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ABSTRACT

Federated Learning is a machine learning technique where a network of clients
collaborates with a server to learn a centralized model while keeping data localized.
In such a setting, naively minimizing an aggregate loss may introduce bias and
disadvantage model performance on certain clients. To address this issue, we
propose a new federated learning framework called FAFL in which the goal is to
minimize the worst-case weighted client losses over an uncertainty set. By deriving
a variational representation, we show that this framework is a fairness-aware
objective and can be easily optimized by solving a joint minimization problem
over the model parameters and a dual variable. We then propose an optimization
algorithm to solve FAFL which can be efficiently implemented in a federated setting
and provide convergence guarantees. We further prove generalization bounds for
learning with this objective. Experiments on real-world datasets demonstrate the
effectiveness of our framework in achieving both accuracy and fairness.

1 INTRODUCTION

Due to the emergence of unprecedented amount of data generated by mobile devices and the growing
computational power of these devices, Federated Learning (FL) has become of increasing importance
and often crucial for deployment of large-scale machine learning (Konecny et al.,[2016; [ McMahan
et al., 2017). A typical Federated Learning setting consists of a network of hundreds to millions
of devices (clients) which interact with each other through a central server, and its goal is to
collaboratively learn a shared model while keeping the training data on the device instead of requiring
the data to be uploaded and stored on the central server.

Despite its advantage of data privacy, it faces several challenges ranging from developing communi-
cation efficient algorithms to ensuring fairness (Kairouz et al.,|2019). First, frequent communication
is undesirable in FL as it is expensive due to unreliable and relatively slow network connection,
especially when more clients are involved. To reduce communication overload, one needs to depart
from the conventional distributed learning setting where the updated local models are broadcast to
the central server at each iteration, and adopt more efficient communication strategies like periodic
averaging (Khaled et al.| 2019; Haddadpour and Mahdavi, [2019; |Stichl 2019; |[Konecny et al., 2016;
Konecny et al., 2016; McMabhan et al., 2017).

Another major challenge in Federated Learning is that of fairness. In the data-generating process
in federated learning, there is a risk of introducing biases, and models learned from biased training
data can often exhibit unfair behaviours. For example, some clients will make much heavier use
of the services or app than others, leading to varying amount of local training data, then federated
learning may weight higher the contributions of those over-represented clients and disadvantage
model performance on other clients. Ensuring that the learned models are non-discriminatory or
fair with respect to some protected groups is a topical problem in modern machine learning, and a
variety of definitions of the notion of fairness have been proposed (Zafar et al., 2017} Dwork et al.,
2018} [Donini et al.| 2018; 'Williamson and Menonl, [2019; [Hashimoto et al., [2018; |Samadi et al.| 2018)).
However in the context of federated learning, there has been limited work on how to address the
fairness concerns (Li et al., 2020a}; 202 1a3b; Mohri et al., [2019). Mohri et al.| (2019) have taken a
initial step towards this goal by introducing good-intent fairness based on the maximin principle
where the objective is to seek all client losses to be small. However that objective is rigid as it does
not allow for flexible trade-off between fairness and accuracy. Inspired by fair resource allocation
in wireless network, |Li et al.|(2020a)) propose a modified federated learning objective to encourage
uniformity in performance across devices. Despite that their objective enables to tune the amount
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of fairness via a single hyper-parameter, it is not a fairness-aware objective and as pointed out by
Yang et al.| (2020) is less effective in ensuring better fairness under heterogeneity. Later, Li et al.
(2021a) develop a tilted empirical risk minimization (TERM) to handle outliers and class imbalance
which is a smooth approximation to the maximum function. TERM has been shown to achieve good
performances in some FL application. However, their algorithm requires dynamically sampling from
a Gumbel-Softmax distribution for partial participation and reweighting the samples and clients,
which is expensive. More recently, [Li et al.| (2021b) propose a federated multi-task framework to
balance two competing constraints of robustness and fairness and empirically demonstrate that it can
encourage fairness. However, their approach requires learning different models for each client, and
there is no theoretical guarantee for the fairness benefit except a simple linear problem.

In this work, we propose a new framework called FAFL to address the fairness issues in federated
learning. Instead of optimizing the model for a specific (uniform) distribution, FAFL minimizes a
Qo -weighted loss which is a supremum of weighted aggregation of client losses over an uncertainty
set Q,, of possible weights, where the parameter o := (v, - - - , v, ) is personalized for each client
to account for client heterogeneity. We show that our FAFL framework defines a notion of fairness,
which we refer to as heterogeneous conditional value at risk (HCVaR). HCVaR is a generalization of
conditional value at risk (CVaR) which is a well-studied risk-averse measure in finance and portfolio
optimization (Shapiro et al.,|2014; Rockafellar et al.l 2000} [Krokhmal et al.,|2002) and has recently
been used in many applications in machine learning (Chow and Ghavamzadeh) 2014; Shalev-Shwartz
and Wexler, 20165 |[Fan et al., [2017}; |Curi et al., [2020; |[Lee et al., [2020; Soma and Yoshida, [2020;
Jeong and Namkoong| [2020). In particular, Williamson and Menon|(2019)) propose a new definition
of fairness and show that CVaR is a fairness risk measure. Compared to CVaR, HCVaR takes into
account client heterogeneity by allowing different parameters «; for each client ¢, which is more
related to federated learning setting. The connection to HCVaR shows that FAFL is a fairness-aware
objective which involves an expectation and deviation, implying that minimizing FAFL objective
ensures that the client losses are small, and that they have low deviation (fairness). Compared to
agnostic federated learning (Mohri et al.| 2019), FAFL is more flexible as the conservation level can
be controlled by adjusting those parameters «;s. In fact, agnostic loss and the standard federated
learning objective can be recovered from our framework using proper choice of a;.

FAFL formulates the learning problem as a minimax optimization problem, which finds a global
model that minimizes the worst-case weighted aggregated loss. One approach to solving this minimax
problem is to employ methods from Mobhri et al.|(2019) which iteratively applies stochastic gradient
descent ascent updates. However this approach is undesirable in federated learning setting since it
requires communication at each iteration. A key advantage of FAFL is that it enjoys a variational
representation which is equivalent to a minimization problem over a dual variable. Therefore FAFL
can readily be optimized by solving a joint minimization problem with respect to the model parameter
and the dual variable. We propose a simple gradient based algorithm to solve it called rFedFair
that can be efficiently implemented in federated setting and comes with strong theoretical guarantees.
We summarize our contributions as follow.

e We present a new framework called FAFL to address the fairness issues in federated
learning, which generalizes many existing federated learning objectives, including agnostic
loss (Mohri et al.l [2019) and standard FL objective, and naturally yields a new notion of
fairness named HCVaR.

e We propose a smooth approximation to FAFL and provide an efficient algorithm to solve
it which is guaranteed to find an approximate minimizer of the original FAFL problem for
convex and smooth loss functions.

e We prove two data-dependent generalization bounds for learning with FAFL. Our bounds
show proper generalization from empirical distribution of samples to the true underlying
distribution.

The rest of the paper is organized as follows. In Section 2] we establish the necessary notations
and provide a brief background on federated learning. In Section [3| we give a formal definition
of our FAFL framework and describe its connection to fairness. Then in Section[d] we present an
efficient federated learning algorithm for solving FAFL. Next, we give a detailed theoretical analysis
of the proposed algorithm in both full and partial device participation cases (Section[5.1)), as well
as generalization guarantees (Section[5.2). In Section [6] we conduct a series of experiments and
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compare our results with existing fair federated learning algorithms. Finally we conclude and discuss
future directions. All proofs are deferred to the appendix.

