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ABSTRACT

We investigate size-induced distribution shifts in graphs and assess their impact
on the ability of graph neural networks (GNNs) to generalize to larger graphs
relative to the training data. Existing literature presents conflicting conclusions on
GNNSs’ size generalizability, primarily due to disparities in application domains
and underlying assumptions concerning size-induced distribution shifts. Motivated
by this, we take a data-driven approach: we focus on real biological datasets
and seek to characterize the types of size-induced distribution shifts. Diverging
from prior approaches, we adopt a spectral perspective and identify that spectrum
differences induced by size are related to differences in subgraph patterns (e.g.,
average cycle lengths). We further find that common GNNs cannot capture these
subgraph patterns, resulting in performance decline when testing on larger graphs.
Based on these spectral insights, we introduce and compare three model-agnostic
strategies aimed at making GNNs aware of important subgraph patterns to enhance
their size generalizability: self-supervision, augmentation, and size-insensitive
attention. Our empirical results reveal that all strategies enhance GNNs’ size
generalizability, with simple size-insensitive attention surprisingly emerging as
the most effective method. Notably, this strategy substantially enhances graph
classification performance on large test graphs, which are 2-10 times larger than
the training graphs, resulting in an improvement in F; scores by up to 8%.

1 INTRODUCTION

Graph neural networks (GNNs) (17; 1285 [12; 140 375 |19) have gained widespread popularity in graph
classification tasks owing to their outstanding performance. Though most GNNs can process graphs
of varying sizes, it remains under-explored whether they can generalize to graphs larger than those
encountered during training (size generalizability). Size generalization in GNNs holds significant
importance across multiple domains. For instance, in graph algorithmic reasoning (36;[29)), GNNs
are expected to learn complex algorithms from small examples and generalize that reasoning to larger
graphs, as obtaining exact solutions for larger graphs is challenging. In the realm of biology, datasets
exhibit a wide range of graph sizes, spanning from small molecules to large compounds. Evaluating
whether learned knowledge is influenced by graph size is crucial, as size-dependent information may
potentially have a detrimental impact on performance when employing pre-training strategies (13).

Existing literature presents conflicting conclusions on GNNs’ size generalizability. On one hand,
several studies (21535} 126) have provided support for the ability of GNNs to effectively generalize
across varying sizes. For instance, a theoretical study (21)) established that spectral GNNs exhibit
robust transferability between graphs with different sizes and topologies, provided that these graphs
discretize the same underlying space in some generic sense. Other works further provided empirical
evidence supporting the strong size generalizability of GNNs in the domains of algorithmic task
learning (35) and physics simulations (26)). On the other hand, several studies (38}16;4) have observed
performance degradation when a size shift exists between the training and test data. For instance, a
recent work (38)) showed theoretically and empirically that the difference in degree patterns between
small and large graphs contributes to this performance decline. There have also been proposals of
novel models (4) and regularization techniques (6) to enhance the size generalizability of GNNs.
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These conflicts mainly arise from disparities in application domains and underlying assumptions
concerning size-induced distribution shifts.

Motivated by these conflicts, we take a data-driven approach: we focus on real biological datasets
and seek to characterize the types of size-induced distribution shifts. This characterization provides
valuable insights into the size generalizability of GNNs. Specifically, we adopt a spectral perspective
and identify the connections between the spectrum differences induced by varying graph sizes and
the differences in subgraph patterns, particularly cycles. We find that breaking cycles in graphs
amplifies the spectrum difference between smaller and larger graphs, whereas extending cycle lengths
in smaller graphs to align with those in larger graphs reduces this difference. Furthermore, we
observe that conventional GNNs struggle to generalize effectively without explicit cycle information,
leading to performance degradation on larger graphs. To address this, we propose and compare
three model-agnostic strategies aimed at equipping GNNs with cycle information to enhance size
generalizability: self-supervision, augmentation, and size-insensitive attention. Our empirical results
demonstrate that all strategies enhance GNNs’ size generalizability, with simple size-insensitive
attention surprisingly emerging as the most effective method. Although prior research has established
GNNSs’ limitations in counting cycles (8), the primary focus of this paper is to delve into how this
limitation influences the size generalizability of GNNs.

In sum, our paper makes the following contributions:

* New Observations. We characterize the types of distribution shifts caused by various graph sizes
in biological networks, offering insights for designing a size-agnostic GNN.

¢ Spectral Analysis. Unlike prior work, we leverage spectral analysis to deepen our understanding
of the size generalizability of GNNs.

¢ Model Agnostic Strategies. To make GNNs aware of important size-related subgraph patterns
(e.g., average cycle lengths), we propose and compare three model-agnostic strategies that improve
size-generalizability of GNNs. We find that simple size-insensitive attention is the most effective
strategy among the three.

2 NOTATIONS AND PRELIMINARIES

In this section, we begin by introducing the notations and definitions used throughout the paper. Next,
we provide an introduction to the fundamentals of GNNss.

2.1 NOTATIONS & DEFINITIONS

Let G(V, £) be an undirected and unweighted graph with N nodes, where ) denotes the node set, and
& denotes the edge set. The neighborhood of a node v; is defined as the set of all nodes that connect
to v;: N; = {v;|(vj,v;) € £}. The graph is represented by its adjacency matrix A € RV*N and it
has a degree matrix D, where the ith diagonal element d; corresponds to the degree of node v;.

