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Abstract

We consider the problem of regularized best-
response max-regret minimization in online
RLHF under general preferences and bandit feed-
back. While various regularizers are utilized to
robustify alignment, known polylogarithmic re-
gret guarantees remain heavily specific to KL. To
investigate whether such fast rates extend beyond
KL, we adopt the Generalized Bilinear Prefer-
ence Model (GBPM)—capturing intransitive pref-
erences over d-dimensional item-wise features via
a rank-2r skew-symmetric matrix—to isolate the
impact of generic regularization. Crucially, un-
der GBPM, we prove that the dual gap of any
greedy policy is bounded by the squared estima-
tion error, derived using only strong convexity
and skew-symmetry. Under a feature coverage
assumption, we establish a generic polylogarith-
mic regret of Õ(ηd4C−1

min(log T )
2∧d2C−1/2

min

√
T )

with Greedy Sampling, and a dimension-wise im-
proved regret (for well-conditioned arm-sets) of
Õ(C−2

min

√
ηrT ∧ r1/3C−4/3

min T 2/3) with Explore-
Then-Commit, where η−1 is the regularization
coefficient, T is the time horizon, and Cmin is an
arm-set dependent quantity. This demonstrates
that “fast” regrets are not KL-specific, but rather
a fundamental consequence of generic strongly
convex geometry.

1. Introduction
General Preference Learning. Aligning large language
models (LLMs) with human values has emerged as a central
challenge in modern AI (Llama Team, 2024; Qwen Team,
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2024; OpenAI, 2024). While the common approach to Rein-
forcement Learning from Human Feedback (RLHF) heavily
relies on reward-based models like the Bradley-Terry-Luce
(BTL) model (Bradley & Terry, 1952; Christiano et al.,
2017), scalar utilities inherently struggle to capture the
cyclic, intransitive, and diverse nature of human prefer-
ences (May, 1954; Tversky, 1969). This representational
bottleneck has motivated a shift toward General Preference
Learning (or Nash Learning), which directly targets the
Nash equilibrium (NE) of a preference game (Nash, 1951;
von Neumann, 1928; McKelvey & Palfrey, 1995). Recently,
this game-theoretic perspective has demonstrated notable
empirical promise in LLM alignment (Munos et al., 2024;
Ye et al., 2024; Cui et al., 2024; Rosset et al., 2024).

In both practice and theory, solving these preference games
online under bandit feedback relies heavily on optimizing
regularized objectives. In practical RLHF, purely maximiz-
ing an unregularized, observed preference often leads to
reward hacking, diversity collapse, and hallucinatory text
generation (Michaud et al., 2020; Tien et al., 2023; Casper
et al., 2023). Embedding regularization directly into the
objective prevents large drifts from reference models (e.g.,
SFT models or expert demonstrations) and robustifies the
resulting equilibrium—a concept dating back to the semi-
nal work on quantal response equilibria by McKelvey &
Palfrey (1995).

Consequently, understanding the statistical efficiency of
these regularized games, often measured via regularized
best-response regret, has become a primary target in modern
RL, game-theoretic alignment, and learning in regularized
zero-sum game literature (Munos et al., 2024; Wu et al.,
2025; Xiong et al., 2024; Ye et al., 2024; Nayak et al., 2025;
Yang et al., 2025). In particular, our analysis focuses on
regularized max-regret, which measures suboptimality of
the max player only (see Section 2.3 for its definition). This
notion originates from self-play frameworks for RL in two-
player zero-sum games (Bai & Jin, 2020; Bai et al., 2020;
Liu et al., 2021; Jin et al., 2022; Xiong et al., 2022), and has
become the standard metric in theoretical analyses of online
RLHF under general preferences (Ye et al., 2024; Wu et al.,
2025). The intuition is that the learner ultimately only cares
about obtaining the NE policy for the max-player, the policy
actually deployed in practice.
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The KL-Centric Theories. The current theoretical land-
scape for establishing polylogarithmic regularized best-
response regret remains overwhelmingly KL-centric. Re-
cent theoretical advances in reward-based RLHF rely heav-
ily on the explicit closed-form Gibbs densities unique to
KL-regularized bandits (Xiong et al., 2024; Zhao et al.,
2025b;a; Wu et al., 2025; Ji et al., 2026). Consequently, the
corresponding literature on regularized best-response regret
has followed this same KL-specific trajectory (Wu et al.,
2025; Nayak et al., 2025; Yang et al., 2025).

On the other hand, much RL and LLM literature has in-
creasingly explored strongly convex penalties other than
reverse KL to achieve distinct structural benefits. For ex-
ample, negative Shannon entropy is used in max-entropy
exploration (Ziebart et al., 2008; Neu et al., 2017; Haarnoja
et al., 2018); mixtures of reverse KL divergences are used
to yield more diverse and less biased alignment (Le et al.,
2025; Aminian et al., 2025); the chi-squared divergence is
known to provably mitigate overoptimization (Huang et al.,
2025a); and Tsallis entropy can encourage sparse policy
selection (Lee et al., 2018; Chow et al., 2018). Broader
classes of regularizers – such as α-Rényi entropies (Zhang
et al., 2026a), Csiszár f -divergences (Wang et al., 2024;
Go et al., 2023; Han et al., 2025), and expected or strongly
convex regularizers (Yang et al., 2019; Geist et al., 2019) –
have been studied as well.

Because prior max-regret analyses rely entirely on the
closed-form solution of the KL-regularized bandit (Ye et al.,
2024; Wu et al., 2025; Nayak et al., 2025), it is unclear
whether similar polylogarithmic regret can be attained for
regularized games with non-KL regularizers. This motivates
our central theoretical question:

Is the fast regularized max-regret achievable under any
strongly convex regularizer beyond KL?

The GBPM Abstraction and Theoretical Setup. To an-
swer this, we require a theoretically tractable mathematical
abstraction, analogous to the linear BTL model (Bradley
& Terry, 1952; Plackett, 1975). To this end, we adopt
the Generalized Bilinear Preference Model (GBPM) (Lee
et al., 2026; Zhang et al., 2025b): given item-wise features
ϕ1,ϕ2 ∈ Rd, the preference probability is modeled as
P ∗(ϕ1 ≻ ϕ2) := µ

(
(ϕ1)⊤Θ⋆ϕ

2
)
, where µ(·) is a link

function satisfying µ(z) + µ(−z) = 1, and Θ⋆ ∈ Rd×d

is a skew-symmetric matrix of rank at most 2r < d. By
considering such a contextual counterpart to the linear BTL
model (Zhu et al., 2023), GBPM allows us to isolate the sta-
tistical complexity of online RLHF and rigorously analyze
the impact of general regularizers.

Contributions. Under the GBPM framework, we demon-
strate that “fast” regret rates are achievable for any strongly

convex regularizer. Our technical contributions are two-fold:

• Quadratic Bound on Dual Gap. We show that the dual
gap of any greedy NE policy is upper bounded by the
square of the estimation error of Θ⋆ for any strongly
convex regularizer. Our analysis leverages the skew-
symmetry of GBPM, the strong convexity of the regu-
larized game objective, and the integral probability metric
representation of the ℓ1-distance (Müller, 1997) to derive
a novel, self-bounding quadratic inequality (Section 3).

• Fast Max-Regrets. We establish fast regret bounds us-
ing two different algorithms tailored to distinct regimes,
both critically utilizing the novel quadratic error bound.
These results are shown under a feature coverage as-
sumption, which introduces an arm-set dependent quan-
tity Cmin > 0 (Section 4.1). First, we prove that
Greedy Sampling (GS) achieves polylogarithmic
regrets of Õ(ηd4C−1

min(log T )
2 ∧ d2C

−1/2
min

√
T ) (Sec-

tion 4.2). Second, to address the high-dimensional
regime, we demonstrate that Explore-Then-Commit
(ETC) with nuclear-norm regularized MLE achieves re-
grets of Õ

(
C−2

min

√
ηrT

)
and Õ(r1/3C−4/3

min T 2/3) (Sec-
tion 4.3).

2. Problem Setting
We study contextual preference learning with contexts x ∈
X and actions a ∈ A. A policy is a mapping π : X →
∆(A), where π(· | x) denotes the conditional distribution
over actions given x. We denote the policy class by Π.
Given two actions a1,a2 and a context x, the event a1 ≻
a2 | x means that response a1 is preferred to response a2

under context x.

2.1. Generalized Bilinear Preference Model (GBPM)

We first introduce the low-rank contex-
tual general preference model that we con-
sider in this work. Define Skew(d; 2r, S) as
{Θ ∈ Skew(d) : rank(Θ) ≤ 2r, ∥Θ∥nuc ≤ S}, where
Skew(d) :=

{
Θ ∈ Rd×d : Θ⊤ = −Θ

}
. We assume a

known feature map ϕ : X × A → Bd(1) ≜ {ϕ ∈ Rd :
∥ϕ∥2 ≤ 1}. Now the definition of GBPM (Zhang et al.,
2025b; Lee et al., 2026):

Definition 2.1 (Generalized Bilinear Preference Model).
Let rank r ≤ ⌊d/2⌋ and norm bound S > 0 be known.
For any x ∈ X ,a1,a2 ∈ A, the ground-truth preference
under GBPM is:

P ∗(a1 ≻ a2 | x) := µ
(
ϕ(x,a1)⊤Θ⋆ϕ(x,a

2)
)
, (1)

where Θ⋆ ∈ Skew(d; 2r, S) is an unknown skew-
symmetric, low-rank matrix, and µ : R → [0, 1] is a
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known link satisfying: for some Lµ ≥ κ > 0,

1. µ is twice differentiable, monotone increasing, and
symmetric (µ(z) + µ(−z) = 1).

2. κ ≤ µ̇
(
ϕ⊤Θϕ′

)
≤ Lµ,

∣∣µ̈ (ϕ⊤Θϕ′)∣∣ ≤
Lµ, ∀ϕ,ϕ′ ∈ Bd(1),Θ ∈ Skew(d; 2r, S).a

aWe assume the same constant Lµ for the upper bounds of
µ̇ and |µ̈| for simplicity of the exposition.

The conditions for µ are standard in logistic and generalized
linear (dueling) bandits (Faury et al., 2020; Abeille et al.,
2021; Lee et al., 2024b;a; 2026; Wu et al., 2024; Bengs et al.,
2022). The logistic link µ(z) = (1 + e−z)−1 satisfies the
above with Lµ = 1

4 . The linear link µ(z) = 1
2 + z is also

covered, in which case Lµ = 1 (Gajane et al., 2015; Wu
et al., 2024). Lastly, one can see that P ∗ is anti-symmetric:
P ∗(a1 ≻ a2 | x) + P ∗(a2 ≻ a1 | x) = 1.
Remark 2.2. While recent works have introduced con-
textual bandit frameworks for general preference learn-
ing (Yang et al., 2025; Nayak et al., 2025; Wu et al., 2024),
they predominantly rely on item pair-wise feature maps
(linearizing payoffs as ⟨φ(a1,a2),θ⟩ for each pair of ac-
tions a1,a2 ∈ A) or tabular structures (O’Donoghue et al.,
2021); the former is conceptually similar to Wu et al. (2024),
though the connection is not explicitly drawn in the litera-
ture. This contrasts with practical RLHF scenarios in which
only item-wise features ϕ(a) are available, motivating our
choice to consider GBPM; see Zhang et al. (2025b) and
Lee et al. (2026, Appendix K) for more detailed discussions.

2.2. Population Regularized Game and Nash
Equilibrium

We first extend the action-level preference to evaluate poli-
cies. The ground-truth preference of π1 (max-player) over
π2 (min-player) given a context x is defined by marginaliz-
ing over their action distributions, defined as P ∗(π1 ≻ π2 |
x) := Ea1∼π1(·|x),a2∼π2(·|x)

[
P ∗(a1 ≻ a2 | x)

]
.

To evaluate these policies globally, we take the expectation
over the unknown context distribution d0 ∈ ∆(X ). For any
parameter Θ ∈ Skew(d), we define the expected population
game objective as:

J(π1, π2;Θ)

:= Ex∼d0
Eai∼πi(·|x)

[
µ
(
ϕ(x,a1)⊤Θϕ(x,a2)

)]
.

The ground-truth population preference is then precisely
Ex∼d0

[P ∗(π1 ≻ π2 | x)] = J(π1, π2;Θ⋆). For nota-
tional convenience, we abbreviate this true objective as
J(π1, π2), and when analyzing realized features, we utilize
the shorthand J(ϕ1,ϕ2;Θ) := µ

(
(ϕ1)⊤Θϕ2

)
. We now

introduce its regularized counterpart. For η ∈ (0,∞] and
a β−1-strongly convex regularizer ψ : ∆(A)→ R≥0 w.r.t.

∥·∥1, we define a symmetric, regularized game objective
Jη : Π×Π→ R as follows:

Jη(π, π
′;Θ) := J(π, π′;Θ)

− η−1Ex∼d0
[ψ(π(· | x))] + η−1Ex∼d0

[ψ(π′(· | x))].

Standard solution concepts (e.g., Condorcet winners) may
not exist in general preference learning (Dudı́k et al., 2015;
Bengs et al., 2021; Munos et al., 2024; Swamy et al., 2024).
Thus, as in many recent literature in online RLHF (Munos
et al., 2024), we consider (regularized) Nash Equilibrium
(NE) (Nash, 1951; McKelvey & Palfrey, 1995):

Definition 2.3. A pair (π1
⋆, π

2
⋆) ∈ Π × Π is a Nash

equilibrium (NE) if for all π1, π2 ∈ Π:

Jη(π
1, π2

⋆) ≤ Jη(π1
⋆, π

2
⋆) ≤ Jη(π1

⋆, π
2). (2)

If π1
⋆ = π2

⋆ =: π⋆, we refer to π⋆ as a symmetric NE
(SNE). By the minimax theorem (von Neumann, 1928;
Sion, 1958), any SNE π⋆ is equivalently characterized as
follows:

π⋆ ∈ argmax
π1∈Π

min
π2∈Π

Jη(π
1, π2). (3)

2.3. Online Interaction Protocol and Regularized
Max-Regret

The online contextual RLHF protocol proceeds as follows:
At each t = 1, . . . , T , a context xt ∼ d0 is revealed.
The learner chooses policies π̂1

t (·|xt) and π̂2
t (·|xt), sam-

ples actions a1
t and a2

t , and receives a bandit feedback
rt ∼ Ber(P ∗(a1

t ≻ a2
t | xt)). This constitutes a contex-

tual symmetric two-player zero-sum game (Balduzzi et al.,
2019) with bandit feedback. Note that this is a self-play
framework, as the learner controls both players to learn by
playing against itself to compute a NE.

We evaluate any resulting policy sequence {(π̂1
t , π̂

2
t )}t∈[T ]

using regularized max-regret:

MBR-Regη(T ) :=
T∑

t=1

DGapη(π̂
1
t ), (4)

DGapη(π̂
1
t ) :=

1

2
− min

π2∈Π
Jη(π̂

1
t , π

2) (5)

where we refer to DGapη(π̂
1
t ) as the (symmetric) dual gap

of a policy π̂1
t ∈ Π, which quantifies how close DGapη(π̂

1
t )

is to an SNE.