2 PRELIMINARIES

Notation: We denote by Z = X x )} a measurable instance space where X and ) represent feature
and label spaces, respectively. We use F = {f,, : w € W} to denote the underlying hypothesis
class of functions from X to )’ where )’ might differ from ). We are also given a loss function
l:Y xY — R,, quantifying the loss incurred by a decision rule applied to a data instance
z=(z,y) € Z,e.g.,l(fu(z),y). Given a hypothesis f,, € F, denote the expected loss of f,, with
respect to a distribution P over X x ) by

FP(w) = Egyymrl(folz), y))-

Federated Learning Scenario: We consider a federated learning setting with a network of n nodes
(clients) connected to a server node. Denote [n] = {1,--- ,n}. We assume that for every i € [n]
the i-th client has access to m; training sample in S = {(2%,y}) € X x Y : 1 < j < m;}
drawn i.i.d. from some unknown distribution P;, i.e., (33;, y‘) ~ P;. In federated learning, the
data on a given client is typically on the usage of the mobile device by a particular user, which
might come from different environments, contexts, and applications, and hence clients can have
non-i.i.d. data distributions, that is, the distributions F; and P;, ¢ # j, are distinct. Let m = 2?21 m;

and p; = m;/m. We will denote by Pi the empirical distribution associated to sample S?. In the
conventional federated learning setting, the n clients are interested in collaboratively training a single
model on their joint data in a privacy-preserving way by solving the following problem

n mq
. 1 «— iy i
Y P, 2 )
1= J=

with the assumption that all samples are uniformly weighted, i.e., the underlying target distribution is
i1 vl

However since the mixture weight of the distribution P;, ¢ € [n] is unknown, that assumption is rather
restrictive and can lead to solutions that are harmful to the clients (Mohri et al., |2019). Moreover,
the uniformly weighted aggregated loss puts less weight on clients with small number of data points
during training, thus giving rise to unfairness where the learned model behaves differently across
clients. To address these issues, a natural idea is to reweight the client loss. However since we do not
understand precisely which weighting to pick, we propose to study a worst-case client weighted loss,
which defines our new framework given in the next section.

3 FAIRNESS-AWARE FEDERATED LEARNING

In this section, we first introduce the federated learning framework we consider. Then, we establish
its connection to fairness.

3.1 PROBLEM FORMULATION

As we stated in previous section, the conventional federated learning objective raises some issues.
This motivates us to consider a federated learning framework where different weights are assigned to
different clients, and the learner must learn a model that is favorable for any weighted aggregation
of client losses over an uncertainty set ) of possible weights. In this way, a underrepresent client
can be up-weighted to achieve better performance, thus improving model fairness. We will show in
next subsection how this framework intimately relates to a notion of fairness and is a fairness-aware
objective.

We now formally define the Fairness-Aware Federated Learning framework (FAFL). Throughout
this paper, for ease of notation, we use E[-] to denote the expectation with respect to the randomness
in selecting client ¢ with probability p; unless explicitly stated otherwise.
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Definition 1 (FAFL). Let o = (o, e, - ,ap) be a vector where «; € [p;, 1] for all i. Define

the uncertainty set Qo = {q = (q1,-+ 1qn) : Elgs] := S0 qipi = 1,¢; € [0, 0.1}, Then, the
Qo -weighted loss is

fa(w) := sup E[gif" (w)] = sup Z(Jipifi(w), (1

9€Qa 9€Qa ;4
where we write fi(w) = fi(w) for notational convenience.

Here, o; € [p;, 1] is a tuning parameter and allowed to be different across the clients to take client
heterogeneity into account. Interestingly, by setting different «, the (Q-weighted loss can recover
existing federated learning objectives. For example, as «; — 1V4, the uncertainty set ), would
reduce to a single point, i.e., Qo = {(1,---,1)}, and f, becomes > ;" | p; f*(w), which is the
classical federated learning objective; as «; — p; for all 4, f,, reduces to the agnostic federated
learning loss (AFL) (Mohri et al.,[2019): maxen,, Z:‘L:l i fi(w), where A, is a simplex. Therefore,
our FAFL objective is more flexible as it can be tuned based on the conservatism level «; of each
client.

3.2 CONNECTION TO FAIRNESS

In this section, we show that FAFL defines a notion of fairness named heterogeneous conditional
value at risk (HCVaR), which is a generalization of conditional value at risk (CVaR), a common
risk measure in mathematical finance and has recently been proposed as a fairness risk measure
(Williamson and Menonl, 2019). We first recall the definition of CVaR. For scalar x € (0, 1] and
random variable f*(w) (the randomness is w.r.t. the selection of client), the conditional value at risk
is (Rockafellar et al., 2000)

CVaRi—y (f'(w)) = E[f"(w)|f"(w) > Quox (f'(@))];

where Q;_,, is the quantile at level 1 — . Intuitively, CVaR measures the tail behavior of f%(w).
Note that the good-intent fairness (AFL) is a special case of CVaR fairness risk (Mohri et al., 2019).
In federated learning setting, because of client heterogeneity, we may wish to treat losses arising from
different clients differently. Therefore, we consider a heterogeneous version of CVaR by allowing
different weights to each client as follows.

Definition 2 (HCVaR). Given a vector a = (o, - -+ , ) satisfying 7, := Ela; '] > 1, we define
heterogeneous conditional value at risk as

HCVaR: —o(f' (@) = Ea[f'(w)|f'(w) > Qi—1/7, (f ()],

where the expectation B[] is with respect to random selection of device i with probability —L:

aiTa "

Remark 1. If o; = y for all i, HCVaR;_,, (f*(w)) would reduce to CVaR;_, (f*(w)).

Compare to CVaR, HCVaR measures a weighted tail-average. Therefore, we can define a notion of
fairness by minimizing HCVaR which seeks that the weighted average of the largest client losses is
small. This tightens the range of client losses, thus ensuring that they are commensurate (fair).

With this definition in mind, we now derive a dual representation for FAFL, reformulating the primal
problem (T) over ¢ € Q,, to a dual problem over a one-dimensional variable. This dual representation
shows an equivalence between ()-weighted loss and HCVaR, thus connecting FAFL to fairness.

Lemma 1. Denote ()4 := max(-,0). Then,
: L i
fole) = 1t {4 B[ L7 0) = )] | = HOVaR1 (7). @
Remark 2. If the loss function is bounded, i.e., 0 < I(f,(z),y) < B forany z = (z,y) € Z, the
domain of 7 in (2) can be restricted to 7 € [0, B.

By the lemma, one may equally write fo(w) = Eo[f*(w)] + Da(f*(w)) where Dy (fi(w)) =
HCVaR;_,(f"(w) — Eo[f*(w)]) is a measure of deviation. For perfect fairness where f*(w) is a
constant, D, (f*(w)) = 0. Therefore, the lemma shows that FAFL is a fairness-aware objective that
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is an expectation plus a deviance, suggesting that minimizing FAFL objective ensures that the client
losses are small, and that they have low deviation (fairness). By changing the parameters a;s, FAFL
also allows for a flexible trade-off between average accuracy and fairness. There is another desirable
side benefit. The convexity of HCVaR implies that if w — f%(w) is convex, then so is w — fo (w).
Thus, for convex [ and F, as shown in the next section, solving FAFL (simultaneously encouraging
fairness) does not pose an optimization burden.

In practice, the data-generating distribution P; is not known to the client, and the client has only access
to the finite sample S°. Thus, for every i € [n], the expected loss can be estimated by the empirical

loss fi(w) = L - W fula *),y%). This leads to the definition of empirical Q,-weighted loss,
fa(w) := sup Elg;f'(w)] = sup Zqul : 3)
4€EQa qEQai 1

4 THE PROPOSED ALGORITHM

To solve FAFL, one may propose to directly minimize the @Q,-weighted loss, which yields a minimax
optimization problem, by applying stochastic gradient descent ascent algorithm as in Mohri et al.
(2019). However this approach may be undesirable in federated learning setting as it requires frequent
communication. In this section, we will present a gradient optimization method for solving FAFL
problem (3)) that is computationally and communication-wise efficient.