Cycle basis. An important concept we use to study cycles is cycle basis (27). A cycle basis is defined
as the smallest set of cycles where any cycle in the graph can be expressed as a sum of cycles from
this basis, similar to the concept of a basis in vector spaces. Here, the summation of cycles is defined
as “exclusive or” of the edges. We represent the cycle basis for a graph as C and refer to the jth cycle
in this cycle basis as C;. The cycle basis can be found using the algorithm CACM 491 (25).

2.2 GRAPH LEARNING TASK

In this paper, we focus on the graph classification task, where each node v; is associated with a feature

vector XEO), and the feature matrix X(?) is constructed by arranging the node feature vectors as rows.

When using a GNN for the graph classification task, we further denote the node representation matrix

at the I-th layer as X(V), and the representation of node v; as xgl).

Supervised Graph Classification. Each graph G; is associated with a ground truth label yf sampled
from a label set £. Given a subset of labeled graphs (from a label set L), the goal is to learn a
mapping f9 : (A, X(©); — yig between each graph G, and its ground truth label yzg e L. The
graph classification loss is given by L = m > g, e, CrossEntropy (x%, y9), where Gain i
the training graph set and x9 is the representation of graph G;.
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Evaluation of Size Generalizability. Following prior work (6; 138), we evaluate the size general-
izability of GNNs by testing their classification performance on graphs whose sizes are larger than
those in the train set. We obtain the small training graphs and large test graphs from the same dataset.

2.3 GRAPH NEURAL NETWORKS

GNN’s can be designed from either the spatial perspective or the spectral perspective. Despite the
difference in the design perspectives, a recent work (1)) has shown that spectral GNNs and spatial
GNNss are related and that spectral analysis of GNNs’ behavior can provide a complementary point
of view to understand GNNSs in general. Most spatial GNNs (17; 34528 [12)) use the message passing
framework (11), which consists of three steps: neighborhood propagation, message combination
and global pooling. Spectral GNNs (55 [10; 22)) utilize the spectral properties of a propagation
matrix T to perform the graph classification. The propagation matrix T is usually a function of the
adjacency matrix A, such as the normalized adjacency matrix T = (D +1)"'/2(A+I)(D+1)~1/2,
or the normalized graph Laplacian matrix L. Since we consider an undirected graph with a real
and symmetric adjacency matrix, the propagation matrix T is also real and symmetric. Then, we
can perform the eigendecomposition on the propagation matrix T: T = UAU?, where U is an
orthogonal matrix whose columns Uj; are orthonormal and are the eigenvectors of T, and A is a
matrix whose diagonal elements are the eigenvalues of T, sorted from large to small by their absolute
values. The set of eigenvectors {U;} form the orthonormal basis of R™. The goal of a spectral
GNN is to learn a proper spectral filter: f(A) = col +c1A + ca A2 + -+ + ;A + - - -, where ¢;
are the learnable coefficients. The convolution at each layer can be viewed as or is equivalent to:
XD = g(UF(A)UTXOWD), where WO is a learnable weight matrix, and o(-) is a nonlinear
function (e.g., ReLU). The graph representation is obtained from the node representations at the last
convolution layer: x¥ = Pooling ({ngaS[)}), where the Pooling function is performed on the
set of all the node representations, and it can be Global_mean or Global_max or other more
complex pooling functions (39; [18).

3 SPECTRAL ANALYSIS OF SIZE-INDUCED DISTRIBUTION SHIFTS

In this section, we first show that the independence of the eigenvalue distribution of the propagation
matrix T from the graph size is the key to achieving size generalizability of GNNs (§ [3.1). Next,
focusing on biologically data, we empirically verify that the eigenvalue distribution of the propagation
matrix depends on the graph size (§[3.2). Finally, we explore the subgraph patterns responsible for
the spectral disparities between small and large graphs, unveiling two key findings in § 3.3}

» Breaking cycles in graphs amplifies the spectrum difference between smaller and larger graphs.

» Extending cycle lengths in smaller graphs to match larger ones reduces the spectrum difference.

3.1 GRAPH SPECTRUM AND SIZE GENERALIZABILITY OF GNNS

To understand how GNNs generalize over graphs with different sizes, we examine the formulation of
graph representations. In the context of spectral GNNs, graph representations rely on the eigenvalues
of the propagation matrix. Consequently, the connection between graph representations and graph size
reduces to the connection between the graph’s spectrum and its size. More formally, we theoretically
show the following proposition in Appendix [Al

Proposition 1 When graphs of various sizes exhibit distinct eigenvalue distributions for the propaga-
tion matrix, the representations learned by spectral GNNs correlate with the graph size.

The proposition suggests that for GNNs to achieve effective generalization to larger graphs, the
disparity in the spectrum between small and large graphs should be small.

3.2 SIZE-RELATED SPECTRUM DIFFERENCES IN REAL-WORLD DATA

We now investigate how the eigenvalue distribution of the normalized adjacency matrix varies with
graph size in real-world data. As indicated in Proposition |1} the spectrum discrepancy between small
and large graphs affects the size generalizability of GNNs.

