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Abstract

The study of collaborative multi-agent bandits has
attracted significant attention recently. In light
of this, we initiate the study of a new collabora-
tive setting, consisting of N agents such that each
agent is learning one of M stochastic multi-armed
bandits to minimize their group cumulative regret.
We develop decentralized algorithms which facili-
tate collaboration between the agents under two
scenarios. We characterize the performance of
these algorithms by deriving the per agent cumu-
lative regret and group regret upper bounds. We
also prove lower bounds for the group regret in
this setting, which demonstrates the near-optimal
behavior of the proposed algorithms.

1. Introduction

The multi-armed bandit (MAB) problem is a paradigm for
sequential decision-making under uncertainty, which in-
volves allocating a resource to an action, in order to obtain
a reward. MABs address the tradeoff between exploration
and exploitation while making sequential decisions. Owing
to their utility in large-scale distributed systems (such as
information retrieval (Yue & Joachims, 2009), advertising
(Chakrabarti et al., 2008), etc.), an extensive study has been
conducted on multi-agent versions of the classical MAB in
the last few years. In multi-agent MABs, there are multiple
agents learning a bandit and communicating over a network.
The goal is to design communication strategies which allow
efficient exploration of arms across agents, so that they can
perform better than single agent MAB algorithms.

There exist many versions of multi-agent MABs in the liter-
ature (see Section 1.2 for an overview). We propose a new
collaborative setting where each of the IV agents is learning
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one of M stochastic MABs (where each of the bandits have
K arms and M < N) to minimize the group cumulative re-
gret, i.e., the sum of individual cumulative regrets of all the
agents. We assume that every bandit m € [M] is learnt by
N,, = ©(&) agents. Attime ¢ € N, for all m € [M], any
agent learning the m'" bandit plays one of the K arms and
receives a stochastic reward, independent of everything else
(including the other agents learning the m‘" bandit pulling
the same arm). The network among the agents is denoted by
a N x N gossip matrix G (fixed and unknown to the agents),
where every n'® row of G (n € [N]) is a probability mass
function over the set [IV]. We investigate our setting under
two scenarios: (a) context unaware, in which no agent is
aware of the other agents learning the same bandit, and (b)
partially context aware, in which every agent is aware of
r — 1 other agents learning the same bandit. In the context
unaware scenario, in addition to the arm pulls conducted
at each time, each agent can choose to pull information
from another agent who is chosen at random based on the
gossip matrix G. In the partially context aware scenario,
every agent can also choose to exchange messages with the
r — 1 agents that they know are learning the same bandit, in
addition to the arm pulls and the information pulls. Agents
behave in a decentralized manner, i.e., the arm pulls, infor-
mation pulls and messages exchanged are only dependent
on their past actions, obtained rewards and the messages
received from other agents.

Problem Motivation: Our setting finds its utility in appli-
cations involving multiple agents, with possibly differing
contexts. While agents with the same context have the same
objective, they may not be aware of who else shares the
same context. Analyzing the proposed setting is an attempt
in figuring out the best way agents should utilize recommen-
dations from others. The quality of the recommendations
received from other agents depends on whether those agents
share the same context (and hence have the same objective).

For example, consider a social recommendation engine like
Yelp, where the N agents correspond to the users, each
choosing one from among K pizzerias (arms) in a particular
location; this can be modeled as a K-armed MAB. Sup-
pose that each pizzeria serves multiple pizza styles such
as Neapolitan, Chicago deep dish, New York style, Detroit
style, etc., where each pizza style corresponds to a bandit.
Each user has a preference for one of the pizza styles and
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is looking for the corresponding best pizzeria. For instance,
pizzeria 1 (arm 1) might excel in Chicago deep dish, while
pizzeria 2 might be best for Detroit style. If a user (agent)
does not know who else has similar tastes (i.e., has the same
context), the user would not be able to determine whether
a review recommendation is “useful”, especially if the re-
view only states that a pizzeria is excellent, but does not
describe the type of pizza that the reviewer consumed. What
we have here is a setting where an arm (pizzeria) is being
recommended by some user, but for a specific user who is
perusing the reviews, it is not clear if that recommendation
is actually useful (e.g., the recommendation is actually for a
Detroit style pizza, but the user is interested in Chicago deep
dish). This example corresponds to the context unaware sce-
nario in our model. Moreover, if a user knows another
user or a group of users who share the same pizza style
preference, they can exchange pizzeria recommendations
while still scrolling through the reviews of all the pizzerias
by themselves, which corresponds to the partially context
aware scenario in our model.

1.1. Key Contributions

Algorithms: For the context unaware scenario, we modify
and subsequently analyze the GosInE algorithm (Algorithm
1), which (Chawla et al., 2020) proposed for the case of
a single bandit (M = 1). For the partially context aware
scenario, we utilize the insights obtained from the analysis
of Algorithm 1 and propose a new algorithm (Algorithm 3).
Algorithm 1 proceeds in phases, such that agents play from
a subset of the K arms within a phase, and recommend the
arm ID of the best arm during information pulls at the end
of a phase. The received arm recommendations are used
to update the active sets before the next phase begins. In
the partially context aware scenario, the agents additionally
(a) share the arm recommendation with the » — 1 agents
known to be learning the same bandit, (b) determine the M
most recent unique arm recommendations among their set
of r agents, and (c) distribute these recent recommendations
among themselves to update their respective active sets.

Gossip despite multiple bandits: Our main analytical con-
tribution is to show that under a mild assumption (Assump-
tion 3.1), agents running Algorithm 1 for the context un-
aware scenario and running Algorithm 3 for the partially
context aware scenario are able to identify the best arm of
the bandit they are learning, and are able to spread it quickly
to the other agents learning the same bandit. Even though
the outcome is the same as the setting in which agents are
collaboratively learning a single bandit (Chawla et al., 2020;
Newton et al., 2022), the spreading of the best arms for
each of the M bandits is extremely complicated because
the M spreading processes are intertwined and evolving
simultaneously (since every agent interacts with the agents
learning other bandits). Consequently, agents cannot trust

the arm recommendations received from the agents learning
other bandits. Thus, unlike (Chawla et al., 2020; Newton
et al., 2022), the spreading process of each of the M arms
isn’t bounded by a standard rumor spreading process, hence
requiring an involved analysis (detailed in Section 3.5).

Upper bounds: We show that the expected cumulative re-
gret of an individual agent running Algorithms 1 and 3 scales

MK 4 M
as O ( M—logT ) (Theorem 3.2 and Corollary 3.3) and

s
) < ~,— log T) (Theorem 4.1 and Corollary 4.2) respec-

tively, for large T', where A, is the minimum arm gap of
the m*" bandit. It is evident that when M << min{K, N'},
agents learning the m'™ bandit for all m € [M] experi-
ence regret reduction compared to the case of no collabora-
tions, because of the distributed exploration of the K arms
among N,,, = ©(4%) agents. Furthermore, the expected
group regret incurred by agents running Algorithms 1 and

3 scales as O (Zme[ M] % log T) (Corollary 3.4) and
0] (Zme[ M] Kgi log T) (Corollary 4.3) respectively.

Lower bounds: We show in Theorem 5.1 that
the expected group regret of our model scales as

Q (ZWE[M] D kot (m) ﬁ log T) for large T, where
k*(m) is the best arm and A, j, is the arm gap of the k'!
arm of the m*" bandit. This demonstrates that the first
terms in our group regret upper bounds are near-optimal;
we also show the second terms (which scale as IV log T') are
unavoidable in general. See Section 5 for details.

1.2. Related Work

Our work falls broadly under the category of cooperative
MAB:s. To the best of our knowledge, the setting considered
in this work hasn’t been studied previously. Our work is
closest to the line of work in (Sankararaman et al., 2019;
Chawla et al., 2020; Newton et al., 2022; Vial et al., 2021;
2022), which involves multiple agents learning the same
K-armed MAB and communicating sub-linear number of
times (during the entire time horizon) through bit-limited
pairwise gossip style communications to minimize individ-
ual cumulative regret. (Vial et al., 2021; 2022) considers a
multi-agent system with honest and malicious agents, where
honest agents are learning the same K-armed MAB. Their
algorithms can be used in our setting, where an agent learn-
ing some bandit treats agents learning other bandits as mali-
cious. In our setting, an agent running those algorithms in-

cur regret scaling as O (AL (ME+N(1-4)) logT)

after 7" time steps. This regret scaling is problematic when

% = 0O(1), as there is no benefit of collaboration: the re-

gret scales as O (AL logT ) which is akin to learning a

K-armed MAB without communications. In our work, we
show that an agent using the GosInE Algorithm in (Chawla
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et al., 2020) with a slight modification results in lesser regret
in the context unaware scenario and is further reduced in the
partially context aware scenario. Due to space constraints,
we refer the reader to Appendix A for other related work.

2. Problem Setup

We consider a multi-agent multi-armed bandit (MAB) set-
ting consisting of N agents, where each agent attempts to
learn one of M stochastic MABs (where M < ), each con-
taining K arms. Formally, for each m € [M], let Z,,, C [N]
denote the set of agents learning the m' bandit. We as-
sume that every bandit m € [M] is learnt by N,,, agents,
such that ZmE[M} N,, = N and cl% < N,, < 02%
for all m € [M], where % < < e < % are
known absolute constants. For every bandit m € [M],
the K arms have unknown mean rewards, denoted by
{lm.k}rek]» Where pip, 1 € [0,1] for all k € [K]. Let
k*(m) denote the best arm for the m*™ bandit, i.e., k* (m) =
arg maxpe(x| fbm, k> and assume that fi,, g« (m) > fhm,k for
all k # k*(m). We define B to be the set of M best arms,
ie., B = {k*(m)}men and BC™ = B\{k*(m)}. Let
Ak = Hmk*(m) — Hm,k denote the arm gaps for all
k # k*(m) and m € [M]. The assumption on the arm
means implies that A, ; € [0,1] for all & # k*(m). Let
A,,, denote the minimum arm gap of the m'" bandit, i.e.,
Am = mlnke[K]\k*(m) Am,k'

For all m € [M], each agent i € Z,, at time ¢t € [T
pulls an arm It(i) € [K] and receives a reward Xt(i)(It(i)),
where Xt(i)(k) = fim,k T (St(i) for each k € [K] and 5t(i) is
1-subgaussian noise (independent of everything else).

The network between the agents is represented by a N x N
gossip matrix G (fixed and unknown to the agents), where
each row of the matrix G(n,.) denotes a probability dis-
tribution for all n € [N]. In this work, we consider that
the agents are connected by a complete graph, i.e., for all
n € [N],G(n,i) = (N — 1)~ for all i # n.

The problem setup is investigated under two scenarios:

(i) Context Unaware - No agent ¢ € [N] knows which other
agents are learning the same bandit.

(ii) Partially Context Aware - For all bandits m € [M], each
agent 4 learning the m'™® bandit knows r — 1 other agents
(where 1 < 7 < min,,, ¢ [ar] Nims) who are also learning the
m*™ bandit, such that N,,, is an integral multiple of r for all
m € [M]".

