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Abstract

Phase retrieval is a fundamental problem in signal processing, where the goal is
to recover a (complex-valued) signal from phaseless intensity measurements. It is
known that natural non-convex formulations of phase retrieval do not have spurious
local optima. However, the theoretical analyses of such landscape results often rely
on strong assumptions, such as the sampling vectors being Gaussian distributed.

In this paper, we propose and study the problem of outlier robust phase retrieval.
We seek to recover a vector z € R? from n intensity measurements y; = (a; x)?,
where the sampling vectors a;’s are initially i.i.d. Gaussian, but a small fraction of
the (a;, y;) pairs are adversarially corrupted.

Our main result is a near-sample-optimal and nearly-linear-time algorithm that
provably recovers the ground-truth z in the presence of adversarial corruptions.
We first solve a lightweight convex program to find a vector close to the ground
truth. We then run robust gradient descent starting from this initial solution,
leveraging recent advances in high-dimensional robust statistics. Our approach is
conceptually simple and provides a framework for developing robust algorithms
for other tractable non-convex problems.

1 Introduction

Phase retrieval is a fundamental problem in signal processing with applications in various fields, in-
cluding electron microscopy [32], crystallography [33}136], astronomy [11]], and optical imaging [37].
In these applications, one often has access to only the magnitudes of the Fourier transforms of a
complex signal. This is because measuring magnitude (e.g., by aggregating energy over time) is
much easier than measuring phase (which requires detecting rapid changes). We refer the reader to
the survey articles [37, 26] for more details about the theory and applications of phase retrieval.

In this paper, we focus on the real-valued generalized phase retrieval problem, where the Fourier
transform is replaced by a general linear operator. We first give a formal definition of this problem.

Definition 1.1 (Phase Retrieval). Let 2 € R? be the ground-truth vector. Let a; ...a, € R¢ ben
sampling vectors and let y; = (a;, z)?> € R be the corresponding intensity measurements. Given
(ai,y;)_, as input, the task is to recover x.

Note that it is impossible to distinguish between x and —=, so it is sufficient to recover either one.
Under certain assumptions (e.g., when the a;’s are Gaussian distributed), the phase retrieval problem
in Definition[I.T|can be solved in polynomial time with provable recovery guarantees. This was first
achieved via approaches based on semidefinite programming (SDP) relaxations (see, e.g., Candes
et al. [5]). In practice, the problem is often solved using first-order optimization algorithms such as
gradient descent. It is well-established that, although many natural formulations of phase retrieval
have nonconvex objectives, all local optima are globally optimal under certain assumptions [34, 3} 140].
An example of such objective function is the following:

minimize  f(2) = >, (y; — {(a;, 2)?)?> subjectto z € R%
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However, existing analyses of such landscape results often rely on strong assumptions, such as the
sampling vectors a;’s are i.i.d. Gaussian. Our work is motivated by the following questions: Can we
relax the assumptions used in proving landscape results in many tractable nonconvex problems? In the
context of phase retrieval, what happens if a small fraction of the (a;, y;)’s are changed adversarially?
We focus on the following strong contamination model (see, e.g., [13]).

Definition 1.2 (e-Corruption). An algorithm first specifies the number of samples n, and n samples
are drawn independently from some unknown distribution D. The adversary is allowed to replace up
to en samples with arbitrary points. The modified set of n samples is then given to the algorithm as
input. We say that a set of samples is e-corrupted if it is generated by the above process.ﬁ

Under the e-corruption model for high-dimensional data, a common goal is to design efficient
algorithms that can achieve dimension-independent error guarantees. Early work in robust statis-
tics [42, 123} 25]] provided sample-efficient estimators for various tasks, but with runtimes exponential
in the dimension. A recent line of work, initiated by [[13} 28], has developed computationally efficient
robust algorithms for many fundamental high-dimensional tasks. There has been significant progress
in the algorithmic aspects of robust high-dimensional statistics (see, e.g., [12]).

We now formally define the main problem that we pose and study in this paper.

Problem 1.3 (Outlier-Robust Phase Retrieval). Let € > 0. Let z € R? be the ground-truth vector with
l|lz||, = 1. First, n sampling vectors (a;)?_; are drawn i.i.d. from NV'(0,1) € R%. Let y; = {(a;, x)?
be the corresponding intensity measurements. Then, an adversary arbitrarily corrupts an e-fraction of
the (a;,y;)’s. Finally, the corrupted (a;,y;)’s are given to the algorithm as input. The task is to find a
vector z € R? such that min{||z — x|, , ||z + z||,} < A for some precision parameter A > 0.

Note that we allow corruption in both the sampling vectors a; € R? and the intensity measurements
y; € R. We would like to answer the following algorithmic question:

Can we design a provably robust and near sample-optimal algorithm for the
e-corrupted phase retrieval problem (Problem[I.3)) that runs in nearly-linear time?

1.1 Our Results and Contributions

In this paper, we answer the above question affirmatively. We first state the main result of our paper.
Theorem 1.4 (Main, Informal). Consider the outlier-robust phase retrieval problem (Problem[I.3).
Let A > 0. Given an e-corrupted set of n = Q(dlog?(1/A)) samples, we can compute z € R% in
time O(nd) such that min(||z — x|y, ||z + z|ly) < A with probability at least 0.8.

Our algorithm has near-optimal sample complexity, because even without corruption, recovering the
ground-truth vector x in general requires Q2(d) samples because there are d degrees of freedom in z.
Moreover, our algorithm runs in time nearly-linear in the size of the input, and provably recovers
the ground-truth vector = with arbitrary precision A. The formal version of Theorem [I.4]is stated as
Theorem [3.1lin Section[3

We remark that the success probability of Theorem can be boosted to 1 — § for any § > 0 by
incurring an additional factor of 7' = O(log(1/4)) in the sample complexity and runtime. We can
randomly partition the input into 7" equal-sized disjoint sets and run our algorithm on each set to
obtain T solutions Z = {z1,..., 27 }. If we output a solution z* that has the maximum number of
points in Z within distance 2A, we can show that r(2*) < 3A with probability at least 1 — 4.

Our main conceptual contribution is to propose and study the outlier-robust phase retrieval problem,
where a small fraction of the input data is adversarially corrupted. Note that we allow arbitrary
corruption in both the sampling vectors a; € R? and the intensity measurements y; € R. The
nonconvex optimization landscape of phase retrieval is well understood when the a;’s are Gaussian
distributed, but the adversarial robustness of such landscape results is largely unexplored.

