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Abstract

An open scientific challenge is how to clas-
sify events with reliable measures of uncertainty,
when we have a mechanistic model of the data-
generating process but the distribution over both
labels and latent nuisance parameters is different
between train and target data. We refer to this type
of distributional shift as generalized label shift
(GLS). Direct classification using observed data
X as covariates leads to biased predictions and
invalid uncertainty estimates of labels Y. We over-
come these biases by proposing a new method for
robust uncertainty quantification that casts clas-
sification as a hypothesis testing problem under
nuisance parameters. The key idea is to estimate
the classifier’s receiver operating characteristic
(ROC) across the entire nuisance parameter space,
which allows us to devise cutoffs that are invariant
under GLS. Our method effectively endows a pre-
trained classifier with domain adaptation capabili-
ties and returns valid prediction sets while main-
taining high power. We demonstrate its perfor-
mance on two challenging scientific problems in
biology and astroparticle physics with data from
realistic mechanistic models.

1. Introduction

Problem Set-up Likelihood-free inference refers to set-
tings where the likelihood function £(x; #) — associated
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with a “theory” or model of the data-generating process — is
intractable, but one is able to simulate relatively large data
sets T = {(601,X1),...,(05,XB)} ~ Prin(0)L(x;0).
These mechanistic models (or simulators) implicitly define
the “causal” model & — X that encodes our knowledge of
how internal parameters determine observable data, and are
widely used in several domains of science.

While the likelihood £(x; @) stays the same under the as-
sumed theory, the prior over parameters py.in(0) is chosen
by design and can be different from the true target dis-
tribution parge (@), thereby causing a potentially harmful
bias when inferring € given a new observation Xyrge. If
the unknown parameter of interest is a categorical variable
Y €Y ={0,1,..., K} and the causal mechanistic model
remains the same — that is, Pain(X | Y) = Prareer(X | Y)
— the difference in the joint distribution of (6, X) between
train and target data is referred to as prior probability shift or
label shift (Quinonero-Candela et al., 2008; Vaz et al., 2019;
Polo et al., 2023; Storkey et al., 2009; Fawcett & Flach,
2005; Moreno-Torres et al., 2012). We refer to this setting
as standard label shift (SLS).

In this paper, we consider a more general setup that reflects
a richer mechanistic model: 8 = (Y,v) — X, where
v € N are continuous or discrete nuisance parameters that
are not of direct interest but critically influence the data-
generating process. These nuisance parameters are available
at the training stage, but are not observed at the inference
stage when estimating Y from Xuee;. We refer to a shift
that simultaneously affects Y and v as generalized label
shift (GLS), and assume that pyain(X | Y, 7)) = prarget(X |
Y, v). Within this setting, our goal is not just to do binary
classification per se (that is, providing a 0 versus 1 response),
but rather to do trustworthy uncertainty quantification for
the classification output, even under GLS.

Scientific Motivation Nuisance parameters can be seen
as a way of accounting for model misspecifications. Sta-
tistical models are indeed rarely accurate in capturing the
complexity of physical phenomena. To account for “known
unknowns”, such as calibration errors in the measuring de-
vice or inaccuracies and approximations in the theory, scien-
tists usually resort to enlarging the mechanistic model with
additional parameters that are not of direct relevance, but
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yet have to be considered during inference in order to make
reliable statements about the parameters of interest. These
additional parameters are commonly referred to as nuisance
parameters (Kitching et al., 2009; Dorigo & de Castro, 2020;
Pouget et al., 2013; HEP ML Community): they are nec-
essary to achieve more faithful models of reality, but make
correct inference much more challenging.

Statistical Challenges We introduce a simplified example
(see Section 5.1 for details) to illustrate the challenges of
classification under the presence of nuisance parameters.
Suppose Y = 1 represents a class with cases of interest
(e.g., the presence of a medical condition) and ¥ = 0 a
class with cases of no interest. We have good knowledge of
the probability density function (PDF) of Y = 1, f1(z), but
the shape of the distribution of Y = 0 is largely unknown.
To accommodate different scenarios, we resort to a nuisance-
parameterized PDF fy(x;v). Our goal is to discriminate
between negative Y = 0 and positive Y = 1 cases based
on potentially high-dimensional data x € X" and to provide
valid measures of uncertainties on the true label Y under
the presence of a nuisance parameter v. However, directly
classifying Xargec based on Pyyin (Y = 1 | X) and a cutoff C'
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Figure 1. Synthetic Example. Left (no GLS): Standard prediction
sets Rqo (X) (red) guarantee marginal coverage at the nominal level.
Nuisance-aware prediction sets (NAPS v = 0; blue) are also
marginally valid, but the “universality” of conditional validity
across the entire nuisance parameter space comes at the price of
more conservative prediction sets and lower power. Right (with
GLS): Standard prediction sets are no longer valid and undercover
for all « levels (red curve is below the black bisector), while
NAPS are still valid. Furthermore, we can increase power while
maintaining validity (NAPS v > 0; ) by constructing (1 )
confidence sets of the nuisance parameter v and deriving less
conservative cutoffs given an observation. Here v = o 0.01.

derived from 7 = {(Y;,X;)}£.; would lead to invalid un-
certainty quantification. Indeed, under GLS (or even SLS),
standard prediction sets (defined as in, e.g., Equation 10) do
not guarantee marginal validity:

Puarget (Y € R (X)) > 1 —«,

where Y and X are random and « € [0, 1] is a pre-specified
miscoverage level. Various solutions have been proposed for
the SLS setting (see references in Section 2), whereas GLS
is still a largely unexplored area in the machine learning liter-
ature. The key open challenge is to design general-purpose
inference algorithms that can guarantee valid measures of
uncertainty for all Y and v while providing high constrain-
ing power on Y (that is, smaller prediction sets).