In the context unaware scenario, after pulling an arm, agents
can choose to receive a message from another agent through
an information pull. In particular, if an agent n € [N]

Isince N = ZmE[M] N, N is an integral multiple of r

decides to pull information, it does so by contacting an-
other agent ¢ € [N] according to the probability distribution
G(n, .), independently of everything else. The agent ¢ who
is contacted is then allowed to communicate [log, K| num-
ber of bits during this information pull.

In the partially context aware scenario, in addition to the
information pulls allowed in the context unaware scenario,
each agent learning the m*™ bandit can also exchange mes-
sages with the » — 1 other agents who they know are also
learning the m? bandit. As a result, agents in this sce-
nario are allowed to communicate 7 [log, K| number of
bits during information pulls.

Agents operate in a decentralized fashion, i.e., all the deci-
sions that an agent makes can solely depend on their past ac-
tions, rewards and the messages received from other agents
during information pulls. Moreover, decisions made by
agents during the information pulling slots (i.e., what to
communicate if asked for information) are allowed to be
dependent on the arm pulls in those slots.

Under both the scenarios, we would like to leverage collab-
oration between the agents to minimize the expected group
cumulative regret, i.e., the sum of the individual cumulative
regrets for all the agents. Mathematically, let I t(z) denote the
arm pulled by agent i € [N] attime ¢ € [T] and ¢(¢) denote
the index of the (unknown) bandit that agent ¢ is trying to
learn, i.e., if ¢ € Z,,, ¢(i) = m. Then, the cumulative re-
gret of an agent ¢ € [N] after playing for T time steps is

denoted by Rgﬁ) = Zle(uc@),k*(c(i)) — /‘c(i),lf”) and the
expected group cumulative regret is given by E[Reg(7T)]?,
where Reg(T) = YN, RY.

3. Context Unaware Algorithm

For the context unaware scenario, we consider the GosInE
Algorithm in (Chawla et al., 2020) with a slight modifi-
cation (Algorithm 1). Subsequently, we demonstrate that
under a mild assumption (Assumption 3.1), agents running
Algorithm 1 incur less regret compared to the case when
they are learning their bandit without collaboration, despite
being unaware of the other agents learning the same bandit.
Furthermore, we will show that this regret is near-optimal
by stating a lower bound in Section 5.

3.1. Key Algorithmic Principles

The GosInE Algorithm in (Chawla et al., 2020) has the
following key components:

Phases - The algorithm proceeds in phases 7 € N, such
that during a phase, agents play from a set .S J(»z) C K],

2the expectation is with respect to the rewards, communications
and the algorithm
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also known as active set. At the end of a phase, agents
exchange arm recommendations through pairwise gossip
communication and update their active sets.

Active Sets - The active set for any agent i € [N]is a
combinationA of two sets: (i) the time-invariant sticky set,
denoted by S¥) C [K], (ii) the non-sticky set. As the name
suggests, the sticky set S ¢ S](i) forall j € N, i.e., itis
always present in the active set. The non-sticky set contains
two arms at all times, which are updated across the phases
through arm recommendations received from other agents.

Arm Recommendations - At the end of phase j, every
agent contacts another agent at random based on the net-
work’s gossip matrix (which in this work is a complete
graph), and the contacted agent sends the “best” arm in
their active set. After receiving the recommendation, agents
update their active set by adding the recommended arm to
their sticky set and discarding the “worst” performing arm
out of the two non-sticky arms. We provide an efficient
modification to this update rule in Algorithm 1, and provide
the details about what it means to be the “best” and the
“worst” performing arm in the next sub-section.

3.2. Algorithm Description

We provide a detailed description of the GosInE Algorithm
with an efficient modification to the active set updates at the
end of a phase, with the pseudo-code in Algorithm 1.

Initialization: The algorithm is initialized with the follow-
ing inputs - (i) the standard exploration parameter of the
UCB Algorithm, denoted by o > 0, (ii) the parameter 5 > 1
which controls the length of the phases, where a phase j
runs from the (discrete) time instants 1 + A;_q,--- , A;
with A; := [4#], and (iii) a sticky set S of cardinality S
for each agent ¢. Note that the phases grow longer as the
algorithm progresses (since A; — A;_; = O(j°~!) and
B > 1). Details regarding the size of the sticky set are
provided in the remarks at the end of this sub-section. For
the first phase (5 = 1), we initialize the active set of each
agent to be their sticky set, i.e., Sy) — S0,

UCB within a phase: We denote T,gi) (t) to be the number
of times agent ¢ has played an arm k up to and including

time ¢, and ﬁ,(;) (t) to be the empirical mean reward among

those plays, i.e., ﬁg)(t) = T,§’1>(t) ngm”:k Xs(l)(ls(l)) 3
In phase j, every agent i plays UCB Algorithm on their

active set Sj(i), ie,fort € {1+ A;_1,---,A;}, the chosen
(i) _ ~(9) _ alogT
arm [,/ = arg max;. o fi t—1)+ ot

() = 0if TV (8) = 0

Arm recommendation at the end of a phase: The arm
recommendation received by agent ¢ when ¢t = A; is de-

noted by Oj(-z) € [K]. During the information pull request at
time t = A;, every agent shares the ID of the most played
arm in their active set during phase j, which is what we
refer to as the “best” performing arm. Similarly, the “worst”
performing arm in the active set during a phase refers to the
non-sticky arm that was played the least number of times in
that phase. The intuition behind sharing the most played arm
during a phase is that for large time horizons, UCB chooses
to play the best arm more than any other arm (Bubeck et al.,
2011). Therefore, if the true best arm is present in the active
set, it will be recommended at the end of a phase as the
algorithm progresses and the phases grow longer.

Active set update for the next phase: We update the ac-
tive set in a more efficient manner (Newton et al., 2022)
compared to the GosInE Algorithm in (Chawla et al., 2020).
. (@) 3G (4)
Speglﬁcally, GosInE uses the update S; 7, = S( )U{Uj U
{Oy)}, where U ]@ is the most played non-sticky arm

in phase j, i.e., UJ@ = argmaxkes§i)\§<i> Tlil)(Aj) _

T,ii) (A;j_1). In contrast, we use the update SJ(Ql =80y
{(/Q\y)} U {O;Z)}, where (/Q\y) = argmax, T,gl) (A;) —

T,(EZ) (A;_1) is the most played among all arms (not just the
non-sticky arms). As observed in (Newton et al., 2022),
the latter update ensures that once the best arm spreads, the
active set becomes S U {k*} thereafter, where k* is the
true best arm. This reduces the cardinality of the active set
by up to two arms if k* € S, subsequently reducing the
regret in the single bandit case. As our analysis will show, a
similar regret reduction is possible for our setting.

Algorithm 1 (at agent 7)
Input: UCB Parameter o > 0, phase parameter 5 > 1,
sticky set () with |S®)| = § < K — 2
Initialize A; = [j7], j « 1, $\” « §®

for t € Ndo
Play IV = argmax, _ . A\ (¢ — 1) + [ -2loaT
keS; k Tél)(t—l)
ift == A; then

O « GetRec(i, j) (Algorithm 2)
O§Z) ¢ argmax g TO(A;) — TV (A;4)
Sith SV U0} u (o))
jJg+1
end if
end for

3.3. Assumption on the Sticky Set

It is possible that during the initialization of Algorithm 1,
none of the agents learning a particular bandit have the best
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Algorithm 2 Arm Recommendation
Input: Agent i € [N], phase j € N
function GetRec(4, j)
n ~ G(i,.) (sample a neighbor)
return (55") (most played arm by agent n in phase 7)
end function

arm k*(m) in their sticky sets, i.e., k*(m) ¢ S@ for all
i € I, for some m € [M]. This will result in all agents
learning that bandit to incur linear regret. In order to avoid
this situation, we will follow (Chawla et al., 2020; Vial et al.,
2021; 2022; Newton et al., 2022; Sankararaman et al., 2019)
and make a mild assumption:

Assumption 3.1. For all m € [M], there exists an agent
i¥, € T, such that k*(m) € S

Remarks:
1. In fact, if S = [% log %W for some v € (0,1) and we

construct 5@ for each i by sampling .S arms independently
and uniformly at random from K arms, then Assumption 3.1
holds with probability at least 1 — . We prove this claim as
Proposition D.1 in Appendix D. This choice of .S, scaling as
ME = (—g), implies that for every bandit m € [M], the K
arms are equally distributed across the set of N,,, = O(4})
agents Z,,, with high probability, ensuring that every arm

remains active for some agent learning that bandit.

2. We can alternatively define the set of arms to be those
present among their sticky sets of agents to avoid Assump-
tion 3.1 altogether. In such a scenario, agents learning a
particular bandit will learn and spread the best arm among
the arms in their sticky sets.

3.4. Regret Guarantee

Theorem 3.2 characterizes the performance of Algorithm 1.

Theorem 3.2. Consider a system of N > 2 agents con-
nected by a complete graph (for each i € [N], G(i,n) =
(N —1)~'Vn # i) and learning one of the M > 2 bandits
with K > 2 arms, satisfying Assumption 3.1. Let the UCB
parameter o > 10 and the phase parameter 3 > 2. Then,
the regret incurred by an agent © € I, running Algorithm 1
for each m € [M] after T time steps is bounded by:

B m
+ (K + g)i + Yspr

3
+ 2.

Le{SHUB™ 1\ {k*(m)}

4o
log T’
Anl,k’ o8

where T = 2 max{2, mame[M T}

Adin sy da

T = inf{jEN: ) logAJ},

. N(284+1)2°(2 =3 (5+41) (K
g = =3 ().

2
B
0] (Mﬁ*‘1 ((log %)2 log (log %))

hides the absolute constants.

gspr Scales as

) and O(.) only

Remarks:

1. Scaling of 7* - Proposition C.4 in Appendix C implies

1
that 7 = O (£5) 72, where A = min,,c(as] Ay, This
is expected, because 1t takes longer for the best arm to be
identified and spread for bandits with the smaller gaps.

2. Regret scaling - Essentially, Theorem 3.2 says that the
regret of any agent i € Z,, for all m € [M] scales as

0] (SA%M log T) for T large.

3. Regret guarantee for arbitrary values of arm means
- The result in Theorem 3.2 can be easily extended for
arm means not restricted to [0, 1], as assumed above. The
only modification that occurs is the following: the terms
K + g, gspr and [(7%)?] will be multiplied by A,,
maXge[K]\k*(m) Dm,k- It is noteworthy that the modifica-
tion only affects the second-order term in regret.

4. Benefit of collaboration - We have the following corol-
lary when the K arms are equally distributed across all the
agents learning the same bandit, i.e., when S = © (2££).

Corollary 3.3. When S = © (M) the regret incurred

N
by an agent i € T, for each m € [M)] after T time steps

scales as O ( 1 (MK + M) logT)
Corollary 3.3 implies that when S = © (££) and M <<

min{ K, N}, agents experience regret reductlon compared
to the case of no collaborations.