Our main technical contributions include the design and analysis of a near sample-optimal and nearly-
linear time algorithm that provably solves the phase retrieval problem in the presence of outliers.
Our approach provides a conceptually simple two-step framework for developing outlier-robust
algorithms for tractable nonconvex problems that combines the robustness of spectral initialization
and the efficiency of the subsequent robust gradient descent.

'We write G C [n] for the (remaining) good samples, and B = [n] \ G for the corrupted samples.
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1.2 Our Approach and Techniques
When there are infinite samples and no corruption, the objective function f(z) can be simplified as

)= E (a2 =y)?| =3llzly + 31zl — 2llzl3 Izl - 4 (2 2)*. (D)
a~N(0,13)

Even though f(z) is nonconvex, we know that it has no spurious local optima [34} 3] 40].

Our approach follows the general structure of Candes et al. [3]], which uses a two-step procedure.
The first step uses spectral techniques to find an initial guess that is close enough to the ground truth.
The second step applies gradient descent to converge to the final solution. However, both steps are
susceptible to adversarial corruption. We develop nearly-linear time and provably robust algorithms
for both steps and combine them to get our main result.

Step 1: Robust Spectral Initialization. When there is no adversarial corruption, the empirical
second-moment matrix Y = (1/n) >, y;a;a; has expectation E[Y] = I + 2zz", so its top
eigenvector is close to x. However, the adversary can arbitrarily change the top eigenvector.

To circumvent this issue, we assign a (nonnegative) weight w; to each sample, and let Y, denote the
weighted intensity-based second-moment matrix Y, = > | w;y;a;a, . Ideally, if the weights w are
uniformly distributed on the remaining clean samples, the top eigenvector of Y, will align with x.
We propose a novel optimization problem that can be used to find a weighting w such that Y,, must
be close to the unknown unbiased expectation I + 2xx " . Moreover, we show that such a weight w
can be computed in nearly-linear time.

Step 2: Approximate Gradient Descent. Starting with the initial guess z; € R? produced by the
robust spectral initialization, we want to apply gradient descent to recover the ground truth 2 € R?.
Without corruption, if the initialization is close enough to x, each iteration will bring z closer to = by
a constant factor. This convergence guarantee can be compromised by the corrupted samples.

At a high level, approximating the gradient at a specific point amounts to a robust mean estimation
problem (for the underlying distribution of the gradients). When the input data is e-corrupted, the
gradients of the n samples can be viewed as an e-corrupted set of vectors. We can approximate the
true gradient using this e-corrupted set of n gradients using robust mean estimation algorithms.

1.3 Related and Prior Works

Phase Retrieval. The problem of phase retrieval arises in many areas of science and engineering
[L1L[33]]. Early research on this problem proposes error-reduction algorithms [22} [17, [18]]. Convex
and nonconvex optimization with various objective functions were later proposed and achieved exact
recovery [43][3H5]138]]. Follow-up works generalize to robust phase retrieval where the observations
are subject to perturbations 45} 27, 7,16} 31]].

Nonconvex Optimization. Even though optimizing a nonconvex function is NP-Hard in general,
recent works showed that many nonconvex functions are locally optimizable due to discrete or
rotational symmetry. Besides phase retrieval, it is known that all local optima are globally optimal
for natural nonconvex formulations of a wide range of machine learning problems, such as matrix
completion [21], matrix sensing [2], phase synchronization [1]], dictionary learning [39], and tensor
decomposition [20] (see also Chapter 7 of [44]). Closely related to our work, a recent line of work
explored the robustness of these landscape results: [30] studied matrix sensing in the e-corrupted
model and [8}[19]] studied matrix completion and matrix sensing in semi-random models.

High-Dimensional Robust Statistics. Recent works in high-dimensional robust statistics developed
nearly-linear time algorithms for the problem of robust mean estimation [9} 16} 29]]. Prior works [35}
14] developed meta-algorithms for finding first-order stationary points with dimension-independent
accuracy guarantees, which is closely related to the robust gradient descent procedure that we use.

1.4 Roadmap

We first introduce notations and background in Section 2] Then we give an overview of our approach
in Section |3} Next, we focus on how to get an initialization that is close enough to the ground truth x
in Section4] After the initialization, we use robust mean algorithms to estimate gradients to converge
to the desired accuracy in Section[5} Finally, we conclude in Section [6|and discuss open problems.
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2 Preliminary and Background

Notation. We write [n] for the set of integers {1,...,n}. We use {e1, ..., eq} for the standard unit
vector basis in R? and I for the identity matrix. For a vector x, we denote its /1, {5 and £, norm as
llz|l,, |||, and ||z||_, respectively, and write the i coordinate in  as z;. For vectors z,y € RY,
we denote its inner product as (z,y) = z y. For a matrix A, we use ||Al|,, [|A]|,, and || A| - as its
operator norm, nuclear norm, and Frobenius norm, respectively. We write A\;(A) as the kth-largest
eigenvalues of A, and \;,(A) as the sum of the k largest eigenvalues. A symmetric 7 x n matrix A
is said to be positive semidefinite (PSD) if for all vectors € R, " Az > 0. For two symmetric
matrices A and B, we write A < B when B — A is positive semidefinite.

Packing SDP. We will use nearly-linear time solvers for the following packing SDP.

n n
max [w]], subject to z:wZA7 <I, X <Z wiBi> <k, w;>0,Vi. *)
i=1 i=1
Lemma 2.1 ([I0]). Given an instance of optimization (%) with semi-positive definite matrices
A; € Rh>d gnd B; € R2X% with A, = C’iC’iT, B; = DiD;r foralli=1,2,--- ,m, together
with integer k > 0, error tolerance ¢y > 1/m?, and failure probability 5o, there is an algorithm that
runs in time O((tc + tp + di + da) poly(1/eo,log 1/do)), where tc, and tp, are the time take to
perform a matrix product with C; and D; respectively and tc = ZZ;I tc, andtp = E?Zl tp,, and
outputs w' with ||w'||; > (1 — €9)OPT where OPT is optimal value, with probability at least 1 — &y

Computing the Top Eigenvector. We use power method to compute the top eigenvector of a matrix.

Lemma 2.2 (Power Method for Top Eigenvector, e.g., [41]]). Let A € R4*% and let \, be its largest
eigenvalue. For any § € (0,1), there exists an algorithm that takes A and outputs a unit vector
x € R% in time O(tlog(d)/6) such that xT Ax > (1 — §)\y with probability at least 0.99, where t is
the time required to compute Av for an arbitrary v € R,

Robust Mean Estimation. Another tool we use is robust mean estimation in the e-corruption model
for distributions with bounded covariance. We use robust mean estimation algorithms to approximate
the true gradient under adversarial corruption.

