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Abstract

Masked Diffusion Models (MDMs) provide ex-
pressive generative priors for discrete biological
sequences such as proteins and DNA. However,
many downstream tasks require steering these
models at inference time to optimize arbitrary,
external reward functions. Existing test-time
steering methods face a fundamental exploration—
exploitation trade-off in multimodal reward land-
scapes: they either collapse into suboptimal or
unrealistic modes or require massive sampling
budgets to find rare, high-reward states. We ad-
dress this tension with Parallel Tempering for
MDMs (PT-MDM). To adapt parallel tempering
to MDM'’s generation, we tightly couple the re-
ward temperature to the model’s sequence remask-
ing fraction. Hot replicas apply aggressive re-
masking for global exploration, while cold repli-
cas use conservative remasking for targeted re-
finement, and periodic replica exchange ensures
rare discoveries propagate across replica chains.
This framework enables both global exploration
and local exploitation without compromising se-
quence plausibility. Experiments on inverse pro-
tein folding and regulatory DNA design show that
PT-MDM consistently outperforms test-time base-
lines, approaches fine-tuned reward performance
on key metrics, and preserves sample fidelity with-
out any training.

1. Introduction

Masked Diffusion Models (MDMs) provide expressive gen-
erative priors for discrete biological sequences such as pro-
teins, DNA, and other structured biomolecules (Nie et al.,
2026; de Groot et al., 2025; Shi et al., 2024). Nevertheless,
in many downstream problems, matching the data distribu-
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tion is only a starting point to ensure sample fidelity, and
generated candidates must also optimize external objectives
such as human preferences, biological activity, structural
constraints, or task-specific reward models.

The goal can be naturally formalized as a regularized re-
ward optimization problem: seeking a distribution ¢ that
maximizes the expected reward while remaining close to
the pretrained MDM prior p to retain sample fidelity:

1
max B[ R()] - BDKL(Q 1p), (0
where R () denotes the reward function, and the tempera-
ture % controls how strongly g is constrained to remain close
to the prior p, as quantified by the KL divergence Dkr,.

The solution to Eq. 1 is known as the reward-tilted distribu-
tion (Korbak et al., 2022; Gheshlaghi Azar et al., 2024; Go
et al., 2023; Rafailov et al., 2023):

#() = Zp(e) p(BR(2), @

where Z := Y _ p(x) exp(SR(x)) is the normalizing con-
stant.

A natural approach to sample from the reward-tilted dis-
tribution p(x) is to fine-tune the model so that its induced
distribution approximates the reward-tilted target p, e.g.,
DRAKES (Wang et al., 2025). While effective for a fixed
objective, fine-tuning couples model parameters tightly to
a particular reward and typically requires retraining when-
ever the reward function changes. This limits their appli-
cability in settings where objectives are frequently updated
or changed (Yang et al., 2026). These settings, therefore,
demand methods that can adapt immediately to changing
rewards without repeated optimization of the base model.

Test-time steering addresses this need by keeping the pre-
trained MDM fixed and instead modifying the sampling
dynamics at inference time to approximately sample from
P (Schiff et al., 2025). Despite this flexibility, effective test-
time steering remains challenging because the reward-tilted
distribution is often sharp, rugged, and highly multimodal.
High-reward solutions may lie in narrow regions assigned
low probability under the pretrained prior, while overly ag-
gressive reward optimization can drive samples away from
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realistic sequences. Thus, successful steering must balance
two competing goals: broad exploration to discover diverse
reward modes, and local refinement to concentrate samples
within those modes.

Existing particle-based methods expose this tension. Best-
of-K explores broadly by drawing independent samples
and selecting the highest-reward candidate, but uses reward
information only at the final selection stage (Mudgal et al.,
2024). As a result, it often requires a large sampling budget
to find high-reward regions when they are rare under the
prior, and even when such regions are occasionally reached,
Best-of-K lacks any mechanism to refine samples further
once they are identified (Wu et al., 2023). Methods based on
Sequential Monte Carlo (SMC) (Kim et al., 2025; Ou et al.,
2026) incorporate reward signals to the transition kernel
during generation and can refine promising trajectories more
efficiently, yet resampling may reduce diversity and trap
particles in early-discovered modes. Consequently, current
methods often emphasize either exploration or refinement,
but struggle to achieve both simultaneously (He et al., 2026).

