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Abstract

In this work, a tensor completion problem
is studied, which aims to perfectly recover
the tensor from partial observations. The ex-
isting theoretical guarantee requires the in-
volved transform to be orthogonal, which
hinders its applications. In this paper, jump-
ing out of the constraints of isotropy and in-
vertibility for the first time, the theoretical
guarantee of exact tensor completion with
arbitrary linear transforms is established by
directly operating the tensors in the trans-
form domain. With the enriched choices of
transforms, we theoretically disclose why slim
transforms outperform their square counter-
parts, providing support for existing works on
experimental excellence of slim transforms.
Our model and analysis greatly enhance the
flexibility of tensor completion, supported by
extensive experimental results.

1 INTRODUCTION

Tensors, or multidimensional arrays, are data
structures extensively applied in computer vision
(Panagakis et al., 2021), signal processing (Sidiropou-
los et al., 2017) and machine learning (Stephan et al.,
2017).  With the volume ever-growing, a substan-
tial proportion of data inherently possesses a multiway
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nature, e.g., RGB/RGB-D/multispectral data (Zhao
et al., 2024), light field images (He et al., 2024), med-
ical images (Yin, 2018), network traffic flow (Li et al.,
2023), etc., which leads us to organize them into ten-
sors and enables efficient compression, transmission
and recovery(Kolda and Bader, 2009).

Commonly, it is not easy to satisfactorily compress or
recover a tensor without any prior information. How-
ever, a specific property or prior of tensors that sheds
light on tensor processing is the low-rank property.
Enjoying the analogy with matrices (De Lathauwer
and De Moor, 1998), it is conceivable that low-rank
tensors will have great advantages being represented,
compressed, or recovered.

Unfortunately, unlike the matrix case, in which the
rank-related theory has been well established, low-
rank tensors can be unexpectedly difficult to iden-
tify since the concept “rank” is not well-defined for
tensors. Over the past decades, several definitions
of tensor ranks have been proposed, each with its
limitations. For instance, the well-known CP rank
(Kolda and Bader, 2009) encounters numerical prob-
lems and has no tractable convex relaxation, i.e., nu-
clear norm, which is a useful tool powered by convex
optimization and has proven its success in matrix re-
covery(Chen et al., 2013), matrix completion (Candés
and Tao, 2010) and robust principle component analy-
sis (RPCA) (Candeés et al., 2011). Another category of
definitions stems from the tensor multilinear rank, in
which the rank of tensor X is a vector with each entry
being the rank of a specified unfolding of X. Tensor
decompositions possessing such a multilinear rank in-
clude Tucker (Liu et al., 2013), tensor train (Oseledets,
2011), tensor ring (Zhao et al., 2016), and the fully-
connected tensor network (Zheng et al., 2021). How-
ever, these decompositions are all sub-optimal (Mu
et al., 2014) and their completion guarantees are worse
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than the matrix completion approach. !

In recent years, leveraging the tensor-tensor product
and tensor singular value decomposition (t-SVD), a
new tensor rank, i.e., tensor tubal rank is developed
for 3-order tensors (Zhang and Aeron, 2017) and can
be extended to high order cases (Qin et al., 2022). By
viewing tensor fibers of the third dimension as tubes, a
crucial concept in the methods using t-SVD is the ap-
plied transform. A good transform should strengthen
the low-rankness of the tensors, i.e., making the tensor
more favorable for recovering in the transform domain
than in the original domain. First, in (Zhang and
Aeron, 2017), the tensor nuclear norm (TNN) is in-
duced by discrete Fourier transform (DFT). Equipped
with TNN, tensor completion and tensor RPCA (Lu
et al., 2020) enjoy the exact recovery guarantee. Fur-
ther, by extending DFT to any invertible orthogonal
transform L and encapsulating L(-) into the induced
tensor-tensor product xr,, the exact recovery can still
be guaranteed with enriched choices of the transforms
(Lu et al., 2019; Lu, 2021).

However, increasing experimental phenomena from re-
cent works (Jiang et al., 2020; Wang et al., 2021; Luo
et al., 2022; Jiang et al., 2023) indicate that compared
to the square orthogonal transforms, “slim” and non-
invertible transforms that map the original tensor into
bigger transform domains can achieve better recovery
accuracy and flexibility (some of the transforms are
self-adaptive) in tensor-related tasks. Unfortunately,
the existing theoretical result requires isotropy and in-
vertibility (both are properties of orthogonal /unitary
transforms), thus fails to guarantee the recovery un-
der these non-invertible transforms. Moreover, the de-
termination of the transforms is empirical and lacks
theoretical justification as to why slim transforms are
better. This work remedies both of these problems.

In this paper, we studies the problem of tensor com-
pletion, a fundamental task that plays a crucial role in
various applications such as data impainting, reducing
transmission bandwidth, and reliable data compres-
sion (Song et al., 2019). Corresponding to the afore-
mentioned existing works, our main contributions are
as follows:

e Jumping out of the constraints of isotropy and
invertibility, we prove that exact tensor comple-
tion can be achieved with arbitrary linear trans-
forms (Theorem 3.4) at a near-optimal sampling
rate, which provides theoretical support for these
empirical works. To that aim, different from ex-

'To better see this, consider that in building exact com-
pletion bounds for these tensor decompositions, all matrix
unfoldings must be exactly completed. However, using the
matrix completion framework, completing only one of these
unfoldings will suffice.

isting proofs (Zhang and Aeron, 2017; Lu et al.,
2019), we develop a set of tensor operators that
directly work on the transform domain, removing
the redundant domain transition (Section 2).

e Among the enriched choices of the transforms that
enjoy the exact completion guarantee, our results
theoretically show why slim transforms outper-
form square transforms by showing a sampling
rate reduction (Theorem 3.7, and full analysis in
Appendix E), supporting the existing experimen-
tal phenomena (Jiang et al., 2020; Wang et al.,
2021; Luo et al., 2022; Jiang et al., 2023).

e We specifically explored the cascaded transform
family, showing that such simple yet effective de-
signs can achieve comparable performances to the
widely-used FTNN method through extensive ex-
periments on random data and visual data.

Our proof of the main theorem is completely new and
challenging, as the operators are mingled with the
transform T (see Section 3.4 for detailed explanation).
Since we require neither isotropy nor invertibility upon
the linear transform, our model and proof are appli-
cable to much more general transforms. Furthermore,
the ingredients in our proof can be readily applied to
other tensor related tasks, such as tensor recovery from
linear transforms and tensor RPCA. Substantial ex-
periments on random data and visual data validate
the superiority of the proposed method.

2 DEFINE TENSOR OPERATORS
ON THE TRANSFORM DOMAIN

In this section, we first introduce notations used
throughout the paper. Then we show the difficul-
ties encountered using existing definitions (Zhang and
Aeron, 2017; Lu et al., 2019), which inspire us to work
directly in the transform domain. 2

Notations Lowercase letters (e.g. a) denote scalars;
their boldface versions (e.g. a) denote vectors. Matri-
ces and tensors are denoted by capital boldface letters
(e.g. A) and calligraphic letters (e.g. A), respectively.
()T, ()" and (-)' denote transpose, adjoint /Hermitian
transpose and pseudo-inverse, respectively. For in-
dexing vectors, matrices, and tensors, we use A;;j or
A(i, j, k) to denote the (i, j, k)th entry of A and use :
to represent a full selection in the corresponding mode.

(,-) denotes the inner product. || - ||r, || - |loo
stand for the Frobenius and infinity norm of vec-
tors/matrices/tensors, respectively. || - ||/ - |lop stands

2Throughout this paper, we consider 3-order tensor,
as t-SVD type methods are proposed for 3-order tensors.
However, our model and proof can be readily extended
to handle higher order tensors, using the extension “high-
order t-SVD” proposed in (Qin et al., 2022).



for spectral /operator norm (induced by || - || in both
domains unless specified). || - ||« is the nuclear norm.
I lis2, ]| - l2soo are the largest 5 norm of the
matrix/tensor columns and rows, respectively, and
|- ooz = max(]] - llusa || - llsor)- Ber(p) denotes
Bernoulli sampling with rate p. By with high prob-
ability (w.h.p.), we mean with probability at least
1—c (n1 —l—ng)_@, where cq, ¢ are universal constants.

For operators, x3 denotes the mode-3 product.
vec(-),bdiag(-) and fold(-) denote vectorization, or-
ganizing the frontal slices of a tensor into a block
diagonal matrix and its inverse operation, respec-
tively.  Omax(*)/0min(-) stands for taking the maxi-
mum /minimum singular value of a matrix. (A)y de-
notes taking the maximum of 0 and each entry of A.
x V y means taking the larger of x,y.

2.1 Difficulties Encountered with Existing
Definitions

Assume an arbitrary linear transform 7'(-) is given
by T € CMe*ne and T(A) = A x3 T for A €
Crmixn2Xns et us first attempt to use the transform-
induced tensor-tensor product xt to define tensor nu-
clear norm following the methodology in (Lu et al.,
2019). With transform-induced *r and subsequent
t-SVD. One can define the tensor spectral norm as
4|l := ||lpdiag(T(A))| for a tensor A. It is tempting
to define the tensor nuclear norm as the dual of the
tensor spectral norm, still following (Lu et al., 2019):

HAH* ‘= sup <A7B> = sup <A76>

IBll<1 l[baiag(T(B))[I<1

Now the problem of losing the norm-preserving prop-
erty occurs since VA, B, (A, B) = (T(A), T(B)) holds
only when T is orthogonal /unitary (or with some con-
stant [). Therefore, although such a manner of defini-
tion that wraps the transform into the element-element
operation does bring convenience and elegance in form,
the ability for generalization is hindered. In this paper,
we show that the operations to push tensors from the
orginal domain to the transform domain and the pull-
back can be redundant, i.e., tensors can be directly
operated in the transform domain. To this aim, tensor
operators without the transform involved are defined
in the remainder of this section.