Lemma 2.3 (Robust Mean Estimation, e.g., [15]). Let D be a distribution on R with unknown
mean v and unknown covariance matrix ¥ where ¥ = 01. Let € be a sufficiently small universal
constant. Let 0 < € < €y and § > 0. Given an e-corrupted set of n samples drawn from D, we can

output a vector [i € R in time O(ndlog(1/8)) such that, with probability at least 1 — § — exp(—ne),

we have ||t — pl|, :O<\/E+1/Ti§+\/d(logd‘;710g1/5)> o

3 Overview

We first state a formal version of our main result.

Theorem 3.1 (Main). Consider the setting of Problem Let 0 < € < €' for some universal
constant € and let A > 0. Given an e-corrupted set of n = Q(dlog®(1/A)) samples, we can

compute a vector z € R in time O(ndlog(1/A)) such that r(z) = min{||z — ||, , ||z + z[,} < A
with probability at least 0.8.

Theorem [3.T|requires two key technical lemmas: the robust spectral initialization (Lemma[3.2)) and
the approximate gradient descent (Lemma [3.3).

We first show that the spectral initialization can be done in nearly linear time with high probability,
the proof of which can be found in Section 4]

Lemma 3.2 (Robust Spectral Initialization). Under the setting of Problem[1.3| for any 0 < € < €' for
some universal constant € > 0, given an e-corrupted set of n = Q(d) samples, we can compute a vec-

tor zg € R? of the ground truth x in time 5(nd) such that r(z) = min{||z1 — 2|, , [|z1 + 25} < &
with probability at least 0.95.
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Then, with such initialization results, we can proceed to show that an approximate gradient descent
algorithm can be used to find an arbitrary approximation of the ground truth in Section 5]

Lemma 3.3 (Robust Gradient Descent). Consider the setting of Problem Let A > 0 be
the desired precision. Let 0 < € < €g for some sufficiently small universal constant €¢g. Given
an e-corrupted set of n. = Q(dlog?(1/A)) samples and an initial guess z, such that r(z) =
min(|[21 — 2|y, |21 + z|l,) < 1/8, we can compute a vector = € R in time O(nd) such that
r(z) < A with probability at least 0.95.

For technical reasons, we cannot use the same set of samples for both the robust spectral initialization
and the approximate gradient descent. Therefore, we partition the e-corrupted set of 2n samples into
two equally sized disjoint sets, using one set for each algorithm.

Proof of Theorem[3.1] Let 2n = Q(dlog?(1/A)) be a set of ¢/2-corrupted samples. We partition
the input into two disjoint sets of n samples. Both sets are e-corrupted. By Lemmas [3.2]and3.3] for
any € € [0,€'] and A > 0, our algorithm takes the first set of samples and output a vector 2’ in time
O(nd) such that r(z') < 1/8 with probability at least 0.95. Then, using 2’ and the second set of
samples, our algorithm can output z € R? in time 5(nd) such that 7(z) < A with probability at least
0.95. The overall success probability is at least 0.8, and the combined running time is a(nd) O

4 Robust Spectral Initialization

We dedicate this section to proving Lemma Given an e-corrupted set of (a;, y;)’s, we can compute
an initial guess z; € R? that is close to the ground truth x, where min(||z; — x|, , ||z1 + z||,) <
1/8. To build some intuition, consider the following intensity-based covariance matrix ¥ =
LS wiaza; , where each a; is drawn independently from N'(0,7) and y; = (a;,z)?. The
expectation of this matrix is E[Y] = I + 2x2 ". In other words, when there are enough samples and
no adversarial corruption, we can obtain a good guess of the ground truth x (or —z) by computing
the top eigenvector of Y. However, we cannot rely on this approach in adversarial settings.

To tackle this issue, we propose a nearly-linear time preprocessing step (Algorithm [I]) that can recover
the true expectation of Y under adversarial corruptions. Algorithm [I]assigns a non-negative weight to
each sample. For a weight vector w € R™ and a set of indices S C [n], the weighted intensity-based
covariance matrix is defined as Y., = > ;. ¢ wiyiaia;r , and we omit S when S = [n]. The feasible

region for the weight vector is: A,, . := {w €R":|lw||;, =1and Vi € [n],0 < w; < ﬁ} .

A weight w defines an empirical distributions over the samples (a;, y;)_,, where the largest prob-
ability assigned to any point is ﬁ Ideally, we would like to find a weight vector w* € A,,

that assigns its weight uniformly to all the uncorrupted samples, i.e., w; = (1_%)” -1;cq. To find a

suitable weighting w, we use the following optimization problem in which )\, returns the sum of
the top two eigenvalues (commonly known as the Ky Fan k£ norm for k = 2).

n n
Hgn Ao (Z wwmmj) subject to 0 < w; < (1_%)”,‘72' € [n], Zwi =1. (*%
i=1 i=1
At a high level, our main observation is that y;a;a; is always a positive semidefinite matrix as y; > 0.
Consequently, the adversary can only add extra directions with large eigenvalues, but will not be able
to remove the eigendirection of z. By minimizing the Ky Fan 2 norm, we can remove any directions
added by the adversary and make sure that the only remaining large eigendirection is close to x.

Let 6 > 0 be some constant to be determined. We show that we can obtain a robust spectral initial-
ization by solving the packing SDP problem (%), which can be solved efficiently using Lemma [2.1]
In particular, to fit the reweighting problem of (F¥) into the framework of the generalized packing
problem (), we define the following constraint matrices for all i € [n] :

Ai:=(1—en-ee, B;:= 11— 8)yiaza; . )
The matrices (A;)?_; are used to implement the constraint that w € A,, .. The matrices (B;)?_ help
make sure the sum of the top two eigenvalues of Y, must be at most roughly 4, because Ao (Yy,-) =~ 4.
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Algorithm 1 Robust Spectral Initialization

Input: e-corrupted samples (a;, ¥;)ic[n]
Output: The initial guess 2’ € R?
1: function ROBUSTINIT({(ai, ¥:) }ic[n))
2: {4, B;} + Constraint matrices as defined in Equation (@)
w’ + Solution to Optimization (*) with constraints { A;, B;}, k = 2, and precision ¢y = 0.9
as in Lemma2.T]
4w ="/ lw”]
5 21 + TOPEIGENVECTOR(Y,,) asin Lemmal2.2|with sufficiently small constant d.
6: return z;
7: end function

w

First, we show that the weight w’ computed by Algorithm E]can ensure the weighted intensity-based
covariance matrix Y,,/ is close enough to the unbiased expectation I + 22z " .

