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Abstract—A continuous-discrete system represents a system
with continuous process and discrete measurement models. Very
recently, two filters namely cubature quadrature Kalman filter
(CQKF) and Gauss-Hermite filter (GHF) are introduced to solve
the filtering problems for discrete-time systems where both the
process and measurement models are discrete in nature. In
this paper we extend the two estimators so that they could
work for continuous process and discrete measurement model.
The proposed filters are applied to solve a continuous-discrete
maneuvering air-traffic-control problem and the results are
compared with continuous-discrete Kalman filter (CD-CKF) in
terms of the root mean square error (RMSE). It has been found
that the proposed methods provide better estimation accuracy
compared to the CD-CKF.

Index Terms—Continuous-discrete system, cubature quadra-
ture Kalman filter, Gauss-Hermite filter

I. INTRODUCTION

Filtering is a recursive process of state estimation of a
dynamic system. It is commonly applicable in many real-life
problems like target tracking [1]-[3], navigation [4], systems
identification [5] efc., to name a few. In nonlinear filtering
literature, the discrete-time filters are popular and a wide
variety of them are available [1], [6]-[11]. In discrete-time
systems, both the process and measurements are in discrete-
time domain while in reality often the process is described
in continuous domain. Such systems where the process is
described in continuous and measurement is in discrete domain
are called continuous-discrete systems.

Generally, for filtering purpose the designer discretizes the
plant at sampling interval and treats a continuous-discrete
system as a discrete-time system. The discretization accounts
for additional approximation that may cause for inaccuracy.
To get rid of this, few notable filters, namely the continuous-
discrete extended Kalman filter (CD-EKF) [12], [13], the
continuous-discrete unscented Kalman filter (CD-UKF) [14],
the continuous-discrete cubature Kalman filter (CD-CKF) [15]
etc. have been introduced. The motivation of this paper is
to further improve the filtering accuracy of the continuous-
discrete systems.

The recently introduced discrete-time filters, with determin-
istic sample points, could be divided into two parts; cubature
based and quadrature based filters. Major cubature based
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filters available in literature are cubature Kalman filter (CKF)
[7], cubature quadrature Kalman filter (CQKF) [8], higher-
degree cubature Kalman filter (HDCKF) [9] and higher-degree
cubature quadrature Kalman filter (HDCQKF) [10], while the
major quadrature based filters are Gauss-Hermite filter (GHF)
[16], [17] and sparse-grid Gauss-Hermite filter (SGHF) [18],
[19]. In this paper, we explore the possibility of developing
continuous-discrete version of the above mentioned filters.

To perform the continuous-discrete filtering, the process
model is first discretized over the sampling period. The dis-
cretization is performed in two steps. In the first step, the
ordinary differential equation (ODE) is obtained by imple-
menting the Fokker-Planck equation to the given continuous
model. However, in the second step, the discretized model is
obtained by applying It6-Taylor expansion of order 1.5 over
the ODE. As soon as the model is discretized, the filtering
problem reduces to the approximation of intractable integrals
of the form nonlinear function xnormal distribution, similar to
the ordinary nonlinear filtering problems.

During the implementation of continuous-discrete filter-
ing algorithms, many times complex matrix inversions are
performed which causes numerical instability. To omit this
instability, the square-root extension is used in this paper. But
during the square-root filtering, the square-root of weights
are computed which needs positive weight certainty for all
the sample points. Consequently, the HDCKF, the HDCQKF
and the SGHF are discarded from this extension as many
sample points have negative weight in these filters. Hence the
major contribution of this paper is to enhance the conventional
CQKF and GHF algorithms to deal with the continuous-
discrete systems in order to enhance their filtering accuracy.
Also, a brief explanation is provided at the end of this paper
to estimate the initial covariance of target and measurement
noise covariance. In this paper, we explore the possibility of
developing continuous-discrete version of the above mentioned
filters.

The remaining part of the paper is organized as follow:
The continuous-discrete filtering problem is formulated in
section-II, which is followed by section-III where the filtering
procedure for such problems are described. In section-IV,
the numerical approximation methods used to approximate
the intractable integrals in the proposed filters are discussed.
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The filters are simulated to solve a continuous-discrete ma-
neuvering target tracking problem in section-V and finally,
the discussions and conclusions are drawn in section-VI. In
appendices, the algorithm for implementation is discussed and
also a method is derived to formulate the initial covariance and
noise error covariance.

