomes almost indistinguishable
from softmax kernel. This is expected because a higher degree monomial like 2'? behaves similarly
to an exponential. Furthermore, in fig. 2] we plot the frobenius error between Angular and Softmax
Attention. The error sharply decreases as v increases, demonstrating that softmax-level sharpness

can be achieved with modest polynomial degree (e.g., v = 8).
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Figure 3: Comparison of Softmax and Angular kernels at different sharpening levels v. As v (or
non-linearity) increases, Angular transitions from flat similarity scores to a sharper distribution,
recovering behavior similar to the exponential in the Softmax.

Algorithm 1 RACE Attention (non-causal)
Input: Q, K,V € RV*4; number of hash tables L; number of hyperplanes P; temperature 3 > 0.
Output: O € RV,

1. for{=1,...,Ldo

2 Draw W(® € RP*4 with rows w'’ "% N(0, I,).

3: Define the corner set V = {£1}F (R = 2F) with v, € {+1}F.

4 Build @}, &' € RN % with rows

eXp{B(timh(W(/g)ﬂc))T r}
> exp{ (tanh(W O z)) To, }

5: Per-table bucket statistics:
AD = (@ T1y erR? BO = @)V e RF.

[0 ()] =

T e {QuKJ}

6: end for
7: Compute average across tables: Num = 1 Zngl fbg)B(e) andDen = + ZZL:1 (IDS)A(Z)

8: Return O « diag(Den)~! Num

In its current form, evaluatlng the attention with similarity given by Eq.[d]is no different from soft-
max. It naively still requires all N2 query-key interactions. Fortunately, any constant exponentlatlon
of angular kernel, belongs to a family, that admits efficient kernel density estimation using RACE
sketches [Coleman & Shrivastava (2020), and we use these sketches to approximate the kernel in
linear time obtaining an algorithmically efficient alternative to Softmax Attention!

Finally, as outlined in Section [T} YOSO [Zeng et al]| (2021) and our method operate on the same
kernel as in Eq. [4] but the underlying attention computation differs significantly. YOSO uses hard
LSH hashing to construct Bernoulli collision indicators, which provide an unbiased estimator of the

unnormalized numerator Z _1 sim(Q;, K;)V; in Eq.|3| However, YOSO does not estimate the nor-

malization term Z _, sim(Q;, K;) in Eq instead, it applies a post-hoc /5 normalization strategy,
which does not correspond to the standard attention normalization. Moreover, since YOSO’s hard
LSH is non-differentiable, it uses surrogate lower-bound gradients derived from additional Bernoulli
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samples instead of differentiating the kernel directly, leading to a quadratic time dependence on the
embedding dimension d during end-to-end training. To see how RACE constructs a smooth, differ-
entiable LSH-based estimator that is linear in d in contrast to YOSO, refer to Section[3.2}

3.2 THE FINAL ALGORITHM

At a high level, RACE does not approximate the N x N score matrix (which would remain
quadratic). Instead, it sketches the sufficient statistics needed to compute the attention outputs di-
rectly, yielding a linear-time approximation. Fig. [T]illustrates this distinction by focusing on o5, the
output embedding of token 5 after attention. In Softmax Attention, computing o5 requires the entire
column of the attention matrix to get the weighted combination of vectors. RACE Attention, in
contrast, employs LSH-indexed hash functions to softly assign the N keys and values (Ks and Vs)
into R representative bucket summaries. After this assignment, each query (the Q) is softly hashed
into buckets under the same LSH scheme. For example, the output for token 5, o5, is obtained by
mixing the summaries of tokens assigned to the same bucket as the one mapped by ()5 under LSH.
The mixing is weighted by soft probability values derived from the well-defined collision proba-
bility of the LSH mapping function. Averaging across L independent tables, a standard sketching
technique, further reduces variance and stabilizes the approximation. A complete step-by-step ex-
pansion is provided in Appendix (fig.[9) and Algorithm[I] Furthermore, we also provide an intuitive
visualization of how similarities between tokens look like across buckets in Appendix (fig. [I0).

We next formalize the RACE Attention mechanism in Algorithm [T} As described in Section [2.2}
one final technical hurdle remains: the RACE algorithm is non-differentiable. We get around the
non-differentiability of RACE sketches by replacing discrete bucket assignments with soft proba-
bilities and using standard cross-entropy loss, preserving differentiability for end-to-end training.
Algorithm [1| consists of three key stages: (i) Soft bucketization: Each query/key x € R¢ is ran-
domly projected via W hyperplanes and softly assigned to R = 27 corners with distribution
) (x) (steps 2—4), (ii) Bucket aggregation: For each table ¢, we form per-bucket statistics by
accumulating key weights and their weighted values, namely the mass vector A() € R and the
value-sum matrix B € Rf*4 5o that A)[r] is the total (soft) mass in bucket r and B [r, ]
is the corresponding sum of values. (step 5), (iii) Global normalization: The algorithm averages

across L tables to form Num = 1 3, @g)B“) and Den = 13, @g)A(Z), and reconstructs the
final outputs as O = diag(Den)~! Num (steps 7-8).

A useful way to interpret Algorithm [I]is through the kernel perspective introduced in Section [2.2]
In a classical RACE |Coleman & Shrivastaval (2020), P random hyperplanes generate a hash
h(z) = sign(W®z), and two vectors collide under this hash with probability Pr[h(Q;) =
hK;)] = Si;j = sim(Q;, K;), which is exactly the P-powered angular kernel in Eq.with v =P.
In soft RACE, we keep this geometric structure intact, but replace the hard sign map with a smooth
approximation: we compute a “soft” sign vector tanh(W () z) and evaluate its alignment with each
of the R = 2% corner sign patterns v, € {£1}, assigning x to buckets with nonzero probability
via a softmax over these alignments. This turns the discrete collision event of classical RACE into
a differentiable quantity while preserving its underlying angular dependence. In particular, vectors
with small angular distance still assign most of their mass to the same buckets, mirroring the behav-
ior of the P-powered angular kernel. As a result, the per-table quantity ¢(“)(Q;) T ¢¥) (K;) serves
as a smooth approximation to the P-powered angular similarity that our attention mechanism seeks
to approximate. We formalize these kernel quantities in the Section [3.3] where the RACE-based

approximation S;; is introduced.

Computational Complexity: The per-table runtime of Algorithm []can be decomposed according
to its main steps: Step 2 (random projections) costs O(NdP), Step 3 (logits over R = 2 corners)
costs O(N PR), and Step 5 (bucket aggregation) costs O(N Rd). The global accumulation in Step 7
adds O(N Rd) per table. Thus, the per-table runtime is O(NdP+ NPR+ NRd) = O(NRd), with
memory O(N R+ Rd). Across L tables, this becomes O(LN Rd) time and O(L(N R+ Rd)) space.
Compared to Softmax Attention’s (FlashAttention-2/3) O(N?2d) time and O(Nd) space, RACE is
more efficient since R, L < N and R, L < d, even for moderate IV and d.