Lemma 4.1. With probability at least 0.98, the w' outputted by Algorithmsatisﬁes:
|Yor — (I +2z27)||, = O(5) 3)

In order to show Lemma[4.1] we need the following auxiliary Lemma[d.2] the proof of which can be
found in Section[A] Intuitively, Lemma[4.2]suggests that any weight w in the feasible region A, o
will not have a huge impact on the properties of uncorrupted measurements.

Lemma 4.2. For any 0o > 0, and sufficiently small ¢ > 0, given a set of n e-corrupted samples with
n > Q(d), with probability at least 0.98, we have HYG,w - I+ 2333:—'—)“2 < §p forallw € A, 2.

Using Lemma[d.2] we provide a proof sketch for Lemma[4.T] and defer the details to Section [A]

Proof. We condition on the fact that the event of Lemmal[4.2] holds (with probability at least 0.98)
for 6y = 6. Thus, for the remaining of the proof, we assume that for all w € A, o, it holds that

|Yew— (I +2xzT)|, < 6.
Let A1 and )\ be the top two eigenvalues of Y./, with v1 and v to be their corresponding eigenvectors.

Note that the largest eigenvalue of I + 2z2 " is 3, and the rest of the eigenvalues are all 1. In the
proof, we show that the eigenvalues of Y, are also close to the ones of 1 + 2z . Our proof consists
of two parts. We first establish lower bounds for A; and A2, and then find an upper bound for A; + As.

Lower Bound. Since y;a;a; = 0 for any i € [n], for any positive weight vector w € Ay, We
have Yz , < Y,,. Thus a lower bound on eigenvalues of Y ,,» will also be a lower bound on Y.

For the top eigenvalue \; of Y,,, it holds
A= UIYw/’Ul > Yx> mTYG,w/a: > xT(I + 2me)m —6=3-0. %)
Similarly, for the second largest eigenvalue A5 of Y, we have:
Ao = U;levg > v;ngw/vg > UQT(IJr QII’T)UQ —0=1+2 <U2,SE>2 —5>1-4. o)

Upper Bound. Through the optimization problem (%), a weight w” is calculated such that Yy,
are operator-norm upper-bounded by the constraint parameters. Let OPT be the value of the
optimal solution of the optimization problem (¥). The desired uniform weight vector over the good
samples w* € A, o is also a feasible solution to this optimization problem because Y, satisfy the
optimization constraints due to Lemma Since w” is an eg-approximation to the problem, we have

[w”]l, > (1 —€)OPT > (1 —¢) [w*]|, =1 —eo
By optimization constraints, the Ky Fan 2-norm of Zi wiB; = %( 1 —6)Y,,» < 2, and consequently,

M+ A= —— (V) < Mﬁ . (6)

[[w”lly

By combining inequalities @), (3)), and (6), we have shown that the top two eigenvalues of Y, are
close to 3 and 1. Since the rest of the eigenvalues of Y, can also be bounded, we can conclude that
Y = (I 4 2z2T)||, = O(6). O
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We can now show the closeness between the top eigenvector of Y,,» and the ground truth.

Lemma 4.3. There exists an universal constant €' such that if 0 < € < €, and Algorlthml receives
in input an e- cormpted set of samples, then it outputs 2, € R such that with probability at least 0.95
it holds (z1) < &

Proof. We condition on the fact that the event of Lemma@]holds (with probability at least 0.98).
Let the eigendecomposition of Y, be Y, = Z cld ])\ VU l , where Ay > ... > A;. Under

the basis {v1, - ,v4}, the ground truth = can be represented as © = Zie[d] o,;v;. Note that
Hx||§ = il a? = 1. By Lemma we have ||V, — (I + 2xa:T)H2 = O(0). Thus, we have
2 Yyr>3-0(5) and
2 Yr < Mo+ (1 —ad) < B3+008)a? + (1+0(8)(1—a?) <1424+ 0(6).
This implies o > 1 — O(J). As aresult,
d
r?(vy) = (min{“vl — :c||§ v + x||§}) = min{(a; — 1), (y +1)?} + Za?
i=2
=min{2 — 2a1,2 4 2a; } = O(9).
The last inequality holds as long as ¢ is sufficiently small. Let z; = Zie[d] Biv; be the unit vector
approximating v; returned by the algorithm. By Lemma 2.2} we have that 2 Y,z > (1 — 8)\
with probability at least 0.99. Thus, we have:
2 Yz > (1=380)M\ >(1-8)(3-0())>3-0(+05) and
2 Yyrzn < had + Xo(1 = af) <1+257 + 0(5).

Again, this implies that 87 > 1 — O(6 4 ). We can show that min{||lv; — z1||5, o1 + z1]3} =
O(8 + 6). By the triangle inequality, we can conclude that 72(z;) = O(8 + &) < 1/64, where the
last mequahty is obtained by choosing sufﬁc1ently small § and §. Therefore, there exists an universal

constant ¢ > 0 such that forall 0 < e < ¢, Algorlthmltakes n = Q(d) samples and outputs z;
such that r(z1) < 1/8 with probability at least 0.95. O

Lemma 4.4. Algorithmruns in time O(nd).

Proof of Lemmad.4} Since we have the factorization of the rank-two matrices A; and rank-one
matrices B; forall: = 1,2, ..., n, and the time to perform a matrix-vector product with C; and D; is

O(d). Therefore, by Lemma | with ¢ and ¢ to be O(nd), Linelruns in O(nd) time. In Line
by Lemma | the top eigenvector of Y, can be computed in O(n log d) time using power method.
Scaling in Lmeruns in O(n) time. As a result, Algorlthmlruns in O(nd) time. O

We can directly combine Lemmad.3]and Lemma[@.4]to finish the proof of Lemma

5 Robust Gradient Descent

After the robust spectral initialization in Section@ we have an initial guess z; € R? that is close to
the ground truth x or —x. Without loss of generality, we can assume that z; is closer to « than to —z.
In this section, we prove Lemma|[3.3} Given an initial guess z; with ||z; — (|, < 1/8, we can use
a robust gradient descent algorithm (Algorithm [2) to recover x to any desire precision A > 0. It is
well-known that gradient descent can achieve geometric convergence rates in non-adversarial settings.
We show that Algorithm [2]achieves a similar convergence rate even when the input is e-corrupted.

