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Abstract

We study Leaky ResNets, which interpolate between ResNets (L = 0) and Fully-
Connected nets (L — oco) depending on an ’effective depth’ hyper-parameter L.
In the infinite depth limit, we study ’representation geodesics’ A,: continuous
paths in representation space (similar to NeuralODEs) from input p = 0 to output
p = 1 that minimize the parameter norm of the network. We give a Lagrangian
and Hamiltonian reformulation, which highlight the importance of two terms: a
kinetic energy which favors small layer derivatives 0, A, and a potential energy
that favors low-dimensional representations, as measured by the *Cost of Identity’.
The balance between these two forces offers an intuitive understanding of feature
learning in ResNets. We leverage this intuition to explain the emergence of a
bottleneck structure, as observed in previous work: for large L the potential energy
dominates and leads to a separation of timescales, where the representation jumps
rapidly from the high dimensional inputs to a low-dimensional representation,
move slowly inside the space of low-dimensional representations, before jumping
back to the potentially high-dimensional outputs. Inspired by this phenomenon, we
train with an adaptive layer step-size to adapt to the separation of timescales.

1 Introduction

Feature learning is generally considered to be at the center of the recent successes of deep neural
networks (DNNG5), but it also remains one of the least understood aspects of DNN training.

There is a rich history of empirical analysis of the features learned by DNNs, for example the
appearance of local edge detections in CNNs with a striking similarity to the biological visual cortex
[[19]], feature arithmetic properties of word embeddings [22], similarities between representations
at different layers [[18l 20]], or properties such as Neural Collapse [24] to name a few. While some
of these phenomenon have been studied theoretically [3} |8, 27], a more general theory of feature
learning in DNN is still lacking.

For shallow networks, there is now strong evidence that the first weight matrix is able to recognize a
low-dimensional projection of the inputs that determines the output (assuming this structure is present)
[4, 12, [1]. A similar phenomenon appears in linear networks, where the network is biased towards
learning low-rank functions and low-dimensional representations in its hidden layers [13} 21} 29].
But in both cases the learned features are restricted to depend linearly on the inputs, and the feature
learning happens in the very first weight matrix, whereas it has been observed that features increase
in complexity throughout the layers [31].

The linear feature learning ability of shallow networks has inspired a line of work that postulates that
the weight matrices learn to align themselves with the backward gradients and that by optimizing for
this alignment directly, one can achieve similar feature learning abilities even in deep nets [S} [25]].
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For deep nonlinear networks, a theory that has garnered a lot of interest is the Information Bottleneck
[28], which observed amongst other things that the inner representations appear to maximize their
mutual information with the outputs, while minimizing the mutual information with the inputs. A
limitation of this theory is its reliance on the notion of mutual information which has no obvious
definition for empirical distributions, which lead to some criticism [26].

A recent theory that is similar to the Information Bottleneck but with a focus on the
dimensionality/rank of the representations and weight matrices rather than the mutual information is
the Bottleneck rank/Bottleneck structure [16, |15} 30]]: which describes how, for large depths, most of
the representations will have approximately the same low dimension, which equals the Bottleneck
rank of the task (the minimal dimension that the inputs can be projected to while still allowing
for fitting the outputs). The intuitive explanation for this bias is that a smaller parameter norm is
required to (approximately) represent the identity on low-dimensional representations rather than
high dimensional ones. Some other types of low-rank bias have been observed in recent work [9} [14].

In this paper we will focus on describing the Bottleneck structure in ResNets, and formalize the
notion of ‘cost of identity’ as a driving force for the bias towards low dimensional representation.
The ResNet setup allows us to consider the continuous paths in representation space from input to
output, similar to the NeuralODE [6], and by adding weight decay, we can analyze representation
geodesics, which are paths that minimize parameter norm, as already studied in [23].

1.1 Leaky ResNets

Our goal is to study a variant of the Neural ODE [6, 23] approximation of ResNet with leaky skip
connections and with Ly-regularization. The classical NeuralODE describes the continuous evolution
of the activations a,(z) € R starting from o () = x at the input layer p = 0 and then follows

Ipap(x) = Wpo(ay(x))

for the w x (w + 1) matrices W), and the nonlinearity o : R” — R**! which maps a vector z to
o(z) = ( [21]+ ... [zw]+ 1), applying the ReLU nonlinearity entrywise and appending a
new entry with value 1. Thanks to the appended 1 we do not need any explicit bias, since the last
column W), .,,11 of the weights replaces the bias.

This can be thought of as a continuous version of the traditional ResNet with activations «(z) for
0=1,...,L: app1(x) = ap(x) + Weo(ap(x)).

We will focus on Leaky ResNets, a variant of ResNets that interpolate between ResNets and Fg?NNs,
by tuning the strength of the skip connections leading to the following ODE with parameter L:

Opap(w) = —Lap(2) + Wpo(ay(2)).

This can be thought of as the continuous version of ag41(z) = (1 — LYag(z) + Wio(ag(z)). As we
will see, the parameter L plays a similar role as the depth in a FCNN.

Finally we will be interested describing the paths that minimize a cost with Lo-regularization
1 & A
. 2 2
h—— * 7 - 7 = d .
pin o LI ) el + [ W dp

The scaling of % for the regularization term will be motivated in Section|1.2

This type of optimization has been studied in [23] without leaky connections, but we will describe in

this paper large L behavior which leads to a so-called Bottleneck structure [16}15] as a result of a
separation of time scales in p.

1.2 A Few Symmetries

Changing the leakage parameter Lis equivalent (up to constants) to changing the integration range
[0, 1] or to scaling the outputs.