3.3 THEORETICAL ANALYSIS OF ALGORITHM[I]

Algorithm [T]is presented in terms of random projections, soft bucketization, and per-bucket aggre-
gation. To analyze its quality, we now make the kernel viewpoint introduced above precise. Each
hash table ¢ = 1,..., L induces a randomized feature map ¢©) : R? — R, where R = 27 is
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the number of hypercube corners, and defines the approximate kernel § 6 = (¢(Q; )) o (K;).

Then, averaging across L independent tables yields S = T Z =1 SO ThlS view places Soft RACE
Attention in the language of kernel methods: it replaces the angular kernel (with v = P) in Eq. 4

with the randomized sketch S based on LSH- style features. Since ¢(*)(z) is a softmax distribution,

the approximate kernel S inherits concentration properties from the underlying random Gaussian
projections. This allows us to analyze its deviation from the target angular kernel using standard
tools from randomized numerical linear algebra (RandNLA). Our analysis requires the following
two mild assumptions on the target kernel S

(A1) Row sums of S are bounded away from zero i.e., Spmin := min;(S1); > C1 N for some
constant C; > 0, which ensures stable normalization in attention.
(A2) Spectral norm of .S is bounded i.e., < Cy N, which follows from S;; € [0,1].

Several comments are necessary to better understand the above structural conditions. Condition
(A1) rules out degenerate cases where a query has vanishing similarity with all keys, which would
make the row-normalization in attention unstable. In practice this is mild: each row of S naturally
carries a nontrivial fraction of mass (as embeddings are trained to maintain similarity), so requiring
Smin > cIV is only a safeguard against pathological isolation of a query. Condition (A2) is even
less restrictive: since S;; € [0, 1], the worst case is the all-ones matrix Jy, which has spectral norm
exactly || Jx|l2 = N. Thus bounding ||S||2 < C3N merely rules out pathological growth beyond
this trivial maximum, and is always satisfied up to a constant factor.

We are now ready to state our main quality-of-approximation result:

Theorem 2. Let Q, K,V € RN >4 be the query, key, and value matrices. For parameters L, P, and
B, and under conditions (Al) and (A2), the estimator 19) produced by Algorlthmlsansﬁes

10— Ollr = 0((’; /) |V||F)

with probability at least 1 — §. Recall that O € RN*? with the i'" row O is defined using Egs.
and[@|with v = P.

The bound decomposes into a bias term O(P/() and a variance term O(y/log(N/§)/L). Larger 8
reduces the bias, while increasing L reduces the variance. The dependence on P arises because pow-
ering the angular kernel by P makes collisions sharper, but soft bucketization (finite 5) smooths out
these decisions and introduces additional bias. To keep this bias small, 3 should be scaled with P.
In particular, as 3, L — oo, the approximation error vanishes. In fact taking L = ©(log N) prevents
the variance from exploding. Together, this kernel reinterpretation provides a precise RandNLA lens
for analyzing RACE Attention, with L, P, and (5 jointly governing its accuracy-efficiency trade-offs.
The proof of Theorem [2} together with all intermediate lemmas, is deferred to Appendix [C] due to
space constraints.

Remark (Causal masking): Our language modeling experiments in Section employ RACE
Attention with causal masking, implemented efficiently via OpenMP for CPU workloads. See Al-
gorithm [2]in the Appendix for the causal soft RACE Attention algorithm. Our theoretical analysis
above applies only to the non-causal setting. Extending the bias—variance guarantees of Theorem [2]
remains an open problem, as the cumulative-sum constraint interacts non-trivially with the random
feature construction. A rigorous analysis of causal RACE Attention is an important direction for
future work.

4 EXPERIMENTS

To avoid cherry-picking and ensure comparability, we adopt the evaluation suites standard
in prior efficient-attention work—Linear Attention, Linformer, and Random Feature Attention
(RFA) (Katharopoulos et al.,2020; Wang et al.,|2020; |Peng et al., 2021)). Concretely, we include text
classification (QNLI Rajpurkar et al.|(2016), SST-2 [Socher et al.|(2013), IMDB Maas et al.|(2011),
Yahoo [Zhang et al|(2015)), and Arxiv He et al|(2019) to probe moderate-length and long-context
discriminative accuracy (as in Linformer); autoregressive language modeling to test token-level
modeling (as in RFA) on WikiText-103 Merity et al.| (2017) and Penn Tree Bank (PTB) corpus |/ Mar-
cus et al.| (1993)); masked language modeling on Tiny Stories dataset [Eldan & Lil (2023)); image
classification (CIFAR-10 Krizhevsky| (2009), FashionMNIST Xiao et al.|(2017), Food-101 Bossard:
et al.| (2014))) to test expressivity using Vision Transformer |[Dosovitskiy et al.| (2021) architecture
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Figure 4: A rigorous scaling stress-test across hardware. The top row shows GPU scaling results;
the bottom row shows CPU scaling results. All plots use logarithmic axes. We run a single forward-
backward pass configured with 1 batch, 4 heads, and an embedding dimension of 128. Linformer
and Performer use the same low-rank/feature dimension as in Tablem

(as in Linear Attention); and long-context reasoning via Long Range Arena benchmark [Tay et al.
(2021)) (e.g., ListOps and Text Retrieval) to stress scaling and accuracy. Together these cover four
regimes—bidirectional, autoregressive, long-context, and moderate-context text/image classifica-
tion. Beyond these standard benchmarks, we also conduct extreme-length scaling experiments,
reaching sequence lengths in the tens of millions of tokens, using the same hyperparameter con-
figuration as in our accuracy evaluations. We additionally define M, the number of ensembles per
head (independent sketch replicas). Since all experiments use M = 1, we omit this hyperparameter
from all tables/figures for simplicity. To the best of our knowledge, this is the first work to report
experiments with attention spanning close to 100 million tokens. For clarity, FlashAttention-2/3 are
exact, fused-kernel implementations of Softmax Attention; we therefore use “FlashAttention-2/3”
and “Softmax Attention” interchangeably when discussing accuracy and runtime.

Baselines: We compare RACE against widely used baselines with publicly available implementa-
tions: FlashAttention2 |Dao et al.|(2022), Linear Attention [Katharopoulos et al.| (2020), Performer
Choromanski et al.| (2021), Linformer [Wang et al.|(2020), and Sigmoid Attention Ramapuram et al.
(2025). These span exact, kernel-linear, and low-rank approximations. All models are tuned per
authors’ guidelines and trained under identical settings.