Consider the natural nonconvex formulation: min,cra > ;- fi(2) where f;(2) = ({a;, 2)? — yi)2 .
Let g; denote the gradient of f; with respect to z. Let D, denote the distribution of g;(z) € R% when
there is no adversarial corruption. Formally, g(z) ~ D, is distributed as

g(z) = % [((a,z}Q - <a,m>2)2} = —4 ((a,2)* — (a,7)?) (a,z)a where a ~N(0,I) . (7)
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To run gradient descent, we want to estimate the expected true gradient 11, = E g(z) using samples.
The challenge is that the input samples {(a;, ¥;) }ic[n] are e-corrupted, and consequently the gradients
{9i(2) }ien) is an e-corrupted set of vectors drawn from D.. To address this, we use robust mean
estimation algorithms (e.g., [16]) to approximate (,, the true mean of D,.

Algorithm 2 Robust Gradient Descent

Input: ¢ > 0, an e-corrupted set of n samples {(a;, ;) }ie[n), initial guess z; € R? with
|[z1 — x| < 1/8, and desired precision A > 0.
Output: z € R such that ||z — z||, < A where z is the ground truth.
1: procedure ROBUSTGD(e, {(a;, ¥i) Yic[n]s 21, )
2 T <+ O(log(1/A)), n < 1/300
3 Ny, Na, .-+, Np} < arandom disjoint partition of [n] such that |N;| = n/T forallt € [T]
4 fort=1,2,...,Tdo
5: Ji-, < Robust mean estimation on input {g;(z;)};cn, using Lemma|5.2]
6: Zt4+1 — 2t — nﬁzt
7 end for
8 return z74
9: end procedure

The error guarantee of robust mean estimation algorithms depends on the covariance matrix ¥, of
the distribution D, . The next lemma upper bounds the spectral norm of 3.

Lemma 5.1. Let D, be the distribution of gradients at z as defined in Equation . Forany z € R?
with ||z — x||, < 1, the covariance matrix 3. of D, satisfies ¥, < O(||z — :EHS)I

The proof of Lemma[5.1]is deferred to Appendix [B] Given Lemma [5.1} we can show that robust
mean estimation algorithms can approximate 1, with small error. For technical reasons, we randomly
partition the input samples (a;, y;) into T" subsets, and use one subset in each iteration. With high
probability, each partition has at most (2¢)-fraction of corrupted samples

Lemma 5.2. Consider any z € R with ||z — z||, < 1. Let ji, be the mean of D, as defined in
Equation . Fix universal constants ¢ > 0 and eg = O(c?). Let 2¢ < ey and § > 0. Given
a (2¢)-corrupted set of m = Q(dlogd/d) samples drawn from D,, we can compute [i, in time
O(mdlog(1/6)) such that ||fi~ — pzlly < cllz — x|, with probability at least 1 — O(9).

Proof of Lemma[5.2] Since 2e < €, we can view the (2¢)-corrupted set of m samples as €y-corrupted.
We need to replace 2¢ with ¢, to reduce the failure probability of Lemmal[2.3] This weakens the error
guarantee of Lemmal|2.3] but the resulting i, is still accurate enough for our algorithm.

We apply Lemma [2.3] to the ep-corrupted set of m vectors drawn from D,. By Lemma [5.1}
the covariance matrix of D, satisfies £, < O(||z — a:H )I. Consequently, for sufficiently large
m O(dlogd/d) and sufficiently small ¢¢ = O(c?), the error guarantee of Lemma is

0] <\/> + / \/W) — x|, < ¢z — z||,. The success probability is at least

1—0—exp(— eom)—l— O

Lemma shows that even with a (2¢)-corrupted set of gradients, the true gradient 1, can be

estimated up to an additive error proportional to the distance between z and . The next lemma shows

that such an approximate gradient is sufficient for gradient descent to converge, reducing the distance

to the ground truth x by a constant factor in each iteration.

Lemma 5.3. Suppose in iteration t of Algorithm[2] the current solution z; satisfies ||z — x||, < 1/8,

and the estimated gradient [i,, € R? satisfies ||[i., — ., ||y < ¢||2t — x|y for ¢ = 4. Then, we have
2 2

241 — 2y < 0.99 [z — ||

Proof Sketch of Lemma We provide a proof sketch and defer the full proof to Appendix [B] Our
objective function is nonconvex (even with infinitely many samples and no corruption). However,
when the starting point 2; is close to a global optimum, it is well-known that gradient descent is
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well-behaved. More specifically, for any z close to the ground truth x, we can show that the (expected)
true gradient p, aligns with the direction toward x:

2
(o2 =) > 5|z~ 2]3 and [puell, < 29|z — ]l .

which is sufficient for proving geometric convergence. We can immediately see that this argument is
robust to additive error in g, that is proportional to ||z — z||,. When ||z, — p2||, < cllz — |

~ 2 ~
(Hzy2 =) 2 (15 = ¢) ||z — 2ll; and |72z, [l < (29 + ) 20 — 2]l -

When ¢ < 7.5, we can choose an appropriate step size 1 such that the distance between z; and x
decreases by a constant factor in each iteration. [

29

We are now ready to prove Lemma[3.3] which states the performance guarantee, sample complexity,
runtime, and success probability of Algorithm[2] We restate Lemma [3.3]before proving it.

Lemma 3.3 (Robust Gradient Descent). Consider the setting of Problem Let A > 0 be
the desired precision. Let 0 < € < ¢y for some sufficiently small universal constant €y. Given

an e-corrupted set of n = Q(dlog®(1/A)) samples and an initial guess z such that r(z1) =

min(|[z1 — zll,, |21 + z|l,) < 1/8, we can compute a vector = € R in time O(nd) such that
r(z) < A with probability at least 0.95.

Proof of Lemma[3.3] First, we prove the success probability of Algorithm[2} Algorithm [2]can fail in
two ways: (i) if some NV; has more than (2¢)-fraction of corrupted samples, or (i) if Lemmafails
in some iteration t. The probability of event (i) is at most 0.01 for our choice of n, which follows
from a standard application of Hoeffding’s inequality and a union bound over 7 iterations. For event
(ii), we choose a sufficiently small 6 = O(1/T) in Lemma so each robust gradient estimation
fails with probability at most O(9) = 0.01/T, and overall the probability of event (ii) is at most 0.01.
For the rest of the proof, we assume these bad events do not happen.

