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Abstract

We present a bound for value-prediction error with respect to model misspecification
that is tight, including constant factors. This is a direct improvement of the “sim-
ulation lemma,” a foundational result in reinforcement learning. We demonstrate
that existing bounds are quite loose, becoming vacuous for large discount factors,
due to the suboptimal treatment of compounding probability errors. By carefully
considering this quantity on its own, instead of as a subcomponent of value error,
we derive a bound that is sub-linear with respect to transition function misspecifi-
cation. We then demonstrate broader applicability of this technique, improving a
similar bound in the related subfield of hierarchical abstraction.

1 Introduction

In reinforcement learning, an agent is frequently tasked with making decisions in an environment that
it cannot model perfectly. This may occur because the environment is learned about through sampled
data, or because the agent’s environment model is simplified through some abstraction. In such cases
it is natural to ask, how might the quality of this approximation impact an agent’s decision making?
This is the subject of the “simulation lemma,” a foundational result in reinforcement learning that
bounds the error in value estimation when the transition and reward function are known only with
some specified degree of precision.

The simulation lemma was introduced in the context of exploration and finds use in a variety of
domains that utilize imperfect models, such as hierarchical abstraction (Abel et al., 2016) and offline
policy evaluation (Yin et al., 2021). Frequently, results of this kind rely on developing a recursive
relationship between the value error at subsequent timesteps. We show that this approach implicitly
overestimates how probability errors compound over time. By more directly approximating this
quantity, we produce a bound on value-estimation error that is demonstrably tight. We then show
that existing bounds can be derived as a linearization of our result, and finally apply our result to
a hierarchical setting to demonstrate broader applicability.

2 Background and Related Work

We develop our results in the framework of Markov Decision Processes (MDPs): M = (S, A, R, T,~),
where S is the state space, A is the action space, and v € [0, 1] is the discount factor. The next-
state transition probabilities are given by T'(s'|s,a), and the reward function by R(s,a) € [0,1]. A
policy m(a|s) gives the probability of taking an action from a given state. The objective in the MDP
framework is generally either to construct a policy 7 that maximizes the expected y-discounted sum
of reward, or to evaluate a given policy on this same measure.

When a model of the environment is given, these quantities can be computed exactly, for example
through policy iteration or dynamic programming (Howard, 1960). In reinforcement learning, how-
ever, the agent generally is not given this model, and instead must learn about the environment



through interaction. A common approach to this is model-based reinforcement learning (Moerland
et al., 2023; Auer & Ortner, 2006), which aims to estimate the environment’s transitions and rewards
from gathered data. However, when using finite data, the learned model is generally imperfect. This
work concerns itself with developing optimal bounds on policy evaluation error in the setting of
misspecified models. Here we detail a variety of areas in which such a bound is useful, along with
related lines of study.

Exploration The original simulation lemma was introduced in the context of efficient exploration
(Kearns & Singh, 2002), to quantify policy evaluation error as a function of state-action visitation
counts. Understanding the effect of imperfect modelling is central to efficient exploration (Auer
& Ortner, 2006; Auer et al., 2008; Brafman & Tennenholtz, 2002). Methods that use these mea-
sures include count-based exploration (Strehl & Littman, 2008) and its pseudocount approximations
(Bellemare et al., 2016; Lobel et al., 2023).

Abstraction Model approximation frequently appears in the field of abstraction, where a full
model of an MDP is replaced by one that is simpler in some respect. As we show later, our
methodology can be used to improve the value error bounds when performing this replacement
with state-action abstracted options (Sutton et al., 1999). A simple form of state abstraction is
discretization, where sets of states are grouped by some measure of similarity. A common example
of this occurs in the partially observable MDP framework (Lee et al., 2007; Grover & Dimitrakakis,
2021), where the continuous belief-state space can be discretized into an approximate, finite MDP.

Offline Policy Evaluation The goal of offline policy evaluation (OPE) is to estimate the value
of a policy using a fixed dataset of transitions, often generated by a different policy. Model-based
OPE involves fitting an empirical model of transitions and rewards from this dataset, and using this
to estimate value (Gottesman et al., 2019). In this setting, the simulation lemma often is a key step
in constructing accuracy bounds of the estimated value (Yin & Wang, 2020; Yin et al., 2021).