5. Group Regret - Corollary 3.4 quantifies the performance
of Algorithm 1 in terms of the group regret.

Corollary 3.4. For all bandits m € [M), when {5 };cz..
is a partition of the set of K arms, i.e., Sli) o §li2) = 0]
foriy # iy € T,,, and Usez, SW = [K], the group regret
Reg(T) of the system playing Algorithm 1 satisfies

SO

mG[M] ke[KN\{k* (m)}

ey ¥ Y 5

me[M] keB(=m)

E[Reg(T logT

m,k

log T

m7
2

+ N[(T* 3

)51+ N(K + g) = + Ngapr.

Essentially, Corollary 3.4 implies expected group regret
scales as O (Zme[M] R log T) for large T'.
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3.5. Proof Sketch (Theorem 3.2)

The proof of Theorem 3.2 is detailed in Appendix C and we
highlight the key ideas here. Akin to the scenario of learning
the single bandit in (Chawla et al., 2020), we first show the
existence of a random phase 7, after which all the agents
starting from phase 7 contain the best arm of the bandit they
are learning in their respective active sets and recommend
it during information pulls (Claim 3). This allows us to
decompose the expected cumulative regret incurred by an
agent into two parts: the regret up to phase 7 and the regret
after phase 7. The regret after phase 7 is the regret incurred
by playing the UCB algorithm on the sticky set and the M
best arms, because agents recommend their respective best
arms during information pulls post phase 7.

The technical challenge lies in bounding the expected cu-
mulative regret up to phase 7. In particular, we prove a
generalization of the result in (Chawla et al., 2020) that irre-
spective of the bandit an agent is learning, the probability
of an agent not recommending their best arm and thus drop-
ping it from their active set at the end of a phase is small
and decreases as the phases progress, such that it doesn’t
happen infinitely often (Lemma C.2). This is a consequence
of agents playing UCB Algorithm on their active sets dur-
ing a phase and the fact that UCB chooses to play the best
arm more often than any other arm for large time horizons
(Bubeck et al., 2011). This implies the existence of a ran-
dom phase (denoted by 74ta1,), after which agents aware of
their best arm (i.e., agents with the relevant best arm in their
active set) will always recommend it moving forward.

Our analysis differs significantly from the analysis in
(Chawla et al., 2020) post phase Tsta1,, Where we charac-
terize the time 7y, ,, required for the best arm of the mth
bandit to spread via recommendations to the agents Z,,
learning that bandit. By definition of 74,1, we know that
if an agent 71 € Z,,, contacts another agent i3 € Z,,, who
is aware of the true best arm k*(m) after phase Tgtap, then
11 will become informed of the true best arm as well. This
arm spreading process therefore resembles a rumor process,
where one agent (¢, in Assumption 3.1) initially knows
the rumor (i.e., the best arm), and any agent who contacts
someone aware of the rumor becomes informed itself.

However, our rumor process is extremely complicated com-
pared to the process for the single bandit case in (Chawla
et al., 2020). This is because we have M intertwined rumor
spreading processes evolving simultaneously: every agent
can interact with agents learning a different bandit, and post
phase Tstab, agents recommend whichever of the M rumors
(i.e., best arms) is relevant to them. Hence, none of these
M rumor spreading processes are standard rumor spreading
processes (unlike (Chawla et al., 2020)), so analyzing them
directly is infeasible.

To tackle this issue, we disentangle the M intertwined pro-
cesses via a coupling argument. In particular, we define M
independent noisy rumor processes and show via coupling
that the spreading times of these processes upper bound the
time of the actual arm spreading processes. The m'" of
the noisy rumor processes, denoted by {ﬁm, j }‘J?‘;O, unfolds
on the subgraph of agents Z,,, learning the m'" bandit and
tracks the agents R, ; aware of the m" rumor at phase
j. Initially, only 37, is aware, i.e., R o = {if,} by As-
sumption 3.1. In each phase j € N, each agent: € 7,
contacts another agent ag € Z,, uniformly at random. If
ag € ﬁm7j_1 (ag is aware of the rumor), then ¢ € ﬁm,j
(7 becomes aware as well) subject to Bernoulli(7) noise,
where 1 = % Therefore, ¢ becomes aware with prob-
ability [Ronj—1 N Zonln/Now < [Ronj—1 0 Tl /(N — 1),
Observe that the right hand side of the inequality is equal the
probability with which agent 7 becomes aware of the best
arm in the real process (since in the real process, 7 contacts
ag € [N]\ {¢} uniformly at random), which allows us to
upper bound the spreading time via coupling as discussed
above. Thereafter, we further couple the noisy processes to
a noiseless one as in (Vial et al., 2022), then use an existing
bound for the noiseless setting (Chierichetti et al., 2010).

4. Partially Context Aware Algorithm

From Corollary 3.3, it can be noticed that Algorithm 1 in-
curs additional regret scaling of O (AM log T) after T time

steps. This is because agents playing Algorithm 1 have
the best arm in their active sets and recommend it during
information pulls after a random phase 7. Hence, in the
absence of knowledge about which other agents are learn-
ing the same bandit, any agent playing Algorithm 1 is un-
able to determine this information with certainty, due to
the random nature of 7. One can think of ways in which
agents can stop communicating with the agents not learn-
ing the same bandit, for example, the blocking approaches
considered in (Vial et al., 2021; 2022). These works con-
sidered agents learning a single bandit collaboratively in
the presence of adversarial agents. However, such block-
ing strategies incur worse regret: under the assumptions of
Corollary 3.3, both (Vial et al., 2021; 2022) incur regret

of O (ﬁ (ME+N(1-4)) logT) for large 7. This
regret scaling is problematic when % = ©(1), as there is no
benefit of collaboration: the regret scales as O (ﬁ log T),
which is akin to learning a single agent regret.

Given that agents are collaborative in our setting in the
sense that they divide the exploration of sub-optimal arms
in addition to identifying their best arm, Algorithm 1 has
a structure to it: post phase 7, there are only M rumors

(corresponding to the M best arms) flowing through the
network. If each agent is aware of —1 other agents learning
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the same bandit, they can distribute the exploration of the
received arm recommendations as follows: after receiving
the arm recommendations, each group of 7 agents learning
the same bandit can select the M most recent unique arm
recommendations from all the recommendations they have
received so far and divide them (almost) equally among
themselves. The intuition is that post phase 7, given that
there are only M rumors flowing through the network, we
know from the coupon collector problem that after a (finite)
random number of phases post phase 7, the M most recent
unique arm recommendations will be the M best arms, and it
will stay that way from then on. This reduces the additional
regret due to arm recommendations by a factor of r.

Algorithm 3 (at agent 7)

Input: UCB Parameter « > 0, phase parameter 3 > 1,
sticky set S with | S| = § < K — 2 — [2], the set
f (@) of agents known to be learning the same bandit
Initialize A; = [j7],j < 1, 5" « S0, rec(ag) = {}
forall ag € i U f(4).

fort € Ndo
Play It(i) = argmax, _ .. ﬂ(i) (t—1)+ ,[-losT
kes;” Mk T (1-1)
ift == A; then

O « GetRec(i, j) (Algorithm 2)
0} argmax, g0 i (A7) = T (4;-1)

rec(i) < rec(i) U {(J, O;z))}
Obtain O;ag ) from all ag € f(i) to maintain the
set of arm recommendations rec(ag) < rec(ag) U
{7, (’)J(-ag))} forall ag € f(4)
uniquerec(i, f(4), j) < M most recent unique arm
recommendations in [, e (iy07(i) Tec(ag)
if uniquerec(i, f(i), j) # uniquerec(i, f(i),j — 1)
then
sortrec(z, f(i),7) +—  elements  of
uniquerec(i, f(7), j) in the ascending order
S$9 « DivideRec(i, j, f (i), sortrec(i, f(i), 1))
(Algorithm 4)
S0+ 8O U0 U0 U (S
else ‘
57« 55
end if
j—i+1
end if
end for

We use the intuition in the previous paragraph and propose
Algorithm 3, which builds upon Algorithm 1 and uses the
following extra input: for each m € [M] and i € Z,,, let
f(@) satisfy: () f(i) C Zp, (i) | f(2)| = r — 1, and (iii) if
n € f(i), theni € f(n). Thus, f(i) consists of  — 1 other
agents learning the same bandit who are known to agent .

Algorithm 3 divides the M most recent unique arm recom-
mendations among r agents in {¢} U f(i) using the sub-
routine DivideRec, described in Algorithm 4. DivideRec
can be best understood for the case when % is a (positive)
integer. For example, if M = 6 and » = 3, each agent in
the set {7} U f(¢) will get 2 arm IDs from sortrec(s, f(i), .).
Suppose that ¢ is the second smallest element in the sorted
version of {i} U f(4) (pos(i) = 2), it will get the third and
the fourth entries in sortrec(i, f (i), .).

It is important to note that the array sortrec(i, f(3),.) is
identical for all ag € {i} U f(¢). This observation is crucial
in dividing the M most recent unique recommendations
among the r agents in {i} U f(4), without violating the
constraint on the number of communication bits per agent.

Remarks:

1. Constructing §J() when |uniquerec(., f(.),7)| < M -
when enough phases haven’t elapsed such that there are less
than M most recent unique arm recommendations, we can

[w}

construct § J( ) with elements.

2. Satisfying the communication bit constraint of
r[log, K| bits - Each agent i € Z,, uses [log, K| bits
to receive an arm recommendation via an information pull,
and uses [log, K] bits per agent to obtain the arm recom-
mendations received by r — 1 agents in f(7).

Algorithm 4 Dividing M most recent unique arm recom-
mendations
Input: Agent i € [N], phase j € N, sets f(i) and
sortrec(i, f(i),7))
function DivideRec (i, j, f(7), sortrec(s, f(2),7)))
ags < elements of {i} U f(¢) in the ascending order
pos(i) < position of 7 in the array ags

§j@ < elements of sortrec(, f (i), j)) in the positions
{ ((pos(i) -1) (%] mod M) +1,--,
(pos(i) [M] ~ 1 mod M) + 1}

return §](-i)
end function

4.1. Regret Guarantee
Theorem 4.1 characterizes the performance of Algorithm 3.

Here, for any bandit m € [M], k1, km.2,- -+ , km k de-
notes the order statistics of the arm means, i.e., k1 =
k*(m) and /’L"”akm,,l > /”Lmak7rl,2 Z e 2 /’L7”7km,K'

Theorem 4.1. Under the assumptions of Theorem 3.2, the
regret incurred by an agent © € 1L, running Algorithm 3 for
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each m € [M] after T time steps is bounded by:
ERPI< Y 19 g T
= A

. m,k
keSO {k* (m)}

n Z A40¢

m,k
(942 ’
k€{km, 1},

logT

2

% T ~ ~
+ [(] )ﬁ1 + (K+g)§ +gspr ~+ Grec,

where j* = 3max{2, max,,c(a jim }»
+ 2% log Aj},

N(3°+1)3°(5 ~ (5414 M) g
$-3 QH%W)’

Aj—Aj

Q)

G =N B 3 ’ M
Grec = 7 <|—(3M) —|+2<(;}—1{,)r) (1_;&)&“(64—1)),

I(z)
O(]Ml”r1 ((logﬁ)Qlog(logﬁ))B> and O(.) only

hides the absolute constants.

ftO:oO t>~le=t dt for = > 0, Gspr Scales as

Remarks:

1. Scaling of j* - j* scales just like 7* in Theorem 3.2,
except with S replaced by S + 1\74 Proposition E.5 in
Appendix E formalizes this scaling.

