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Abstract

Taking correct steps through elementary logical operations is the essence of log-
ical reasoning, culminating in precise planning outcomes. While such step-
wise inference approaches have demonstrated benefits in Large Language Models
(LLMs), conducting an accurate quantitative evaluation is challenging, given their
extensive scale, complexity, and lack of accessibility. We introduce a minimal syn-
thetic setup, where an autoregressive language model solves a navigation task on
directed acyclic graphs (DAGs), taking inspiration from computational graphs and
execution traces. By implementing training with sample paths from start to goal
node in a ’step-by-step’ manner, we perform systematic experiments and develop
novel analyses illustrating that stepwise navigation proves advantageous when the
underlying graph is hierarchical and generalization necessitates the stitching of
subpaths observed during pretraining. Further, we observe a diversity-accuracy
tradeoff while varying sampling temperature and a bias towards generating shorter
paths. We next elucidate how in-context chain-of-thought exemplars can steer the
model’s navigation. Importantly, these exemplars can guide the model to follow
a path of reasoning we provide, instead of relying on its potentially biased pri-
ors. Together, this work showcases the utility and adaptability of this paradigm in
exploring the complexities of logical reasoning and planning in LLMs.

1 Introduction

Here, we strive to formulate a framework that is not only simple, controllable, and interpretable but
also encapsulates the essential features of an array of stepwise inference tasks such as scratchpad
and zero/few-shot chain-of-thought in transformers. Our design philosophy adheres to the principle
of constructing a model task that is “as simple as possible, but not simpler”, ensuring that the
model embodies the following set of properties:: (i) the task can be better solved by outputting the
intermediate steps of computation; (ii) there can be several possible paths of computational steps
to solve the task; and (iii) the context of the task can be controlled by providing exemplars in the
prompt. Here we argue that the paradigm of graph navigation problems provides such a fundamental
framework. Inspired by computational graphs and execution traces, we model stepwise inference
as navigating simple paths in a directed acyclic graph (DAG), representing a chain of logic (Dziri
et al., 2023). Given a start and goal node, the transformer must autoregressively produce a sequence
of nodes that concludes at the goal node. This task requires two levels of computation: locally,
each step taken by the model must be valid, and on a global scale, the sequence of steps must be
strategically planned in advance to reach the goal node. This setup enables us to modify (1) the
structure of the underlying graph (2) the content of the training samples during pre-training and (3)
the information provided to the model in-context before cue the model with the goal and start nodes.
Consequently, we can systematically examine the impact of these properties on the development
of reasoning abilities, an investigation that is challenging to conduct on a large scale. While (1)
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Input: Input:
Input: 29+57 Consider a "Tower of Hanoi* problem with 3 rods. In
the beginning on Rod A there are 2 disks with radius 3
and 1 and on rod B there is a disk of radius 2. The goal
is to move all disks to rod C. Reason and write out a

step-by-step solution:

Direct solution  With scratchpad

Input:
Q: Roger has 5 tennis balls. He buys 2 more cans of
tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now?
A: Roger started with 5 balls. 2 cans of 3 tennis balls
each is 6 tennis balls. 5 + 6 = 11. The answer is 11.
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Q: The cafeteria had 23 apples. If they used 20 to make
lunch and bought 6 more, how many apples do they
have?
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Figure 1: Graph navigation task as a simple, steerable, and interpretable framework for ex-
ploring stepwise inference. (a) Scratchpad (Nye et al., 2021) improves LLMs’ ability to perform
complext multi-step computations, such as arithmetic, when they write intermediate computation
steps to a buffer called a scratchpad. (b) Zero-shot chain-of-thought prompting (Kojima et al., 2022)
improes LLMs’ ability to perform multi-step reasoning, such as Tower of Hanoi by prompting them
to generate detailed reasoning paths. (c) Few-shot chain-of-thought prompting (Wei et al., 2022) im-
proves LLMs’ ability to perform multi-step reasoning, such as solving math word problems (Cobbe
et al., 2021), by first presenting an exemplar in-context in the prompt.

and (2) together allows us to explore scratchpad and zero-shot step-by-step reasoning, which is
relying on the model’s internalized abilities, (3) also delves into few-shot in-context chain of thought
prompting (Wei et al., 2022), where predictions are made with guiding examples. Specifically, we
examine how in-context exemplars affect the path produced by the model and systematically evaluate
the degree of control we have over that path.