1.1. Our contribution

In this work, we develop a Parallel Tempering (PT)-based
framework for test-time steering of MDMs. Rather than re-
lying on a single inverse temperature 3 of reward guidance,
we maintain a collection of replicas evolving at different
temperatures {3}, with B = B. High-temperature
(small By) replicas stay close to the pretrained model and
promote broad exploration over sequence space, while low-
temperature (large (1) replicas place stronger emphasis
on the reward to refine high-quality candidates. Periodic
replica exchange enables information sharing across tem-
peratures, allowing discoveries made in exploratory regimes
to propagate to more exploitative ones, thereby mitigating
the collapse often observed in single-chain reward-guided
sampling.

To support both broad exploration and fine-grained refine-
ment in PT, we augment the native remask-and-denoise
sampler of the pretrained MDM with a controllable mask-
ing fraction parameter. At each candidate update within
a replica, a chosen fraction of low-confidence tokens is
remasked and resampled conditioned on the remaining con-
text, yielding a model-aligned transition & — Tmasked — X'
Larger masking fractions induce broader moves that explore
distant regions of sequence space, whereas smaller fractions
produce targeted local edits for refinement. A temperature-
dependent acceptance step further biases proposals toward
reward-improving moves, while replica exchange transfers
discoveries across exploratory and exploitative regimes.

As illustrated in Figure 1, PT-MDM achieves a more favor-
able reward—structure trade-off in inverse protein folding: it
attains substantially higher Pred-ddG rewards while keeping

reasonable scRMSD, indicating that the reward improve-
ment does not come from severe structural drift. In contrast,
Best-of- K and SMC can preserve plausible structures, but
their rewards remain limited and do not reach the same
high-reward regime as PT-MDM. This supports our cen-
tral motivation: effective test-time steering must provide a
mechanism for discovering and refining rare, high-reward
candidates.

In summary, the main contributions of this work are the
introduction of a PT framework for test-time steering in dis-
crete generation. Specifically, we design an MDM-induced
remask-and-denoise proposal that does not modify the sam-
pling interface. Our empirical results show that PT con-
sistently improves reward steering on DNA and protein se-
quence design while preserving prior-aware sample quality,
approaching fine-tuned reward performance on key metrics
without any parameter updates.

1.2. Related work

Remasking-based discrete diffusion models. Masked
diffusion models introduce a remasking-and-denoising
paradigm for discrete generation, enabling iterative refine-
ment through partial corruption and reconstruction. Meth-
ods such as LLaDA (Nie et al., 2026) and recent remasking-
based scaling approaches (Wang et al., 2026; Schiff et al.,
2026; Rector-Brooks et al., 2025) demonstrate that selective
remasking improves controllability and sample quality at
inference time. While these methods provide a natural mech-
anism for local refinement, they do not explicitly address
global exploration in multimodal reward landscapes.

Test-time steering for diffusion models. Recent PT-
based methods such as CREPE (He et al., 2026) run par-
allel diffusion trajectories with replica exchange across
timesteps, improving diversity along the sampling path
but without explicitly separating exploration from reward-
driven exploitation. In contrast, we adapt parallel temper-
ing to directly address this trade-off by maintaining repli-
cas at different reward temperatures (/3). Coupled with
temperature-dependent remasking fractions, this design sep-
arates broad, prior-driven exploration in hot replicas from
focused, reward-guided refinement in cold replicas, reduc-
ing collapse into local reward modes.

2. Background

Masked Diffusion Models. Masked Diffusion Models
(MDMs) (Ou et al., 2025) define a generative model over
discrete sequences = (z1,...,77) € VX, where Vis a
finite vocabulary, i.e., the collection of all possible discrete
tokens, and L is the sequence length. Unlike continuous
diffusion models that inject Gaussian noise, MDMs oper-
ate through masking (Sahoo et al., 2024). A special token
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Figure 1. Protein inverse-folding contrast on representative targets. The panels compare generated protein designs for 7JJK (left) and
1FOM (right), illustrating how test-time steering changes the reward—structure trade-off relative to the target backbone. PT steers samples
toward higher predicted AAG while retaining structural fidelity through the pretrained denoising model.

[MASK] is introduced, and generation is learned by recover-
ing clean sequences from partially masked inputs (Ou et al.,
2025; Zheng et al., 2025).