Returning to our simplified experiment, Figure 1 (top left) il-
lustrates how standard prediction sets R, (x) are marginally
valid when the train and target distributions are the same,
while under GLS prediction sets are no longer valid even
marginally (top right). Our nuisance-aware prediction sets
(NAPS, v = 0 in Figure 1), on the other hand, are valid in
both settings. In addition, we can increase the constrain-
ing power (NAPS, v > 0) once we observe data without
the need to re-train the classifier, effectively endowing our
method with domain adaptation capabilities.

Approach and Contributions We categorize our main
contributions as follows:

i) TPR and FPR across \. By casting classification un-
der GLS as a hypothesis testing problem with nuisance
parameters, we propose a method to estimate the TPR
and FPR curves across the nuisance parameter space via
monotone regression. This allows us to compute the entire
receiver-operating-characteristic (ROC) of the classifier for
all v € N (Section 3.2 and Algorithm 2).

ii) Nuisance-aware prediction sets (NAPS). Rather
than providing a point prediction based on an estimate
of Pain(Y = 1 | X), we derive selection criteria that
are valid under GLS and construct a set-valued classifier
H: x— {0,0,1,{0,1}} which guarantees that the true
label is included in the set with probability at least (1 — «),
regardless of the true class y and of the value of the nuisance
parameters v. That is, the prediction sets H,, (X) guarantee
conditional validity under GLS (Theorem 2):

Parget (Y € Ho(X) |y, v) > 1—a, Yy e YV, v e N. (1)

Standard point classifiers (e.g., the Bayes classifier; Ap-
pendix E) and prediction sets based on Py, (Y = 1 | X)
are not conditionally valid across the nuisance parameter
space, and hence are also not valid marginally under GLS.
On the other hand, our algorithm returns valid NAPS for
all levels a € (0, 1) simultaneously given any new obser-
vation Xrge Without having to retrain the classifier. This
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also yields marginal validity under GLS (Theorem 2). Ourtype of shift at hand (Tibshirani et al., 2019). For instance,
results danot rely on asymptotic theory with the number of label shift can be addressed through label-conditional con-
observations ! 1 . We only assume to have a suf cient formal prediction (Movk et al., 2014; 2016; Sadinle et al.,
number of simulation8 to train and calibrate the classi er. 2019), which guarantees coverage conditional on the label
y (Podkopaev & Ramdas, 2021, Section 2.2) under SLS,
but not under the presence of nuisance parameters and GLS.
Finally, our work directly addresses the existing gap in
. methods for constructingpliable simulator-based inference
(1 ) condence sets of the nuisance parameterahere . ; : . o

algorithms with valid uncertainty quanti cation guarantees

is a small pre-de ned error level. This effectively allows ; 2
to derive data-dependent cutoffs that decrease the avera Heermans et al.,, 2021). Our work is also inspired by the

X L . . . ast literature in high-energy physics on hypothesis test-
size of prediction sets given a speci ¢ observation. . . ; : )
ing andnuisance-parameterizedachine-learning methods

We demonstrate our method using data from two high(Feldman & Cousins, 1998; Cousins, 2006; Sen et al., 2009;
delity scienti ¢ simulators: scDesign3 (Song et al., Chuang & Lai, 1998; Louppe et al., 2017; Cowan et al.,
2023) which generates realistic single-cell RNA-sequencin@011), which also includes the so-called “mining gold” idea
data, andCORSIKA(Heck et al., 1998) which models the of leveraging hidden information on latent variables in an
interactions of primary cosmic rays with the Earth's atmo-all-knowing simulator (Brehmer et al., 2020).

sphere. A exible implementation of NAPS is available at

https://github.com/lee-group-cmu/If2i. 3. Methodology

iii) NAPS with higher power. We show how one can fur-
ther increase power while maintaining validity by constrain-
ing nuisance parameters given an obsemgge:through

2 Related Work For simplicity, we will restrict our discussion %6 2 f 0; 1g.

To the best of our knowledge, this is the rst work that 3.1. Classi cation as Hypothesis Testing
estimates ROC curves across the entire parameter space . o