Next, we show the correctness of Algorithm [2] Without loss of generality, we can assume that z; is
closer to the ground truth x than to —x, which implies ||z, — z||, < 1/8. By Lemma we can
obtain an approximation /i., of the true gradient p., at z; such that ||fi., — 2, ||, < cflz1 — z|5.
Then by Lemma|5.3] we know that ||z; — ||, < 0.99 ||z1 — x|, after one step of gradient descent.
We can iteratively apply these two lemmas to show that, after T = O(log(1/A)) iterations, we
have ||zr41 — ||, < A. One technical issue is that in iteration ¢, we need to use a fresh subset of
samples N;. By the principle of deferred decisions, we can view (a;, ¥;)ic N, as being generated (and
corrupted) after z; is chosen, which forms a (2¢)-corrupted set of gradients at z;.

Finally, we analyze the sample complexity and runtime of Algorithm[2] Algorithm [2]requires in total
n =mT = Q(dlogdlog?(1/A)) samples. A random partition can be computed in O(n) time by
shuffling the input. In each iteration, the m gradients in /Ny can be computed using Equation (7)) in
time O(md), and z; can be updated in time O(d). By Lemmal5.2] the true gradient can be robustly

estimated in time O(mdlogT) = O(mdloglog(1/A)). The overall runtime of the algorithm is

O(n + (mdloglog(1/A))T) = O(ndloglog(1/A)) = O(nd). O

6 Conclusions and Future Directions

In this paper, our main conceptual contribution is to propose and study the outlier-robust phase
retrieval problem, where a constant fraction of the input data is corrupted. Notably, we allow
corruption in both the sampled frequencies a; € R? and the intensity measurements y; € R. Our
main technical contribution is the design and analysis of a near-sample-optimal and nearly-linear-time
algorithm that solves this problem with provably guarantees.

An immediate technical question is whether our sample complexity can be tightened by removing
some log(1/A) factors. One potential approach is to open robust mean estimation algorithms instead
of using them in a black-box manner. One could examine the stability conditions that these algorithms
require, and see if these stability conditions can be proved without partitioning the samples and using
fresh samples in each iteration. More broadly, we believe our framework can be used to develop
outlier-robust algorithms for other tractable nonconvex problems, by first finding an initial solution in
a saddle-free region near a global optimum and then converging to this global optimum using robust
gradient descent.
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A Omitted Proofs in Section 4]

Lemma A.1. [Lemma Formal]. For any 69 > 0, there exists constants €y, c > 0 such that
when n > ¢ - dlog d and we are given a set of n e-corrupted samples, where 0 < € < €, then with
probability at least 0.98, it holds

Yw € Ay ac, [|[Yaw — (4 222 7)|], < b0 ®)

Proof of Lemmal[A.1, We recall the definition of Y5 ., = ), wiyiasa; . Let £ = € - n and let

{(an+i,Ynti)}o_, be the set of samples that were removed by the e- corruptlon adversary. Let
G'=GU{n+1,....,n+},n  =n+{ and ¢ = ¢/(1 + €). Note that without loss of generality,
we can assume that |G| = (1 — e)n and |G'| = (1 — €)n' = n.

We define a mapping o : A, ¢ = Ay 3¢ such that

a(w)i_{wi t€ln] )

0 otherwise

In other words, all the weights are the same for the samples with index in the set [n], and are equal to
0 for the samples removed by the adversary. We can verify that o(w) € A, 3 forall w € A, o
since o(w); < w; < 1/(1 —2€e)n = 1/(1 — 3€')n’ forall i € [n'], and ||o(w)||; = |Jw|; = 1.
Furthermore, we have Yg ., = Ygr () forall w € Ay, 2. We denote with w* € A,/ 3. the desired
uniform weighting of the samples with index in G’, i.e., w} = ﬁliegu

It suffices to show both ||YG/7W — (I 4222 " 00/2 and ||YG/ o(w)—w* ||y < 00 /2.

M, <
By triangle inequality, for any w € A, o, it holds

1Yer o) — (L4222 "), < [[Yorw = (I + 222 )|, + ||Yer ow)—wr

27

Thus, it suffices to show both ||YG/’w* -+ 2me)H2 < 6p/2 and ||YG/7(,(“,)_“,*

We upper bound the first term. By using the definition of w*, note that

, < 80/2.

HYG,,U(M) - I+ meT)H2 = Z wiyaza; — (I + 22z
i€G’ 2
Z yzal - I+ 2xx " )
leG, | 2

Since E(y;a;a; ) = I + 2xx T forany i € G’, we can use a concentration inequality to upper bound
this term. By Lemma as long as n > ¢1(dp/2) - dlog d, with probability at least 0.995, we have

|Yer e — (I +2z27)||, < 60/2 . (10)

It remains to show a high-probability upper bound to the second term ||Ygr o+ —o(uw)|[, < d0/2.

The first observation is that the weighting w* and o(w) for any w € A, 2. cannot too different. In
particular, we can show the following upper bound:

Z|w;‘—a nZw —o(w);| < sup Z|wl—u) (11)

icq wwEA/sell

We observe that A, 3. can be seen as the convex combination of all possible uniform weighting
over subsets of n’(1 — 3¢’) samples. Thus, the maximum distance will be between two points of the
convex hull, and we can upper bound (TT) as:

/
n

* , 6e'n
Z |wf — o(w);] < sup Z lw; — wi] < ———— < 6e . (12)

_ 1 —
=ted w1w,€An’,Se’ =1 n (1 36 )

13



a7 For a fixed unit vector z € S¢~1 with z = px + qu where u € S~ ! and (u, ) = 0, we have:

> (wi = o(w)) (@i, x)* (@, 2)°

max |z YG/ w* —o(w) z’ = max
w

U)eAn 2e 1=led
=max | Y (w] —o(w);) {ai,2)° (p (i, 2) + ¢ <auu>>2’
i€
< 2max | 3 (wl - o)) (a2 + {a:,2)” (a5, 0)?)
Y liear
< 2max Z lw; — o(w);] (ai,x>4
Y e
+ 2max Z lw; — o(w);] <az‘,$>2 <ai7u>2
i€G

ass  For ease of notation, let §; = |w} — o(w);|. Observe that 0 < 3; < (=T 2E)n foralli,and ), B; < 6e
a99  due to (TI). We have:

max |z Yo e zl <2 max (a;
WEAR 2¢ | ¢t motw) } B: ZiEG’ Bi<6eand 0<f; < = Ze)n zEZG/ 51 e
+2 max a; (a; 2
B:Yicqr Bi<beand 0<8; < b zeZG' e i
2 4
< - .
~ (1 —2€e)n LCG T |=6en Z {ai, z)
i€l
2
+———  max Z (as, z)° (@i, u)? . (13)