2 Defining A Synthetic Graph Navigation Task

A DAG G = (N,E) is made up of set of nodes N = {XZ}‘ZJ;”1 and set of directed edges across the
nodes ' = {(X;, X;)} x,,x;en. The edges of a DAG captured by the adjacency matrix A where
A;; =1if (X;,X;) € E.

A directed simple path is a sequence of distinct nodes of G which are joined by a sequence of
distinct edges. The first node of a path is referred to as the start node and the last node is the goal
node (Fig. 2). A cycle is a sequence of nodes connected by a sequence of edges such that the first
and last node are identical. The key characteristic defining DAGs is that they contain no cycles.
The adjacency matrix of a DAG can always be rearranged to be upper triangular. Structure of the
DAG: We find that the structure of the underlying DAG can have a large effect on the usefulness of
Step-by-Step Inference. When the DAG is hierarchical, between a start and goal node, nodes in the
intermediate layers must be visited SI Fig 7 whereas when the DAG is random, there is a uniform
probability that 2 nodes are connected and there is no explicit notion of hierarchy. In both these sce-
narios, we can define the notion of path diversity: between any 2 path-connected nodes, there can
be several possible paths. We quantify the path diversity in random and hierarchical graphs in SI Fig
7 and describe their construction in the corresponding SI Sec. Data generating process for single
graph scenarios We focus on two setups in this work, where one allows for context and one does not.
This is intentional so that we can explicitly analyze benefits of stepwise inference in the presence of
extraneous context, which may influence a model’s internalized knowledge, and hence its execution.
Prompt structure and training data generation In the single graph setting with underlying DAG
G, each prompt is made from a single simple path. Given a start node X and goal node X,
the model has to classify whether there exists a path from X to Xg0a1. We create a pair of tokens
path and no-path. We constructed two datasets: one that contains stepwise inference and another
that does not. Examples of prompts are provided below. For stepwise inference, the path between the
start node X4 to the goal node X is represented as goal: Xy Xg X5 X | Xg path end . Without
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1. Generate 2. Select “start” node 3. Sample all paths 4. Represent
Directed Acyclic Graph (DAG) and “goal” node and select one at random the path in task format

Hierarchical graph Random graph
1). goal:X4 XsXsX7X4 path end
2). goal:X; X5 no-path end

Figure 2: Data Generating Process for a Single Graph: This figure illustrates the step-by-step
process of generating a training dataset using a single graph. 1) A directed acyclic graph (DAG) is
generated, which can be either hierarchically structured or random. 2) A start node and a goal node
are selected. 3) All possible paths connecting the start and goal nodes are sampled, and one path is
randomly selected. 4) The chosen path is then represented in a task-specific format.
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Figure 3: Advantage of Stepwise Inference in Graph Navigation Tasks: (a) In random graphs,
stepwise inference shows an advantage over direct inference in connectivity prediction tasks. (b)
This advantage is further pronounced in hierarchical graphs, where the distances between nodes can
be significantly larger. (c) We show that the stepwise inference gap arises when the training set
contains paths that are shorter than the paths required to connect nodes in the evaluation set. (d)
A diversity vs. accuracy trade-off in finite temperature stepwise inference for transformers:
As sampling temperature is increased, the diversity of paths generated by the model from a single
(Nstart ngoal) pair increases, while the accuracy of the path decreases. This tradeoff is captured by
measuring the number of unique true paths which is non-monotonic (top), showing the existence
of an optimal temperature for sampling. The dashed line denotes the ground truth path diversity of

(nstart, ngoal)

stepwise inference, the example path is represented as goal: Xy X path end .