2. Regret Scaling - Essentially, Theorem 4.1 says that
the regret of any agent i € Z,, for all m € [M] scales as

0] (% log T) for large T'.

3. Benefit of collaboration - We have the following corol-
lary when the K arms are equally distributed across all the
agents learning the same bandit, i.e., when S = © (%)

Corollary 4.2. When S = © (2K, the regret incurred
by an agent i € I,,, for each m € [M] after T time steps

scales as O (ﬁ (% + %) logT).

It is clear from Theorem 4.1 and Corollary 4.2 that agents
having knowledge of » — 1 other agents learning the same
bandits results in lesser regret, compared to the context
unaware scenario where agents aren’t aware of the other
agents are learning the same bandit.

4. Group Regret - Corollary 4.3 quantifies the performance
of Algorithm 1 in terms of the group regret.

Corollary 4.3. For all bandits m € [M], when {8 };c1 .
is a partition of the set of K arms, i.e., 561 N §t2) = ¢
foriy # iy € T,,, and Uz, SY = [K], the group regret

Reg(T) of the system playing Algorithm 3 satisfies

EIE S o
me[M] ke[K\{k*(m)} mk

D S NG
mE[M]ke{km]}L 2T+2 ’

2

)%1 + N(K 4 3) = + NGipr + Niree.

+ NG .

Essentially, Corollary 4.3 implies that agents running
Algorithm 3 incur expected group regret scaling as

) (ZmE[M] log T) for large T'.

4.2. Proof Sketch (Theorem 4.1)

Similar to the regret analysis of Algorithm 1, we first show
the existence of (finite) random phases: (i) Tstap, such that
if agents have the best arm in their active sets, that will be
their most played arm and recommended henceforth during
information pulls, and (ii) additional 7, phases post the
phase Tgtap, after which all the agents have their best arms
in their active sets. The proof for showing that the random
phases 7g;ap and 7y, are finite proceeds identically to the
proof for Theorem 3.2.

Moreover, for Algorithm 3, we also show the existence of
additional (finite) random phases post the phase Tta1, + Tsprs
denoted by 7y, after which the M/ most recent unique arm
recommendations is equal to the set of M best arms from
then onwards. As a consequence of the active set updates
in Algorithm 3, the active sets of agents remain unchanged
in all the subsequent phases and freeze like the GosInE
Algorithm in (Chawla et al., 2020), which helps improve the
regret by distributing the exploration of M best arms across
r — 1 other agents learning the same bandit.

Remark: This freezing does not happen in Algorithm 1,
where the active sets are still time-varying post phase 7 and
the randomness of 7 prevents agents from gathering infor-
mation about others learning the same bandit with certainty.

5. Lower Bounds

We state lower bounds for Gaussian noise with unit variance.
As is standard, we restrict to uniformly efficient policies,
i.e., those that ensure small regret on any problem instance.
In our case, instances are defined by the arm means p =
{lm.k Y me[nm), ke[k] Of the M bandits and the partition Z =
{Zin }mepm of the N agents to the M bandits. Policies are
called uniformly efficient if E[Reg,, 7(7')] = o(T") for any
~ € (0,1) and any instance (p,Z).
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Figure 1. (K, M, N, r) are (20,5, 25, 5) and (30, 6, 36, 6) respec-
tively. Arm means are in [0, 1) and the UCB parameter o = 15.

Theorem 5.1. For any uniformly efficient policy,

222

M] ke[K\{k* (m)} Dok

[R gp,I
logT

lim inf
T— o0

Theorem 5.1 is proved in Appendix F, by reducing our
model to the setting of (Réda et al., 2022). The result shows
that the first terms in Corollaries 3.4 and 4.3 are optimal
up to constant factors. Hence, for large 7', the suboptimal-
ity of our upper bounds is due to the second terms, which
grow linearly in N and logarithmically in 7. Under a fur-
ther assumption on y, we can show these dependencies are
unavoidable. Again, see Appendix F for a proof.

Theorem 5.2. Let (u,Z) be any instance satisfying

Pk (m) = Hmt1,k=(m) and k*(m) # k*(m + 1) for
eachm € [M — 1].* Then for any uniformly efficient policy
in the context unaware scenario,

E[Reg,, (1]
logT

M—-1

> 2 Im|Am > NA.

lim inf
T— o0
m=1

6. Numerical Results

We evaluate Algorithm 1 in the context unaware setting and
Algorithm 3 in the partially context aware setting, and verify
their insights through synthetic simulations. The algorithms
are compared with respect to the following benchmarks:
(a) no communication, corresponding to all the agents run-
ning UCB-« algorithm on K -armed MAB from (Auer et al.,
2002) without any communications, (b) fully aware, corre-
sponding to agents playing GosInE algorithm from (Chawla
et al., 2020), but agents only communicate with all the other
agents learning the same bandit, and (c) full communication,
where for each bandit, all agents play the UCB-« algorithm
on K-armed MAB from (Auer et al., 2002), but with the en-
tire history of all arms pulled and the corresponding rewards
obtained by all the agents.

We show the group cumulative regret of Algorithms 1 and
3 over 30 random runs with 95% confidence intervals. The

*Such instances p € [0, 1] *¥ exist; for example, if fim 1 =

((m—=1)+1(m = k))/M, where 1 is the indicator function.

160000 —— No Communication
2 Context Unaware
& 120000{ —+— Partially Context Aware |

2 100000/ —H Fully Aware ° —— Fully Aware /{/4/
2 —— Full Communication 5 200000] —— Full Communication
S 80000 : | 2

/ 3500001 4 No Communication
&

Context Unaware
—}— Partially Context Aware

0 10000 20000 30000 40000 50000 60000
Time Horizon

0 10000 20000 30000 40000 50000 60000
Time Horizon

Figure 2. (K, M, N, r) are (20,5, 25, 5) and (30, 6, 36, 6) respec-
tively. Arm means are in [2,4) and the UCB parameter o = 30.

K arm means for each of the M bandits are generated uni-
formly at random from [0, 1) in Figure 1 and [2, 4) in Figure
2. We assume an equal number (%) of agents learning each
bandit, set 3 = 3 and the size of the sticky set S = %
in these simulations. The UCB parameter « is set to 15 in

Figure 1 and 30 in Figure 2.

From our simulations, it is evident that Algorithms 1 and
3 incur lower regret than the case when agents don’t com-
municate, despite limited communication among the agents
and agents interacting with agents learning other bandits.
Furthermore, our simulations also demonstrate that for each
bandit, when an agent knows other agents learning the same
bandit in the partially context aware scenario, it incurs lesser
regret compared to the context unaware scenario.
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A. Related Work Revisited

Apart from the works mentioned in Section 1.2, there exist several other works in the space of collaborative multi-agent
MABs with different models of communication among agents, some of which are shared here. Agents exchange information
in (Buccapatnam et al., 2015; Chakraborty et al., 2017) via broadcasting instead of pairwise gossip style communications.
There is more frequent communication between the agents in (Kolla et al., 2018; Lalitha & Goldsmith, 2021; Martinez-Rubio
etal., 2019). In (Madhushani & Leonard, 2021) the number of communications is inversely proportional to the minimum
arm gap so could be large. Arm mean estimates are exchanged instead of arm indices in (Landgren et al., 2016). (Wang
et al., 2020) employs a leader-follower mechanism, wherein the leader explores the arms and estimates their mean rewards,
while the followers play the arm with the highest estimated arm mean based on the samples collected by the leader.

Collaborative multi-agent bandits have also been studied in the contextual setting (Dubey et al., 2020; Tekin & Van
Der Schaar, 2015) and the linear reward model setting (Dubey & Pentland, 2020; Chawla et al., 2022; Korda et al., 2016),
which are significantly different from the setting considered in our work. Some of the works in this space also focus on
minimizing the simple regret (Hillel et al., 2013; Szorenyi et al., 2013), instead of minimizing the cumulative regret. There
also exist works such as (Bistritz & Leshem, 2018; Shahrampour et al., 2017; Zhu et al., 2021; Réda et al., 2022) which
assume different bandits across agents. While this list of works is by no means exhaustive, it represents a broad class of
settings studied in the collaborative multi-agent bandits thus far.

Another long line of work in multi-agent MABs comprises of collision-based models (Anandkumar et al., 2011; Avner &
Mannor, 2014; Bistritz & Leshem, 2018; Boursier & Perchet, 2019; Dakdouk et al., 2021; Kalathil et al., 2014; Liu & Zhao,
2010; Liu et al., 2020; Mansour et al., 2017; Rosenski et al., 2016), where if multiple agents play the same arm, they receive
a small or no reward. However, our work assumes that if multiple agents learning the same bandit play the same arm, they
receive independent rewards and thus, is different than the collision-based models.

B. Notations Revisited

Recall that for every bandit m € [M] and arm k& € [K], the (unknown) mean rewards are denoted by fip, i, k*(m)
denotes the best arm, A, j, = Hom k= (m) — Mm,k denotes the arm gap, A, = MiNg_£ (m) A, ; is the minimum arm
gap, Z,,, C [N] denotes the set of agents learning the m'" bandit and ¢(.) : [N] — [M] is a function mapping the set of
agents to the set of bandits, i.e., if i € Z,,, c(i) = m. Let B denote the set of all the M best arms {k*(m) },,e[as] and
B(=™) = B\{k*(m)} denote the set of best arms excluding the best arm of the 7 bandit. For every agent i € [N] and

phase j € N, @;l) es j(.i) denotes the most played arm by agent ¢ in phase j (where Sj(i) is the set of active arms for agent ¢
in phase j7), and subsequently recommended at the end of the phase if requested by another agent through information pull.
Each phase j lasts from¢ € {1+ A;_4,--- ,A;} and

ATHt) =sup{j e N: A; <t} (1)

For A; = [j°1, A71(t) = [t7 .