Formally, let 20 ~ Pdata denote a clean sequence. A
forward corruption process constructs progressively noisier
states {«® }7_, via stochastic masking:

z® = M, (), te{l,...,T}, 3

where M, increases the masking level with ¢. A standard
formulation uses an increasing masking schedule o; € [0, 1]
with o1 = 1, where o, denotes the probability that a token
is masked at step ¢ (Sahoo et al., 2024; Nie et al., 2026). For
each position i, we define

(t) [MASK] if mm— = 1,
! {:cgo) otherwise, @
where
my ; ~ Bernoulli(oy). 5)

This construction ensures that 2(*) preserves a subset of the
original context while progressively increasing the propor-
tion of masked tokens as ¢ grows.

The reverse process is parameterized by a denoising model
pp that predicts clean tokens conditioned on the masked
sequence:

pe(:c(o) | m(t)) - H

iEM(z(®)

po(@” | 2®), (6

where M (x*)) denotes the masked positions. Training
minimizes the expected cross-entropy over masked tokens
(Ou et al., 2025):

S logpe(a® |2
iEM(z®)
@)

Lyvpm (0) = Et g0z |~

Remask-and-Denoise Generation. Sampling from an
MDM py is started from a fully masked sequence xg, =
[MASK,...,MASK], with the initial state sampled as

&) ~ po(- | Tgan)-

Generation then proceeds backward from ¢ = 7' to 1 through
an iterative remask-and-denoise process (Nie et al., 2026;
Wang et al., 2026). Given the current state M a remasking
operator first produces a partially masked intermediate state:

iil’tl)ask ~ p(' ‘ j"(t)’m)7 3

where p selects |mL]| tokens to reset to [MASK] and
m € [0, 1] controls the expected proportion of tokens to
be remasked. Conditioned on this input, the denoiser sam-
ples the next state:

&7V ~ po(- | ). ©)

Together, these define the one-step transition kernel

go(@ D | &0) = 37 p(@ Y | & )p@l, | 2@, m).

minthsk
(10)
Notice that the generated states {#()}7_, are clean se-
quences except in implementations that allow residual mask
tokens at intermediate steps. In typical implementations, the
final output &(*) is required to be a clean sequence with no

remaining mask tokens.
For the remasking distribution p(:&fﬁlsk | (Y, m), we con-

sider two representative choices:

1. Uniform: A subset of tokens is selected uniformly at
random by sampling an index set

S~Unif({SCZ:|S|=|mL]}), (D
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and defining the masked sequence by

ifi € S,

. (12)
otherwise.

Tmask,i = (1)
%

A { [MASK]

z

2. Low-Confidence (Nie et al., 2026): Tokens are se-
lected based on the predictive density of py. Let

ci = po(al =2 | 2 D)), (13)

denote the confidence of token 7 given :i:fflaj{) We de-
fine the index set S as the indices of the |m.L | smallest

confidence values ¢; and mask all positions in S.

3. Method

We introduce Parallel-Tempering for MDMs (PT-MDM), a
test-time steering method for MDMs inspired by the PT al-
gorithm (Earl & Deem, 2005) that jointly enables global ex-
ploration and fine-grained refinement within a unified sam-
pling framework. The method maintains a set of interacting
replicas operating at different reward temperatures, allowing
simultaneous exploration of diverse high-reward regions and
refinement under stronger reward pressure. PT’s exchange
mechanism mitigates the exploration—exploitation tension
by propagating high-reward discoveries from exploratory
replicas to exploitative ones, while injecting diverse states
in the opposite direction to prevent mode collapse.

To operationalize this idea in masked diffusion models,
we introduce a temperature-dependent remasking sched-
ule, where each replica is assigned a remasking fraction that
controls the expected proportion of tokens reset at each up-
date. This remasking fraction acts as a discrete step size in
sequence space: higher values induce larger structural edits
for broad exploration, while lower values restrict updates to
localized refinements around high-reward candidates. By
coupling this step size to the PT temperature ladder, we
obtain a single mechanism that simultaneously governs the
scale of local proposals and the strength of reward pres-
sure across replicas. The full procedure is summarized in
Algorithm 1.

Temperature ladder and target distributions. We main-
tain K replicas indexed by increasing inverse temperatures

0SB <Ba<---<PBr =0, (14)

where B = [ is the user-specified target reward tempera-
ture of interest. Each replica targets the tempered distribu-
tion

pon(®) = (@) esp(Bul@).  (15)

In particular, small 5y favors exploration under the prior,
while large S}, increasingly emphasizes reward preference.

Local updates via temperature-scaled remasking. To
construct local proposals within each replica, we adapt the
standard remask-and-denoise procedure (Section 2) by in-
troducing temperature-scaled masking fractions {m;g},{f:1
suchthat1 > my > mg > --- > myg > 0.