= Y N . To construcfrequentist con dence setae We refo_rmulate the blnar_y classi catl_on problem as a
base our results directly on the class probabMigy,(Y =  COMPOSite-versus-composite hypothesis test:
1j X), rather than using a surrogate likelihood or likeli-
hood ratio (see for example references in Cranmer et al. Hoy: 2 o versusHiy: 2 1; 2)
2020). The idea afmproving powerf NAPS with > 0
is similar to Berger & Boos (1994), and close in spirit to
likelihood pro ling, with the key difference that pro ling Where o=1fyg N, 1=1fyg® N .Wedene
does not guarantee validity (even for a large number of
simulationsB and under no GLS), and also requires an Prain(Y = Y j X) Prain(Y 6 Y)
approximation of the likelihood and the maximum likeli- y(x) = Pran(Y 6 Y X) Pean(Y = V) 3)
hood estimate of . The ROCcalibration framework of rain vl rain Y
Section 3.2 is related to Zhao et al. (2021) and Dey et al.
(2022), which use monotone regression to estimate the CDftS our test statistic, which is equivalent to the Bayes factor
of probability integral transforms for calibrating posterior for the test in Equation 2; see Appendix A for a derivation.
probabilities, but not for constructing valid prediction setsAlternatively, one can de ne the test statistic as the prob-
under GLS. When the prior distribution owgin the target ~ abilistic classi erPyain(Y = yjx) itself. Both quantities
data is knownPyan(Y =1 j X) can be easily recalibrated (which are related via a monotonic transformation) can be
to matchPuge(Y = 1 j X) under SLS (Saerens et al., estimated directly from pre-trainedclassi er based ofig .
2002; Lipton et al., 2018). However, this is not possibIeThat is, there is no need for an extra step to, e.g., learn the
under GLS since is unknown at inference time. Moreover, likelihood functionL (x;Y; ) or the associated likelihood
our approach does not assume such a known prior. The coffttio statistic from simulated data as done in Crr?mmer etal.
struction ofset-valued classi ersf Section 3.4 is inspired  (2020), Rizvi et al. (2023), and references therein.

by Sadinle et al. (2019); Dalmasso et .a|. (2021); Masseran@ye denote the estimate of by by and reject the nul g,y
etal. (2023). There are also connectionsdaformal pre-  for small values ob,. For example, if the null represents
diction: Conformal methods are widely used because thex, = 0, then a “positive” casey(= 1) in binary classi cation
ensure prediction sets with marginal coverage when data akgqid correspond to small values bf, or equivalently,

exchangeable (Papadopoulos et al., 2002; Vovk et al., Zooﬁrge values of the probabilistic classi &tram(Y =1
Lei et al., 2018). However, conformal methods need ady, — ¢ Bran(Y =0 j ). In this work, we de ne cutoffs

justments under distributional shift when data are no Ionge,zor by so that prediction sets are approximately valid under
exchangeable. Such adjustments need to be tailored for tr}ﬁjisance parameters and GLS.
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3.2. The Rejection Probability Across the Entire inf oy FPRY( ; );and€@ = sup ,y TPR I( ; ),
Parameter Space respectively. Although robust under GLS, such cutoffs can

. . be overly conservative.
To choose the optimal cutoff to rejeldty,, and construct y

valid prediction sets, we need to know how the classi er
performs for different values of the nuisance parameters
The rst step is to compute the following quantity:

Controlling FPR or TPR, but with more power An al-
ternative approach, which is still valid for anyand can
increase powetr, is to restrict the search over nuisance param-
De nition 1 (Rejection probability) Let be any test statis- eters to a smaller region &f . For this approach, we rst
tic, e.g, the estimated Bayes factor= b,. The rejection  constructacon dence s&(x; )for and xedy 2 f 0; 1g
probability of is de ned as atapre-speciedl ) level (De nition 3). This allows

W (Ciy; )= Pagerl (X)  Ciyi ) @) to choose a data-dependent cutoff such that

— H 1 . .
wherey 2f0;1g, 2N ,andC 2 R. C o= jof (FFPRC: e

For xed andnullHgo : Y =0, the receiver operating Where = , Where the minimization is over the re-
characteristic (ROC) relates the true positive rate stricted seB(x; ) N . Inpractice S(x; ) can be either
obtained from auxiliary measurements that are available at
TPRC; )= Wy (C;1; ) inference time, or from a separate pre-trained model that

returns valid con dence sets onfrom datax. Lemma 1

to the false positive rate demonstrates that this cutoff guarantees a maximum type-I

FPRC; ):= Wy (C;0; ); error equal to (FPR control) forany 2 N . Similarly, for
TPR control, choosin@ (x) =sup ;5. y TPR *( ; )
while varying the cutoffC. Figure 3 shows examples of with =+ guarantees a minimum recall of at least
some ROC curves at different values ofwhen the null . The special case of = 0 (and = ) corresponds
represents the negative class 0, for the setting of Sec- to S(x; ) = N; that is, no constraints on the nuisance
tion 5.3. parameters. Finally, note that hybrid cut-ofBR ( ;b)

1, . . -
A key insight behind our method is that the rejection proba-adePR ( ;b) based on goint predictionb(x) of the

bility (Equation 4) is invariant under GLS even if estimated nuisance parameters (such as the posterior mean) would

X . . not | valid uncertain nti cation under GL
from pyain; in other words, it is always the same for train and otlead to valid uncertainty quanti cation under GLS (see

target data (Lemma 1). As a result, our ROC curves reIianyFIgure 17 in Appendix).

measure the performance of the classi er under nuisanc
parameters. In practice, we can estimate(C;y; ) forall

y and simultaneously using regression with a monotonicRather than just returning a single laleil for each obser-
constraint inC. The whole procedure is amortized with vationx like the standard Bayes classi er (Appendix E), our
respect to the target data, meaning that both the base clagethod yields prediction sets from a set-valued classi er.
si er and the rejection probability are estimated only once,
after which they can be evaluated on an arbitrary number o
observations.