Datasets. We explore five pre-processed biological datasets (BBBP, BACE, NCI1, NCI109, and
PROTEINS) from the Open Graph Benchmark (14)) and TuDataset (23). More details about the
datasets are provided in Appendix
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Figure 1: Pairwise graph distance of eigenvalue distributions: Graphs are sorted from small to large,
and the (i,j)-th pixel in the plot represents the Wasserstein distance between the i-th and j-th graphs.
Dark blue represents a small distance (high similarity), while light red represents a large distance (low
similarity). We find that eigenvalue distributions show a strong correlation with the graph size.

Table 1: Average Wasserstein distance between graphs of ‘similar sizes’ and graphs of ‘different
sizes’ based on eigenvalue distributions, respectively. The relative difference is computed by the
difference of the Wasserstein distance normalized by the Wasserstein distance of similar graphs.

BBBP BACE PROTEINS NCI109 NCI1

Different Size 0.00566  0.00411 0.00765 0.00563  0.00566
Similar Size 0.00184  0.00149 0.00261 0.00215  0.00215
Relative Difference ~ 208% 177% 193% 162% 164%

Setup. Figure|l illustrates the pairwise distances of the graphs arranged in ascending order of size,
where the distances are calculated using the Wasserstein distance (31). We represent the graphs
by their empirical distributions of the eigenvalues that are obtained from the normalized adjacency
matrix as suggested in (17): T = (D +1I)~/2(A +I)(D +1I)~'/2. Using the normalized Laplacian
matrix leads to similar observations. We note that the eigenvalues do not scale with the graph size,
and they are bounded between [-1,1]. Dark blue represents a small distance (high similarity) while
light red represents a large distance (low similarity).

Results. As can be seen in the three subplots in Figure|l] there is a wide blue band along the diagonal,
which indicates that graphs of similar size have more similar eigenvalue distributions than graphs
of different sizes. This suggests a strong correlation between the eigenvalue distributions and the
graph size. To verify the observation quantitatively, we compute the distance of graphs with ‘similar
size’ and graphs of ‘different sizes’ in Table[T. For each graph, we consider the 20 most ‘similar
graphs’ in terms of size, and treat the remaining graphs as graphs of ‘different sizes’. The table shows
that the Wasserstein distances of eigenvalue distributions between the graphs of different sizes are
significantly larger than the distances between graphs of similar size. Based on the empirical results
and Proposition [T, the correlation between the eigenvalue distributions and the graph size results
in the correlation of the final graph representation and the graph size, which prevents GNNs from
generalizing over larger size.

3.3 KEY FINDINGS: SIZE-RELATED DIFFERENCES IN SUBGRAPH PATTERNS

In this subsection, we aim to identify the subgraph patterns that explain the spectrum differences
between small and large graphs. Our empirical analysis pinpointed several peaks in the graph
spectrum that match the spectrum of cycles. This motivated us to examine how cycle properties differ
in small and large graphs and how these differences are revealed in the spectrum. Specifically, we aim
to answer two questions: (Q1) How does the existence of cycles in the graphs influence the spectrum
differences? (Q2) How do the variations in cycle lengths contribute to differences in the spectrum? In
our analysis, we investigate the properties of the cycles in the cycle basis of each graph.

3.3.1 EXISTENCE OF CYCLES & SPECTRUM: THE IMPACT OF BREAKING CYCLES

To understand how the existence of cycles in the graphs influences the spectrum differences, we break
all basis cycles with minimal edge removal while maintaining the same number of disconnected
components, according to the details and algorithm given in Appendix[D.T. We analyze the impact of
breaking cycles by assessing the corresponding changes in the spectrum. By following the convention
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Figure 2: Pairwise graph distance measured by the Wasserstein distance of eigenvalue distributions
after breaking cycles and aligning cycle lengths on the NCI109 dataset. Breaking cycles amplifies
the correlation between eigenvalue distribution and graph size, while aligning cycle lengths reduces
the correlation.

Table 2: Average Wasserstein distance of eigenvalue distributions between graphs of similar size
and graphs of different sizes after breaking cycles and aligning cycle lengths. Relative difference
is computed as in Table We use 1 ({) to denote the increase (decrease) in the relative difference
compared to not taking the corresponding action. Breaking cycles results in a larger relative difference,
while aligning cycle lengths reduces the relative difference.

\ Breaking cycles \ Aligning cycle lengths
Datasets \ Different sizes  Similar size A relative difference \ Different sizes  Similar size A relative difference
BBBP 0.00545 0.00152 150% 0.00565 0.00211 1 41%
BACE 0.00420 0.001438 T 6% 0.00417 0.00176 1 41%
NCI1 0.00547 0.00173 153% 0.00566 0.00242 131%
NCI109 0.005438 0.00174 52% 0.00568 0.00245 131%
PROTEINS 0.00670 0.00212 131% 0.00763 0.00302 1 41%

of Section [3.2] in the center of Figure 2} we plot the pairwise graph distance based on eigenvalue
distributions of graphs with different sizes after breaking cycles. The blue band along the diagonal of
the plot becomes darker and narrower, suggesting a larger spectrum difference between small and
large graphs and a stronger correlation between the spectrum and graph size. To evaluate the effects
quantitatively, we further compute the changes in the relative spectrum difference and present the
results in Table 2. These results indicate that failing to consider cycle information can lead to more
significant differences in the spectrum between graphs of varying sizes, potentially causing GNNs to
struggle with generalizing effectively to larger graphs.