2.2 Tensor Operators Defined Directly on
the Transform Domain

First, we introduce the tensor-tensor product defined
directly on the transform domain.

Definition 2.1 (Tensor-tensor product). * For two
tensors A € Cmxn2xns B ¢ Cn2XIXns  tensor-tensor

3Such slice-wise operation has also appeared in (Kern-
feld et al., 2015). However, the purposes differ greatly:
(Kernfeld et al., 2015) defines "face-wise product" for the
convenience of tensor product whereas it still operates the

product between A and B is denoted as C = A% B €
Crxxns - guch that C(:,: k) = A, k)B(:, 5 k), k =
1, c..,N3.

It is evident that such tensor-tensor product is simply
the matrix-matrix product on each frontal slice thus a
few relative definitions can be given as expected.

Definition 2.2 (Tensor (conjugate) transpose).
Given a tensor A4 € C"*"2X"3 the tensor transpose
AT € Cn2xmixns can be defined following AT (:,:, k) =
[A(:,:, k)]T. The tensor conjugate transpose A can
be defined as A"(:,:, k) = [A(:, :, k)]H.

Definition 2.3 (Identity tensor). The identity ten-
sor Z € C™*™xns jg defined such that each frontal
slice of 7 is an identity matrix I € C"1>"1,

Definition 2.4 (Unitary tensor). A tensor U €
Cr1*mxns ig called unitary if U xUT = T.

Definition 2.5 (T-SVD). Tensor SVD (t-SVD) of
A € Cmxm2xn3ig performing matrix SVD for each
frontal slice of A. The process of computing t-SVD
is given in Algorithm 1.

Algorithm 1 T-SVD

Input: A € Crr1xn2xns
Output: U € Curxmxns § ¢ Cmxn2xns’y ¢
(Cn2><n2><n3
for k =1 to n3 do
[U,S, V] =SVD(A(:,:, k));
UGy k) =U,80,5k) =S, V(0 k) =V,
end for

After performing t-SVD defined as above, one can ver-
ify that U,V decomposed are both unitary according
to Definition 2.4.

With t-SVD, we are ready to further define the tensor
rank and the tensor spectral norm.

Definition 2.6 (Tensor tubal rank). For A €
Craxn2xns with t-SVD A = U « S x V| the tensor
tubal rank of A is defined as the number of nonzero
tubes of S, i.e., rank(A) = #{i,S(4,1,:) # 0}.

Sharing the analogy with matrices, we also have skinny
t-SVD as A = U, x S, » VI with U, € Cr1xrxns S, ¢
Crxrxms ), € C"2*"*n"s where r = rank(A). Since
the skinny t-SVD explicitly unveils the subspace of A,
we use it when referring to “t-SVD” throughout the
paper.

Definition 2.7 (Tensor spectral norm). For a ten-
sor A € Cm>xm2Xns with t-SVD A = U S » VI, the
tensor spectral norm is the maximum value of S, i.e.,

||A|| = max; 5(7’7 i7 k)

tensors in the original domain (please see its Definition 4.2
and Algorithm 2, 3). While in this work, tensors are di-
rectly operated in the transform domain.



Exact Tensor Completion Beyond Isotropy and Invertibility

It can be verified that the tensor spectral norm of A in
Definition 2.7 is the operator norm induced by Frobe-
nius norm in both domains as we treat “A = (-)” as
an operator and use the fact that the matrix operator
norm is the matrix spectral norm.

Now we can define the tensor nuclear norm as the dual

norm of the tensor spectral norm:*

Definition 2.8 (Tensor nuclear norm). For a
tensor A € CM*m2X"3 with t-SVD A = U xS %
VH the tensor nuclear norm is defined as || A|. =

EZL Z::l S(ia i7 k)

3 EXACT COMPLETION GUARA-
NTEE WITH ARBITRARY
LINEAR TRANSFORMS

Equipped with tools directly built on the transform
domain, we now consider completing a tensor with an
arbitrary linear transform. In this section, under cer-
tain tensor incoherence conditions, a theoretical guar-
antee to achieve exact tensor completion with arbi-
trary linear transforms is established. Furthermore,
we show why slim transforms outperform their square
counterparts, providing theoretical justification for re-
cent emerging experimental works.

3.1 The Optimization Program

The program we consider can be expressed as
m/g}nHT(X)H* s.t. Sa(X) = Sa(M), 1

where T : C™ — C™ is a linear injection, T(X) =
X x3T, T € CNoxns, X M € CXn2Xn3 Sq is a
sampling operator with @ ~ Ber(p). [Sa(X)]ijx =
Xijk, (4,7,k) € Q and equaling 0 elsewhere. When T
is the discrete Fourier transform (DFT), Program 1
regresses to the optimization problem considered in
existing TNN works such as(Zhang and Aeron, 2017).

Program 1 can be solved by the standard ADMM
framework, with details provided in Appendix F.

Program 1 is motivated by a natural idea: we wish
to recover tensor X from partial observations 2 (of-
ten containing a small fraction of entries), while the
intrinsic low-rank property of X itself might not be
significant enough. Thus, we seek to minimize its nu-
clear norm in the transform domain characterized by
a transform T. Obviously, the transform T plays a
direct and crucial role in the success of the comple-
tion. Initially, this is only considered in the context of
DFT representing the idea that convolution can well
capture the structure along the third mode of the vi-
sual data (Zhang and Aeron, 2017). The transform is

4One can verify that the tensor nuclear norm that fol-
lows Definition 2.8 is indeed the dual norm of the tensor
spectral norm.

further generalized to any invertible orthogonal trans-
forms, e.g. discrete cosine transform (DCT) and dis-
crete sine transform (DST), while still maintaining the
exact recovery guarantee (Lu et al., 2019).

However, the requirements on invertibility and orthog-
onality limit our choices of transforms. It has been
shown that the low-rank property might become more
pronounced when the transform maps & into a larger
space, which is not invertible (N3 > n3) (Jiang et al.,
2020; Luo et al., 2022; Jiang et al., 2023). Thus, a re-
covery guarantee overcoming the limitations imposed
by isotropy and invertibility is desired, which is an-
swered in the next two subsections.

3.2 Tensor Incoherence Conditions

To establish such a guarantee, we need tensor incoher-
ence conditions. First, the tensor bases in the trans-
form domain are introduced:

Definition 3.1 (Tensor basis). We denote & €
Cmi*1xNs a5 the tensor column basis with &;(4,1,:) = 1
and equalling 0 elsewhere. @H € C'*m2xNs denotes
the tensor row basis with SJH(L]', :) = 1 and equalling
0 elsewhere. The tensor frontal slice basis is denoted
by ¢ € CY*1*"s with (,(1,1,k) = 1 and equalling 0
elsewhere. Figure 1 provides an illustration.

/)
/ o [ £ // //

Figure 1: Tensor Basis &;, (, and EJH from Left to Right:
The red cubes represent 1 and rest represent 0.

To ensure the energy of the singular tensors is suffi-
ciently spread, we need the following tensor incoher-
ence conditions:

Definition 3.2 (Tensor incoherence conditions).

Let T(X) = U xS V. We say that Program 1
satisfies tensor incoherence condition with parameters
@ > 0,v > 0 if it holds that

N.
max ||LIH*§,-||F < ’/Lﬂ 3
i ni

2
7N
max [Vl < /B2
J no
vr
max U™ x & x T(G)lle < /=T ]12
ik ni
vr
max [V &5+ T(G)|lp < 4/ — Tz
Jk n2 3

max U™ &« (G le < /25Tl
(3 1

max [V % &% T(¢h)llp < (/- T,
jk n2

where T = (TT)H. Parameters y, v reflect the energy
distribution of the singular tensors of T'(X): When



the energy of U(:,:, k), V(:,:, k) is most uniformly dis-
tributed, w,r have the minimum values of 1; When
U(:,:, k) or V(:,:, k)) contains an identity matrix, u,v
have the maximum values of 7%, %2, respectively.
Remark 3.3. When T is orthogonal, 3 reduces to (14)
and (15) in (Lu, 2021). Also (Lu, 2021) states that if
letting 1 = v, 3 can be derived from 2, which means
that 2 is stronger and only one set of incoherence con-
ditions is needed. In fact, p = v does not necessarily
hold. Thus for the precision of our model and proof,
we keep both incoherence conditions.

3.3 Exact Completion Guarantee

Now we give the exact tensor completion guarantee
with arbitrary linear transforms:

Theorem 3.4. Suppose (X, T) satisfies 2-3 with
v > 0, = max(u,v),” then there exist constants
co, 1,2 > 0 such that if

p 2co(v*(T) + p*(T))-
)\T‘(Tll + TLQ)

log?(~(T N. 4
. og” (7(T)(n1 + n2)N3),

then X is the unique optimal solution to 1 with
probability at least 1 — c1((n1 + n2)N3)~2, where
1T) = max{og,.(T),1/00;,(T)} and p(T) =
N3 max([[T|%, [|'T7Z,). ©

Remark 3.5 (Consistency with the existing TNN
result). It can be readily checked that when T is the
DFT matrix’, 2 is the same as 3. Since for DFT,
N3 = n3,k(T) = 1,p(T) = 1, Theorem 3.4 regresses
to the existing TNN result.

Remark 3.6 (How to design T according to The-
orem 3.4). From the perspective of minimizing p, if
k(T) and p(T) take smaller values, then T is a good
measurement matrix (condition number close to 1 and
energy uniformly distributed). However, the presence
of incoherence parameter A makes the optimal T data-
dependent and thus coupled in a complex way. Al-
though some experiment results are provided, the de-
sign of the optimal transform is outside the scope of
this work.

The bound given in Theorem 3.4 is order-wise opti-
mal, neglecting the logarithmic factor, since a rank-r
tensor already has r(ny + ne)Ns degrees of freedom.
Theorem 3.4 is applicable to arbitrary transforms over-
coming requirements on isotropy or invertibility. It

®Please note that u,v and A depend on (X, T).

