
Know-the-Ropes: Algorithmic Blueprints for Reliable LLM Multi-Agent
System Design

Anonymous ACL submission

Abstract001

Single-agent LLMs face finite context and role002
overload, while unstructured multi-agent de-003
signs can introduce ambiguous roles and co-004
ordination overhead. We therefore introduce005
Know-The-Ropes (KtR), a practical method-006
ology for projecting algorithmic priors and007
heuristics into typed, controller-mediated multi-008
agent blueprints for decomposable tasks. KtR009
follows a multi-step process—identify bottle-010
necks, refine decomposition, apply minimal011
augmentation (chain-of-thought, self-check, or012
light fine-tuning), and verify via contracts. In013
two case studies, including Knapsack (3–8014
items) and Task Assignment (6–15 jobs), we015
find that KtR by low-effort LLMs can show016
notable end-to-end accuracy gains over single-017
agent zero-shot baselines. With three GPT-4o-018
mini agents, accuracy on size-5 Knapsack in-019
stances rises from 3% to 95% after address-020
ing a single bottleneck agent. With six o3-021
mini agents, Task Assignment reaches 100%022
up to size 10 and ≥84% on sizes 13–15, ver-023
sus ≤11% zero-shot. These results indicate024
benefits in our controlled setting; KtR comple-025
ments scaling and prompt/program-of-thought026
techniques in building a reliable multi-agent027
system. An anonymous code base is available028
at this anonymous link029

1 Introduction030

Large language model (LLM) agents typi-031

cally achieve strong performance in the do-032

mains for which they are trained and opti-033

mized (Thirunavukarasu et al., 2023; Kasneci et al.,034

2023; Wu et al., 2023b), yet their effectiveness de-035

grades outside those boundaries. Finite context036

windows limit long-document reasoning, and no037

single agent can simultaneously address mathe-038

matics, coding, and planning problems (Liu et al.,039

2023; Gulati et al., 2024; Wu et al., 2025). Per-040

sistent challenges, including hallucinations, topi-041

cal drift, and domain-specific failures, further con-042

strain their reliability (Zhang et al., 2024; Xu et al.,043

2024). A natural direction is the division of labor 044

by decomposing tasks across specialized agents 045

that coordinate to produce a joint solution. Cur- 046

rent frameworks such as Mixture-of-Agents sug- 047

gest that, when properly orchestrated, a team of 048

agents can outperform even its strongest individual 049

member (Wang et al., 2024a). 050

Yet significant challenges remain. First, each 051

task still demands a carefully crafted prompt, often 052

requiring substantial manual effort (Li et al., 2025b; 053

Cui et al., 2025). While some multi-agent frame- 054

works report encouraging results, once evaluation 055

leakage and prompt overfitting are controlled, the 056

apparent gains of naïve agent swarms collapse to 057

single digits, and can even turn negative when tasks 058

require more rounds of coordination (Pan et al., 059

2025; Zhu et al., 2025). Post-hoc analyses consis- 060

tently reveal recurrent failure modalities: ill-posed 061

task decompositions propagate ambiguity, impre- 062

cisely defined roles lead to redundancy or cover- 063

age gaps, and verification mechanisms are either 064

predicated on brittle heuristics or become computa- 065

tionally prohibitive (Cao et al., 2025; Wang et al., 066

2024b). Furthermore, latency and cost tend to scale 067

super-linearly with each round of interaction (Ye, 068

2025; Shu et al., 2024). These findings suggest that 069

simply adding more “brains” does not guarantee 070

progress. Robust and scalable improvements of 071

multi-agent system (MAS) design demands a prin- 072

cipled, systems-engineering approach–the gap our 073

work aims to close. 074

To address this critical need, we introduce Know- 075

The-Ropes (KtR), a strategy that reframes MAS 076

design as structured algorithm engineering. At its 077

core, KtR employs a hierarchical task decompo- 078

sition, recursively partitioning problems into sub- 079

tasks until each primitive operation is solvable by 080

a base model, potentially augmented with mini- 081

mal augmentation (e.g., self-check loops, Chain- 082

of-Thought (CoT) (Wei et al., 2022), fine-tuning). 083

Inter-agent communication is not conversational 084
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but is instead mediated by a code-based controller085