II. PROBLEM FORMULATION

Let us consider a state space model with continuous process

equation, given as [14], [15]
dz(t) = f(z(t), t)dt + /QdB(t) (1)

where z(t) is an n-dimensional state of a continuous-discrete
system at any time t, f(-) is called drift function and @ €
R™>*™ is called diffusion matrix. B(¢) is an n-dimensional
standard Wiener process with increment dj3(t).

The noisy measurements received at time instants ¢t = k7T
(T is measurement sampling interval) is

2

where y;, € R? is the measurement at k*" time instant, y(-) is a
nonlinear function and measurement noise v € R is assumed
to be Gaussian with zero mean and known covariance R.
We assume f(-) to be at least twice differentiable with
respect to x and at least once differentiable with respect to
t. v is assumed to be at least once integrable with respect to
normal density. These assumptions are easily satisfied in many
engineering applications including tracking, which is the main
focus of our paper.
In this paper, the filtering under Bayesian framework is
adopted which is performed in two steps:
1) Prediction step: This step involves the computation of
prior probability density function using the Chapman-
Kolmogorov equation,

Yk = ¥(xk) + Vg,

p(Tkly1ie—1) = /p(xk‘mk—l)p('xk—l‘Z/l:k—l)dxk—L
3)
2) Update step: In this step, the posterior probability den-
sity function is evaluated using the Baye’s rule,

Y = P(yklze)p(@k|y1e—1)
p(Yklyr—1)
where the normalizing constant

P(Yr|Y1:k—1) :/p(yk-|Ik)P(Ik|y1:k—1)dl’k- )

The integrals appeared in Eqs. (3)-(5) are intractable for
most of the nonlinear systems. With Gaussian assumption
of the conditional pdfs, the integrals reduce to the form
of nonlinear functionxnormal distribution which is mostly
intractable. During the filtering, these intractable integrals are
approximated numerically.

; “4)

p(zr|y1:

III. BAYESIAN FRAMEWORK OF FILTERING FOR
CONTINUOUS-DISCRETE SYSTEMS

Before proceeding forward to the continuous-discrete filter-
ing, the process model is discretized at a smaller scale than
the sampling interval.

2

A. Discretization of Process Model

The discretization procedure involves two steps. In the first
step, the process model is reduced to a stochastic ODE by
using Fokker-Planck equation while in the second step the
stochastic ODE is reduced to an ordinary discrete equation.

1) Reduction of continuous system to stochastic ODE:
Using the Fokker-Planck equation, at any time ¢ i.e. t; <t <
tk+1, the conditional density of z(t) i.e. p(x¢|y:.r) satisfies
the following differential equation [14], [15]

Zax [fi(x

7j [Dijp(xt|y1:k)]7

M _ ), )p(@e|yir)]

(6)

where X; is the i element of z and D;; = $ >/, V@@
is diffusion tensor.

2) Reduction of stochastic ODE to discrete model: In this
step, the stochastic ODE appeared in Eq. (6) is approximated
and a linear process model is derived. In filtering literature,
this approximation has been performed using two different
approaches, namely the Euler method and the It6-Taylor
expansion of order 1.5. The Euler method was used in early
approaches, viz. the CD-EKF [12] and the CD-UKF [14].
Later, in CD-CKF this method was replaced by It6-Taylor
expansion of order 1.5 and claimed that the Euler method is
equivalent to the It6-Taylor expansion of order 0.5 which is
comparatively less accurate. By using the Itd-Taylor expansion
of order 1.5 over time interval (¢,¢ + d), the stochastic ODE
Eq. (6) could be reduced to [15]

x(t+9) =x(t) + o f(x(t),t) + %62(L0f(x(t), t))
+1/Qu + (Lf(z(t),t))q,

(7

where

+Zf17+7 Z \/7 \Fwax P04

J,p,q=1

and L= Z fﬁax

7,i=1

We can consider
Jala(t), 1) = (1) + 57 (a(0),1) + L0 (Lof(2(1), 1) ®)

as noise free process function. The process noise is given by
n-dimensional correlated Gaussian random variables, (w,q),
which are independent of state vector x(¢) and distributed with
zero mean and covariance matrices

1 1

E[ww!] = 6I,, E[wq"] = 56217“ and E[gq”] = 5531n
After discretizing the process equation, an m-step iterations
of length § is performed over the time interval T' (ty, —tx_1 =
T = md), for computing the predicted state and its error

covariance (in time update). To this regard, m number of
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intermediate steps are considered between two samples. Then,
the filtering of continuous-discrete systems is performed in
two steps; prediction step and update step.