Remark 2.4. While there are multiple definitions of “re-
gret” in a two-player zero-sum game, our work focuses on
max-regret (specifically, the Max-Best-Response regret). As
discussed in Section 1, this has been widely considered in
self-play RL in two-player zero-sum games (Bai & Jin, 2020;
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Bai et al., 2020; Liu et al., 2021; Jin et al., 2022; Xiong
et al., 2022) and theoretical analyses of online RLHF un-
der general preferences (Ye et al., 2024; Wu et al., 2025).
Notably, the max-regret can be converted to a sample for
finding an NE via online-to-batch conversion (Freund &
Schapire, 1999). We refer the reader to Appendix K for a
detailed discussion of alternative regret definitions.

3. A New Analysis of Regularized Regret
We first present our main technical contribution: a novel
bound on the instantaneous dual gap of any greedy NE
policy. Denoting ϕ ∼ π as sampling a ϕ(x,a) ∈ Bd(1)
from a ∼ π(· | x) and x ∼ d0:

Theorem 3.1. For any estimator Θ̂t ∈ Skew(d) at time
t, define the max-player’s policy as

π̂t ← argmax
π1

min
π2

Jη(π
1, π2; Θ̂t). (6)

Then, the instantaneous dual gap is bounded as follows:
denoting Et := Θ⋆ − Θ̂t,

DGapη(π̂t) ≤ (2L2
µηβ + Lµ)Eϕ∼π̂t

[
∥Etϕ∥22

]
, (7)

DGapη(π̂t) ≤ Lµ

(√
Eϕ

[
∥Eϕ∥22

]
+

1

2
Eϕ

[
∥Eϕ∥22

])
.

(8)

Crucially, this bound holds for any choice of estimator
and any β−1-strongly convex regularizer ψ(·). As long
as η < ∞ (i.e., the regularization by ψ exists), the instan-
taneous dual gap is bounded quadratically by the expected
estimation error of Θ⋆ along the features of π̂t. As we will
see in the proof, without strong convexity, one only recovers
a linear dependence Eϕ[∥Etϕ∥2].

3.1. Proof of Theorem 3.1

Regret Decomposition and Taylor Expansion. For
simplicity let us omit dependencies on t. Let π̃ =
argminπ∈Π Jη(π̂, π) be the min-player’s best response to
π̂ with respect to the true objective. We denote the dual gap
of π̂ as X := 1

2 − Jη(π̂, π̃). Decomposing the regret, we
have that

X = Jη(π̂, π̃; Θ̂)− Jη(π̂, π̃) +
1

2
− Jη(π̂, π̃; Θ̂) (9)

(∗)
≤ Jη(π̂, π̃; Θ̂)− Jη(π̂, π̃) (10)

= J(π̂, π̃; Θ̂)− J(π̂, π̃),
(regularization terms cancel out)

where the inequality (∗) holds due to the following reason-
ing. First, we establish the following important property of

symmetric game:

Lemma 3.2. For any Θ̂ ∈ Skew(d), the value of the
game, maxπ1 minπ2 Jη(π

1, π2; Θ̂), is 1
2 .

Proof. For any Θ̂ ∈ Skew(d), there always exists a
SNE (Swamy et al., 2024, Lemma 2.1). As the game value
of SNE is 1

2 , it must be so for any NE (von Neumann, 1928;
Sion, 1958).

With this, we have that 1
2 = minπ∈Π Jη(π̂, π; Θ̂) for

any given Θ̂ ∈ Skew(d). Then, it is easy to see that
minπ∈Π Jη(π̂, π; Θ̂) ≤ Jη(π̂, π̃; Θ̂).

Let us denote E := Ex∼d0
Eϕ∼π̂(·|x),ϕ̃∼π̃(·|x) when clear

from the context. Inspired by the regret analyses of logistic
and generalized linear bandits (Abeille et al., 2021; Lee
et al., 2024a;b), applying a Taylor expansion with integral
remainder yields:

J(π̂, π̃; Θ̂)− J(π̂, π̃) = −E
[
µ̇(ϕ⊤Θ⋆ϕ̃)ϕ

⊤Eϕ̃
]

︸ ︷︷ ︸
(a)

+ E
[[∫ 1

0

(1− z)µ̈
(
ϕ⊤ (Θ⋆ − zEt) ϕ̃

)
dz

]
(ϕ⊤Eϕ̃)2

]
︸ ︷︷ ︸

(b)

.

Bounding the First-Order Term (a). There are two key
technical lemmas that are crucial in obtaining the self-
bounding inequality later.

The first lemma relates the term (a) to D :=√
Ex∼d0

[
∥π̂(· | x)− π̃(· | x)∥21

]
. Its proof, which com-

bines skew-symmetry and the variational representation of
the ℓ1-norm (Müller, 1997), is presented at the end of this
subsection:

Lemma 3.3.
∣∣∣E [µ̇(ϕ⊤Θ⋆ϕ̃)ϕ

⊤Eϕ̃
]∣∣∣ ≤

LµD

√
Eϕ

[
∥Eϕ∥22

]
.

The second lemma, whose proof is deferred to Appendix B,
allows for us to bound D with the dual gap X , other than
the naı̈ve bound of D ≤ 1:

Lemma 3.4. X = 1
2 − Ex∼d0 [Jη(π̂, π̃ | x)] ≥

(2ηβ)−1D.

We then chain everything, along with the naı̈ve bound of
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D ≤ 1, to obtain the following:

(a) ≤ Lµ

√
(1 ∧ 2ηβX)Eϕ

[
∥Eϕ∥22

]
. (11)

Bounding the Second-Order Term (b). We first bound
(b) by noting that µ̈(·) ≤ Lµ, giving (b) ≤
LµE[(ϕ⊤Eϕ̃)2]

∫ 1

0
(1− z)dz = Lµ

2 E[(ϕ⊤Eϕ̃)2]. For clar-
ity, let us distinguish between the independent expectations
Eϕ and Eϕ̃. We have:

E[(ϕ⊤Eϕ̃)2] = EϕEϕ̃

[
ϕ̃⊤E⊤ϕϕ⊤Eϕ̃

]
(12)

≤ Eϕ

[
max

ϕ̃∈Bd(1)
ϕ̃⊤(E⊤ϕϕ⊤E)ϕ̃

]
= Eϕ

[
∥Eϕ∥22

]
,

(13)

where the last equality follows from the variational defini-
tion of the operator norm.1

Combining Everything. Combining these bounds for (a)
and (b), we establish a self-bounding quadratic inequality
in the dual gap X:

X ≤ Lµ

√
(1 ∧ 2ηβX)Eϕ

[
∥Eϕ∥22

]
+
Lµ

2
Eϕ

[
∥Eϕ∥22

]
.

(14)
Solving for X simultaneously yields X ≤
2L2

µηβEϕ[∥Eϕ∥2]2 + LµEϕ[∥Eϕ∥22] and X ≤

Lµ

√
Eϕ

[
∥Eϕ∥22

]
+

Lµ

2 Eϕ

[
∥Eϕ∥22

]
.

Proof of Lemma 3.3. First, using the symmetry of µ and
the skew-symmetry of E, we have:

Z ≜ Ex∼d0
Eϕ,ϕ̃∼π̂(·|x)

[
µ̇(ϕ⊤Θ⋆ϕ̃)ϕ

⊤Eϕ̃
]
= 0, (15)

where with a slight abuse of notation, ϕ ∼ π̂(· | x)
denotes sampling ϕ(x,a) with a ∼ π̂(· | x). De-
note f(ϕ̃;ϕ) := µ̇(ϕ⊤Θ⋆ϕ̃)ϕ

⊤Eϕ̃, which satisfies
maxϕ̃∈Bd(1)

∣∣∣f(ϕ̃;ϕ)∣∣∣ ≤ Lµ ∥Eϕ∥2. Then,∣∣∣E [µ̇(ϕ⊤Θ⋆ϕ̃)ϕ
⊤Eϕ̃

]∣∣∣ (16)

=
∣∣∣Ex∼d0

Eϕ∼π̂(·|x),ϕ̃∼π̃(·|x)

[
f(ϕ̃;ϕ)

]
− Z

∣∣∣ (17)

≤ Ex∼d0
Eϕ∼π̂(·|x) (18)[∣∣∣Eϕ̃∼π̂(·|x)

[
f(ϕ̃;ϕ)

]
− Eϕ̃∼π̃(·|x)

[
f(ϕ̃;ϕ)

]∣∣∣]
(19)

(∗)
≤ Ex∼d0

Eϕ∼π̂(·|x) (20)

1∥E∥op = supx,y∈Bd(1) x
⊤Ey for any E ∈ Rd×d.

[
Lµ ∥Eϕ∥2 sup

g∈G∞(1)

∣∣∣∣∫ g(ϕ̃)d(π̂(· | x)− π̃(· | x))(ϕ̃)
∣∣∣∣
]

(21)
(∗∗)
= LµEx∼d0

[
Eϕ∼π̂(·|x) [∥Eϕ∥2] ∥π̂(· | x)− π̃(· | x)∥1

]
,

(22)

where (∗) defines G∞(1) :={
g : Bd(1)→ [−1, 1] | g is measurable

}
, and (∗∗)

follows from the integral probability metric representation
(IPM) of the ℓ1-norm (Müller, 1997, Theorem 5.4).

We conclude by decoupling the E term and the ℓ1-error
term via Cauchy-Schwarz as follows:∣∣∣E [µ̇(ϕ⊤Θ⋆ϕ̃)ϕ

⊤Eϕ̃
]∣∣∣ (23)

≤ Lµ

√
Ex∼d0

[
Eϕ∼π̂(·|x) [∥Eϕ∥2]

2
]

(24)

×
√

Ex∼d0

[
∥π̂(· | x)− π̃(· | x)∥21

]
(25)

≤ LµD

√
Eϕ

[
∥Eϕ∥22

]
.

(Jensen’s inequality w.r.t. Ex∼d0
[·])

3.2. Discussions

Crucially, our proof relies strictly on the strong convexity
of ψ(·) and entirely avoids any reliance on the specific al-
gebraic properties of the KL divergence, departing from
prior KL-centric analyses (Wu et al., 2025; Nayak et al.,
2025; Ye et al., 2024). The central technical mechanism
driving our proof is the self-bounding inequality presented
in Eqn. (14). While our use of a Taylor expansion is in-
spired by the regret analyses of logistic and generalized
linear bandits (Abeille et al., 2021; Lee et al., 2024a), our
technical execution differs significantly. Prior works rely
on self-concordance to control both terms and establish a
similar self-bounding inequality; in contrast, our approach
hinges on strong convexity, which is formalized through
two key lemmas.

First, Lemma 3.3 ensures that the first-order term (a) is
upper-bounded by the distance D between our policy π̂ and
the adversary’s worst-possible policy π̃. To achieve this,
the lemma leverages the skew-symmetry of the preference
matrix and the symmetry of the link function. Notably,
the proof establishes a surprising connection to the inte-
gral probability metric (IPM) representation of the ℓ1-norm.
This connection, combined with an appropriate application
of the Cauchy-Schwarz inequality, cleanly decouples the
estimation error D.

Second, Lemma 3.4 ensures thatD is subsequently bounded
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by the dual gap. By applying the zeroth-order characteriza-
tion of strong convexity (Nesterov, 2018, Theorem 2.1.9),
we effortlessly relate the policy divergence to the subopti-
mality gap without needing to compute functional deriva-
tives (since our optimality is defined with respect to poli-
cies).

4. From Quadratic Error Bound to Fast
Regrets

4.1. Feature Diversity and Computation Oracles

Feature Diversity. For the regret analyses, we consider
the following assumption:

Assumption 4.1 (Feature Diversity). The learner has
access to an exploration policy ρ(· | x) such that
λmin

(
Ex∼d0

Ea∼ρ(·|x)
[
ϕ(x,a)ϕ(x,a)⊤

])
≥ Cmin for

some Cmin > 0.

By considering this assumption, we can cleanly isolate the
geometric impact of the strongly convex regularizer ψ(·)
from the complexities of active exploration. By abstracting
away the exploration mechanism, we can directly answer
our core theoretical question: whether fast rates are achiev-
able under generic regularization when given sufficient data
coverage.

We highlight four important aspects regarding the above
assumption:

• Theoretical Necessity. In standard bandit settings, achiev-
ing fast rates typically requires explicit algorithmic ex-
ploration (e.g., optimism or Thompson Sampling). When
relying on greedy sampling strategies (which we consider
in Section 4.2), assumptions regarding the diversity of
the feature mapping are standard and necessary (Golden-
shluger & Zeevi, 2013; Kannan et al., 2018; Wu et al.,
2020; Bastani et al., 2021; Bogunovic et al., 2021; Kim
& Oh, 2024). Furthermore, in the high-dimensional
regime (which we consider in Section 4.3), sufficient
feature space coverage is information-theoretically un-
avoidable for obtaining dimension-wise improved regret
bounds (Hao et al., 2020; Li et al., 2022b; Zeng & Hono-
rio, 2025).

• Empirical Plausibility. While motivated by theoretical
tractability, this assumption has reasonable analogues in
practical RLHF pipelines (Dong et al., 2024; Bai et al.,
2022). Practitioners often use generative strategies that
naturally induce diversity without explicit algorithmic
exploration. For example, querying an ensemble of LLMs
or sampling from LLMs with various temperatures yield a
diverse set of responses across the feature space (Troshin
et al., 2025; Minh et al., 2025). Under this interpretation,
we argue that this assumption is a sensible theoretical

simplification.

• Statistical Tractability. As detailed in Appendix C, ob-
taining an approximate exploration policy (e.g., a ρ sat-
isfying the definition with Cmin/2 or Cmin/d) can be
achieved in a computationally tractable manner with a
T -independent statistical cost in regret. This relies on the
minimal requirement that the underlying context distribu-
tion d0(·) has adequate coverage over the feature space;
without it, the learner would face “blind spots” in Rd and
inherently fail to learn globally.

• Scaling of Cmin. The scaling of Cmin is intrinsically
tied to the geometry of the given feature map. Because
∥ϕ(x,a)∥2 ≤ 1, it strictly follows that C−1

min ≥ d. Well-
conditioned sets (e.g., unit-normalized hypercubes, stan-
dard basis) yield C−1

min ≍ d, while ill-conditioned sets
yield worse.

Computation Oracles. We lastly describe the computa-
tion model. We assume the learner is tractable (not neces-
sarily efficient), accessing A and Skew(d) only via:

Oracle 1. Sampling: Given x ∈ X and π ∈ Π, output a
sample a ∼ π(·|x).
Oracle 2. Regularized MLE: Compute a regularized MLE
over Skew(d).2

Oracle 3. Population NE: Given Θ, output population
SNE: argmaxπ1 minπ2 Jη(π

1, π2;Θ).

The last oracle has been considered in prior online RLHF
literature (Ye et al., 2024; Wu et al., 2025) and learning in
regularized games under bandit feedback (Yang et al., 2025;
Nayak et al., 2025).