Instead of solving the original Q,-weighted loss (3)), we aim to minimize its dual representation,
which yields the following joint optimization problem

: i A7
) =i | ) =] & Fa) Y

where we rewrite fa as its dual representation given by Lemma For convex f ‘(w), Problem
is jointly convex in (w, ) but not differentiable due to the non-smoothness and non-linearity of
(*)+. Subgradient optimization method is supposed to solve this kind of problems. However in the
federated learning setting its convergence guarantees can not easily be derived. In fact, smoothness
is required condition to prove convergence in federated optimization literature (Khaled et al., 2019
Haddadpour and Mahdavi, [2019; [Li et al., 2020b). To develop theoretically principled algorithm
for solving (4), we propose to use softmax function as a smooth approximation to the max function
defined as follows. .
Gu(x) = plog(1 + i),

where p is a predefined parameter. Note that ¢,, is convex and 1/u-smooth. Furthermore, it smoothly
approximates the max function (Bullins, [2020)). This gives us a natural smooth approximation to
Problem (@), namely

I é ; E Frui éﬁ'f‘ 5
S T2 ) S i B )] S FGenm) ”

P 1 A . .
where f**'(w,n) := —¢,(f*(w) —n) + 1. We can prove that F,,(w,n) and F¥(w,n) satisfy the
py
following inequality. '
Lemma 2. For any w,n,

F (w 77) ( 777)§Fa(w777)+/17-a-

Lemma [2] shows that Problem (5)) smoothly approximates the original non-smooth Problem (@),
implying that we can solve the original Problem (@) by solving its smoothed version, which will be
proven in next section. Now we propose an algorithm for solving Problem (3)), called rFedFair
outlined in Algorlthml 1] Here the symbol V represents the (partial) derivative of a functlon and we
always require that 7' — 2 is divisible by « and denote the number of rounds by T := £=2. As
summarized in the algorithm, in each iteration ¢ of local updates, each selected client ¢ updates its
local model (w?,n!) via a gradient descent step based on its own loss function fri. After k local
iterations, these local models are uploaded to the server where an averaging step is performed. The
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Algorithm 1 rFedFair

Input: {w} = wo,n} = 10}, learning rate 3, number of local updates x, and T
Server chooses a set of clients Z (deterministic or random)
fort =0to7T"— 1do
for all 7 € Z in parallel do
if £ does not divide » then
wipr = wi = BV [ (@ i)
N1 =Nt — BV [0 (wi, m)
else
client 7 uploads to server:
f = BV [ )
n; — anf'u’l(wéa 77;)
server computes the average of the received models:
w1 = Average({w; — BV f*" (wi, np) iez)
M1 = Average({n} — BV, 4 (i, 1}) bie )
server chooses a set of clients Z (deterministic or random) and sends wy 1,7+ to all
clients in Z
end if
end for
end for .
Olltpllt: wr = ﬁ ngo Wrg+1

server then chooses a set Z of clients and sends the averaged model to these clients to begin the next
round of local iterations with this fresh initialization. Compared to conventional federated learning
algorithms like FedAvg (McMahan et al.,[2017), the local update of client ¢ using gradient descent
is with respect to f 1% instead of the empirical loss f i, and the client needs to optimize over model
parameter w and dual variable n jointly. Moreover, we highlight that our algorithm not only can be
efficiently implemented in a federated learning setting but also enjoys theoretical guarantees including
convergence and generalization bounds as shown in next section, whereas the algorithm proposed in
Laguel et al.|(2020) is either impractical or a heuristic without any theoretical guarantees. In practice,
the selection and averaging method may vary. Here, we consider the following two strategies for
picking a set of clients and doing model averaging.

Full Participation: In an idealized scenario, each client participates in each round of the communi-
cation. So the server chooses Z = [n], and the averaging step performs

Wit = Yy ilwf = BV (whnh)
MNt+1 = Zizl pz(ﬁi - ﬂvnf'u’l(wzv 7]17;))

However in practice, especially when the total number of clients is huge, the clients participating in
a round of communication are expected to fail or drop out because of broken network connection
or limited client availability, or there may be straggler clients, which take much longer time to send
their output than other clients in the same round. Therefore, it might be unrealistic to assume that the
server collects all client updates.

Partial Participation: A more practical strategy is to sample a subset of clients. To pick a subset of
clients at communication step, we use the sampling scheme (Li et al.,2020b) where server chooses a
subset of clients Z C [n] with size K < n uniformly at random with replacement according to the
sampling probabilities p1, p2, - - - , pn. Then, the server performs averaging step as follows.

1 ) A .
Wiyl = ? ZieZ(w; - vafltﬂ(w%’ 772))

Ni4+1 = K Ziez(ni - anf“’i(%ni))

Note that our algorithm significantly reduces the number of communications as the local model of
clients are aggregated periodically.
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5 THEORETICAL RESULTS

In this section, we establish our main theoretical results. We first show that Algorithm [I]converges to
the global minimum of the original non-smooth problem (@) for convex and smooth losses in both
full and partial participation cases. Next, we prove that the returned solution will properly generalize
from training data to unseen test samples.

5.1 CONVERGENCE ANALYSIS

We first provide convergence guarantees for full participation and then extend the result to partial
participation.

Before introducing the convergence result, we define a few notations. The dot product between
two vectors w and w’ is denoted by {(w,w’), and the norm of a vector is represented by || - ||. We
also define f! := min,ey fo(w) and (w*,n*) := argmin,, , F/(w,n). We make the following
standard assumptions on the loss functions.

Assumption 1. For every client i € [n), the empirical loss f*(w) is Li-smooth and convex. That is,
Sfor any w,w’, we have

2

Fiw) + (Vo fi(w).o —w) < Fi(w) < Fi(w) + (Vo f' () o' —w) + 5

Assumption 2. The empirical loss f'(w) is Lo-Lipschitz, i.e., for any w,«’, we have |f(w) —
W] < Laflw = o'|l.

W —wl? .

Note that Assumption 2 is only used to prove the smoothness of f #(w,n), and we will not use it to
quantify the degree of client heterogeneity. Instead, we consider the following notion of dissimilarity
of client data distribution introduced by |[Khaled et al.|(2019).

Quantifying the degree of client heterogeneity. We use p® := 1" p;||Ve,, f*¢(w*, 7*)||? for
measuring the degree of client heterogeneity. Note that p is always finite and in case that the client
data is actually i.i.d. and all o;s are equal, p tends to 0 with m; goes to infinity as it is expected.

5.1.1 FULL PARTICIPATION

We now present the convergence of rFedFair with full participation.
Theorem 1. Under the assumptions, if we choose the learning rate 3 and the number of local updates
K such that 8 < 1/40L and 6 L?3%(k — 1)? < 1. Then Algorithm|I|with full participation satisfies,
iy e o 2wo — w2 + (0 — 17)%)
alW " Ja S
fulir) - sy
where o1 = ﬁ ZTTQO Wyt and L := (Ly + (L3 +1)/p) max; 1/a.

+ 26L3%(k — 1)%kp? + pra,

Theorem (1| shows that rFedFair converges at rate O(1/T'), which is the classical result for convex
optimization. Note that there are two additional error terms in our bound. The second term is due to
the client heterogeneity and would reduce to 0 when p = 0 or k = 1, which is consistent with existing
results. The last term is introduced by the smooth approximation of the original Problem (@). We
can make it small by choosing a small u. For instance, for small ¢, by picking p = €/27,, the result
in Theorem shows that rFedFair requires Ty = O(1/€?) rounds of communication between
clients and server to achieve a e-approximate solution.

5.1.2 PARTIAL PARTICIPATION

As we discussed in Section[d] in the practice of federated learning where the number of clients is very
large, it is more desirable to perform averaging over a random subset of clients. We now shift our
attention to the case and provide convergence guarantees for rFedFair with partial participation.