We also note that a variety of results in the literature bound the value error using different measures
of similarity than the original simulation lemma. Perhaps most closely related to our contribution is
work that bounds multi-step transition error of imperfectly-modelled Lipschitz transition functions
(Asadi et al., 2018). This results in a similar sum of compounding errors to ours, albiet in a different
setting. Bisimulation metrics (Ferns et al., 2004) unify transition and reward error into a single
quantity that can be used to measure the similarity of MDPs with entirely different state spaces.

3 Main Result

We begin by stating the conditions of the original simulation lemma. We consider two MDPs:
M= (S, A R,T,~), and M = (S, A, R,T,~), which share a state-action space, but have (bound-
edly) different transition and reward functions. We are interested in the effect of running the same
policy m on these two related MDPs. Let P™ be a matrix that contains the policy-conditioned
state-state transition probabilities, and R™ be a vector that contains the per-state expected reward:

Ply = Eaun(olT(s']s,0)] = ) T(s|s,a)m(als)

acA (1)
RT = Egun(s[R(s,0)] = Y R(s,a)r(als).

acA

We define P™ and R™ analogously for MDP M. Throughout this work, a single index on a matrix (or
vector) extracts the specified row vector (or scalar). Furthermore, P® and R* refer to the transition
probabilities, and expected reward, of executing action a from each state. Using this notation, we
can quantify the difference between two transition or reward functions with the following;:



Vs,m: [|[PF =Pl < er (2)
v HR”—}A{”HOO < ep. (3)

We are interested in the value difference between running 7 on each MDP. The value of a state for
a given policy and MDP is defined as the expected discounted sum of rewards:

’Uﬂ—(s) = Ea,;wﬂ(sl) [Z’th(St, at) | S0 = vaL
t=0

where s; is a random variable representing the state at timestep ¢t. Noting that
Pr(s; = s'|so = s,m) = (P™)! _,, we can concisely represent value in vectorized notation as follows:

s,8"

VT = Z,yt(Pﬂ')tRT( , ‘/’Sﬂ' _ Z’Yt<(PTr)§,RW>,
t=0 t=0

where (-, -) denotes the inner product between two vectors. We define v analogously for M.

3.1 Original Simulation Lemma

We are interested in quantifying the maximum value difference between running the same policy on
two different MDPs. The original simulation lemma bounds this quantity as follows:

~ €Rr yer
Vs,m: |V =V < + . (4)
L—y  2(1—7)?

Existing proofs of the simulation lemma frequently take advantage of a recursive representation of
value (the Bellman Equation) (Howard, 1960):

V7r — R7T+,YPWZ,Yt(P7T)tR7T :R‘n’ +’YP7TV7T
t=0

For a complete proof, please refer to Jiang (2018) or see Appendix A. The key mathematical idea is
to establish the following recursive relationship:

V€T

Vs,m: |VF—V7| <ep+——
Vo Ws et an=y

VT =V o, ()

which can then be easily transformed into the simulation lemma’s bound. Analyzing the recursive
relationship above, the first term (er) represents a one-step reward-prediction error. The second
term (2('16_2)) represents the maximum value error that results from misspecifying ey of the next-
state distribution’s probability mass. However, by defining the recursive relationship as such, this
bound implicitly assumes that the process can continually misspecify er of its probability at each
timestep. This quickly amounts to misspecifying more than the entire probability mass, leading to
a vast overestimate of the value error, in particular when ep > 1 — «. In contrast, we carefully track

the probability drift at each timestep to avoid this issue.

3.2 Bounding Probability Distance

We seek to bound the probability distance tightly at any timestep ¢. To do so effectively, it is useful
to frame distances between probability vectors in terms of their overlap, instead of their L, distance.
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Figure 1: Visualization of relation between L; distance and overlap of two probability distributions
(Equation 7). The blue and orange shaded regions together comprise the L; distance. The brown
region represents overlap. Overlap plus either the blue or orange sections constitutes a probability
distribution, and therefore has total area 1. Thus the blue and orange regions both individually
have area. [p — pl/2, and so |5l = 1 — lp — pll1/2.