4.1 IS RACE ATTENTION AS ACCURATE AS TRANSFORMERS?

We report text-classification accuracies in Tables and long-context (LRA) results
(ListOps and Text Retrieval) in Tables [3] and [5} image-classification accuracies in Tables [I] and
and masked language modeling (MLM) perplexities in Tables |2{ and For autoregressive
language modeling, RACE matches softmax-level perplexity on WikiText-103 and improves upon
it on PTB (Tables [6] and [I2). These results indicate that RACE preserves accuracy in the overlap-
ping regime while delivering consistent gains on moderate-context and long-context settings. Unless
stated otherwise, all methods use the same Transformer backbone (layers, heads, embedding dimen-
sion, dropout) and training budget. We train with identical optimizers, schedulers, and batch sizes;
full hyperparameters appear in Table [8| Metrics are reported from the best-validation checkpoint.
Despite the extra parameters introduced by Linformer’s lengthwise projections, it does not outper-
form RACE under matching training conditions. All experiments were run on an NVIDIA A100
GPU.

4.2 CAN WE REACH 100 MILLION CONTEXT WINDOW ON POPULAR HARDWARE?

In this section, we evaluate how RACE Attention scales across common hardware relative to strong
baselines. For RACE, we use sketch parameters (P, L) chosen to match FlashAttention2’s accu-
racy/perplexity on the same tasks in Section[4.1} For each method, we measure the wall-clock time
for a single forward-backward pass of the multi-head attention layer with 1 batch, 4 heads, and
embedding dimension of 128, as a function of sequence length, stress-testing context lengths up to
100 million tokens. Since FlashAttention-2/3 are designed specifically for GPU hardware, we use
PyTorch’s optimized “F.scaled_dot_product_attention” implementation as the FlashAttention base-
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Table 1: Sequential CIFAR-10 Table 2: Tiny Stories (subset) Table 3: Text Retrieval @

@ N=1024 @ N=1024 N=8000
Method Accuracy Method Perplexity Method Acc.
RACE (P=2, L=2) 63.7% RACE (P=2, L=2) 4.2 RACE (P=2,L=2) 80.3%
RACE (P=3,1=3) 62.5% RACE (P=3, L=3) 3.2 RACE (P=2,1=3) 80.5%
RACE (P=3, L=5) 65.7% RACE (P=4, L=4) 2.6 RACE (P=3,L=3) 80.8%
RACE (P=4, 1=5) 65.9% Linear 7.0 RACE (P=4,1=4) 80.9%
Linformer-128 63.7% Linformer-128 3.7 Linformer-128 76.1%
FlashAttention2 61.44% FlashAttention2 2.7 Linear 80.6%
Angular (y=8) 61.69% Angular (y=8) 2.5 Performer-256 80.8%
Linear 60.0% Performer-256 10.0 FlashAttention2 80.5%
Performer-256 64.9% Sigmoid 3.7
Sigmoid 57.2%

Table 4: QNLI @ N=2048 Table 5: ListOps @ N=2000  Table 6: Wiki-103 @ N=1024

Method Accuracy Method Acc. Method Test PPL
RACE (P=2, L=2) 60.7% RACE (P=2,L=2) 41.9% RACE (P=2, L=2) 23.9
RACE (P=3, L=3) 60.7% RACE (P=2,L=3) 41.0% RACE (P=2, L=3) 234
RACE (P=4, L=4) 61.1% RACE (P=3,L=3) 41.3% RACE (P=3, L=3) 21.9
RACE (P=5, L=5) 60.4% RACE (P=4,L=3) 41.2% RACE (P=3, L=4) 21.5
Linformer-128 60.6% Linformer-128 38.9% RACE (P=4, L=4) 20.9
Linear 60.7% FlashAttention2 41.4% FlashAttention2 20.9
FlashAttention2 61.1% Angular (y=8) 42.2% Angular (y=8) 19.0
Angular (y=8) 61.7 % Linear 39.6%

Performer-256 61.0% Performer-256 40.2%

Sigmoid 61.1%

Table 7: Long-context classification performance on a 40GB A100 GPU. Train/Test denote per-
epoch runtimes in seconds, and Acc. denotes accuracy.

Arxiv Long-Document Classification

16K 32K 64K

Method Train| Test| Acc.T Train] Test] Acc.?T Train| Test] Acc. T
RACE (P=2,L.=2) 80.5s 3.9s 70.3% 282s 15s 89.4% 561s 22s 97.14%
RACE (P=3,L=3) 82.4s 40s 71.3% 289s 15.6s  90.6% 584s 22.5s  97.92%
RACE (P=4,1.=4) 84.7s 4.1s 70.8% 300s 16s 91.1% 594s 229s  97.4%
Linear 83.8s 4.0s 67.9% 286s 159s 87.3% 591s 22.8s  96.35%
Linformer-128 86s 3.2s 64.1% 296s 10.7s 87.5% 616s 15.2s 97.4%
Performer-256 128s 5.8s 68.9% 449s 24.6s 86.5% 952s 35s 96.61%
FlashAttention2 95.7s 3.7s 69.8% 471s 20s 89.7% 1645s 47s 97%

line when reporting CPU scaling results.

How far can we scale attention on standard Intel Xeon® Gold 5220R CPU?

RACE scales to 75 million tokens for a single forward-backward pass on CPU. By contrast, FlashAt-
tention becomes prohibitively slow at ~ 2 million tokens due to the quadratic time scaling in se-
quence length NV (see fig. [5). It is worth noting that FlashAttention does not run out of memory on
the CPU DRAM. RACE is more than 10000x faster than FlashAttention at context length of ~ 33
million. RACE finishes comfortably under 10 seconds for a single forward-backward pass on this
hardware while FlashAttention takes approximately 10° seconds on the same hardware. Although
the absolute runtime grows with N, RACE’s speedup over FlashAttention increases. At 75 million
tokens, RACE finishes in about 100 seconds. This is expected because RACE is linear and FlashAt-
tention is quadratic in N. The experiments also highlight that linear attentions’ approximations are
not only inaccurate but also significantly slower and have large memory overheads due to large hid-
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Figure 5: A rigorous scaling stress-test across hardware. Plots (a)—(b) use logarithmic axes. RACE
is evaluated with (P=2, L=2) throughout; Linformer and Performer use the same low-rank/feature
dimension as in Table|[T]

den constants (see fig. d). They run about an order of magnitude slower than RACE Attention and
even go out of memory at ~ 33 million tokens.

How far can we scale attention on the most powerful GH200 GPU?

