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Abstract

Symmetry is an often-desired quality of machine learning models, leading, among other
things, to more predictable model generalization. Continuous symmetry detection and
enforcement for machine learning are two related topics that have recently been explored
using the Lie derivative along vectors fields, which has led to improved computational
outcomes. However, though image data is littered with continuous symmetries under which
image classifiers are meant to be invariant, the application of the Lie derivative for the
detection and enforcement of these symmetries for image data remains underexplored. In
this work, we derive vector field infinitesimal generators for various continuous symmetries
for image data. We then use these generators to detect and enforce continuous symmetries
in image classifiers. We show that these techniques lead to improved outcomes which are
not possible using existing methods.
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1. Introduction

Symmetry-informed machine learning is a field which has continued to accumulate interest,
with previous work demonstrating its effectiveness in improving model performance (Lyle
et al., 2020; Bergman, 2019; Craven et al., 2022; Tahmasebi and Jegelka, 2023; Ko et al.,
2024). Within the context of image classification tasks, one is often concerned with learning
neural networks which are invariant to pre-specified transformations of images. Although
a common approach to building invariant models in practice is to explicitly augment the
training data with transformed copies of images, recent work has been conducted with the
goal of enforcing either equivariance or invariance in models without the need for data aug-
mentation (Finzi et al., 2020). Additionally, recent work has shown that the Lie derivative
along vector fields can be used to enforce and discover continuous symmetries in models
more generally, which approach can be computationally efficient (Otto et al., 2024; Shaw
et al., 2024, 2025). However, it appears that, despite the many continuous symmetries for
image data, previous work with regard to image data deals only with certain types of con-
tinuous transformations, such as planar affine transformations. In this work, we propose an
approach to symmetry discovery and enforcement for image data using the Lie derivative
along vector fields. The extension to image data is non-trivial, due to the fact that previous
work assumes data is given as a vector in R™: while an image can be “flattened” so as to be
given as a vector, this erases positional structure within images that is commonly leveraged
in modern architectures, including Convolutional Neural Networks (CNNs).
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2. Related Work

Some related work in symmetry discovery has focused on detecting affine transformation
symmetries and encoding the discovered symmetries automatically into a model architec-
ture. Some methods identify Lie algebra generators to describe the symmetries. For ex-
ample, augerino (Benton et al., 2020) attempts to learn a distribution over augmentations,
subsequently training a model with augmented data. Lconv (Dehmamy et al., 2021), which
generalizes CNNs in the presence of affine symmetries, uses infinitesimal generators repre-
sented as vector fields to describe the symmetry. SymmetryGAN (Desai et al., 2022) has
also been used to detect rotational symmetry (Yang et al., 2023).

Another notable contribution to efforts to detect symmetries of data is LieGAN. Lie-
GAN is a generative-adversarial network intended to return infinitesimal generators of the
continuous symmetry group of a given dataset (Yang et al., 2023). LieGAN has been shown
to detect continuous affine symmetries, including transformations from the Lorentz group.
It has also been shown to identify discrete symmetries such as rotations by a fixed angle.

While most continuous symmetry detection methods attempt to discover symmetries
which are affine transformations, the representation of infinitesimal generators using vector
fields has led to the discovery of continuous symmetries which are not affine (Ko et al.,
2024; Shaw et al., 2024). In one case, the domains of image data and partial differential
equations are examined in particular (Ko et al., 2024). Compared with other methods, a
vector field approach is computationally efficient (Hu et al., 2025).

Our method of symmetry enforcement is most closely related to previous work on sym-
metry enforcement using vector fields (Finzi et al., 2020; Otto et al., 2024; Shaw et al.,
2025), since we are directly adapting the analogous methods presented by the various au-
thors for image data and common image transformations. This method is also analogous
to Physics-Informed Neural Networks (PINNs) (Raissi et al., 2019). With PINNs, model
training is regularized using differential constraints which represent the governing equa-
tions for a physical system. The method of symmetry enforcement employed here differs
from PINNS since the differential constraints obtained using infinitesimal generators do not
generally have the interpretation of defining governing equations for a physical system.