Theorem 2. Under the assumptions, if we choose the learning rate 3 such that LG(3k/K + 2) <

1/20 and 6 L23%(k — 1)? < 1. Then Algorithmwith partial participation satisfies,

2(||lwo — w*[[* + (110 — 7*)?)
/B(TN + 1)

E(fa(&T) - foi) <

12
+26L3%(k — 1)%kp? + ?ﬂn2p2 + pTe
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where the expectation is with respect to randomness in selecting the clients.

The result in Theorem is similar to that of Theorem [I]except the learning rate condition and an
additional term 1232 p?/ K which measures the difference between random selection of clients and
full participation. We note that despite that the convergence rate depends on the sampling size K,
that influence might be limited because of the presence of other error terms, i.e., 26 L 3% (k — 1)2np2.
Thus, in practice, one may choose a small set of clients to overcome the problem of dropouts without
severely harming the training process. This result might be extended to other sampling schemes, and
we leave it to future work.

5.2 GENERALIZATION BOUNDS

In previous sections, we propose an algorithm to minimize the empirical FAFL problem (3) which is
guaranteed to find an approximate solution. Now we provide learning guarantees for generalization
to the true Q,-weighted loss (T).

To simplify notation, we denote a function class H by composing the functions in F with the loss
function [(-, ), i.e., H = {(x,y) — I(fu(z),y) : w € W}. The Rademacher complexity of the
function space H given training sample S* = {(z},y5) € X x Y : 1 < j < m;} drawn i.i.d.
from some distribution P is defined as 9%}, () = E, g:._pmi [SUbuew 7 205y 05l(fu (@), y5)]
where {0;}7", are independent Rademacher random variables, i.e., Plo; = +1] = Plo; = —1] =
1/2. In federated learning setting, each client has its own data from a different distribution. Therefore,
we define a weighted Rademacher complexity for function space H with respect to the joint data

S = (8%, 5™) by Rpu(H) = Eqs[supeyy S S0 p;@ oisl(fu(@i), yi)]. With these

definitions at hand, we can state our first result characterizing uniform convergence properties of
Q.-weighted loss in terms of weighted Rademacher complexity.

Theorem 3. Suppose that the function space H is bounded, i.e., there exists some B > 0 such
that I(f.(x),y) < B holds for all w € W and (z,y) € Z. Fixa = (o1, , ) and m =

(my,--- ,my). Then, for any § > 0, with probability at least 1 — & over the draw of samples
St~ P™ forallw e W

fa(w) < T()éf()é(w) + 20, (H) (6)

Remark 3. If the loss function [ takes values in {41, —1} and the function space H admits VC-
dimension d, the data-dependent weighted Rademacher complexity R, (7{) can be upper bounded

by />, 2dp? log(em/d)/aZm;. (the proof is given in Appendix

Theorem [3| recovers the usual uniform convergence bound for expected loss if letting a; — 1 for
all 2. We note that Mohri et al.|(2019) also derive a bound using weighted Rademacher complexity.
Compared to @, their bound has an additional non-vanishing term B¢, and the last term of the bound
is multiplied by an extra factor of y/n log 1/¢; roughly, this is due to their proof technique relying on
a use of union bound over a t-cover of the simplex A,,. Theorem 3] on the other hand, exploits the
relation between @ -weighted losses and mean of client losses to arrive at a bound, which can avoid
invoking a covering, but at the expense of constant-factor 7, to fa (w). One may expect learning
guarantees, not scaling with this Lipschitz constant 7,,. Thus, we present an alternative bound which
removes the constant factor at a price of weaker last two terms. See Appendix |G| for more details.

6 EXPERIMENTS

In this section, we numerically evaluate the performance of the proposed FAFL framework and
rFedFair algorithm in terms of accuracy and fairness on real-world datasets. We experiment
with three federated datasets considered in prior work using both convex and non-convex models,
including Fashion MNIST (Xiao et al.l |2017) with a logistic regression model, a Vehicle dataset
collected from a distributed sensor network (Duarte and Hul, 2004) with a linear SVM, tweet data
curated from Sentiment140 (Go et al., 2009) with a LSTM classifier for text sentiment analysis.
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Table 1: Test accuracy across 3 clients for models trained with different objectives.

DATASET METHODS  AVERAGE (%) T-SHIRT (%) PULLOVER (%) SHIRT (%)
FEDAVG 78.8+0.2 85.94+0.7 84.5+0.8 66.0+0.7
AFL 77.84+1.2 82.1£3.9 81.0+3.6 71.44+4.2
FASHION-MNIST ¢-FFL 77.8+£0.2 80.4+0.6 78.9+0.4 74.2+0.3
FAFL 78.9+0.5 79.1+0.4 80.7£1.0 76.7£0.6

Table 2: Test accuracy distribution for models trained with different objectives.

DATASET METHODS AVERAGE (%) WORST 10% (%) BEST 10% (%) VARIANCE

FEDAVG 87.3£0.5 43.0£1.0 95.7£1.0 291418
AFL 84.3+0.4 49.3+1.6 93.41+0.7 239+14
VEHICLE ¢-FFL 87.7£0.7 69.9+0.6 94.0+0.9 48%£5
FAFL 87.6+0.3 73.4+2.8 94.3+£0.9 39+£11
FEDAVG 65.1+4.8 15.9+4.9 100.0+0.0 697+132
AFL 61.4+0.6 12.9+1.3 100.0£0.0 689139
SENT140 ¢-FFL 66.5+0.2 23.0+1.4 100.0+0.0 509430
FAFL 70.21+0.8 29.0+0.6 100.0£0.0 486+12

Despite that the convergence guarantees for our algorithm only hold for convex loss functions, we
empirically show that it behaves well in non-convex models.

We simulate a federated learning scenario with one server and n clients, where n is the total number
of clients in the datasets. See Appendix [H|for full datasets details. In all our experiments, we compare
FAFL with the model trained with standard federated learning objective (FedAvg) (McMahan et al.|
2017), agnostic loss (AFL) (Mohri et al., [2019) and ¢-FFL (Li et al., 2020a)), where the latter two
aim to address fairness issues in federated learning. We use rFedFair with full participation on
Fashion MNIST and Vehicle datasets as the number of clients is small, and partial participation on
Sentiment140 where we sample 10 clients at each communication round, i.e., X = 10. The number
of local updates is fixed to x = 10 for all the experiments. Our framework is flexible in that it allows
each client to select different «; to trade-off between average accuracy and fairness. We conduct
various experiments with different ;s to study their effects and report the test accuracy (full results
are provided in Appendix [H). All results are averaged over 5 independent trials.

In Table[I] we compare the test accuracy across the three clients from Fashion MNIST dataset. We
observe that while the average accuracy remains unchanged, our FAFL model achieves fairer (more
uniform) test accuracy across the clients. We further report the worst and best 10% test accuracy and
the variance of test accuracy distribution for Vehicle and Sent140 datasets in Table 2] Again, FAFL
achieves lower variance and higher test accuracy on the clients with worse 10% performance for
Vehicle dataset while maintaining roughly the same average accuracy. Finally, for Sent140, our model
performs significantly better than other baselines in terms of both average accuracy and fairness.