B. Prediction Step

Let us assume, xi_ll »_1 denotes an intermediate state of a
dynamic target at time ¢t = (k — 1)T + j0; 1 < j < m. Then
the predicted state estimate at time ¢ can be given as

Elfa(zi—1,(k = 1)T)|y1:p—1]

= DT)N(zk—1;Tp—1k—1,

i k=1 = Elw]_ylyrx-1] =

€))

Similarly, the predicted state-error covariance matrix can be
given as

Plg—1|k—1

= ]E[(a:fc 1 ji} 1|k— 1)(95% 1 ji_1|k_1)T|y1:k71]

= E[(fa(-) + VQw+Lf()g — &1y ) (fa() + V/Quw
+Lf(-)g— jk_l\k_l) |y1:k—1]

= [ 10808 Oz + 5 [LAOLIOR O

2 T
+%[\/§(/Lf(-)N(~)T+ (/Lf(~)N(~)dxk,1)\/§
o ('i‘i—uk—l)(ji—l\k—l)T +0Q.
(10)
Here fq(vi—1,(k — DT), f(zp—1,(k — 1)T) and

N(xg—1;8p—1k—1, Px—1xk—1) are represented by fq(:), f(*)
and N(-) respectively. At the end, We make an assumption
that E[Lf(zx—1, (k—1)T)] =~ ]Lf(xk k=10 (k—1)T). This
approximation does not affect the accuracy much until the
nonlinearity of ILf(-) is not severe.

To find the predicted state estimate Zyk—1 and error co-
variance Pyjr_1, xk 1k—1 and P, _1jk—1 are approximated
successively until j reaches to m (z e upto time tg).

Note 1: To capture the continuous property of the process
model more accurately, higher m should be selected.

Note 2: For m = 1, the continuous-discrete filtering algo-
rithm reduces to the ordinary filtering algorithm for discrete-
time systems. Hence, the discrete-time filters become a special
case of continuous-discrete filters.

C. Update Step

The estimate and covariance of the measurement can be
given as

Urlk—1 :/v(xk)N(xk;i“k\k—hpk\k—ﬂdxk (a1

and Py k-1 =/W(CCk)’YT(xk)N(HJk;CEMk—uPk|k—1)d$k

— Grlp—104 1 + R-
(12)

3

The cross-covariance between the state and the measurement
can be given as

Pry kik—1 :/xk’}/T(zk)N(xk;jfk|k—1apk|k—1)d$k

. ~T
— Tk|lk—1Yk|k—1-

13)

On the receipt of a new measurement yy,, the posterior estimate
and covariance of the states could be obtained as

e = Tjp—1 + Ki(Yr — Jrjr—1)s (14)
and Py, = Prp—1 — KiPyy rip-—1 K7, (15)

where K is Kalman gain, given as
Ky = Ppy k- Py:/ Flk—1" (16)

By recursively performing these two steps, the estimates and
covariances are computed at every time instant and the filtering
of continuous-discrete system is carried out. A complete
algorithm diagram for continuous-discrete filtering is provided
in Fig. 1.

Initializations
Xo0.Pojo

Measurement
Yk

Kalman gain

—pv yy -1
K = Py 1(P) k\k-w)

Prior estimate and cov.
Xk[k- 1.Pk[k- 1:Tk[k- 15
px
klk= 1" k|k- 1

W

Intermediate updates

Postirior estimate
ik = K- 1+ K (9 = D= 1)

5 i
= 11k 1°Pk= 1= 1 [

Postirior error covaraince
- ol
Py = P 1 = KiPyy 4 Ky

Fig. 1: Algorithm diagram: indicating the steps for filtering of
a continuous-discrete system without delay.

The integrals appeared in Egs. (9)-(13) are intractable for
most of the nonlinear structure of f (corresponding f;) and
~. During filtering, these integrals are computed numerically
which gives an approximate solution. Subsequently, the non-
linear filters are sub-optimal.