Integration range: Consider the weights W), on the range [0, 1] and leakage parameter L, leading
to activations «,. Then stretching the weights to a new range [0, |, by defining Wé = %Wq /e for
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q € [0, ¢], and dividing the leakage parameter by c, stretches the activations oy, = a;, /.

L 1 1
040 () = —Ea;(x) + EWq/Ca(a;(x)) = Eapaq/g(x),

and the parameter norm is simply divided by c: [; || W/ H2 dg=1 fol W, |1% dp.

C

This implies that a path on the range [0, ¢] with leakage parameter L=1is equivalent to a path on

the range [0, 1] with leakage parameter L = c up to a factor of ¢ in front of the parameter weights.
For this reason, instead of modeling different depths as changing the integration range, we will keep

the integration range to [0, 1] for convenience but change the leakage parameter L instead. To get rid
of the factor in front of the integral, we choose a regularization term of the form % From now on, we

call L the (effective) depth of the network.

Note that this also suggests that in the absence of leakage (L = 0), changing the range of integration

has no effect on the effective depth, since 2L = 0 too. Instead, in the absence of leakage, the effective
depth can be increased by scaling the outputs as we now show.

Output scaling: Given a path W, on the [0, 1] (for simplicity, we assume that there are no bias, i.e.
W, .w+1 = 0), then increasing the leakage by a constant L — L + c leads to a scaled down path

o, = e~ Pay,. Indeed we have ag(z) = ap(z) and

() = —(L + cJap, (@) + Wpo(aj,(2)) = =P (Fpap(x) — cap(x)) = By(e™Pay(2)).

Thus a nonleaky ResNet L = 0 with very large outputs o (x) is equivalent to a leaky ResNet L>0

with scaled down outputs e~y (). Such large outputs are common when training on cross-entropy
loss, and other similar losses that are only minimized at infinitely large outputs. When trained on
such losses, it has been shown that the outputs of neural nets will keep on growing during training
[12L [7]], suggesting that when training ResNets on such a loss, the effective depth increases during
training (though quite slowly).

1.3 Lagrangian Reformulation

The optimization of Leaky ResNets can be reformulated, leading to a Lagrangian form.

First observe that the weights T/}, at any minimizer can be expressed in terms of the matrix of
activations A, = o, (X) € R“*¥ over the whole training set X € R“*¥ (similar to [17]):

Wy = (iAP +0pAp)a(Ay)*
where (-)7 is the pseudo-inverse.

We therefore consider the equivalent optimization over the activations A,:

1 s XN Y- 2
in I X) - Al + S ||+ 0,4, d.
Apr:gtnszHf( ) il +2L/0 p T Opdp K, P
This is our first encounter with the norm || M|[,. = [[M o(Ap)™ || corresponding to the scalar

product (A, B) ;.- = Tr [AK B] for K, = 0(A,)T0(Ap) that will play a central role in our
upcoming analysis. By convention, we say that || M || k, = 00 if M does not lie in the image of K,
ie. ImMT g ImK,,.

It can be helpful to decompose this loss along the different neurons

: = 1 * 2 A ! =~ 2
AP{IA{JH:X; N If7(X) =A™ + E/o HLAp’i' + 0p A, B

dp,

P

Leading to a particle flow behavior, where the neurons A, ;. € RY are the particles. At first glance, it
appears that there is no interaction between the particles, but remember that the norm ||-|| K, depends

on the covariance K, = > ;* , 0(A;.)o(A;.)7, leading to a global interaction between the neurons.
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If we assume that ImA;"; C Imo(Ap)T, we can decompose the inside of the integral as three terms:

1= 2 L 5 - 1 0
o7 (A [ = 5 1A, + L0y, Ap) s + 5 10,4l

The middle term (9, A,,, Ap) .+ plays a relatively minor role in our analysiﬂ so we focus more on
the two other terms: !

Cost of identity || A, ||§<p / potential energy —% 14, Hi{,ﬁ This term can be interpreted as a form of

potential energy, since it only depends on the representation A, and not its derivative 9, A,. We call
it the cost of identity (COI), since it is the Frobenius norm of the smallest weight matrix ¥/}, such that
Wyo(Ap) = Ap. The COI can be interpreted as measuring the dimensionality of the representation,
inspired by the fact if the representations A, is non-negative (and there is no bias 8 = 0), then

A, = 0(A,) and the COI simply equals the rank ||Ap||§<’ = RankA, (this interpretation is further

justified in Section [I.4)). We follow the convention of defining the potential energy as the negative of
the term that appears in the Lagrangian, so that the Hamiltonian equals the sum of these two energies.

Kinetic energy ﬁ ||6pAp||§(p: This term measures the size of the representation derivative 9, A,

w.r.t. the K, norm. It favors paths p — A, that do not move too fast, especially along directions
where o (Ap) is small.

This suggests that the local optimal paths must balance two objectives that are sometimes opposed:
the kinetic energy favors going from input representation to output representation in a ‘straight line’
that minimizes the path length, the COI on the other hand favors paths that spends most of the path in
low-dimensional representations that have a low COI. The balance between these two goals shifts
as the depth L grows, and for large depths it becomes optimal for the network to rapidly move to a
representation of smallest possible dimension (not too small that it becomes impossible to map back
to the outputs), remain for most of the layers inside the space of low-dimensional representations,
and finally move rapidly to the output representation; even if this means doing a large ‘detour’ and
having a large kinetic energy. The main goal of this paper is to describe this general behavior.

Note that one could imagine that as L. — oo it would always be optimal to first go to the minimal
COlI representation which is the zero representation A, = 0, but once the network reaches a zero
representation, it can only learn constant representations afterwards (the matrix K, = 117 is then
rank 1 and its image is the space of constant vectors). So the network must find a representation that
minimizes the COI under the condition that there is a path from this representation to the outputs.