64(T) is a parameter that reflects the spectral distor-
tion of T. A perhaps more familiar related quantity is the
condition number £(T) = omax(T)/omin(T). In fact, for
any T under consideration, there exists ¢ > 0 such that
¥(cT) = k(T) = (cT).

"The DFT matrix referred to here is with a normalizing

1
arameter ———.
p /i

provides a theoretical guarantee for transforms such
as wavelet, Framelet, or data-driven types and greatly
enhances the flexibility of the transformed tensor com-
pletion model.

3.4 Roadmap and Main Challenges of the
Proof

The high-level roadmap of the proof of Theorem 3.4
is to leverage the power of convex optimization. First,
a dual certificate is assumed to have been constructed
successfully and we need to prove that with this dual
certificate, Program 1 has the unique optimal solu-
tion and & is completed exactly. This step is given
by Proposition A.1. Second, with the tensor incoher-
ence conditions, it suffices to construct such certificate
satisfying subgradient conditions, which is given by
Proposition A.3. Combining these two propositions
completes the proof of Theorem 3.4.

It is worth noting that the proof of Theorem 3.4 is
challenging. Firstly, the proof framework is differ-
ent. Existing definitions of transform-involved tensor-
tensor product, t-SVD and tensor nuclear norm in
existing works cannot be utilized in our case, which
makes us turn to work directly in the transform do-
main. Secondly, to the best of our knowledge, the
proof of subgradient optimality conditions (Proposi-
tion A.1) which requires a case-by-case analysis, is
new in the problem of tensor completion. The proof
of this proposition is inspired by (Lee et al., 2018),
which aims to recover 1-D data sparse in the trans-
form domain. By noticing the analogy among 1-D
sparse signal, 2-D low rank matrices and 3-D low rank
tensors, we complete the proof of Proposition A.l.
Thirdly, the construction of dual certificate requires
the establishment of three norm-controlling lemmas
(Lemma A.5, A.6, A.7), in which the operator is min-
gled with the transform T. Bounding Norms such as
[Ps TP T P, [ITHU * V1)|loc, and |[P5 T(esjn) |2
that have not shown up in existing proofs have brought
new challenges. Details are in Appendix A.

3.5 Why Slim Transforms Are Better?

Previous works (Jiang et al., 2020, 2023; Luo et al.,
2022) give an intuitive explanation that slim trans-
forms can induce redundancy and achieve a better low-
rank representation in the transform domain, but no
theoretical justification is provided. Here, we present
a conditional theorem that theoretically demonstrates
the superiority of slim transforms.

From our proof, it can be observed that the sampling
rate p to achieve perfect completion is proportional
to two energy terms: F; = max;;r{||PsT(eijr)|E V
IPsT (eijn) I3}, Bz = maxijy | TTPsT (eyjn )|l Let us
use a special class of slim transforms, i.e., combina-
tional transforms to see how the value of N3 impacts
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Figure 2: Empirical Cumulative Distribution of Two
Energy Terms: Note that although the bound is given
by max{-}, the distribution plays an important role.

First, we analyze E;. Consider that our slim trans-
form T, is formed by concatenating a list of square

balanced transforms as T. = ﬁ[Trlr,T;f7 I

where the normalizier ﬁ is to ensure that the
combined T, is also balanced. Since the tensor-tensor
product is operated slice-wise, the following rela-
tions can be acquired: V i, k, |[|[PsTclein)lp =
mean{||PsTr, (eij0)[|7}, IPsTe(esjn) 13 =
mean{||PsT,,(e;jx)||2}, which means that the
two norms in F; of the slim transform T, are
averaged by those of its components. After taking

the maximum w.r.t. i,7j,k, it becomes an inequality:
E1(T,) < mean{FE;(T,,)}."

However, the relations become different when an-
alyzing E5 due to TCTPSTC(eijk). One observes
that: V4,7, k, TZPSTC(eZ-jk) = mean(T;fnPSTm(eijk)),
which means, instead of the energy, the (entries of)
tensors themselves are the mean of the components.
If we assume entries in T PsT,,(e;j5) are iid.,
Central Limit Theorem implies that the energy of

8There are other terms that affect p. The formulations
and analysis of them are similar to £1 and F2. Please find
a complete analysis in Appendix E.

9This inequality will be observed in Figure 11a in Ap-
pendix E.

T! PsT,, (i) is shrunken compared to the energy of
each of its components, granting slim transforms the
advantage over square ones as stated in the following
theorem:

Theorem 3.7. If the sampling rate p satisfies 87, 89,
92, 93, then the application of the combinational slim
transform T, requires a smaller minimum sampling
rate p than square transforms T,,. Specifically, denot-
ing the minimum sampling rate using T. as p. and the
minimum sampling rate using T,, as pm, we have

DPec E2(Tc)
o~ BT, ’

It is challenging to unconditionally remove the as-
sumptions in the above theorem. Nonetheless, these
assumptions are validated by experiments shown in
Figure 2 (with additional results in Figure 11). In
particular, the energy terms in 87, 89, 92, 93, are all
of Fi-type, which are not proportional to the mini-
mum sampling rate p. and p,, according to Figure 2
and Figure 11. Therefore, 87, 89, 92, 93, are already
satisfied near the minimum sampling rate. The proof
of Theorem 3.7 is provided in Appendix E.

The ratio p./pm in the above theorem quantifies the
improvement due to using slim transforms. This ratio
corresponds to a decrease in the sampling rate by a
factor close to nz/Ns.

4 EXPERIMENTS

Numerical experiments are first conducted on random
data to study the completion phenomena and then ap-
plication to visual data impainting is considered.'?.

4.1 Exact Completion of Random Tensors

First, we examine the completion behaviors of Pro-
gram 1 with rank(M) and sampling rate p both vary-
ing, to support Theorem 3.4. To that goal, we need to
generate random tensors T'(M) with specified tubal
rank r. Such generation of M is not that trivial since
the randomly generated T(M) € Cm1*"2xNs with a
tubal rank might not have preimage M € Cnixn2xns
when T'(-) is not bijection (N3 > ng). Thus, to gen-
erate random tensors M satisfying T (M) = r, we de-
sign an alternating projection algorithm to iteratively
project a randomly initialized tensor onto the target
manifold. Elaborate explanation and corresponding
algorithm (Algorithm 4) are provided in Appendix G.
Using Algorithm 4, we generate M € C™*™2%"3 with
ny = ng = 50,n3 = 20 and N3 = {20,40}. We have
tested two types of T: DFT and random unitary trans-
form (RUT), using the first n3 columns when N3 > ng.

0The source codes can be found at
https://github.com/vecevecev/transformed TNN
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Figure 3: Exact Completion with Varying Rank (x-axis) and Sampling Rate (y-axis): The white cube denotes
all failure and the green/black cube denotes all success (in 10 trials of Monte Carlo experiments). The black
cubes stand for overlapping performance region of (1) and (2), and the green cubes stand for the performance

gain of (2) over (1) in each subfigure.
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(a) Comparing Performances of (1) Orthogonal Transform
(RUT1, N3 = ng), and (2) Slim Transform (RUT1-RUT2 Com-
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(b) Comparing Performances of (1) Orthogonal Transform
(RUT2, N3 = ng3), and (2) Slim Transform (RUT1-RUT2 Com-
bined, N3 = 2ng3)

Figure 4: Exact Completion with Varying
Rank(71(X)) (z-axis), Rank(T2(X)) (y-axis) and
Sampling Rate (x-axis): Black cubes stand for over-
lapping parts. Green cubes stand for the performance
gain of the combined transform over RUT1 and
RUT2. Magenta cubes stand for the region that
RUT1 or RUT2 outperforms the combined transform.

We have also conducted experiments to see the influ-
ence of k(T), in which the singular values of the gener-
ated RUT are randomly set between [0.5, 2], resulting
v(T)(k(T)) ~ 4''. The sampling rate (SR) is set as
p = [0.05 : 0.05 : 0.95] and rank(M) = [2 : 2 : 50].
We conducted 10 test cases for each (r,p) and in
each case if |X — M|g/[|X|r < 1072 we deem X
completed successfully. The parameters are set as
ag = 1072, apayx = 105, p = 1.02 and the ADMM al-
gorithm terminates when max(||X? — XY, ||Vt —
P ooy | T(XE) — T(X D)) < 1010,

The performances of each transform are provided in
Figure 6 in Appendix D. Here, we superimpose the
first and the second row of Figure 6 for clearer com-
parison, as shown in Figure 3. From Figure 6, it can
be observed that the completion behaviors are alike
among different types of T and different N3, all show-
ing a region of exact completion in all cases which
supports Theorem 3.4. From Figure 3a and Figure
3b, it can also be observed that, with the same tubal
ranks, slim transforms that map X into higher di-
mensional space outperforms their counterparts, which
validates the advantage of such non-invertible trans-
forms. Additionally, from Figure 3¢, the transform
with 4(T)(x(T)) = 1 exhibits better recovery efficacy
than the transform with «(T) & 4, also supporting
Theorem 3.4.

Such non-invertible slim transforms can provide more
information since more prior knowledge of X is avail-
able. To illustrate this, consider two transforms T,
and Ts. We generate X' by Algorithm 4 to satisfy
rank(71 (X)) = r; and rank(T%(X)) = ry. Since
T, and Ty provide information of X from differ-
ent domains, the concatenated slim transform Tj =

"Gince the singular values are random from [0.5,2], in
some test cases x(T) and v(T) are a bit smaller than 4.
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[TT, T3] ensembles richer information than its indi-
vidual components. We set T; and Ts as two RUTs,
the slim T3 is cascaded as T3 = \/LE[T?,T;]T with
ri,72 = [1 : 12], p = [0.1 : 0.025 : 0.8] and plot 3D
phase graphs shown in Figure 4.