An NVIDIA GH200 has 96GB of memory. Here, we observe a similar trend. RACE scales up
to 12 million tokens for a single forward-backward pass, whereas FlashAttention-2/3 and Sigmoid
Attention becomes impractical around ~ 4 million tokens (see fig.[3). At ~4 million tokens RACE
takes merely 0.1 seconds to finish, while FlashAttention2 needs about 550 seconds, making RACE
about 5500 faster on GPUs for processing 4 million tokens. Additionally, RACE is about 5000 x
faster than Sigmoid and 2600x faster than FlashAttention3 for processing 4 million tokens (see
fig.[7). While FlashAttention’s activation memory scales linearly with N and d, the GPU’s high-
bandwidth memory (HBM) is nevertheless exhausted for sufficiently large N. This is because we
must retain @, K, V, O (and their gradients) of size O(BH Nd) with large constants. Even though
the N x N score matrix is never materialized, this footprint exceeds HBM capacity at large NV,
leading to out-of-memory failures. Furthermore, RACE even scales better on GPU than the cheap
but less accurate linear baselines, and they run out of memory around ~ 4 million tokens (see fig. d).
RACE handles about 3.5x longer contexts than FlashAttention-2/3 and Sigmoid Attention.

4.3 RIGHT ALGORITHM BEATS HARDWARE ACCELERATION!

While GPUs offer substantial speedups for a fixed algo- — .

rithm, comparing FlashAttention-2/3 and Sigmoid Atten- % —= Fastatentionz 6u /;f/ —
tion on a high-end GH200 GPU against RACE Atten- 10 —— riashattentionz-Gru g %7_. T
tion on a single CPU highlights the impact of algorith- i S
mic acceleration. Fig. [6] reports the runtime of a single
forward-backward pass as the context length increases.
For short to moderate sequences (N < 131K), the GPU’s -

massive parallelism dominates and FlashAttention-2/3 re-

Time (s)
3

131.07K
Sequence Length

4.19M 75M

main faster. Beyond this scale, however, the asymp-
totic behavior becomes decisive: the GPU kernels be-
gin to saturate, and RACE becomes faster. At a se-
quence length of ~ 4 million tokens (the largest supported
by FlashAttention-2/3 in our configuration), RACE on
CPU is roughly 40x faster than FlashAttention-2 and

Figure 6: A rigorous scaling test
for algorithmic comparison between
FlashAttention-2/3 and Sigmoid Atten-
tion on GPU vs. RACE Attention (P =
3, L = 3) on CPU. This plot uses loga-
rithmic axes.

Sigmoid Attention on GPU, and about 20x faster than
FlashAttention-3 (see fig. [8). These results show that, in the long-context regime, state-of-the-art
GPU attention kernels are fundamentally constrained by their quadratic dependence on sequence
length. In contrast, RACE Attention’s algorithmic efficiency enables it to outperform even the most
advanced GPU-accelerated methods by a wide margin, despite executing on substantially weaker
hardware.

5 CONCLUSION

We introduced RACE Attention, a linear-time, memory-efficient alternative to softmax attention that
approximates a sharpened angular kernel using RACE sketches. By replacing pairwise scores with
aggregated bucket statistics, RACE scales linearly in context length /N and embedding dimension
d, with constants set by sketch parameters (P, L) while providing good accuracy at long context-
lengths. RACE Attention further opens opportunities for cache-free inference and CUDA kernels
that extend these scaling properties to autoregressive workloads.

10
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ETHICS STATEMENT

Our work is focused on speeding up algorithm and reducing the memory complexity for Attention.
As such, it could have significant broader impacts by allowing practitioners to train models fast
and deploy them in constrained resource settings. Our experimental work uses publicly available
datasets to evaluate the performance of our algorithm; no ethical considerations are raised.

REPRODUCIBILITY STATEMENT

We provide the source code and configuration for the key experiments (Language Modelling,
Masked Language Modelling, and Classification) including instructions on how to generate data and
train the models. All proofs are stated in the appendix with explanations and underlying assump-
tions. We thoroughly checked the implementation and also verified empirically that the proposed
algorithm hold.
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A APPENDIX

A.1 LLM USAGE

We only use LLM to polish our language in the entire paper. No LLM is used for generating ideas
or results.

B ADDITIONAL NOTES ON EXPERIMENTS

Table 8: Experiment Setup and Hyperparameters

Dataset Task Hyperparameters

PTB Language Modeling N=128; layers=1; heads=2; d=128; batch=16; 1[‘:66_4; 3’s=(0.9,

0.999); e=1le 8, wd=0.1; dropout = 0.3; epochs=70

WikiText-103 Language Modeling N=1024; layers=8; heads=8; d=512; batch=16; Ir=6e*; 3’s=(0.9,

0.999); e=le 8; wd=0.1; dropout=0.1; epochs=100

IMDB Text Classification N=512; layers=1; heads=2; d=128; batch=32; Ir=1e~?; wd=5e¢"°

dropout=0.1; epochs=150

5

>

Yahoo Text Classification N=256; layers=1; heads=2; d=128; batch=32; lr=1e™°; wd=5e"°;

dropout = 0.1; epochs=100

ListOps Text Classification N=2000; layers=8; heads=8; d=512; batch=16; lr:le_5; wd:le_5;

dropout=0.1; epochs=40

Text Retrieval Text Classification N=8000; layers=4; heads=2; d=384; batch=1; Ir=2e~*; wd=1e~2;

dropout=0.1; epochs=20

Tiny Stories Masked Language Modelling  N=512; layers=6; heads=4; d=384; batch=32; Ir=6e~%; 3’s=(0.9,

0.999); e=le~8; wd=0.1; dropout=0.1; epochs=100; stories=20000

5

QNLI Text Classification N=2048; layers=4; heads=8; d=384; batch=32; Ir=1e™”; wd=5e"°;

dropout=0.1; epochs=100

SST-2 Text Classification N=1024; layers=4; heads=8; d=384; batch=32; Ir=1e~%; wd=5e¢~>;

dropout=0.1; epochs=100

CIFAR-10 Image Classification N=1024; layers=2; heads=4; d=384; batch=32; Ir=6e~*; £’s=(0.9,

0.999); e=le 8; wd=0.1; dropout=0.1; epochs=75

FashionMNIST  Image Classification N=784; layers=2; heads=4; d=384; batch=32; Ir=6e~%; 5’s=(0.9,

0.999); e=le~8; wd=0.1; dropout=0.1; epochs=75

Food-101 Image Classification N=16384; layers=8; heads=8; d=512; batch=_8; Ir=3e~*; wd=0.001;

dropout=0.1; epochs=100; grad_accum_steps=4

Arxiv Text Classification N=16K-64K; layers=4; heads=4; d=256; batch=2; 1r=3e_4;

wd=0.01; dropout=0.1; epochs=100; grad_accum_steps=16

Description: Unless otherwise stated, we use a linear warmup—decay learning-rate schedule. Let
T denote the total number of optimizer updates (T" = epochs X len(train_loader))). The learning
rate increases linearly from 0 to the base value (provided in Table [§) over the first 0.017" updates,
then decays linearly to O over the remaining 7' — 0.017" updates; the scheduler is stepped once
per optimizer update. We use the AdamW optimizer with hyperparameters listed in Table |8} For
learning rate < 2e~*, we don’t use linear warmup or a scheduler, we simply train the model with
the constant learning rate for certain number of epochs given in Table 8]