4.2. Polylogarithmic Regret via Greedy Sampling:
Õ(η(log T )2 ∧

√
T )

In this section, we assume the link function is logistic,
µ(z) = (1+e−z)−1, rendering the generalized linear model
(GLM) well-specified as Bernoulli that admits a tight con-
fidence sequence (Lee et al., 2024a, Theorem 3.2). We
discuss extensions to generic link functions µ that preserve
the dependencies on d and T in Remark 4.3. Additionally,
we temporarily set aside the low-rank structure of Θ⋆ to
focus purely on achieving polylogarithmic regret; we will
revisit rank-exploitation in Section 4.3 to improve upon d
dependencies at the cost of obtaining

√
T regret.

We demonstrate that a surprisingly simple algorithm,
Greedy Sampling (GS) (Algorithm 1 in Ap-
pendix A), is sufficient to obtain Õ(η(log T )2 ∧

√
T ).

2In our case, as both the negative log-likelihood and nuclear
norm penalty are convex, this is a convex optimization. This
can be implemented by simply reparametrizing Θ ∈ Skew(d) as
Θ′−Θ′⊤

2
for unconstrained Θ′ ∈ Rd×d.
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Under GS, the max-player perpetually plays the greedy
NE policy with respect to the current MLE Θ̂t, while
the min-player explores using the coverage policy ρ
(Assumption 4.1). We show that GS attains the following
polylogarithmic regret:

Theorem 4.2. Let δ ∈ (0, 1) and suppose that
d2 log T

d ≳ κ−1 log 1
δ . Then, with probability at least

1− δ, GS simultaneously attains the following bounds:

MBR-Regη(T ) ≲ ηβκ−1d4C−1
min

(
log

T

d

)2

, (26)

MBR-Regη(T ) ≲ κ−
1
2C

− 1
2

mind
2
√
T log

T

d
. (27)

Proof Sketch. We provide a high-level sketch of the proof
here; the full detail is deferred to Appendix D. The analysis
proceeds in three main steps:

1. From Regret to Sum of Squared Errors. We be-
gin with Theorem 3.1, which bounds the instantaneous
dual gap by the squared estimation error: DGap(π̂t) ≲
Eϕ∼π̂t

[∥Etϕ∥22]. Using a standard basis decomposition,
Cauchy-Schwarz with respect to the regularized Hessian of
the log-likelihood loss Lt(·) at each time t (see Appendix D
for the full definition), Ĥt ≜ Id2 + ∇2Lt(θ̂t) ∈ Rd2×d2

,
and the confidence sequence for the constrained MLE (Lee
et al., 2024a, Theorem 3.2), we further bound this error by
the sum of expected elliptical potentials. Here, one side is
the standard basis ej and the other is chosen by π̂t:

DGap(π̂t) ≲ (d2 log T )

d∑
j=1

Eϕ∼π̂t

[
∥ϕ⊗ ej∥2Ĥ−1

t

]
.

(28)

2. Towards Expected Elliptical Potentials. A discrepancy
arises on the right-hand side: the upper bound involves a
sum over fixed basis vectors on one side, whereas the em-
pirical Hessian aggregates the played features on both sides.
More specifically, Ĥt is the (weighted) sum of outer prod-
ucts of vec(ϕtϕ̃t

⊤), while the term inside the Mahalanobis
norm is vec(ϕtej

⊤). We resolve this via our Coverage
Lemma (Lemma D.2), which leverages the feature diversity
assumption (Assumption 4.1) to “transform” ej to ϕ̃t at the
cost of C−1

min. Then,
∑

t DGap(π̂t) is bounded by:

T∑
t=1

DGap(π̂t) ≲ (d2 log T )κ−1C−1
min (29)

×
T∑

t=1

Eϕt∼π̂t,ϕ̃t∼ρ

[∥∥∥vec(ϕtϕ̃t
⊤)
∥∥∥2
V −1

t

]
︸ ︷︷ ︸

≜ST

, (30)

where Vt ≜ Id2 +
∑t−1

s=1 vec(ϕsϕ̃s
⊤)vec(ϕsϕ̃s

⊤)⊤.

3. Martingale Concentration for Realized Variance.
The final challenge is to bound the sum of expected el-
liptical potentials ST . The standard Elliptical Potential
Lemma (Abbasi-Yadkori et al., 2011, Lemma 11) controls
the sum of realized potentials, and thus cannot be applied
directly. To bridge this gap, we decompose the term into
the realized sum plus a sum of martingale differences as
follows: denoting vt := vec(ϕsϕ̃s

⊤),

ST =

T∑
t=1

∥vt∥2V −1
t︸ ︷︷ ︸

(a)

+

T∑
t=1

{
Et−1[∥vt∥2V −1

t
]− ∥vt∥2V −1

t

}
︸ ︷︷ ︸

(b)

.

(31)
As mentioned, (a) is bounded by the standard Elliptical Po-
tential Lemma. Bounding (b) represents another technical
novelty. We first apply an empirical Freedman’s inequal-
ity (Freedman, 1975; Beygelzimer et al., 2011; Lee et al.,
2024b), which bounds (b) as (b) ≲ AST for some constant
A ∈ (0, 1). This leads to a linear self-bounding inequal-
ity of the form ST ≤ AST + Õ(d2 log T ). Solving this
recursion yields the final Õ(d4(log T )2) regret.

Lastly, Õ(d2
√
T ) is similarly obtained via the η-free (linear)

error bound of Theorem 3.1.

Discussions. While the quadratic error bound (Theo-
rem 3.1) plays a critical role in achieving our results, we
highlight two additional technical contributions stemming
from our regret analysis.

First, we clarify the theoretical trade-offs compared to recent
literature. Wu et al. (2025) established an Õ(e9η(log T )2)
regret bound for GS3 without requiring a feature coverage
assumption. However, their bound scales exponentially
with η, is restricted exclusively to reverse KL regulariza-
tion (ψ(·) = DKL(·, πref)), and fails to yield a meaningful
guarantee as η → ∞ (where it should technically recover
the standard

√
T unregularized regret; see Appendix H

for a detailed discussion). In contrast, our analysis uti-
lizes the coverage assumption to completely eliminate the
eO(η) penalty, trading it for the geometric, regularization-
independent quantity C−1

min. Furthermore, echoing the spirit
of Nayak et al. (2025, Theorem 2.1), our regret bound grace-
fully adapts to both regimes: it yields an eO(η)-free (log T )2

rate for small η, and seamlessly transitions to
√
T as η in-

creases. In Appendix L, we illustrate our theoretical regret
bounds with preliminary numerical experiments.

Second, our martingale concentration technique offers a
streamlined alternative to recent analyses. To handle a sim-

3Technically, their algorithm is intractable under GBPM, as it
requires minimizing the cross-entropy loss over the constrained
space Skew(d, 2r;S).
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ilar expected potential sum in the KL-regularized multi-
armed bandit scenario, Ji et al. (2026) employ a peeling
argument that inherently incurs an additional doubly log-
arithmic terms. By utilizing Freedman’s inequality to es-
tablish a linear self-bounding inequality, our approach is
strictly tighter and cleanly avoids any such logarithmic arti-
facts.

Relations to Prior Works. Prior online RLHF analyses
have predominantly relied on the KL-specific properties of
the exponential family (e.g., bounded log-density ratios) to
enable oracle reductions to least squares regression (Cesa-
Bianchi & Lugosi, 2006; Foster & Rakhlin, 2020; Zhang,
2022); we provide a rigorous instantiation of Wu et al.
(2025) to GBPM in Appendix H to illustrate this reliance.
While generic regularized formulations have appeared in
recent literature (Tang et al., 2025), rigorous statistical guar-
antees for them have remained absent.

Crucially, our analysis unifies these diverse regularizers in
the online setting. We demonstrate that the specific geom-
etry of KL is not strictly necessary for fast rates; rather,
it is the strong convexity of the regularizer that drives our
results. This broadens the theoretical horizon to encom-
pass a wide array of regularizers, including the sum of
reverse KLs (Le et al., 2025; Aminian et al., 2025), Shan-
non entropy (McKelvey & Palfrey, 1995; Mertikopoulos &
Sandholm, 2016; Cen et al., 2024), Tsallis entropy (Tsallis,
1988; Lee et al., 2018; Yang et al., 2019; Zimmert & Seldin,
2021), the χ2-divergence (Huang et al., 2025b), and general
f -divergences (Liese & Vajda, 2006; Go et al., 2023; Wang
et al., 2024; Han et al., 2025).

Very recently, Zhang et al. (2026b) demonstrated that
for KL-regularized zero-sum games, greedy sampling—
computing a least squares estimate and performing equilib-
rium computation without any explicit pessimism—suffices
to achieve fast rates. Their analysis also bounds the instan-
taneous duality gap by the squared ℓ1-distance between
policies using strong convexity, though it inherently relies
on the explicit closed-form softmax structure of the KL-
regularized best responses. An interesting future direction
is whether our techniques can be combined with theirs to
establish similar pessimism-free fast rates for generally reg-
ularized zero-sum games in the offline scenario.

Finally, we acknowledge recent works establishing the dis-
tinct statistical properties of different regularizers in the con-
text of offline (reward-based) RL (Jiang & Xie, 2025; Huang
et al., 2025b; Zhao et al., 2026). For instance, Huang et al.
(2025b) demonstrated that the χ2-divergence permits single-
policy concentratability (unlike KL), and Zhao et al. (2026)
showed that strongly convex f -divergences can achieve fast
rates without single-policy concentratability. We leave the
extension of these divergence-specific offline RLHF nuances

within the GBPM framework to future work.

Remark 4.3 (Beyond Parametric Models). A bandit prob-
lem assuming a specific parametric distribution (e.g., GLM)
for the reward is known as a parametric bandit (Filippi et al.,
2010). For semi-parametric settings—where we only assume
rt = µ(⟨θ⋆,ϕt⟩) + εt with bounded noise εt—one can
adopt the maximum quasi-likelihood estimator approach of
Li et al. (2017, Lemma 3), dating back to Chen et al. (1999).
This strategy utilizes a T -independent warm-up phase (ran-
dom sampling) to ensure the design matrix is sufficiently
well-conditioned, preserving the dependencies on d and T .

4.3. poly(d)-free Regret via Explore-Then-Commit:
Õ(
√
ηrT ∧ r1/3T 2/3)

We now ask: what statistical gains can we achieve by maxi-
mally exploiting the low-rank structure of Θ⋆? This ques-
tion is particularly relevant in the high-dimensional or data-
poor regime, where T is not sufficiently large relative to d
(specifically, dc1 ≲ T ≲ dc2 for constants 0 < c1 < c2).
Such regimes are characteristic of modern applications in-
volving high-dimensional features (Tucker et al., 2020; Li
et al., 2024).

Here, it is imperative to avoid explicit poly(d) dependencies
in the regret bound, isolating the complexity to the intrin-
sic rank r and unavoidable dependencies on the feature
coverage C−1

min (Assumption 4.1) (Zeng & Honorio, 2025,
Table 1), which is known to be unavoidable. To achieve this,
we leverage the low-rank structure of Θ⋆ using techniques
standard in high-dimensional bandits (Carpentier & Munos,
2012; Hao et al., 2020; Kim & Paik, 2019; Oh et al., 2021;
Li et al., 2022b; Lu et al., 2021; Kang et al., 2022; Jang et al.,
2022; 2024). In this regime, sufficient initial exploration
is requisite to identify and exploit the underlying low-rank
subspace.

Following standard approaches in high-dimensional con-
textual bandits (Hao et al., 2020; Li et al., 2022b; Jang
et al., 2024), we employ the Explore-Then-Commit
(ETC) algorithm. The players explore for T0 rounds using
the coverage policy ρ, compute a symmetric Nash equilib-
rium (SNE) based on the resulting nuclear-norm regularized
MLE (Fan et al., 2019; Lee et al., 2026), and symmetrically
commit to this policy for the remaining rounds (see Algo-
rithm 2 in Appendix A).

We now present the regret bound for ETC, with the full
proof deferred to Appendix E, which also relies critically
on Theorem 3.1:

Theorem 4.4. Let δ ∈ (0, 1), and suppose T ≳
κ−2C−4

mindr log
d
δ . By setting the regularization

parameter λT0
=

√
32Lµ log(4d/δ)

T0
, ETC attains
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MBR-Regη(T ) ≲ T0 with probability at least 1 − δ.
Specifically, depending on the choice of T0, ETC achieves

the following bounds: If T0 ≍ κ−1C−2
min

√
Tηβr log d

δ ,
then

MBR-Regη(T ) ≲ κ−1C−2
min

√
Tηβr log

d

δ
(32)

If T0 ≍
(
κ−2C−4

minrT
2 log d

δ

)1/3
, then

MBR-Regη(T ) ≲
(
κ−2C−4

minrT
2 log

d

δ

)1/3

. (33)

Discussions. This result highlights two critical theoreti-
cal insights for the high-dimensional regime. First, thanks
to the quadratic error bound established in Theorem 3.1,
ETC is able to achieve a fast Õ(

√
ηrT ) rate. Interestingly,

this surpasses the Õ(T 2/3) rate typically associated with
ETC algorithms (Lattimore & Szepesvári, 2020). The tight-
ness of these bounds depends directly on the regulariza-
tion coefficient η; specifically, focusing on η, d, and T , the
Õ(
√
ηrT ) bound is asymptotically tighter than the T 2/3

regret whenever η ≲ (T/ log d)1/3. Second, both regrets
in Theorem 4.4 explicitly scale with r rather than d. This
confirms that our framework can effectively exploit the low-
rank structure of general preference games.