Given the current sequence x!*! in replica k, a candidate
state is generated via:

(K]

T inask

~ ,0( | m[k]vmk)a "i[k] NPO(' | mg:]ask% (16)

where p remasks exactly | myL| tokens of the length-L se-
quence. The masking fraction my is tightly coupled to the
replica’s inverse temperature (: high-temperature replicas
(small ;) use large my, to encourage aggressive, global
exploration of the sequence space, while low-temperature
replicas (large (%) use small my for conservative, fine-
grained refinement. This unified mechanism directly aligns
the physical size of each proposal edit with the replica’s
intended role in the exploration—exploitation trade-off.

Within-replica acceptance. We decide whether to ac-

cept the proposal Z[¥! as the next state of replica k using a
Metropolis—Hastings update. The exact acceptance proba-
bility is

A (@M, &) =
min {1, po(
o

However, for masked diffusion proposals, the model ratio
pp is intractable and the proposal density gy (x!*! | Z[¥]) is
computationally expensive, as it requires marginalizing over
all possible masking configurations. We therefore adopt a
simplified proxy:

z*] k] | K]
i““];?;gm : m[k]g eXP(ﬂk[R(:i-[’“]) _ R(w[k])])}
("

Ag(z?, 2*) = min {1, exp (ﬁk [R(&)) — R(:n[k])]) } .
(18)

In particular, we can show that when remasking follows the
uniform masking scheme discussed in Section 2, the exact
acceptance probability reduces exactly to the simplified
proxy:

Proposition 3.1. Assume the remasking distribution p se-
lects a mask of fixed size |myL| uniformly at random.
Then the exact Metropolis-Hastings acceptance probabil-
ity AV (Kl kL) for the remask-and-denoise proposal
kernel gy simplifies exactly to:

Al];/[H(:L,[k]’:i,[k]) _ Ak(oc[k],ﬂﬁ[k]) —

min {1,exp (ﬂk [R(j[’f]) _ R(:c[k})])} _ (19)

The proof is provided in Appendix A. This result guarantees
that under uniform remasking, our simplified acceptance
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rule exactly preserves detailed balance with respect to the
tempered target distribution. While low-confidence remask-
ing introduces asymmetries that break this guarantee in
practice, we find in our experiments that the simplified ac-
ceptance rule remains an effective proxy, yielding stable
sampling and strong empirical performance across all tasks.

Replica exchange for global exploration. To enable com-
munication across replicas, we periodically attempt swaps
between adjacent replicas. This mechanism allows high-
reward candidates discovered by exploratory (low-/3) repli-
cas to propagate to exploitative (high-5) replicas, while
those same exploitative replicas receive diverse states that
help them escape local modes. For replicas k and k + 1, we
propose the exchange

(@M, gl 1))y (gl glkly 20)

accepted with probability

[k+1] [k]
€T €T
owap ; {1 pﬁk( )p3k+1( )}

" P (@M)ps (w41

=min {1, exp ((Ber1 — f) [R(2") - R@")]) }.
@n
Notably, the prior py cancels exactly in the ratio, so the
swap criterion depends only on reward differences — making
it both theoretically exact and cheap to evaluate in practice.

4. Experiments

We evaluate PT-MDM across inverse protein folding and
regulatory DNA sequence design.

4.1. Experimental setup

We compare PT-MDM against test-time steering baselines
and, for biological sequence design, reward-fine-tuned
DRAKES variants as references for performance and over-
optimization. PT-MDM reports both uniform remasking,
which matches Proposition 3.1, and low-confidence remask-
ing, which is a practical refinement heuristic. We use K
as a method-specific search-width parameter, so compute-
normalized comparisons report denoising-model function
evaluations (NFE); Appendix B gives the full baseline, met-
ric, and compute-accounting details.

4.2. Protein sequence design

Dataset, settings, and metrics. We follow the DRAKES
inverse-folding protocol (Wang et al., 2025), using the pre-
trained protein MDM as a fixed generative prior and evaluat-
ing test-time methods without generator updates. We report
predicted stability (Pred-ddG), structural fidelity (scRMSD),
validity thresholds, and the combined success rate.

Algorithm 1 Discrete Parallel Tempering for Masked Diffu-
sion Models

1: Input: Pretrained MDM py, reward function R(x),
number of replicas K, number of iterations N, swap
interval Tywap.