Data Pre-processing for Arxiv: To evaluate long-context classification performance, we con-
structed 16K, 32K, and 64K token variants of the ArXiv dataset through a two-stage preprocessing
pipeline. First, we applied a basic-English tokenizer to all documents and selected only those whose
raw token count exceeded a minimum threshold, ensuring each example contained sufficiently long
context. We then performed streaming sequence packing: documents were grouped by class and
concatenated until reaching a target sequence length (16K, 32K, or 64K tokens), discarding only
very small leftovers to maintain high packing efficiency. This produced long, contiguous sequences
that preserve the natural structure of each document while enabling fixed-length training. After bal-
ancing classes, the final dataset sizes were: 16K (1947 train, 209 test), 32K (3650 train, 520 test),
and 64K (3882 train, 384 test).
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Table 9: Long-context image classification (ViT) performance on Food-101 (50 classes) at 16K
sequence length on a 40GB A100 GPU. Train/Test denote per-epoch runtimes in seconds, and Acc.
denotes accuracy. Results for Linear Attention, Linformer, and Performer were collected using batch
size = 1 due to out-of-memory failures at batch size = 8. In contrast, both RACE and FlashAttention2
remain memory-efficient at this sequence length and are benchmarked with batch size = 8.

Food-101 (16K) Long-Context Image Classification

Method Train | Test | Acc. T
RACE (P=2,L.=2) 891s 37s 42.4%
RACE (P=3,L=3) 950s 40s 43.5%
RACE (P=4,1.=4) 1042s 42s 40.3%
Linear 1166s 44s 41.4%
Linformer-128 1250s 49s 20.2%
Performer-256 2546s 105s 42.4%
FlashAttention2 2600s 95s 42.1%

Table 10: FashionMINIST @ Table 11: Tiny Stories (subset) Table 12: Penn Tree Bank @

N=784 @ N=512 N=128

Method Accuracy Method Perplexity Method Test PPL
RACE (P=2, L=5) 87.7% RACE (P=3, L=4) 39 RACE (P=2, L=2) 54.7
RACE (P=3, L=5) 87.5% RACE (P=4, L=4) 33 RACE (P=3, L=3) 54.2
RACE (P=4, L=4) 86.6% RACE (P=5, L=4) 2.7 RACE (P=4, L=4) 534
RACE (P=4, L=5) 85.7% RACE (P=5, L=5) 5.1 Angular (y=8) 58.8
Linformer-128 87.7% Linear 6.0 Angular (y=12) 57.6
FlashAttention2 87.2% Angular (y=8) 29 Linear 73.2
Angular (y=8) 86.4% FlashAttention2 3.1 FlashAttention2 554
Linear 85.8% Linformer-128 4.6

Performer-256 86.6% Performer-256 7.1

Table 13: Yahoo @ N=256 Table 14: IMDB @ N=512 Table 15: SST-2 @ N=1024

Method Accuracy Method Accuracy Method Accuracy
RACE (P=2, L=2) 66.9% RACE (P=2, L=2) 80.6% RACE (P=2, L=2) 76.7%
RACE (P=3,1=3) 66.6% RACE (P=3,1=3) 81.3% RACE (P=4,1.=4) 79.4%
RACE (P=4, L=4) 67.2% RACE (P=4, L=4) 81.3% Linformer-128 75.1%
Linformer-128 64.7% Linformer-128 78.2% Linear 78.0%
Softmax 67.2% FlashAttention2 80.0% FlashAttention2 78.5%
Angular (y=8) 67.0% Angular (y=6) 79.6% Angular (y=8) 77.2%
Linear 66.9% Linear 80.9% Performer-256 77.3%
Performer-256 64.9% Performer-256 81.0%

Data Pre-processing for Food-101: To evaluate long-context image classification on Food-101
dataset with 16K context length, we discarded 50 classes as the dataset size was too large, and
trained on 20K samples, and tested on 2500 samples. We use patch size = 4, image size = 512, and
stride length = 4. The rest of the hyperparameters can be found in Table

C PROOF OF THEOREM 2]

This section provides a complete, self-contained theoretical treatment showing that our RACE At-
tention closely approximates Angular Attention. We give explicit high-probability bounds for (i)
the kernel error, (ii) the attention matrix error with a clean separation of numerator vs. denominator
effects, and (iii) the end-to-end output error (Theorem [J). Let’s also reintroduce the notations for
the convenience of the reader.
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GPU-RACE Speedup

5000 = FlashAttention2-GPU
= FlashAttention3-GPU
Q4°0° —— Sigmoid-GPU
33000
[
g
82000
1000
0
8k 32k 128k 512k 1M 2M  4M
Sequence Length
Figure 7: Speedup of RACE (ours) over

self-attention kernels (FlashAttention-2/3, Sig-
moid) for single-layer forward—backward on
GPU; RACE is up to 2500x faster than
FlashAttention-3 at 4M context length.

CPU-RACE Speedup

40 = FlashAttention2-GPU
= FlashAttention3-GPU
30| === Sigmoid-GPU

20

Speedup

10

0
8k 32k 128k 512k 1M 2M aMm
Sequence Length

Figure 8: Speedup of RACE (ours) over self-
attention kernels (FlashAttention-2/3, Sigmoid)
for single-layer forward-backward on CPU;
RACE is up to 20x faster than FlashAttention-
3 at 4M context length.

C.1 SETUP AND ASSUMPTIONS

Data. Sequence length IV, head (per-head) dimension d. Queries/keys are unit vectors:

Qi, Kj € RY with (| Qilla = | Kjll2 =1, i,j€{l,...,N}.
Target kernel (P-powered angular).

P
k(Qi, K;) = Hang(Qi,Kj)P = (1—%008_1(62;[(]-)) € [0,1], S € RV with Sij = K(Q4, Kj).

Soft RACE features. For each ensemble / = 1,..., L:

« Draw P random hyperplanes W) € RP*? whose rows w'" are i.i.d.
e Corners V = {£1}¥ (size R = 2F), with corner vectors v, € {+1}F.
* Logits s (;7) := [tanh(W ) z)] T v,., temperature 3 > 0.

+ Define the (probability) feature ¢(*) (z) by

exp{B s (x;7)}
> exp{f s (x;r)}

[¢(2) ((E)],,, =

RACE kernel and matrices. For each ensemble, define the per-table kernel matrix

59 = (69(Q) T (0 (K;)),

Let the (single-table) bias matrix be B := E[§ 0] - 8.