5. Conclusion
In this work, we investigated regularized max-regret mini-
mization under the GBPM with bandit feedback, utilizing
it as a theoretical abstraction to analyze the statistical im-
pact of general regularizers beyond reverse KL. Under this
framework, we demonstrated that “fast” regret rates are not
an exclusive artifact of KL-geometry, but can be achieved
for any strongly convex regularizer. Specifically, we first
established a novel quadratic error bound on the dual gap
that is central to our subsequent results. Its proof, which
combines the strong convexity of the regularizer with the
skew-symmetry of the preference matrix and the IPM repre-
sentation of the ℓ1-distance, stands as a key technical con-
tribution that may be of independent interest. Armed with
this crucial theorem, we showed that under a feature diver-
sity assumption (Assumption 4.1), Greedy Sampling
and Explore-Then-Commit yield polylogarithmic and
poly(d)-free (up to C−1

min) regret, respectively. We detail
further future directions in Appendix M.
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A. Pseudocodes for Greedy Sampling and Explore-Then-Commit

Algorithm 1: Greedy Sampling

1 Input: Exploration policy ρ;

2 Initialize π̂1 ← ρ;
3 for t = 1, 2, · · · , T do
4 Observe xt ∼ d0;
5 Sample a1

t ∼ π̂t(·|xt) and a2
t ∼ ρ(·|xt);

6 Observe rt := 1[a1
t ≻ a2

t ] ∼ Ber(µ(ϕ1t
⊤Θ⋆ϕ

2
t ) | xt), where ϕit := ϕ(xt,a

i
t);

7 Compute an estimator Θ̂t+1 ∈ Skew(d);
8 Compute a (symmetric) Nash equilibrium: π̂t+1 ← argmaxπ1∈Π minπ2∈Π Jη(π

1, π2; Θ̂t+1).;

Algorithm 2: Explore-Then-Commit
1 Input: Exploration policy ρ and budget T0;

2 for t = 1, 2, · · · , T0 do
3 Observe xt ∼ d0;
4 Sample a1

t ∼ ρ(·|xt) and a2
t ∼ ρ(·|xt);

5 Observe rt := 1[a1
t ≻ a2

t ] ∼ Ber(µ(ϕ1t
⊤Θ⋆ϕ

2
t ) | xt), where ϕit := ϕ(xt,a

i
t);

6 Compute an estimator Θ̂ ∈ Skew(d);
7 Compute a (symmetric) Nash equilibrium: π̂ ← argmaxπ1∈Π minπ2∈Π Jη(π

1, π2; Θ̂).;
8 for t = T0 + 1, · · · , T do
9 Symmetrically commit to (π̂, π̂);
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B. Proof of Lemma 3.4
For each fixed context x ∈ X , J(π̂, π|x) = Ea∼π̂(·|x),b∼π(·|x)[µ(a

⊤Θb)] is linear in π(·|x). Because the sum of a linear
function and a strongly convex function remains strongly convex, the regularized objective Jη(π̂, π|x) is (ηβ)−1-strongly
convex in ℓ1. By the zeroth-order characterization of strong convexity (Nesterov, 2018, Theorem 2.1.9), for any π, π̃ ∈ Π
and α ∈ [0, 1], the following holds point-wise for any x:

Jη(π̂, απ + (1− α)π̃|x) ≤ αJη(π̂, π|x) + (1− α)Jη(π̂, π̃|x)−
α(1− α)

2ηβ
∥π(·|x)− π̃(·|x)∥21 (34)

Taking the expectation over x ∼ d0 on both sides, choosing π = π̂, and denoting the global objective as F (π) :=
Ex∼d0

[Jη(π̂, π|x)] for simplicity, we obtain:

F (απ + (1− α)π̃) ≤ αF (π) + (1− α)F (π̃)− α(1− α)
2ηβ

Ex∼d0

[
∥π(·|x)− π̃(·|x)∥21

]
, (35)

Choosing π̃ = argminπ∈Π F (π), we have that F (π̃) ≤ F (απ̂ + (1− α)π̃), for any α ∈ [0, 1]. Rearranging the inequality
and dividing both sides by α, the following holds for any α ∈ (0, 1]:

Ex∼d0
[Jη(π̂, π̂ | x)]︸ ︷︷ ︸

= 1
2

−Ex∼d0
[Jη(π̂, π̃ | x)] = F (π̂)− F (π̃) ≥ 1− α

2ηβ
Ex∼d0

[
∥π(·|x)− π̃(·|x)∥21

]
. (36)

We then conclude by taking the limit α→ 0+.
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C. Statistical Cost of Obtaining ρ

Let us define the population E-optimal design:

ρ⋆ ← argmax
ρ:X→∆(A)

{
L(ρ) ≜ λmin

(
Ex∼d0

Ea∼ρ(·|x)
[
ϕ(x,a)ϕ(x,a)⊤

])}
, (37)

and let us denote Cmin := L(ρ⋆). Recall that ∥ϕ(x,a)∥2 ≤ 1, always.

Offline Scenario. Suppose that we have a {xi}i∈[N ] with xi ∼ d0 i.i.d., and suppose that we have access to an exploratory
policy class P ⊂ {ρ : X → ∆(A)} that satisfies realizability, i.e., ρ⋆ ∈ P. For simplicity, suppose that |P| <∞, as if not,
then one should be able to extend the arguments using standard covering and uniform convergence arguments, provided that
P has a finite complexity measure.

We define the empirical E-optimal design:

ρ̂N ← argmax
ρ:X→∆(A)

{
L̂N (ρ) ≜ λmin

(
1

N

N∑
i=1

Ea∼ρ(·|xi)

[
ϕ(xi,a)ϕ(xi,a)

⊤])} (38)

Then we have the following guarantee:

Proposition C.1. P (L(ρ̂N ) ≥ Cmin/2) ≥ 1− δ, provided that N ≥ 32C−2
min log

2d|Π|
δ .

Proof. Note that each matrix Zi(ρ) ≜ Ex∼d0
Ea∼ρ(·|x)

[
ϕ(x,a)ϕ(x,a)⊤

]
−Ea∼ρ(·|xi)

[
ϕ(xi,a)ϕ(xi,a)

⊤] is i.i.d. that
satisfies E[Zi(ρ)] = 0 and Zi(ρ)

2 ⪯ Id.4 Thus, invoking matrix Hoeffding (Tropp, 2012, Theorem 1.3 & Remark 7.4), we
have that for each ρ ∈ P, with probability at least 2d exp

(
−Nε2

2

)
,∥∥∥∥∥Ex∼d0

Ea∼ρ(·|x)
[
ϕ(x,a)ϕ(x,a)⊤

]
− 1

N

N∑
i=1

Ea∼ρ(·|xi)

[
ϕ(xi,a)ϕ(xi,a)

⊤]∥∥∥∥∥
op

≥ ε. (39)

Union bound over ρ ∈ P and rearranging, we have that with probability at least 1− δ,

EN ≜ sup
ρ∈P

∥∥∥∥∥ 1

N

N∑
i=1

Zi(ρ)

∥∥∥∥∥
op

≤
√

2

N
log

2d|P|
δ

. (40)

Then, we have that with probability at least 1− δ,

L(ρ̂N ) = L(ρ⋆) + L̂N (ρ⋆)− L(ρ⋆)︸ ︷︷ ︸
≥−EN

+L(ρ̂N )− L̂N (ρ̂N )︸ ︷︷ ︸
≥−EN

+ L̂N (ρ̂N )− L̂N (ρ⋆)︸ ︷︷ ︸
≥0

(41)

≥ Cmin − 2EN (Weyl’s inequality, ρ̂N = argmaxρ L̂N (ρ))

≥ Cmin −
√

8

N
log

2d|P|
δ
≥ Cmin

2
, (42)

and thus, the statement follows.

Online Scenario. This is largely inspired by the “design static or nonadaptive policies that can be used to gather data to
identify optimal contextualized decision policies” as in Zanette et al. (2021).

Suppose that we interact with the environment for T0 iterations via the following elliptical exploration algorithm:

1. Initialize: V1 = λId for some regularization parameter λ > 0.

4This is because for 0 ⪯ A,B ⪯ Id, −Id ⪯ A−B ⪯ Id, which then implies that (A−B)2 ⪯ Id.
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2. For t = 1, . . . , T0:

(a) Observe context xt ∼ d0.
(b) Define the exploratory policy ρt(xt) to deterministically select the action maximizing the elliptical bonus:

ρt(x) := argmax
a∈A

∥ϕ(x,a)∥2V −1
t−1

. (43)

(c) Choose action at = ρt(xt) and update the covariance matrix: Vt+1 = Vt + ϕ(xt,at)ϕ(xt,at)
⊤.

3. Return: The uniform mixture policy ρ̄T0
≜ 1

T0

∑T0

t=1 ρt.

Then we have the following guarantee:

Proposition C.2. Set T0 ≍ d2

C2
min

log d
C2

min
log d

δ and λ = 1. Then, the above elliptical exploration algorithm guarantees
the following:

P

(
L(ρ̄T0

) ≳
Cmin

d log d
C2

min
log 1

δ

)
≥ 1− δ. (44)

Proof. The proof proceeds similarly to our Freedman-based bounding of expected elliptical potentials.

Let Σ(ρ) ≜ Ex∼d0Ea∼ρ(·|x)[ϕ(x,a)ϕ(x,a)
⊤], and Mt be the conditional expectation of the elliptical bonus, conditioned

on the history Ft−1 = σ(x1,a1, · · · ,xt−1,at−1):

Mt ≜ Ex∼d0

[
max
a∈A
∥ϕ(x,a)∥2V −1

t

∣∣∣ Ft−1

]
≤ 1. (45)

Because max ≥ E, it upper bounds the expectation over the optimal ρ⋆:

Mt ≥ Ex∼d0Ea∼ρ⋆(·|x)

[
∥ϕ(x,a)∥2V −1

t

∣∣∣ Ft−1

]
(∗)
= tr

(
V −1
t Σ(ρ⋆)

)
≥ Cmin tr(V

−1
t ), (46)

where (∗) follows from linearity of the expectation.

Because λ = 1 and ∥ϕ∥2 ≤ 1, we have yt ≜ ∥ϕ(xt,at)∥2V −1
t
∈ [0, 1]. Thus, by the elliptical potential lemma (Lemma J.3),

we have that
T0∑
t=1

yt ≤ 2d log

(
1 +

T0
d

)
, (47)

where the last inequality follows from our choice of λ = 1.

By the same variant of the Freedman’s inequality (Lemma D.3), for any ξ ∈ (0, 1], the following holds with probability at
least 1− δ

2 :
T0∑
t=1

(Mt − yt) ≤ (e− 2)ξ

T0∑
t=1

E[(Mt − yt)2 | Ft−1]︸ ︷︷ ︸
(∗)

+
1

ξ
log

2

δ
. (48)

We bound (∗) as follows: denoting Et−1 ≜ E[· | Ft−1],

Et−1[(Mt − yt)2] = Et−1[y
2
t ]−M2

t ≤ Et−1[yt]−M2
t ≤Mt. (49)

Choosing ξ = 1
2(e−2) , we have the following linear self-bounding inequality:

T0∑
t=1

Mt =

T0∑
t=1

yt +

T0∑
t=1

(Mt − yt) ≤ 2d log

(
1 +

T0
d

)
+

1

2

T0∑
t=1

Mt + 2(e− 2) log
2

δ
. (50)
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Combining this with the lower bound of Mt, we have that

Cmin

T0∑
t=1

tr(V −1
t ) ≤

T0∑
t=1

Mt ≤ 4d log

(
1 +

T0
d

)
+ 4(e− 2) log

2

δ
. (51)

As tr(V −1
t ) ≥ 1

λmin(Vt)
≥ 1

λmin(VT0
) , we have that

λmin(VT0)

T0
≥ Cmin

4d log
(
1 + T0

d

)
+ 4(e− 2) log 2

δ

. (52)

Let Zt ≜ Σ(ρt) − ϕ(xt,at)ϕ(xt,at)
⊤. Because ρt is fully determined (measurable) by Ft−1, we have that

E[ϕ(xt,at)ϕ(xt,at)
⊤ | Ft−1] = Σ(ρt), i.e., {Zt}T0

t=1 is a matrix martingale difference sequence adapted to Ft. Further-
more, because 0 ⪯ Σ(ρt) ⪯ I and 0 ⪯ ϕϕ⊤ ⪯ I , the differences are bounded: λmax(Zt) ≤ 1 and λmin(Zt) ≥ −1.

By the matrix Azuma inequality (Tropp, 2012, Theorem 7.1, Remark 7.8), with probability at least 1− δ
2 :

λmin

(
T0∑
t=1

Zt

)
≥ −

√
2T0 log

2d

δ
. (53)

Notice that the population covariance of the uniform mixture is Σ(ρ̄T0
) = 1

T0

∑T0

t=1 Σ(ρt). We can rewrite this sum as:

1

T0

T0∑
t=1

Σ(ρt) =
1

T0

(
VT0
− λI +

T0∑
t=1

Zt

)
. (54)

Taking the minimum eigenvalue on both sides, we lower bound L(ρ̄T0) as follows:

L(ρ̄T0) =
1

T0
λmin

(
VT0 − I +

T0∑
t=1

Zt

)
(55)

=
1

T0
λmin

(
VT0

+

T0∑
t=1

Zt

)
− λ

T0
(56)

≥ 1

T0
λmin(VT0

) +
1

T0
λmin

(
T0∑
t=1

Zt

)
− 1

T0
(λmin(·) is concave)

≥ Cmin

4d log
(
1 + T0

d

)
+ 4(e− 2) log 2

δ

−
√

2

T0
log

2d

δ
− 1

T0
(57)

≥ Cmin

4d log
(
1 + T0

d

)
+ 4(e− 2) log 2

δ

−
√

8

T0
log

2d

δ
, (58)

where the last inequality follows given that T0 ≥
(
8 log 2d

δ

)−1
.

We lastly solve for a condition on T0 such that the first term dominates, i.e.,

Cmin

d log
(
1 + T0

d

)
+ log 1

δ

≳

√
1

T0
log

d

δ
=⇒

√
T0 ≳

d log
(
1 + T0

d

)
+ log 1

δ

Cmin

√
log

d

δ
. (59)

Solving this condition yields the required exploration budget:

T0 ≍
d2

C2
min

log
d

C2
min

log
d

δ
. (60)

Plugging this T0 back into our lower bound, we conclude that with probability at least 1− δ (via a union bound over the
Freedman and Azuma events):

L(ρ̄T0
) ≳

Cmin

d log d
C2

min
log 1

δ

, (61)

which completes the proof.
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D. Proof of Theorem 4.2: Regret Bound of Greedy Sampling

D.1. Main Proof

We will use several properties of the Kronecker product ⊗ throughout the proof; see Minka (1997) for a reference. Let
us denote vec : Rd×d → Rd2

as the (column-wise) vectorization operator, and mat ≜ vec−1 : Rd2 → Rd×d to be the
matrization operator.

Part I. Õ(ηβ(log T )2) Regret Bound. To mirror the proof sketch in the main text, we divide the proof into three parts.

1. From Regret to Sum of Squared Errors. With vt := vec(ϕ2
t (ϕ

1
t )

⊤) ∈ Rd2

, our MLE is defined as follows:

Θ̂t ← mat(θ̂t), θ̂t ← argmin
θ∈KS

Lt(θ), Lt(θ) :=

t−1∑
s=1

{m(⟨θ,vt⟩)− rt⟨θ,vt⟩} , (62)

where m(·) is the log-partition function (Wainwright & Jordan, 2008) such that m′ = µ, and

KS :=
{
θ ∈ Rd2

: ∥θ∥2 ≤ S and mat(θ)⊤ = −mat(θ)
}
. (63)

As µ(z) = (1 + e−z)−1 for our proof, this implies that Rs = 1 and Lµ = 1
4 .

Let us denote the regularized Hessian of Lt(·) at the MLE θ̂t as

Ĥt := Id2 +

t−1∑
s=1

µ̇(⟨θ̂s,vs⟩)vsv
⊤
s . (64)

We first recall the following elliptical confidence sequence:

Lemma D.1 (Theorem 3.2 of Lee et al. (2024a)). For any adaptively collecteda {(vt, rt)} and any δ ∈ (0, 1) we have

P
(∥∥∥θ⋆ − θ̂t

∥∥∥2
Ĥt

≲ γt(δ), ∀t ≥ 1

)
≥ 1− δ, (65)

where γt(δ) ≲ S5 + S log 1
δ + Sd2 log St

d .

aThis can be formalized via the canonical bandit model as described in Lattimore & Szepesvári (2020, Chapter 4.6).

We note that this is used solely for the proof and does not affect the algorithm in any way.