(1—2¢e)n LCG! | Ll=6en £

s00 Inequality (T3)) follows by assigning the maximum possible 3; to the largest entries of the sum until
so1  we hit the budget 6e due to (TT).

sz We bound maxy, } .., (az, )" first. Let X; = (a;,z) ~ N(0,1) fori € G, and define the

0, ; " forr = C? -In?(1/€) with constant C' > 0 to be determined.
z, z>r

s04 Note that z < r + h,.(z) for all z > 0. Therefore,

max E X4<max— g T—i—max— E h, X4
LCG".|L|=6en 1
1€L zGL

< ber + — Z he (X1).
i€G

s03  threshold function h,(z) = {

sos Then, we consider to bound exp (3, ¢ - hy(X})) for some ¢ > 0 to be determined. For any

s06 4 € G’ and z > 1, with C' = 6, for all € > 0, we have
Pr[exp (¢4, (X})) > 2] < Pr[h(X2) > 0] = Pr[X; > /4] < exp(~v7/2)

<e
<e p(lneC/?)
<e

s07 At the same time, with ¢ < 1/200, for all z > 1, we have

Pr [exp (c-hr(Xf)) > z] < Pr [exp(c- X > z] < Pr {X‘l > lncz}

< exp (_ lnz/2>

< 273,
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Therefore, Pr [exp (c- hy(X})) > 2] < min{z73, €3}, and for all € < 1/2, we have

E [exp (¢ iy (X2))] :/Oopr foxp (e hy (X)) > 2] dz

1/e
/1dz+/ 3dz+/ 273z

= —
+€ 6 _|_
<1+€2

< exp(€?).

Since {X;};c¢ are independent, we have

o (3 conx)

€G!

E

H exp (c- hr(Xf))l < exp(e®n).

i€G’

Finally, by Markov’s inequality, for any constant §; > 0, as long as € < /d1¢, we have

Z he(X) > 2010 exp (Z c- hr(Xf)> > exp(26lcn)]

€G! i€G’

Pr = Pr

< exp(e?n — 20;1cn) < exp(—dicn).

As a result, with sufficiently large n > ¢2(d1) - dlog d and sufficiently small e such that Ger < 41,

Pr

er 4+ — Z h (X;) > 351] < exp(—dien) <0.995 - 9~ ¢,
zEG’

Also, maxr, } ;. (as, 2)? (a;,u)” has a similar tail bound and therefore can be bounded in the same
way. We can then bound the operator norm via an epsilon-net argument. Set d; = dy/24. By an
1/4-net on S?~1 with |A| < 94, we have that

Pr[max |2 T Yer e —o(w) 2| >§0/2} <9%.0.99-97¢ < (.99.
z€Sd—1

By combining the above inequality with Equation (I0), we can conclude that, for any dy > 0, there
exists eg > 0, such that when n > max{c1(dp), c2(do)} - dlogd and 0 < € < €, with probability at
least 0.98,

Vw € Ay ac, [[Yauw — (I + 222 7)||, = ||Yor o) — (I +2z27)||, < do.

Therefore, with probability at least 0.98, we have HYG’w -+ QmJUT)H2 < gp forallw € A, 5.
O

A.1 Concentration Inequalities

For the undisturbed samples, we have the following concentration result.

Lemma A.2 ([3]] Section A.4.2). Let x € R%. For any § > 0, there exists a constant C(5) > 0
such that when n > C' - dlog d and we are given a set of n samples {(a;,y;)}?_, with a; ~ N(0, 1)
independently and y; = (a;, z)* for all i € [n], then with probability at least 0.99, it holds

Zy,al I+2:mc) < 4.

2
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B Omitted Proofs in Section

Lemma 5.1. Let D, be the distribution of gradients at z as defined in Equation . For any z € R?
with ||z — z||, < 1, the covariance matrix ¥, of D, satisfies ¥, < O(||z — ng)I

Proof of Lemma[5.1] Recall that g ~ D, is distributed as
g = & [(<a,z>2 - <CL,I>2)2:|

= —4((a,2)* — (a,2)?) (a,z)a where a ~N(0,1) .

Because Eg~p, [g] = 12, the spectral norm of X, can be upper bounded as follows:

22 = E T — U ;r S E T
Il HQNDZ [gg ] Her 2 g~D. [gg } 2
Consequently, it suffices to upper bound HE9~DZ [ggT] H2 Leth = » — .
T _ T S )
gNEDZ [99"] , jhax, v gNl%z l99" ] v |\vmni}:(1}g3 [(g,v) }

= 2—(11'2261220,’(}2
=16 max, B [((02)" (00" (0,2 00)7]

=16 max E {(a, hy? (a, 2z + h)* (a,z + h)* (a, v>2]
lvll2=1 a~A(0,1)

< 16 max (E {(a, h)S] ](53 [(a, 2r + h>8} ZE) [(a,x + h>8] ](il) [(a, v)ﬂ)lﬂl

lvll;=1 \ a

1/4
8 8 8 8
=16 max (105 1] 22+ BI o+ Al o] 3)

vll;=1
2 2 2 2
= (16 -105) [[A[l5 [[22 + hlf; [|lz + Rllz = O([A]12) -

The first inequality is due to Cauchy-Schwarz inequality. The last step uses the fact that ||z||, = 1
and ||h|, < 1. O

Lemma 5.3. Suppose in iteration t of Algorithm[2] the current solution z satisfies ||z — x|, < 1/8,
and the estimated gradient [i,, € R? satisfies ||[i., — ., ||y < ¢||zt — x|y for ¢ = 4. Then, we have
241 — 3 < 0.99 1z — =3,

Proof of Lemma[5.3] Recall that g ~ D, is distributed as

g= % [((a,z)Q — {a, x>2)2} where a ~ N(0,1) .

We can compute the mean of D, using moments of Gaussian:

.= E g= (12Hz||3—4||x\|§>z—8<x,z>x (14)
g~D,

Consider one step of gradient descent in Algorithm Zt41 = 2t — iz, , Where [i., is an approximate
gradient. We have

2 ~ 2 2 ~ ~
lze41 = @lly = llze = mii, — 2lly = o = 2lly = 20(fz,, 20 — @) + 0% (i, )

To prove convergence, we need to lower bound (fi.,, 2: — =) and upper bound (fi.,, i., ).

We write z = z; and h = z — x to simplify notation. We can substitute z = x + h in Equation (14)):

iz = (16w, ) + 12||A13) @ + (8113 + 24w, ) +12||AJ3) b
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Recall the assumptions of this lemma: ||z||, =1, ||k, < 1/8, and ||f; — p=|l, < cllh|,.