3.3.2 CYCLE LENGTH & SPECTRUM: ALIGNING CYCLE LENGTHS

In Section[3.3.1] we showed that cycle information is crucial for GNNs to achieve size generalizability.
We now further explore what cycle information helps reduce the spectrum difference between small
and large graphs. To facilitate our exploration, we divide each real-world dataset into two subsets:
one subset contains small graphs, and the other subset containts graphs of significantly larger size.
Further details regarding this dataset split can be found in Appendix [B] Using this dataset split, we
observe a significant difference in the cycle lengths for small and large graphs (Appendix [D.I)). As
described in Appendix [D.] to reduce that difference, we align the average cycle lengths between
small and large graphs by randomly inserting redundant nodes to increase the cycle lengths in small
graphs. The rightmost heatmap in Figure [2] shows how the correlation of eigenvalue distributions and
graph size changes after aligning cycle lengths. We observe a lighter blue band along the diagonal,
which suggests a weaker correlation between the spectrum and graph size. Furthermore, Table 2
quantitatively presents the changes in the relative spectrum difference between small and large graphs.
We observe that aligning cycle lengths results in reduced disparities in the spectrum between graphs
of different sizes. This indicates that GNNs capable of generalizing across varying cycle lengths may
exhibit better size generalizability. In Appendix [D.2] we show that our approach of aligning the cycle
lengths is more effective at reducing the spectrum disparities than randomly adding the same number
of nodes and edges.
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4 METHODOLOGY: PROPOSED MODEL-AGNOSTIC STRATEGIES FOR GNNS

Our findings in Section [3|suggest that GNNs with better ability to identify cycles and generalize over
cycle lengths may have better size generalizability on biological graphs. However, recent work (8)
has found that most GNNS are incapable of learning cycle information. Inspired by these, we propose
three model-agnostic strategies to help GNNs learn the cycle information.

4.1 STRATEGY 1: SIZE-INSENSITIVE ATTENTION

One way to incorporate cycle information into GNNS is by encoding it in the features and leveraging
them within the attention mechanism to guide the learning process. Specifically, for each graph G,
we obtain its cycle basis C. Then, for each node v; € G, we calculate the average length of the cycle
basis to which it belongs:
ic|
% if v; belongs to some cycles
l; = Yt Lwec;y (1
0 otherwise,

where 1 ¢congition} 1S an indicator function that outputs 1 when the condition is met and 0 otherwise.
Then we manually construct a two-dimensional feature vector for each node v; based on its associated
cycle information:

C; = []]-{viECycleh gl] (2)

We use the structural feature matrix C = [c1; . ..;cn] € RY*2 for attention. Since attention weights
often diminish with increasing graph size due to the utilization of Softmax, we propose scaling the
attention weights by the graph size and employing Global_max as the global pooling operation to
mitigate the impact of graph size. Mathematically, our final graph representation is given by:

k = Softmax(Cw}) N, x9=Global_max(Diag(k) XL, 3)
where w ) is a learnable vector, and Diag(-) creates a diagonal matrix using the vector as its elements.
We note that when we train on small graphs and test on large graphs, some structural features may

not be seen in the training, such as certain cycle lengths in the large graphs. We rely on the attention
mechanism to generalize to those cases.

4.2 STRATEGY 2: SELF-SUPERVISED AUXILIARY TASK

Our second proposed strategy utilizes a self-supervised auxiliary task to enhance the node represen-
tations with cycle-related information. The auxiliary task is to predict whether a node belongs to a
cycle. We do not utilize cycle lengths as labels because large test graphs may have cycle lengths not
present in the training data. Formally, let X (“*! denote the node representations obtained after the
last graph convolution. The conventional way of learning is to directly apply a pooling operator and
then minimize the loss function for label supervision as below:

Liabel = CrossEntropy(Linear(Pooling(X(LaSt)), yg))7 4)

where 39 is the ground truth label for the graph. In this approach, we incorporate an additional loss
that aims to diffuse cycle-related information into the node representations through supervision:

Leycle = CrossEntropy(MLP (X(La“) )s Yeyele)s 5)

where yycle is an indicator vector denoting whether a node belongs to a cycle. To sum up, the total
loss is given by:

L= £1abel + )\Accyclev (6)
where )\ is a hyperparameter tuned via cross-validation.

4.3 STRATEGY 3: AUGMENTATION

This approach aims to reduce the discrepancy between small and large graphs through direct augmen-
tation for the small training graphs. We augment the training graphs by extending the cycle lengths
such that the average cycle length and standard deviation align with those in large graphs. To achieve
this augmentation, we use the algorithm detailed in Appendix [D.I] Additionally, we replicate the
features from the nodes with the lowest degrees in the same cycle to populate the features for the
newly added nodes. Last, we feed the augmented training graphs to GNNs for graph classification.
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5 EXPERIMENTS

In this section, we conduct extensive experiments to evaluate our proposed strategies. We aim
to answer the following research questions: (RQ1) Effectiveness of cycle-aware strategies: Do
cycle-aware strategies effectively enhance the size generalizability of GNNs? And if so, which one
proves to be more effective? (RQ2) Comparison with other baselines: How does the most efficient
cycle-aware strategy compare to other baseline strategies?