From the η-dependent bound of Theorem 3.1, we have that

MBR-Reg(T ) ≤ (4L2
µηβ + Lµ)

T∑
t=1

Eϕt∼π̂t

[
∥Etϕt∥22

]
. (66)

We decompose the squared Euclidean norm as follows: denoting the standard basis of Rd as {ej}j∈[d],

∥Etϕt∥22 =

d∑
j=1

(
e⊤j Etϕt

)2
(67)

=

d∑
j=1

⟨vec(Et), vec(ejϕ
⊤
t )⟩2 (68)

≤
d∑

j=1

∥vec(Et)∥2Ĥt

∥∥vec(ejϕ⊤
t )
∥∥2
Ĥ−1

t
(Cauchy-Schwarz)
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≲ γt(δ)
2

d∑
j=1

∥ϕt ⊗ ej∥2Ĥ−1
t
. (Lemma D.1)

2. Towards Expected Elliptical Potentials.

We now present our key technical lemma:

Lemma D.2 (Coverage Lemma). Let ϕ̃ ∼ ρ be such that Eϕ̃∼ρ

[
ϕ̃ϕ̃⊤

]
⪰ CminId. Then, for any positive semi-definite

M ∈ Rd2×d2

and any vector ϕ ∈ Rd, the following holds:

d∑
j=1

(ϕ⊗ ej)
⊤M(ϕ⊗ ej) ≤ C−1

minEϕ̃∼ρ

[
vec(ϕϕ̃⊤)⊤Mvec(ϕϕ̃⊤)

]
. (69)

From hereon, we denote Et−1[·] ≜ Eϕt∼π̂t,ϕ̃t∼ρ[·], where E is to indicate that the expectation is conditional on the history,
due to π̂t being history-dependent.

Applying the above lemma with M = Ĥ−1
t , we have:

MBR-Reg(T ) ≲ ηβd2C−1
min log

T

d

T∑
t=1

Et−1

[
vec(ϕtϕ̃

⊤
t )

⊤Ĥ−1
t vec(ϕtϕ̃

⊤
t )
]

≤ ηβκ−1d2C−1
min log

T

d

T∑
t=1

Et−1

[
vec(ϕtϕ̃

⊤
t )

⊤V −1
t vec(ϕtϕ̃

⊤
t )
]
, (70)

where we have bounded γt(δ)2 ≤ γT (δ)2 ≲ d2 log T
d , and we denote vt = ϕtϕ̃

⊤
t and Vt :=

1
κ∧1I +

∑t−1
s=1 vsv

⊤
s .

3. Martingale Concentration for Realized Variance.

We now consider the elliptical-type quantity:

T∑
t=1

Et−1

[
v⊤
t V

−1
t vt

]
︸ ︷︷ ︸

≜ST

=

T∑
t=1

v⊤
t V

−1
t vt +

T∑
t=1

(
Et−1

[
v⊤
t V

−1
t vt

]
− v⊤

t V
−1
t vt

)︸ ︷︷ ︸
≜Mt

=

T∑
t=1

v⊤
t V

−1
t vt︸ ︷︷ ︸

(a)

+

T∑
t=1

Mt︸ ︷︷ ︸
(b)

. (71)

We bound (a) via the usual elliptical potential lemma (Lemma J.3):

T∑
t=1

v⊤
t V

−1
t vt ≤ 2d2 log

(
1 +

κT

d2

)
. (72)

We now bound (b). The crucial observation is that Mt is a martingale difference sequence that satisfies maxt≥1 |Mt| ≤ κ,
which prompts us to use the following variant of Freedman’s inequality (Freedman, 1975; Beygelzimer et al., 2011):

Lemma D.3 (Lemma 3 of Lee et al. (2024b)). LetMt be a martingale difference sequence that satisfies maxt≥1 |Mt| ≤ R.
Then for any δ ∈ (0, 1) and ξ ∈ (0, 1/R], we have:

P

(
t∑

s=1

Ms ≤ (e− 2)ξ

t∑
s=1

Es−1[M
2
s ] +

1

ξ
log

2

δ
, ∀t ≥ 1

)
≥ 1− δ

2
. (73)
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We will now show, with high probability, that the variance term induces a linear self-bounding inequality. Denoting
Zs := v⊤

s V
−1
s vs, which satisfies 0 ≤ Zs ≤ κ ∧ 1,

Es−1[M
2
s ] ≤ Es−1[Zs

2] ≤ (κ ∧ 1)Es−1[Zs], (74)

where the first inequality follows from the fact that for any random variable X , Var[X] ≤ E[X2].

Choosing ξ = κ∧1
2(e−2) ≤ κ in Lemma D.3, the following holds with probability at least 1− δ

2 :

(b) =

T∑
t=1

Mt ≤
(κ ∧ 1)2

2

T∑
t=1

Et−1[Zt]︸ ︷︷ ︸
=ST !

+
2(e− 2)

κ ∧ 1
log

2

δ
. (75)

Now bringing everything together for Eqn. (71), the following holds with probability at least 1− δ
2 :

ST = (a) + (b) ≤ 2d2 log

(
1 +

κT

d2

)
︸ ︷︷ ︸

(a)≤

+
(κ ∧ 1)2

2
ST +

2(e− 2)

κ ∧ 1
log

2

δ︸ ︷︷ ︸
(b)≤

≤ 1

2
ST + 2d2 log

(
1 +

κT

d2

)
+

2(e− 2)

κ ∧ 1
log

2

δ
, (76)

which is a linear, self-bounding inequality!

Solving for ST , we have that with probability at least 1− δ
2 ,

ST =

T∑
t=1

Et−1

[
v⊤
t V

−1
t vt

]
≤ 4d2 log

(
1 +

κT

d2

)
+

4(e− 2)

κ ∧ 1
log

2

δ
. (77)

Combining everything at Eqn. (70), we have that with probability at least 1 − δ (after union bound with the confidence
sequence),

MBR-Regη(T ) ≲ ηβκ−1d2C−1
min

(
log

T

d

)(
d2 log

κT

d
+ κ−1 log

1

δ

)
. (78)

Part II. Õ(
√
T ) Regret Bound. By the η-independent bound of Theorem 3.1, we get

MBR-Regη(T ) ≤ Lµ

T∑
t=1

Eϕt∼π̂t

[
∥Etϕt∥2 + ∥Etϕt∥22

]
(79)

≤ Lµ

√√√√T

T∑
t=1

Eϕt∼π̂t

[
∥Etϕt∥22

]
+ Lµ

T∑
t=1

Eϕt∼π̂t

[
∥Etϕt∥22

]
(Cauchy-Schwarz & Jensen)

≲

√
Tκ−1d4C−1

min

(
log

T

d

)2

+ κ−1d4C−1
min

(
log

T

d

)2

(Part I)

= κ−
1
2C

− 1
2

mind
2
√
T log

T

d
+ κ−1C−1

mind
4

(
log

T

d

)2

. (80)

D.2. Proof of Lemma D.2: Coverage Lemma

We begin with this simple yet effective matrix lemma that will be useful throughout (we provide its proof at Section D.3 for
completeness):
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Lemma D.4. If A ⪰ 0 and B ⪰ C ⪰ 0 of compatible sizes, then A⊗B ⪰ A⊗C and tr(AB) ≥ tr(AC).

We begin from the expectation on the RHS and work our way to the LHS:

Eϕ̃∼ρ

[
(ϕ⊗ ϕ̃)⊤M(ϕ⊗ ϕ̃)

]
= Eϕ̃∼ρ

[
tr
(
(ϕ⊗ ϕ̃)⊤M(ϕ⊗ ϕ̃)

)]
(81)

= Eϕ̃∼ρ

[
tr
(
M(ϕ⊗ ϕ̃)(ϕ⊗ ϕ̃)⊤

)]
(Cyclic property of tr(·))

= tr
(
MEϕ̃∼ρ

[
(ϕ⊗ ϕ̃)(ϕ⊗ ϕ̃)⊤

])
(Linearity of expectation)

= tr
(
MEϕ̃∼ρ

[
ϕϕ⊤ ⊗ ϕ̃ϕ̃⊤

])
. (Mixed-product property of ⊗)

Now, let us examine Eϕ̃∼ρ

[
ϕϕ⊤ ⊗ ϕ̃ϕ̃⊤

]
. Due to the linearity of the expectation and Assumption 4.1, we have

Eϕ̃∼ρ

[
ϕϕ⊤ ⊗ ϕ̃ϕ̃⊤

]
= ϕϕ⊤ ⊗ Eϕ̃∼ρ

[
ϕ̃ϕ̃⊤

]
⪰ Cminϕϕ

⊤ ⊗ Id, (82)

where the last Lowener order follows from Lemma D.4. Then, again by Lemma D.4, we have that

Eϕ̃∼ρ

[
(ϕ⊗ ϕ̃)⊤M(ϕ⊗ ϕ̃)

]
= tr

(
Mϕϕ⊤ ⊗ Eϕ̃∼ρ

[
ϕ̃ϕ̃⊤

])
(83)

≥ Cmin tr
(
Mϕϕ⊤ ⊗ Id

)
(84)

= Cmin tr

Mϕϕ⊤ ⊗

 d∑
j=1

eje
⊤
j

 (85)

= Cmin

d∑
j=1

tr
(
Mϕϕ⊤ ⊗ eje

⊤
j

)
(86)

= Cmin

d∑
j=1

tr
(
M(ϕ⊗ ej)(ϕ⊗ ej)

⊤) (Mixed-product property of ⊗)

= Cmin

d∑
j=1

(ϕ⊗ ej)
⊤M(ϕ⊗ ej). (87)

D.3. Proof of Lemma D.4: PSD Matrix Lemma

Let D := B −C. Since B ⪰ C, we have D ⪰ 0.

We first show that A⊗B ⪰ A⊗C. By bilinearity of the Kronecker product,

A⊗B −A⊗C = A⊗ (B −C) = A⊗D. (88)

It therefore suffices to prove that A⊗D is positive semidefinite.

Let {λi(A)}ni=1 and {λj(D)}mj=1 denote the eigenvalues of A and D, respectively. A standard property of Kronecker
products implies that the eigenvalues of A⊗D are{

λi(A)λj(D)
}
i∈[n], j∈[m]

.

Since A ⪰ 0 and D ⪰ 0, all eigenvalues λi(A) and λj(D) are nonnegative, hence so are all products λi(A)λj(D).
Therefore A⊗D ⪰ 0, which yields A⊗B ⪰ A⊗C.

Now we prove tr(AB) ≥ tr(AC). Since A ⪰ 0, there exists a symmetric square root A1/2 such that A = A1/2A1/2.
Using cyclicity of trace,

tr(AD) = tr(A1/2A1/2D) = tr(A1/2DA1/2). (89)
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Moreover, A1/2DA1/2 is positive semidefinite. For any x ∈ Rn, letting y := A1/2x, we have

x⊤A1/2DA1/2x = y⊤Dy ≥ 0, (90)

where the inequality uses D ⪰ 0. Hence A1/2DA1/2 ⪰ 0, and therefore tr(A1/2DA1/2) ≥ 0. This implies tr(AD) ≥ 0,
completing the proof.
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E. Proof of Theorem 4.4: Regret Bound of Explore-Then-Commit
Recall the nuclear-norm regularized MLE (Fan et al., 2019; Lee et al., 2026): denoting Xt := ϕ(xt,a

1
t )ϕ(xt,a

2
t )

⊤,

Θ̂T0
← argmin

Θ∈Skew(d)

LT0
(Θ) + λT0

∥Θ∥nuc , (91)

LT0(Θ) :=
1

T0

T0∑
t=1

{m(⟨Θ,Xt⟩)− rt⟨Θ,Xt⟩} . (92)

We also introduce the following assumption used commonly in logistic and generalized linear bandits (Abeille et al., 2021;
Russac et al., 2021; Lee et al., 2024a):
Assumption E.1. The link function µ is self-concordant with constant Rs ≥ 0, i.e.,∣∣µ̈ (ϕ⊤Θϕ′)∣∣ ≤ Rsµ̇

(
ϕ⊤Θϕ′) , ∀ϕ,ϕ′ ∈ Bd(1), ∀Θ ∈ Skew(d, 2r;S). (93)

Lastly, we define the following instance-specific curvature quantity:

κ⋆ := min
ϕ,ϕ′∈Bd(1)

µ̇
(
ϕ⊤Θ⋆ϕ

′) . (94)

This parameter has been identified as a fundamental instance-dependent factor in the analysis of logistic and generalized
linear bandits (Abeille et al., 2021; Lee et al., 2024a). In contrast to the global curvature κ (see Definition 2.1), which
involves an additional minimization over Θ⋆ ∈ Skew(d, 2r;S), κ⋆ captures the local geometry around the true parameter
Θ⋆. We note that in many practical regimes, the global bound may be overly pessimistic, such that κ−1 ≫ κ−1

⋆ . In this
Appendix, we show that under the additional assumption that µ is self-concordant, we can obtain dependencies w.r.t. κ−1

⋆

instead of κ−1.

The following lemma provides a Frobenius error guarantee for the nuclear-norm regularized MLE Θ̂:

Lemma E.2 (Theorem 3.2 of Lee et al. (2026)). Let δ ∈ (0, 1), and κ̃ ∈ {κ, κ⋆} is such that κ̃ = κ⋆ if Assumption E.1

holds, and κ̃ = κ if otherwise. Suppose that T0 ≳ κ̃−2C−4
mindr log

d
δ . Then, with λT0 =

√
32Lµ log 4d

δ

T0
, we have the

following:

P

∥∥∥Θ̂−Θ⋆

∥∥∥
F
≲

1

κ̃C2
min

√
Lµr log

d
δ

T0

 ≥ 1− δ. (95)

We first invoke the η-dependent bound of Theorem 3.1 and the above lemma to t ∈ [[T0 + 1, T ]]:

MBR-Regη(T ) ≲ T0 + ηβ

T∑
t=T0+1

Eϕt∼π̂t

[
∥Etϕt∥22

]
≤ T0 + Tηβ ∥ET0∥

2
op ≲ T0 +

Tηβ

κ̃2C4
min

r log d
δ

T0
. (96)

This balances out when T0 ≍ κ̃−1C−2
min

√
Tηβr log d

δ .