2: Input: Temperature ladder 0 < 1 < B < -+ <

Bk = B.
3: Input: Masking-aggressiveness ladder m; > mgo >
e > MmE.
4: Initialize: Generate initial clean sequences wgc] ~ Pg
from fully masked sequences forallk =1,..., K.
5: forn =1to N do
6:  # 1. Within-replica remask-and-denoise updates
7. fork=1to K do
8: Remask: Construct wEﬁLSk by remasking a frac-
tion my, of positions in mgf]_l
9: Denoise: Propose &% ~ py(- | " ).
10: Compute acceptance rate
Ay = min {1, exp(8 [R@") - R(zlL)))} -
11: Sample u ~ Uniform(0, 1).
12: if u < A, then
13: 2! ZH {Accept}
14:
15: alf :cfll {Reject}
16: end if
17:  end for

18:  #2. Replica exchange
19:  if n mod Tgwap = O then

20: fork=1to K —1do
21: Compute acceptance rate
Aswap =

min {17 exp ((Bk-H — Bk) [R(mgf]) — R(:z;g"'*'l])]) } .

22: Sample u ~ Uniform(0, 1).
23: if u < Agyap then

24: Swap states: w%f] > :c£5+1].
25: end if

26: end for

27:  end if

28: end for

29: Qutput: Final steered sample xp = w%] from the

coldest replica.

Results. Table 1 summarizes results on inverse protein
folding. PT-MDM substantially improves over existing test-
time steering methods in predicted stability while maintain-
ing high structural validity. Although DRAKES w/o KL ob-
tains high predicted stability, it suffers from severe structural
degradation, as reflected by its much larger scRMSD and
low fraction of structurally valid sequences. This confirms
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Figure 2. Discovery efficiency on inverse protein folding.
The reverse-CDF curves compare the fraction of generated se-
quences exceeding each Pred-ddG reward threshold under matched
denoising-model NFE.

that aggressive reward optimization without sufficient dis-
tributional constraints can lead to over-optimization. Low-
confidence remasking technically breaks detailed balance,
but its gains in reward and structural fidelity make this a use-
ful empirical trade-off. Appendix C visualizes the reward—
structure trade-off directly.

Investigations. Figure 2 compares the high-reward tail
under matched denoising-model NFE and the same num-
ber of final evaluated sequences. PT-MDM assigns more
mass to high Pred-ddG thresholds, indicating that it con-
verts the same denoising budget into rare high-reward candi-
dates more efficiently. The representative targets in Figure 1
show the same qualitative pattern: PT-MDM raises predicted
AAG while retaining structural fidelity.

4.3. DNA sequence design

Dataset, settings, and metrics. We follow the DRAKES
regulatory enhancer protocol (Wang et al., 2025), using the
pretrained DNA MDM as a fixed prior over fixed-length
sequences. We report Pred-Activity, ATAC-Acc, 3-mer and
JASPAR correlations, approximate log-likelihood, and a
diversity diagnostic.

Results. Table 2 summarizes the regulatory DNA design
results. DRAKES w/o KL achieves high Pred-Activity
but shows weaker agreement with natural sequence statis-
tics than KL-regularized DRAKES, suggesting that uncon-
strained reward optimization can exploit the reward oracle.
PT-MDM achieves the highest Pred-Activity while maintain-
ing competitive sequence-statistic correlations and improv-
ing approximate log-likelihood relative to the fine-tuned
baselines. Its ATAC-Acc remains below DRAKES, suggest-
ing that the Pred-Activity reward used for steering does not
fully capture chromatin accessibility; DRAKES, by con-
trast, may implicitly absorb this aspect during fine-tuning

by adapting the base model itself to the data distribution.
Overall, PT-MDM improves reward-oriented performance
without additional training while preserving stronger prior-
aware sample quality than reward-only fine-tuning.

5. Conclusion

In this work, we present Parallel Tempering for Masked Dif-
fusion Models (PT-MDM), a test-time framework designed
to steer MDMs toward high-reward regions without the
need for expensive, reward-specific fine-tuning. By explic-
itly coupling the reward temperatures of parallel replicas to
their sequence remasking fractions, PT-MDM resolves the
inherent exploration—exploitation trade-off in multimodal
reward landscapes. Hot replicas naturally execute broad,
prior-driven structural exploration, while cold replicas per-
form targeted, reward-guided refinement. Through periodic
replica exchange, our framework seamlessly propagates
high-reward discoveries. Empirical evaluations across in-
verse protein folding and regulatory DNA sequence design
demonstrate that PT-MDM consistently outperforms exist-
ing test-time steering methods and approaches fine-tuned
reward performance on key metrics while preserving se-
quence plausibility.