7 CONCLUSION

In this paper, we propose FAFL, a new federated learning framework in which the centralized model
is optimized with respect to a worst-case weighted client loss. We define a notion of fairness named
HCVaR and show an equivalence between FAFL and HCVaR, implying that FAFL is a fairness-aware
objective. We then present an efficient algorithm to solve this objective and provide theoretical
guarantees. Experimental results show that FAFL can gain significant benefits in terms of both
accuracy and fairness. There remains many avenues for future direction. Our framework requires that
the weight g; lies in an interval [0, a; !7 and therefore focuses on clients with large losses. However,
in some scenarios, one may be concerned with more structured uncertainty, e.g., a small subset
[a;,b;] C [0, a;']. An interesting question is whether our results can be generalized to that general
case. Moreover, the convergence guarantee in Theorem 2] only applies to sampling with replacement,
and extending the result to other sampling schemes might be an interesting topic for future work.
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A PROOF OF LEMMA [T

Proof. We begin by introducing a Lagrange multiplier 7 for the constraint E[¢;] = 1, and form the

Lagrangian ‘ ‘
L(n,q) := Elgif* ()] + n(1 — Elg:]) = Elq:(f*(w) = n)] + 1.
Thus, f, is equivalent to

sup  inf L(n,q).
q:q:€[0,1/ ;] 1SR

By switching inf and sup, we obtain the following inequality

sup inf L(n,q) < inf sup  L(n,q). (A.1)
qQZE[O 1/a7]neR ne]quZe[O 1/0¢z]

The inner maximization problem in the right hand side can be solved exactly by letting ¢; = 0 if
fi(w)—n<0and g = a; ' if f{(w) —n >0, leading to

inf L Sup Llgn) =il {E [Oi(f"(w) - n)+] + 77}-
Therefore, to prove the first part of the lemma, it remains to show that equation (A.I)) holds with
equality. Denote L = min; f*(w) and U = max; f*(w). Since n — g(n) := E[ ! (f(w) =)+ +n
is strictly increasing on [U, cc0), we have g(n) > ¢(U) for n € [U, o). For n < L, we have
g(n) = [ ! (fl( )+ (1l — E(; )) which is non-increasing as E( ! ) > 1. So g(n) > g(L) for

K3
n<L. Therefore we may restrict the domain of 7 on a compact convex domain [L, U]. Now since

1 — L(n, q) is linear and thus convex, ¢ — L(n, ¢) is linear and thus concave, and the domain of ¢
and 7 are both compact and convex, the von Neumann’s minimax theorem (Neumann, [1928)) implies
that the equality holds, which completes the proof of the first part.

The second part can be proven as follows.
. 1 .
infee {B| () = 4
1

= inf,er TllEa{( “(w) =)+ +n}7

= Eo[f*(w)|f (w) > Q- 1/7'(1(.]”( w))]
= HCVaR;_,(f*(w))

where the second equality follows from Theorem 1 of Rockafellar et al.| (2000). O

B PROOF OF LEMMA

The proof of Lemma [2|relies on the following result.
Proposition 1 ((Bullins, 2020), Lemma 3). Forz € R,

()4 < Pul@) < (2)4 + p-

Proof. By Proposition we have (f1(w) — 1)+ < ¢u(fi(w) —n) < (f1(w) — 1)+ + . Multiplying
by ~ on both sides and summing them up give us the desired result. O

C PROOF OF THEOREMII

This section includes the full proof of Theorem [I] For ease of notation, we introduce the following
shorthand notations. We denote 6 := (w,n) € W x R. Then the local and global losses can be

rewritten as f*¢(0) = fri(w,n), F“(G) = F#(w,n), and F,(0) := F,(w,n). Let the average
model at iteration ¢ be 6; = Y7, p;# and the minimizer §* := arg min F%(6). We first establish
the convexity and Lipschitz gradient property of f #0 and F(ﬁj with respect to the parameter 6.
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Lemma C.1. If the empirical loss f'(w) satisfies Assumption I and 2, then f*(0) and F*(6) are
convex and have Lipschitz gradients as follows, for any 0, 6’,

V() = v fi(6)]| < L|lo - ]
IVEL©O) ~ VELO) < LIlo -0

L%%_l)max-i
ZOéi.

where L := (L +

Proof. Denote g(0) = fi(w) — 1. By Assumption 1 (smoothness) and 2, we have ||Vg(§) —

V(@) < L1||0 — ¢’|| and ||Vg(8)|| < /L3 + 1. Then, the Lipschitz gradient parameter for
¢,.(9(0)) can be calculated as follows

IV6,.(9(8) — Vor(g(0'))]|
—||¢’ (9(0))V () ¢ (9(0")Vg(0")]|
= 116/, (9(6))V g(6) - ¢,(9(0)Vg(0") + 6, (9(0)) V(') — ¢}, (9(6")) Vg (@")]|
< 9/,(9(0)) [V g(6 ) V(@) + 1,,(9(0)) — ¢,(9(6") |||Vg(9' )| ’
< Lall6 — 0/)| + ~|9(6) - (0")[|[Vg(6")]
Il
where the second inequality uses ¢/,(-) < 1 and i-smoothness of ¢,,. Since fri(0) = —¢u(f (w)—

n) +nand FY(0) = Y1 pi f*(6), we obtain

L3+1.1
)*HH o'l

IV f140) = Vi@ < (Ly +

And,

7~ A~ L2+1 n i
IVEE(0) - VELO)] < (L + 2253 Plyjo— o).

o’ e}

i=1 "

To show the convexity of f#%(#) and % (f), we first observe that g(6) is convex with respect to 6 as
9(0) = f{(w) —=n = f/w) =0 + (VW) w—w)+1" —n=g0)+ (Vg(¢'),0 — ') where
the first inequality uses Assumption 1 (convexity). Then since ¢,,(-) is convex and non-decreasing,

we can conclude that ¢, (¢g(#)) is also convex with respect to 6. Therefore, fri(0) and F= () are
convex.

We next bound the average deviation of local models from their average over 7' iterations. For this
purpose, we first prove a technical lemma given as follows.

Lemma C.2. Suppose that two non-negative sequences {I;}1>0(lo, Iz+..+1 = 0) and {H}i>0
satisfy the following inequality for each iteration t > 0 and some constants C1 > 0,Cy > 0 and
03 Z 0:

t—1 t—1
L<Cy Y, L+Cy Y, H+Cs, ((eR))
I=t,+1 I=t,+1

where t,. := | =1 | k. If further assuming that C1(k — 1) < 3, then we have

T—1 T—1
Z I, <205(k— 1))  H, +2CsT.
t=0 t=0

13
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Proof. We apply the inequality (C:I) to each iteration t = 0,--- , 7 — 1 and obtain

Ip =0
I =
<Ci1 +C:H1 4+ Cs

I.<Ci(Ii+--+1Ti1)+Co(Hy 4+ -+ Heq) + Cs
<

1=0
Iiyo < Cilep1 + CoHp g +C3

I < Ci(lpg1 -+ Tox—1) + Co(Hpy1 - + Hop—1) + Cs

Iir—1),41=0
Iir—1). 42 S Cilir—1), 41+ CoH(r_1), 41+ C3

Ity < Ci(Iep—1y, 41+ Ir—2) + Co(Hip—1), 41+ Hr—2) + C3

Summing the above inequalities yields that

T—1 T—1 T—1
YL <Ci(r—1)Y L+ Co(k—1) Y Hy+ CsT.
t=0 t=0 t=0

AsCi(k—1) < % by assumption, rearranging the terms gives

T—1 T—1
> L <20y(k— 1)) Hy +2CsT.
t=0 t=0

The following lemma bounds the sum of model variance from iteration¢ = 0 to 7" — 1.

Lemma C.3. [f the Assumption 1 and 2 hold and the learning rate B satisfies 6L?3?(rx — 1)? < 1,

then

T-1
t=0

where p? :=

STy pillf = Bil[* < BLE* (s — 1> 355 (FL(8:) — FL(07) + 12T (k — 1)°p

iy pillV 1 (07)] 2.

Proof. Consider an iteration ¢ and denote by t,, the step of the most recent communication between
the clients and the server, i.e., t, = L%J x. Then by the update rule of Algorithm all the clients

have the same local model at iteration t,, + 1, i.e., thm == Gfﬁ 11 = 04,41, and for each client
we can write 0] = 0 | —f3 Zf;tlﬁl V f#+(8}). Therefore, we can upper bound "7, p;||6; —6;||?

as follows.