First we lower bound (i, h).

(fizy h) = (pzy h) + (i — piz, h)
= 16(z, h)* + 36(x, h) ||hll5 + 8[|z [13 1R]l5 + 12 [|Ally + (fiz — p= h)
> — 8L |\hlly + 8 [l 13 + 12 |kl — (A — gz, B)
> (8- 35 — o) |Ihll3
> (7.5 —c)||h]l5 -

The first inequality uses the fact that 16(x, h)? + 36(z, h) ||h||§ is a second-order polynomial of
(2, h), which has minimum value — 8! Hh||;1 for all (z, h) € R.

Next we upper bound (fi, fi.) using the triangle inequality.
172lly < llp=lly + (1722 = pelly
< (1642, 1) + 1211113 ) llzll, + (8 ll2l3 + 24¢z, B) + 12 1113 ) 1Al + < Al
<(16+ 2 +8+ %+ 5 +c) |,
<29+ ) |IAll; -

Putting everything together, we have

2 2 ~ ~ ~
21 — ll3 = ll2e — ll3 — 20(iz,, 2e — @) + 0° (fiz, , Bz, )
<[1=2(75=c)n+ 29+ 0)*n?] ||z — ng .

Choosing ¢ = 4 and n = 1/300 gives that ||z;41 — a:Hg <0.99|z — x||§ O

C Counter-examples

Prior robust phase retrieval algorithms [24}45]] focus on the setting where the observations y;’s are sub-
ject to adversarial perturbation while the measuring vectors a;’s are independently sampled from the
Gaussian distribution. The Median Truncated Wirtinger Flow Algorithm [43] first initialize 2(?) by the
spectral method, calculating 2(%) as the top eigenvector of Y := £ 377" ) ;a0 11y, 1<a® med({y:}7 )
using a truncated set of samples, where the threshold is determined by med({y; }7",), the median
over all y;’s. As long as the fraction of of outliers is not too large and the sample complexity is large
enough, the initialization is guaranteed to be within a small neighborhood of the ground truth.

In this section, we present a counter-example where robust phase retrieval algorithms [24,145] can be
insufficient when directly applied to the e-corruption phase retrieval problem.

Let x € S?~! be the ground truth unit vector. Here we construct an e-corruption adversary that can

manipulate the top eigenvector of the empirical covariance matrix Y = Y, yia;a; , even when y;

are accurately calculated as y; = (a; z)2.

Let v € S?! be a unit vector such that 2"« = 0. Suppose the adversary changes 1% of the a;’s
to a; = y/d —1/25 - u + 1/5x, and suppose all the y;’s are accurate. In particular, the length of
the corrupted a;’s is comparable to Gaussian vectors, and the corresponding y; = (a; )% = 1/25.
Consequently, the median-truncated initialization in [45] will not be able to filter out such y;. However,
the top eigenvector of E[Y] = E [, ysaia] | = O(d)uu" + O(Vd)(uz ™ +zu’) + O(1)(I +
QxxT) will be manipulated to u, which is far from the ground truth z.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We provide a formal discussion of our theoretical claim in the first section of
the paper, and include a formal statement of our resul in Section 3.

Guidelines:
¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We point out to all the assumptions used in our paper. There are a discussion
of the limitations in the conclusion. Our algorithm can only handle a corruption € < ¢; for
some universal constant €y. Additionally, it is possible that the dependency on A for the
sample complexity can be removed.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We formally describe our problem setting and assumption used. All the proofs
are in the paper, either in the main content pages or in the appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: The paper is a theory paper, and it has no experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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674 5. Open access to data and code

675 Question: Does the paper provide open access to the data and code, with sufficient instruc-
676 tions to faithfully reproduce the main experimental results, as described in supplemental
677 material?

678 Answer: [NA]

679 Justification: The paper is a theory paper, and it has no experiments.

680 Guidelines:

681 » The answer NA means that paper does not include experiments requiring code.

682 * Please see the NeurIPS code and data submission guidelines (https://nips.cc/
683 public/guides/CodeSubmissionPolicy) for more details.

684 * While we encourage the release of code and data, we understand that this might not be
685 possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
686 including code, unless this is central to the contribution (e.g., for a new open-source
687 benchmark).

688 * The instructions should contain the exact command and environment needed to run to
689 reproduce the results. See the NeurIPS code and data submission guidelines (https:
690 //nips.cc/public/guides/CodeSubmissionPolicy) for more details.

691 * The authors should provide instructions on data access and preparation, including how
692 to access the raw data, preprocessed data, intermediate data, and generated data, etc.
693  The authors should provide scripts to reproduce all experimental results for the new
694 proposed method and baselines. If only a subset of experiments are reproducible, they
695 should state which ones are omitted from the script and why.

696 * At submission time, to preserve anonymity, the authors should release anonymized
697 versions (if applicable).

698 * Providing as much information as possible in supplemental material (appended to the
699 paper) is recommended, but including URLSs to data and code is permitted.

700 6. Experimental Setting/Details

701 Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
702 parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
703 results?

704 Answer: [NA]

705 Justification: The paper is a theory paper, and it has no experiments.

706 Guidelines:

707 * The answer NA means that the paper does not include experiments.

708 * The experimental setting should be presented in the core of the paper to a level of detail
709 that is necessary to appreciate the results and make sense of them.

710 * The full details can be provided either with the code, in appendix, or as supplemental
711 material.

712 7. Experiment Statistical Significance

713 Question: Does the paper report error bars suitably and correctly defined or other appropriate
714 information about the statistical significance of the experiments?

715 Answer: [NA]

716 Justification: The paper is a theory paper, and it has no experiments.

717 Guidelines:

718 * The answer NA means that the paper does not include experiments.

719 * The authors should answer "Yes" if the results are accompanied by error bars, confi-
720 dence intervals, or statistical significance tests, at least for the experiments that support
721 the main claims of the paper.

722 * The factors of variability that the error bars are capturing should be clearly stated (for
723 example, train/test split, initialization, random drawing of some parameter, or overall
724 run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The paper is a theory paper, and it has no experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: The paper conforms with the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper provides a theoretical result. We do not believe there are potential
societal consequences of our work, aside from advancing the field of Machine Learning.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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11.

12.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper only contains theoretical results.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper only contains theoretical results. Previous work is properly cited.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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14.

15.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not introduce any new asset.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This point does not apply to our paper.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
* Including this information in the supplemental material is fine, but if the main contribu-

tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This point does not apply to our paper.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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