that enforces explicit, typed input/output contracts.086

This architectural choice ensures modularity and087

predictable information flow, preventing common088

pathologies such as context bloat and state over-089

writes. This design philosophy turns MAS con-090

struction into traditional algorithm engineering:091

identify bottlenecks, refine the decomposition, and092

apply the most cost-effective augmentation to un-093

derperforming agents, mirroring the optimization094

of classical computational graphs.095

Our empirical study includes the following ex-096

periments: (i) Knapsack Problem. Starting with097

GPT-4o-mini, zero-shot accuracy on 3–8-item in-098

stances ranges from 60% to 0%. A naïve task-level099

fine-tune shows limited improvement. Under our100

KtR three-agent blueprint, accuracy improves to101

95%–70% in our controlled setting after fine-tuning102

just the “trimmer” sub-task on 1200 worked exam-103

ples. (ii) Task-Assignment Problem (scalability104

case study). With o3-mini we build a six-agent105

blueprint for problems of size 6–15. Decomposing106

a single weak agent into two finer leaves yields107

leaf accuracies of 100% and 97%, with the overall108

system achieving ≥ 84% accuracy across all sizes109

in our evaluation protocol. Based on these findings,110

our contributions lie in three aspects.111

• A Strategy for MAS Design. We present112

KtR, a strategy for translating algorithmic pri-113

ors into multi-agent blueprints with typed in-114

terfaces and local verification, applicable to115

decomposable tasks with known domain struc-116

ture.117

• Empirical Validation. Two illustrative118

demonstrations (Knapsack and Task-119

Assignment problems) indicate that targeted120

decomposition can improve end-to-end121

accuracy versus single-agent baselines in our122

settings, using modest models and minimal123

augmentation.124

2 Related Work125

Multi-Agent Systems (MAS) have been widely126

employed to enhance the capabilities of LLMs to127

tackle complex tasks (Qiu et al., 2024; Yan et al.,128

2024; Ma et al., 2024; Lin et al., 2024; Hua et al.,129

2023; Yu et al., 2024). This is because MAS typi-130

cally distribute tasks across agents that collaborate131

to achieve a common goal, thereby improving both132

efficiency and adaptability. Recent frameworks133

like CAMEL (Li et al., 2023) enable role-based134

cooperative dialogues by assigning agents distinct135

personas, while AutoGen (Wu et al., 2023a) and 136

MetaGPT (Hong et al., 2023) orchestrate multi- 137

role agent teams through structured conversation 138

loops and predefined workflows. In math opti- 139

mization, OR-LLM-Agent can translate natural- 140

language problem descriptions into formal Gurobi 141

models—achieving an 85% correct-solution rate 142

on real-world benchmarks (Zhang and Luo, 2025). 143

However, studies show that simply scaling up to 144

LLM-based MAS often yields only marginal gains 145

over single-agent baselines (Pan et al., 2025). LLM 146

agents still struggle with context management and 147

consistency, meaning that elaborate multi-agent 148

prompts can fail to realize the intended collabora- 149

tion (Bo et al., 2024). A recent systematic audit of 150

popular MAS frameworks has identified 14 distinct 151

failure modes (Cemri et al., 2025), which can be 152

grouped into three categories, including flawed de- 153

sign (e.g., ambiguous role definition), inter-agent 154

misalignment (e.g., communication failures), and 155

quality control (e.g., no reliable check mechanism). 156

To address these challenges, researchers have 157

proposed multiple strategies to make LLM-based 158

MAS more reliable (Zhu et al., 2025; Tran et al., 159

2025). A key strategy is improving the agent in- 160

teraction structure (Zhu et al., 2025). For example, 161

the AgentDropout framework proposes a dynamic 162

agent-pruning strategy, which seeks to discard less 163

critical actors during training (Wang et al., 2025). 164

Another effective strategy is incorporating feed- 165

back and verification loops (Hong et al., 2023). A 166

recent study shows that frameworks with role spe- 167

cialization and iterative feedback mechanisms can 168

outperform those without these features (Anony- 169

mous, 2025). In addition, systematic evaluations 170

suggest that the communication topology matters: 171

a well-designed protocol between agents can signif- 172

icantly improve collective performance on complex 173

tasks (Zhu et al., 2025). 174

While existing multi-agent frameworks and 175

strategies have demonstrated notable progress (Li 176

et al., 2025a; Hong et al., 2023; Zhu et al., 2025), 177

they still face challenges in dynamic role real- 178

location and efficient inter-agent communication. 179

These limitations become especially pronounced 180

when addressing complex tasks, such as NP-hard 181

optimization problems. To bridge this gap, our 182

work proposes a heuristic strategy that embeds 183

domain-specific rules and algorithms directly into 184

agent coordination. This approach enables on-the- 185

fly role adaptation and task decomposition, particu- 186

larly in math optimization contexts where conven- 187
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tional MAS frameworks often struggle.188