Remark. While this interpretation and decomposition is a pleasant and helpful intuition, it is rather
difficult to leverage for theoretical proofs directly. The problem is that we will focus on regimes
where the representations A, and o(A,) are approximately low-dimensional (since those are the
representations that locally minimize the COI), leading to an unbounded pseudo-inverse o(A4,)".

This is balanced by the fact that (LA, 4 9,A,,) is small along the directions where o(A, )" explodes,

N 2 N
ensuring a finite weight matrix norm HLAP + apA,,HK+. But the suppression of (LA, + 9,A4,)

along these bad directions usually comes from cancellations, i.e. 9,4, ~ —EAP. In such cases, the

decomposition in three terms of the Lagrangian is ill adapted since all three terms are infinite and
2

. One of our goal is to save this intuition

cancel each other to yield a finite sum HEAP + 0pA,

and prove a similar decomposition with stable equivalent to the cost of identity and kinetic energy
where K;r is replaced by the bounded (K, + vI )+ for the right choice of ~.

'In linear networks ¢ = id it can actually be discarded, since it is integrable
fol Tr [0, Apo(Ap) T o(Ap)TT AT dp = log|As |, — log|Ao|_, where || _ is pseudo-determinant,
the product of the non-zero singular values. Since its integral only depends on the endpoints, it has no impact on
the representation path in between, which is the focus of this paper. In nonlinear networks, we are not able to
discard in such a manner, but we will see that in the rest of analysis the two other terms play a central role, while
the second term plays less role.
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1.4 Cost of Identity as a Measure of Dimensionality

The cost of identity can be thought of as a measure of dimensionality of the representation. It is
. . . 2 .
obvious for non-negative representations because || A, Hi(+ = ||ApA, "] = RankA,, but in general,
D
it can be shown to upper bound a notion of ‘stable rank’:

2 P
|||‘j:|||‘2* for the nuclear norm || A]|, = Zf{:dka si(A).
F

Proposition 1. [|Ag(A)* |5 >

Proof. We know that [|o(A)| » < [|A|l -, therefore || Ao (A)* |5 > miny gy, <|ay,. | ABT |3 which

H’lﬂﬂ - V/A, yielding the result. O

is minimized when B =

2
The stable rank \‘Ilﬁ\‘llz* is upper bounded by RankA, with equality if all non-zero singular values
F
Al

A7,

of A are equal, and it is lower bound by the more common notion of stable rank because

> simaxs; > Y s? for the singular values s;.

Note that in contrast to the COI which is a very unstable quantity because of the pseudo-inverse, the

2
ratio Ill‘::lll‘g is continuous except at A = 0. This also makes it much easier to compute empirically
F

than the COI itself.

We know that the COI matches the dimension or rank for positive representations, but it turns out that
the local minima of the COI that are stable under the addition of a new neuron are all positive:

Proposition 2. A local minimum of A — ||AU(A)"’||?J is said to be stable if it remains a local

.. . A .
minimum after concatenating a zero vector A’ = 0 e RWHDXN - AJl stable minima are

non-negative, and satisfy ||A0(A)+||iﬂ = RankA.

Proof. The COI of the nearby point < i ) for z € Imo(A)T equals

Tr [(ATA +e2227) ((0(A)T o (A) + eQU(Z)U(Z)Tﬁ]
= HAO'(A)+H2 + €2 HZTU(A)JrH2 — € HU(Z)TU(A)+U(A)+TATH2 + O(eh).

Assume by contradiction that there is a ¢ = 1,..., N such that (A.;) # A, then choosing
z=0(A)To(A.;) we have 0(z) = z and the two €2 terms are negative:

e [lo(A)]* = € [ A" <0,

which implies that A’ it is not a local minimum. O

These stable minima will play a significant role in the rest of our analysis, as we will see that for large
L the representations A, of most layers will be close to one such local minimum. Now we are not
able to rule out the existence of non-stable local minima (nor guarantee that they are avoided with
high probability), but one can show that all strict local minima of wide enough networks are stable.
Actually we can show something stronger, starting from any non-stable local minimum there is a
constant loss path that connects it to a saddle:

Proposition 3. [fw > N(N + 1) then if A € R**N is local minimum of A “AJ(A)+“; that is
not non-negative, then there is a continuous path A of constant COI such that Ay = Aand Ay isa
saddle.

This could explain why a noisy GD would avoid such negative/non-stable minima, since there is
no ‘barrier’ between the minima and a lower one, one could diffuse along the path described in
Proposition | until reaching a saddle and going towards a lower COI minima. But there seems to be
something else that pushes away from such non-negative minima, as in our experiments with full
population GD we have only observed stable/non-negative local minimas.
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Figure 1: Leaky ResNet structures: We train equidistant networks with a fixed L = 20 over a

range of effective depths L. The true function f* : R30 — R3° is the composition of two random
FCNNs g1, g2 mapping from dim. 30 to 3 to 30. (a) Estimates of the Hamiltonian constants for

networks trained with different L. The Hamiltonian refers to —%7-{, which estimates the true rank
k*. The COI refers to min, || A,]||. The trend line follows the median estimate for —%7—[ across each

network’s layers, whereas the error bars signify its minimum and maximum over p € [0, 1]. The
"stable" Hamiltonians utilize the relaxation from Theorem E} (b) Spectra of the representations A,

and weights W), respectively for L = 7. (c) Hamiltonian dynamics of the network in (b).

1.5 Hamiltonian Reformulation

We can further reformulate the evolution of the optimal representations A,, in terms of a Hamiltonian,
similar to Pontryagin’s maximum principle.