5.4. Constructing Robust Set-Valued Classi ers

e nition 2 (Nuisance-aware prediction set) nuisance-
ware prediction set (NAPS) is the set returned from a set-
valued classierH : x 7! f; ;0;1;f0; 1ggwith

3.3. Selecting the Optimal Cutoff under GLS H(x; )= y2f01gjb(x)>C . (x) ; (5

Once we know the classi er's rejection probability function, \yhere

we can apply it in various ways. All our choices are robust

against GLS. C, (x)= inf fW, 1 :y; g 6
g y 0= it EW Ay g (©)

Controlling FPR or TPR  Based orW (C;y; ), we  isthe rejection cutoff, = andS, (x; )isa(l )
can nd the cutoffC for a new test point that either con- .4, dence set for de ned by Equation 7.

trols type-l error (FPR), or guarantees a minimum recall

(TPR), or maximizes some other metric of choice that deThis classi er guarantees user-de ned levels of coverage
pends on both FPR and TPR. For example, FPR control at (the probability that the true label is included in
some pre-speci ed level 2 [0;1]and o 2 N implies  the set), no matter what the true clgsand the nuisance

C = FPR !( ; o);and TPR control at some minimum parameters are (Theorem 2). The resulting prediction sets
recall implies€ = TPR ( ; o). To control FPR contain all labels that were not rejected by the corresponding
or TPRuniformly over , one can instead choose = hypothesis test. Ambiguous sets can arise in two cakes:
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Algorithm 1 Nuisance-aware prediction sets 4. Theoretical Results
Input: training set;l’ = f(Yi;Xi)g%; ; calibration set
T%= f(Y% %X9dE, ; observatiorx; test statistic = y;
miscoverage levels 2 [0;1]and 2 [0; ].

Output: Prediction seH (x) such that Equation 1 holds.

Proofs for this section can be found in Appendix B.

4.1. Validity and Robustness to GLS

Lemma 1 (Invariance of the Rejection Probability to GLS)

1. // Training Under GLS, the rejection probability (De nition 1) of any
2: EstimatePyain(Y = y j X) via a probabilistic classi er test statistic is invariant to GLS, that is
3: // Calibration N .
4: EstimateW y (Cyy; ) = Ptarget( y(X) Cijy; ) W (Cy; )= Ptarget( (X) CJ Yy )
as detailed in Algorithm 2 by = Prain( (X) Cjy; ):
i. ]E(Z)(:Zlﬁ);nr;g;rge test statistlg, (x) as in Equation 3 4.1.1. NJISANCE-AWARE CUTOFFS
i Constructing th ted calibration &P De nition 3 (Con dence set for nuisance parametershe
. onstructing the augmented calibration $€t random seSy(x; )isavalid(l ) level con dence set
iii. Estimating the rejection probability function for at xedy2f0;1g, if
Wy, (C;y; ) from T %via monotone regression. :
y (G ) v gressi Pager 2S¢ )jy: ) 1 : 8 2N; (V)
5: /] Inference
6: for y 2 f 0: 1g do for some pre-speci ed value 2 [0; 1].
7 _(f:onlpgter?,(x) as in Equation 3 The following theorem shows that nuisance-aware cutoffs
g: ! C_ (;)en i FW Iy )g control FPR and TPR at the speci ed level.
100 else 2Ny R Theorem 1 (Nuisance-aware cutoffs for FPR/TPR control)
11: Constrain nuisance parameters by constructing &£N0ose a threshold 2 [0;1]and 2 [0; ]. LetS,(x; )
level- con dence seS, (x; ) for be avalid(1 ) condence setfor at xedy 2 f 0;1g
12: C. (x) inf P 1 y: g according to De nition 3. Let (X) be any test statistic
13: end % 28y (xi )7 by o that measures how plausible it is thatwas generated from
14: end for Ho,y . De ne the nuisance-aware rejection cutoff to be
15: H(X; ) . y2f0,1gjb(x)>C y (x) predic- C;y (x) = inf . fW l( v )G (8)
tionsetH (x; )forY 28y (x; )

where = , andW is the rejection probability in

: . De nition 1. Then, forall 2 N , we have FPR control:
When both null hypotheses are rejected, we obtain an empty

set. However, empty sets only arise at very low con dence Paget (X) C, (X)jy; 9)
levels (high values of ), which is typically not considered ’
an interesting regimei) When both null hypotheses are
accepted, we obtain a prediction set that includes both 0 angimilarly, if

1. This latter type of ambiguity re ects the uncertainty of the

classi er, which typically grows at higher con dence levels S y (x) = sup W (1 vy )
(low values of ). A low-quality classi er will often report 281 y(x5)

an “I-don't-know answer” for ambiguous instances if forced
to guarantee a certain con dence level, rather than returnin
a0=1 answer that has a high chance of being incorrect.