Assumptions. For convenience, we restate the two assumptions from Sec.[3.3]

(A1) Row sums of S are bounded away from zero i.e., Spin := min;(S1); > C;N for some
constant C; > 0, which ensures stable normalization in attention.
(A2) Spectral norm of of S is bounded i.e., ||S|2 < C2N, which follows from S;; € [0,1].

Notation: We denote || - ||2 as spectral norm for a matrix and Euclidean norm for a vector, || - || ¢ for
the Frobenius norm of a matrix and for a matrix M, we denote || M |10 = max; 3 ; [Mj;].

C.2 KERNEL CONSTRUCTION WITH THE BIAS TERM

We begin by formalizing how a single hash table induces a kernel matrix via the soft RACE features.
The next lemma records norm properties that will be used repeatedly.

Lemma 3 (Bounds for a single ensemble). Let @g) € RVXE pe the matrix with the i-th row
O (Q;) T and Q(If—) defined analogously. Then:

16
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30 — O (pONT
1.8 =a, (®))
2. Each row of@g) and @%) is a probability vector; hence ||q)g) I, ||<I>%) |r < VN.

3. Consequently ||S® ||z < N.

Proof. Each ¢(¥)(z) is a softmax over R = 2 corners, so entries are nonnegative and sum to 1.
Item (1) is by definition of §Z(f) For (2), every row p satisfies ||p|l2 < ||p||1 = 1, hence H<I>g) |% =
S 169(Q0)]I2 < N (and similarly for ®(9). Ttem (3) follows from | AB||¢ < || A|l¢|B|r. O

Having controlled the feature-induced matrix norms, we quantify the zero-mean fluctuation of one
ensemble around its expectation and prepare moment bounds needed for matrix concentration.

Lemma 4. Let X(V) := 5O —E[S®)] and write
1 L
—g_g_1 O 1 B
A:=5 S_L;_ X9 4 B.

Then:
1. E[X®] =0.
2. |IX®O )y <2N.
3. With

L
vV = Imax
(=1

we have v < 4N?/L.

L

> e[ (1x) (1x)]

=1

(o) (xo)]]

J

2

Proof. (1) By definition, X) = §() — E[S®)], hence E[X ()] = E[S()] — E[S®] = 0

(2) By Lemma3) we have || S|, < |[S®||p < N. By convexity of the spectral norm,
IEIS @]z < E[ISO]2] <
Therefore, by the triangle inequality,
IXOfls = 15O —E[SO]; < ISPl + [EIS“]|l> < 2N.

(3) Let Y := LX®) Then

L

L
SR O] = STRXOKO)T]

=1 =1

Using subadditivity of || - ||2, Jensen, and || AB||2 <

L L
1 1 1 4N2
L ZH X(é) ()" ]H2 = L2 [HX(Z)” L Z '
/=1 =1 =1

~

YOy ©)T

2

The same bound holds for HZ@L: E[(Y(Z))TY( )} H2 by symmetry. Taking the maximum of the
two yields v < 4N?/L. O

To convert the moment and uniform bounds above into a high-probability spectral-norm bound, we
invoke a standard matrix Bernstein inequality from [Tropp|(2015) , stated next for completeness.

17
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Lemma 5 (Matrix Bernstein). If Z(*) € R™*™ are independent mean-zero matrices with | Z(9)||5 <
H and variance proxy v, then for any t > 0,

t2/2
]P’( ZZ“) 2>t> (m+mn) exp(—w>.

‘
Next, applying Lemma [5] with the parameters established in Lemma 4] we obtain the following
nonasymptotic deviation bound for the kernel estimator.

Theorem 6 (Kernel deviation with explicit constants). With probability at least 1 — 6,
2N 4 N 2N

+ - — log

< ||B 4— —.
15 =Sl < 1Bl + 422 S 7 log™s

Proof. First, rewrite S Sas

L
_ %ng Z (Sw SU’)]) + (E[§(£)] - s) - %ZXW +B.
=1

é: =1

~
~

By the triangle inequality,

IS -S|z < + [ B2

1 &

= )

L ZX
=1

It remains to upper bound the random term with high probability.

Set ZW) .= %X (). Then the Z® are independent, mean-zero, N x N random matrices. From
Lemma @2) we have | XD, < 2N. Therefore, |29, < H := 2X. Similarly, Lemma 3)
gives v < %. Applying Lemmawith m =mn = N yields

L

t2
P AR < 2N _ ).
(Z z‘t) < 2% (50 7 )

Let u := log % To make the RHS < §, it suffices that

r > — g2, > 0.

—— > ———t—2uv

2(v+ Ht/3) — 3
Choose 5

= 2V/vu + gHu
Writing a := 2\/vu and b := 2 Hu (so t = a + b) gives
2uH 2uH
tQ—UTt—%w—(a—i—b) 1; (a+b)—2uv:(4vu—2uv)+(%—%)Hm/vuzo.

Therefore,

L
2
Z ZWll < 2yvu + 3 H w  with probability at least 1 — 4.

Plugging v < ¥ and H = 2¥ yields

<27 _ — :47 — — U.
< T ut g U \/Z\/a+3Lu

Z 20 AN? 2 2N N 4N

Since 7, 20 = L 577 | X, we conclude that

L

1 2N 4 N 2N

7 E X0 < 4— log + - — log— with probability > 1 — 9,
=1

NG 3L °%

18
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and therefore
~ - N
S— S|l < ||B 4 ——/log—
18— 8l < 1Bl + 4 =y flos ™ +

as claimed. O

The deviation bound decomposes into a variance term and a (deterministic) bias term B. We now
bound B explicitly as a function of 5 and P.

Lemma 7 (Bias to the P-powered angular kernel: explicit bound). Fix P > 1 and 3 > 0. With S
and B as above, let ¢ := 2tanh(1) and Cy := —2=e~ /2. Then

Var
~ 4 NP _ e
1Blo < = == + (G4 /?) NP
=2C1
In particular, as  — oo,

- 4 NP

Bl = NP )

1Bl = —= 25+ o3

Proof. Let us denote the inner product similarity by p := Q] K j» and recall that the angular kernel
i Kang(Qi, K;) :== 1 — L cos™(p) From standard LSH theory, for P i.i.d. Gaussian hyperplanes
W) € RP*4 the probability that all P bits match is exactly:

P (hp(Q;) = hp(K;)) = Kang(Qi, K;)¥ = Sy
Now define the softmax sketch feature for the hash table /:
B (wir)

where v, € {£1}¥ denotes the binary corner vectors of length P, and R = 27.

sO(asr) = tanh(WO2) o, [6O()], =

Let S € RN*N be the kernel matrix for a single hash table:

~(p T

Sy =E {((b(e)(Qi)) (¢(€)(Kj)) ;o Sy = Rang(Qin K)T
and recall the bias matrix is B := E[S\(l)] - S.