We note that Jiang et al. (2016) uses similar machinery to bound compounding probability error
(Lemma 1), though applies this insight in a different context. For two probability vectors p, p, we
define their overlap as p, such that for each index i:

D; = min(p;, P;).

Usefully, because each element of p — p (and likewise p — p) is non-negative, the L; norm of the
difference between these two vectors is equal to the difference between the L; norms:

lp = pll =Z|pi—25i\ :Zpi—ZﬁiZ [pllx = lIpllx (6)
i i

i

We use this to derive an equivalence between overlap and L; distance, related to the concept of total
variation distance (Levin & Peres, 2017). Below, we use the notation [p]* to indicate a thresholded

version of p that retains only the non-negative parts, [p];” = max(p;, 0):

lp=plle = llp ="Ml + 1[5 — 2] [l
= p—pllh+lIp—plh
=l = ol + 120 = 2l
= 1+ 1=2(pl

_ lp — Bl
= |lplh == (7)

See Figure 1 for a demonstration and explanation of this equivalence. This relationship allows for a
simple rewriting of the transition-error condition of the simulation lemma (Equation 2):

— €
Vs,m: |PFlly>1— ?T (8)

Using this framing, we can now lower-bound the overlap of state-distributions at timestep ¢ when
starting from sg, by demonstrating that at every timestep, at least 1 — ep/2 fraction of the prior

timestep’s distributional overlap is retained. For notational convenience, Pst0 s = (P”)zo’s, and



M! =min(P. , P! ). Thus,

80,8 80,877 80,8

s0,8"? " so,s’

_ . t T Dt DT
- E Il’lln( § Pso,s ' Ps,s’ s E Pso,s . Ps,s’)
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I = Y min(P, P
8/

> YO min(Pl - PI, Pl PT)
s’ s
> ZZmin(min(Pstms , I:’;O,S) - PT,), min(P, _, ]5;078) ~I3;S,)
s’ s
= ZZmin(PﬁO,s , p;ms) min(Py, ]3:5/)
s s
= Zmin( s P;ms)Zmin(Ps’fs, , Pryr)
s s’
= [[M, 1y - max||PT [y

= IM = Ml (1= er/2).

The third line can be understood as providing the minimum operator more options to choose from,
in that after bringing the minimum inside of the sum, the two elements in the second line are both
still possible choices and so the inequality holds. The fourth line can be understood similarly for
multiplication.

With M = T as the base case, applying recursion yields
Mg, > (1 —er/2)". (9)
We contrast this with the equivalent recursive proof of distributional drift using the L; formulation

of transition misspecification, akin to the recursion employed by the original simulation lemma
(Equation 5):

1P = PE e =[PP = PPy

1 D T DT D s DT
= §||(P§0*Rfo)(P +P7) + (P, + PL)(P™ — P

1 D T DT 1 > T DT
< §||P§O—P§O||1||(P +P)T||1+§||P§O+P§0H1||(P - P,
= ||Pf, =Pl +IP™ = P
< ||PL =Pl +er

= [|[PET =PIy < (t+Der,

where || -||; above refers to both the matrix and vector 1-norm, and on the third line we use the
identity ||Az||1 < ||Al|1||z|ls- This result makes clear the contrast between the two methods for
computing distributional drift: Naively using the L; formulation leads to unbounded accumulation
of drift as horizon approaches infinity, while the overlap formulation smoothly decays from 1 to 0.
This difference is crucial to generating the tighter bound in the next section.

3.3 A Tight Bound on Value Error

We are now ready to prove our main result, a tight bound on the value error.



Theorem 1 For two MDPs M and M related as described in Equations 2 and 3, the following

inequality holds:
1 1-— €R

1—y 1-y(1-er/2)

Vs, m: |V57r - V;' < (10)

Furthermore, this bound is tight.