(maximum type-I error probability fol oy ):

évith = + ,thenforall 2N, we have TPR control:

Ptarget (X) ¢ Y (X) J 1 \z
While =0 can be the default choice for NAPS, choosing L
asmall > 0 often leads to higher power (see Section 5). (minimum recall forH o,y ):
Finally, note that while our set-valued classi er targets con-

ditional coverage under GLS according to Equation 1, as &.1.2. RROPERTIES OF THENUISANCE-AWARE
by-product we also achieve prediction sets with marginal PREDICTION SET

coverage under GLS (see Theorem 2). The nuisance-aware prediction set (De nition 2) is both

Algorithm 1 includes a step-by-step description of the entireconditionallyandmarginally valid with respect to botly
procedure for constructing nuisance-aware prediction setsand under GLS.

5
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Theorem 2. LetH (x; ) be the nuisance-aware prediction at the nhominal(1 ) level by construction (red curve
set of De nition 2. Under GLS, for every 2 f 0;1gand  overlapping black bisector in Figure 1, top left), although

2N they might still undercover in speci ¢ regions of the nui-
sance parameter space (see Figure 17 in Appendix I). NAPS

PageY 2 H(X; )jy; ) 1 with = 0 are instead both marginally valid (blue curve,

top left) and conditionally valid (Theorem 2). The latter
Moreover, “universality” can cause overly conservative prediction sets

i and a loss of power (de ned as the probability of rejecting
PrargeY 2 H(X3 1)) 1 Hoy : Y = ywhenY 6 y); see bottom left panel.

5. Experiments Setting 2: With GLS Suppose now that we apply the
pre-trained classi er to a target distribution with dif-
ferentdistribution over the nuisance parameters, namely
Consider a simpli ed setting where we are certain about thepage{ ) = N(4;0:1) 8 prain( ). The top right panel
data-generating process¥f= 1 cases of interest, but not of Figure 1 shows that the prediction s&s(X) are no
about that ofY = 0 cases. We assume longer valid even marginally (red curve below bisector),
whereas NAPS are still valid. Moreover, we can achieve

5.1. Synthetic Example

p(xijYi=1)= % higher power by constraining the optimization to a high-
. con dence set of the nuisance parameter (compare green
p(xijYi=0; {)= i€ . with blue NAPS curves). In summary: our proposed method
1 e can leverage the origin&,in(Y =1 j x) classi er to pro-

where 2 [1;10]is a nuisance parameter, which enIargesVide prediction sets that are both valid and precise for any

the model fory = 0 to re ect our uncertainty of how cases S'St”?unonlf(%; ) ?ﬁ long Zs.qt)./; ste}[ys ﬂ:ﬁ s;me. dAl(\jli\ll-D S
of no direct interest might manifest themselves. lonal resufts for other prediction set methods an

with > 0 are available in Appendix I.

Before Data Collection Before having speci ¢ knowl- i )
edge about target data and experimental conditions, w2 Single-Cell RNA Sequencing
decide to draw from a uniform reference distribution RNA Sequencing, or RNA-Seq, is a vital technique in ge-
Prain( ) = U[1;10] (herePuain(Y = 1) = Puage(Y =  netics and genomics research that has revolutionized our
1) = 0:5is xed). We then pre-train a classi érand  ynderstanding of gene expression. Many RNA-seq experi-
compute the class posteriBgain(Y = 1jx), and construct ments involve extracting RNA from target cells and examin-
(1 ) prediction sets ing counts of speci ¢ genes. While the natural variation in
i gene counts between different types of cells is interesting
R (X)=fy:Prin(Y =yjx)>C g  (10) 5 researchers, the observed gene counts depend also on
the precise steps of the sequencing process. For example,
the exact chemicals, equipment, room temperature and lab
C st Pran(Puain(Y = YjX) C )= ; techqician can greatly in uence t.he nal measuremeTts, in
addition to the cell type. In practice, these so-called “batch
for a pre-speci ed miscoverage level These are the oracle effects” are often unmeasured confounders whose exact
prediction sets that minimize ambiguity (i.e., average sizeyalue is unknown at the inference stage. Thus, analysis of
subject to having the correct total coverage according th@xperimental gene counts must take them into account in
Theorem 1 from Sadinle et al. (2019). We will henceforthorder to conduct reliable scienti ¢ analysis. In what follows,
refer to them as “standard prediction sets” to distinguisive de ne a “batch protocol” to be a particular set of these
them from the oracle class-conditional prediction sets fronronditions common to a batch of cells.

Sadinle et al. (2019) and NAPS. We use data from the recently proposeiDesign3 simu-

] ] lator (Song et al., 2023), with reference data taken from the
Setting 1: No GLS  When train and target data have the pg\c Systematic Comparative Analysis (Ding et al., 2019).
same distr_ibutions, the prediction s&s(X ) have guaran- \we consider two cell typeD4" T-cells andCytotoxic
teed marginal coverage T-cells) and a subset of 100 random genes. The reference

Pean(Y 2 R (X)) =1 dz_;\ta contains counts f_rom two se_parate experiments, which

train will serve as the basis of our simulated batch protocols.