In the Bayesian framework of filtering for continuous-
discrete systems, there are mainly two factors which control
the accuracy. The first one is the discretization method used for
reducing the stochastic ODE to discrete model and another one
is the numerical approximation method used for approximating
the intractable integrals. In early approaches CD-EKF and CD-
UKEF, the Euler method is used for discretization. But in CD-
CKE, it is replaced by Ito-Taylor expansion of order 1.5 which
results in improved accuracy. Also in CD-CKEF, the intractable
integrals are approximated using the third-degree spherical
cubature rule which is most accurate among the methods
used in conventional continuous-discrete filtering approaches.
Hence, comparing all the available methods, CD-CKEF is found
to be most promising in terms of accuracy.
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IV. APPROXIMATION OF MULTIDIMENSIONAL INTEGRAL

The motivation of this work is to develop a more promising
continuous-discrete filter by improving the accuracy. To this
regard, the conventional CQKF and GHF are enhanced, and
the CD-CQKF and the CD-GHF are introduced. In the pro-
posed methods, the Itd-Taylor expansion of order 1.5 is used
for deriving the discrete model, like CD-CKF. But to approx-
imate the intractable integrals, the CD-CQKF uses cubature
quadrature rule while the CD-GHF uses multidimensional
Gauss-Hermite quadrature rule. Both of these rules have better
accuracy than the spherical cubature rule used in CD-CKF.
Hence, CD-CQKF and CD-GHF is believed to perform with
better accuracy compared to the CD-CKF.

A. CD-CQKF

Let us consider f : R™ — R™ be a nonlinear function, then
the integral of interest appears in the form

-/ N
1

(95)6—(1/2)(96—;1)T2’1(ﬂs—u)dgc7

Iz e Ja

a7

where (4 is mean and X is covariance matrix. In CD-CQKE, the
cubature quadrature rule is used to approximate this integral.

Cubature quadrature rule:

Let us consider that A\ (' = 1,2,---,n’) are the roots
of n' order Chebyshev-Laguerre polynomial equation LS, ()
(o =n/2—1) [8] being constant and [u] is the set of cubature
points lying at the intersection points of unit hyper-sphere
and coordinate axes. Then an n’-order cubature quadrature
rule states that the integrals of the form I(f) can numerically
be approximated with the help of a set of 2nn’ number of
cubature quadrature points &, and their corresponding weight
W, as follows [8]

2nn’
I(f) = Z We; (e + C&cj) (18)
j=1
where
€ej = V2Nir[ul; (i=1,2,-2n),
1 Il (a+n' + 1) (19)

We; =

2nT(n/2) . )\i'[L%/()‘i’)]Q

Using the cubature quadrature rule, the intractable integrals
appeared in Egs. (9)-(13) could be approximated and the
filtering is performed. Several remarks on this development
are in order:

o The CD-CQKEF is free from the curse of dimensionality
problem as the computational load increases linearly with
dimension.

e The CD-CKEF is computationally more efficient than the
CD-CQKF. But due to the enhanced accuracy, the CD-
CQKEF can replace CD-CKF.

o The CD-CQKEF is a generalized form of CD-CKF. Under
the condition of n’ = 1, it reduces to the CD-CKF.

4

B. CD-GHF

In CD-GHF, the intractable integrals are approximated
using the multidimensional Gauss-Hermite quadrature rule.
The conventional Gauss-Hermite quadrature rule is defined
for a single dimensional systems while most of the real-life
filtering problems are multidimensional. Hence, it is extended
to multidimensional rule by using the product rule.

1) Single dimensional Gauss-Hermite quadrature rule: The
single dimensional Gauss-Hermite quadrature rule is given by

oo N
/_ FGORGE:0, Do = 3 Flai)w,

where x represents a single dimensional random variable, g;
and w; are the ‘" univariate quadrature points and weights
associated with it, while N stands for the number of single
dimensional (univariate) quadrature points.

To determine the single dimensional quadrature points and
weights, let us consider a symmetric tridiagonal matrix J with
zero diagonal elements and J;41, = Jji41 = \/iT?? 1<i<
N — 1. The quadrature points are located at V2U,, where U;
are the eigenvalues of J [16] and the weights w; are square
of the first element of i*" normalized vector.