Results on single-graph scenarios: Our first result is that a transformer trained on directed edges
and a small fraction of node pairs from a fixed underlying DAG can generalize to all node pairs,
including those held out during training, producing valid simple paths from start to goal nodes.
Thus the model can ‘stitch’ or mix-and-match (sub)paths it has observed over training to produce
a valid path across a pair of held-out connected nodes. The training dynamics of a typical network
together with a description of failure modes is shown in SI Fig. 8. A single underlying graph:
The stepwise inference gap Fig. 3 shows the accuracy of path/no-path classification for (a) a ran-
dom DAG and (b) a hierarchical DAG. We trained two distinct models using two types of datasets:
one with stepwise inference paths and one without. We find that the model trained on the dataset
with stepwise inference (represented by the blue line) achieves higher classification accuracy than
the model without stepwise inference (the pink line) in both cases. This phenomenon echoes find-
ings from large-scale experiments where the inclusion of intermediate reasoning steps results in
increased accuracy (Kojima et al., 2022). We refer to the difference in classification performance
with and without stepwise inference as the ’stepwise inference gap’. We also observe that the step-
wise inference gap is larger for hierarchical graph than for random graph.

Stitching of paths We hypothesize that stepwise inference is useful when the training data has the
following structure: (1) the underlying DAG is hierarchical, which means that there is an explicit
feedforward ordering of nodes and to go from nodes in one layer to next one must pass through all
intermediate layers and (2) the model must ’stitch’ together subsets of paths seen over pretraining in
flexible ways to generalize. To test this, we trained the model using paths from hierarchical DAGs
while varying the lengths of paths in the training data. Specifically, we created training data that
contains start nodes from layer / and goal nodes from layer I’ and restricted I’ — [ < A, where A
denotes the length of the path. During evaluation, we choose node pairs such that I’ — [ > A.

The diversity-accuracy tradeoff with higher sampling temperatures Fig. 3d illustrates the effect
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g0al: X4 X32X45X51X15X 26X 43 €nd g0al:X51 X1X34X52X45Xs5 end

Figure 4: Data Generating Process for Connected Sub-Graphs (Motifs): This figure illustrates
the step-by-step process of generating a training dataset by combining multiple subgraphs (motifs).
1) We start by making a set of random directed acyclic graphs (DAGs). 2) Next, we pick a subset of
these DAGs and connect them together using "ghost edges" to create a bigger graph. 3) From this
bigger graph, we randomly sample paths and turn them into a task format.

of sampling temperature on the accuracy and diversity of the generated paths. LLM inference at 0
sampling temperature is equivalent to taking the most likely token at each time step (the maximum
likelihood estimate). In this setting, the model deterministically generates the same path for every
provided pair of start and goal nodes: N and 1400 However, in the underlying graph, there exists
a diversity of paths from each 1 t0 Ngoar.

To capture this diversity, we fixed the start node ng and the goal node nge,, and prompted the
model 3,000 times, sweeping through different sampling temperatures in Fig. 3d.

Results on multi-graph scenarios

The single graph setting let us explore zero-shot planning and stepwise reasoning, where the model
relied purely on knowledge internalized over pretraining to do stepwise reasoning. To study how
context can influence the path the model traverses, we introduce the concept of motifs and in-context
exemplar paths.

Data generating process for the multi-graph scenario To model few-exemplar based chain-of-
thought prompting, we modify our single graph setup to include a set of subgraphs that we refer to
as motifs, denoted by {G;}"_; A motif is a DAG that is fixed across pretraining and inference. (i)
Ghost edge: For a pair of connected motifs G; — G, an edge between a sink node of G; and a
source node of G5, and (ii) A primitive sequence (Fig. 4) is sequence of nodes across 2 motifs G;
and G'; with a start node in G; and goal node in G; and this sequence contains exactly 1 ghost edge.
Fig. 4.