1n this simpli ed example we can actually compute everything We use the two original experimental conditions as well as
semi-analytically. two arti cial perturbations derived from them to generate

with cutoffs
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unknown at inference time. On the other hand, all of the
other prediction sets from the analyzed baselines undercover
for at least two protocols. Nuisance-aware cutoffs need to
control type-I error for every single value of the nuisance
parameter, including the hardest case. Here, Protocol 1 (top
left) appears to be the most dif cult to classify correctly.
Finally, we note that while conformal APS approximately
achieves coveragef@t ) 1, this comes at the expense

of uninformative prediction sets that contain both labels for
all Xtarger NAPS, on the other hand, is able to maintain high
power (see Figure 10 in Appendix G). Additional results
and details on the base classi er, the model used to estimate
the rejection probability function, and the baselines adopted
for comparison can be found in Appendix G.

5.3. Atmospheric Cosmic-Ray Showers

High-energy cosmic rays, both charged and neutral, are
extremely informative probes of astrophysical sources in
our galaxy and beyond. Gamma rays (which constitute the
vast majority of neutral cosmics) reach the Earth atmosphere
from speci c directions that coincide with the location of the
originating source in the sky. On the other hand, charged cos-
mic rays (hadrons) arrive from non-informative directions
as they get de ected by galactic magnetic elds while travel-
ling. An important step in analyzing gamma-ray sources is
Figure 2.Coverage under different batch protocols for the to separate gamma-induced showers (G) from the very large
RNA-Seq example Each marker represents the proportion of sam-background$ 1000 : J of hadron-induced showers (H)
ples in the test set whose true label was included in the constructegsing ground-based detector arrays that collect particles
prediction sets. Nuisance-aware prediction sets (NARSO; from secondary showers (Dorigo et al. (2023); see top left of

blue) are valid regardless of the protocol, which is unknown atgjq, e 4 for an illustration). G/H separation is a challenging
inference time. All other methods for prediction sets with marginal

coverage (red), class-conditional coverage (pink), and conformal
adaptive prediction sets ( ) undercover for at least two batch
protocols.

four possible batch protocols. Following our terminology,
this corresponds to a discrete nuisance parameter with four
groups. We consider the setup of a classi er trained on
data from all four possible protocols and tested on different
XtargetWhose true protocol value is unknown (in addition to
the cell type). In total, we have availat#€;000 samples
which we divide into train §0%), calibration 85%) and

test 6%) sets. Our goal is to infer the cell's type from the Figre 3 Dependence of the ROC on the energy of the cosmic-
observed gene count under the presence of the unknowgy shower. Left: Receiver operating characteristic evaluated
nuisance parameter. according to our method at different energy values (shades of blue).

. . . timating th tire ROC trol FPR or TPR at
We compare our method with three baselines: (i) standargy estimating fhe entire » WE can coniro or 1rk a
Speci ed con dence levels for all 2 N , which is not possible

pred'q'on sets for which cutoffs are corpputed frﬁ(wJ),(_) with the “marginal” ROC curve (redRight: Diagnostic P-P plot
(Sadinle et al., 2019, Theorem 1); (ii) class-conditionale,a|yated at four bins over energy for nuisance-aware ROC (shades
prediction sets with cutoffs derived separately from eachyt plue) and ROC that ignores nuisances (shades of red). To check
P(Y = ijX);i 2 f0;1g (Sadinle et al., 2019); and (iii) if Paget( (X) Cjy; ) is well estimated, we plot PIT values
conformal adaptive prediction sets (APS; Romano et ahgainst dJ(0; 1) distribution (dashed bisector; see Appendix D
(2020)). Figure 2 shows that nuisance-aware predictioffior details). This is clearly not the case if one ignores nuisance
sets (NAPS) are valid regardless of the protocol, which igparameters.
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with > 0). This result is explained by the bottom panel
in Figure 5: NAPS predicts a single label only when it is
relatively certain about it, and otherwise outputs an ambigu-
ous prediction set that contains both labels. Nonetheless,
for this example, NAPS with = 0 is able to achieve a
higher number of true positives and lower number of false

Figure 4.Constraining the cosmic ray shower parametersTop

left: Illustration of the Southern Wide- eld Gamma-ray Observa-
tory (SWGO; Abreu et al. (2019); image credit: Richard White)
array of detectors with an incoming gamma ray (reBpttom

Left Test statistic undeyp, = 0 (hadron) as a function of energy.
At high energies, the class-conditional test statistics are well sep-
arated, implying that it is easier to distinguish gamma showers
(red) from hadron showers (golcRight Con dence set for at
different(1 ) con dence levels obtained via the framework of
Masserano et al. (2023). The true value df the black star.

rare-event detection problem, where the true distribution of
both the shower typ¥ and the shower parametergnight

be misspeci ed in simulated data. Our goal is to infer the
cosmic ray identityy from ground measurements while
accounting for additional shower parameters: ené&rggaz-
imuth angleA and zenith angl@ . Together, these form a
nuisance parameter vector= ( E; A; Z ). We construct a
data set 099;,850samples simulated fro@ORSIKA(Heck

et al., 1998) divided into traird6%), calibration 45%) and
test (L0%) sets. Figure 3 (left) shows several ROC curves as
a function of different energy values, demonstrating a clear
dependency of the classi cation problem on this shower
parameter.