2) Multidimensional Gauss-Hermite quadrature rule: Un-
der the Gaussian assumption of pdfs, the intractable integrals
appeared during the filtering are of the form I as described in
Eq. (17). For a system with zero mean and unity covariance,
the same integral appears in the form

I,(f) = / f(@)X(z, 0,11, In)dx (20)
where 0,,x1 represents an n-dimensional vector with all the
elements as 0 and I,, stands for n-dimensional unity matrix.

The approximation of I,(f) requires a multidimensional
quadrature rule. To this regard, the single dimensional quadra-
ture rule is extended as a multidimensional quadrature rule
by applying the product rule. Using this multipldimensional
quadrature rule, I,(f) could be approximated as [16], [20]

N N
UEDS)

i1 2

N
Z f([qilvq’tév T aQin,]T)whwig s Wy,
in

2D
Hence, we can write
N7
L(f) =Y Winj f(6mj), (22)
j=1
where &, @iy Gins -+ 5 qi, )T is j*" multidimensional
quadrature point and W,,; = w; w;, ---w;, is associated
weights.

The above rule could be generalized for arbitrary mean
1 and covariance ¥ by transforming the multidimensional
quadrature points with the same mean and covariance. Hence,
the integral I(f) could be approximated as

.
I(f) =Y Wi f(i+ Cémy).

j=1

(23)
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Using the multidimensional Gauss-Hermite quadrature rule,
the intractable integrals appeared in Eqs. (9)-(13) could be
approximated and the filtering is performed.

Few remarks on this development are in order:

o The CD-GHF suffers from the curse of dimensionality
problem as the computational load increases exponen-
tially with dimension.

o Although the CD-GHF have high computational burden,
it can be considered to be superior than the CD-CKF due
to improved accuracy.

V. SIMULATION RESULTS

In this section, the proposed continuous-discrete filters are
applied to solve a nonlinear filtering problem of air-traffic-
control [15] where the maneuvering trajectory of an aircraft
is tracked. The state space equation of the aircraft is given
in Eq. (1), where z e é pn ¢ ¢ wT is a seven-
dimensional state vector with €, 7 and ( representing the
radial positions, ¢, 1 and § representing the velocities in three
dimensional X, Y and Z Cartesian coordinates respectively,
and w representing the turn rate. The drift function is given

as f(x)=[¢ —wip 7 we ¢ 0 O]T, which shows that
the motion is horizontal.

To account the modeling errors arising due
to wind forces, turbulence efc., a noise vector
Bty = [But) Ba(t) ﬁ7(t)}T is added. Here,

B;(t) is independent of 3;(t) V 1 < j # ¢ < 7. The diffusion
matrix Q is diag[(0 o3 0 0% 0 02 03)]T.

The motion is severely nonlinear and the extent of non-
linearity depends on the turn rate parameter w. After applying
Itd-Taylor expansion of order 1.5 to Eq. (1), we get the

discretized process model as

o™ = fa(a]) + /Qu + Lf(x})q, (24)
where
€+ 0é — %wﬁ ]
€ — dwn — %oﬂé; %0102
n+0n+ %wé
fa(z) = N+ dwé — %w%? + %0102
¢+
¢
. w -
and
0 o 0 0 0 0 0 ]
0 0 0 —oiw 0 0 —0o9n
0 0 O o1 0 0 0
Lf(x)=1(0 ojw 0 0 0 0 o09é
0 0 0 0 0 o 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0 |

5

The measurements obtained at regular interval of time 7' is

e+ + G

Tk 1 (e
0, | = tan = + .
P tan~! Sk

Vertng

The radar is located at the origin and it is equipped to
measure the range r, the azimuth 6 and the elevation ¢.
The measurement noise is given as v; ~ N(0,R) with
R =diag([07 0§ 03)], where o,, 0g and o are standard
deviations for range, azimuth and elevation respectively.

For simulation purpose, the initial truth value is considered
as [2000m 10m/sec 2650m 10m/sec 200m 0m/sec w®/sec).
Varying the standard deviation parameters for the noises and
the number of iteration per second m, we consider two
different scenarios:

scenario I: m = 6, 01 = V0.2, 09 = V25 x 10~4, o,
70 m, og = 0.1° and o4 = 0.1°.

scenario 2: m = 10, 01 = v0.02, oy V25 x 1079,
o, =+v0.1x70m, op = v/0.1x0.1° and 04 = /0.1 x 0.1°.

As the height ({) and turn rate (w) are constant, they
are initialized in deterministic way. However, the remain-
ing four states are estimated using first two measurements.