Continuous symmetry enforcement in images is far from new, and we note some recently-
developed methods. Some methods seek to enforce symmetry by augmenting the training
dataset according to known symmetries (Bergman, 2019). Augerino attempts to enforce
symmetry using augmented data, though the symmetries are discovered from the data
rather than given a priori. Another established method of enforcing symmetry is feature
averaging, which is thought to be generally more effective than data augmentation (Lyle
et al., 2020).

A growing number of methods seek to use symmetry to construct invariant or equiv-
ariant models without the need for augmented training data, and there is previous work
accomplishing this using infinitesimal generators (Dehmamy et al., 2021; Yang et al., 2023;
Finzi et al., 2020; Otto et al., 2024). Some previous work addresses specific cases: the
special case of compact groups is studied (Bloem-Reddy and Teh, 2020), and the case of
equivariant CNNs on Homegeneous spaces is studied (Cohen et al., 2019). Other work
speaks to the universality of invariant architectures (Maron et al., 2019; Keriven and Peyré,
2019; Yarotsky, 2018).
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3. Methods

3.1. Quantifying the Extent to which a Smooth Model is Invariant

The notion of similarity of vector fields has been previously discussed (Shaw et al., 2025),
though we include this discussion herein since the proposed methodology is not likely known
to the machine learning community at large. Given a metric tensor g;;—usually assumed to
be thfz standard Euclidean metric tensor—we define the angle between two vector fields X
and X by

% _ 1 ’<X7X>g’
cos (0(X, X)) = -7 LXug ‘ HX’HJ | .

where (X, X), = > fifigijs |1 Xlg = (X, X)g, and where E [u(x)] = [, u(x)dM, with
the region 2 being defined by the range of a given dataset. Ordinarily, this is the full range
of the dataset. This formula is a generalization of the formula given in Shaw et al. (2024)
in the case where the manifold and/or metric is not assumed to be Euclidean.

The notion of a “cosine similarity” between vector fields induces a method by which the
extent to which a particular smooth function is invariant can be quantified in relation to
other functions. For a fixed vector field X, a function f is X-invariant if and only if X is
orthogonal to the gradient of f, which vector field we denote X ;. Thus, the extent to which
f is X-invariant can be quantified in terms of the cosine of the angle between X and Xy,
given in Equation (1): the closer to 0 this value is, the more X-invariant f is.

3.2. Continuous Symmetry Enforcement using Vector Field Regularization

In this section, we summarize the previously-given method Shaw et al. (2025); Otto et al.
(2024); Finzi et al. (2020) of enforcing continuous symmetries using regularization induced
by vector fields. We seek to extend these approaches to image data.

Suppose that, as in the case of supervised learning, one seeks to learn a function F'
mapping data instances x; to targets y;, where z; € R? and 3; € R™. Suppose also that
the function F' is estimated by means of the minimization of £(F(x),y) for a smooth loss
function £. The model function F' is invariant with respect to the infinitesimal generators
{Xk};_, precisely when, for each component f; of F, X,(f;) = 0 for 1 < k < s and
1 < j <m. This can be used as a regularization term giving a loss function of:

(1= A)L(F(x),y) + AOLX(F)(x),0), (2)
where X(F)(x) = (Xg(f;))(xi), O is an array of zeros and is of the same shape as X(F)(x),
L is a smooth loss function, and A(¢) € [0, 1] is a (possibly time/epoch-dependent) symmetry
regularization parameter.

4. Experimental Results

We have performed experiments using the MNIST dataset (Deng, 2012), comparing median
+ IQR/2 accuracy scores using augmentation only, symmetry regularization, regularization
and augmentation, and a baseline with neither augmentation nor regularization. Table 1
shows the results of our experiment using Power Law symmetry, and Table 2 shows the
results using Gaussian Blur.



Table 1: Power Law Symmetry Enforcement on the MNIST Dataset

0% Baseline Regularization | Augmentation | Reg + Aug

0.1 | 0.4435+0.0757 | 0.7289 +0.0528 | 0.9643 4+ 0.0318 | 0.9066 4 0.0438
0.2 ] 0.8670£0.0332 | 0.9497 £0.0365 | 0.9757 £ 0.0315 | 0.9275 + 0.0446
0.25 | 0.9309 £ 0.0359 | 0.9604 £+ 0.0357 | 0.9765 = 0.0317 | 0.9295 + 0.0446
1.0 | 0.9684 +0.0413 | 0.9690 = 0.0355 | 0.9773 £0.0323 | 0.9317 £ 0.0449

For the Power Law experiment, each model was trained for a total of 12 epochs. For
the Regularization and Reg + Aug methods, A(¢) was 0 for the first three epochs and was
subsequently 0.5. With further regard to Equation (2), the Cross Entropy loss was used
for £, while the MSE loss multiplied by 282 was used for £. Optimization was obtained
using the Adam optimizer with a learning rate of 0.001. For the Gaussian blur experiment,
nearly identical settings were used, except that £ was scaled by a factor of 10 - 282 rather
than 282, as before.

