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Abstract—We present a continuous-time framework for con-
strained control of differentially flat nonlinear systems using
cascaded time-varying optimization (TVO). Flatness-based con-
trollers can exploit exact nonlinear dynamics through convex
optimization in flat-output coordinates, but enforcing actuator
limits remains challenging because the flat-to-physical input
map is nonlinear. To address this, we cascade two TVO layers:
an output-level TVO that drives constrained tracking in flat-
output space, and an input-level TVO that continuously projects
the resulting command onto time-varying actuator limits. Both
layers are implemented as coupled ordinary differential equations
integrated online, avoiding repeated solution of optimization
problems. We detail the problem formulation and controller
construction, and validate the approach on a wheeled mobile
robot tracking task where the method matches the tracking
performance of nonlinear model predictive control while strictly
respecting constraints, using only an integrator at deployment
rather than an online optimization solver.

Index Terms—time-varying optimization, constrained nonlin-
ear control, differential flatness, input constraints, mobile robots

I. INTRODUCTION

Achieving optimal real-time nonlinear robot control on
small mobile platforms demands computationally efficient
methods, particularly when managing state and input con-
straints. Nonlinear model predictive control (NMPC) is the
most widely used framework for constrained nonlinear con-
trol. Modern implementations solve the nonlinear program
online to local optimality via sequential quadratic program
(SQP) [1]-[3]; the cost is structural, requiring an embedded
solver and a discretized model at every timestep.

Differential flatness offers a path to computational effi-
ciency: if a system is differentially flat, its dynamics can be
exactly linearized through a nonlinear input transformation,
enabling convex optimization in flat-output coordinates [4].
Flat model predictive control (FMPC) exploits this structure
for efficient constrained tracking [5]-[7]. However, because
the flat-to-physical input map is nonlinear, imposing convex
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Fig. 1. Overview of the cascaded IC-TVO architecture. The output-level TVO
produces a nominal flatness-based input, and the input-level TVO enforces
actuator constraints while preserving the tracking objective.

actuator limits in the original input space yields nonlinear
constraints in flat coordinates, reversing the efficiency gains
of flatness. Existing workarounds based on convex approxi-
mations or projection stages can be difficult to construct and
often lead to conservative performance [8]-[10].

Continuous-time time-varying optimization (TVO) meth-
ods offer a structurally different route to the same goal:
rather than discretizing time and solving an optimization at
each timestep, they track the time-varying optimum directly
through a predictor—corrector ordinary differential equation
(ODE) [11], [12]. When combined with differential flatness,
TVO-based controllers achieve constrained tracking in flat-
output space with convergence guarantees [13], [14]. However,
these methods do not explicitly enforce actuator bounds.

To address this gap, we propose input-constrained, time-
varying optimization (IC-TVO), a cascaded architecture that
pairs an output-level TVO for constrained tracking with a sec-
ond input-level TVO that projects the nominal flatness-based
command onto time-varying actuator limits (Figure 1). Both
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layers are realized as coupled ODEs and integrated online,
avoiding the repeated solution of optimization problems. We
present the formulation and controller construction, provide
high-level stability arguments based on composite Lyapunov
analysis, and validate the approach on a wheeled mobile robot
(WMR) example where IC-TVO matches a state-of-the-art
NMPC implementation in tracking while using only an ODE
integrator at deployment. In doing so, we extend the TVO
literature by cascading two convex TVO problems through a
nonlinear relation.

The manuscript emphasizes formulation and empirical be-
havior, with concise proof sketches to support the main results.
Section II defines the problem, Section III summarizes output-
level TVO, Section IV introduces the input-constraining cas-
cade, and Section V presents numerical results.

A. Notation

Scalars are denoted by lowercase characters and vec-
tors/matrices by bold symbols. Time is t € R>, Euclidean
norm is ||-||, and full time derivatives use superscripts, e.g.,
x(¥), For smooth f(x,t), we use Vxf, Vxxf, and Vx;f for
first/second/state-time partial derivatives.

II. PROBLEM STATEMENT

We consider a control-affine nonlinear system

x(t) = £(x(t)) + g(x(t))u(t), y(t)=h(x()), (1)

with state x € R”, input u € R™, and output y € R™.
We assume (1) is O-flat with flat output y = h(x) [4],
[15], meaning that states and inputs can be recovered from
the flat output and its derivatives alone—without requiring
knowledge of u or its derivatives—through smooth maps
x = ¢ My,...,y* ) u = iy, yETY y ),
With the flat state z = col (y,y, . ,y(k’l)) and flat input
v = y®), the dynamics take the linear Brunovsky form
z = Az + Bv, and the physical input is obtained through
the nonlinear map u = ¥ ~1(z, v).