Our goal is to bound ||BH2 To do this, fix any pair (7, j) and note:
5 T
1S5 = Sijl = ‘]E {(QZ)([)(QZ‘)) (qb“)(Kj)ﬂ — Php(Q:) = hp(K;)]| .

Let r*(Q;) := arg max, s (Q;;r) be the corner with highest logit for Q;, and similarly for K.
Then, from the standard softmax tail bound:

B0 (@im)

1_[(15(2)(96)]”(&;) = Z [fb(@(m)]r: Z W

r#r*(x) r#r*(x)

B (i)
¢ *
P> eBsO (@i (@) > exp{*ﬂ(s“)(az;r(x))fs“)(x;r))},

r#r*(x) r#r*(x)

where the inequality follows from replacing the sum in the denominator just by one term. Since
sO(z;r) = Zle ug(z) - ¢, where u;(x) := tanh(w, z) and wy is the ¢-th row of W), any
single-bit flip from 7* to r changes the score by at least 2|u;(z)|. There are P such flips, so:

P
1= [0 (@) ) < D exp(=26Jus(w))). ®)

t=1
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Now, for each bit, u;(x) = tanh(w, ) with w2 ~ N(0,1). Let Z ~ N(0,1). Then
E[672ﬁ|ut(m)|] _ ]E[6726| tanh(Z)\]'

We split into two regions. (1) On |Z| < 1, we use | tanh z| > %, s0 e~ 2Bltanh(Z)] < o—BIZ]
Hence

2 [t > 2 1
E e—2[3\tanh(Z)|1 < / e—ﬁze—z /2 dz < —— . —.
[ |Z\§1] = m 0 = Vor B

(2) On |Z| > 1, we use tanh z > tanh(1), so e~ 2Altanh(Z)] < g=28tanh(1) "Thyg

E[e—2ﬂ|tanh(Z)\1‘Zl>l] < e—2,6’tanh(1)IF;(|Z| > 1) _ 26—2,@tanh(1) P(Z > 1) < e—QBtanh(l) /26—1/2 < B_C’B,
s

where the second last bound is due to Mill’s inequality and the last inequality follows from the fact
that \/%671/2 < 1. Here ¢ = 2 tanh(1).

Combining the two expectations we get,

2
Ele 2flu@ < = 4 ¢=F ¢ = 2tanh(1).
| 1< g (1
Substituting back to eqn. 5}
2P
E[1 — [¢9 (2)], (] < +O(Pe=°
Applying this to both (); and K; gives
= 4P
S — 5, < +O(Pe=¢?
| 1] J‘ — \/ﬂﬂ ( )
Therefore,
1Bl < 1Bl < Nsup|By| < & (o + O
sup |B;;| < —_— e .
e V2r B
Equivalently,
HEH < 4 NP+ (N)
2 S —(——5 to 5/
Vor B B
since the exponential term is negligible compared to 1/3. This proves the claim. O

We now propagate the kernel-level error into the attention matrix. This requires controlling the
normalization (row sums) and its inverse, which we address next.

C.3 FROM KERNELS TO ATTENTION (NUMERATOR VS. DENOMINATOR)
Write S = S+ A, D = diag(S1), and D= diag(§1) = D + E. Define the attention matrices

~

A:=D"'S, A:=D'S.

The following lemma ties the row-sum perturbation F to A and gives a simple invertibility condition
for D.

Lemma 8 (Row-sum and inverse diagonal control). Recall that sy, = min; D;; > 0. Then

L |Ell2 < [Alhsoe < VN [[A[a.

2. If |||z < $uin/2 then |[D™ |2 < 2/Smin.
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Proof. (1) Row-sum control. Since § = S+ A and D = diag(§ 1),
LetE := D—D = diag ((§f S)1) = diag(Al).
Hence each diagonal entry is E;; = (Al); = Z;\le Ajj, s0

N
1Bz = max|Ey| = max|(A1);] < max ) [Ay| = A1
7 7 (2 J:1

For the second inequality, by Cauchy—Schwarz on each row ¢,
N N Y.
1Ayl < VN (3 a3) T = VN A .

Taking the maximum over i and using max; [|A; |2 < |Allr < VN ||A|2 gives

1A = max " |Ay] < VN max A 2 < VN |A],
J

(2) Inverse diagonal control. Because D=D+Eis diagonal, its smallest diagonal entry satisfies

mlnﬁ” = Inll’l(D”-l-E”) Z mlnD”—maX|En| = Smin — HEH2
i % i i

If | E||2 < Smin/2, then min; Dy; > $min/2 > 0, so D is invertible and

- 1 1 1 2
D772 = max = < < = :
g .D” Smin — ||E||2 Smin — Smin/2 Smin

O

Assumption (A1) ensures D has diagonals of order IV, but we must still control £. The next lemma
shows that the condition || E||2 < $min/2 holds with high probability once L is moderately large.

Lemma 9 (Concentration bound for E). Under assumption (Al), with probability at least 1 — 6,
HEH2 S % Smin

provided that
2N?

2
L > = logo |
=%

Proof. Recall E = D — D = diag(A1) with A = § — S. Hence

N
1Bl = max |(A1):] = max| (S — 8]
j=1

Each entry §ij is the average of L i.i.d. bounded random variables §l(f) € [0, 1] with mean S;;. By
Hoeffding’s inequality,
Pr(|S;; — Sij| >€) < 2exp(—2Le?).

A union bound over all N2 pairs (i, j) gives
Pr(max \S\” - Si;| > 6) < 2N?exp(—2Lée?).
i
Thus with probability at least 1 — 4,

~ 2
max |S;; — Sij| < \/ 57 log25-.
(2¥)

2L
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For any row i,

N
§1—S7, SNmaX §Z—SZ,
J j J J
j=1 !
so with probability > 1 — 4,
1B < N/ oL log2Y®.

By (A1), Smin > C1N. Therefore ||E||s < 451, whenever

2
Ny/ 5= log28= < 1C)N,

which simplifies to the claimed condition L > % log%. O
1

Now, with row-sums controlled, we relate Aand A exactly through a decomposition that isolates
the contributions of A in both the numerator and denominator.