Now, we invoke the η-independent bound of Theorem 3.1, which yields

MBR-Regη(T ) ≲ T0 +

T∑
t=T0+1

Eϕt∼π̂t [∥Etϕt∥2] +
T∑

t=T0+1

Eϕt∼π̂t

[
∥Etϕt∥22

]
(97)

≤ T0 + T ∥ET0
∥op + T ∥ET0

∥2op (98)

≲ T0 +
T

κ̃C2
min

√
Lµr log

d
δ

T0
+

T

κ̃2C4
min

Lµr log
d
δ

T0
. (99)

This balances out when T0 ≍
(
T 2κ̃−2C−4

minr log
d
δ

)1/3
and T ≳ κ̃C2

minr log
d
δ , the latter which we can assume to hold

without loss of any generality.
Remark E.3 (Unknown T ). We assume T is known to optimally tune T0. If T is unknown, the standard doubling trick (Auer
et al., 1995; Besson & Kaufmann, 2018) yields the same regret bound up to a constant factor.
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F. Eluder Dimension of GBPM
F.1. Upper Bounding the Eluder Dimension of Wu et al. (2025)

To instantiate the regret bound of Wu et al. (2025) in Appendix H, we first recall their specific notion of the eluder dimension:

Definition F.1 (Eluder dimension, General Preference Model (Wu et al., 2025)). Under the general preference model, for
any Dt−1 = {(xi,a

1
i ,a

2
i )}

t−1
i=1 , we define the uncertainty of (x,a1,a2) with respect to P as

UGP(λ,x,a
1,a2;P,Dt−1) = sup

P1,P2∈P

|P1(a
1 ≻ a2 | x)− P2(a

1 ≻ a2 | x)|√
λ+

∑t−1
s=1(P1(a1

s ≻ a2
s | xs)− P2(a1

s ≻ a2
s | xs))2

. (100)

Then the eluder dimension of P is defined as

d(P, λ, T ) := sup
x1:T ,a1

1:T ,a2
1:T

∑
t∈[T ]

min
{
1,
[
UGP(λ,xt,a

1
t ,a

2
t ;P,Dt−1)

]2}
. (101)

Using the standard elliptical potential arguments, we now derive an upper bound for this complexity measure under the
GBPM:

Proposition F.2. For GBPM, the eluder dimension d(P, λ, T ) is bounded as

d(P, λ, T ) ≤
2d2L2

µ

κ2
log

(
1 +

4κ2S2T

d2λ

)
. (102)

Proof. For the proof, let us arbitrarily fix a sequence of context-action-action pairs (x1:T ,a
1
1:T ,a

2
1:T ), and let us denote

the induced sequence of features as ϕ1
1:T and ϕ2

1:T , where ϕi
t := ϕ(xt,a

i
t) for t ∈ [T ] and i ∈ {1, 2}. Let us also denote

Φt := ϕ1
t (ϕ

2
t )

⊤. For any Θ ∈ Θ, the induced preference model is defined as

PΘ(ϕ1
t ,ϕ

2
t ) := µ

(
(ϕ1

t )
⊤Θϕ2t

)
= µ (⟨Θ,Φt) . (103)

We bound the uncertainty via the elliptical potential lemma (Lemma J.3). Let us denote Pi = PΘi for some arbitrary
Θi ∈ Θ. We first upper bound the numerator as follows: denoting α(x,θ1,θ2) :=

∫ 1

0
µ̇
(
x⊤θ1 + z x⊤(θ2 − θ1)

)
dz for

x,θ1,θ2 ∈ Rd,

|µ (⟨Θ1,Φt⟩)− µ (⟨Θ2,Φt⟩)| = |α(vec(Φt), vec(Θ1), vec(Θ2)) ⟨Θ1 −Θ2,Φt⟩| (Mean-value theorem)

=

∣∣∣∣∣∣∣
〈
Θ1 −Θ2, α(vec(Φt), vec(Θ1), vec(Θ2))Φt︸ ︷︷ ︸

≜Φ̄t(Θ1,Θ2)

〉∣∣∣∣∣∣∣ (104)

≤ ∥vec(Θ1 −Θ2)∥Gt(Θ1,Θ2)

∥∥vec(Φ̄t(Θ1,Θ2))
∥∥
Gt(Θ1,Θ2)−1

(Cauchy-Schwarz inequality)

for some matrix Gt(Θ1,Θ2) ≻ 0 to be determined later.

For the denominator squared:

λ+

t−1∑
s=1

(µ (⟨Θ1,Φs⟩)− µ (⟨Θ2,Φs⟩))2 (105)

= λ+

t−1∑
s=1

[
α(vec(Φs), vec(Θ1), vec(Θ2))

2 ⟨Θ1 −Θ2,Φs⟩2
]

(106)

= λ+ vec(Θ1 −Θ2)
⊤

[
t−1∑
s=1

(
α(vec(Φs), vec(Θ1), vec(Θ2))

2
vec(Φs) vec(Φs)

⊤
)]

vec(Θ1 −Θ2) (107)
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≥ vec(Θ1 −Θ2)
⊤

[
λ

4S2
I +

t−1∑
s=1

[
α(vec(Φs), vec(Θ1), vec(Θ2))

2
vec(Φs) vec(Φs)

⊤
]]

︸ ︷︷ ︸
≜Gt(Θ1,Θ2)

vec(Θ1 −Θ2) (108)

= ∥vec(Θ1 −Θ2)∥2Gt(Θ1,Θ2)
. (109)

Combining the above two inequalities, we have that

UGP(λ,x,a
1,a2;P,Dt−1) ≤ sup

Θ1,Θ2∈Θ

∥vec(Θ1 −Θ2)∥Gt

∥∥vec(Φ̄t(Θ1,Θ2))
∥∥
Gt(Θ1,Θ2)−1

∥vec(Θ1 −Θ2)∥Gt(Θ1,Θ2)

(110)

= sup
Θ1,Θ2∈Θ

∥∥vec(Φ̄t(Θ1,Θ2))
∥∥
Gt(Θ1,Θ2)−1 (111)

We can lower-bound Gt(Θ1,Θ2) in the Löwner sense using the fact that α(·, ·, ·) ≥ κ,

Gt(Θ1,Θ2) ⪰
λ

4S2
I +

t−1∑
s=1

κ2 vec(Φs) vec(Φs)
⊤ =

λ

4S2
I +

t−1∑
s=1

vec(κΦs) vec(κΦs)
⊤ ≜ Vt. (112)

Then, as α(·, ·, ·) ≤ Lµ, we have that

UGP(λ,x,a
1,a2;P,Dt−1) ≤

Lµ

κ
∥vec(κΦt)∥V −1

t
. (113)

We then conclude the proof via the elliptical potential lemma (Lemma J.3):

d(P, λ, T ) ≤
T∑

t=1

min

{
1,
L2
µ

κ2
∥vec(κΦt)∥2V −1

t

}
(114)

≤
L2
µ

κ2

T∑
t=1

min
{
1, ∥vec(κΦt)∥2V −1

t

}
(κ ≤ Lµ)

≤
2d2L2

µ

κ2
log

(
1 +

4κ2S2T

d2λ

)
. (115)

F.2. Connection to the Standard Eluder Dimensions

In this appendix, we will elucidate the connection between Definition F.1 and two other “standard” definitions of eluder-type
complexities: sequential extrapolation coefficient (SEC) (Xie et al., 2023) and the original eluder dimension (Russo &
Van Roy, 2013) For simplicity, we denote Z := X ×A×A, and P (z) := P (a1 ≻ a2 | x) for z = (x,a1,a2).

First, we recall the definition of SEC adopted for our setting:

Definition F.3 (λ-regularized SEC, Definition 7 of Xie et al. (2023)). Let Π ⊆ ∆(Z) be a distribution class. Then, the
SEC is defined as

SECλ(P,Π, T ) := sup
P 1

1:T ,P 2
1:T⊆P

sup
ν1:T⊆Π

T∑
t=1

(
Ezt∼νt [P

1
t (zt)− P 2

t (zt)]
)2

λ+
∑t−1

s=1 Ezs∼νs

[
(P 1

t (zs)− P 2
t (zs))

2
] . (116)

Note that when the distribution class is restricted to the set of Dirac measures D := {δz : z ∈ Z}, we have the following
relationship between SEC and Definition F.1:

d(P, λ, T ) = sup
z1:T

∑
t∈[T ]

min

{
1, sup

P1,P2∈P

(P1(zt)− P2(zt))
2

λ+
∑t−1

s=1(P1(zs)− P2(zs))2

}
(117)
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≤ sup
z1:T

∑
t∈[T ]

sup
P1,P2∈P

(P1(zt)− P2(zt))
2

λ+
∑t−1

s=1(P1(zs)− P2(zs))2
(118)

= sup
P 1

1:T ,P 2
1:T

sup
z1:T

∑
t∈[T ]

(P 1
t (zt)− P 2

t (zt))
2

λ+
∑t−1

s=1(P
1
s (zs)− P 2

s (zs))
2

(119)

= sup
P 1

1:T ,P 2
1:T

sup
ν1:T⊆D

∑
t∈[T ]

(Ezt∼νt
[P 1

t (zt)− P 2
t (zt)])

2

λ+
∑t−1

s=1(Ezs∼νs [P
1
t (zs)− P 2

t (zs)])
2

(120)

= SECλ(P,D, T ). (121)

Second, we recall the standard eluder dimension of Foster et al. (2021) and Li et al. (2022a):5

Definition F.4 (Definition 1 of Li et al. (2022a)). For any fixed preference P ∗ ∈ P , and scale ε ≥ 0, the exact eluder
dimension EdimP∗(P, ε) is the largest m ∈ N such that there exists a sequence {(zt, Pt)}t∈[m] ⊂ Z × P such that the
following holds: for all t ∈ [m],

|Pt(zt)− P ∗(zt)| > ε, and
∑
s<t

(Pt(zs)− P ∗(zs))
2
< ε2. (122)

Then for all ε > 0, we define:

• The eluder dimension is EdimP∗(P, ε) := supε′≥ε EdimP∗(P, ε′).

• Edim(P, ε) := supP∗∈P EdimP∗(P, ε′) and Edim(P, ε) := supP∗∈P EdimP∗(P, ε′).

We first prove that Edim(P, ε) and SECλ(P,D, T ) are equivalent up to some constants and logarithmic factors:

Proposition F.5. Suppose that Z ⊆ Bd(1) and Θ ⊆ Skew(d; 2r, S) for some S > 0. Let ε > 0, T ≥ Edim(P, ε), and
λ ≥ 1. Then,

ε2Edim(P, ε)
λ+ ε2

≤ SECλ(P,D, T ) ≲ Edim(P, T−1/2) log T. (123)

Proof. We prove each direction separately.

Upper Bound. Noting that for λ ≥ 1, SECλ(P,D, T ) ≤ SEC1(P,D, T ), this immediately follows from Xie et al. (2023,
Proposition 7) with D = D.

Lower Bound. Consider the eluder witness, i.e., a sequence of {(zt, Pt)}t∈de
and some fixed preference P ∗ that attains the

eluder dimension de := Edim(P, ε). Then, by definition,

SECλ(P,D, T ) = sup
P 1

1:T ,P 2
1:T⊆P

sup
z1:T⊆Z

T∑
t=1

(
P 1
t (zt)− P 2

t (zt)
)2

λ+
∑t−1

s=1(P
1
t (zs)− P 2

t (zs))
2

(124)

≥ sup
P 1

1:T⊆P
sup

z1:T⊆Z

T∑
t=1

(
P 1
t (zt)− P ∗(zt)

)2
λ+

∑t−1
s=1(P

1
t (zs)− P ∗(zs))2

(Set P 2
t = P ∗ for all t ∈ [T ])

≥
de∑
t=1

(Pt(zt)− P ∗(zt))
2

λ+
∑t−1

s=1(Pt(zs)− P ∗(zs))2
(Set z1:T and P 1

1:T to be the eluder witness sequence)

>

de∑
t=1

ε2

λ+ ε2
=

deε
2

λ+ ε2
. (125)

5The original definition is due to Russo & Van Roy (2013) and slightly different, but as mentioned in Li et al. (2022a), the “new”
definition is “never larger and is sufficient to analyze all the applications of eluder dimension in literature.”
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We conclude with a nearly-tight characterization of the eluder dimension of GBPM, whose proof is deferred to the next
subsection:

Proposition F.6. Let X ⊆ Bd(1) and Θ ⊆ Skew(d, 2r;S) for some S > 0. Define the function class as the GBPM:

P :=
{
(x,y) 7→ µ

(
x⊤Θy

)
: Θ ∈ Θ

}
, (126)

where we have the following properties: κ ≤ µ̇(x⊤Θy) ≤ Lµ and
∣∣x⊤Θy

∣∣ ≤ Sa for all (x,y,Θ) ∈ X ×X ×Θ. Then,
its eluder dimension is bounded as follows: for any ε < SLµ,

Edim(P, ε) ≤ 3e

e− 1
· d2 ·

L2
µ

κ2
· log

24S2L2
µ

ε2
. (127)

Furthermore, if µ(z) = 1
2 + z, then we have the following lower bound:

Edim(P, ε) ≥
(
d

2

)
log4

S√
3ε
. (128)

aThis follows from matrix Hölder inequality:
∣∣x⊤Θy

∣∣ = ∣∣⟨Θ,xy⊤⟩
∣∣ ≤ ∥Θ∥nuc

∥∥xy⊤∥∥
op

≤ S.

Note that the same Ω̃(d2) lower bound applies to the SEC due to Proposition F.5. This Ω̃(d2) scaling implies that eluder-
dimension-based frameworks cannot efficiently exploit the low-rank structure of Θ. The high eluder dimension arises
because Skew(d; 2r) contains rank-2 “coordinate spikes” of the form (eie

⊤
j − eje

⊤
i ). An adversary can query specific

pairs to isolate these directions one-by-one. Since the eluder dimension measures worst-case separability rather than metric
entropy (which scales as O(dr)), it reflects the ambient basis size even when the parameter manifold is low-dimensional.

This limitation is best understood through the “global embedding” characterization. Specifically, a standard sufficient
condition for bounding the eluder dimension by the µ-rank relies on constructing global maps ϕ : X × X → Bde(1) and
w : Θ→ Bde(R) such that x⊤Θy = ⟨ϕ(x,y), w(Θ)⟩ (Li et al., 2022a, Proposition 4). While skew-symmetry admits a
Schur decomposition Θ = QΛQ⊤ that allows the representation

x⊤Θy =
〈
vec
(
(Q⊤x)(Q⊤y)⊤

)
, vec(Λ)

〉
,

this does not yield a valid low-dimensional witness. Crucially, the feature map depends on the basis Q (and thus on the
specific parameter Θ), which violates the condition of having a single global feature map across the entire hypothesis class.
Consequently, guarantees relying on such complexity measures (e.g., GS by Wu et al. (2025)) incur the full d2 complexity,
mirroring the statistical hardness of quadratic functions with full-rank Hessians (Osband & Van Roy, 2014, Proposition 3).

G. Proof of Proposition F.6
For the proof, we recall the notion of generalized rank and a useful proposition linking the above two concepts:

Definition G.1 (Definition 3 of Li et al. (2022a)). For a given µ : R→ R, the µ-rank of P at scale R > 0, denoted as
µ-rk(P, R), is the smallest dimension d ∈ N for which there exist Rϕ, Rw > 0 with RϕRw = R, and (global) mappings
ϕ : X × X → Bd(Rϕ) and w : P → Bd(Rw) such that

P (x ≻ y) = µ (⟨ϕ(x,y), w(P )⟩) , ∀(x,y, P ) ∈ X × X × P, (129)

or∞ if no such d exists.

Proposition G.2 (Proposition 4(ii) of Li et al. (2022a)). For all ε < RLµ,

Edim(P, ε) ≤ 3e

e− 1
· µ-rk(P) ·

L2
µ

κ2
· log

24R2L2
µ

ε2
. (130)

We prove the upper and lower bounds separately.
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Upper Bound. This follows trivially from adapting Proposition G.2 to our setting by considering ϕ : (x,y) 7→ vec(xy⊤)
and w : Θ 7→ vec(Θ).