It can be observed from Figure 4 (the unimposed ver-
sion is included in Appendix D as Figure 7) that: 1)
As expected, the performance of Ty (T2) basically re-
mains fixed with 7o (r1) varying; 2) As shown in Figure
4a and Figure 4b, though the tubal rank of T3(X)
has not decreased (rank(7T3(X)) = rank(Ty(X)) V
rank(72(X))), compared to using T;/T5 only, the ex-
act completion region is enlarged giving credit to the
utilization of the additional information provided by
another transform. Such a simple and natural combi-
national design of transform T'(-) provides a perspec-
tive of understanding why slim transforms may have
better performances.

4.2 Application to Visual Data Inpainting

We conduct experiments on visual data. Since the
experimental superiorty of slim transforms have been
sufficiently validated in works like (Jiang et al., 2020;
Luo et al., 2022), we focus on studying the impacts
of different transforms and have not included methods
with different tensor structures and assumptions, such
as CP, Tucker, tensor ring, etc.. Readers can refer to
these works for such comparisons. Additional experi-
ment results are in Appendix D.

The transforms used for comparison include n3 X ns
DFT, i.e., TNN, n3 x ng DCT, the first nz columns of
N3 x N3 DFT matrix and DCT matrix with N3 =
2n3 (DFT2, DCT2), DFT/DCT cantencated trans-
form (DFT-DCT), discrete Walsh-Hadamard trans-
form (DWHT) and Framelet (FTNN) (Jiang et al.,
2020) with piecewise cubic B-spline and decompo-
sition level I = 4. The ADMM parameters are
ag = 1072, amax = 1067p = 1.2 and the algo-
rithm terminates when max(||&? — X1, |V —
VL I T(AY) — T Y) < 1079 (10 for
Framelet).

4.2.1 MSI Data

We first apply our model on MSI data, of which the
third dimension contains rich spectrum information.
Each MSI is of size 512 x 512 x 31 (height x width x
band). The methods are tested on MSI “super balls”,
“cloth”, “stuffed toys”, “photo and face”, “oil painting”
and “clay”. The evaluation metrics adopted are the
peak signal-to-noise ratio (PSNR) and the structural

similarity index measure (SSIM).

The top half of Table 1 shows the average PSNR and
SSIM value on MSI data for SR= 0.05,0.1,0.15. '2

12The experiment results are stable, shown by statistical
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Figure 5: The PSNR (left) and SSIM (right) results
on MSI Data with SR=0.05.

Figure 5 lists the indicators for each MSI. It is ob-
servable that the non-invertible slim transforms, i.e.,
DFT2 and DCT2, outperform their square counter-
parts from which they originate. The Framelet trans-
form and DFT-DCT achieve the best and the second
best results, both being slim (the Framelet transform
is slimmer as we set | = 4). It is worth noting that
the recovery performance of DFT-DCT is quite satis-
factory by further considering that such design is sim-
ple and relatively efficient (the dimension is only dou-
bled after the transform). Naturally more transforms
could be included and each of them provides informa-
tion about the original data from a different domain,
which reflects the idea of ensemble learning or infor-
mation fusion. Please find more experiment results in
Appendix D (indicators in Figure 5, visual recovery
results in Figure 9).

4.2.2 Video Data

In this experiment, the application of video data re-
covery is considered. The momentum of applying
tensor-based modeling is that the frames of video data
are correlated and can be viewed as the third dimen-

sion of tensors. The test videos include “bus”, “car-
phone”, “foreman”,

”. “miss”, “coastguard”, “news”; “soc-
cer’, “suzie” and “trevor”. Contents of these videos
contain cars, boats, rivers, and humans of different
resolutions. Also, both static and dynamic scenes oc-
cur in these test videos. The assessment criteria are
the mean PSNR and the mean SSIM of all frames.

The average mPSNR and mSSIM values are given by

test results in Appendix D.



Table 1: The Average Performances on MSI And Video Data: The best and the second best results are highlighted

by bolder and italic fonts, respectively.

Data SR DWHT DFT DFT?2 DCT DCT2 DFT-DCT Framelet
0.05 31.147/0.826 31.959/0.847 32.578/0.875 33.008/0.872 33.352/0.891 33.777/0.894 34.292/0.915

MSL 01 35.683/0.919 37.021/0.937 37.453/0.949 38.153/0.951 38.228/0.956 88.793/0.959 39.192/0.968
0.15 38.175/0.948 39.774/0.963 40.243/0.971 40.942/0.972 40.902/0.974 41.488/0.976 41.889/0.981
0.05 23.168/0.605 23.147/0.585 23.832/0.650 23.392/0.595 24.166/0.661 24.086/0.653 24.539/0.701

Video 4795 733/0.710 25.738/0.686 26.607/0.753 25.960/0.694 26.839/0.757 26.743/0.749 27.226/0.787
0.15 27.087/0.760 27.190/0.741 28.126/0.802 27.404/0.747 28.297/0.803 28.198/0.797 28.715/0.831

the bottom half of Table 1 and specifically, the per-
formance indicators of each test video for SR = 0.05
are shown in Figure 8 in Appendix D. As can be ob-
served, the non-invertible slim transforms exhibit su-
perior performance among the videos containing differ-
ent contents and scenes, with a more obvious advan-
tage in mSSIM. More experiment results can be found
in Appendix D (Figure 8 and 10).

4.3 On the Performance-Cost Trade-off of
the Slim Transform

Here we provide a trade-off analysis on the slimness
parameter, i.e., N3/ng. Testing on MSI “stuffed toys”,
we fix the transform type to be Framelet and change
the level parameter to yield ablation on N3. For each
N3 /n3, we record the performances as well as the wall-
clock time and memory usage. The result is displayed
in Table 2.

Table 2: Trade-off Analysis.

Slimness

3 6 9 12
(N3/n3)
PSNR (dB) 25.85  30.48 33.77 32.81
SSIM 0.756  0.876 0.913 0.902
Wall-clock 282.0 816.1 1248.0 1677.7
time (sec)
Peak memory
usage (MB) 745.7 1490.9 2236.4 2981.8

As observed in Table 2, the performance improves
with N3/ng until N3/ng = 12, after which it
drops due to the increase introduced by the log-
arithmic factor in the sampling-rate bound. The
wall-clock running time and memory usage grow
almost linearly with N3, which is consistent with
the complexity analysis in Appendix H of the
manuscript. Specifically, the computational complex-
ity is O (max(nhng) -min(ny,ng)? N3 + nlngngNg)
per-iteration for all transforms, and is therefore lin-
ear in N3. Thus, choosing N3/n3 within the range
[6,12] provides a good balance in this tradeoff.

On the other hand, the dominant cost arises from
the t-SVD operation, whose per-iteration complexity
is O (max(nl,ng) ~min(n1,n2)2N3). In practice, this
step is highly parallelizable: SVDs of all N3 slices can
be computed simultaneously since they are indepen-
dent. As a result, the additional running-time over-
head introduced by slim transforms can be largely mit-
igated.

5 CONCLUSION

In this work, the theoretical guarantee of exact tensor
completion with arbitrary linear transforms is estab-
lished by directly operating the tensors in the trans-
form domain. Breaking the constraints of isotropy and
invertibility, our model and proof greatly enhance the
flexibility of tensor completion. Moreover, we discloses
why slim transforms outperform their square counter-
parts theoretically, supporting recent emerging exper-
imental works. Extensive experiments validate the su-
periority of the proposed method.
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Appendices

The appendices are organized as follows: Appendix A contains the proof of the main theorem. Appendix B
proves three crucial lemmas and the energy terms are bounded in Appendix C. Additional experiment results are
in Appendix D. The complete analysis of the sampling rate is given in Appendix E. The algorithm for solving
Program 1 is provided in Appendix F. Methods of generating random tensors in Section 4.1 are given in Appendix
G. Limitations are in Appendix H.

A Proof of Theorem 3.4

The proof of Theorem 3.4 consists of the proofs of two propositions: the optimality condition (Proposition A.1)
and construct dual certificate (Proposition A.3). The latter further requires three norm bounding lemmas and
bounding the energy terms, which are contained in Appendix B and Appendix C.

A.1 Optimality Condition

Proposition A.1. Tensor X is the unique optimal solution to 1 if the following conditions hold:

1
|Ps TR TTPs — Ps TTPs|| < 3 6

where Rq = %SQ, S denotes the subspace spanned by singular tensors of T(X) =U xS VH:

S = {Z/[*FlHJrFQ*VH | Vl“l € C’I’LQXTXN;;’FQ 6(C’I’L1><T><N3}
Ps(Z2) =UUT* Z+ ZxV VI —UxUT % Z5V < VH
Psi(Z2)=Z2—Ps(2) = (T -UxUD)x Zx (T -V VH)

o Y e Cmxm2xNs gt

(TTT — TS THHY =0 7
H p
[Ps(Y) =UxV7||F < 8r(T) 8
1
Ps+ DIl = 5 9

A.2 Subgradient

Recall A.2 (Subgradient).

1. By convex optimization theory, A is in the subgradient set of || - || defined upon X iff VX',

120 > %ol + RIA, X — Xp).

2. the subgradient formulation of || - || is given as
Ac{UxVE+W [ U« W =0,WxV =0,|W| <1},

where U,V are the singular tensors of T(X).

A.3 Proof of Proposition A.1

Proof. The proof of this proposition is inspired by (Lee et al., 2018), which aims to recover 1-D data sparse in
the transform domain. By noticing the analogy among 1-D sparse signal, 2-D low rank matrices and 3-D low
rank tensors, the analysis in (Lee et al., 2018) can serve as guidance.
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First let us revisit the definition of subgradient in convex optimization and give the subgradient of the natural
tensor nuclear norm as Recall A.2.

Suppose H is a perturbation satisfying Sq(H) = 0, according to the fact that [[U; = V|| = 1, we have
IT(X +H) [ > (| T(X) |+ RU >V + UL VI T(H)), 10

where U,V are the singular tensors of T'(X), S is spanned by U,V and U,,V, are the singular tensors of

Ps. (T (H))-

Now continue to analyze the second term in the RHS of 10 and decompose it into three parts,

UV UL« VL TH)) = (Y, T(H)) + UL+ VE T(H)) — (Y — UV T(H)). 11

e First look into (Y, T(H)).