S pil 6] - 6] N -

—5221 1Pz||21 tot1 vfl“(el) Zl =t.+1 [Vf”i(9?)]ll2

< B2 =1~ ) Iy 2 e, 4 [V F74(6) — BV (0] (€2)
<52(/‘5*1)Zz =tot1 Sy pal [V (6]) — E[V 1 (6])]]2

< BHr = 1) X0 11 i 2l V402

where the first inequality follows from the Jensen’s inequality, the second inequality is due to the fact
that t — ¢, < k by definition, and the last inequality uses Var(Z) < E(Z?).
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Now we proceed to bound Y7, p; ||V f#(67)|]2.

SV N

= S [V F20)) ~ @) + Vi) - V) £ V)P

< T BV 6] — VG| + 2V ) — V02 + 6|V e (07)][2)
< T, pi(BL216] — B2 + 20|V (G — Ve (6%)][2 + 6][V i (6%)]2)

< S0 pi(BLP116] — G||* + AL(f(6)) — f’”( ) = (V1(87), 60— 67)) + 6]V f1(67)]]%)

=3L> Y0 pill6f — Oil|” + AL(EL () — ER(67) — (VER(67),00 — 67)) + 6 7, pal [V 1 (672

= 3L 0, pill6] — 6il|” +AL(FL () — F(67)) + 6p°
(C.3)
where the first inequality uses AM-GM inequality, the second inequality follows from the Lipschitz
gradient, the third inequality uses the co-coercivity of convex and smooth function, and the last

equality holds as V¥ (6*) = 0.
Plugging (C.3) back in (C.2) yields

S, pill6; — 61 o
§3L262( )Zl te+1 ?:1pi||91 9l||2+4L62(“_1) l tr +1( S(Ql)—Fg(Q*))—i—
64%(k — 1)%p?

(C4)

Since 3L23?(k — 1)? < 3 by assumption, we apply Lemmato derive the desired result. O
We now return to the proof of Theorem T}

Proof. We begin by noting that 8,1 = S."", p; (8 — BV f#(6)) always holds by the update rule
of rFedFair. Then we can write
[
— ([0 016} — BV i (6)) — 67| s
10 B v e e:) — 02 ] -«
= (16 — 0*[1* + B2 S0y pi V(0] P = 2B(0, — 0%, 375, piV [ (6)))

For the term || >, p;V Fr(609)]]2, it can be further decomposed as

1550, peV i (67)]2 o o

= VA6 — S eV IO + S0, pi V)

<2 S, V) - X p VP 2 DL VI
<2, L2pill0; — 042 2]l S, peV S0 | '
=2, L2pi[0 — 0,12 + 2/[VEE(0,)|

<2, L2pillo — 0,2 + AL(FE(0,) — FL(0%))

where the first inequality uses ||a + b||? < 2|a||? 2, the second and last inequalities follow
from the Lipschitz gradient of f#+*(#) and F*(6) by Lemma

We also upper bound the last term as follows.

—2B(0; — 0", 31 iV f* (07))

=B, il — 0 Ve

= B pul-2(6) — 0° VR 6)) — 2(6, — 0,V f#(63)]
< B, P20 (0°) — ) — 200, — 0L,V O]
< BY, pil2(7#(0%) — F4(8,)) + L6, — 6112

= BI2AFE(0") — F2(8.) + X1y pil]|6: — 6]

(C.7)

where the first inequality uses the convexity of f #:(#), and the second inequality uses the Lipschitz
gradient of f#(6).
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Plugging (C.6) and (C.7) back in (C-35) implies that
10e1 — 07| o o
<10 — 0"11 + (221L2ﬂ2 +BL) 3= pillf; *199t||2 + (4132 = 2B)(FL(0:) — FL(07)) |
<118 071 + S BLSTI il 6] — Bul12 = 1 B(EL(@) — F£(6%))
(C.8)
1
where the second inequality uses the assumption that 5 < 0L Summing up all the T inequalities
in (C8) fromt =0,1,---,T — 1 gives
||9T*9*H2*||9_ alls Lo
BLZ Pl il = W — 1P T (FE(0n) — F(0°)

S

< ?mm% 12— SO TE (FLG) — FLE) + 2 pLITH (5 120 ()
< ?BZtO(F“(Qt) Fé‘(@*))+13ﬁTL52(H—1)202

< g BT (P (i) — L (0%)) + 138T L6 (s — 1)20?

where the second inequality uses Lemma [C.3] the third inequality is due to the assumption that
6L%63%(k —1)? < 1,and the last inequality follows from the definition of §*. Rearranging the terms
and d1v1d1ng both sides by 5 LB(Ty + 1) yield that

Tn + ZfNoFa( rong1) — F1(6%)
i Go — 0 C.10)
2”90—9 |2 T ) o 5 2[|60 — 67| 2 , L (
26 L -1 <272 7 W 496 _1
BTy +1) Tyl Bls =1y < BT +1) Bk =1)%kp

where the last inequality uses

T+1§“

Finally, we lower bound LHS of (C:I10).

ZTN F ( rn+1) ng(@*)

TN +1

TN ZzNo FR(Wri1s Mrng1) — FE(0%)
Z H(TNH ZT 0 Wrert1s TN+1 Zr 0Mrrt1) — Er(6%) ) (C.11)
>

F
* n Di
Iy (TN+1 ZT 0 Wrk+1s TN+1 27 Zomrnt1) = fa — D o

. Pi ’
f ( ) fa - MZ'L‘:I 7

where the first equality is due to the update rule of Algorithm [T} the first 1nequa11ty uses Jensen’s
inequality, the second 1nequahty follows from Lemma [2 I which shows that F,(-) < E¥(-) and

F“(G*) < f NERTD S 1o , and the last inequality is by the definition of f,,.

Combining (C.I0) and (@) gives us

; o 21100 — 0|12

J * 2 2, 2 = i
falor) = f4 < BTy £ 1) +26L53%(k — 1)%kp +“;o?'

D PROOF OF THEOREM

In this section, we prove the convergence of rFedFair with partial participation. The main
challenge here is that the randomly selected subset of clients varies each round, which makes the
analysis complicated. To overcome this difficulty, we first notice that the update rule of rFedFair
with partial participation is equivalent to the following form: at every iteration, each client i € [n]
performs local updates; then after x local iterations, the server does an average step over the local
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models received from a randomly selected subset Z of clients, and the averaged model is sent back
to all clients to begin the next round. We then introduce a virtual sequence {t} };>¢ and rewrite the
update rule of Algorithm |I]as: for all i € [n],

Vigr = 0i = BVL(6)
i ¥y, if t does not divide k. (D.1)
0111 =

+ e, Ui, otherwise

Note that the virtual sequence and {9§}i¢ z never have to been computed explicitly and are just tools
used for the analysis. Now the only difference with the case of full participation is that at each
communication round the server performs averaging step over a random selection of clients sampled
with probability p1, ps, - - - , p,, instead of all clients. If that average does not deviate much from the
average model across all clients, one may expect to use similar technique to prove the result for partial
participation. Following this logic, we first bound how far the true average model 6; can derivate
from the virtual average over T iterations in the following lemma. Denote by 9; = E?:l P9 the
average virtual model at iteration ¢. To simplify the notation, in what follows we simply use E[] to
denote expectation with respect to sampling of clients at each communication round.

The proof of lemma relies on the following result.