5.1 SETUP

Dataset. We use the same biological datasets as in Section|3.2]

Data Preprocessing and Important Training Details. In order to analyze size generalizability,
we have four splits for each dataset: train, validation, small_test, and large_test, where large_test
contains graphs with significantly larger sizes. We generate the splits as follows. First, we sort the
samples in the dataset by their size. Next, We take the train, validation, and small_test split from
the 50% smallest graphs in the dataset. An intuitive way of getting the large_split is to take the
top k largest graphs. However, doing so would result in severe label skewness (class imbalances)
between the small_test and the large_test as demonstrated by Table [5]in Appendix [C] To avoid such a
severe label shift, we select the same number of graphs per class as in the small_test subset, starting
from the largest graph within each class. This way guarantees that the label distribution between
small_test and large_test is the same, while ensuring that the graph size in the latter is 2-10 times
larger. Nevertheless, the smallest 50% samples still have significant class imbalance. To address this
issue, we use upsampling during training throughout the experiments, and we use F1 as the metric
to measure the model performance. More details about data preprocessing, hyperparameters, and
training can be found in Appendix [Cland Appendix [F]

Baselines. We use six neural network models as our GNN backbones. Each model consists of
three layers, with a global max pooling layer employed in the final layer. The baseline models
are: Multilayer Perceptron (MLP), GCN (17), GAT (28), GIN (34), FAGCN (5), and GNNML3 (2).
We integrate six model-agnostic strategies with these GNN backbones. For our three proposed
strategies, we use (1) +SSL to denote the use of self-supervised auxiliary task, (2) +AugCyc to
denote the use of cycle-length augmentation, and (3) +SIA to denote the use of structural-based
size-insensitive attention. We also compare with other model-agnostic strategies: (4) thresholded
SAG pooling (18;120) (+SAGPoo1l), an attention-based pooling method effective for generalizing to
large and noisy graphs; (5) SizeShiftReg (6) (+SSR), a regularization based on the idea of simulating
a shift in the size of the training graphs using coarsening techniques; (6) RPGNN (24)) (+RPGNN), an
expressive model for arbitrary-sized graphs; (7) two versions of CIGA (+CIGAv1 & +CIGAv2) (4),
a causal model good at handling out-of-distribution problems on graphs. Besides these model-agnostic
strategies, our baselines also include an expressive model SMP (30) (SMP), which excels at the cycle
detection task.

5.2 (RQ1) EFFECTIVENESS OF CYCLE-AWARE STRATEGIES

In this section, we aim to evaluate the effectiveness of our proposed cycle-aware strategies in
enhancing the size generalizability of GNNs and determine the most effective strategy.

As mentioned in Section[2.2] we evaluate the size generalizability of GNNs by training them on small
graphs and testing their graph classification performance on large graphs. Better size generalizability
translates into better performance on large graphs. Table [3|showcases the size generalizability results
for our three proposed cycle-aware strategies, which we evaluate across five distinct datasets and six
different backbone models. Notably, to better compare different strategies, the last column gives the
average improvements compared with the original model evaluated across all datasets.

First, all of our proposed strategies consistently lead to improvements in large test datasets without
sacrificing the performance on small graphs. On average, these enhancements can reach up to 8.4%,
affirming the effectiveness of cycle information in improving GNN size generalizability, as discussed
in Section[3] Second, it is worth noting that cycle lengths provide more valuable information for
enhancing size generalizability of GNNs. This is evident from the consistently better performance of
the strategies +AugCyc and +SIA compared to the +SSL strategy on large test graphs, which solely
predicts whether a node belongs to a cycle in the auxiliary task. Third, the simple attention-based
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Table 3: Size generalizability evaluated by the graph classification performance on small and large
test graphs. The performance is reported by the average F1 scores and its standard deviation. The
rightmost column denotes the average improvements compared with the original performance using
the same backbone model across five different datasets. The largest average improvement within the
same model and small/large category is highlighted in orange. All strategies enhance GNNs’ size
generalizability, with +SIA surprisingly emerging as the most effective method.