The control objective is to minimize a strongly convex,
time-varying cost fo(y,t) while respecting time-varying out-
put constraints y(¢) € J(¢) and input constraints u(t) € U(t),
where both constraint sets are defined by convex inequalities:

Y(t) ={y | fily,t) <0, i=1,...,
Ut)={uli(u,t) <0,i=1,...

nf}’
Sy }-

We assume standard regularity conditions (strong convex-
ity/smoothness of the objective, constraint qualification, and
dynamic feasibility) hold throughout; see [13] for precise
statements. This formulation subsumes the common case of
tracking a reference y™{(¢) with fo(y,t) = |ly — y™f(#)||?
under time-invariant box input constraints.

III. TIME-VARYING OPTIMIZATION-BASED CONTROL

This section reviews the TVO-based controller from [13],
[14], which our input-constraining extension in Section IV
builds upon.

A. Output-Level TVO

The goal is to design a feedback law such that y(¢) tracks
the time-varying minimizer of the constrained problem

st fily,t) <0,i€e{1,...,

y*(t) == argmin fo(y,t)

2)
Rather than solving (2) from scratch at each timestep, TVO
methods track y*(¢) by designing continuous-time dynamics
that mimic the behaviour of an optimization algorithm.
a) Barrier approximation: The constraints are incorpo-
rated via a log-barrier, yielding the smooth unconstrained
surrogate

ng

1
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i=1
with an exponentially growing penalty c(t) = coe®t that

drives y*(t) = argminy F(y,t)
[16].

b) Target system design: The key idea is to treat the
objective gradient VyF(y, t) and its first k—1 time derivatives
as a state vector

n(z,t) := col (Vyﬁ‘(yﬂf), Vg,l)F(y,t), ce V(;fl)f‘(y,t))

and to design the controller so that 1 evolves according to a
stable target system

— y*(t) as t — oo [13],

3)

where H,, = I:Iy ® I,,, is a Hurwitz matrix, with I:Iy € RFxk
in canonical controllable form with coefficients ag, ..., ar_1.
Because H, is Hurwitz, n — 0 as ¢ — oo, which in turn
implies Vyf‘(y,t) — 0 and hence y(t) — y*(¢). In other
words, we are embedding the convergence dynamics of an
optimization algorithm directly into the closed-loop system.
¢) Deriving the control input: By expanding each total
time derivative Vy F(y,t) via the chain rule, one finds that

h:Hyn7

the highest flat-output derivative v = y*) enters affinely
through the Hessian I'y = VyyF(y,t). Enforcing the last
row of (3) and solving for v gives

—1
k—1
+) (2|
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=1
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where T'; = V(J ) F(y, t) and a; are the coefficients of H,,.
The ﬁrst sum 1n (4) is the corrector that drives n — 0;
the remaining terms form the predictor that compensates for
the time variation of the cost and constraints. Mapping back
through the flatness relation yields the physical input

u(x,t) =9~ H(p(x), v(o(x),1)). (5)

d) Stability intuition: Under feedback (5), n satisfies (3)

by construction. One can construct the Lyapunov-like function
Vi = 577TPy n, where P, is positive definite and satisfies
P,H, + H'P, < —¢,I, which gives Vx < —¢,||n[

N

le1

nf}.



Coercivity of Vi over the barrier-induced domain (the log-
barrier terms force Vi — oo as y approaches a constraint
boundary) ensures that sub-level sets are compact, solutions
remain feasible, and y(t) — y*(¢) asymptotically. The main
technical difficulty is that the barrier terms make the feedback
non-Lipschitz uniformly in time; this is handled by stitching
together solutions over finite intervals, with the full proof
deferred to subsequent work.

IV. INPUT-CONSTRAINED TVO

The output-level controller (5) does not respect actuator lim-
its, and can demand arbitrarily large inputs when constraints
are active. We now introduce a second TVO layer that projects
the nominal command onto the feasible input set, and analyze
the resulting interconnected system.