(Y, T(H))
=V, (T TTHT(H)) + YV, (TTT = TS T T(H)) + (Y, TSq TTT(H)), 12

Aq Az Az

which can also be trisected as:

=V, (T~ TTHTH)) = (¥, T(H) = T(H)) =0 (by T'T = 1), 13
= YV (TT' = TSqTHT(H)) = (TT' — TSoTHHY, T(H)) =0 (by 7), 14
= (V, TSqTT T(H)) = (¥, TSa(H)) = 0 (by Sa(H) = 0), 15

which combines for (¥, T(H)) = 0.
e For (U, = VI T(H)), we have
UL VI, T(H)) = UL * VI, Psi (T(H))) = | Ps (T(H)]« 16

e For (Y — U VY T(H)), an upper bound can be given:

(Y —UxV T(H))
=(Ps(Y —=U V"), T(H)) + (P51 (V), T(H)) — (Psr (U V"), T(H)) 17
<PV = U V)|lp - [Ps(T(H)) e + [Ps2 V) - [Ps2 (T(H)) ][+

In the last equation of 17, we use the Cauchy—Schwarz inequality and the dual definition of tensor spectral
norm 2.7 and tensor nuclear norm 2.8.

Plug 8 and 9 into 17, which yields

D
R —UVE, T(H)) < Sn(T)

Po(T(H)) s + 3 P (T(H))]. 18

Now 11 can be bounded as

RU VT + U+ VE, T(H)) > %”,PSL(T(/H))”* - [Ps(T(H))le- 19

_P
8k(T)
Here the proof is furthered by a case-by-case analysis:

1. case 1 5|[Ps(T(H))|l > gy IPs(T(H)) I

In this case,
IT(X +H) | = 1 T(X)]- = RU* VT + UL« VT, T(H))

> SIPa (TR — gt PR e >0



2. case 2 L|Ps (T(O). < 525 IPs(T(H)) s
We show that in this complementary case, H = 0. First, So(H) =0 = (SqTIT)(H) =0 = (TR T +
T — TTT)T(H) = 0. Thus we have
0= (Ps(T(H).(TRaT' + I — TTHPs(T(H)))
B
+ (Ps(T(H)), (TR T — TT)Ps1 (T(H))) -

B>

|By| = |(Ps(T(H)), Ps(T(H))) + (Ps(T(H)), (TR T — TT)Ps(T(H))|
> (1— |PsTRQTTPs — PsTTPs]|) - || Ps(T(H))| 20

> %HPS(T(H))H% (by 6)

Using the submultiplicative property of operator norm,

I TRAT! — 7T < T [ Re ~ 7] - 7 < LT, 21
which gives
Bal < S ps(T ()l P (TG e 2
Thus we have
0= By + Ba| > |B1| — | B2
> Lipar it - T 20 ipss (1) e 23
> (5~ 2 “CDIPT I = FIPTOO)IR, 21

where 24 is followed by case 2 assumption and the inequality between Frobenius norm and nuclear norm
that [|Ps. (T(H))|lr < [[Ps2(T(H))]|+. Thus,

[Ps(T(H))[If < 0= Ps(T(H)) =0. 25

If H # 0, then T(H) # 0 due to the injectivity of T(-). Thus Ps(T(H)) and Pg. (T(H)) cannot be 0
at the same time following the fact that Ps(T(H)) + Psc(T(H)) = T(H), which further contradicts the
assumption of case 2. Thus H = 0.

Combining case 1 and case 2, we obtain that: if H # 0, then ||T'(X +H)|| > || T(X)]|, which shows that X" is the
unique optimal solution to 1. O

A.4 Construct Dual Certificate

We need to find a construction of dual certificate to prove that under certain conditions, the requirements in
Proposition A.1 can be satisfied w.h.p..

Proposition A.3. If (X, T) satisfies 2-3 and 4 holds, then 678 and 9 can be satisfied.

Proof. We show these conditions can be satisfied in turn.
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A.5 Show that 6 Can Be Satisfied

We show 6 can be satisfied in steps:

1. Express the operator PsTRq TPs as a sum of rank-one operators. Throughout this proof, we use the
standard complex Frobenius inner product

(X)) = Zmyijk-

igok
For any A, by expanding with respect to the canonical basis {e;;}i j.x, we have

TPs(A) = (eijr, TTPs(A)) eijn

igok
= Z«TT)Heijka Ps(A)) eijk
o 26
=3 (T(eijn), Ps(A)) eijn
igok
= Z<P8T("ijk)a A) Cijk,
ig.k
where T := (TT)" and we used the self-adjointness of Ps.
Hence,
1 -
R T'Ps(A) = » > Gij (PsTlein), A) eiji 27
ij.k
and therefore .
PsTRa TT'PS(.A) = ]; Z 5ijk (Ps T(eijk)7 A) Ps T(eijk)- 28
ig.k
Thus,
(PsTRQT™Ps — PsTT Ps)(A) = > Hiji(A), 29
ik
where 5
Hijr : A (Zk - 1> (PsT(eiji), A) PsT(eijn)- 30

Here {d;jx}i 1 are independent Bernoulli random variables with mean p, and e;;, € C"*"2*"3 s the
canonical basis tensor whose (7, j, k)-th entry is 1 and all other entries are 0.

2. Apply the noncommutative Bernstein inequality:

Theorem A.4 (Noncommutative Bernstein inequality (Tropp, 2012)). Let {Zy} be a finite sequence of
independent random matrices of size ny X ngy satisfying E[Z;] = 0 and ||Zx|| < R almost surely. Define

o2 = max{ } . 31

> t] < (n1 + ng) exp (—t2>

)

> EZ,ZY]

> EZ}Zy]

Then for all t > 0,

202+ 2Rt

|

>z
k

3t2 2
< (n1 + ng) exp (— >, iftg%.

802



Equivalently, for any ¢ > 0, with probability at least 1 — (ny + ng)'=¢

Z Zi|| < 2v/co?log(ni + na) + cRlog(ng + n2).
k

)

Now define the block-diagonal matrix operator
H”k() = bdlag(’H”k(fold()))

Since E[d;j,/p — 1] = 0, we have E[H;;x] = 0 and hence E[H,;x] = 0.

For any A,
Il = | (%25 =1) (P T, AP
< }DHPS T(eiji) v Ps T (esn) el Allr-
Therefore,
(]| < %||7’ST(eijk)||FH7’sT(@ijk)||F’
and hence

1 ~
R :=max [Hyi|| < — max |[Ps T (es;r)||p max [ Ps T (esji) || -
3,5,k p i3k i,j,k

)

Next, observe that

3ij ? -
i Higel) = (225~ 1) 1P T )P Tles), ) PeT e

Hence,
D EHE;Hil|| = || E[H Mg
.7,k 1,5,k
1— - .
<~ Fmax [P Teig) I} || D2 (Ps T e, )Po T (eign)
e i,5,k
Since ~ ~ s
> (PsT(eijn), A) PsTleijn) = Ps T T Ps(A),
4,5,k
we obtain
1— .

D BIH, Hyyl | <~ ma [P e [FI1P T

i,5.k he
Similarly,

* 1 B T

D BHH | <~ F max [P T e [} 1P T

i,k he
Define

1
() s ma (T2} = e {02 (T, o s |

Since ||PsT| < || T|| and |PsT|| < || T|| = || TT|, it follows that

7 < 2 (T) ma { [P T ) . ma [P e

sJs

"=

32

33

34

35

36

37

38

39

40

41
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Applying Theorem A.4, we have
P[||PsTRaT Ps — PsTTPs|| > ¢

=P Z Hiji|| >t "
i,5,k
t2
< +ng)Ngexp | ————5— | .
< (n1+ ) Vo e 202+§Rt)
Let t = % By Appendix C,
vr(ny + n2) 5 vr(ni +n2), <
IPsT(eiji)llp < ————ITliL2  [PsTlein)lF < IT%,.
ning ning

Using ||A||sc,2 < ||A|l for any matrix A, and the sampling rate condition in 4, there exist constants c3 > 0
and 8 > 1 such that

P||PsTRQ T Ps — PsTT'Ps| > % < ¢5?((n1 +n2)N3)' ™7, 43
which implies that 6 holds with high probability.
A.6 Prove that 7, 8, 9 Can Be Satisfied
Use Golfing Scheme (Gross, 2011) and construct Y as
Y= i(l TSq, T +7 - TTHM,; 4, 44
i=1 7
M; =Pg(TTH - plif’sgi THM; 4, 45
Mo =U»VH, 46
and {Q;}._, are | independent sets of indices sampled by Ber(p;),p; = 1 — (1 — p)%, Ué:1 Q =0, 1 =
101log(y(T)(n1 + n2)Ns).
A.6.1 Prove that 7 Can Be Satisfied
First we need to prove the construction 44, 45, 46 satisfies 7:
(TTT — TSq TT)H(p% TSa, TR+ - TTH)
:%(TTT — TS THE TS, TH + (TT! — TS THH(T — TTH) 47
=0 (by TIT = (TTT)" = 1,8080, = Sa,).
thus 7 is satisfied.
A.6.2 Prove that 8 Can Be Satisfied
Following the construction,
Ps(Y) = zl: Ps(p% TSq, T +1 - TT%)(M;_1)
i:ll
= PsM;_y —Ps(TTH - iTSQi THM; 48

i=1

l
:ZMifl_Mi:u*VH_Ml‘

i=1



Therefore, ||Ps(Y) — U x VE||r = | M;|r.
Since Mg € S, we desire that

~ 1 -~
IMillr = [Ps(TT™ ~ ;T&zi THMii|p

49
. 1 N 1
< ||PsTTHPs — ;7’8 TSo, T"Ps| - [ M-l < S IMillr.
Note that 49 puts a requirement similar to 6 on the per-step sampling rate p;. Also, p; =1 — (1 — p)% >Pl=
101log(y(T)(n1 + n2)N3), thus 3 ¢4 > 0,
Ar(ng +n
Pi > 04(’}/2<T) + pZ(T))M log('y(T)(nl + TLQ)N;),). 50

ning
Using 42, 3 ¢5 > 0,3 > 1 by union bound | M;]|p < 3|l M;—1]lp holds for all i = 1,2,...,1 with probability at
least 1 — c5((ny + n2)N3)'=# | which ensures 49 holds.
As | =10log(v(T)(n1 + n2)N3), then w.h.p.