Datasets BBBP BACE PROTEINS NC11 NCI109 Avg Improv
Models | Small Large | Small Large | Small Large | Small Large | Small Large | Small Large
MLP 90.36+071  55.61+337 | 61.06+s579 21.06+780 | 36.15+228  21.55+134 | 36.43+380  3.36+287 35.87+a23  4.65+37 - -
MLP+SSL 90.90+176 62564545 | 58.57+ss5  23.01+10s | 35.00428  20.88+164 | 34711133 2.86+078 37294460 6.342478 -0.68  +1.88
MLP+AugCyc 90.72+270  57.86+474 | 59.88+735  26.50+1497 | 3729400  22.22:00 | 36.98+229 2.64121 40.59+386  8.41+371 +1.12 +2.28
MLP+SIA 90384105 62.79+755 | 60.85+783 21791507 | 40.68+356  33.57+1187 | 35424385 3.264255 39204296 12.2+505 +1.33  +5.48
GCN 91.37+059  68.59+747 | 63.68x663 28.72+1426 | 7235258 40.57+761 | 54914237 28801757 | 60.83£192 3045434 | - -
GCN+SSL 92.66+121  73.24+571 | 64.922444 328411608 | 72.46+158 41214666 | 57.43+323  32.58x1008 | 60.50+300  27.35:m42 | 40.97  +2.01
GCN+AugCyc 91414135 68.08+765 | 63.83+544  35.65+770 | 72874368 54.73+s24 | 53.85+371  27.39+s3 | 62.78+208  33.62:3s8 | +0.32  +4.47
GCN+SIA 91324073  71.66+690 | 64.35+956 242411703 | 73844365  58.741049 | 59.78+165  45.70+670 | 60.32:200 38.78xass | +1.29  +8.40
GAT 91.27+143 68354700 | 69.732205 42.23x1108 | 72254425 43.86+682 | 58.22+280  49.36+412 | 64.39+320  38.36+893 | - -
GAT+SSL 91.65+092 7424473 | 71.20+20¢  40.88+1081 | 74204146 49.304s556 | 59.47+280 51.85+403 | 66.79+356  42.20+6m | +1.49  +3.26
GAT+AugCyc 92414129 69.57+280 | 68.39+606  40.73+134 | 74994180  59.80+727 | 56.23+385 49.371752 | 64.07+346 45251010 | +0.05  +4.51
GAT+SIA 91.88+212 74871562 | 69.641679 43.87+708 | 75351328  62.71xaos | 61421107 55.73x1208 | 63.27+315 4597197 | +1.14 4820
GIN 88.28+4230  66.67+ss5 | 57.024648  22.97+1026 | 74.55+427  50.20+536 | 62174386  44.26+705 | 62424277 33.23+677 | - -
GIN+SSL 9113132 68.67+975 | 56464850 2391xi06s | 75474115 48.14+400 | 61.18+353  46.47+986 | 63.11+405 3504143 | +0.58  +0.97
GIN+AugCyc 92.56+117  77.69+s63 | 58.30+s520 23.89+13.07 | 74.561200  51.021842 | 62.70+094 46.76+531 | 64.56+545 37.16+s586 | +1.65 +3.84
GIN+SIA 92.70+045  75.99+a74 | 6130677 24.42+1637 | T4.88+424 5136776 | 62.83+t107 42.82x892 | 63.00+42¢  41.65za10 | 42.05 +3.78
FAGCN 90.58+172 6493176 | 62964212 24.65+17 | 70.03+520  42.341661 | 43.514420  10.164780 | 5578235 22.65+n287 | - -
FAGCN+SSL 91.55+251  67.564548 | 64.67+388 354611652 | 66971175 48.06+833 | 46421608 12114530 | 56.041420 23.99+1057 | +0.56  +4.49
FAGCN+AugCyc 91.30+226 71441645 | 57.68x338 26.41+233 | 68851612 44.39+1689 | 39.48+499 10981545 | 55304346 24.59x000 | -2.05  +2.62
FAGCN+SIA 90.17+283  74.65+013 | 62404336  30.35+1348 | 71304570 48.94x1062 | 46.95+571  10.99+750 | 52.82+628  19.08+53: | +0.16  +3.86
GNNML3 92.01+156 64184699 | 62312490 329411286 | 71.59+35 40.741150 | 63.73+467  51.75+00s | 59.39+376 33.80+1119 | - -
GNNML3+SSL 92964154 64184862 | 65.65+560 31.78+127 | 74414321 56.814349 | 63.914334  48.84x1007 | 61.014244 35132040 | +1.78  +2.67
GNNML3+AugCyc | 91.38+202  69.82+551 | 63.36+278  32.59+1032 | 70544500  38.794s521 | 62.304327  55.57=um | 58.18+317  41.30x1475 | -0.65  +2.93
GNNML3+SIA 92.70+081  70.43+636 | 64.57+272 37734768 | 69.32+370  48.94+1062 | 63.914s581  48.85+1211 | 61.58+308  49.70+1785 | +0.61  +6.45

strategy +SIA achieves the best overall performance improvements in all scenarios. On average, the
+SIA strategy enhances both in-distribution and out-of-distribution generalization, while +SSL and
+AugCyc excel particularly in out-of-distribution generalization. Additionally, +SIA achieves the
highest average improvements on large test graphs. We attribute this to the challenges GNNs face in
effectively learning cycle information, as shown in recent literature (8). Furthermore, in Appendix [E]
we conduct an ablation study further demonstrating that the attention mechanism, without considering
the cycle information, cannot improve the size generalizability of GNNs.

5.3 (RQ2) COMPARISON WITH OTHER BASELINES

We now compare our best-performing strategy, +SIA, with other approaches and present their
respective graph classification performances in Table[3] We find that +SIA consistently achieves the
best performance compared with other baseline methods. While +SAGPool, +RPGNN, +SSR, and
+CIGA also enhance the size generalizability of GNNs, the improvements are less pronounced than
those of +STIA. Additionally, it’s worth noting that + SAGPool and +CIGAv1 show sensitivity to
hyperparameters. While not explicitly designed for size generalizability, the expressive model SMP
demonstrates strong performance on the BBBP dataset due to its cycle detection ability, validating
our empirical insights.

6 RELATED WORK

Literature on GNNs’ size generalization presents conflicting views. Empirical studies highlight
GNNSs’ size generalizability in physics simulation (26) and algorithmic reasoning (35). Levie et al.
(21) theoretically showed that spectral GNNs robustly transfer between graphs with varied sizes when
discretizing the same underlying space. Meanwhile, some arguments suggest that GNNs may require
additional assistance to achieve size generalizability. For instance, Yan et al. (36) and Velivckovic et
al. (29) found that neural networks effectively generalize to larger graphs than those used in training
when attention weights are properly supervised. Conversely, some argue that GNN performance
degrades with size shifts between training and test data, leading to the proposal of various models to
mitigate this challenge. For instance, Yehudai et al. (38)) argued that this performance degradation can
be attributed to the changes in the local degree patterns. Knyazev et al. (18)) found that using attention
with proper thresholding can improve the size generalizability of GNNs. Buffelli et al. (6) simulated
a size shift in the training graphs via graph coarsening and proposed a regularization that makes the
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Table 4: Size generalizability evaluated with other baselines, following the same rule as in Table
+SIA consistently and significantly outperforms other strategies regarding size generalizability.