Let us define the backward pass variables B, = — 194, C (A1) for the cost C(A) = £ f*(X)—Al|%,
which play the role of the ‘momenta’ of A, in this Hamiltonian interpretation, which follows the
backward differential equation

$04,C(AY) = (7 (X) = A1)

0By = 6(4,) © W] B,| — LB,.

By =-—

Now at any critical point, we have that Ow, C(A1) + %Wp = 0 and thus W, =
L4, C(A1)o(Ap)T = LByo(A,)T, leading to joint dynamics for A, and B,:
Ay = E(BPJ(A;D)TJ(A;D) —Ap)
~0,B, = L (¢(4,) ® [0(A,)BI'B,] — B,).

These are Hamiltonian dynamics 0, A, = dp,’H and —0, B, = 04,H w.r.t. the Hamiltonian
L 2 -
H(Ap, By) = 5 | Bpor(Ap)T||” = LTx [B,Al] .

The Hamiltonian is a conserved quantity, i.e. it is constant in p. It will play a significant role in
describing a separation of timescales that appears for large depths L. Another significant advantage
of the Hamiltonian reformulation over the Lagrangian approach is the absence of the unstable
pseudo-inverses o(A,) 7.

Remark. Note that the Lagrangian and Hamiltonian reformulations have already appeared in previous
work [23]] for non-leaky ResNets. Our main contributions are the description in the next section of the
Hamiltonian as the network becomes leakier L — oo, the connection to the cost of identity, and the
appearance of a separation of timescales. These structures are harder to observe in non-leaky ResNets
(though they could in theory still appear since increasing the scale of the outputs is equivalent to
increasing the effective depth L as shown in Section .

The Lagrangian and Hamiltonian are also very similar to the ones in [10,[11]], and the separation of
timescales and rapid jumps that we will describe also bear a strong similarity. Though a difference
with our work is that the norm ||-| k, depends on A;, and can be degenerate.
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2 Bottleneck Structure in Representation Geodesics

A recent line of work [16} [15] studies the appearance of a so-called Bottleneck structure in large
depth fully-connected networks, where the weight matrices and representations of ‘almost all’ layers
of the layers are approximately low-rank/low-dimensional as the depth grows. This dimension k is
consistent across layers, and can be interpreted as being equal to the so-called Bottleneck rank of the
learned function. This structure has been shown to extend to CNNs in [30], and we will observe a
similar structure in our leaky ResNets, further showcasing its generality.

More generally, our goal is to describe the ‘representation geodesics’ of DNNs: the paths in
representation space from input to output representation. The advantage of ResNets (leaky or
not) over FCNNs is that these geodesics can be approximated by continuous paths and are described
by differential equations (as described by the Hamiltonian reformulation).

This section provides an approximation of the Hamiltonian that illustrates the separation of timescales
that appears for large depths, with slow layers with low COI/dimension, and fast layers with high
COl/dimension.

2.1 Separation of Timescales

If ImAT C Imo(A,)”, then the Hamiltonian equals the sum of the kinetic and potential energies:
1 > L 2
H= = 10pAsll, — 5 14l -

This implies that ||0,A, || K, = L/ ||Ap||§(p + %H which implies that for large L, the derivative
0p A, is only finite at ps where the COI ||Ap||§(, is close to —%7—[. On the other hand, 9,4, will

blow up for all p with a finite gap 4 /|| 4, ||§(p + %7—[ > 0 between the COI and the Hamiltonian. This

suggests a segaration of timescales as L — oo, with slow dynamics in layers whose COIl/dimension
is close to — ZH and fast dynamics in the high COI/dimension layers.

But the assumption ImAg C Ima(Ap)T seems to rarely be true in practice, and both kinetic and
COI appear to be often infinite in practice. But up to a few approximations, the same argument can

be made for stable versions of the kinetic energy/COI:

. -2
Theorem 4. For sequence A;% of geodesics with HB{; H < ¢ < oo, and any v > 0, we have

1 2 2 £ 112
<L WL \ch) =7 mpm - Kptnd) e
the path length (_ : = 1‘aAi dp. Finall
for the path leng . fo A, (i) p. Finally

_ _ 5 B} ~
L8 S WAl 1y~ WPy oy + 2 < 2L

Note that the size of ||B£ |? can vary a lot throughout the layers, we therefore suggest choosing
a p-dependent v: v, = yollo(A%)||2, = 70l K, |2, There are two motivations for this: first it is
natural to have v scale with K, ; and second, since W, = ina(Ap)T is of approximately constant
size (thanks to balancedness, see Appendix [A.3), we typically have that the size of B, is inversely
proportional to that of o(A,), so that 7,||B,||* should keep roughly the same size for all p.

Theorem lé__l] shows that for large L (and choosing e.g. v = L~1), the Hamiltonian is close to the

minimal COI along the path. Second, the norm of the derivative ||0,A, || (K, +~i) 18 close to L times

‘ ) 2 2 . 2 . .
the ‘extra-COI \/||Ap||(Kp+WI) + %”H ~ \/HAPH(KPJFW) — min, HAqH(KﬁW), which describes
the separation of timescales, with slow (~ 1) dynamics at layers p where the COI is almost optimal
and fast (~ L) dynamics everywhere the COI is far from optimal.
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Figure 2: Discretization: We train networks with a fixed L = 3 over a range of depths L and
definitions of p;s. The true function f* : R3° — R3? is the composition of three random ResNets
g1, 92, g3 mapping from dim. 30 to 6 to 3 to 30. (a) Test error as a function of L for different
discretization schemes. (b) Weight spectra across layers for adaptive p, (L = 18), grey vertical lines
represents the steps p; (c) 2D projection of the representation paths A, for L = 18. Observe how
adaptive pgs appears to better spread out the steps.