C. Proof of Theorem 3.2

We extend the proof ideas from (Chawla et al., 2020) and (Vial et al., 2022) to prove our results. Fix an agent ¢ € [N] and

phase j € N. Let X§i) be a boolean random variable associated with the event {k* (c(7)) € Sj(i), (55»0 # k*(c(7)) }, ie.,

A =1 (W (eli)) € 5,00 £ k(i) @

indicating whether agent ¢ does not recommend the best arm of the bandit it plays at the end of the phase 7, if it is present in
its active set S](-Z). We also extend the definitions of random times defined in (Chawla et al., 2020), which will capture the
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key aspects in the system dynamics, as well as highlight the differences from the single bandit case, as follows:

Te(tlib =inf{j > 7" : VIl > j, Xg(i) = 0},

(@)
Tstab — MaX T, y
i€[N] stab

() = inf{j > Tab : k*(c(i)) € S} — Totan,

_ (1)
Tspr,m — MaX T
L i€, P

Tspr = IMaAX Tgpr m
P el PR

T = Tstab + Tspr-
Ts(tl ;b is the earliest phase, following which if agent ¢ has their best arm in its active set, will play it most number of times and
recommend it during information pulls requested by other agents. Furthermore, starting from phase 7, all the agents contain
their best arms in their respective active sets, such that it will also be their most played arm and hence, will recommend it at
the end of any phase j > 7. Mathematically, it implies the following: for all ¢ € [N],

k*(c(i)) € 81,08 = k*(c(d)) Vj > 7. 3)

Claim (3) can be shown by induction as follows: it is evident from the definition of Ts(lf,)r that k*(c(¢)) € S ® )
Tstab T Tspr

Furthermore, Oj(.l) = k*(c(i)) for any phase j > Tuap if £*(c(i)) € Sj(.z). Therefore, Ozzabwéél = k*(c(i)) the update step

of the Algorithm 1 ensures that k*(c(i)) € 5t

@  .»and hence claim (3) follows.
Tstab+Tspr+1

We now highlight the similarities and differences of the random times defined in this work with respect to the random times
defined in (Chawla et al., 2020). 74,1 is defined exactly the same as in (Chawla et al., 2020), because we will demonstrate
in Lemma C.3 that the bound on the tail probability of the random variable Ts(tlgb is independent of the bandit played by
an agent. However, in contrast to (Chawla et al., 2020), given that the set of agents are learning M different bandits, the
spread of M best arms is non-trivial (compared to spreading a single best arm), because agents learning different bandits are
communicating with each other, hence we have M intertwined spreading processes occuring simultaneously. Consequently,
we simply cannot bound the spreading time 7y, ., for each of the M best arms by the spreading time of a standard rumor
spreading process, unlike (Chawla et al., 2020). This necessitates coupling the M intertwined rumor spreading processes
happening in our model to a set of M independent fictitious noisy rumor spreading process happening on the subgraph of
the agents for each bandit.

C.1. Intermediate Results

We begin by providing a roadmap for the proof of Theorem 3.2 and then proving the intermediate results needed to complete
it. Claim (3) states that all the agents starting from phase 7 contain the best arm of the bandit they are learning in their
respective active sets and recommend it during information pulls. This allows us to decompose the expected cumulative
regret incurred by an agent into two parts: the regret up to phase 7 and the regret after phase 7.

We first show that the expected cumulative regret up to phase 7 is bounded by a constant that depends only on the system
parameters (number of agents, number of bandits and their respective arm gaps) and independent of the time horizon T'
(Proposition C.1). It follows from the observation that the probability of an agent not recommending their best arm and thus
dropping it from their active set at the end of a phase is small and decreases as the phases progress, such that it doesn’t
happen infinitely often (Lemma C.2). This implies the existence of a random phase (defined by 74t.1,), after which agents
always recommend and never drop their respective best arms. Post phase 74,1, we characterize the time taken by the best
arms of each of the M bandits to spread across their respective agents (denoted by Tpr ). Unlike (Chawla et al., 2020), we
cannot bound the spreading time {7yp; m }me(ar) of each of the M best arms through a standard rumor spreading process.
This is because each agent communicates with either other agents learning the same bandit or the agents learning different
bandits. For each m € [M], Tpr m is bounded by multiple layers of stochastic domination, described in the order in which
they are applied below:

» first, reducing the system to the case when only one agent learning the m'" bandit is aware of their best arm k* (m)

13
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* second, lower bounding the spreading time of k*(m) through a fictitious noisy rumor spreading process unfolding on the
subgraph of the agents learning the m'" bandit (described in the proof sketch of Theorem 3.2)

« third, coupling the fictitious noisy rumor spreading process in the subgraph of the agents learning the m™ bandit in the
previous layer with a fictitious noiseless process (described in Appendix C.2)

The last two layers of stochastic domination are absent in (Chawla et al., 2020), as all the agents are playing the same bandit.
The preceding discussion characterizes the regret up to phase 7.

We subsequently show that the expected cumulative regret incurred by an agent after phase 7 is bounded by the regret due to
the arms in their sticky set and the regret due to the other M — 1 best arms (Proposition C.1). This is a consequence of all
the agents recommending their respective best arms after phase 7 (Claim (3)) and every agent communicating with agents
learning other bandits.

Proposition C.1. The expected cumulative regret of any agent i € I, for all m € [M] after playing for T time steps is
bounded by:

2

0 T 4o

E[Ry] < E[A-] + 5K + ) > Ak log T
kEe{SOUB="}\{k*(m)}

Proof. Fix abandit m € [M] and an agent ¢ € Z,,. By regret decomposition principle, we know that

T
Ry = Z Am,kzluf“ = k)
= Z ST Appd(r? = k),

t=1 ke[K]
T .
S AT + Z Am,k Z l(It(Z) = k)7
ke[K] t=A;+1

where It(i) is the arm played by agent 7 at time ¢ and the last step follows from the fact that A,,, 5, € (0, 1). Taking expectation

on both sides, we get

T
EIRY) < EIA]+ 3 An kE[ > 1<I£’>=k)]- )
kE[K] t=A,+1
The first term E[A;] is bounded in Proposition C.3. We now bound the second term. Let X ,g’z =
1(t> 4,10 =k TP (= 1) < g5 10gT) and V) =1 (¢ > A 1) = b, 0 (t = 1) > 5 log T). Then, the
n,k ? m,k

inner sum in the second term can be re-written as follows:

T T
> 1 = (X 5)
t=A,+1 t=1

We first bound the sum ZtT:l ]E[Yk(it)]. Notice that

T T
SERI=Y"P (t > A 10 = KT 1) > o logT>
t=1 t=1 m,k
T . . 4
<N'p <I§’) kT t—-1) > AT logT>
t=1 m,

2

A < —,
-3

M'ﬂ

(6

o~
Il
_
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where we substitute the classical estimate of the probability that UCB plays a sub-optimal arm using Chernoff-Hoeffding
bound for 1-subgaussian rewards and o > 10 in the last line.

For an arm k € [K|, we bound the sum EtT:l E[X ,Efz] and complete the proof. By taking the expectation over X ,gzi, we get

i i i 4
ZE[X,E}]:ZIP(»AT,IP:k,T,g)(t—Ug AQO‘ logT>. )

m,k

For any arm k € [K], three cases are possible:

e if k € 8O, ie., if arm k is one of the sticky sub-optimal arms, the sum in equation (7) is bounded above by

This is because the event It(i) = k cannot occur more than

Tt -1) < 2 log 7.

4o
)

AT - log T,

4o
]
Am,,k

log T' times, otherwise it will contradict the event

A

« if arm k is a non-sticky arm in the active set, it has to be either the best arm k*(m) or one of the other best arms from
the set B(—")_ This follows from Claim (3), as starting from phase 7, agents will reccommend their respective best arms
during information pulls. Given that every agent communicates with agents learning other bandits, each of the arms in
B(="™) could be present in agent i’s active set after phase 7. Therefore, for all k& € B(—™), the sum in equation (7) is

bounded by 42 log T', which follows from the same argument used for a sticky sub-optimal arm.
Y & g y p
m,k

« if arm k is neither a sticky sub-optimal arm nor one of the other best arms from the set B(~™), the event I t(i) = k cannot
happen, because arm k cannot be present in the active set after phase 7 from Claim (3). Thus, the sum in equation (7) is
equal to zero.

From the above observations, we can conclude that for all k£ € {§ Oy BE™WN{k*(m)},

T

i 40[
> EX{)] < Rz logT. ®)
t=1 m,k

The proof of Proposition C.1 is completed by substituting equations (6) and (8) into the expectation of the equation (5),
followed by substituting the bound on the expectation of the equation (5) into equation (4). O

In order to obtain an upper bound on E[A], we first show that the probability of the error event that the best arm is not
recommended during information pull at the end of the phase j (indicated by XE-Z)

progress. This result is stated as a lemma below:

in equation (2)) decreases as the phases

Aj—Aj71

Lemma C.2. For any agent i € I, for all m € [M] and phase j € N such that =g

i 2 K 1
Elx{"] < D‘3<2)(S+1)A .
2

>1+ % log A;, we have

“nolR

J—1

Proof. The proof of this lemma is identical to the proof of Lemma 6 in (Chawla et al., 2020), except that it is re-written
in a general form here (in (Chawla et al., 2020), S := |S¥| = f%l) and uses 1-subgaussian rewards instead of Bernoulli
rewards. O

Proposition C.3. The regret up to phase T is bounded by

A, . N(2° +1)28(5-3) (K g 112 A .
41 <[+ TS (D) 0T+ ¥ Bld, ]

me[M]

where T* is defined in Theorem 3.2.
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Proof. The random variable 7 has support in N. For N-valued random variables, we know that

S ZP(Tstab + Tspr Z A_l(t))7

t>1

<Yp (rstab > A;(t)) +Y P <r\ > A;(t)) ,

sp
t>1 t>1
Al Y A7)
= ZP (Tstab > 9 > + Z]P) ( U (TSprym > 9 ) )
t>1 t>1 m=1
A1) A7)
< ZP (Tstab > B) ) + Z P (Tsprq,m > 9 ) )
t>1 me[M] t>1
<A+ > P(x >L1(t)+ZIE[A ] ©9)
> Ar stab = 9 2Tspr,m 1)

t>A 1

where we use the definition of A~!(.) defined in equation (1) in step (a). Unlike (Chawla et al., 2020), we cannot bound the
spreading time {7spr m fme(as] Of €ach of the M best arms through a standard rumor spreading process. Instead, we bound
E[As-, . ,.] forall m € [M] in Appendix C.3 by stochastically dominating the random variable 7y, ., through a fictitious
noisy rumor spreading process, which is described in Section 3.5 and proved in Proposition C.5.

Here, we focus on bounding the sum th A1 P (Tstab > A%w) We will calculate P (7gpap > ) for some fixed

x> % using Lemma C.2 and then bound the sum in the previous sentence.

IA
N
N

=
—
foi

3
\“T/

—
3}
~

(]

where we used the definitions of 74,1, and Ts(ti;b in the steps (a) and () respectively, and Lemma C.2 in step (c¢) because it
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holds for any phase j > % by definition of 7*. Therefore,

ZP(TstabZA ) Z Z 02N3< >(S+1)A;3,

t>A s +1

18

)(S+ 1)(2° +1)28(5-3) Z

l>"'

18(5-3)"

(2 2N (28 +1)28(5-3) <K
2

1
2>(S D mEa
1>2

N(2% 4+ 1)28(573) (K 2
< 1)—.
= 2-3 o )+

Step (a) follows by re-writing the range of summations. In step (b), we use A; = [j”]. Step (c) uses the property of ceiling

function: z < [z] < z + 1. Steps (d) and (e) use the fact that{ — 1 > £ forall / > 2 and 7* > 4. The last step follows
under the assumption that o > 10 and 8 > 2.