1
IP5() = U Ve = Ml < (3112 Vle < (5)' Vil < oo 51

A.6.3 Prove that 9 Can Be Satisfied

Now we prove 9.

First we use the construction 44 and the triangle inequality:

[Ps (Y H—IIZ:PSL TSQ T — TTH)(M;-a)|

<Z|| TSQ TH — TTH)(M,_1)].

Here we need a lemma for the initial control of the spectral norm and the lemma is proved in Appendix B.1.

Lemma A.5. Assuming that the Bernoulli sampling scheme is employed and Ve > 0,

~ 1
[ T(];SQ -I)Z| < 2\/ log((n1 + n2)N3) | T|s | Zllse,2 + = log((nl + n2) N3) | T o | 2|0
holds with probability at least 1 — (ny + ng)t <.

By Lemma A.5, for ¢5 > 1, w.h.p.

1 . .
(= TSo, T — TTH) (M)

Psr <
[Ps V)| < NG,

-

K2

<CsZ Jog((m1 -+ 1) No) | T | 7 (M) 53

+2\/; log((n1 + n2)N3) | T|oc | TH(Mi—1)|sc2-

Now another lemma is introduced to control the || - ||oc norm and we prove it in Appendix B.2.
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Lemma A.6. Assuming that the Bernoulli sampling scheme is employed, if p > coVQ(T)%log((nl +
ng)N3), then

. 1 1
IT#Ps T(Z — ];39)3||oo < 512l

1— 3¢cq

holds with probability at least 1 — 2(ny + n2)2_%0N3 2
By Lemma A.6 and 50, w.h.p.

" 1
ITH(Mi)lloo = I TP T(Z ~ ;Sai)THMi—zlloo

54
1 1
< LTI M) oo < ()T V)
Also a lemma that controls || - ||s,2 norm is needed and the proof is given in Appendix B.3.
Lemma A.7. Assuming that the Bernoulli sampling scheme is employed, if p > co(72(T) +

p%T))M log((n1 + n2)N3) with co large enough, then for some ¢ > 1,

ning
~ 1 1 1 ni1ng
THPST(T — =8S0) 2|2 < =1 Z]lsc + =/ — 212l
ITPST (I~ 802l < 512l + 5[5 2]

holds with probability at least 1 — 2((ny + na)nz)t=¢.

By Lemma A.7, w.h.p.
[ TH(Mi-1)llso,2
~ 1
=[|T"Ps T(T - ;Sﬂi) TH(Mi—2)los 2

1 ning H 1 H
<o T e + | T (Miza) oo
-9 ur(n1+n2)H ( 2)” +2|| ( 2)” 2

1 ning H 55
<3 ———— | TH(Mi_3) |
<G s T (M)

1.1 ning H 1 H
455 e s T Moo + 1T (Mia) o)

. 1 i ning H 1 i—1 H

<@ -1 (=)t | ————— | TP Mo |loe + (=) TE M| oo
<G =G a1 T Mol + ()T Mooz

Plug 54 and 55 into 53, yielding

Sl +12)N3) o= /1yi~1
T e N I EI TN
¢ i=1

i Pt ny +nz)

: = ninsg

+ (é)ulTH<uwH>||oo,2].

Using



we further obtain

log((n1 + n2)N3)

%

+4\/<£T|oo\/

[Pse V)] < 2¢5]T |00 ITHU* V)|

n1no log((m + n2)N3)
pr(n1 + n2)pi

~ log((nq + ng)NN:
+4¢c€T|oo¢ il o 2DNa) ) sy .

Now it remains to bound || TH(U « V1)||o and || THU % V)00 2-

I THU* V) |0

o6

Here, in order to bound || 7% (U * V)| «, a domain transform strategy is employed and we revisit the definition
of generalized convolution xa g induced by two transforms A, B (Korohoda and Dabrowski, 2004), which gives

the form induced by T'(-) of each entry in the original domain:

Theorem A.8 (Generalized convolution). (Korohoda and Dgbrowski, 2004) Suppose x,y € CN*1 A € CM*N

and B € CEXM | Define
= B((Ax) x (Ay)),
where x denotes the entrywise product. Then for each £ =1,..., L,
z(l) = XTW&,By,

where W4 5 € CV*N s given by

M
Wi g(i,j) =Y B(Lk i)A(k, 5).
k=1

Let ui = U(i,t,:) and (v])® = VH(t,j,:). Then with Theorem A.8,
TR V)i, ], ) ZumTH vi)!
Hence,
r .
1T U >V o < HZR}XZ [ xm (v oo
Y=l
r .
< n}%mekaxlqu’fH [[aill2 [1v]]2

<max||WT|maxZ( i3 + ||vi||%)

1
= g [ e { G0 i+ 3V gl

Since Wk = diag(TH"(k, :)), we have

max [Wg[| = [ T%|oc = | T|oc-

Therefore,

ur(ny + ng) N3

TEU VD |loo < ITl00
[T U V) [lo < [T SriTt

o7

58
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Another reason why we introduce Theorem A.8 here is that when T is a square matrix (not necessarily orthogo-
nal), by letting B = T the bound can be traced back to the singular tensors in the original domain and possibly
some tighter bound can be obtained.

For || TH(U x V1) || o 2,
[T U V) |oo,2 < m;;,wx{ll THU V) xejlp, llei « THU VT ||r}

:rg%X{IITH(U*VH*&j)HFvHTH(&H * UV} .

pr(ni + n2)Ns

< [ A

Thus, plug p; > £ (7*(T) + p2(T))2rrtn2) 160 (1) 4 ny)N3) and 58, 59 into 56 and we finally obtain w.h.p.

[Ps+ (D)l
<6 p(T)pr(ny + no)log((n1 + n2)N3)

ur(ng + ng) log((n1 + n2)Ns)
2n1nap; 60

= T + 8\/EP(T)\/
+4f\/ (R2(T) + p(T))pr(ny +mg) _ 105 8255 | 16y _ 1

ninap; T o \/> NC =3
with ¢y large enough. O
B Proofs of the Norm-bounding Lemmas

B.1 Proof of Lemma A.5

Proof. First, we decompose the operator,

-1 8ij
T(=Sq—T)Z =Y ("L — 12 Tleir) = Y Liji. 61
p i J -
17 ij
With E [bdiag(Li;x)] =0,
7 1 =
Ibdiag(Lije)|l < = ||Z||oo%xnbdlagw(emk»n < SIZll Tl 62

I Elbdiag (L1 bdiag(Lije)] |

ijk
H
ijk . 3 5

IS B [P 12|zl vasag [ Tlewn)] = Tlei)

ijk

H _
—\\Z\zm [ T(eisi)] Tleszn)l 63
ijk

1—p,~

g—HTHiOm?xZ@ij
ik
1

—p o
:THTHC%OHZZ'J']C”%—)Q

. . 1-p,&
1Y " Elbdiag(Lijk)bdiag" (Lij)]]| < T”THEOHZMICH%HOO 64
ijk



Use the extension of theorem A .4:

.1 .
[ T(ESQ ~DZ| = 1> Lijrl = 11> bdiag(Lijk)l|

ijk ijk

1 - 1 -
< 2\/0p log((n1 + n2) N3)[ T loc [ Zloc,2 + < log((n1 + n2) N3)[ Tloc [ Zloc

holds with probability at least 1 — (ny + ng)'=¢, Ve > 0.
B.2 Proof of Lemma A.6

Proof. First we decompose the operator:

Oijk
p

TP T (T - %SQ)Z = TP T Y (1= 24 Zijrenn

.5,k

5,. ~
= 3 (1- )z TP T ) = Y A
ik @5,k

Each entry of A;;, can be extracted via the inner product with egp.:

5 -
Aijk,abe = (Capes (1 - ;k)zijk THPs T (eijn))

51" T
— (1 - ;’“)Zijk (PsT(eavc); Ps T (eiji))-

Therefore,

5 -
| Aijk,abe| = ‘(1 - ;k>zijk (PsT(eabe), Ps T(%‘k)>’
1 -
< ];||Z||oo |Ps T (eave) le 1 Ps T (eijn:) || v

Moreover,

> E[lAijkarel’] = Y E [(1 = ) 22 (P T eae). P T(ez-jk»ﬂ

ik ik p

X Pt T )

.3,k

L1z 3 [(Pe T eane), PoTes)

.5,k

:

IA

‘2
1—p
= THZHgo”TTPST(eabc)H%‘

1-p
7||Z||§o”TT||2HPS T(eape)||p-

IN

Define

— max 2 T2} = max< o2 S :

min

Then, by Appendix C,

| TVPs T eape) [ < (T) ZET1E2)
ning

65

66

67

68

69
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Using Bernstein’s inequality,

P U(THPST(I —180)2)

3121

abe

_2

1
=P ZAUkabc = §HZHOO

0,5,k

<2exp| — 4”2”2
- 237 5k Ell Ak abel?] + 5 - 511 Zlloo - max j.x [Asjk, abel

e [ - 122 70
. 2 Z 2 TTPs T(earIE + 5 | 212 [Ps T eae) I maxs s 1 [Ps T(eqyi) I

=2exp | — SR P =
8| TTPs T (eave) If + 51Ps T (eabe) Ik max; j & [|Ps T (eijx) ||