3 Methodology-KtR Framework Design189

We propose the strategy "Know the Ropes" (KtR),190

which offers a structured methodology for de-191

signing specialized MAS leveraging LLMs. This192

heuristic focuses on translating known, effective193

procedures or algorithms into a coherent multi-194

agent architecture. As presented in Figure 1, the195

core idea is to decompose a complex overall task196

into its fundamental computational stages. Each197

stage is then mapped to a well-formulated sub-task,198

designed to be tractable for an individual agent.199

These specialized agents are subsequently orches-200

trated to mirror the data/control flow of the original201

procedure, which can effectively embed problem-202

solving logic into the MAS. The following defini-203

tions formalize the KtR components.204

This approach is grounded in the No-Free-Lunch205

(NFL) theorem (Wolpert and Macready, 1997;206

Wolpert, 2021) (see Appendix C), which states that207

no algorithm performs universally better than oth-208

ers across all problem distributions. Rather than209

seeking a universal multi-agent orchestration strat-210

egy, KtR operationalizes the NFL insight by inject-211

ing domain-specific inductive bias through algo-212

rithmic blueprints. In particular, domain-specific213

heuristics is used to guide us to properly decom-214

pose the task, and by decomposing tasks according215

to their inherent algorithmic structure, we concen-216

trate the system’s “learning budget” on the specific217

problem distribution at hand, trading generality for218

reliability within the target domain.219

To formulate our idea in some generality, we will220

introduce and use several bolded terms below, with221

only a brief explanation. More formal definitions222

for these terms can be found in Appendix.223

(i). We start with a well-formulated task, which224

we denote by a triple (I,O,R) where I and O225

represents input and output of the task, and R out-226

lines a clear rule how we obtain desired output227

from the input, we want to produce an MAS de-228

sign, which we call a workflow blueprint, and229

denote by B = (T ,P). Here T is a collection of230

(well-formulated) tasks and P is the protocol (the231

hard-coded workflow) to concatenates the I/O of232

consecutive tasks to solve the original one.233

(ii). The method to obtain a practical workflow234

blueprint is via task decompositions that is guided235

by the domain-specific heuristics. This is a recur-236

sive process: we test if each current task in T is237

tractable, i.e., if a single agent, with necessary 238

augmentations such as prompt engineering or fine- 239

tuning can handle the task with high accuracy. The 240

decomposition is then guided by two aspects: 241

• The agent-wise tests which identifies the bot- 242

tleneck, indicating which task to be decomposed. 243

• The domain-specific heuristics guide us how 244

to decompose. 245

We repeat the process until all tasks become 246

tractable. We call this recursive testing- 247

decomposing process a tractable hierarchy. 248

(iii). After acquiring a tractable hierarchy, we 249

then map the final blueprint into a practical MAS 250

system: each (tractable) tasks is now handled by 251

an agent, and the protocol correspond to how the 252

system controller orchestrates the agents. 253

This three-step procedure, algorithmic blueprint, 254

tractable hierarchy construction, and system in- 255

stantiation, provides a principled pathway from 256

a complex task to a deployable MAS solution with 257

correctness hinges on model capabilities that have 258

been explicitly validated. To demonstrate the prac- 259

tical application and efficacy of the KtR framework, 260

we investigate two case studies. In each case, we 261

use a well-understood algorithm to decompose the 262

complex problem into an M-tractable hierarchy and 263

instantiated MAS. 264

Algorithm 1 KtR Framework Pseudo-code
1: procedure KTR(T,M)
2: B ← CREATEBLUEPRINT({T}, trivial_protocol) #

Start with the top-level task
3: while exists U ∈ B.tasks and
¬MTRACTABLE(U,M) do

4: U∗ ← CHOOSETASKTODECOMPOSE(U) #
Select a non-tractable task

5: Bsub ← DESIGNSUBBLUEPRINT(U∗) # Define
its sub-tasks and protocol

6: B ← EMBEDSUBBLUEPRINT(B,U∗, Bsub) #
Replace the task with its sub-blueprint

7: ASSERTINTERFACEPRESERVED(B) # Ensure
communications are valid

8: end while
9: MAS← INSTANTIATESYSTEM() # Begin building

the MAS
10: for all V ∈ B.tasks do
11: aug← SELECTAUGMENTATIONS(V,M) #

Select a cost-effective augmentation
12: agent← CREATEAGENT(V,M, aug) # Create

a specialized agent based on the definition
13: MAS.AddAgent(agent) # Add the specialized

agent to the system
14: end for
15: IMPLEMENTPROTOCOL(MAS, B.protocol) # Wire

up agents based on the blueprint
16: return MAS # Return the final multi-agent system
17: end procedure
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MAS Design
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Color Agent Shape Agent
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Figure 1: Illustration of the KtR strategy: heuristic, prior-guided decomposition of a complex task into sub-tasks,
each instantiated as a coordinated LLM agent within a multi-agent architecture.