Assuming a finite length ¢ i < 00, the norm of the derivative must be finite at almost all layers,
meaning that the COI/dimensionality is optimal in almost all layers, with only a countable number
of short high COI/dimension jumps. These jumps typically appear at the beginning and end of the
network, because the input and output dimensionality and COI are (mostly) fixed, so it will typically
be non-optimal, and so there will often be fast regions close to the beginning and end of the network.
We have actually never observed any jump in the middle of the network, though we are not able to
rule them out theoretically.

If we assume that the paths AIE are stable under adding a neuron, then we can additionally guarantee
that the representations in the slow layers (‘inside the Bottleneck’) will be non-negative:

Proposition 5. Let Ag be a uniformly bounded sequence of local minima for increasing L, at
any po € (0,1) such that ||0pA,|| is uniformly bounded in a neighborhood of py for all L, then

0o ¢ ~ L _ .
Ape =limy A is non-negative.

We therefore know that the optimal COI min, || 4, H? K, +~1) 18 close to the dimension of the limiting
representations A2, i.e. it must be an integer £* which we call the Bottleneck rank of the sequence
of minima since it is closely related to the Bottleneck rank introduced in [16]. The Hamiltonian H is
then close to —%k*.

Figure E] illustrates these phenomena: the Hamiltonian (and the stable Hamiltonians H, =
2 i 2 « . .

ﬁ 100 Apll (1, 1) — LAl (K, +~1)) approach the rank k* = 3 from below, while the minimal

COI approaches it from above; The kinetic energy is proportional to the extra COI, and they are both

large towards the beginning and end of the network where the weights W), are higher dimensional.

We see in Figure[Ic|that the (stable) Hamiltonian are not exactly constant, but it still varies much less
than its components, the kinetic and potential energies.

Because of the non-convexity of the loss we are considering, one can imagine that there could exist
distinct sequences of local minima as L — oo, which could have different rank, depending on what
low-dimension they reach inside their bottleneck. Indeed in our experiments we have seen that the
number of dimensions that are kept inside the bottleneck can vary by 1 or 2, and in FCNN distinct
sequences of depth increasing minima with different ranks have been observed in [[15].

3 Discretization Scheme

To use such Leaky ResNets in practice, we need to discretize over the range [0, 1]. For this we
choose a set of layer-steps p1, ..., pr wWith Y p; = 1, and define the activations at the locations
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pe=p1+ -+ pe € [0, 1] recursively as

Qp, ((ﬂ) =z

Qp, () = (1~ pgi)apl—l(x) + pWy,0 (apl—l(x))

and the regularized cost £(0) = C(a1(X)) + % S pe Wy, |I?, for the parameters 6 =
(Wpy, ..., Wy, ). Note that it is best to ensure that pgi remains smaller than 1 so that the prefactor

(1- pgi) does not become negative, though we will also discuss certain setups where it might be
okay to take larger layer-steps.

Now comes the question of how to choose the pys. We consider three options:

Equidistant: The simplest choice is to choose equidistant points p, = % Note that the condition

peL < 1 then becomes L > L. But this choice might be ill adapted in the presence of a Bottleneck
structure due to the separation of timescales.

Irregular: Since we typically observe that the fast layers appear close to the inputs and outputs with
a slow bottleneck in the middle, one could simply choose the p, to be go from small to large and back
to small as ¢ ranges from 1 to L. This way there are many discretized layers in the fast regions close
to the input and output and not too many layers inside the Bottleneck Where the representations are
changing less. More concretely one can choose pr= F(g — |f — =|) for a € [0, 1), the choice
a = 0 leads to an equidistant mesh, but increasing a Wlll lead to more p01nts close to the inputs and

outputs. To guarantee p;L < 1, we need L > (1 + al )L

Adaptive: But this can be further improved by choosing the p, to guarantee that the distances
lAs — Ap—1|| /||Ap|| are approximately the same for all ¢ (we divide by the size of A, since
it can vary a lot throughout the layers). Since the rate of change of A, is proportional to p,

for cp = I1Ae—=Ac—1ll/p,||A,|. The

(1Ae — Ap—1|| /| Ap|l = pece), it is optimal to choose p, = Z —

can be done at every training step or every few training steps.

-1

S
update p; ST
Note that the condition pgi < 1 might not be necessary inside the bottleneck since we have the
approximation Wy,o(A,, ,) ~ LA,,_,, canceling out the negative direction. In particular with the

adaptive layer-steps that we propose, a large p, is only possible for layers where c; is small, which is
only possible when W,o(A,, ,) ~ LA,, ,.

Figure [2)illustrates the effect of the choice of p, for different depths L, we see a small but consistent
advantage in the test error when using adaptive or irregular pys. Looking at the resulting Bottleneck
structure, we see that the adaptive pys result in more steps especially in the beginning of the network,
but also at the end. This because the ‘true function’ f* : R3° — R30 we are fitting in these
experiments is of the form f* = g3 o go o g1 where the first inner dimension is 6 and the second is 3,
thus resulting in a rank of £* = 3. But before reaching this minimal dimension, the network needs to
represent gs o g1, which requires more layers, and one can almost see that the weight matrices are
roughly 6-dimensional around p = 0.3. The adaptivity to this structure could explain the advantage
in the test error.