Lemma 10 (Exact perturbation identity and bound).
A-A=D'A+ (D' -D)S+ DA,
Moreover, whenever || E||2 < Smin,

A Sl E A
| .H2+ ISzl £l A2

~ |
A— Al < .
H ||2 " Smin Smin(smin - ||E||2) Smin — HEH2

Proof. Recall S =S+ A, D=D+E,A= D15, A= D~15. We obtain the identity by adding
and subtracting DS and D~1S:

)

A-A=D"'§-D'S
= (D7'§-D7'S) + (D7'S—D7'S)

= D-1(§-5)=D-1A =(b-1-D-1)s

Next, write
(D' -DYS=DYI-DDY)S = ~D(D-D)D™'S = ~D'ED'S.
Adding and subtracting D' A yields the displayed identity:
A-A=D'A + (D'=D S + D'A.
For the bound, use submultiplicativity and Lemma[8] When [|E||2 < Spin, we have |[D71|, =
1/8min and ||[D71|2 < 1/(Smin — || E|2). Moreover,

1Bl
Smin(smin - ||E||2)

|ID™' =D Yy = D7D~ D)D o < [DY2 |E|2 |ID7Y2 <

Therefore,
1A= Alla < ID7Yl2 [All2 + D™ = D72 [[Sll2 + D7 2 A2
< 1Al 1512 1 E]]2 [All2
" Smin Smin (Smin - ||E||2) Smin — H'E”27
which proves the claim. O

Specializing Lemmato the regime || El|2 < $min/2 (guaranteed w.h.p. by Lemma E]), we obtain
a concise spectral bound for || A — A||5 in terms of ||A]|2.
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Lemma 11 (Attention deviation). If ||E||2 < Smin/2, then

~ 2 A 2 S

Smin m1n

Proof. From Lemmal[I0]
1Al [Sll211E]l2 1Al

Smin Smin(smin - ||EH2) Smin — ||E||2 ’

||E— Allp <

Since ||E||2 < Smin/2, it follows that

1 2
Smin — HEHZ o Smin/2 Smin '
Substituting this bound gives
n [A]l2 2||5||2 L 2Al-
A=Al < ——= + [Ellz +———.

By Lemmal[g(1), | E|l2 < | Alli 00 < VN [|A[l2. Therefore,

~ 2||A 2[|.S
- a), < 28k 2080 g,

min min

which proves the claim. O

Finally, we translate attention deviation into end-to-end output deviation by a single multiplication
with the value matrix V, yielding the main finite-sample guarantee.

Theorem 12 (End-to-end output error). Let V. € RN be the value matrix. With probability at
least 1 — 6, if | E|l2 < Smin/2 then

. 4 NP N
O0—0|p < (—2—428)2VvN ( coNPe®) 14 o +ff10 ) Ve,
10-0llr < (52, +352) (5= 5 + 0 ) +4 = flog2Y g2 ) IVile

where ¢ = 2 tanh(1).

Proof. By the estimator identity, O=AVand O = AV, hence
10 =Ollr = [[(A= AVl < [|[A=All2[[V][F-

Under the condition || E||2 < Smin/2, Lemman (Attention deviation) gives

14— ale < (32 + 28T 15— 5.

Smin

Applying Theorem [6] (Kernel deviation) yields, with probability at least 1 — 9,

~ ~ N 2N 4 N 2N
S-Sl < ||B 4 —4/log— — — log—.
[ la < [|Bll2 + ﬁ\/ 0g 5 + 3T og 5

Finally, substitute the explicit bias bound from Lemma [7}

- 4 NP
B —— — 4+ O(NPe=<F), ¢ = 2tanh(1).
[Bll2 < Nor A ( ) (1)

Combining the three displays proves the stated inequality:

~ &\ [ 4 NP N

0-0|r < (,i+2“5“2 N)( 4+ O(NPe=?) +4-=/lo 2N+f—lo > Ve

-0l < (+23) (= 2+ 0(VPe ) 4 2 \floa2E + 4 T 1ox2 ) V1l
0
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Proof of Theorem 2] From Theorem [12] we have, with probability at least 1 — ¢ and on the event
HE||2 S Smin/2»

10-0llr < (52 + 2N (HB +47 logZ¥ + 3 L log2¥ )nvnF.

By the explicit bias bound (Lemma B2 < F
(A1) and (A2), $min > C1N and ||S||2 < C2N, so

NP 1 O(NPe=#) with ¢ = 2tanh(1). Under

2 2|S|VN 2 20,NVN 1
< = .
Smin + 32 i - OlN + C%NZ O( )

min

Plugging these into the bound gives

10-0lr < O() (B + 25 \/log 2 + Y log 2 + NP ) |V | .

Hence

100l < O(§ + /25X + g5 Flog 3 + EVN ) V]|

The exponentially small term is negligible for moderate 5. Moreover, for L 2 log N the middle %

term is dominated by the 4/ M term. Absorbing absolute constants and the mild log(2N/¢)
vs. log(N/4) difference into the Big-O, we obtain

16-0llr = O( (5 +v=52) v ).

with probability at least 1 — §, which proves the theorem. O
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D CAUSAL RACE ATTENTION

Algorithm 2 RACE Attention (causal)
Input: Q, K,V € RY*4; number of hash tables L; number of hyperplanes P; temperature 3 > 0.
Output: O € RVx4,
1: for{=1,...,Ldo
2:  Draw W ¢ RPxd // P random hyperplanes
3:  Define the corner set V = {£1}F (R = 2F) with v, € {+1}F /I R corners

4 Build @), @} € RV % with rows

exp{ (tanh(W ) Tv, }

O ()], = € {Qi, K;}.

™ @) >, exp{B (tanh (WO z)) Tw,. }’ v €{Qi K}

5: Initialize cumulative bucket statistics:
AY —0r eRE, BY « 0g.q € REX
6: fort=1,...,N do
7: o'V, ] e RE, V, e R
8 A — AL+ @01, /I RE
9: Bl « Bl + (@01, TV /i RRxd
10: oY)[t,] € RE
11: numy” + &) [t,] Bl /(1% R)- (R xd) =R
12: deny” « @0 [t,:] Al /(1xR)-(R)=R
13: end for
14: end for
15: Foreacht =1,...,N:
1 & 1 & ~ Num
Num; = ZZnumy) € Rd, Den; = ZZdeny) eR, 0O, = Denz e R%.

=1 =1
16: return O = | @ | € RVx4,

Oy

We implemented the causal version (see Algorithm [2) efficiently using OpenMP-based paralleliza-
tion rather than a naive nested-loop approach. Each hash table is processed in a separate thread
with its own cumulative bucket arrays, and updates are performed incrementally in a single left-to-
right scan. This avoids redundant recomputation at every step using torch.cumsum() and enables
CPU-level parallel execution with negligible synchronization overhead.
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Figure 9: RACE Attention pipeline from the inputs Q, K,V € RV*? to the output O € RN*:
queries/keys are soft-hashed into R buckets across L tables and M ensembles, keys/values form

per-bucket summaries, and each query mixes the matched summaries to produce O.
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Figure 10: An intuitive schematic of how RACE Attention runs with L hash tables and R buckets
per table. Similarity between Queries and Keys is highest if they both hash to same buckets across

all hash tables.
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