Datasets BBBP BACE PROTEINS NC1 NCI109 Avg Improv
Models | Small Large | Small Large | Small Large | Small Large | Small Large | Small Large
MLP 90.36x0m  55.61+337 | 61.06+s70  21.06+7s0 | 36.15+228  21.55+134 | 36434380  3.36:287 35.87+423  4.65+37m - -
MLP+SAGPool 89.42+584  52.52+1408 | 65.82+042  13.04+s02 | 425411280 20.84+7s4 | 454143210 12324157 153540231 | +5.10  +1.57
MLP+RPGNN 9044103 55.10x764 | 57.80+853  21.26+820 20.71 =141 35.341435 13.45 10441877 | +1.58  +2.95
MLP+SSR 91.07+067  57.02+004 | 60.35+536  25.42+402 22.77+a28 | 34424180 1.27x063 6.96+4.65 +0.36  +1.44
MLP+CIGAv1 88.15+105s  S54.14+607 | 58.18+1081  24.99+1041 18.23. 33.52+785  8.93+7.48 3.19+001 -2.51 +0.65
MLP+CIGAv2 88.08+384  61.70+1315 | 57.46+471 18.43+1673 24.87+562 | 35774755 4224680 4.55+18 -0.37 +1.51
MLP+SIA 90.38x105 6279755 | 60.85+783  21.79+1507 | 40.68+356  33.57xns7 | 35421385 326255 1224505 +1.33  +5.48
GCN 91.37x059  68.59+747 | 63.68+665  28.72+1426 | 72351258 40.571767 | 549123 28804757 | 60.83x192 30451434 | - -
GCN+SAGPool 92.05+395  67.06+518 | 57.59+665  42.74+147 | 68.75+500 32981326 | 58.564830  38.73+2004 | 62.87x167 30934105 | -0.66  +3.06
GCN+RPGNN 92.27+081  68.69+658 | 63.70+106  33.86+1301 | 74741375 24.61+1008 | 58.88+203  34.68+1077 | 63.10x186  39.69+sss | +1.91  +0.88
GCN+SSR 91.19+114  68.15+638 | 66.01+251  31.64+006 | 73.51+201 43332519 | 59.60+262  35.01+713 | 59.78+2m 33.01+64s | +1.39  +2.82
GCN+CIGAv1 2132 60551580 | 66.66+s572  28.51is6s | 72.64x181  54.67608 | 58.52+4s8  40.82+1114 | 59.09:350 2582178 | +0.86  +3.85
GCN+CIGAv2 69.71+820 | 65.02+180 354241236 | 72154386 60.12+6s84 | 57.89+374 354241075 | 58.12+537 285141000 | -0.10  +6.41
GCN+SIA 91.32+073  71.66+699 | 64.35+076  24.24+1703 | 73.84+365 5874040 | 59.78+165 45704670 | 60.32+200  38.78+4ss | +1.29  +8.40
GAT 91.27+143  68.35+702 | 69.73+205  42.23+11s | 72.25+425  43.86+6s2 | 58.22+286  49.36+412 | 64.39:320 38364803 | - -
GAT+SAGPool 89.90+215  60.39x1718 | 66.10+644  46.40+1545 | 73.852860  38.60x634 | 5525145 52714302 | 65321340 432041004 | -1.09  -0.17
GAT+RPGNN 91.76x160 65851537 | 69.97+217  39.27+1350 | 72.89+335  38.491614 | 59314551 58184576 | 65.52+194  44.15+s576 | -0.75  +0.76
GAT+SSR 91.98+060  74.83+435 | 66.03+383  41.41+us | 7472435 44814850 | 60.68+105  49.64+526 | 66.73+165  41.14+aa | +0.86  +1.93
GAT+CIGAv1 89.53+151  67.35+874 | 67.18+s512  39.88+i864 | 73282487 48.56+s542 | 59.52+327  54.35+nss | 66.82+203  50.62+4s5 | +0.09  +3.72
GAT+CIGAvV2 90.92+143  72.08+709 | 66.57+491 409311935 | 74.68+754  60.88x348 | 56.88+2440 54281263 | 66.78x320  52.62x798 | -0.01 +7.73
GAT+SIA 91.88+212 74874562 | 69.64+670  43.87+708 | 75.35+328  62.71xa0s | 61424100 55.73+n20s | 63272315 45974774 | +1.14  +8.20
GIN 88281230  66.67+s55 | 57.024648  22.97x1026 | 74.55+427 5020536 | 62.17+386  44.261703 33.23+677 | -
GIN+SAGPool 91.56+132 71204186 | 62.22+745  26.17+1708 | 68.73+1346  35.77+2154 | 65.50+450  45.66+356 44.64+053 | +0.57
GIN+RPGNN 89.59+133  69.23+805 | 57.231707  16.28+031 6. 45. 61.59+412  48.86+5s8 44.04+706 | -0.43
GIN+SSR 89.00+1.77 841601 59.83+23¢  21.28+1926 62.54x130 35.63 £729 | +0.09
GIN+CIGAv1 91.01+150  74.85+1041 | 60.58+715  23.78+1758 61.94+1.08 5 61.55+12s5  35.88+777 | +1.19
GIN+CIGAv2 90.66+172  75.80+1430 | 63.02+180 224241236 | 73254542 64.42+535 45374512 | 59.52+468 38424568 | +1.29
GIN+SIA 92.70x045 759947 | 61.30x677  24.42+1637 | 74.88+a24 62.83:11.07  42.824892 | 63.00+424  41.65+410 | +2.05
FAGCN 90.58+112 64931762 | 62.96+212  24.65+nm | 70.03+520 42341661 | 43.51+420  10.16+780 | 55.78+as 22.65+1287