4 Conclusion

We have given a description of the representation geodesics A,, of Leaky ResNets. We have identified
an invariant, the Hamiltonian, which is the sum of the kinetic and potential energy, where the kinetic
energy measures the size of the derivative 9, A,,, while the potential energy is inversely proportional
to the cost of identity, which is a measure of dimensionality of the representations. As the effective
depth of the network grows, the potential energy dominates and we observe a separation of timescales.
At layers with minimal dimensionality over the path, the kinetic energy (and thus the derivative 0, A4,)
is finite. Conversely, at layers where the representation is higher-dimensional, the kinetic energy must
scale with L. This leads to a Bottleneck structure, with a short, high-dimensional jump from the input
representation to a low dimensional representation, followed by slow dynamics inside the space of
low-dimensional representations followed by a final high-dimensional jump to the high dimensional
outputs.
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A  Proofs

A.1 Cost of Identity

Proposition 6 (Propositionin the main.). Ifw > N(N + 1) then if A € RY*N s local minimum
of A— ||[Ac(A)T ||§7 that is not non-negative, then there is a continuous path A; of constant COI
such that Aqg = A and Ay is a saddle.

Proof. The local minimum A leads to a pair of N x N covariance matrices K =

ATA and K° = o(A)To(A). The pair (K,K°) belongs to the conical hull
Cone {(/LAZT, o(A)o(A)T)i=1,... ,w}. Since this cones lies in a N(N + 1)-dimensional
space (the space of pairs of symmetric N x N matrices), we krlowA by Caratheodory’s
theorem (for convex cones) that there is a conical combination (K,K° — B21 N) =
Yol ai(A; AT o(A;)o(A;.)T) such that no more than N(N + 1) of the coefficients are non-

zero. We now define A; to have lines A; ;. = /(1 —t) + ta; A;., so that Ao = Aandatt=1at
least one line of A;—; is zero (since at least one of the a;s is zero). First note that the covariance pairs

remain constant over the path: K; = A7 A, = 3> (1 — t) + ta;) A AT = (1 —t)K +tK = K
and similarly K7 = K¢, which implies that the cost HAta(At)ﬂﬁ, = Tr [KyK/™"] is constant
too. Second, since a representation A is non-negative iff the covariances satisfy K = K¢, the
representation path A; cannot be non-negative either since it has the same kernel pairs (X', K?) with
K # K°.

Now (the converse of) Proposition 2] tells us that if A;—; is not non-negative and has a zero line, then
it is not a local minimum, which implies that it is a saddle. O

A.2 Bottleneck

- -2 _ 2
Theorem 7. For any uniformly bounded sequence Alg of geodesics, i.e. HA% H , HB; H < c < oo,
and any v > 0, we have

2

< e,

2
1 2 i
—| =L, 7 ++/ycC S—TH—minHAL <
(L v, L \ﬁ) 7 b P\l (k1) v

the path length ¢ ; = [ |0, AL | dp. Finall
for the path length € ; = [ |0, A] o p. Finally

_ _ 3 D) _
L8 S WAl 1)~ WPy oy + 2 S 2

Proof. First observe that

2
1 2
HiapAp""VBp = || Bp(Kp +7) _ApH(Kp.kW)
(Kp+~1I)
2 2 2
= HBPU(AP)TH + 7 Bpll” = 2Tx [BPAZ] + HAPH(KP_HI)
2 2 2
= EH +1Bp|I” + ||Ap||(Kp+y1)
and thus we have
2 1 2
—SH = A7 —||=8,4, + B + 7B, 17.
7 | P||(Kp+'yf) HL pp T VBp Ko iT) V1Bl
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434 (1) The upper bound —#H — min,,

435

436

437

438

439

440
441

442

443

444

445
446
447

448
449

450

451

452

AL

> < e then follows from the fact that | B,||> < c.
(Kp+rT)

For the lower bound, first observe that

1 1
= 100 Ayl iy > HiﬁpAp 9B, Bl e

(Kp"'"‘/l)

2 2 2
2 sy oy + 2+ B~

2
2 Ml oy + 2H 1)

and therefore

15 _! 1 0,A d
i v,L = i 0 [10p pH(Kp+—yI) P
1 ; 5

> [ 1Al oy + 3= e

2
: 2
> \/HEH 1ApIl(re, 1) T z?—l — Ve

which implies the lower bound.

(2) The lower bound follows from equation[I] The upper bound follows from

1 1
7 ||apApH(Kp+—y[) < HEaPAp +7Bp + H’YBpH(Kp_,.,y[)

(Kp+I)

2 2 2
< Ml + A IBIE + e

2
2
< Wl e+ FH+ VANB + e

2
2
S \/HAPH(KP_,_»Y]) + EH + 2\/ ye.
O

Proposition 8 (Propositionin the main.). Let A£ be a uniformly bounded sequence of local minima
for increasing L, at any po € (0, 1) such that |0, A, || is uniformly bounded in a neighborhood of po

for all L, then Ape =limy Asz is non-negative.

Proof. Given a path A, with corresponding weight matrices W), corresponding to a width w, then

( 61 > is a path with weight matrix < Vgp 8 > . Our goal is to show that for sufficiently large

depths, one can under certain assumptions slightly change the weights to obtain a new path with the
same endpoints but a slightly lower loss, thus ensuring that if certain assumptions are not satisfied
then the path cannot be locally optimal.

Let us assume that ||0, A, || < ¢ in a neighborhood of a py € (0, 1), and assume by contradiction
that there is an input index ¢ = 1,..., NV such that A, .; has at least one negative entry, and therefore

[ Apy.ill> = lo(Apy..i)||* = co > 0 forall L.

We now consider the new weights

( w, —ieNQt(p)Ap’.io(Ap,.i)T e[it(p)Ap’.i )
eLt(p)o(Ap..i) 0

for t(p) = max{0,1 — @} a triangular function centered in pg and for an € > 0.
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For € and rsmall enough, the parameter norm will decrease:

1
J p
/ W, || + L2t(p 2( ~AT iWoo (Ap.) + | Ap.ill” + IIU(Ap,-i)II2> dp.

L

Now since W,0 (A, ;) = OpA, i +

2

W, — Le?t(p) Ay .io(Ap )T eLt(p)Ap,.i dp
0

eLt(p)o (

Ay i, this simplifies to
1
[ I+ 2t (= Ul 4 1oy P~ 47 3y ) o+ 0L

By taking r small enough, we can guarantee that — || A, _;||* + [|lo(A4,.:)]|° < — 4> for all p such that

t(p) > 0, and for L large enough we can guarantee that ‘%Agj,i@ Ap, Z’ is smaller then %2, so that

we can guarantee that the parameter norm will be strictly smaller for € small enough.