A. Input-Constraining TVO

Given the nominal input u, = u(x,t) from (5), we seek
the bounded input u(t) € U(t) that stays as close to u, as
possible, in the sense of minimizing a strongly convex input
cost £o(T, u,,t), which we express as
u*(t) = argmin £o(T, u,, ) s.t. £;(W, 1) <0, i =1,... 7.

UecR™
The cost ¢y is designed such that when no input constraint
is active, ©* = u,. and the nominal controller is unmodified;
otherwise, T* is the fy-optimal projection of u, onto U(t)
(e.g., bo(U,u,,t) = [0 — u,||?).

Following the same barrier strategy as in Section III, the
constraints are absorbed into a smooth surrogate

Ny

By ) = Lo t) = 3 —— log(—:(w 1)),

i=1 cu(t)
with ¢,(t) = coe®" as before. Defining the gradient map
o(@u,,t) = VgL(W, u,,t), we design a Hurwitz target

system £ = H, ¢ with H, = diag(—bo,...,—bmn_1), and
require o to be a trajectory of this target system.

A critical modelling point is that u, = u(x,t), where x
itself evolves under the constrained input u via x = f(x) +
g(x)u. Thus, expanding & via the chain rule gives
ou, . n ou, . oo

% &«
ox ot ot’
where Ag (T, u,,t) = Vgl (T, u,,t) and Ay, (T, u,,t) =

&= Au1.1—|—Aur< (6)

Viu, L(W, u,, ). Equating (6) with H,, o and solving for U
yields the input-layer ODE

= A;l(a" +AUT(3“’”5<+ a“r) ~H, a) NG

ot ox ot

We write this compactly as U = fy(T,x,t), making the
dependence on the plant state explicit. As in the output
TVO, the H,o term is the corrector that drives o — 0
(and hence u — Tu*), while the remaining terms predict
the time variation of the reference input, constraints, and—
crucially—the plant state. This can be shown through a similar
stability proof using a Lyapunov-like function V,, (T, u,,t) =
io(u,u,,t)"P,o(u,u,,t), with P, positive definite and
P,H, +HIP, < —¢,L

B. Interconnected System

Applying u to the plant and coupling with (7) gives the
interconnected closed-loop system. Defining error coordinates
X, = x —x* and U, = u — u”, this takes the form

Xe = f(xe +x7) + g(xe +x7) (W + ") — X7,

ﬁe = fﬁ(Xe7 ﬁe, t)

The two subsystems are coupled in both directions: the plant
state affects the nominal reference u,, and the constrained
input u drives the plant. We seek (x.,u.) — (0,0) as t — oo.
Although each TVO layer is individually asymptotically stable
(Sections III and IV-A), stability of the interconnection is not
automatic [17] and requires a joint analysis.

C. Stability of the Closed-Loop System

Here, we sketch the key ideas of the stability proof. The
analysis uses a composite Lyapunov function V' = Vi + V4,
combining the output-layer and input-layer Lyapunov func-
tions from Sections IIl and IV-A. Both terms are positive
definite and coercive over their barrier-induced domains, so
V has compact sub-level sets within the feasible domain.

The main challenge is that applying the constrained input
u rather than the nominal u introduces a coupling term in
Vi proportional to the input mismatch Au = a* — u(x, t).
Combining the bounds on Vi and Vi, via Young’s inequality
yields a scalar differential inequality of the form V< —k,V+
a.||Aul|?, provided the input-layer gain H,, is chosen suffi-
ciently fast relative to the output-layer gain H, (a small-gain
condition). A Gronwall argument then establishes practical
asymptotic stability: the combined error converges to a neigh-
borhood whose size is governed by Au. When the optimal
trajectory is dynamically feasible under the input constraints
(Au — 0), the cascade is asymptotically stable. Finally, the
coercivity of the barrier terms in V' prevents trajectories from
reaching constraint boundaries, ensuring y(¢) € JY(t) and
u(t) € U(t) for all time. The exact details of this proof are still
a work-in-progress and will be detailed in subsequent work.