<y COA/(T)i'”(Sll:;”z) log((n1 + n2)N3)
<2exp | —
8’7( )Vr(n1+n2) + ’Y(T) vr(ni+nsg)

ninz nin2

< 2((ny +np)N3)~ =
By the union bound,
I TP T(T — £80) 2|00 < 120

holds with probability at least

O
B.3 Proof of Lemma A.7
Proof. We decompose the operator as
. 1 _
(THPS T(I — *SQ)Z) *fb
z k 1 71
_Z Yigk mk(T PsT (e”k))*&, = chﬂk € Crx1xna
ijk ijk
where &, € C"2*1X7s is the tensor column basis in the original domain with & (b,1,:) = 1 and equaling 0
otherwise. Since ||C;jx|lr = ||[vec(Cijk)l|2 = ||[vec(Cijx )], it is equipped with the form to apply Theorem A.4.
[vec(Ciji)llz2 = IICsjrlle
1 o _ 1 o 72
< ];||Z||oo||(T PsT(eiji)) * &ollp < ];||Z||oo||T Ps T (eijr)llp-
E[) vec(Ciji)vec(Ciyi)ll = [E[D_ ICisklI]
ijk ijk
L—p 2 Hp 7 Z 12 7
=—= Y [ ZikPI(THPs Teijn)) * &7
ijk

Looking into the term in 73:

(TP Teijn)) * ) lp < (T (Pux Tleiji))) * ol + 1T (Pus x Tleiji) x Py) * &l 74



yields

- _ THPu*Te'bk P, j=b
V(TR (P« Tei)) w e = 4 - P Tleawlle 5 .
0 s JFDb
[(TH Py 5 Tlei)  Po) % &lle < [T - [T locllelh % Py % &l 76
Therefore
B3 vea(Cign)vec(Cn)l| = [BIY Cise 2]
2 - 2 ~
SZ; Z | Zive 2| TR (Py * T(eann))||3 + 5HTH||2 AT Z 1Zikl2 - €0 % Py« &2
ik <
2 : 2 ~
S}; max | THPy T (eijx) |3 Z | Zibk | + 1;||THH2 TR Z |Zikl? - 1€ % Py &2
! i 77

2 - 2 -
SEIIZH&,Q%XHTHPM T(eijn)lf + ];IITHHQ TN DN Py * &lle D 12wl
) j ik

2 R N
< (max]| TPy T (eijir) 7 + [T - ITIZ NPy * &llF) - 12115 5

2 vr wr
<Z(RH(T)— + |T)?p(T) =) 2||% -
ST+ ITIEAT) )2 s 2

Since [[E[> ;. vec(Cijr)vec(Cijr)H]|| is the spectral norm of a matrix. When {vec(Ci;x)}ijx share the same basis
the spectral norm takes the maximum, thus [[E[>_, vec(Cijr)vec(Cijr) 1| < B vec(Ci k) tvec(Ciji)]-

Using the extension of Theorem A.4:

~ 1
| THPs T(T — ]?';Q)ZHOQ2

2(k%(T) 25 + | T[1?p(T) %) - log(2 max(n1, n2)n3)
S2C\/ : 2 | 21] 00,2 78

p

el (my | Lt ne)

log(2max(ny,n2)n3)||Z||s0
5 o, g( (n1,n2)ns)|| 2|

holds with probability at least 1 — (2(n1 + ng)n3)!=¢, Ve > 1.

The norm of tensor row can be bounded in the same fashion. Thus if p > co(v*(T) + p%T))% log((n1 +
ng)N3) with ¢ large enough,

~ 1 4 c nin
TP T(T — =80) Zloo 2 < 264/ —[1Zllo02 + — [ ———— [ Z]lo0
p Co co \ pr(ny +ng) 79
1 1 n1N2
< 2|2+ 4/ —————— 2]l
< 312 e + 5y e S 2]
holds w.h.p.. O

C Bound Frobenius Norm by Incoherence Condition

Now let us bound max;; | Ps T(eijk)H% and max;;x || Ps T(e”k)H%

PsT(eiji) = Pux T(&* G &) + T(& * G &) * Py — Py T(&ix G x E)) x Py, 80
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where ¢; and gj{ are canonical tensor basis in the original domain.

1Ps T (eijn) I
=(Pu T(&* G x &), T (& G+ &) + (T(&ix G+ €5 * Py, T(E * G x &) 81
—(Pu* T (& x G+ &) x Py, T(& % G x &)

(Pur T(&ixCox &), T(E* G &) =U™ + T(&* Gox &), UM x T(& x G+ &)

S e 6x TGO ”
In the same way,
(T(&* Crx &) * Py, T(&i* e+ &) 83
=[VH % & % T(Ck) || (here the conjugate does not change the value).
And we have
[Ps T(esji) e < U™ 5 &% T(G)IE + V% & % T(G) 7 84

When the energy of U(:,:, k) is uniformly distributed among its entries, max;jx UM * & x T((y)||3 takes the
minimum as nLlHTH%—)Q; When U(:,:, k) contains an identity tensor, i.e., the most non-uniformly distributed,

max;, [|[UT * & x T(C)||% takes the maximum as || T||?,,,. Applying tensor incoherence conditions:
vr
2™ % &+ T(Gu)llf < ;1||T||?H2

vr
V&% T(G)l7 < EHTH?HQ

And we have:

vr vr vr(ny + no)
IPs T(eiji)llf < —ITle + —ITl0s = — [Tl 85
n no nin2

vr(ng + n2)

oy Tl 86

IPs T (eiji) I3

IN



D Additional Experiment Results

Figure 6 and Figure 7 are the unimposed versions of Figure 3 and Figure 4.
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(b) DFT, N3 = 2113 (d) RUT, N3 = 21’L3 (f) K(T) = 47 N3 =n3

Figure 6: Exact completion with varying rank (x-axis) and sampling rate (y-axis). The white cube denotes all
failure and the magenta cube denotes all success.

(a) Using RUT1 only (b) Using RUT2 only (¢) RUT1 and RUT2 combined

Figure 7: Exact completion with varying rank(7; (X)) (z-axis), rank(7T2(X)) (y-axis) and sampling rate (x-axis).
The white cube denotes all failure and the magenta cube denotes all success.

The performance indicators of each test MSI/video in Section 4 for SR = 0.05 are shown in Figure 5/Figure 8.

Figure 9 presents the visual results of MSI completion shown by pseudo-RGB image. It can be observed that
the texture and contour are clearer for DCT2, DFT-DCT and Framelet recovered MSIs. Also, the color fidelity
is maintained even under a small sampling rate of 0.05.

The visual recovery results of the 30th frame and 60th frame of the video “coastguard” with SR= 0.1 are exhibited
in Figure 10. The frames recovered by DCT2, DFT-DCT, Framelet contain fewer noise artifacts, and the margins
of the river and the coast are more obvious compared to other methods.

Next we provide statistical significance test results. Since the real-world datasets have a large number of entries,
the variances of the experimental results are small and the performances are stable across different sampling
instances (also note that the sampling rate lower bound is not specific for each instance).

To illustrate this, we tested the methods in Table 1 on the test MSI "cloth" for 10 random trials. The results
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Figure 8: mPSNR (left) and mSSIM (right) results on video data with SR=0.05.

(a) Observed (b) DWHT (c) DFT (d) pFT2 (e) bcT (f) pcT2  (g) prr-DeT (h) Framelet (i) Original

Figure 9: Pseudo-RGB (R-28, G-15, B-9) image for performance comparison on MSI “super balls”, “cloth”,

YEEN13

“stuffed toys”, “photo and face”, “oil painting” and “clay” (top to bottom) with SR = 0.05.

with standard deviations are presented in Table 3. We can observe that the performances of these methods are
stable and differences between these methods are statistically significant.

We have incorporated cross-paradigm baseline methods, including Bayesian CP Factorization (BCPF) (Zhao
et al., 2015), Tucker (Liu et al., 2013), Tensor Train (TT) (Oseledets, 2011), Latent Space Tensor Ring Low-
Rank Factors (TRLRF) (Yuan et al., 2019), and Tensor Completion by Parallel Matrix Factorization via TT
(TMac-TT) (Bengua et al., 2017). These methods collectively span a set of distinct tensor modeling assumptions:
BCPF, Tucker, TT, and TRLRF capture different intrinsic tensor structures, while TMac-TT and KBR represent
modern non-convex approaches to tensor completion. Experiments are conducted on visual datasets: MSI and
video data, consistent with the experiment section. The results are presented in Table 4 below.

Consistent with the advantages of slim transforms reported in prior work (Jiang et al., 2020; Wang et al., 2021),
the tensor completion methods with slim transforms in Table 1 of the manuscript generally outperform the
baseline methods in Table 4. The only exception is BCPF, which achieves higher PSNR than DFT2, DCT2, and
DFT-DCT at the sampling rate p = 0.05; however, it still underperforms Framelet, and for SSIM as well as all
other sampling rates, FBCP remains inferior to all slim-transform-based methods.



(a) Observed

(b) DWHT (c) DFT (d) DFT2 (e) DCT (f) bcT2  (g) prr-DCT  (h) Framelet (i) Original

Figure 10: Performance Comparison on Video “Coastguard” with SR= 0.1: The first row shows the 30th frame
and the second row shows the 60th frame.

Table 3: Mean and standard deviation of the performance (PSNR and SSIM) of the methods in Table 1 on the
test MSI "cloth" over 10 random trials.

DWHT
26.0153
0.0151
0.6248
9.7169e-04

DFT DFT2
26.7200 26.9175
0.0191  0.0183
0.6765  0.6944
0.0011  0.0011

DCT
27.7495
0.0170 0.0182
0.7223 0.7375
8.4023e-04  9.3148e-04

DCT2
27.6549

DFT-DCT Framelet
28.3202 29.3797
0.0182 0.0164
0.7662 0.8194
8.3305e-04  7.3248e-04

mean
STD
mean
STD

PSNR

SSIM

Table 4: Performances of Additional Baselines for MSI and Video Datasets.