We will now show that with these new weights the path becomes approximately ( :{111; ) where
P

[P .
ap = L/ t(q)Kp,i.eL(q*p)dq.
0
Note that a,, is positive for all p since K, has only positive entries. Also note that as L — o,

a, — t(p)K, ;. and so that ¢y — 0 and a1 — 1.

On one hand, we have the time derivative

w(a)=( Tt )

On the other hand the actual derivative as determined by the new weights:

Wy, — Let(p) Ap,.io(Ap.i)"  eLt(p)Ap..i o(Ap) \ i A

eLt(p)o(Ap..i) 0 ea(ap) €ay
- Wyo(4p) — iAp iLGQt(p)QAp,-i;Kp% + ith(p)Aﬂiap
eLt(p)Kp,i. — eLa(p) '

The only difference is the two terms

—Lét(p)? A, i K. + Lt(p) Ay iap, = Lt(p) Ay i (t(p) K. — ay) -
One can guarantee with a Gronwall type of argument that the representation path resulting from the

new weights must be very close to the path ( :Cllp . O
P

A.3 Balancedness

This paper will heavily focus on the Hamiltonian #,, that is constant throughout the layers p € [0, 1],
and how it can be interpreted. Note that the Hamiltonian we introduce is distinct from an already
known invariant, which arises as the result of so-called balancedness, which we introduce now.

Though this balancedness also appears in ResNets, it is easiest to understand in fullyconnected
networks. First observe that for any neuron ¢ € 1,...,w at a layer £ one can multiply the incoming
weights (W, ;.,bs ;) by a scalar o and divide the outcoming weights Wy .; by the same scalar
o without changing the subsequent layers. One can easily see that the scaling that minimize the
contribution to the parameter norm is such that the norm of incoming weights equals the norm

of the outcoming weights ||Wg oI+ ||bgz||2 = HW@.H 4% Summing over the is we obtain

[Wall3 + [1bel]? = [[Wesr |3 and thus [Wel% = [Wi % + STe=} [bel2, which means that the
norm of the weights is increasing throughout the layers, and in the absence of bias, it is even constant.

Leaky ResNet exhibit the same symmetry:
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479 Proposition 9. At any critical W, we have |W,|* = |[Wol*> + ifop Wy i | dg.

480 Proof. This proofs handles the bias W), ., 1) differently to the rest of the weights W, (1., to
as1  simplify notations, we write Vj, = W), (1.,,) and b, = W), .(,,11) for the bias.

ss2  First let us show that choosing the weight matrices V, = 7'(q)Vy(q) and bias by = r’(q)ei(r(q)_‘”br(q)

483 leads to the path fiq = ei(r(q)_q)AT(q). Indeed the path flq = ei(T(Q)_q)Ar(q) has the right value
484 when p = 0 and it then satisfies the right differential equation:

0,4, = L(r'(q) — 1) Ay + 2@ (), A,
= L(r'(q) = 1) A, + 20 DD (q) (~LAyg) + Vi (Arig) + bry) )
=—LZ,+7'(q) A g0 (Zq> + e’i("(‘Z)_Q)r’(q)br(q)
=V,0 (Aq) + by — LA,

485 The optimal reparametrization r(q) is therefore the one that minimizes

1 ~
AL
0

ass  For the identity reparametrization r(g) = ¢ to be optimal, we need

2 1P i 2 2Le(@)-a) 2
+[ba dq:/o (@) (Wi ||* + 2@ by |*) da

1
/0 2r’(p) (W, I* + 15511°) + 2Ldr (p) |1 |I* dp = 0

g7 for all dr(q) with dr(0) = dr(1) = 0. Since

1 1
[ ) (Wl + 1) dp == [ )0, (1,1 + 7)o
0 0
488 we need
! 2 2 ¥ 2 _
—p p 4 4 -
dr(p) =0, (IW,I* + lIbpl1*) + L 16, dp = 0
0
489 and thus for all p
Oy (IW I + 118,7) = Ll

490 Integrating, we obtain as needed
P
2 2 2 2 s 2
W2 4+ 18112 = [Woll? + [1bo] +L/O 15all? dg.

491 O

w2 B Experimental Setup

493 Our experiments make use of synthetic data to train leaky ResNets so that the Bottleneck rank £* is
494 known for our experiments. The synthetic data is generated by teacher networks for a given true rank
495 k™. To construct a bottleneck, the teacher network is a composition of networks for which the the
496 inner-dimension is k*. Our experiments used an input and output dimension of 30, and a bottleneck
497 of k* = 3. For data, we sampled a thousand data points for training, and another thousand for testing
498 which are collectively augmented by demeaning and normalization.

499 To train the leaky ResNets, it is important for them to be wide, usually wider than the input or output
s00 dimension, we opted for a width of 100. However, the width of the representation must be constant
501 to implement leaky residual connections, so we introduce a single linear mapping at the start, and
so2 another at the end, of the forward pass to project the representations into a higher dimension for the
503 paths. These linear mappings can be either learned or fixed.
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Figure 3: Various properties of the Hamiltonian dynamics of Leaky ResNets which remain bounded

To achieve a tight convergence in training, we train primarily using Adam using Mean Squared Error
as a loss function, and our custom weight decay function. After training on Adam (we found 5000
epochs to work well), we then train briefly (usually 1000 epochs) using SGD with a smaller learning
rate to tighten the convergence.