Table 2: Gaussian Blur Symmetry Enforcement on the MNIST Dataset

o Baseline Regularization | Augmentation | Reg + Aug

0.1 | 0.8924 +£0.0024 | 0.9710 £0.0439 | 0.9216 £+ 0.0409 | 0.9797 £ 0.0022
1.0 | 0.8867 £0.0027 | 0.9594 +0.0421 | 0.9225 £ 0.0405 | 0.9714 + 0.0034
2.0 | 0.8451 +£0.0138 | 0.8731£0.0438 | 0.9167 £ 0.0391 | 0.8969 =+ 0.0022
3.0 | 0.7747 £0.0201 | 0.7524 £0.0618 | 0.9103 £ 0.0371 | 0.8108 £ 0.0156
6.0 | 0.7076 = 0.0354 | 0.6288 £0.0389 | 0.8998 4 0.0346 | 0.7234 £ 0.0485

5. Conclusion

We have introduced symmetry discovery and enforcement for image classifiers using vec-
tor fields. We have shown that symmetry enforcement can encourage models to be more
symmetric than a baseline approach. Future work includes the examination of the effect
of the regularization parameter \(¢) on model performance and generalization, as well as
incorporating additional symmetry types and image datasets in experiments.
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Appendix A. Vector Fields and Flows

We now provide some background on vector fields and their associated flows (1-parameter
transformations). We refer the reader to literature on the subject for additional information
Lee (2012). Suppose that X is a smooth (tangent) vector field on R™:

X = o/@xi = Z o/@xi, (3)
i=1
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where o : R® — R for i € [1,n], and where {z'}"_; are coordinates on R". X assigns a
tangent vector at each point and can also be viewed as a function on the set of smooth,
real-valued functions. E.g. if f: R" — R is smooth,
n
X(f) = ol —. 4
(f) d (@

i=1

For example, for n = 2, if f(x,y) = xy and X = y3d,, then X (f) = 3. X is also a derivation
on the set of smooth functions on R™: that is, for smooth functions fi, fo : R” — R and
ai,az € R,

X(arf1 +azf2) = a1 X (f1) + a2 X (f2), X(fifo) = X(f1)f2 + [LX(f2). (5)
These properties are satisfied by derivatives. A flow on R™ is a smooth function ¥ : RxR" —
R™ which satisfies
¥(0,p) =p,  U(s,¥(t,p)) =U(s+1,p) (6)
for all s,t € R and for all p € R™. A flow is a 1-parameter group of transformations. An
example of a flow ¥ : R x R? — R? is

U(t, (z,y)) = (xcos(t) — ysin(t), zsin(t) + y cos(t)), (7)

with ¢ being the continuous parameter known as the flow parameter. This flow rotates a
point (x,y) about the origin by ¢ radians.

For a given flow ¥, one may define a (unique) vector field X as given in Equation 4,
where each function o' is defined as

(8)

Such a vector field is called the infinitesimal generator of the flow W. For example, the
infinitesimal generator of the flow given in Equation 7 is —yd, + z0,,.

Conversely, given a vector field X as in Equation 4, one may define a corresponding flow
as follows. Consider the following system of differential equations:

dz’

dt
Suppose that a solution x(¢) to Equation 9 exists for all ¢ € R and for all initial conditions
X9 € R™. Then the function ¥ : R x R" — R" given by

U(t,x0) = x(t) (10)

t=0

=a’, z'(0) = zb. (9)

is a flow. The infinitesimal generator corresponding to ¥ is X. For example, to calculate
the flow of —y0, + x0,, we solve

t=-y, y=x,  2(0)=1z0, y(0)=1y0 (11)

and obtain the flow W(¢, (xg,y0)) defined by Equation 7. It is generally easier to obtain the
infinitesimal generator of a flow than to obtain the flow of an infinitesimal generator.