Hence, the initial estimate could be considered as Zgo =
T

€mo —Em
[em = M 150 0 w}, where €., Mm,»
and (,,, are radar measurements in cartesian coordinates at
k' time instant given as

Ny —Tmy
T

€m), = Tk COSPy cosl, (25)
Nm,, = Tk COSPy sinby, (26)
and  (m, = Tk SINGE. 27

To derive the initial estimate of error covariance matrix
Pp)o, the methodology discussed in Appendix A and B can
be followed.

During the simulation, the second order Gauss-Laguerre
quadrature rule (n’ = 2) is used for the CD-CQKF while
3-points (N = 3) univariate quadrature rule is extended to
multidimensional rule for implementing the CD-GHF. The
simulation is performed for 100 seconds considering a sam-
pling period of T' = 0.5sec. To compare the results, root
mean square error (RMSE) for radial position, velocity and
turn rate are calculate at each time step using 500 Monte-
Carlo simulations and plotted in Fig. (2) - Fig (5). The
plots do not start at the 1% time instant, as this region is
under high convergence. From the RMSE plots, it could be
concluded that the proposed methods i.e. CD-CQKF and CD-
GHEF could provide better accuracy than the CD-CKF which
is most accurate filter available in literature to deal with the
continuous-discrete filtering problems. However, relative com-
putational time analysis in Table I indicates comparatively high
computational burden for the proposed methods, especially for
the CD-GHF.

The purpose of performance analysis is to compare the
improvement caused due to enhancing numerical the high
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accuracy discrete-time filters in continuous-discrete domain. In
this regard, the CD-EKF and the CD-UKF have been excluded
from the comparison as they utilize It6-Taylor expansion of
order 0.5 that may be an extended reason for comparatively
poor estimation accuracy.

TABLE I: Relative computational time for CD filters

CD filter Relative computational time
CD-CKF 1
CD-CQKF 1.6
CD-GHF 255.6
33
€ lafk. A | e CD-CKF CD-CQKF CD-GHF
c
2 30
@
o
(=% Y
G 27
w
wv
2
24 + T T
40 80 120 160 200
steps
(a)
1
o
Q
2
£ 10 +
z
S
o
g 91
G
i R CD-CKF  —+— CD-CQKF CD-GHF
S 8 T T
o
40 80 120 160 200
steps
(b)

Fig. 2: scenario 1: RMSE plots for w = 3°/sec (a) position
in m, (b) velocity in m/sec.

VI. DISCUSSIONS AND CONCLUSIONS

The widely arising continuous-discrete filtering problems
concerning to the fields of tracking and navigation impels
to develop an accurate and computationally efficient solution.
In this paper, the conventional CQKF and GHF are extended
and, the CD-CQKF and the CD-GHF are introduced to deal
with such problems. In the proposed methods, the continuous
process model is first reduced to an ODE from which a
discrete model is obtained using the Itd6-Taylor expansion
of order 1.5. The It6-Taylor expansion of order 1.5 is most
accurate method available in filtering literature and also used
in CD-CKF. In proposed methods, further accuracy could be
enhanced by replacing the third degree spherical cubature rule
used in CD-CKF for approximating the intractable integrals
appeared during the filtering. In CD-CQKE, this approximation
is performed using cubature quadrature rule while CD-GHF
uses multidimensional Gauss-Hermite quadrature rule for the
same.

6

N
0
L

N
~N

RMSE of position (m)

N
w

40 80 200

12

11

10 4

RMSE of velocity (m/sec)

80 160 200

(b)

Fig. 3: scenario 1: RMSE plots for w = 4.5°/sec (a) position
in m, (b) velocity in m/sec.
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—— CD-CQKF

w
5
L

w
N
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N w
<] o

N
o

160 200

N
o

80

@
N
.

CD-GHF

CD-CQKF

N
N

RMSE of velocity (m/sec)

160 200

IN
s}

80

(b)

Fig. 4: scenario 2: RMSE plots for w = 3°/sec (a) position
in m, (b) velocity in m/sec.

The performance of the proposed CD-CQKF and the CD-
GHF are compared with the CD-CKF and it is found that
the accuracy of the proposed methods are better. Due to
the enhanced accuracy, the proposed filters can replace the
conventional methods available in literature.