The bottleneck structure of a trained network, as seen in Figure |T_B| and |§_B[, can be observed in the
spectra of both the representations A, and the weight matrices W), at each layer. As long as the
training is not over-regularized () too large) then the spectra reveals a clear separation between k*
number of large values as the rest decay. In our experiments, A = 229 to get good results. To
facilitate the formation of the bottleneck structure, L should be large, for our experiments we usually
use L = 20. Figure[2a] shows how larger L, which have better separation between large and small
singular values, lead to improved test performance.

As first noted in section[I.3] solving for the Cost Of Identity, the kinetic energy, and the Hamiltonian
H is difficult due to the instability of the pseudo-inverse. Although the relaxation (K, +I) improves
the stability, we also utilize the solve function to avoid computing a pseudo-inverse altogether. The
stability of these computations rely on the boundedness of some additional properties: the path length
J 110, A,]| dp, as well as the magnitudes of B, and B,o(A,)” from the Hamiltonian reformulation.

Figure |3|shows how their respective magnitudes remains relatively constant as the effective depth L
Srows.

For compute resources, these small networks are not particularly resource intensive. Even on a CPU,
it only takes a couple minutes to fully train a leaky ResNet.
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s22  NeurIPS Paper Checklist

525 1. Claims

526 Question: Do the main claims made in the abstract and introduction accurately reflect the
527 paper’s contributions and scope?

528 Answer: [Yes]

529 Justification: The contribution section accurately describes our contributions, and all
530 theorems/propositions are proven in the main or the appendix.

531 Guidelines:

532 * The answer NA means that the abstract and introduction do not include the claims
533 made in the paper.

534 * The abstract and/or introduction should clearly state the claims made, including the
535 contributions made in the paper and important assumptions and limitations. A No or
536 NA answer to this question will not be perceived well by the reviewers.

537 * The claims made should match theoretical and experimental results, and reflect how
538 much the results can be expected to generalize to other settings.

539 * It is fine to include aspirational goals as motivation as long as it is clear that these goals
540 are not attained by the paper.

541 2. Limitations

542 Question: Does the paper discuss the limitations of the work performed by the authors?
543 Answer: [Yes]

544 Justification: We discuss limitations of our results and approach after we state them.

545 Guidelines:

546 * The answer NA means that the paper has no limitation while the answer No means that
547 the paper has limitations, but those are not discussed in the paper.

548 * The authors are encouraged to create a separate "Limitations" section in their paper.
549 * The paper should point out any strong assumptions and how robust the results are to
550 violations of these assumptions (e.g., independence assumptions, noiseless settings,
551 model well-specification, asymptotic approximations only holding locally). The authors
552 should reflect on how these assumptions might be violated in practice and what the
553 implications would be.

554 * The authors should reflect on the scope of the claims made, e.g., if the approach was
555 only tested on a few datasets or with a few runs. In general, empirical results often
556 depend on implicit assumptions, which should be articulated.

557 * The authors should reflect on the factors that influence the performance of the approach.
558 For example, a facial recognition algorithm may perform poorly when image resolution
559 is low or images are taken in low lighting. Or a speech-to-text system might not be
560 used reliably to provide closed captions for online lectures because it fails to handle
561 technical jargon.

562 * The authors should discuss the computational efficiency of the proposed algorithms
563 and how they scale with dataset size.

564 * If applicable, the authors should discuss possible limitations of their approach to
565 address problems of privacy and fairness.

566 * While the authors might fear that complete honesty about limitations might be used
567 by reviewers as grounds for rejection, a worse outcome might be that reviewers
568 discover limitations that aren’t acknowledged in the paper. The authors should use
569 their best judgment and recognize that individual actions in favor of transparency play
570 an important role in developing norms that preserve the integrity of the community.
571 Reviewers will be specifically instructed to not penalize honesty concerning limitations.
572 3. Theory Assumptions and Proofs

573 Question: For each theoretical result, does the paper provide the full set of assumptions and
574 a complete (and correct) proof?

575 Answer: [Yes]
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Justification: All assumptions are stated in the Theorem statements.
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the
main experimental results of the paper to the extent that it affects the main claims and/or
conclusions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: The experimental setup is described in the Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all

submissions to provide some reasonable avenue for reproducibility, which may depend

on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient
instructions to faithfully reproduce the main experimental results, as described in
supplemental material?
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Answer:

Justification: We use synthetic data, with a description of how to build this synthetic data.
The code is not the main contribution of the paper, so there is little reason to publish it.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits,
hyperparameters, how they were chosen, type of optimizer, etc.) necessary to understand
the results?

Answer: [Yes]
Justification: Most details are given in the experimental setup section in the Appendix.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: The numerical experiments are mostly there as a visualization of the theoretical
results, our main goal is therefore clarity, which would be hurt by putting error bars
everywhere.

Guidelines:

* The answer NA means that the paper does not include experiments.

e The authors should answer "Yes" if the results are accompanied by error bars,
confidence intervals, or statistical significance tests, at least for the experiments that
support the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the
computer resources (type of compute workers, memory, time of execution) needed to
reproduce the experiments?

Answer: [Yes]
Justification: In the experimental setup section of the Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have read the Code of Ethics and see no issue.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special
consideration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper is theoretical in nature, so it has no direct societal impact that can
be meaningfully discussed.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Not relevant to our paper.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: We only use our own synthetic data.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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15.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not release any new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Not relevant to this paper.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main
contribution of the paper involves human subjects, then as much detail as possible
should be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Not relevant to this paper.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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