Proposition 2. Let {e;}" ;| denote any fixed deterministic sequence. We uniformly sample a subset
with size K where e; is sampled with probability p; for 1 < i < n with replacement. Let Z =
{i1,-++ ,ix} C [n]. Then,

Ez{zei} :Ez[iei]} = K[épiez}.

icZ j=1
Lemma D.1. If the Assumption 1 and 2 hold, then

T—1 10 q 2
E> o 1041 —TﬁHH o Ty . )
< REPMBLI Sl il = BP + RIPAELIS (R0 = FE) + 02T 1)

Proof. First note that if ¢ does not divide , we have 0; | = ;1 by (D.1) and ||0; 41 — V14]|> =0

We can write
EY o 10001 — Do
*EZr 0|‘0M+1 797%—&-1” B
- E’Zr: H K Zzezr ﬁrn+1 ﬁzﬁ"rl”Q ) (D3)
= EZZLVO % Ziezr ||191im+1 - ?mHHQ
= E% Zfﬁo ?:1 pi”ﬂin-&-l — Dpet|?
where the third equality is due to the independent and unbiased sampling of clients, and the last
equality follows from Proposition 2]

By the update rule 1} for each client i, we have 0. 1 = 0f, 1), = B2 5 1)1 V f(67).
Thus, the inner summation can be further upper bounded as follows.

Z? 1 lelﬁ;nﬂ :ZM-HH L
= B2 i il 0 oy VIO = 0 (s BIVF DI ,
< 3L2ﬂ2’izl (r—1)k+1 Zl 1p1\|91 - olHZ + 4L52“Zl (r— 1)R+1(F#(9 ) — Fg(@*)) +66%k%p?
(D.4)
where the last inequality follows from (C.2)) and (C.4).

Plugging (D.4) back in (D.3)) yields that

JEZt |01 — 19t+1|| o
< L262 RE S 20 S0 (s Soiet PillO] = Ol + £ LBPRE 32020 300 ) (FE(O) — FR(07))+
/3'2 PA(Tn +1) i i ’
< %L%%E Yo Sima pill6; — 02 + £ LA2RE ) (FL(0,) — Fi(6%)) + %5%%;%13 +1)
which completes the proof. O
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Now we proceed to prove Theorem [2] which follows similar argument to that of Theorem T]

Proof. We begin by decomposing the optimality gap as

E[|01 — 67|
= E[|0p41 — V11 + Jeq1 — 07|

=E[|0;41 — ﬂt+1||2 +E[[0i1 — 0%|]> + 2E(Or 11 — Veq1, Veqr — 67)
=E[[fr+1 = Do ||* + E[[D41 — 6%

where the last equality holds since E 2 §t+1 = ﬁtJr 1.

The second term in RHS of (D.6)) can be bounded as follows.

E||[J¢41 — 07| _ o
= E[| 31, pi(0f — BV f1(6])) — 07| |2
=E[|0; — B30, iV [ (67) — 077

=E[[10, — 6"|* + 8[| iy iV (6))I1° — 2806 — 67, 377, iV f11(67))

< El|f: — 0*|]* + (2L°8* + BL)E 37, pill6]

— 0,

where the first equality uses (D-I)), and the last inequality follows from (C.6) and (C.7).
Plugging back in and summing up from ¢ = 0,1,--- ,T — 1 yield that

B 7 — 0" - 140 — 0°[
<E> ||9t+1T— 11915—&;1H2_+ (2[:252 + BL)E|
(4LB% = 2B)E 37, 2y (F&(0;) — Fx(6%))

< (2075 + BL+  L*5n)E} =0 Xor 1pz||91

(4L62 #LB% - 2B E Y, (F“(Ht) FE(0

T—
t=0

)+

9}||

1 i2 i n
> pil 07 — 04171+

J+
LB262p% (T + 1)

(D.6)

+ (4LB? — 2B)E(FL(0,) — F1(6*))

(D.7)

/BLEE Zi:l piHei - 9t||2 ﬁE Zt 0 (F”(et) Féj(ﬁ*)) + %BQEQPZ(TN +1)

< —fﬁEZ o (F1(6;) — E1(07)) + 135TL52(K —1)2p?
< g PEY NG (E Brnn) — F4(67)) + 138T LB (s

+ %8670 (I + 1)

*1)2p2+%52f€2p2(TN+1)

(D.8)

where the second inequality uses Lemma the third inequality holds since L3(3x/K +2) < % by
assumption, the fourth inequality follows from Lemmaand the assumption that 62 3%(k — 1)? <
1, and the last inequality holds as 6* is the minimizer of F*(-).

Rearranging the terms and dividing both sides by 3(Ty + 1) give

1 I . 160 — 07|

E—— N (FH(0,, — Fr(O*) <2-—"———

TN + 1 ET:O( a( T +1) a( )) — ﬂ(TN + 1)
where we use < K.

T+1

12
+26LB3%(k — 1)%kp? + ?B/ﬁpz

Again, we apply Lemma [2]to lower bound the LHS of (D.9) and obtain

B zf%@a%n—ﬁgw*))

T,
= TN+1 E il F (wT k415 Tr- n-‘rl)

> EFH(

— F1(0%)

T~ +1 Zr 0 Wr-k+1) TN+1 Z ZoMrnt1) — 5(9*) ’

P
> EFa(TN+1 Zr:o Wrek+15 TN+1 Zr:o Nrwt1) — Jo—H 2?21 j
K2

> E(fal@r) = f3) — 070

where the first equality uses the update rule (D.T).

Finally, combining and (D.T0) concludes the proof.
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E PROOF OF THEOREM 3]

Proof. We begin by rewriting f,,(w) using its dual representation

fa(w)
= inf,er nHE{ (fi(w)n)+H , (E.1)

1
o
— inf,cp < 7 + %Ea {(fi(w) - n)+} }

[e3
By choosing 77 = 0 in (E.I)), we obtain the following inequality which holds for any w € W

1

B ()] <

falw) < g, [(f”(w))} Lu(s) | E2)

To T

1 ) 1 A A
where U(S) := sup,,cpy {1Ea [(f’(w))} - ——E, [(fz(w))} } The first term E,, [(f*(w))]
To Ta
in the RHS of (E.2)) can be bounded as follows.

Ea (1) = infyex {1+ Ba (7)) |}
intyes {1+ —=rBa (1) )|}
—intyex {1+ B| () -y ||

= ulw)

) (E.3)

where the first inequality uses (-) < ——

—()rasta > 1L

To bound the second term, we make use of McDiarmid’s inequality. Let S " be a sample differing from
S by exactly one point, say (z%,y%) in S and (2'},5';) in S'. By definition of ¥(S), the following
inequality holds:

W(S) — W(S")
—supaom { (7)) -

sup.ew { 5B (7] - )] §
—supoow {E| 70| ~E| L]}~ supaonw {E[ 2 r10)| - B[ 27|}

2

< supaow {B| 2 F'0)] - E| L) | 7

— S, %(f%) — fi(w))
= supuow { | 2.5 = 1)) |
< p;B

Tooamy

(E4)
where the first inequality uses the sub-additivity of sup, and the last inequality is due to the boundness
assumption on the loss function.

By McDiarmid’s inequality, with probability at least 1 — §, the following inequality holds

(E.5)
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The expectation on RHS of @ can be further bounded as follows.
Eow(S)
~Bssupuow {E[ 11| - B[ 7]}
—Besupen { T | 2] - Si [ L]}
~Essup.aw {Be T, [27"0)| - T, | 2]}
< Esgrsunow { Ty [pi(f‘“(w) - i)}
— B spen { T T | Lo U}y - el )| |

g21ES’Usupw€W{ZZ DIV [a a7 I(ful(! )yj)]}

» (E6)

where the first inequality uses Jensen’s inequality and the convexity of the supremum function, the
last equality follows from the fact that the introduction of Rademacher variables does not change the
expectation over all possible S and S’, and the last inequality holds by the sub-additivity of sup and
the fact that o;; and —o;; have the same distribution.