Lower Bound. The construction is largely inspired by that of Li et al. (2022a, Proposition 5), which we adapt to our setting.

We will construct a sequence {(xt,yt,Θt)}t∈[m] that witnesses the claimed lower bound with Θ⋆ = 0. The key observation

is that Skew(d) admits the following orthonormal basis: B ≜
{

1√
2
(eie

⊤
j − eje

⊤
i )
}
1≤i<j≤d

.

For given ε, let α ∈ (ε,
√
3ε) and k := ⌊log4 S

α⌋. Then, we can first consider the following sequence of length k + 1: for
t ∈ {0} ∪ [k],

xt = 2t−ke1, yt = 2t−ke2, Θt = α · 22(k−t)(e1e
⊤
2 − e2e

⊤
1 ). (131)

For each t, we have that
µ(x⊤

t Θtyt)− µ(0) = x⊤
t Θtyt = α > ε, (132)

and ∑
s<t

(
µ(x⊤

s Θtys)− µ(0)
)2

=
∑
s<t

(
x⊤
s Θtys

)2
= α2

∑
s<t

42s−2t <
1

15
α2 < ε2. (133)

As xt,xt ∈ Bd(1) and ∥Θt∥nuc ≤ α22k ≤ α4log4
S
α = S, we have Edim(P, ε) ≥ k + 1 ≥ log4

S
α ≥ log4

S√
3ε

.

Now we concatenate
(
d
2

)
= d(d−1)

2 times across the basis B, i.e.,

xt,i,j = 2t−kei, yt,i,j = 2t−kej , Θt,i,j = α · 22(k−t)(eie
⊤
j − eje

⊤
i ) (134)

for 1 ≤ i < j ≤ d, and we are done.
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H. Instantiating Regret Bound of Wu et al. (2025) to GBPM
H.1. Regret Bound of Greedy Sampling

For this section, we will consider the reverse KL-regularization as in Wu et al. (2025), i.e., ψ(π) = DKL(π, πref) for some
fixed πref ∈ Π. Recall that we defined the regularized and unregularized Max-Best-Response Regrets as

MBR-Regη(T ) :=
T∑

t=1

max
π∈Π

{
1

2
− Jη(π̂1

t , π)

}
, MBR-Reg(T ) :=

T∑
t=1

max
π∈Π

{
1

2
− J(π̂1

t , π)

}
. (135)

In this section, we derive the regularized and unregularized regret bound of Greedy Sampling (GS) of Wu et al.
(2025) for GBPM, based on general function approximation. We first recall the regret bound from Wu et al. (2025):

Theorem H.1 (Theorem 1 of Wu et al. (2025)). Suppose that the preference class P is finite with cardinality NP =
|P| <∞. For any δ ∈ (0, 1), with probability at least 1− δ, GS attains the following regret bound:

MBR-Regη(T ) = O (eη d(P, λ, T ) log(NPT/δ)) . (136)

Instantiation for GBPM. We first instantiate the KL-regularized regret bound for GBPM:

Theorem H.2 (KL-regularized Regret Bound of Greedy Sampling). For any δ ∈ (0, 1), with probability with at
least 1− δ, GS (when applied to GBPM) attains the following regret bound:

MBR-Regη(T ) ≲ eη ·
d2L2

µ

κ2
· log T ·

(
log

T

δ
+ dr log(LST )

)
. (137)

Proof. The proof consists of two parts: 1) Extending the preference model class size term for the infinite preference space,
and 2) Bounding the eluder dimension of GBPM.

We first extend the term NP = |P| for the infinite space case Θ ≜ Skew(d, 2r;S) by using covering number arguments. We
denote PΘ as the preference probability given by GBPM for parameter Θ. For simplicity, we use the following notations
introduced in the previous section. We denote Z := X ×A×A and P (z) := P (a1 ≻ a2 | x) for z = (x,a1,a2). Using
these, we have the following lemma, whose proof is provided in Section H.2:

Lemma H.3. Let {(zi, ri)}i∈[t] be a potentially adaptively collected data with ri ∼ Ber(P (zi)). Denote the (constrained)
MLE as Θ̂t := argmaxΘ∈Skew(d,2r;S)

∑
i∈[t] ℓi(Θ), where ℓi(Θ) := (ri logPΘ(zi) + (1− ri) log(1− PΘ(zi))).

Suppose that ℓi(·) is L-Lipschitz w.r.t. the Frobenius norm. Then, for any δ ∈ (0, 1) the following holds:

P

(
t∑

i=1

(PΘ̂t
(zi)− PΘ⋆

(zi))
2 ≲ log

T

δ
+ dr logLST

)
≥ 1− δ, ∀t ∈ [T ]. (138)

With this lemma and our eluder dimension bound (Proposition F.2), the derivation of the regret bound in Wu et al. (2025)
follows through, with log

(
NPT

δ

)
and λ both replaced with log T

δ + dr logLST .

Converting to Unregularized Regret Bound. We now convert the KL-regularized regret bound to its unregularized
counterpart via the following lemma:

Lemma H.4. Suppose Dref := maxπ∈ΠDKL(π, πref) <∞. Then we have

MBR-Reg(T ) ≤ MBR-Regη(T ) + η−1DrefT. (139)

Proof. Recall that the KL-regularized objective is defined as

Jη(π, π
′) = J(π, π′)− η−1DKL(π, πref) + η−1DKL(π

′, πref) (140)
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Then,

MBR-Reg(T ) =
T∑

t=1

max
π∈Π

(
1

2
− J(π̂1

t , π)

)
(141)

=

T∑
t=1

max
π∈Π

(
1

2
−
(
J(π̂1

t , π)− η−1DKL(π̂
1
t , πref) + η−1DKL(π, πref)

)
− η−1DKL(π̂

1
t , πref) + η−1DKL(π, πref)

)
(142)

≤
T∑

t=1

max
π∈Π

(
1

2
− Jη(π̂1

t , π)

)
+

T∑
t=1

max
π∈Π

(
−η−1DKL(π̂

1
t , πref) + η−1DKL(π, πref)

)
(143)

≤ MBR-Regη(T ) +
T∑

t=1

max
π∈Π

η−1DKL(π, πref) (144)

= MBR-Regη(T ) + η−1DrefT. (145)

Putting everything together, we have the following corollary of Theorem H.2 for the unregularized regret bound:

Corollary H.5 (Unregularized Regret Bound of GS). Suppose Dref := maxπ∈ΠDKL(π, πref) < ∞. Then with
probability at least 1− δ, the unregularized regret of GS under GBPM satisfies

MBR-Reg(T ) ≲ eηd2κ−2L2
µ · log T ·

(
log

T

δ
+ dr log(LST )

)
+ η−1DrefT. (146)

Furthermore, there exists no η (even dependent on T ) such that the RHS is O(T 1−γ) for any γ ∈ (0, 1].

Proof. The regret bound is a direct result from the KL-regularized regret bound in Theorem H.2, converted to unregularized
regret via Lemma H.4.

For the second claim, suppose that this is true. Then, for the second term, we require η−1DrefT = O(T 1−γ) to hold, which
implies η = Ω(T γ). Plugging this into the first term leads to an additive term of O(eTγ

), which is superpolynomial: a
contradiction. This concludes the proof.

H.2. Proof of Lemma H.3: MLE Estimator Bound

We define the probability mass function (pmf) of r | z ∼ Ber(P (z)) as

P (r | z) = P (z)r(1− P (z))1−r, r ∈ {0, 1}. (147)

Then we have the following lemma, whose proof is deferred to Appendix I:

Lemma H.6. For each Θ ∈ Θ and t ∈ [T ], the following holds:

P

(
t∑

i=1

(PΘ(zi)− PΘ⋆(zi))
2 ≤ log

1

δ
+

t∑
i=1

log
PΘ⋆

(ri | zi)
PΘ(ri | zi)

)
≥ 1− δ (148)

Let Θε be an ε-net of Θ in terms of the Frobenius norm. Then by the union bound, we have:

P

(
t∑

i=1

(PΘ(zi)− PΘ⋆
(zi))

2 ≤ log
|Θε|
δ

+

t∑
i=1

log
PΘ⋆

(ri | zi)
PΘ(ri | zi)

, ∀Θ ∈ Θε

)
≥ 1− δ. (149)
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Let Θ̂ε,t be the epsilon net element corresponding to Θ̂t, i.e., ∥Θ̂t − Θ̂ε,t∥F ≤ ε. Then,

P

(
t∑

i=1

(PΘ̂ε,t
(zi)− PΘ⋆(zi))

2 ≤ log
|Θε|
δ

+

t∑
i=1

log
PΘ⋆

(ri | zi)
PΘ̂ε,t

(ri | zi)

)
≥ 1− δ. (150)

Using the inequality (a− b)2 ≥ 1
2 (a− c)

2 − (b− c)2 and the optimality of the MLE, with probability at least 1− δ the
following holds:

1

2

t∑
i=1

(PΘ̂t
(zi)− PΘ⋆

(zi))
2 −

t∑
i=1

(PΘ̂t
(zi)− PΘ̂ε,t

(zi))
2 (151)

= log
|Θε|
δ

+

t∑
i=1

log
PΘ⋆(ri | zi)
PΘ̂t

(ri | zi)
+

t∑
i=1

log
PΘ̂t

(ri | zi)
PΘ̂ε,t

(ri | zi)
(152)

≤ log
|Θε|
δ

+

t∑
i=1

log
PΘ̂t

(ri | zi)
PΘ̂ε,t

(ri | zi)
. (153)

Now, note that for any Θ,

logPΘ(ri | zi) = ri logPΘ(zi) + (1− ri) log(1− PΘ(zi)), (154)

which is L-Lipschitz in Θ by given. With this, we can bound the log sum on the right as

t∑
i=1

log
PΘ̂t

(ri | zi)
PΘ̂ε,t

(ri | zi)
≤ Lt

∥∥∥Θ̂ε,t − Θ̂t

∥∥∥
F
≤ Ltε. (155)

Since we assumed that logPΘ is L-Lipschitz, it follows that PΘ is also L-Lipschitz.6 Therefore,

t∑
i=1

(PΘ̂t
(zi)− PΘ̂ε,t

(zi))
2 ≤ Ltε2. (156)

We now bound the cardinality of the ε-net |Θε| by bounding the covering number of a slightly larger set:

Lemma H.7 (Lemma 3.1 of Candès & Plan (2011)). Let Θ(d, 2r;S) := {X ∈ Rd×d | ∥X∥F ≤ S, rank(X) ≤ 2r} ⊇
Skew(d, 2r;S). For any ε > 0, there exists an ε-net Θε of Θ(d, 2r;S) w.r.t. ∥·∥F with |Θε| ≤

(
9S
ε

)2(2d+1)r
.

Putting the bounds together, we have:

P

(
t∑

i=1

(PΘ̂t
(zi)− PΘ⋆

(zi))
2 ≲ log

1

δ
+ Ltε+ Ltε2 + dr log

S

ε

)
≥ 1− δ. (157)

Choosing ε ≈ 1
(Lt)2 ,

P

(
t∑

i=1

(PΘ̂t
(zi)− PΘ⋆(zi))

2 ≲ log
1

δ
+ dr log(LSt)

)
≥ 1− δ. (158)

Setting δ = δ/T and taking the union bound over t, we have:

P

(
∀t ∈ [T ],

t∑
i=1

(PΘ̂t
(zi)− PΘ⋆(zi))

2 ≲ log
T

δ
+ dr log(LST )

)
≥ 1− δ. (159)

which concludes the proof.

6As the Lipschitz constant is the maximum gradient norm by the Rademacher’s theorem, ∥∇ΘPΘ∥ = PΘ · ∥∇Θ logPΘ∥ ≤ L.
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I. Proof of Lemma H.6
The proof closely follows that of Ye et al. (2024, Lemma 1) and Wu et al. (2025, Lemma 3).

For the function PΘ defined by the fixed Θ ∈ Θ, we first upper bound its logarithmic moment generating function as

logE exp

(
t∑

i=1

log
PΘ(ri | zi)
PΘ⋆(ri | zi)

)
(160)

= logE exp

(
t−1∑
i=1

log
PΘ(ri | zi)
PΘ⋆(ri | zi)

+ log
(
2Ert|zt

√
PΘ(rt | zt)
PΘ⋆(rt | zt)

))
(161)

= logE exp

(
t−1∑
i=1

log
PΘ(ri | zi)
PΘ(ri | zi)

+ log
(
1−H

(
PΘ(rt | zt) ∥PΘ⋆

(rt | zt)
)2))

(162)

≤ logE exp

(
t−1∑
i=1

log
PΘ(ri | zi)
PΘ⋆

(ri | zi)
−H

(
PΘ(rt | zt) ∥PΘ⋆

(rt | zt)
)2)

(163)

≤ · · · ≤ −
t∑

i=1

H
(
PΘ(ri | zi) ∥PΘ⋆

(ri | zi)
)2
, (164)

where H(P∥Q)2 is the squared Hellinger distance between probability measures P and Q on Ω, defined as

H(P∥Q)2 :=

∫
Ω

(√
p(z)−

√
q(z)

)2
dµ(z), (165)

with p and q denoting their respective densities with respect to a base measure µ.

We continue to lower-bound the Hellinger distance by

t∑
i=1

(
H
(
PΘ(ri | zi) ∥PΘ⋆(ri | zi)

))2
≥

t∑
i=1

(
TV

(
PΘ(ri | zi) ∥PΘ⋆(ri | zi)

))2
(166)

=

t∑
i=1

(
PΘ(zi)− PΘ⋆(zi)

)2
, (167)

where the inequality uses the fact that for any distribution p, q, H(p, q) ≥ TV(p, q) (Zhang, 2023, Theorem B.9).

Then, by Lemma J.1, we obtain for each Θ ∈ Θ, with probability at least 1− δ,

t∑
i=1

log
PΘ(ri | zi)
PΘ⋆(ri | zi)

≤ log

(
1

δ

)
+ logE exp

(
t∑

i=1

log
PΘ(ri | zi)
PΘ⋆(ri | zi)

)
(168)

≤ −
t∑

i=1

H
(
PΘ(ri | zi) ∥PΘ⋆(ri | zi)

)2
+ log

(
1

δ

)
(169)

≤ −
t∑

i=1

(
PΘ(zi)− PΘ⋆(zi)

)2
+ log

(
1

δ

)
. (170)
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J. Auxiliary Lemmas

Lemma J.1 (Martingale Exponential Inequalities; Theorem 13.2 of Zhang (2023)). Consider a sequence of random
functions ξ1(Z1), . . . , ξt(Zt), . . . with respect to filtration {Ft}. We have for any δ ∈ (0, 1) and λ > 0:

P

(
∃n > 0 : −

n∑
i=1

ξi ≥
log(1/δ)

λ
+

1

λ

n∑
i=1

logE
Z

(y)
i

exp(−λξi)

)
≤ δ,

where Zt = (Z
(x)
t , Z

(y)
t ) and Zt = (Z1, . . . , Zt).