Substituting the above bound in equation (9) completes the proof of Proposition C.3. O

Proposition C.4. 7, defined in Theorem 3.2 is bounded by

. 1 /1 Sa 7
m<2+(ﬂ+<ﬂ+A2)(S+2)> .

Proof. From Theorem 3.2,

* . . A‘—A;l 4a

1

For A; = [j ]and]>2+(%+(%+§%>(s+2)) -

>

4o 4o .
1+ A—zlogAj =1+ A—Qlog[]ﬁ],

< 1+A—210g(j +1),

4o )
<1+ E log(QJB),

4o dap 8af

=1+ A21g2—|—A log j<1+A2 log 7,

m
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_1_

—2

where we use [2] < z + 1 forany z € Rin step (a) and j > 2 + (% + (% + g—?) (S + 2)) "™ > 2'in the last step.
Therefore,

1+ (S+2) <1+§(§logAj) <1+(1+Zaflogj> (S +2)log j,
j—1 7j—1 8a .
<o(F5+ (F5 4 agu-n) 642).

<BG-DG -2 <BG -1
by assumption on j and log j < j — 1. Furthermore,
Ay = Aja = T3M1- G - DA,
>0 =G -1" -1,
= B}Bfl — 1 for some} e(j—1,9),
> B -1 -1,
P11 _ Aj-A

by Lagrange’s Mean Value Theorem. Thus, we have shown 1 + é—g‘ logA; < BU _é ) 575 - This completes
the proof of Proposition C.4. O

IN

C.2. Coupling the Noisy Rumor Spreading Process with the Noiseless Process

Proposition C.5. The random variable Tep, p, is stochastically dominated by Tspy m, for all m € [M].
Proof. Follows from the construction of the fictitious noisy rumor spreading process in Section 3.5. O

Let G,,, denote the gossip matrix of the subgraph of the agents learning the m'" bandit. In our work, G, is a complete
graph of size N,,, i.e., Gy (i,n) = (N, —1)"! foralli € Z,, and n € Z,,,\{i}. Similar to (Vial et al., 2022), we begin by
defining the variables pertinent to the fictitious noisy rumor spreading process, followed by coupling the fictitious noisy
rumor spreading process with a fictitious noiseless process unfolding on G,,,. The fictitious noiseless process is defined in
the same way as the fictitious noisy process in Section 3.5, but with n = 1.

Definition C.6. For each i € 7,,, let {Yj(i)}]?’i1 be i.i.d. Bernoulli (1) random variables (with n = Sz=1) and {H ;i) 54

be i.i.d. random variables chosen uniformly at random from Z,,\{i}. We define R, ; as follows: R, 0 = {iZ,} (from
Assumption 3.1), and

ﬁmﬂ' = ﬁm,jﬂ U{i € T\ Rom,j—1 : 57]-“) =1, H](-i) €ERmj-1}VijeEN.
Then, we can define Tspr,n = inf{j € N: R, ; = T, }.

We now couple the fictitious noisy rumor spreading process introduced in the proof sketch with the fictitious noiseless
process to obtain a bound on E[Ayz . |, which will also bound E[As,, ] following Proposition C.5. We describe the
fictitious noiseless process, which is restated from (Vial et al., 2022) for the sake of completeness. Fix a bandit m € [M].

Let {ﬂy)}j‘;l be i.i.d. Uniform (Npon (7)) random variables for each i € Z,,,. Note that in our setting, Nyon (7)) = Z,», \{i}
Let

Rono={im}b Ry =R jo1 V{1 € T\ Ry i1 :ﬂg'i) €ER,pj_1}VIEN,
and let T =inf{j eN:R,, ; =ZLn}.

~spr,m

Next, we define the variables pertinent tor the coupling between the fictitious noisy and the fictitious noiseless processes. Let
J
o9 = 0,07 = inf j>al_1.iré1%n E YW >1p VIieN.

" s=0_1+1
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Furthermore, for each: € Z,,, and [ € N, let Zl(i) =min{j e {l+o,_1, - ,00}: Yj(i) = 1}. Note that {Zl(i)}ielm,leN is
non-empty, and since Z" is a deterministic function of {17j(i)}3?’;1 (which is independent of { ]@ > ). {H (lef) 152, is
l

also Uniform(Z,,\{7}) for each [ € N. Thus, we can set

70 _ I:I(Z?) ifj = Zl(i) for some ! € N
- Uniform(Z,,\{i}) otherwise

without changing the distribution of {RW j };";O This results in a coupling where the fictitious noiseless process dominates

the fictitious noisy process, as follows:
Proposition C.7. (Claim 5 in (Vial et al., 2022)) For the coupling described above, Em,j C ﬁm,aj forall j € N.

Proposition C.7 allows us to relate the rumor spreading time of the fictitious noisy and the fictitious noiseless processes,
denoted by 7y, and In order to do so, we restate the following result from (Vial et al., 2022) in the context of our
setting.

Tspr,m:

Proposition C.8. (Claim 6 in (Vial et al., 2022)) For any j > 3 and 1 > 1, we have P (fspr,m > ngﬂ) <P(rym) +

27c 20510
We now state the result bounding E[A7, ] with A; = [577].

B
Proposition C.9. Under the conditions of Theorem 3.2, E[Asz_ . ] scales as O ((M (log X )2 log (log %)) ), where

O(.) only hides the absolute constants.

We refer the interested reader to (Vial et al., 2022) (Appendix D.2) for the details about the proofs of Propositions C.8 and
C.9. The results in the Appendix D.2 of (Vial et al., 2022) (Claims 7 and 8 in particular) are for d-regular graphs with
conductance ¢. We would like to point out that in our setting, for each bandit m € [M], G, is the gossip matrix of a
complete graph of size IV,,,. Given that a complete graph of size N,, is a d-regular graph with d = N,,, — 1, hence the

conductance ¢ = 3 q AJ,V - Proposition C.9 follows by substituting the aforementioned values of d and ¢, along with 7 and

using the assumption that N,,, = @(%) in the results in the Appendix D.2 of (Vial et al., 2022).

C.3. Completing the proof of Theorem 3.2

B
Propositions C.5 and C.9 imply that E[A, . ] also scales as O <(M (log &%) ? log (log %)) > . Combining the above

observation with Propositions C.3 and C.1 completes the proof of Theorem 3.2.

D. Random Initialization of Sticky Sets

Proposition D.1. If S = [% log %—‘ for some v € (0, 1) and we construct SO for each agent i € [N] by sampling S
arms independently and uniformly at random from K arms, then Assumption 3.1 holds with probability at least 1 — 7.

Proof. Fix abandit m € [M]and let ¢ € Z,,. Then,

. qoy_ () K-S S
]P(k(m)%S())—ﬁ_T_l—E.

Let E,,, denote the event that k* (m) ¢ SO for all i € Z,,.Then,

P(Ep) =P ( () (k*(m) ¢ §“>)> = [ Bk (m) ¢ §9),

i€l
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In order for Assumption 3.1 to fail, there must be at least one bandit for which no agent learning that bandit has the best arm.
Therefore, Assumption 3.1 fails with probability

Pl J En]< Y P(EN,

me[M] me[M]

NS
< Me ™k,

Setting S = [% log %] completes the proof. O

E. Proof of Theorem 4.1

We need additional notation for proving Theorem 3, particularly due to the complicated active set updates at the end of a
phase. Let {same(z)}},[x) be a partition of the set of all the agents [IV] consisting of & sets, such that: (i) [same(z)| = r
for all 2 € [Y], and (i) for any i, " € same(z) such thati # i, c(i) = c(i') and if i € f(i'), then € f(i). In words, for
each z, same(z) consists of agents learning the same bandit, which each of the agents in same(z) are aware of, i.e., for
some z € [N, same(z) = {i, f(i)} = {i U f(i)} for some i € [N]. Similar to the proof of Theorem 3.2, we define some
random times, which will help us prove Theorem 4.1.

7\ = mf{j > 5 > Gxd) =0},

stab
_ (1)
Tstab = 11161% Tstab>
70 = inf{j > T : K7 (c(@)) € S} Titabs

7 = max7
spr,m e spry

Tspr = MaX Tgprm,
P me[M] P

Trec,z = INf{j > Tstab + Tepr : uniquerec(same(z), j) = B} — (Tstab + Tspr)s

Trec = mag]( Trec,z»
z€[]

T = Tstab + Tspr + Trec-

For each group of agents z € [%] learning the same bandit and are aware of that, 7, , denotes the minimum number of
phases it takes after the phase Tyiab -+ Tspr such that the M most recent unique arm recommendations among all the agents
in same(z) is the set of M best arms. The active set updates in Algorithm 3 ensure that the active sets of agents freeze after
phase 7 (like (Chawla et al., 2020)), unlike Algorithm 1, where the active sets are time-varying despite agents eventually
identifying their respective best arms and recommending it in information pulls. We now prove this claim.

Proposition E.1. For any agent i € 1L, playing Algorithm 3, the following statements hold for all j > T:
(i) k*(m) € 8",

(ii) S§) = 59,

(ii) {5@ U {O&“}} c B.

Proof. (i) follows exactly from Claim (3).

For proving (ii), notice that for any group of agents same(z) and any phase j > Tyab + Tspr + Trec,zs
uniquerec(same(z),j) = B. This follows from Claim (3) because after the phase Tgap + Tspr, agents recommend
their respective best arms during information pulls and eventually, the M most recent unique arm recommendations for all
the agents in same(z) (denoted by uniquerec(same(z),j — 1)) will be the set of M best arms. Furthermore, the active
set updates in Algorithm 3 ensure that if uniquerec(same(z), j) = uniquerec(same(z),j — 1), the active sets for all the
agents in same(z) remain unchanged. Since 7 > Tyab + Tspr + Trec,z, claim (ii) holds.
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Claim (iii) follows from the observation that for any group of agents same(z) and any phase j > Tgap + Topr T Trec,z»

uniquerec(same(z),j) = B, S C uniquerec(same(z), j) by construction and (’)§i) € B after any phase j > Tgtap +
Tspr- ]

E.1. Intermediate Results

Most of the intermediate results for Algorithm 3 are similar to the results for Algorithm 1, and are proved in a similar way.
The technical novelty in proving Theorem 4.1 is to prove that E[7.] is finite.