APPENDIX
A. Derivation of initial error covariance Pyq
Let us consider

€Emk = €k + Veks Nmk = Nk + Vpk, and, Cumr = G + V¢
(28)
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Fig. 5: scenario 2: RMSE plots for w = 4.5°/sec (a) position
in m, (b) velocity in m/sec.

where €, 1 and (j are truth values, €k, Nmi and (i are
measurement values and veg, vy and v¢p are measurement
noises at k*" time instant in Cartesian coordinates.

Similarly,
/ / /
Tk =T+ Vrk, Ok =0, +vor, and, ¢p = @), +ver (29)
where 7}, ¢ and ¢} are truth values, ry, 0, and ¢, are
measured values and v, vgi and vy, are measurement noises
at k*" time instant associated with radar range, azimuth and

elevation respectively.
The filter is initialized from the first two measurements as

5 — 2 — m2—Nm m2—Cm1 02—0
LL‘O|0 - [€m2 €m2T6ml Tim?2 L 2T7l L <m2 . 2TC . 2T 1}
The initial value of truth is given as xg =
T
_ — _ 0. —0' P
|:€2 22 Nme B G LT@ 2L 1] The initial

error covariance Py|o is given as Py = E[ ég)o é(:)r\o] where
the initial error is given as (from Egs. (28)-(29))

€0j0 = Tolo — o
VUn2—VUnl
T

V¢e2—U¢1
T

Ve2 —Vel Vo2 —Vo1
[”62 T Un2 T ] ‘

’Ugg

Here, ver ~ R(0,07), vgr ~ R(0,07) and ver, ~ R(0,02)
are white Gaussian noises with zero mean. So, to get the
expression for Py, let us consider E[ve;ve;] 052(51-]- ,
E[/Univ’r]j] = 072]§ij and E[’UQ"UQ‘] = UE&ij, and E[Ueivnj} =
0'67762‘]‘, E[’Uﬂ‘vcj] = O'E(:éij and E[’Um"l)gj] = O'nctsij (WhCI‘C (Sij
is Kronecker delta function). Also, since vgy ~ R(0,07) is

T

7

white noise, we put E[vg;vp;] = 038;;. So the expression for
Po|p can be given as

- 2 -
€

2 o Tec
O T Oen Zin O ’1i 0
ci 2‘7(2 Ten 20y Oecc 20¢¢ 0
T T2 T T2 T T2
4 g a
Oen 5 05 o A 0
2
PO 0= Ten 20¢n In 2077 In¢ 200¢ 0
| T T2 T T T T2
Oc¢ In¢ 2 9¢
O 7 On¢ 1 Ug T, 0
o 20 one 2omc 9 29
T T2 T T2 T T2 )
20
| O 0 0 0 0 0 77

B. Derivation of measurement noise covariance Ry, in Carte-
sian coordinate

Substituting Eqgs. (25)-(27) in Eq. (28), we get

T} COS @y, oS O) = €1 + Vep, (30)
Tk oS g sin O = i, + Uy, (31)
and, 7 sin ¢ = Ck + VUck- (32)

Similarly, substituting Eq. (29) into Eq. (30) to Eq. (32), we
get

(1% 4+ Vi) cos (¢, + vgr) cos (0}, + vor) = €k + Ver, (33)
(1 + vrk) cos (¢, + vgr) sin (0}, + vor) = Nk + vy, (34)
(1} +vrk) sin (¢) +vgr) = G +ver. (35)
From Eq. (33)

and

(1}, + vrk) (cos @, cos vy — sin @), sin vy )(cos 0y, cos vy
— sin 0}, $in vgr) = €k + Vek-
(36)

Since, v ~ R(0,07), vor ~ R(0,07) and vgy, ~ R(0,07), so
assuming ver — 0 = cos vgr — 1 = SIN Vg — Vgk
and, vor, = 0 = cosvgr = 1 = sin vgr — ver Eq.
(36) reduces to

(1% + vrk) (cos @), — ver sin @) (cos 0, — vor, sin 6},)

= € + Vek
= (1}, + vrk)(cos @, cos 0}, — vgi sin 0}, cos ¢},

— Vgk SN qﬁ% cos 9?@ + Vg Vor SIN qﬁ% sin 9;) = € + Vek-
Assuming vgy, Vg — 0, Upp Vg — 0 and vpg ver, — 0, we
get
71,08 @) cos 0y, — 1), Vg sin 0}, cos ¢y, — T, Vex sin @), cos by,