FAGCN+SAGPool 88.08x726  62.67x1501 | 62.78+428  31.50x1203 | 72412485 50.09x1649 | 45.66+451  11.21x260 | 58.04x2206 1543460 | +0.28  +1.23

FAGCN+RPGNN 69.58+1171 | 61.00+s5191 209441262 | 68. 714358 43.58+1221 | 44554580 12224505 | 57.03+108  21.86+133:2 | -0.23  +0.69
FAGCN+SSR 70.12:040 | 64.124257 2237780 | 67.922300  42.27x860 | 47474277 14.69+82 3 22354035 | +0.25  +1.41
FAGCN+CIGAv1 69.29+335 | 62.66+572  28.51is6s | 68.58x619  57.79x1045 | 40.93+1060  9.45+1116 1511582 | +1.19  +3.57
FAGCN+CIGAv2 68.37x067 | 60.37+465 222941500 | 69.45:497  60.28+1224 | 44274674 15881025 16224774 | -1.29  +3.66
FAGCN+SIA 90.17+283  74.65:003 | 62.40+336  30.35+1348 | 71.30+s70  48.94x106 | 46.95+571 10994750 19.08+532 | +0.16  +3.86
GNNML3 92.01+156  64.184609 | 62.31+490  32.9411286 | 71.59+35  40.74x150 | 63.73+467  51.75+905 33804119 | -

46.61x1523 | -1.73  +2.73
36.88+1593 | +0.14  +0.43
4574104 | +1.41  +4.43
38.80+1236 | +0.64  +4.08

GNNML3+SAGPool | 89.62:38  63.2522787 | 59.35+727  37.3041249 | 65.67x711  34.79zx2012 | 65344100 54294358
GNNML3+RPGNN | 92.57+145  72.30x054 | 61.85+367  27.54+1203 | 70484246  38.61x1461 | 64.60+215  50.25:+865
GNNML3+SSR 91.86+130 69.96+550 | 649541280 26.56+468 | 74332185 2 | 63.19+435  54.30+1033
GNNML3+CIGAvl | 91.25+467  72.80+s88 | 64.23+210  34.95+1502 | 73.892473 61.89+453  45.251750
GNNML3+CIGAV2 | 89.61=146 6717504 | 64.19+536  27.28+1279 | 75.07+264 60.28+456  46.25+1042 42.19+06 | +0.14  +2.80
GNNML3+SIA 9270081 7043636 | 64.57x272  37.734768 | 69.32437  48.94xw06 | 63.91sss1  48.85+12n 49.7041785 | +0.61  +6.45

SMP | 9230226 80.25:s0s | 61324500 2870655 | 76.872100 456921506 | 5109463 22982162 | 491526 30.73u50 | -

model robust to the shift. Bevilacqua et al. (4)) used a causal model to learn approximately invariant
representations that better extrapolate between train and test data. Chen et al. (7)) utilized structural
causal models for robust out-of-distribution generalization in graph data through invariant subgraph
identification and label prediction. Chu et al. (9) proposed a Wasserstein barycenter matching (WBM)
layer to address the slow uncontrollable convergence rate w.r.t. graph size. Zhou et al. (41)) studied
the size OOD problem in the task of link prediction. Ji et al. (I6) curated OOD datasets for Al-aided
drug discovery. Our study stands out as the first to utilize spectral analysis to characterize the types
of size-induced distribution shifts, shedding light on the underlying causes that hinder GNNs from
effectively generalizing to large graphs. Some expressive models also exhibit robustness in size
generalization. Murphy et al. proposed an expressive model-agnostic framework that learns
graph representations invariant to graph isomorphism given variable-length inputs. Clement et al.
proposed an expressive graph neural network that performs well on difficult structural tasks, such as
cycle detection and diameter computation. Our study validates that expressive models excelling in
cycle-related tasks demonstrate good size generalizability.

7 CONCLUSION

In conclusion, our work extensively characterizes size-induced distribution shifts and evaluates their
impact on GNNs’ generalizability to significantly larger test graphs compared to the training set.
Spectral analysis on real-world biological data reveals a strong correlation between graph spectrum
and size, which hinders GNNs’ size generalization. We identify the pivotal role of cycle-related
information in reducing spectral differences between small and large graphs. Motivated by these
findings, we introduce three model-agnostic strategies—self-supervision, augmentation, and size-
insensitive attention—to enhance GNNs’ size generalizability. Empirical results show that all three
strategies improve GNNs’ size generalizability, with +SIA being the most effective. This research
provides valuable insights for enhancing GNN generalization across varying graph sizes.
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