Before decomposing the regret up to phase 7 and after phase 7, we define some notation. For any bandit m € [M], Let
km1,km2, -+, km, i denote the IDs of the arms with their arm means sorted in decreasing order, i.e., kp, 1 = k*(m) and
Hm ko 1 > M Ko, o >z Hm ke 5

Proposition E.2. The expected cumulative regret of any agent i € T, for all m € [M] after playing for T time steps is
bounded by:

2
0) m
E[Ry] < E[A] + K + >

S+ 742
k€{km 1}, !

logT'.

m,k

Proof. Fix abandit m € [M] and an agent ¢ € Z,,. By regret decomposition principle, we know that

R“LZAMZ 1 =
—ZZAmkll( = k),

t=1 k€[K]
T .
<A+ Y A Y. 11 =k),
relK] =4, +1

where I t(i) is the arm played by agent ¢ at time ¢ and the last step follows from the fact that A, j, € (0, 1). Taking expectation

on both sides, we get

T

ERY] <E[A]+ Y A kEl Sy k:)] . (10)
ke[K] t=A,+1

The first term E[A.] is bounded in Proposition E.4. We now bound the second term. Let X ,Ezi =

(t > AT,IU) =k T(i)( 1) < 3 1og T) and Yk(t) =1 (t > AT,It(i) = k,T,Si) (t—1)> logT). Then, the

inner sum in the second term can be re ertten as follows:

m,k

T T
S =) =S (X + v (11)
t=A, +1 t=1

We first bound the sum 23;1 ]E[Yk(it)]. Notice that

T

SEYY =

t=1 t

M=

P (t > A1 =k, T (- 1) > logT>
m,k

A2
1
4o
logT
ATk )

[M]=

P <I§") kT t—-1) >

-
Il

1

2

A < —,
-3

fV1>ﬂ

12)

o~
Il
_
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where we substitute the classical estimate of the probability that UCB plays a sub-optimal arm using Chernoff-Hoeffding
bound for 1-subgaussian rewards and o > 10 in the last line.

For an arm & € [K], we bound the sum ZtT:l E[X ,glz] and complete the proof.

S =3 (15 ) =kt < e ) )

t=1 t=1 m,k

For any arm k € [K], two cases are possible:

e if k € Sg) and arm k is one of the sub-optimal arms, the sum in equation (13) is bounded above by <32 log T,

Afn,k
This is because the event It(i) = k cannot occur more than A420‘ log T' times, otherwise it will contradict the event
m,k
i 4
Tt -1) < - logT.

e ifarm k ¢ Sg), the event It(i) = k cannot happen. Thus, the sum in equation (13) is equal to zero.

From the above observations, we can conclude that for all k € {Sg) N{k*(m)},

T ; 4o
> Xih < iz losT. (14)
t=1 m,k
Therefore,
K ; 4o
PRSI SECR g
k=1 =1 pes® ok
4
< logT + Z @ log T,

m,k

keSO {k* (m)} 1+2

(M
k€{km, i},

because SL) = S U {@52)} U {(99} u {59}, oW = k*(m) and we don’t have any control over which arms from the
set B are present in the set 59 U (’)9 (Proposition E.1), so we assume the worst case scenario and bound the regret of the
arms in that set by the regret of the first [%] + 2 arms in the increasing order of their arm gaps (or equivalently, decreasing
order of the arm means). By taking the expectation on both sides in the above inequality, we get

i 4o 4o
ZE[X,EZ] < Z A log T + Z A logT. (15)

_ ~ m, m,k
= RESON LK™ (m)} ke lkmi} 12

s

The proof of Proposition C.1 is completed by substituting equations (12) and (15) into the expectation of the equation (11),
followed by substituting the bound on the expectation of the equation (11) into equation (10). O

In order to obtain an upper bound on E[A], we first show that the probability of the error event that the best arm is not
recommended during information pull at the end of the phase j (indicated by X;”

progress. This result is stated as a lemma below:

in equation (2)) decreases as the phases

Lemma E.3. For any agent i € T, for all m € [M] and phase j € N such that % >1+4 ﬁ—‘; log A;, we have
; 2 K M
i< 55 (o ) (54 [F]40) o
70T g =32+ [ r AT

Proof. The proof of this lemma is identical to the proof of Lemma 6 in (Chawla et al., 2020) and Lemma C.2, except that
1] < 8+ [M] 4 2. O
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Proposition E.4. The regret up to phase 7 is bounded by

8 B(3-3) 72
Bl <1671+ ST () o) (54 [T+ 1) T T B+ X B
2 r me[M]

ze[ ]
where j* is defined in Theorem 4.1.
Proof. The random variable 7 has support in N. For N-valued random variables, we know that
E[A-] =Y P(A, > 1),
t>1
(a) .
<> P(r> A7),
t>1
§ ZP(Tstab + Tspr + Trec Z Ail(t))y
t>1
A7L(t) A7L(t) A7N(t)
< ZP (Tstab > 3 ) + ZP (Tspr > 3 ) + P (Trec > 3 ) )
t>1 t>1 t>1
A7 (1) " A7) A1)
= Z]P (Tstab > 3 ) + ZP U (Tsprgm > 3 > + ZP U (Trec,z > 3 ) )
t>1 t>1 m=1 t>1 z€[%]
A71 t Ail t A*l t
SZ]P(TstabZ 3( )>+ Z IP><7-sp1f,’mz 3()>+ Z ZP<Trec,mZ 3()>a
t>1 me[M] t>1 ze[N]t>1
ANt
<ttt X P(nwz 504 T Bl Y Bl (16)
> A +1 me[M] z€[X]

where we use the definition of A~*(.) defined in equation (1) in step (a). E[A3,, ,.] is bounded for all m € [M] in the

same way as for Algorithm 1 and is stated in Proposition E.6. We bound E[As3.,.. ] for each 2 € [¥] in Proposition E.7.

The process for bounding the sum .., . +1]P’<7—S,Eab > A‘;(t)) is identical to bounding the sum

ZtZAT*H P (Tstab > A%w) for Algorithm 1 in Proposition C.3. O

Proposition E.S. j defined in Theorem 4.1 is bounded by

. 1 (1 S8a MT\\ 72
iz (54 (5 as) (5424 7))

Proof. The proof of Proposition E.5 is identical to the proof of Proposition C.4, except that S + 2 is replaced by S' + 2 +
[ O

B
Proposition E.6. Under the conditions of Theorem 4.1, E[As. ] scales as O ((M (log %)2 log (log %)) ), where

O(.) only hides the absolute constants.

Proof. The proof is identical to the proof of E[As,, ] for Algorithm 1. O

Proposition E.7. For each z € [, E[As,.. ] is bounded by

M N M

B
3 M
E[A3Trec,z] < [(3M)61 +2 ((01 1)7") (17 cl)rr(ﬁ+1)7
where T'(a) = fto:OO te~te~t dt for any o > 0 denotes the Gamma function.
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Proof. Fix a z € [¥]. Then, we know from the definition of samne(z) that there exists an i € Z,, such that same(z)

{5, f(i))} = {{i} U f (i)} for some m € [M].

Let E,,, denote the event that an agent ¢ € [N] doesn’t contact an agent from Z,,, during an information pull at the end of a
phase. Then, from the choice of gossip matrix G in Theorem 4.1,

11— otherwise.

N,,—1 . N
P(Em):{l i if ¢(i) = m,
Furthermore,

P(E,,) < 1— %+ & ife(i) =m, a7
"= - 57 otherwise,

by assumption on N, for all m € [M].

For some m € [M] and i € Z,,, same(z) = {i, f(i)} = {{i} U f(i)} for some z € [£']. We also know that in Ty,
steps, agents in same(z) will receive a total of 77 , arm recommendations, which for each agent i € same(z) are i.i.d.
uniform{[N]\{:}} and independent across all i € same(z). By the definition of Tyec -, (Trec,- > ) denotes the event that
agents in the set same(z) don’t have the M most recent unique arm recommendations equal to the set of M best arms in x
steps (denoted by B). Therefore,

P(Trec,. > ) =P (Um’e[M] (E,, occurs ra times)) ,

< Z P (E,, occurs rz times),

m’ €[M]
c1\"T c1 1\™
< _ = ==
<X 0-5)7)+(-55)
m #m
T 1 e
S(M—l)(l—%) +<1—;}+N) , (18)

where the last two steps follow from equation (17) and the fact that the information pulls are independent across agents and
phases.

We are now ready to bound E[A3 .. _|. Given that Az, _ _ is a N-valued random variable, we have

E[A?»Trec,z] = ZP(A3Trec,z > 1),

t>1

<Asmy+ Y, P(As,.. >1),
t>Azn+1
(a)
< Ay + ZP(ASTTCC,Z > As(m4j—1))(As(a+j) — As(m+j-1)),
j=1
(b) .
< ASM + ZP(Trec,z > M +7— 1)A3(M+j)a
j=>1
(¢) c1 r(M+j—1) 1 1 r(M+j—1)
SABM"‘(M_DZ(l_M) A3(M+j)+z<1_M+N)

Jj=1 Jj=1

Asm+jy,  (19)

where step (a) follows from the fact that for a random variable X, P(X > z) is non-increasing in z, step (b) follows from
the definition of A=1(.) in equation (1) and we subsitute equation (18) in step (c). We bound each of the two sums in
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equation (19) to complete the proof. For any € € (0,1) and A; = [j7],

D A= Ay =D (1= ) MHIIIEM + )7,

j>1 j>1

(a) ,
<2(3%) ) (1 — MMM + )7,

21

SECRIDSRIEDEE

I>M+1

2(3[3) Z —erl
< e P,
(1-¢) I>M+1
23°) [ .
(1 _ 6),,. € yle dy?

2 3\7 [ 2 3\
Yy () [ a2 (5) e

where we use the property that [x] < 2z for all z > 1 in step (a) and we perform a change of variables u = ery in step (b).

Substituting the above bound in equation (19) with e = 7% and e = §; — % in each of the two sums respectively, we get

<

S—

2(M — 1 3 3
E[Asr,...] < A3y + ( ) (

b 8
(- W) F(ﬁ+1)+(1—§\;+ﬁ)r ((Ei’)) LB +1),

? 8
2y ’ r(B+1 2 < 3 ) r(B+1
(1-40)" ((%i,)r) B+ )+(1—%)T (= - 17 (B+1),

8
3

<Ay +

|~

which completes the Proof of Proposition E.7. O

E.2. Completing the proof of Theorem 4.1
The proof of Theorem 3 follows from the Propositions E.2, E.4, E.6 and E.7.

F. Proofs of Lower Bounds
F.1. Proof of Theorem 5.1

We derive the lower bound for our model by adapting the lower bound for the setting considered in (Réda et al., 2022).
(Réda et al., 2022) considers the following problem: there are N agents and K arms. When agent n € [N] pulls arm
k € [K], it observes a noisy reward with mean fiy, ,,. However, regret is measured with respect to a “mixed reward” with
mean ,u}m = Zfil W; njik,i» where {w; , ¥ are (known) nonnegative weights with vazl w; n, = 1. So the optimal arm
for agent n is kj; = arg maxye k) 4, , and the relevant arm gaps are A = .. , — puj, ,,- Unlike our work, (Réda et al.,
2022) doesn’t have any constraints on the lengths of the messages exchanged in the communication rounds.