Figure 5 summarizes our results as a function of the con -
denceleve{l ) fordifferent classi cation metrics. These _. - . - -

L o . Figure 5.Classi cation metrics within true and within pre-
are computed within true and within predicted gamma rays

f diff bi h border is th di dicted Gamma rays §f = 1). Results are binned according
or two ' erent bins w ose. F’r eris the me |§n €NeIY%o whether the shower energy is below (left) or above (right) the
level. Nuisance-aware prediction sets (NAPS with 0)

3 > e ] median valueTop panel:Nuisance-aware prediction sets (NAPS
achieve high precision and low false discovery rates but = o: pjue) achieve high precision and low false discovery rates
slightly under-perform relative to the standard Bayes clagDR), especially at high con dence levels. In addition, by con-
si er (Appendix E) for lower energy values (left column straining the nuisance parameters ( E; A; Z ), we can increase
in Figure 5), speci cally at low con dence levels. This be- performance (NAPS> 0; ) with uniformly better results
haviour originates from the complexity of the data: at lowerrelative to the standard Bayes classi er (black dashed liBe}-
energies it is indeed much harder to distinguish gamma ray®m panel: Our set-valued classi er makes explicit its level of
from hadrons (see bottom left panel of Figure 4). uncertainty on the labgl by returning ambiguous prediction sets
(bottom row) for hard-to-classifftarge: Even so, NAPS with
By constructing'1 ) con dence sets for (see the right > 0is able to achieve a higher number of true positives and
panel of Figure 4 for an example), we are able to outperformower number of false negatives relative to the Bayes classi er.

the standard Bayes classi er at all con dence levels (NAPSHere = 0:3.

8



Classi cation under Nuisance Parameters and Generalized Label Shift

negatives relative to the Bayes classi er. Additional resultsFinally, we note that NAPS may sometimes result in empty

and details on the models used can be found in Appendix Fprediction sets, though this is uncommon wkign ) is
large. Future adaptations could incorporate strategies from

6. Conclusion and Discussion Sadinle et al. (2019) to mitigate this issue.
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A. The Bayes Factor as a Frequentist Test Statistic

In this work, we treat the Bayes factor as a frequentist test statistic, similar to the Bayes FrequentisBF&gtorgthod in
(Dalmasso et al., 2021). Consider the composite-versus-composite hypothesis test:

Hoy: 2 o versusHiyy: 2 (1))
where o= fyg N , 1=fyg® N ,andy 2f0;1g. The Bayes factor of the test is de ned as

R
PAxjHoy) _ 5w L(xiy: ) PY y) d
PAxjH1y) N LOGL oy, )PY j1 y)d

y(X) =

By Bayes theorem,

Ory- i . R Oy i
0= RN PO e d
Y DUy 0 o TRy ix)
vy PUIL Ay ey d
_PAY =y PAY =1 y),

©OPYY =1 yjx) PYY = y)’

12)

However, unlikeBFF, we are not estimating the likelihood or odds from simulated data, but instead directly evaluate a
pretrained classi eP(Y = yjx).

B. Proofs

For simplicity in notation, we will henceforth omit the “train” and “target” subscript®ifThe symboP° will represent the

training distribution, whileP will denote the target distribution.

Proof of Lemma 1This follows from the fact thatvV (C;y; ) only depends on the conditional randomnesX ¢f; ,
which, under GLS, is the same on both train and target data. O

Proof of Theorem 1 Notice that

P(C (X) C, (X)iy; )=P( (X) C., (X); 25(X;)jy; )+ P((X) C, (X); ZS(X; )iy; )
PC(X) W sy iys )+ PC 2S,(X; )iy; )
+ =

which proves the rst part of the result. Similarly,

POC(X) €, (X))l vy; )=P((X) €, 2S y(X; )il y; )JP( (X) €,; 2S y(X;)jl vy; )
P((X) W (1 y;)jil y; )+P( 2S; (X; )il ;)
1 + =1
and therefore
PO (X) €, (X)jl vy )

which concludes the proof. O

Proof of Theorem 2By construction

P(Y 2 H(X; )iy; )= P b(X)>C ., (X)iy;
=1 P b(X) C, (X)y;
1
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where the last inequality follows from Lemma 1. This proves the rst statement of the theorem. To prove the second
statement, notice that

Z
P(Y 2H(X; )= P(Y 2H(X; )iy; )d (y; )
Z
@ Hdy )
=1 :
where (y; ) denotes the measure (¥i; ) on the target set. O

C. Estimating the Rejection Probability Function

We learnW (C;y; ) using a monotone regression that enforces the rejection probability to be a non-decreasing func-

Prain( )L(X; ) where =(Y; ), wesample asetadf cutoffs according to the empirical distribution of the test statistic
. Then, we regress the random variable

Zij =1 (Xi) G (13)
onY;, i andCi; (= Cj) using the “augmented” calibration sef°= f(Y;; i;Ci; ;Zij )gij , fori = 1;:::;B%and
j =1;:::;K, whereK is the augmentation factor. See Algorithm 2 for details.

Algorithm 2 Learning the Rejection Probability Function
Input: test statistic ; calibration data = f(Y1; 1;X1);:::;(Yso, go;Xgo)g; sampled cutoffss = fCy;:::;Ck g
Output: Estimate of the rejection probabiliy (C;y; )forallC 2 G,y 2f0;1gand 2N

1: // Learn rejection probability from augmented calibration data T %

2: SetT :

3: foriinf1;::;B%do

4; forjinfl;::;;Kgdo

5: ComputeY;; I (Xi) GC)

6 LetT® TOUf (Yi; 1;Cj;Zi)g

7:  endfor

8: end for

9: Estimatew (C;y; ):= Py. ( (X) C)fromT%viaaregressiond onY, andC,which is monotonic irC.