Despite its strong empirical performance, we identify a
few limitations that motivate future work. Most notably,
the current temperature-scaled proposal mechanism selects
tokens for remasking largely independently. While this
risks disrupting higher-order interactions or coordinated
motifs—such as long-range amino-acid contacts in folded
proteins—we find that the pretrained MDM'’s dense condi-
tioning context naturally helps preserve these global struc-
tures during the denoising step. Consequently, sequence
validity remains high. Nevertheless, future work exploring
token-level, motif-aware, or structure-informed remasking
strategies could enable correlated proposals that accelerate
reward improvement. In addition, maintaining K parallel
replicas introduces an approximately K -fold increase in
memory usage relative to a single chain, which may be-
come a practical bottleneck for very large models or long
sequences. Adaptive temperature ladders and dynamic re-
masking schedules may help mitigate this cost by allocating
computation more efficiently while improving exploration.
Finally, extending PT-MDM to hybrid continuous-discrete
diffusion models could broaden its applicability across a
wider range of scientific design and discovery problems.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning, with applications to generative mod-
eling for biological sequence design. There are many poten-
tial societal consequences of our work, none which we feel
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Table 1. (Protein sequence design) Model performance on inverse protein folding. Method™ indicates our implementation method.

Group Method Pred-ddG 1 % (ddG> 0) T scRMSD | % (scRMSD< 2) 1 Success Rate 1
Reference  Pretrained -0.544 +0.037 36.6 £ 1.0 0.849 +0.013 90.9 + 0.6 344 4+0.5
Fine-tuned DRAKES w/o KL 1.108 + 0.004 100.0 + 0.0 7.307 + 0.054 34.14+0.2 34.14+0.2
ne-uned  DRAKES 1095 £0.026  864+02  0.918 + 0.006 91.8+05 78.6 + 0.7
CG -0.561 + 0.045 369 + 1.1 0.839 4+ 0.012 90.9 £+ 0.6 3474+ 0.9
Test-time SMC 0.659 + 0.044 68.5 £ 3.1 0.841 £+ 0.006 93.8+04 63.6 +4.0
guidance TDS 0.674 + 0.086 682+24 0.834 4+ 0.001 944 +1.2 629 +28
Best-of-K (K=10)* 0.361 +0.031 59.288 +£0.246 0.528 £ 0.004 93.859 + 0.188 56.228 + 0.433
Ours PT-MDM (K =10, low-confidence)* 0.918 £ 0.003 74.38 £+ 0.49 0.532 4+ 0.002 94.76 + 0.03 71.19 £ 0.42
) PT-MDM (K =10, random)* 0.919 + 0.015 74.80 £+ 0.55 0.523 + 0.003 94.60 + 0.72 71.16 + 0.61
Table 2. (DNA sequence design) Model performance on regulatory DNA sequence design.
Group Method Pred-Activity T ATAC-Acc (%) 1 3-mer Corr T JASPAR Corrt  App-Log-Lik 1
Reference  Pretrained 0.17 £ 0.04 1.5£0.2 -0.061 £ 0.034 0.249 4+ 0.015 -261 £ 0.6
Fine-tuned DRAKES w/o KL 6.44 + 0.04 82.5+2.8 0.307 4+ 0.001 0.557 + 0.015 -281 + 0.6
1Netee  HRAKES 5.61 +0.07 925+ 0.6 0.887 £ 0.002  0.911 & 0.002 264 + 0.6
CG 3.30 + 0.00 0.0 £ 0.0 -0.065 + 0.001 0.212 4+ 0.035 -266 + 0.6
Test-time SMC 4.15+£0.33 399 +8.7 0.840 4+ 0.045 0.756 4+ 0.068 259 +2.5
guidance TDS 4.64 +0.21 453+ 16.4 0.848 4+ 0.008 0.846 4+ 0.044 257+ 1.5
Best-of-K (K=10)* 1.787 +£ 0.077 7.6+ 1.0 0.530 4+ 0.033 0.603 4+ 0.022 -254.399 + 0.701
Ours PT-MDM (K =10, low-confidence)* 6.854 + 0.023 52,6 +0.5 0.870 4+ 0.003 0.818 4+ 0.005 -204.541 + 0.278
) PT-MDM (K =10, random)* 5.876 £ 0.017 204 +3.2 0.848 4+ 0.005 0.787 4+ 0.009 -189.199 + 0.978

must be specifically highlighted here. As with any reward-
driven generative method applied to biology, practitioners
should track biological plausibility and reward-model over-
optimization when using these methods to inform down-
stream experimental decisions.
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A. Proof of Proposition 3.1