In chain-of-thought prompting (Wei et al., 2022), one or more examples of reasoning are provided
before asking the next question, as illustrated in Figure 1(c). The LLM then generate a chain-of-
thought which matches that of the exemplar. To model this, we chain a subset of k motifs G, —
G., — ... = G, together and provide exemplars Each exemplar e is a primitive sequence across
each pair of consecutive motifs: e € (G., — G, ,) which contains exactly 1 ghost edge. The
construction of a primitive sequence is described in Fig. 4 and examples are shown in Fig. 5(b).
Given a start node ng,; € G., and a goal node Ny € G, the model can be prompted either
directly (Fig. 5(a)) or provided with exemplars and then queried for a path from 7 t0 Ngoar (Fig.
5(b)). We find that the model can successfully follow the chain defined by the in-context exemplars.
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Figure 5: Example output sequences from the model highlighting the steerability of stepwise
inference. (a) Direction prediction: Given nga € G3 and ngoa € Gy, the model produces a path
from G3 — Gy, placing a single ghost edge (X712, Xg29). (b) With in-context exemplars: primitive
sequences from G3 — G4, G4 — G2 and G2 — Gy in-context make the model steer its navigation
through the path stringing together these motifs in order: Gs — G4 — G5 — Gj, placing a ghost
edge between every consecutive motif, for a total 3 ghost edges.

An example output produced by the model is in SI Fig.5, highlighting the path the model takes
through the chain of motifs G3 — G4 — G2 — Gg. We also find that the model generalizes to
arbitrary orders of motifs strung out, including those that did not occur consecutively in the train set
— in other words, in-context control is capable of compositional generalization (Li et al., 2023).
How do the exemplars affect controllability of graph navigation?

Next, we study how the structural content of the exemplars affects the navigation path chosen by
the model. We hope to shed some light on and create hypotheses for the vast and varied findings
about stepwise reasoning in LLMs at scale.

Number of intermediate motifs In

Fig.6(a), we varied the number of exem- First moti
plars provided to the model. This is equiv- @z 1 { \;} 11 b LN
alent to stringing together a longer chain of g'-o el o] A
motifs to navigate over. We find that the Sos goo Sacona mott
model can generalize well to unseen or- § o6 Gos

ders of motif up to the maximum number e 5

chained together in the training data. This % . .

creates a hypOtheSiS fOI' Chain-Of-thOllght . @ o NUH?IbEI’ ofsintermgdiate r?mtifs ° First motif Second motif
and related methods at scale: the model Figure 6: How do the number of examplers affect

will fail to generalize to reasoning chains the controllability of motifs? (a) As we vary the num-
longer than those present in its training ber of intermediate motifs in a chain, the path generated
data. by the model follows the path described by the chain
Bias towards the first exemplar in the until n = 4, which is the extent of the training data. (b)
case of conflict Multiple examples of a Inthe case of 2 conflicting chains in-context, the model
context provided in the prompt can in- has abias to pick the first chain.

crease the precision of our control over the

model, but it can also lead to confusion. Here, we systematically and quantitatively study the behav-
ior of the model when two contexts are provided but are in conflict. In Fig.6(b) we study a scenario
where two chains of motifs are provided, starting from the same set of primary motifs and ending at
the terminal motif. We find that the model has a strong bias toward choosing the first chain over the
second.
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Figure 7: Construction and properties of Hierarchical and Random DAGs.

A Appendix

A.1 Setup and construction of graph and model

Here we describe the properties of the DAGs we use, the training setup, model architecture and
hyperparameters.

We use 2 DAG structures, hierarchical and random (Fig. 7). Random DAGs are constructed by
randomly generating an upper-triangular matrix where each entry has probability p of existing. Hi-
erarchical DAGs are generated by predefining L sets of nodes and drawing an edge between a node
ny in layer [ and n;1 in layer [ + 1 with probability p. Lastly, we ensure that the graph is con-
nected. These lead to different path diversity and path length distributions, which affect the efficacy
of stepwise inference, as shown in our results.