Lower bound: Theorem 3 of (Réda et al., 2022) bounds the group regret Reg(T') (i.e., regret summed across agents) as
follows: for uniformly efficient algorithms, assuming Gaussian rewards with unit variance,

.. .Reg(T) .
>
hTHi, 1o%f ogT > Eél;rcl f(z), where (20)
W, (AL i«
_ KxN . in n _ ) /
X=qxeRI"": i.,;*# - < 5 Vne[NL,ke[K]p, f(z)= kgln.kg*#xk’"Ak’" YeeX. (21
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Applying to our setting and proving Theorem 5.1

Notation: In our setting, ¢(n) € [M] denotes the bandit that agent n € [N] is learning and let ¢=!(m) = {n € [N] :
c¢(n) = m} denote the set of agents learning the bandit m € [M]. Notice that for any agent n € [N], ¢~*(c(n)) is the set of
agents learning the same bandit as agent n (also, n € ¢~ !(c(n))).

Reduction to the setting of (Réda et al., 2022): For each agent n € [N], we can choose iy, = fic(n),kx and w;, =
1(2' € ¢ 1(e(n)))/le (c(n))]| for the arm means and weights. Then deﬁning W, as above, a simple calculation shows
Hhn = He(n)k = Bins 80 Ay . = Ag(n) k- Note in particular that jj , = [y, means the observed and mixed rewards
are the same, as in our model, and thus, kX = k*(c(n)). Given that agents are aware of the weights in the setting of (Réda
et al., 2022), in our model this corresponds to the case when every agent knows all the other agents learning the same bandit.
Additionally, in (Réda et al., 2022), there are no constraints on the length of the messages exchanged in the communication
rounds. Due to the absence of constraints on the lengths of the messages exchanged during communications, our model is a
special case of the model in (Réda et al., 2022), and thus, their lower bound is applicable to our setting.

Applying their lower bound: In our special case, for any agent n and arm k # k;;, we have

Z o le=1(c(n))|? Z S lc=(c(n)) 2 Z X (22)

X x X
i:kf#k ki i€c™(c(n)):kr #k ki i€c™1(c(n)) st

where the first equality uses our choice of w; ,, and the second holds since k} = k # k for each i € ¢~ *(c(n)). Therefore,
the constraint for such n, k pairs simplifies to

1 Z 1 < (A;C,n)Q _ Ag(n),k
-1 2 . ’
TP 2 a2 2
which can be rearranged to obtain
2 ™ (e(n)]
< =HM({zk,;}ic ~1(¢( )))
-1 1 iSi€c—1(e(n))/)s
|C ( ( ))|Ac(n ZiE(:*l(c(n)) Th,i

where HM({y; };) is the harmonic mean of {y; }; C Ry. On the other hand, when k = &k}, we have
Wi, =0Yi¢c He(n), kf=ki=kVicc (c(n)),

so the summation in (22) is zero and the corresponding constraint is satisfied for any = € Rf *N  Combining these
observations, the constraint set in our special case simplifies to

' {x © RKXN : < HM({xk,i}iEC—l(c(n))) Vn € [N]k# k*(c(n))} .

‘C He(n ))|Ak .e(n) B

Now notice that these inequality constraints only depend on the bandit ¢(n), not the individual agent n. Therefore, we
further simplify the constraint set as follows:

2

X: RKXN
{ [ T(m)IAZ,,

< HM({xk,n}nE(:*I(m)) Vm e [ML k 75 k*(m)} :

Next, consider the objective function in our special case. We rewrite it as

M K N M K N
f(z) = szk" 2L(ks £k e(n Zzzxkn mk1(k*(m) # k,c(n) =m)  (23)
m=1k=1n=1 =1k=1n=1
M
= Z Ak Z Thp = Z Z Aol (M) AM({Zk,n bnee-1(m)) (24)
m=1k#k*(m) n€c=1(m) m=1k#£k*(m)
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where AM({y; },) denotes the arithmetic mean. Then for any = € X, we have

M l 2
Z Z Z Am,k|c_ |HM<{$k n}nE(’ 1( m) Z Z Am7k7

m=1 ks£k* (m) m=1 kztk* (m)

where the first inequality is AM({y;};) > HM({y;};) for any {y;}; C Ry and the second holds since z € X. On the
other hand, if we set 2}, , = 2/(|c™"(c(n ))|Ac(n) .)» we clearly have

M({Iz,n}necfl(m)) = HM({xZ,n}necfl(m)) = 2/(|Cil(m)|A?n,k) Vm e [M]

Combined with the above, this shows that

eX, fa)=> Z AQk (x)VzeX,

so 2™ is optimal. Hence, using the lower bound from (Réda et al., 2022), we get

im inf E g
T— o0

m=1 k#k*(m

1

mk

F.2. Proof of Theorem 5.2

The bulk of the proof involves showing that for any uniformly efficient policy,

E R(Z)
lim inf By ] >2A,VieUMI!T,,. (25)
T— o0 logT

Assuming we can prove (25), the first lower bound in the theorem statement follows easily, since

N

E[Reg(T)] = > E[RY] > Z S ERY),

i=1 m=14i€Z,,

and the second follows from the first and the fact that, by assumption in Section 2,

M-1 M-1
2 [Tm|Am > 2A Z 1Z,| = 2A(N — [Zar]) > 2AN(1 — ¢y /M) > AN.
m=1

Hence, for the remainder of the proof, we fix m € [M — 1] and i € Z,,, and prove (25).

Toward this end, we first reduce the real system to a fictitious system with a larger set of uniformly efficient policies. In
the fictitious system, agent ¢ initially (i.e., at time ¢ = 0) observes the full sequence of rewards for all other agents, i.e.,
X = (Xt(n) (k) :t e [T),k € [K],n € [N]\ {i}), and thereafter does not communicate with other agents. Note that any
policy in the real system can also be implemented in the fictitious system, since any information communicated by other
agents is a function of X'. Hence, it suffices to prove (25) for any uniformly efficient policy in the fictitious system.

To do so, we modify a standard lower bound approach that comprises Section 4.6, Lemma 15.1, and Theorem 16.2 of
(Lattimore & Szepesvari, 2020). For brevity, we focus on the modifications needed in our setting and refer the reader to the
associated references for details.

To begin, we modify the probability measure construction from Section 4.6. First, we define a measurable space (Qr, Fr),
where Qp = ([K]xR)T x RT*EX(N=1) T — B(Qr), and B is the Borel o-algebra. Next, let 7 = (1), be a uniformly
efficient policy in the fictitious system. More precisely, each m; is a mapping from the history of arm pulls and rewards for
agent s (i.e., Il(i)7 Xl(i) (Il(i)), .. It(i)h Xt(i)l (It(i)l)), along with the rewards of other agents (i.e., &), to the distribution of the
i)

action It( . Further, let p,, be the density for a Gaussian random variable with mean v and unit variance. Finally, let p denote
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the counting measure and A any measure on (IR, B(R)) for which all of the reward distributions {p,.,,, ,. } (m.k)e[M]x[K] are
absolutely continuous with respect to A\. Then we define the probability measure

Puz+(B)= /

Puzr(@) (0 x N7 X NTHEXND) oy B € Fp, (26)
B

where, for any ((jt, ¥t)te[r), (Tt,k,n)te[T] ke[K]ne[N)\{i}) € 2T, Pu,z, is the density given by

puzr ((Ges @) eerr) (T ko) te[T) ke[ K] neN\{i}) 27
= H T (G| Gss @) sept—11 (Te k) re (T ke (K] ne NN (i} ) Primn.s, (T1) H Priciny (Tt ken).  (28)
te[T) te[T) ke[K],ne[N]\{i}

Next, we adapt the divergence decomposition from Lemma 15.1 to our setting. More precisely, we show it holds for certain
pairs of instances (11, Z) and (p', Z'). Specifically, let ' = ppand Z’ = {Z}} jc (), where

Ij \ {7'}7 .7 =m
I otherwise

In words, the instance (', Z') is identical to (i, Z), except 4 plays the (m + 1) bandit in the former and the m*" in the

latter. For simplicity, we thus write Pz = P, 7 » and Pz» = P,,» 7v  for the probability measures (26), and Ez and Ez+ for
the associated expectations. We claim

]EI[TISZ) (T)]D(pum,k7pltm+1,k)v (29)

M=

D(Pz,Pr) =
k=1

where D denotes the KL divergence. The proof of (29) follows the essentially the same logic as that of Lemma 15.1. The
key difference is that our density (27) includes the product term [ [, 7y ke(r],ne [N\ (i} Pric(ny .+ (Zt,k,n ), Which arises from
the reward sequences X'. However, since agents n # ¢ have the same reward distributions p,_ ., under both instances
(1, Z) and (u',Z"), these product terms cancel in the proof, which yields (29).

Finally, we prove (25) using an approach similar to Theorem 16.2. We begin by upper bounding the summands on the right
side of (29). For k = k*(m) (the optimal arm for ¢ in the instance 7), we have Mok (m) = Mm+1,k*(m) DY assumption,

which implies D (pp,., 1+ () s Primsr o (my) = 0- For k # k*(m), we have

g

m,k

20,7

(,um,k - /J"m—i-l,k)2
2

1
D(pﬂm,k7plt.m+1’k) == S 5 S

where we used the fact that p,, is Gaussian with mean v and unit variance, the assumption (i, ,, € [0, 1], and the definition
of A,,, respectively. Combining arguments and using (29), we thus obtain

1 0) E[RY]
D(Pr,Pr) < 57— > BT (D) A = A (30)

™ ke[KI\{k* (m)}

Next, we lower bound D(Pz,Pz/). Let A = {T,gi)(m () > T'/2} be the event that i plays the best arm for the (m + 1)th

bandit at least 7'/2 times. Then by assumption k*(m) # k*(m + 1), we know that
TA TA,, TA
>

WPI(A) > Pz(A) > T]P’I(A),

Ez[Ry)] >

and by definition of Z’ (where i plays the (m + 1) bandit), we similarly have Ez/ [Rgf)] > TAPz/(AC)/2. Combining
these inequalities and using Theorem 14.2 of (Lattimore & Szepesvari, 2020), we get
; ; TA TA
E7[R{) +Ex[RY)] > —= (Pz(4) + P2 (A7) > —= exp (~D(P1, Pr)). (31)
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Therefore, combining (30) and (31) and letting 7" — oo, we obtain

(2) (1) (i)
lim inf % > 2A,, lim inf w > 2A,, liminf | 1 — log(4(Ez[ Ry | + B[Ry ])/A) =2A,,,
T—oo logT T—o00 logT T—o0 logT

where the equality holds by the uniformly efficient assumption (which states that the group regret on any problem instance,
and hence the individual regrets ]EI[Rgf)] and Ez [Rgf)], are o(T'7) for arbitrarily small v > 0).
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