Proof: Since the conditions of the simulation lemma (Equations 2,3) are symmetric with respect
to M and M, without loss of generality we assume V7 > VT, and thus [V7 — V| = VT - V7. We
now add and subtract the same quantity in a way that allows for discarding a strictly non-positive

term:
|V€7:; - Vsﬂo‘ = V;:; - Vsﬂo
= D AUPLRT) (P, RT)
t=0

807 807 807 807 E

= > ((PLy B™) = (0L, B7) + (ML, R™) = (0L, B7) + (ML, ™) — (P, 7))
t=0

S0 507 507

= > APl - M, R")++ (M, R" — R") ++"(M! - Pl R").
t=0

By construction, M!, is the overlap between P! and P!, and thus and entries of M — P! are
strictly non-positive. Since rewards are likewise non-negative, the third inner product in the above

sum is always non-positive. Thus, we can drop this term to significantly tighten our bound.

S0

Vi —Va <Y ANPL - M, RT) +~ (M, R" - RT)
t=0

< > ANPL = ME - IR [lso + A IME |11 - | RT = R¥ ||
t=0
0 — —
< > ANIPL = ML+ A M llver
t=0
= > APl = A IME [l + A M llver
t=0
= > A A (er— DML K
t=0
< D A+ (er - 1A —er/2)f
t=0
= -6 - Xy
1_ R 7T
t=0
1 1-— €ER

N
|

= [V -Vr - ,
Ve =Vl 1—v 1—7(1—ep/2)

This proof makes use of Hélder’s inequality to bound inner products with L; and L, norms, as well
as the identity in Equation 6 to split ||[P! — M! |1 into ||P! ||y — [[M]|l;. We provide a parallel
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Figure 2: Bounds on value error given by original simulation lemma as well as our tighter bounds,
normalized by Vs ax. (Left) Bound on value error with increasing gamma shows the original lemma’s
suboptimality with respect to discount. (Right) Bound on value error with increasing misspecifica-
tion shows looseness of linear approximation compared to the tight bound.

proof for the finite-horizon undiscounted setting in Appendix B. We briefly remark that this bound
matches intuition:

e When v =0, then |V — V| < eg since only the first step contributes to value.

o When ep = 1, the MDPs can have completely different reward functions and thus
VI = VI < 125 = Varax.

« When eg = e = 0, the MDPs are identical and thus |V — V7| = 0.

Additionally we note the the original simulation lemma can be reproduced as a Taylor expansion
of our bound around ez = 0 and e = 0, proving that the original bound is the tightest possible
linear approximation to the maximal error as model misspecification approaches 0. Figure 2 presents
a comparison of our bound with the original simulation lemma, demonstrating superiority in the
large-misspecification and large-discount limits.

3.4 Proof of Tightness

We now demonstrate that this is the tightest possible bound, including constant factors, by con-
structing a pair of MDPs with exactly this value error. M consists of two states, both of which
transition to themselves, with R(s;) = 1 and R(sy) = 0. We construct M so that V(s;) is as small
as possible given eg, er, by setting R(sl) =1 — ep, and transitioning from s; to so with probability
er/2 (and thus self-transitions with e7 /2 less probability, so || PJ, —]557“1 i = er). Hence, V(sg) = ﬁ

and V(SO) = ﬁ

Intuitively, this result makes clear the role of e as modifying the discount factor of M. A discount
can be interpreted as entering an absorbing state with probability 1 — at each timestep (Sutton &
Barto, 2018). In M, this instead occurs more frequently, with probability 1 — (1 — e /2).

3.5 Value Loss of Optimal Policy

The simulation lemma directly applies to bounding the value difference of executing the same policy
on two related MDPs. However, in reinforcement learning the task is frequently to learn an optimal
policy 7*, that has the following property:

Vr,s: VI >V



It is natural to ask, if one learns the optimal policy #* by training on an approximate MDP M, how
much worse will this policy do than 7#* when executed on the actual MDP M? In contrast to the
simulation lemma, we are comparing the value loss of different policies on the same MDP. Noting
that V7" > V7

VI -VE = VE (V- )+ (V=T =T
= (V& -V +(VE -V + (VE -V
< VSV A0+ (V- V)
< VE VI HVE - VE

This is simply twice the value error of executing the same policy on different MDPs. Thus, by
improving the simulation lemma bound, we similarly tighten the estimated value loss when training
on an approximate MDP. Similar results are common in inverse RL, e.g., Burchfiel et al. (2016), and
have been noted in the context of the simulation lemma as well (Jiang, 2018).