+ Uy COS @y, €08 0, = €k + Ve
Since €, = 7}, cos ¢}, cos 8}, hence
Ve =Vpk €COS @), co8 O), — 1. oy sin O}, cos ¢y, 3
— T}, Uk Sin @), cos 0y, 7
Now, from Eq. (34)
(1}, + vpk) (cos @y, cos vgi, — sin @, sin vgk)(sin 0y, cos vgy

+ cos 0, sin vgr) = N + Vyk-
(38)
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Since v ~ R(0,07), vor ~ N(0,07) and vgr ~ R(0,07),
so assuming  vgr — 0 = cosvgry —+ 1 = sinvg, —
Vok and, vgr, — 0 = cos vgr, — 1 = SN Vg — Vgk,
Eq. (38) reduces to

(1}, + vrk) (cos @, — vgk sin ¢y)(sin 0, + cos 0, vgr)

=Nk + Uk
= (7}, + vk ) (cos ¢y, sin 0}, + vex, cos @), cos 0},

— Vgi Sin ¢y, sin Oy, — vgr vor, Sin @, cos 0)) = Ny + vy
Assuming vor Vgr —+ 0, Urg Ver — 0 and vpg v, — 0, we
get

Ty, COS @y, sin ), + 11, vgi cos ¢y, cos By, — 1, vk, Sin ¢y, sin 0
[1

+ vy €oS Py, sin Oy, = Ny + V.
Since ny, = 7}, cos ¢}, sin 6}, hence
Uk =Vpg €OS @, sin O, + 17, vox, cos @), cos by, 39
— T Ugk Sin ¢y, sin 0),.
From Eq. (35)
(1}, + vrk) (sin @, €os Vg + cos Gy, sin vyr) = C + Vck-

Assuming vgr, — 0
we get

(1}, + vpk) (sin @, + vgk cos @) = (i + vek-

Assuming v, vgr — 0, we get

= cos Vg, — 1 = 8in Vg — Vgk,

(40)

) Sin ¢y + T, Vg €08 @) + Uy Sin @ = Cp + vek.  (41)
Since (i = 7}, sin ¢}, we get

Vck = T Uk COS @, + Vg SIN @) (42)

From Eq. (37), Eq. (39) and Eq. (42), the measurement noise
vector in Cartesian coordinate is given as
T
Vie=[ver vni vck)
Ve COSP},co80t, — 1. Va1 5iNB)} COSP), — T,V g, STNG) cOSH),
= [ vprCOSP), sinb), + 11, VeKCOSP) cOSY) — T} VprSiNG) sinb),
/ / - /
T, VkCOSP), + VppSINg),
The measurement noise covariance R in cartesian coordi-
nate is given by

Rk = ]E[VkaT] =K ([Uek Unk UCk]T [Uek Unk ’Uck]> .

Since vy ~ R(0,07), vgr ~ R(0,03) and vg ~ R(0, 07) are
white Gaussian noises with zero mean and are independent
from each other, so putting E[v,,v,1] = 02, Elvgrver] = 03),

E[U@kvgk} = ng and E[vrk%k] = O, E[’Urkvgk] = (0 and
]E[U¢k1)9k] =0, we get
Riix Rior Rusg 02 0o O
Ri= |Roix Roox Rosi| = |0y 07 opc|, (43)
R31,  Rzor  R3sk Oe¢ Onc 0?
where
2

02 =02 cos® ¢}, cos® 0, + 12 op cos® ¢}, sin? 0],

e =

+ 12 0} sin® ¢y, cos® by,

8

2
r

Oy =02 cos® ¢}, cos O}, sin 0, — 12 0f cos® ¢}, sin 0}, cos O},

+ 12 0} sin® ¢}, cos ), sin 6y,
Oec = 07 €05 @), sin @), cos O, —ry> 05 cos @), sin ¢y, cos Oy,

2 _ 2
o, =0,

+ 1 o) sin® ¢y, sin® 6,

cos? @, sin? O, + 12 o2 cos® ¢}, cos® 0},

= Uf cos @, sin ¢y, sin 9;—7’? 035 cos @), sin ¢y, sin 0},
and of = o7 sin® ¢}, + 117 03 cos® ¢
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