Proof. Let z!*l = (x[lk], cee m[Lk]) and zFl = ({L‘[lk], . [k]) denote the current and proposed discrete sequences of length
L, respectively. For any subset of indices A C {1,..., L}, we let $E4] denote the sub-sequence of tokens at the positions

[k]

specified by A, and let T\ Y denote the unmasked context—the sub-sequence of tokens at the complementary positions

(1,...,L}\ A.

Let M C {1,..., L} denote the set of indices chosen to be masked. Under the assumption of uniform remasking with
a fixed masking fraction my, the size of the mask is strictly defined as |M| = |mL]. The probability of selecting any
specific mask M of this size is a combinatorial constant independent of the actual token values in the sequence:

1

k

p(w[\jg/[|az[k],mk)zp( \M\w ,my) = (T =C, (22)
[me L]

where we slightly abuse notation and use :c[\k]]w to denote the remasked version of ¥l

Next, let D = {i € {1,...,L} : x; k] :L' } denote the set of indices where the current and proposed sequences differ. For

the forward proposal kernel gr(Z (k] | x! ) to have a non-zero probability of generating !¥!, the sampled mask M must

cover all differing tokens; otherwise, the unmasked tokens would prevent the transition. Therefore, we require D C M.

Consequently, for any valid mask M, the unmasked context remains identical between the two sequences: m[\kja = :i[\k]]w

Using this property, we can write the forward proposal kernel as a sum over all valid masks that contain the differing tokens:

ae(@" | 2M) = 37 po(h] | &lip(ell, |2 m) =0 Y po(@y | 2{f)). @3)
MOD MDD

By the standard definition of conditional probability, the joint probability of the proposed sequence under the pretrained
model factorizes into the masked and unmasked components: pg(&*) = pg(:c[/&] | x| M)pg(:b[\kj]w). Rearranging this
Pe(w D)

pg(m\A )

expression yields pg (:E[A]f[] | i[\%) = . Substituting this ratio into the forward proposal, and applying the established

equality :c[\kja/[ = :i:[\k]&, we obtain:

N po(&*) . _ .
gr@ | 2M) =0 Y s = Opy(a@) Y ——— = Cp(a¥) O (24)
MDD PG(iB\M MDD Pe(fB\M)
where " =37, /5 [pg( )] is constant across all valid masks.

Applying the exact same loglc and derivation to the reverse proposal kernel yields a symmetric result:

g (@ | &) = Z po(z™) = C po(z™) Z % = Cpe(z™) C". (25)

mop Pl \M) MDD Pﬂ(w\M)

We now substitute these symmetric proposal functions into the model-ratio and proposal-ratio term of the exact Metropolis-
Hastings acceptance probability:

po(@™) g (@™ | #) _ po(@H)[Cpp(al™) '] (26)
po(®M) g (B | M) — py(xl®))[Cpg(a)C'] —

Because the model priors and the forward/reverse proposal probabilities perfectly cancel one another, the exact acceptance
probability simplifies purely to the energy difference defined by the reward-tilted target distribution:

AV (] 2]y = min {1 exp (Bk[ (&) — (w[k])})} . (27)

This concludes the proof. O
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B. Experimental protocol details

Baselines and remasking variants. For biological sequence design, we report reward-fine-tuned DRAKES and DRAKES
without KL regularization as references for assessing performance and over-optimization, rather than as direct test-time
competitors. We compare with classifier guidance (CG), sequential Monte Carlo (SMC), and twisted diffusion sampling
(TDS) as reported in DRAKES, and we additionally implement Best-of- K sampling. For PT-MDM, uniform remasking
matches the detailed-balance setting of Proposition 3.1, while low-confidence remasking targets uncertain tokens for stronger
local refinement.

Terminology. We use candidate sequence for any completed biological sequence that is ultimately evaluated by the reward
and validation metrics. For Best-of-K, the K objects are independently generated candidate sequences. For SMC, the K
objects are particles that are reweighted and resampled during generation. For PT, the K objects are persistent replicas, each
associated with a single inverse temperature on the temperature ladder. Equivalently, a PT replica is the MCMC trajectory at
a fixed inverse temperature; we reserve the term particle for SMC.