3.6 Application to Hierarchy

Analogs to the simulation lemma exist throughout the reinforcement learning literature; here, we
present an extension of our proof to one such instance in the field of hierarchical reinforcement
learning. We use the formalism of ¢-relative options (Abel et al., 2020), a form of approximately
value preserving state and action abstractions.

Let OF be a set of options o* over abstract states sy € Sy, that can be composed to form a policy

that is optimal in the base MDP. Let @4, be a set of options that approximates OF in that

Vo* € 0} Jo€ Oy
Vs,s' |PS, — P2, <er and |RS — R%| < ep,

o
s,s’

where RJ and P7 ., represent the reward and multi-time models of Sutton et al. (1999). We define
V7" as the value of executing the best policy over (9;, and V™ as the value of executing an
approximately equivalent policy using options from @¢. By bounding probability distances we
arrive at the following relation:

Ryrax Ryax —€r

Ve _VTe| < - .
vV s T T A (S = Der

This improves on the existing bound (Abel et al., 2020):

€ER + |S|€TRMAX
(-2 7

in much the same way as our original result improves upon the simulation lemma. A proof, more
complete definitions, and an example demonstrating tightness are deferred to Appendix C. The main
difference in applying our technique to this domain is careful treatment of the multi-time transition
function, where >, P?,, # 1.

Vi -Vl <

4 Conclusion

The simulation lemma is a widely used result in reinforcement learning that quantifies the effect of
model misspecification on value. We demonstrate that the originally provided bound is quite loose,



becoming vacuous when applied to large discount factors frequently used in reinforcement learning.
In this work we present a version of this lemma that is optimally tight, along with an example
application of this method to hierarchical reinforcement learning. We expect that our bound can be
applied to a variety of results throughout the literature, and that the general proof technique can
be useful in other domains.
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A Full proof of Simulation Lemma

For completeness, we include the proof of the simulation lemma found in Jiang (2018). We adopt
notation from Section 3.

VI— V| = RS +4(PT, V) — BT — (P, V)
< en+AlPT, V™) — (BT VT) 4+ (BT, VT — (BT, V)
= R AlPE VT = ) — (PR = ) (P — (P17
< en+2lIPE = P21V = gl + B - IV = P
< ent g VT - T

€R + VeT

= V7 -V < .
Vr=vl< -y 2(1-7)?

This proof makes use of Holder’s inequality to bound inner products with L; and L., norms, as well
as centers the value 0 < V[ < ﬁ through subtracting the midpoint for improved bounds.
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B Application to the Finite-Horizon Setting

We now extend our improved bound to the finite-horizon, undiscounted setting, where an agent

interacts with an environment for H steps.

ditioned on timestep as well as state; hence we define 7 = [my, ...,

One difference in this setting is that policies are con-
mr—1]. Existing bounds in the

finite-horizon setting establish a relationship between values at subsequent timesteps. Noting that

0 <V, <H —h (and defining V7 ; = 0), Then,
Virs — Vhﬂ:s| =[RS + (P, Vi) — RTw — (P, Vhw+1>|
< er+[(PI Via) = (BT Vi) + (BT Vi) — (BT Vi)
= PP — T ) (PR, -
+ (P Vi) — (P V)
< ent 1B~ Bl Vi~ e A+ IV — Vil
< e+ €T¥ + Vg1 — ViZTJrlHoo
H-1 :
= |VF, - Vi, < Zh €R +€T¥
= |V —VO’,TS| < eRH—i-eTw

For our bound, the only change from the discounted setting is replacing the discounted infinite sums
of Section 3.3 with finite undiscounted ones. Redefining P* = [],,., P™, and WLOG assuming

that V7 > VOTS , We can show:

|VOT:-SQ - VijSO | = VOT:— Vﬂ-‘

907 0,90
H-1
= (P!, R™)— (P! R™)
t=0
H-1 B B
— (Pl — M. R™)+ ( SO,R’” R™) + (M} — SO,R’”>
t=0
H-1
S <P8t(] Mgo ) Rﬂ-t> <M5t()7 RT” - Rﬂ—t>
t=0
H-1 B
< Z IPL = M Iy - R oo + VL |11 - [ RT = B™||oc
H—-1 B
< ZH = M |1+ | ML |lier
t=0
H—-1 B B
= [P 1 — 1ML Nl + (1M |lrer
t=0
H—-1
< L+ (er — 1)(1 —er/2)
t=0
= Vi, ~ Vi, < H- (1—63) (1—(1—ep/2)")

11



Again, we note that Taylor expanding this relation at eg = 0 and er = 0 recovers the original bound.