10: return Estimated rejection probabiliti®y (C;y; ),forC 2 G,y 2f0;1gand 2N

D. Diagnostics of Estimated ROC Curves

Here we describe how to evaluate goodness-of- t of an estimate of the rejection probability function. This is inspired
by methods that use the Probability Integral Transform (PIT) to assess conditional density estimators (Cook et al., 2006;
Freeman et al., 2017; Izbicki et al., 2017; D'lsanto & Polsterer, 2018).

IfW (C;y; )= Puaget( (X) Cjy; )= F (x)jy: (C)iswell estimated, then the random varialile ( (X 9y )
U(0; 1), whereX %is drawn from the simulator usingy; ) as parameters. This suggests we assess the performance of our

where( (X1);Y1; 1);::5:( (XB); Ys; B) denote an evaluation sample drawn from the simulator. The distribution of
these statistics can however be uniform eveé®ifs not a good estimate (Zhao et al., 2021, Theorem 1). Here, we avoid this

problem by dividing the parameter spaceénto bins and constructing separate distribution plots for samples within each
bin.

E. The Standard Bayes Classi er

Lemma 2 (Bayes classi er) Leth : X I f 0; 1g be a classi cation rule. De ne the weighted loss

W = Cal19(Y) lrog(h(X)) + Colog(Y) It14(N(X)); (14)
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wherecy is the cost of mis-classifying¥ = k observation, folk = 0;1. The Bayes (that is, optimal) classi er that
minimizes the error rat&wged W) averaged over botiX andY is given by

8
21 if Ptarget(Y =1jx) > ;

h (x) = S 0 if Parged Y = 1jX) < (15)
" arbitrary  if Praged Y = 1jx) =

Co
CotCyp’
Remark 1 (Balanced accuracy)f there is no shift between the train and target sets, a common choice for the loss (14) is

C1 = 1=Pyain(Y = 1) andcy = 1=Py4in(Y = 0). This yields the balanced error rate

where =

Erain(W) = Puain(h(X) =0jY =1)+ Pyain(h(X) =1jY =0)

and the cut-off = Py,in(Y =1) for the Bayes classi er (Equation 15).

Remark 2 (Bayes classi er under GLS)Under GLS, there is no monotonic relationship betwBgge:(Y = 1jx) and
Puain (Y = 1jx). Thus, it is not possible to us&.in (Y = 1jX) to recoverPuget(Y = 1jx) using standard label shift
corrections (Saerens et al., 2002; Lipton et al., 2018).

Remark 3 (Bayes classi er under the presence of nuisance parameters but no Gtt8re is N0 GLSPy4in (Y = 1jx) =
Prarget (Y = 1jXx). However, without a nuisance-aware cutoff, the Bayes classi er is usually calibrated to control type-|
error marginally over . NACS instead controls this error for all2 N .

F. Additional Results and Details on Cosmic Ray Experiment
F.1. Experimental Set-Up with Ground-Based Detector Arrays

The data used in this paper are generated via the CORSIKA cosmic ray simulator (Heck et al., 1998). CORSIKA is a
Monte Carlo simulation program that models the interactions of primary cosmic rays with the Earth's atmosphere. Given
values of the parameterskE; Z; A , which de ne the primary cosmic ray identity, energy, zenith and azimuth angle,
respectively, CORSIKA outputs the identities, momenta, positions, and arrival times of all secondary particles generated in
the atmospheric shower, that eventually reach the ground and that are mostly muons, electrons and photons at gamma-ray
energies with minor abundance of heavier particles.

The measured datain our analysis does not incorporate the full shower footprint, as this level of information cannot be
captured in any realistic scenario. Instead, we simulate a sifnplé detector grid, where each detector covegs a2 m?

area, with 48 m detector spacing. Information for a secondary particle of a particular shower footprint is incorporated
into the analysis only if that secondary particle lands within the area of a detector. See Figure 6 (right) for a simpli ed
representation of the detector grid.

We assume 100% detector ef ciency and that all secondary particles types are detectable. We also assume that showers
always originate at the center of the detector grid. Finally, we assume that both the zenith and azimuth angl&s

are known due to the relative ease with which they can be estimate from observed footprint data. Thus, our only nuisance
parameter for inference onis the energye of the cosmic ray.

The data used to estimate the test statistic are drawn according to the following distribution (which may be different from
that of actual astrophysical sources):

1. Gamma ray to Hadron ratio 1:1 (whereas actual observed ratios are in the range 1:1,000 — 1:100,000)

2. Energy between 100 TeV and 10 PeV, with probability density proportion&l tbfor gamma rays ané& 2 for
hadrons (with standard astrophysical sources closer to between -2:-4)

3. Zenith uniformly distributed between 0 and 65 degrees

4. Azimuth uniformly distributed between -180 and 180 degrees

To derivex;, we rst de ne four secondary particle groups: photons (neutral); electrons and positrons; muons (charged);
and all other secondary patrticle types. Then for each simulated detector, we record the count of particles in each group that
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