A smooth function f : R™ — R is said to be X-invariant if X(f) = 0 identically for
a smooth vector field X. The function f is W-invariant if, for all t € R, f = f(U(¢,-))
for a flow W. If X is the infinitesimal generator of W, f is W-invariant if and only if f is
X-invariant.



Appendix B. Infinitesimal Generators of Multi-Parameter Groups

Let G € R® be a group, and suppose GG acts on R™: that is, for g1, g2 € G and for x € R",
there is a function ¥ : G x R — R"™ such that (assuming the group operation is vector
addition)

(0, ) =z, U(g2, ¥(g1,2)) = V(g1 + g2, %) (12)

The use of the symbol ¥ to denote a multi-parameter group action is not accident, as a
flow is a 1-parameter group action. Let {v;}_; be a basis for the tangent space of G at 0,
the group identity element. Lastly, let o be a curve in G for which o(ty) = 0 and 5(tp) = v;
for tg € R. The infinitesimal generator X; corresponding to v; is given by

X = (Gwe0.2) (13)

t=to
For example, consider the group G = R? acting on R? via
U((a,b,0),(z,y)) = (zcos(f) —ysin(f) + a,zsin(f) + y cos(f) + b) .
Given the following three curves,
oa(t) = (£,0,0),  op(t) = (0,£,0),  oa(t) = (0,0,1),

we find that

d d
Xo=2 6.0 [=0=0s,  Xp= 7 (0,)]t=0 =9y,

Xo = % (2 cos(0) — ysin(h), zsin(0) + y cos(0)) [i=o = —yOz + x0.

For each of these vector fields, a corresponding flow can be computed, which flows we call
U,, Uy, and Wy, respectively. In terms of the original parameters, these flows are given as

\Ila(a7 (:E?y)) = (:‘U +aay)7 \Ilb(bv (:‘Uay)) = (:Uay + b)a

Uy = (xcos(f) — ysin(f), xsin(0) + y cos(d)) .

While each of these flows are, individually, 1-parameter group actions, it is clear that the
infinitesimal generators X,, X3, and Xy are the infinitesimal generators for the multi-
parameter group action given in Equation (12). Thus, discovering vector field infinitesimal
generators which annihilate a fixed (smooth) function applies to multi-parameter group
actions and not solely to 1-parameter groups.

Appendix C. Diagonal Group Actions and their Infinitesimal Generators

Let G be a group acting on a set Y. The action of G on Y induces an action on the set Y™,
where a group element g € G acts on (y1,¥2,...,Ym) € Y by acting on each component
y; separately and in the manner in which g acts on y € Y. It is said that the action of G
on Y™ is a diagonal action.
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If U(t,x) is a flow on R™, the induced diagonal action on R™ x R" x --- x R" = (R™)™
is defined as

U(t, (x1,%X2,...,%Xm)) = (V(t,x1), ¥(t,x2),..., V(t,x)) .

If X is the vector field infinitesimal generator for W(¢,x), we denote the infinitesimal gen-
erator for W(¢,x;) by Xj, so that the infinitesimal generator X for WU is given as

X=X1+Xo+4 + X,

For example, let ¥(t, (z,y)) = (z +t,ty), so that X = J, + y0,, the level curves for which
can be written as y = ce®. The infinitesimal generator for the diagonal action of ¥ on
R? x R? x R? is

X =0y + ylayl + Oy + y28y2 + Opy + y36y3'

Our model assumption is that an image with m channels is an element of (R™)"™, with
n being the number of pixels. This merely formalizes the concept of a group “acting on
each image channel separately.” However, another fruitful perspective outside the context
of image data deals with samples, where m represents the number of data points in a
given dataset and where n represents the number of features. It is within this context
that the sample mean can be said to be equivariant under certain affine transformations:
a group acts on each point {x;}!"; separately, where x; € R", so that the sample mean of
U (t, (x1,X2,...,Xpy)) coincides with ¥(t,-) applied to the sample mean of {x;}7,.!

1. We note that equivariance under flows, like invariance, can be characterized in terms of the Lie deriva-
tive (Otto et al., 2024), though the subject of the current work is invariance and not equivariance.
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