To create a feedforward hierarchical DAG we construct a set of L layers with [NV nodes each. For
every node n; in layer [ and ;1 in layer [ + 1, we draw a directed edge (n;, ni41) with probability
p, which we refer to as edge density. Thus on average, between any two layers there are pN? edges
and each node in an intermediate layer has an out-degree and in-degree of p/N. The number of

paths from a particular node in layer [ to layer I’ > [ is exponential and given by (pN )l/’l - this is
quantified in the path length distribution shown in SI Fig 7. Lastly, we make sure that the graph is
connected and there no disjoint disconnected components. The nodes from layer 1 are the source
nodes: nodes {X;} of DAG G with parents(X;) = () and the nodes from layer L are sink nodes:
nodes {X;} of DAG G with children(X;) = 0.

To create a random DAG of N nodes and create a random upper triangular adjacency matrix Ay« n
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Figure 8: The evolution of failure mode probabilities over training: It can be seen that the model
first learns to produce correct edges (effectively bigram statistics) and then learns the global objective
of producing a path that ends at the cued goal node. Accuracy curves averaged over 3 trained models
with different random seed.

with bernoulli entries with edge density p, such that p(A;; = 1) = p. We also ensure that the graph
is connected. This results in a bell-shaped path length distribution, SI Fig.7.

A.2 Training dynamics in the single graph scenario

Here we show the training dynamics of a single graph model.

Failure modes of step-by-step inference Given underlying DAG G, during step-by-step infer-
ence, the model produces a sequence of nodes from the start node n, Which has to terminate at the
goal node ngo, given by the sequence ng = Mgy — N1 — N2 — ... = Mg — ... — nr. Here in
our setup, there are two broad categories of failures possible (Saparov & He, 2023):

1. Misstep: (ng,ni+1) ¢ G. An edge produced by the model does not exist in the DAG.
2. Planning failure: n7 # ng.,. The model produces a path that does not terminate at the goal.

We choose to highlight the two types of failures identified above: (1) the probability of taking a
correct step (i.e. 1 — Pr(misstep)) and (2) the probability of ending at the cued target node (i.e.
1 — Pr(planning failure)). These are shown in Fig. 8

A.3 Model architecture and loss function

For training, we tokenize every node and we use next-token prediction with a cross entropy loss:

exp(BZn, target n) )) — g (Soﬂmax( B g ) 0

L(x, target n) = — log (

S expl
prob(target n)
Hyperparameter Value
learning rate 1071
Batch size 64
Context length 32
Optimizer Adam
Momentum 0.9, 0.99
Activation function GeLLU
Number of blocks 2
Embedding dimension | 64

Table 1: Hyperparameters of the transformer

For model architecture, we use a GPT based decode-only transformer with a causal self-attention
mask. Our implementation is based on the popular nanoGPT repository'.

lavailable at https://github.com/karpathy/nanoGpT
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Figure 10: Advantage of Stepwise Inference in Graph Navigation Task.

A.4 A bias towards shorter paths

Fig. 9 examines the average path lengths in a random
graph, comparing true paths to those generated by our
trained model. Notably, the model consistently produces
paths that, on average, are shorter than the actual paths
in the random graph. This observation suggests that
the model has a bias towards efficiency, which can lead
to oversimplification of complex stepwise inference or
omission of important intermediate steps.

Fig. 4 For the training data construction in the multigraph
setting.

A.5 Additional
experimental results for the single graph setting

In Fig. 10, we swept the density of the graph from 0.08
to 0.12 on a hierarchical graph. We observe a stepwise
inference gap in all cases. The stepwise inference gap
becomes smaller for larger densities.

Fig. 11 presents a density plot comparing the average
lengths of actual paths with those generated by the model
in a random graph. This observation verifies the model
tends to produce shorter paths between a given pair of
start and goal nodes.

10

Path length of a model's output

0 T T T T

0 2 4 6 8

10

Average path length between two nodes

Figure 9: Model outputs are biased to-
ward shorter paths. We compare the
average lengths of actual and model-
generated paths in a random graph, re-
vealing the trained model’s bias to gen-
erate shorter paths connecting a pair of
start and goal nodes in a random graph.
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