Data SR

Tucker

TT

TRLRF

BCPF

TMacTT

MSI  p=0.05
p=0.1

p=0.15

27.916/0.7937
32.522/0.8691
35.589/0.9111

26.993/0.7898
32.184,/0.8729
35.559/0.9181

30.167,0.7216
32.414/0.8061
33.342/0.8303

34.036,0.8312
35.643,/0.8640
36.393,0.8753

32.009/0.8142
35.231/0.8771
36.225,0.8940

Video p=0.05
p=0.1

p=0.15

18.812/0.5120
21.266,/0.6006
23.078/0.6727

19.131/0.5248
21.655/0.6135
23.468,/0.6814

22.243/0.5672
32.334/0.6319
24.010/0.6643

22.374/0.5826
23.580/0.6265
24.319/0.6550

22.010/0.5191
24.532/0.6501
25.682/0.7022
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E Analyzing the Overall Sampling Rate

To arrive at a relatively concise form of Theorem 3.4, several Scaling techniques have been used (e.g. the
introduction of incoherence parameters), which partially hinders our insights to see which terms are affecting
the sampling rate p. In this section, removing redundant (while formally useful) scalings, we directly study the

functional terms through the construction of the dual certificate A.4.
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Figure 11: Emperical cumulative distribution of the factors in 94.



From the proof of Proposition A.3, one can observe that the satisfaction of the conditions of dual certificate 6,
7, 8 and 9 put requirements on the sampling rate p. Among them, 7 is satisfied by the structure of the dual
certificate. 6 and 8 are essentially the same, only that 8 is harsher since it is upon the step sampling rate p;
(p =1-p;). Thus, we only need to study the requirements posed by 8 and 9.

e To satisfy 8: by 42, one can see that p; is propotional to the energy terms:
pi ~(T) - max||Ps T(eiji) eV IIPs T (eijn) |7,
pi ~ max || Ps T (eijn) || - max || Ps T (ein) |[r-
ijk ijk
Since maxy;y, | Ps T (eijn)lr - maxijp [|Ps T(es)|le < §(maxip [|PsT(esj) [ + maxin [ PsT(esn)|[#), thus
the satisfaction of 8 only requires
pi~(T) - max P T(eir) 5V I1Ps T (eizn) 1§ 87

e To satisfy 9: there are three lemmas used when proving 9. We need to study the requirements posed by the
assumptions of Lemma A.6 and A.7 (Lemma A.5 already holds).

— To satisfy the assumption of Lemma A.6: by 70, we can observe that:

pi ~ max | TVPs T(eijn) I3, 88
pi ~ max || Ps T (es;n) || ¥ - max ||Ps T (eijn) |- 89
ijk ijk

— To satisfy the assumption of Lemma A.7: there are two terms affecting p; in this lemma:
mae || TPy T(en)|[2 and | T2 T2, [Py « &2, both coming from max,gy | TPy T(esje) 2. The
reason why for slim transforms the first term is smaller is the same as illustrated in Section 3.5. For the
second term, which has been scaled to introduce incoherence parameters, since we require no structures
on T, it can not be simplified further to offer more insights. However, we can still directly analyze it: for
a combinational transform T. = ﬁ[T?,TE, T TP T2, = max{||Tm||2H'i‘m||go}; also

| Ps. *&||2 = mean {||Ps,, x &||2}. Thus, when T,, contains not too less entries, | T||?||T||% ||Ps * & |2
is approximately the same for slim and square transforms. Therefore, the differentiating requirements

would be:
pir~ 1agx I TPy T (i) 17 %0
b~ 1agx I TPy T (esjn) I3 o

— To satisfy the requirements posed by || TH(U x V)|l and || TH (U » VT)||2Z, 5: to finally satisfy 9, the
requirements are:

pi ~ | T oo - 1TH U+ V), 92
pi ~ TN - T U+ VDI »- 93
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Thus, the sampling rate is proportional to the following terms:

Y(T) - maxjx ([|Ps T (eijr) 17 V Ps T(esji)|13)
maxj | T7Ps T (eijn) |7

max;j || TPy T (esn)||%

maxiji [| THPy T'(eijn) 7

ITloo - | THU* V) [l oos

T2 - | THU * VI, o

94

We use the same settings in Section 3.5 and conducted the Monte-Carlo experiment for 100 times to plot the
empirical cumulative distribution of the terms in 94 for two random unitary transforms RUT1 and RUT2, and
the combined transform.

The distributions of these terms have been shown in Figure 11. One can observe that, except that in Figure
11e and 11f the factors of the slim transform are marginally larger than those of the square transforms, the rest
terms of the slim transform are all distributed in a region of smaller values, which results in a smaller sampling
rate that we need to achieve exact completion.

To prove Theorem 3.7, one can note that the sampling rate lower bound p(T) is composed of a linear factor and
a log factor. In the region near the minimum sampling rate, the linear factor represented by F5(T) decreases
with N3 (almost inversely proportional to N3 within a certain range, e.g., N3 € [n3,2n3]). For the log factor,
ie., log? ('y(T)(nl + ng)Ng), one can note that due to the existence of ni,no, N3, the term in the log function is

log((n1+n2)N3)

large, thus having entered the growth-flat region of the log function (10g((n1 Fra)ns) 1) and diminishes in the

ratio in Theorem 3.7.

F Algorithm to solve Program 1

Program 1 can be solved via standard ADMM. By introducing the auxiliary variables ), Z € C™*"2*Ns  the
augmented Lagrangian can be written as:

L(X,Y,2) = min |V +(T(X) = Y, 2) + FIT(X) = VR + Za(X - M) 95

where Zg(A) equals to 0 if Po(A) = 0 and equals to +o0o elsewhere.
e Solving Y sub-problem:

. « Z1 19
= m s+ =TX)=-Y+ —
Y =arg J}HHyH 2” (X) =Y %

Similar to (Lu et al., 2019) while being more intuitive in form since the tensor nuclear norm is directly
defined on the transform domain, define D, (-) as the singular value thresholding operator and it is the
proximity operator of 96:

1
D (A) = argmin 7| X, + 5 [|X — AlZ =U* (S — 1) VT, 96

where A =U xS« VH.
Using D, (-), Y can be computed as

Zt
VA =Dy (T(XY) + E) 97
e Solving X sub-problem:
Z
Xt :argm;n%HT(X)—y—i—Elﬂ%—i—IQ(X—M) 98
Zt
= Sqc(THY! — =) + Sa(M) 99

at



e Computing Lagrangian multiplier

ZH = 2t ol (T = Y 100

The whole process is given in Algorithm 2.
Algorithm 2 Solving 1 by ADMM

Input: Xy € C™xm2xn3 T e CN3%" Q) p. oy, imax
Output: X € C"t*xn2xns
Initialize: X = X, Y = T(X),Z =0, = g
while no convergence do

1. Compute V! by eq. 97;

2. Compute X*+! by eq. 99;

3. Compute Z'*! by eq. 100;

4. o' = min{pat, amax };
end while

G Generate M by Alternating Projection

Algorithm 3 Generate M with a specified rank(7T(M))

Input: My € C"1xm2Xns T . C"s s CNs p

Output: M € C™ X Mg Xng

Initialize: M = M,

while no convergence do
1. Project T(M) onto a tubal rank-r manifold using truncated t-SVD and obtains N;
2. Project A back to the column space spanned by T: T(M) = T(TT(N));
3. T(M) = TM)/|| T(M)]lr;

end while

In this section, we introduce the alternating projection algorithm to generate M with a specified rank(T(M)).
First, provided with a randomly initiated tensor My and a preassigned transform T'(-), we project T'(M) onto
a low tubal rank manifold using truncated t-SVD. In matrix case, the truncated SVD gives the projection onto
nearest low rank matrix manifold in the sense of the metric induced by the Frobenius norm. The truncated
t-SVD also enjoys such property following the same reason. After the projection onto low tubal rank manifold,
we project T (M) onto the column space spanned by T to ensure the preimage M exists via least square, which
also minimizes the difference of the energy before and after the projection (measured by the Frobenius norm).
Also we keep the energy of T(M) to avoid iterating to zero. By repeating these three steps we can generated
random tensors M with a specified rank(T(M)) and the procedure is given in Algorithm 3.

Algorithm 4 Generate M with specified rank( 7T} (M)) and rank(7T>(M))

Input: M, € C1xm2xns T\ . C" s CMs py Ty : C™ — CN3 1y
Output: M € Cr1xn2xns
Initialize: M = M,
while no convergence do
1. Project Ty(M) onto a tubal rank-r manifold using truncated t-SVD and obtains A/7;

2. Project N7 back to the preimage space of the column space spanned by T7: M = TlJr (NY);
3. M= M/|M]r;
4. Project T2(M) onto a tubal rank-r manifold using truncated t-SVD and obtains No;
5. Project Ay back to the preimage space of the column space spanned by Th: M = TQT (N2);
6. M= M/|M|r;

end while

In the experiments, for performance comparison, generating M with rank(T;(M)) = r; and rank(7T3(M)) = 7o
is needed. Proceeding from Algorithm 3, an algorithm with two sets of projections is designed in Algorithm 4.
Note that in Algorithm 4, since it is M being operated thus we need to project N7 and A5 onto the preimage
space.
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H Complexity

Though enjoying many satisfying properties, one frequently mentioned issue for the approach using nuclear norm
minimization is the scaling problem since it usually requires time-consuming SVD operation. In this paper, the
problem can be alleviated with the technique of parallelization.

The computational complexity of the nuclear norm minimization algorithm in the paper is O(max(ni,ns) -
min? (n1,n2) N3 + ninansN3) per iteration for all transforms. The first part corresponds to the truncated t-SVD
operation, which involves computing SVD with complexity O(max(ni,ns) - min®(ny,ny)) for all N3 slices. It
can be parallelized such that SVD of all N3 slices can be calculated simultaneously, which mitigates the external
running time burden brought by slim transforms. The second part refers to the domain transform operation.
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