C Proof of Hierarchy Bound

This proof exactly mirrors the one in the main body, with additional care taken to handle multi-time
models. We first describe the ¢-relative options framework (definitions largely taken from Abel et al.
(2020)), and then provide a tighter bound on value loss.

An option o € O is an abstract action defined by the tuple (Z,, 55, 7,), where Z, C S is the subset
of the state space the option can initiate in, 5y C S is the subset the option terminates in, and 7, is
a policy. For a given state abstraction ¢ : S — Sy, an option oy is said to be ¢-relative if and only
if Is4 € Sy such that

s€sy = sel,, s¢ sy = 5€fo, Vs € 54, To,(s) = A(A)

In words, a ¢-relative option is one that executes from anywhere in one abstract state, and terminates
upon leaving that abstract state. Furthermore, Oy denotes a set of only ¢-relative options, with at
least one option that executes at each abstract state.

Let C’); be a set of ¢-relative options o* that can be composed to form an optimal policy in the base

MDP. Let @¢ be a set of options that approximates (’)(’;S in that

Vo* € 0} Jo€ Oy
Vs, s’ \Pf;/ — Pf,s/| <er and |R? — R%| <ep

(11)

where R and P7, represent the multi-time reward and transition functions described in Sutton
et al. (1999):

R =EauolY A1) Plu=> ~'Pr(s, =515 =1).
t=0

t=1

In words, R? is the expected discounted reward accumulated over the course of an option execution,
and P¢ ., is the total discounted probability that an option terminates in s’ when starting from s.
Crucially, Y. s P2, <~ <1. We also note that the ez bound is per-entry, not per-vector. This
was the form of the conditions in the original simulation lemma (Kearns & Singh, 2002), which was
replaced with a vectorized version in subsequent work (Kakade et al., 2003).

Since ||P?||; may take on different values for different options and starting states, we can no longer
directly use a relation similar to Equation 7. However, we can augment the MDP by adding an
absorbing state s;, and modify each option such that

R0 =0 , P, =~-— Z P,
s'#sqy

By doing this, || P?||; = v without modifying the behavior of the given option in the base MDP. This
allows our proof to proceed treating options in roughly the same way as we do actions in the main
body. Noting that since P, = 0 by construction, for two options o*, 6" satisfying the relations of
Equation 11 we have that:

|P:,s1 _P;,sz| < Z |P£s’ _Psé,s" < (‘S| - 1)6T'
§'#5z,8
Thus we can recover a condition similar to that of Equation 2:

1P = Pllli= > |Poy — P2yl <2(S| - Der.
s'€S+s,
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Due to the addition of s;, we can now describe the above bound in terms of overlap. Defining
P? %= min(P"* Pf’s,)7 we can produce a similar relation to Equation 8:

s,S s,8"
1Pyl = = (IS = Der.

Let IIp, be the set of abstract policies representable by Oy. Let 7, be a policy within Ho;5 that is
optimal in the base MDP. Let 75 be a policy in H(% produced by replacing each o* chosen by 7+
with an option 0 satisfying the relations of Equation 11. Then, we can follow the same algebraic
steps as in the main body to produce the following bound:

Ryax Ryax —€r
Ty Tyt (5~ Der

Vo =Vl <

C.1 Proof of Tightness

We can generate an abstract MDP that achieves this bound using a similar recipe as in Section 3.4.
We construct an abstract MDP where each option o* transitions uniformly to each other state with
discounted probability ISI%l’ receiving a reward of Rps4x. We then construct a new set of options
that uniformly transition with discounted probability \S\%l — e, receiving reward Ry;ax —egr. This
exactly reproduces the provided bound.
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