V. NUMERICAL EXAMPLES

We validate IC-TVO on a WMR and compare with NMPC.
The IC-TVO ODEs use CasADi [18] with the adaptive-
step CVODES [19] solver, and the NMPC baseline uses
acados [2].

a) WMR dynamics: Consider the WMR
x = [ujcosf, uysin®, up]T with state x = [z,y,0]7 and

input u = [uy, up]”. This system is O-flat in y = [z, y]T [13],
with u; = /@2 + 92 and uy = (i3 — 97)/(2% + §?). The
output TVO (4) determines y, from which u is computed and
passed to the input TVO (7), yielding u.

b) Constrained tracking: We task the WMR with track-
ing a reference yref(t) (a cubic spline over T' = 5s) subject
to a time-varying affine output constraint a’y +b(t) —r. < 0
with a = [1,2]7, b(t) = 0.2t, and robot radius r. = 0.1. The
input TVO enforces time-varying box constraints u™?(¢) <
u < u™@(#) by solving (7) with cost o = ||t — ul|?. For
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Fig. 2. Trajectories of IC-TVO (blue) and NMPC (green) tracking the
reference (black dashed) near the time-varying output constraint (red). Higher
transparency indicates earlier time.

comparison, we implement NMPC with acados [2], with
constraints matched to the TVO problem and cost tuned for
best performance with a horizon N = 30 at 30 Hz.

c) Results: Figure 2 shows that both IC-TVO and NMPC
track the reference while respecting the constraint. The trajec-
tories are very similar; IC-TVO achieves a root-mean-squared
error (RMSE) of 0.503 m compared to 0.497 m for the
NMPC, the small gap arising from the barrier keeping IC-TVO
slightly inside the constraint. Computation is also comparable,
at 0.27 s versus 0.43 s, for IC-TVO and NMPC respectively.
Of course, this is a simple qualitative comparison dependent
on many parameters, but it highlights that even an off the
shelf integrator is able to achieve comparable performance to
a highly optimized NMPC solver. Future work will explore
how to optimize integration methods to achieve even better
performance.

Figure 3 compares the inputs: the unconstrained TVO input
u from (5) violates the bounds, while the constrained input u
from integrating (7) respects all time-varying input limits. The
constrained inputs are comparable to—and at times smoother
than—those produced by NMPC.

VI. DISCUSSION AND CONCLUSION

We have presented IC-TVO, a cascaded time-varying op-
timization framework for constrained control of differentially
flat systems, producing constrained inputs through ODE in-
tegration rather than repeated online optimization. The nu-
merical results demonstrate tracking comparable to a state-of-
the-art NMPC implementation at comparable computational
cost, using only an ODE integrator and no online solver at
deployment.

A key practical advantage is that the adaptive-step inte-
grator yields a continuous-time input signal by construction:
dense-output interpolation supplies high-frequency (>1kHz)
actuation between state updates at negligible cost. Sampled-
data NMPC can approximate this by holding its open-loop
plan, but IC-TVO provides the inter-sample signal natively.

2 — ICTVO
Unconstrained
—4 = MPC
6
0 1 2 3 4 5
Time (s)
Fig. 3. Unconstrained input u (orange), constrained input u (blue), and

NMPC input (green). The time-varying input bounds (red dashed) are re-
spected by both IC-TVO and NMPC.

This is attractive for embedded platforms where estimation
rates are slower than desired actuation rates. In the extended
version we further apply IC-TVO to multi-agent coordination
and moving-obstacle avoidance with input bounds, where it
performs well even when standing assumptions (e.g., dynamic
feasibility under input constraints) are not strictly met.

Several limitations warrant discussion. First, our formula-
tion assumes the system is O-flat [15] (i.e., the flat output
depends only on the state); extending IC-TVO to general flat
systems where the flat output depends on inputs and their
derivatives remains open. Second, the log-barrier is in effect
an interior-point relaxation, so the resulting ODE stiffens near
active constraints as the barrier sharpens; integrating it is
not inherently cheaper than a small convex projection. The
advantage of IC-TVO is thus architectural—no embedded
solver, a continuous-time signal—rather than a guaranteed
speedup. Adaptive-step solvers handle this in simulation, but
the fixed-step integrators favored in robotics are less suited
to it, and dedicated solvers or barrier relaxation [20], [21]
may be needed for embedded deployment. Third, as discussed
in Section IV-C, the cascade analysis relies on a small-gain
condition and bounded input mismatch; a complete proof with
precise convergence rates is ongoing.

Future work will explore relaxed barrier approximations
for better conditioning, Lyapunov redesign (analogous to anti-
windup) to tighten the cascade bounds, and experimental val-
idation. A full treatment of the stability theory and additional
examples will appear in the extended version.
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