Lemma J.2 (Multiplicative Chernoff Bounds; Corollary 2.18 of Zhang (2023)). Assume that X ∈ [0, 1] with EX = µ.
Then for all ϵ > 0,

P
(
X̄n ≥ (1 + ϵ)µ

)
≤ exp

[
−2nµϵ2

2 + ϵ

]
(171)

P
(
X̄n ≤ (1− ϵ)µ

)
≤ exp

[
−2nµϵ2

2

]
. (172)

Moreover, for t > 0, we have

P

(
X̄n ≥ µ+

√
2µt

n
+

t

3n

)
≤ exp(−t).

Lemma J.3 (Elliptical Potential Lemma; Lemma 11 of Abbasi-Yadkori et al. (2011)). Let x1, · · · ,xT ∈ Bd(X) be a
sequence of vectors and Vt := λI +

∑t−1
s=1 xsx

⊺
s . Then, we have

T∑
t=1

min
{
1, ∥xt∥2V −1

t

}
≤ 2d log

(
1 +

X2T

dλ

)
. (173)
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K. Discussions on Regrets
K.1. Four Regret Definitions and Discussions

A standard measure of performance in online learning is regret. However, because the interaction is two-player and self-play,
there are several ways to define regret, arising from different yet closely related communities: no-regret learning in games,
dueling bandits/RL, and RL in two-player zero-sum games. In the main text, we only consider MBR-Regη, and so in this
Appendix, we provide the deferred discussions regarding four regrets:

Definition K.1. The four regrets are defined as follows.

(a) Average-Nash Regret:

AN-Regη(T ) := max
π1,π2∈Π

T∑
t=1

{
Jη(π

1, π̂2
t )− Jη(π̂1

t , π
2)
}
. (174)

(b) Average-Best-Response Regret:

ABR-Regη(T ) :=
T∑

t=1

max
π1,π2∈Π

{
Jη(π

1, π̂2
t )− Jη(π̂1

t , π
2)
}
. (175)

(c) Max-Nash Regret:

MN-Regη(T ) := max
π∈Π

T∑
t=1

{
1

2
− Jη(π̂1

t , π)

}
. (176)

(d) Max-Best-Response Regret:

MBR-Regη(T ) :=
T∑

t=1

max
π∈Π

{
1

2
− Jη(π̂1

t , π)

}
. (177)

The unregularized variants are defined similarly and denoted without the η subscript.

Categorization Criteria. There are two criteria that determine each regret definition. The first criterion is, at each time
t, whether to consider the regrets of both players simultaneously, or to consider the regret of the max-player only. This
distinguishes between Average or Max. The second criterion is whether to compare against a fixed comparator or to compare
against the best response at each time t, which is usually time-varying. This distinguishes between Nash and Best-Response.

Intuitively, the Average regret definitions consider the “suboptimality” of both policies simultaneously. The difference
between Nash and Best-Response is whether the regret is defined w.r.t. a fixed comparator (Nash) or a dynamically changing
comparator (Best-Response). Thus, in classical literature, they are also known as external and internal (swap) regrets.

Average Regrets. AN-Reg(T ) is the notion originally considered in the seminal work of Freund & Schapire (1999),
followed by numerous works on no-regret learning dynamics in games (Daskalakis et al., 2011; 2015; 2018; Rakhlin &
Sridharan, 2013a;b; Syrgkanis et al., 2015), recently adopted to game-theoretic LLM alignment (Zhang et al., 2025a).
AN-Reg(T ) is precisely the regret considered in contextual dueling bandits (Dudı́k et al., 2015, Eqn. (3)) and dueling
RL (Saha et al., 2023, Eqn. (4)); indeed, for any π ∈ Π, utilizing the anti-symmetry of J(·, ·), we can rewrite J(π, π̂2

t )−
J(π̂1

t , π) = J(π, π̂1
t ) + J(π, π̂2

t )− 1. This also slightly resembles Borda regret in dueling bandits (Saha et al., 2021; Wu
et al., 2024), and average regret in dueling bandits under linear stochastic transitivity (Saha, 2021; Bengs et al., 2021; 2022).

On the other hand, ABR-Reg(T ) strongly resembles the notion of best response regret in adversarial dueling bandits (Saha
& Krishnamurthy, 2022, Eqn. (1)), but there is a key difference. In Saha & Krishnamurthy (2022), the comparator at time t
is the same for both players, whereas in our regret setting, it differs for each player. Basically, each player must compete
with the worst-case (strongest) adversary from her perspective, who chooses the best response from his perspective.
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Max Regrets. The notion of considering the regret of the max player dates back to the self-play framework for RL in
two-player zero-sum games (Bai & Jin, 2020; Bai et al., 2020; Liu et al., 2021; Jin et al., 2022; Xiong et al., 2022); this idea
has been recently applied to theoretical analyses of online RLHF under general preference (Ye et al., 2024; Wu et al., 2025).
Basically, the intuition is that the learner only cares about obtaining the NE policy for the max-player, which is the policy
that is actually deployed in practice.

Note that the min-player’s policies π̂2
t do not contribute to the regret at all, and thus, often, the min-player acts as an

exploration agent whose sole role is to collect as much information as possible to facilitate the learning of the max-player (Bai
& Jin, 2020; Bai et al., 2020; Liu et al., 2021; Jin et al., 2022; Xiong et al., 2022; 2024; Ye et al., 2024).

K.2. Online-to-Batch Conversion

A standard consequence of no-regret learning in repeated zero-sum games is an online-to-batch conversion: the time-averaged
(mixed) policies form an approximate Nash equilibrium. We formalize this statement in the following proposition.

Proposition K.2 (Online-to-batch conversion). Let {(π̂1
t , π̂

2
t )}Tt=1 ⊆ Π×Π be any policy sequence. Define the uniform

mixture policies as π̄i
T := 1

T

∑T
t=1 π̂

i
t for i ∈ {1, 2} and for simplicity, let us denote π̄T := π̄1

T .

(a) Average regrets. For average regrets, (π̄1
T , π̄

2
T ) is a Reg(T )

T -approximate symmetric NE:

max
π1,π2∈Π

{
Jη(π

1, π̄2
T )− Jη(π̄1

T , π
2)
}
≤

AN-Regη(T )
T

≤
ABR-Regη(T )

T
.

(b) Max regrets. For max regrets, π̄T is a 2Reg(T )
T -approximate symmetric NE:

max
π∈Π

{
Jη(π, π̄T )− Jη(π̄T , π)

}
≤

2MN-Regη(T )
T

≤
2MBR-Regη(T )

T
.

Proof. (a) Fix any π1, π2 ∈ Π. By the bilinearity of J and Jensen’s inequality w.r.t. ψ(·),

Jη(π
1, π̄2

T ) = J(π1, π̄2
T )− η−1ψ(π1) + η−1ψ(π̄2

T ) ≤
1

T

T∑
t=1

Jη(π
1, π̂2

t ),

and similarly,

Jη(π̄
1
T , π

2) = J(π̄1
T , π

2)− η−1ψ(π̄1
T ) + η−1ψ(π2) ≥ 1

T

T∑
t=1

Jη(π̂
1
t , π

2).

Subtracting the two inequalities and taking maxπ1,π2 yields

max
π1,π2

{
Jη(π

1, π̄2
T )− Jη(π̄1

T , π
2)
}
≤ 1

T
max
π1,π2

T∑
t=1

(
Jη(π

1, π̂2
t )− Jη(π̂1

t , π
2)
)

(178)

≤ 1

T

T∑
t=1

max
π1,π2

(
Jη(π

1, π̂2
t )− Jη(π̂1

t , π
2)
)

(179)

(b) By the same averaging argument (bilinearity of J and Jensen’s inequality), for every π ∈ Π,

Jη(π, π̄T )− Jη(π̄T , π) ≤
1

T

T∑
t=1

(
Jη(π, π̂

1
t )− Jη(π̂1

t , π)
)
.

Since for each t, Jη(π, π̂1
t )− Jη(π̂1

t , π) = 2
(

1
2 − Jη(π̂

1
t , π)

)
, taking maxπ and substituting yields

max
π

{
Jη(π, π̄T )− Jη(π̄T , π)

}
≤ 2

T
max
π

T∑
t=1

(
1
2 − Jη(π̂

1
t , π)

)
≤ 2

T

T∑
t=1

max
π

(
1
2 − Jη(π̂

1
t , π)

)
.
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L. Synthetic Experiments
In this section, we present empirical results to numerically validate the theoretical regret bounds of
Greedy Sampling (GS) established in Section 4.2.

L.1. Experiment Setup.

We consider a bilinear preference model with logistic link function µ(z) = 1/(1 + e−z) and reverse KL regularizer. We use
K feature vectors in an uncontextualized setting, randomly sampled via a uniform distribution, and normalized to ℓ2 norm
≤ 1.

We use the following hyperparameters for our experiments:

• d = 5, K = 20, S = 5

• d = 10, K = 40, S = 10

• r = 1

• η ∈ {10−2, · · · , 104}

• T = 10000

All reported metrics are averaged over 20 independent random seeds, with standard deviations shown as shaded regions or
error bars.

L.2. Implementation Details and Reproducibility

To ensure reproducibility and bridge the gap between continuous bounds and discrete floating-point arithmetic, we detail our
experimental setup and numerical stabilizations (source code provided in the supplement).

Instance Generation. To ensure that the true preference matrix Θ⋆ rigorously satisfies the theoretical assumptions of
being low-rank, exactly skew-symmetric (Θ⋆ +Θ⊤

⋆ = 0), and bounded in norm, we construct it using its real spectral
decomposition. We first draw a Gaussian matrix G ∈ Rd×2r and compute its QR decomposition to obtain an orthonormal
basis matrix Q ∈ Rd×2r. We then construct a block-diagonal skew-symmetric core matrix B ∈ R2r×2r consisting of
r independent 2 × 2 blocks of the form

[
0 si

−si 0

]
, where the singular values si are sampled uniformly from [0.1, 1.0].

The unnormalized parameter matrix is assembled as Θ = QBQ⊤, guaranteeing an exact rank of 2r. We apply a minor
anti-symmetrization 1

2 (Θ−Θ⊤) solely to correct floating-point inaccuracies, and scale the matrix such that its Frobenius
norm is exactly ∥Θ⋆∥F = S.

Equiliibrium and Estimation Procedures. Both the base exploration policy π0 and the reference policy πref are initialized
as the uniform distribution over the K available items (π0 = πref = 1/K). Since our experiments focus on the reverse-KL
regularizer, the regularized game admits exact log-ratio coordinates, which allows us to compute equilibria utilizing SciPy’s
root function with the hybr method. Computing fixed points and log-likelihoods in extreme regimes (η ≫ 1) requires
specific numerical heuristics. Directly solving the fixed-point equation p = BRη(p)—where BRη denotes the regularized
best response operator against an opponent policy—is highly unstable in this low-temperature limit due to exponential
sensitivity. To address this, we employ an η-continuation (homotopy) method, sequentially solving the fixed point via
adaptively damped Mann iterations.

Numerical Stability and Reproducibility. We use several numerical safeguards to preserve stability. For preference
estimation, we utilize the Online Newton Step (ONS) algorithm to sequentially update the estimated parameter matrix,
alongside offline Maximum Likelihood Estimation (MLE). During these updates, inner products are clipped to [−50, 50]
to prevent exponential overflow in the link function, and the ONS logistic variance term (which acts as the Hessian
approximation) is strictly bounded to [10−6, 0.25] to prevent inverse covariance degeneracy.

All experiments were executed on standard consumer-grade CPU hardware without the need for hardware accelerators. The
complete evaluation suite, including the 20 independent random seeds across all dimension and regularization configura-
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tions, executes to completion within a few hours. Full code can be found in https://github.com/minju-hong/
online_rlhf_gbpm.git.

L.3. Main Results

We first plot the cumulative MBR-Reg for varying regularization strengths η. As illustrated in Figure 1, the regret tightly
fits a log T curve for small η and shifts to a

√
T curve for large η, corroborating the bounds established in Theorem 4.2.

To quantify this phase transition, we fit the empirical regret to both logarithmic and square-root models and plot the
goodness-of-fit (R2) in Figure 2. Equating the two upper bounds in Theorem 4.2 gives the theoretical crossover

ηcross(d, T ) =
κ1/2C

1/2
min

β

√
T

d2 log(T/d)
.

Thus, for η ≳ ηcross(d, T ), the
√
T term is selected by the minimum, whereas for η ≲ ηcross(d, T ), the logarithmic term

is selected. Ignoring constants and the mild logarithmic dependence, this threshold scales as d−2
√
T when Cmin is held

fixed. Accordingly, increasing the dimension from d = 5 to d = 10 shifts the predicted crossover toward smaller η, up to
the dependence of Cmin on d.

Finally, we show the cumulative regret at T = 104 scaling with respect to η (Figure 3). The regret initially grows linearly
but strictly plateaus in the large-η regime, perfectly matching the behavior of our unified min(·, ·) bound.
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Figure 1. MBR Regret Trajectories.
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Figure 2. Crossover Point Analysis.
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Figure 3. Final Regret Scaling.
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M. Future Directions
Relaxing the Feature Diversity Assumption. Our current regret bounds rely on the feature diversity assumption
(Assumption 4.1), characterized by the minimum eigenvalue Cmin. While this assumption is standard in the contextual
bandits literature that involves either greedy sampling (e.g., algorithms without sophisticated exploration strategies) or
high dimensions, it may still be restrictive for general RLHF applications. Recent works have investigated minimal
assumptions required for greedy strategies, such as the local anti-concentration (LAC) property proposed by Kim & Oh
(2024). Investigating the impact of such relaxed conditions on online RLHF with GBPM (e.g., whether we can still obtain
polylogarithmic regret with GS) remains an important open question.

Instance-Specific Guarantees for Unregularized Regret. While our work establishes Õ(
√
T ) guarantees for unregu-

larized regret (via Theorem 4.2), these bounds reflect worst-case hardness. For instance, Ito et al. (2025) demonstrated
that in tabular games with bandit feedback, the Nash regret for the Tsallis-INF algorithm (Tsallis, 1988; Abernethy et al.,
2015; Zimmert & Seldin, 2021) scales with the “sparsity” or “entropy” of the NE set, potentially achieving logarithmic
regret O(log T ) when the NE is unique and deterministic (a pure strategy), and even rates of the form O(T c) for some
c ∈ (0, 1), depending on the geometry of the set of Nash Equilibria. Adapting such instance-dependent guarantees to the
contextual GBPM setting is non-trivial, even when the link function µ is linear. Recent advances in “Best-of-Both-Worlds”
algorithms for linear contextual bandits (Kuroki et al., 2024; Kato & Ito, 2025) may provide a promising starting point.

Computationally Efficient Algorithms. Our current theoretical framework assumes access to a computational oracle
for finding the NE (Oracle 3), which may be computationally expensive in practice. Developing efficient variants of our
algorithms is a practical priority. Promising approaches include leveraging online estimation techniques such as Online
Mirror Descent (OMD) (Zhang et al., 2025c), minimax optimization techniques such as optimistic OMD (Rakhlin &
Sridharan, 2013a; Syrgkanis et al., 2015; Zhang et al., 2025a), or reductions to offline/online regression oracles (Foster &
Rakhlin, 2020).
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