Plugging (E.6), (E.5) and (E.3) into (E.2)) concludes the proof of the theorem. O

F PROOF OF REMARK 3

Proof. For a fixed sample S = (S',--- ,S™), we denote by 7:[‘ s the set of vectors of function values

(041 o I(ful(ah),y ))(ij)e[ o where w is in W. Since I(f, (%), y}) takes values in {1, +1},

X |mg
f 2
the norm of these vectors is bounded by /> i, 51 . By applying Massart’s lemma, we obtain
QT

(M) = Es B | supaew Ty TP 2ot fute). )|

< z:‘lalmﬁsx/zlogms|<\/zz“ - log Ty (m),

where I14 (m) is the growth function, and the last 1nequa11ty uses the definition of growth function.
Moreover, by Sauer’s lemma, we have IT (m) < (<)% as H admits VC-dimension d. Combining
the above steps yields that

Ry (H) < Z dpfl an

- oz m; d
i=1
O
G ALTERNATIVE GENERALIZATION BOUND
Theorem G.1. Let o = (ay, -+ , ) and m = (myq, - -+ ,my,) be fixed, and let the function space

H be bounded, i.e., there exists some B > 0 such that sup,,c z l(f.,(2),y) < B holds for all w € W.
Then, for any § > 0, with probability at least 1 — § over the draw of samples S* ~ P!, for all

weW
3 pz pz 10g 0875
fa(w) < fa(w +2§ +§ o \/ - (G.1)
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Proof. For any w € W, we have

ful) = )
- inf,,eR {n+e [1<fi<w> — ] } = nten {4 B[ L) - e

Qg 673

() ) () - >+]
<E ai|fz<w>—fz<w>|}

(G.2)

where the first equality uses the variational representation of Qa-welghted loss given in LemmalT}
the first inequality holds by selecting the first 1) to be identical to the minimizer n' of second inf
function. Taking supremum over WV, we get

supuew (fo@) ~ fal@)}
< supucn (S B (@) = F@l) (G3)
<y B supep |fi(w) — fi(w)]

where the last inequality uses the sub-additivity of sup.

For a fixed m;, by a standard Rademacher complexity bound (Mohri et al.l [2018), for any § > 0, with

probability at least 1 — -, the following inequality holds
) ) 1 2n
fi < 2R} B log —.
sup, 1 (w) = f1(w)] < 29, (H) + o 10875
Plugging the above inequality back in (G.3)) for each ¢ and using a union bound yields that for every
weW,
Pi o3t 1 2n
fOé() ( )+2Z’L lam ( )+Zz la 9 i (G4)
m;
with probability at least 1 — §. This completes the proof. O

Similar to typical uniform convergence guarantees for empirical risk, the bound (G.I)) vanishes
to zero at the rate 1/,/m; for standard hypothesis space whose Rademacher complexity could be

bounded from above by @(1 /+/m;) term. Compared to the generalization bound of Theorem the
bound (G.T)) does not involve a constant factor 7. But the last two terms are less favorable that of (6).
This can be observed as follows. By the sub-additivity of sup and the linearity of expectation, we can
write

Bn(H) = Eas | supcw Sy S 2 ol(f ).

’L (2

n Di 1 :
<Eos| e 1, SMPuwew ZJ R U(fuolz ) yj)]
=2l B, (’H)
Analogously, the last term satisfies the inequality Zz 1 a2m El 1 al R s by subadditivity
of v/-.

H EXPERIMENTAL DETAILS

We now provide full details on the datasets and models used in our experiments. To construct client
data, we partition each dataset as follows.

Fashion MNIST. The Fashion MNIST (Xiao et al., 2017) dataset is an MNIST-like dataset where
images are classified into 10 categories of clothing. We follow the same procedure as that in|Mohri
et al.| (2019) to extract a subset of data labelled with categories t—shirt/top, pullover, and
shirt and split this subset into 3 clients, each consisting of a class of clothing. We then trained a
classifier for the three classes using logistic regression.
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Table 3: Test accuracy for FAFL with different o;s.

DATASET FAFL AVERAGE  T-SHIRT PULLOVER SHIRT
a1, o, a3 = 0.04,0.04,0.04 78.9£0.5 79.1+£0.4 80.7£1.0 76.7£0.6
ay,a2,03 =0.1,0.1,0.2 80.1£0.8 90.2+1.0 90.4+£0.8 59.7£1.3

FASHION MNIST  ag,a2,a3 =0.2,0.2,0.3 81.0£0.5 88.9+0.2 89.3+£0.9 64.8+0.5
ay,a2,03 =0.1,0.2,0.1 80.1+0.4 85.6+0.7 79.8+£1.1 74.9£0.5
ay,az,a3 =0.2,0.2,0.1 79.0+£0.5 77.7£0.3 80.3£1.4 79.0+0.4

Table 4: Test accuracy distribution for FAFL with different o;s.

DATASET FAFL AVERAGE  WORST 10% BEST 10% VARIANCE
ag=0.1,a=1 86.2+0.4 65.3+0.6 94.2+0.08 78+9
ag=0.01,a=1 87.6+£0.3 73.4+2.8 94.3£0.9 39+£11
a3 =0.1,06 =0.01,a=1 86.5+1.3 71.3+0.8 93.8+£1.1 43+£5
as =01,06 =001, =1 86.9£1.1 69.24+4.2 93.61+0.7 60+16

VEHICLE a5 =0.1,a6 =0.01,a =1 86.4+0.8 74.7£3.1 93.21+0.5 33+16
aeg = 0.01, seed = 123 87.4£0.9 68.7£2.0 94.8£0.6 75+11
ag = 0.01, seed = 234 83.4+0.8 67.0£1.0 92.1+1.2 56+£11
a=09 68.7+£2.4 21.8+4.3 100.0£0.0 589471
a=0.6 69.0+£2.4 22.2+4.1 100.0+£0.0  590+70
a=0.3 70.2£0.8 29.0£0.6 100.0£0.0 486+12

SENT140  seed = 123, num =5, =0.3 71.0+£1.9 27.24+3.6 100.0+£0.0 513+13
seed = 234, num =5, =03 71.1£2.0 27.0£3.6 100.0£0.0 516+14
seed = 345, num =8, =0.3 71.0+£2.0 27.1+4.0 100.0+£0.0 515+16
seed = 456, num = 8, =0.3 70.9£2.0 26.6£3.8 100.0£0.0  515+17

Vehicle. The Vehicle dataset consists of sensor data collected from a distributed network of 23
sensors (Duarte and Hu}|2004). Each data has a 100-dimension feature and a binary label. We model
each sensor as a client. This produces a dataset with 23 clients. We then train a linear SVM to predict
whether a vehicle is AAV-type or DW-type.

Sent140. The dataset is a collection of tweets from 1, 101 accounts from Sentiment140 (Go et al.,
2009) where each account is associated with a client. We train a model consisted of two LSTM layers
followed by one fully-connected layer for binary sentiment classification which takes a 25-word
sequence as input and embeds each of these into a 300-dimensional space using pretrained Glove
(Pennington et al., 2014).

We randomly split the data on each client into 80% training set, 10% validation set and 10% test set.
As discussed in the body, by changing the parameters «;s, FAFL allows for a flexible trade-off between
average accuracy and fairness. We empirically investigate the effect of these hyper-parameters. The
results are shown in Table [3|and 4] For Vehicle and Sentiment140, since the number of clients is
large, we start with the case that most (or all) of the clients share the same «. For example, we choose
ag = 0.1 for client 6 and a = 1 for other clients in Vehicle. Then we select some (or all) of those
clients with the same value and change their respective «; value. In particular, for Vehicle dataset, we
generate random «; for each client except for client 6 using seed 123 and 234 and thus each client
has different «;; for Sentiment140, we first randomly choose num = 5 or 8 clients and then generate
random «; value for each of the 5 (or 8) clients. We observe that the results are not so sensitive to any
particular (random) mutation, and in most cases our FAFL achieves a good balance between accuracy
and fairness. In our experiments in Section[6} we report the results marked by the gray color.
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