Search width and compute budget. The symbol K denotes the internal search width across Best-of-K, SMC, and PT, but
its algorithmic role is method-specific. The same value of K therefore does not necessarily imply the same computational
cost. For sample-efficiency comparisons, we normalize by the total number of denoising model forward evaluations, which
we report as the number of function evaluations (NFE). For PT, every denoising forward pass performed by any replica at
any MCMC proposal step is included in the reported NFE count. Reward oracle evaluations can differ across methods, so
they should be reported separately when comparing practical evaluation cost.

Protein metrics. Following DRAKES, we report Pred-ddG, the predicted stability change of the generated sequence;
scRMSD, the side-chain RMSD measuring structural fidelity; the fraction of sequences with positive predicted stability,
denoted %(ddG > 0); and the fraction of structurally valid sequences, denoted %(scRMSD < 2). The success rate is the
fraction of generated sequences satisfying both ddG > 0 and scRMSD < 2.

DNA metrics. Pred-Activity measures predicted enhancer activity under a held-out reward oracle. ATAC-Acc evaluates
whether generated sequences are classified as chromatin-accessible enhancers by an independent accessibility classifier.
3-mer Corr is the Pearson correlation between 3-mer frequencies of generated sequences and high-activity natural sequences,
and JASPAR Corr is the correlation between transcription-factor motif occurrence profiles and those of high-activity
natural sequences. App-Log-Lik is the approximate sequence log-likelihood under the pretrained MDM, computed as the
sequence-level ELBO and averaged over generated sequences. All generated DNA sequences have the same fixed length,
making approximate log-likelihood comparisons directly comparable across methods.

Reverse-CDF analysis. For sample-efficiency analysis, we compare the empirical reverse CDF of protein Pred-ddG
rewards, P(r(x) > 7), under matched denoising-model NFE and the same number of final evaluated sequences. We
estimate the survival probability at threshold 7 as

Neval

P(r(a) > 1) = = > 1r(w) > 7,
eva. i=1

where Ny, is identical across Best-of-K, SMC, and PT-MDM. This prevents high-reward-tail comparisons from being
confounded by different numbers of evaluated samples.

NFE accounting. Let T, be the number of denoising steps used to generate a completed sequence, Tinit the number of
denoising steps used to initialize PT, and 7},,,p, the number of denoising-model forward evaluations used by one remask-
and-denoise proposal. The following table summarizes how the same search-width symbol K maps to denoising-model
NEFE for each method. Reward-oracle calls are not included in NFE and should be reported separately.

Experimental settings Protein and DNA results are reported over three independent seeds.

Computational costs All experiments were run on NVIDIA RTX 6000 Ada GPUs. Per-seed runtime and GPU memory
are approximately: Full PT baseline (X = 10), 35 minutes and 20 GB; Best-of-K, 30 minutes and 20 GB; uniform
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Table 3. Denoising-model NFE accounting for Best-of- K, SMC, and PT. The formulas are written per final reported candidate; multiplying
by Neval gives the total budget for evaluating Neya) final candidates.

Method Role of K Denoising-model NFE per final candi- Reward-oracle evalua-
date tions
Best-of-K K independent completed can- K Tgen Typically K terminal re-
didates are sampled, then the ward evaluations per se-
best candidate is selected by ter- lected candidate.

minal reward.

SMC K particles are propagated K Tgeq for a standard one-forward-pass- Depends on the number of
through the denoising process per-particle-per-step implementation. Ex- reward-weighting stages;
with intermediate reweighting  tra corrector or proposal calls should be  report separately from

and resampling. added explicitly. NFE.

PT K persistent replicas evolve  Tinit + K Throp When one initialized se- Depends on how often re-
on an inverse-temperature lad- quence is shared across replicas. Replica ~ wards are computed for MH
der, with each replica making swaps add no denoising-model NFE. acceptance and swap de-
MCMC proposals and optional cisions; report separately
replica exchanges. from NFE.

remasking (K = 10), 35 minutes and 20 GB; baseline without guidance, 5 minutes and 5 GB; and SMC, 35 minutes and 20
GB.

C. Protein reward-structure trade-off

Figure 3 visualizes the inverse-folding trade-off by plotting predicted AAG against sScRMSD. The desired region contains
sequences with positive predicted stability and low structural deviation. PT-MDM shifts generated samples toward this
high-reward, structurally plausible region, without the severe increase in sScCRMSD observed under reward-only optimization.
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