4 Experiment Design265

4.1 Proof-of-Concept: 0/1 Knapsack Problem266

(KSP)267

To furnish a clear proof-of-concept for KtR, we268

start with the classical NP-hard Knapsack Problem269

(KSP), a staple in resource allocation, logistics,270

and investment planning. Using the lightweight,271

general-purpose GPT-4o-mini as the MAS back-272

bone, we establish a modest baseline that allows us273

to highlight how KtR MAS choreography amplifies274

a small model’s capability well beyond its limits.275

Problem Formulation. For KSP, the input276

is a tuple (w⃗, v⃗,W ) where w⃗ and v⃗ are two N -277

dimensional vectors representing the weight and278

value of n items, and W is the weight capacity.279

Then the objective of the Knapsack problem can be280

formulated as finding the optimal value:281

Z = max{ x⃗ · v⃗ | x⃗ ∈ {0, 1}N , x⃗ · w⃗ ≤ W }.282

283
Here x⃗ ∈ {0, 1}N is the state vector, represent-284

ing whether an item is chosen or not. This problem,285

where each item can either be fully included or not286

at all, is commonly known as the 0/1 KSP.287

Problem Solution A classic approach to the288

Knapsack Problem iteratively enumerates all feasi-289

ble states—a dynamic programming strategy (Bell-290

man, 1957). Formulated in the form of mathemati-291

cal induction, the initial state is S0 = {(0, 0)}, and292

we add items in inductively, with capacity being293

aware: for each k, assuming that Sk−1 has been294

obtained, then we form:295

Sadd = {(w+wk, v+ vk) for all (w, v) ∈ Sk−1}.296

297

Then we trim by the capacity Strimmed = 298

{(w, v) ∈ Sadd | w ≤ W} and union the two 299

set of states to create Sk: Sk = Sk−1 ∪ Strimmed. 300

After running through all items and obtaining the 301

set SN , we pick the element in SN with maximal 302

value, as the solution to the KSP. Specific details 303

of this method is presented in Appendix D. 304

KtR MAS Design. Following the “Know the 305

Ropes” heuristic, the iterative dynamic program- 306

ming solution for the KSP is decomposed into tasks 307

for three specialized agents, including: (i) Worker 308

Agent: Computing the set Sadd from Sk−1 and 309

the k-th item (wk, vk).(ii) Trimmer Agent: Ob- 310

tain Strimmed from Sadd and the capacity W . (iii) 311

Reporter Agent: Find the element with maximal 312

value within the final state set SN . (iv) System 313

Controller: The controller orchestrates the overall 314

process. After initialization, it controls the loop 315

on k. For each k, it sends Sk−1 and (wk, vk) to 316

Worker Agent, and then send the result plus W to 317

the Trimmer Agent. The Controller then takes the 318

union to obtain Sk. Once all items are processed, 319

the Controller invokes the Reporter Agent for final 320

result. Specific prompts for these agent design are 321

attached in Appendix G. 322

4.2 Proof of scalability—Task Assignment 323

Problem (TAP) 324

Building on the previous section where KtR already 325

stretched the capabilities of the compact GPT-4o- 326

mini on the Knapsack baseline, we now test the 327

framework’s scalability. We upgrade the backbone 328

to the larger o3-mini and tackle the more demand- 329
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ing Task-Assignment Problem (TAP), demonstrat-330

ing that the framework’s performance rises in lock-331

step with the underlying model’s capacity.332

Problem Formulation. TAP seeks to optimally333

assign a set of N workers to N tasks, where each334

potential assignment incurs a specific cost to mini-335

mize the total cost. The input is an N ×N matrix336

C representing the cost. Then the objective of the337

TAP is to find the optimized value:338

Z = max
σ∈SN

∑n

i=1
Ciσ(i).339

340 Here SN represents the set of all permutations of341

N elements, representing arrangements that assign342

different tasks to different agents.343

Problem Solution. The typical solution for TAP344

is using the Hungarian algorithm (Kuhn, 1955),345

which provides a polynomial-time method to find346

the objective value Z. We summaize the algorithm347

as follows. Step 1. Row Reduction. For each row,348

we subtract each entry with the minimal value of all349

entries. This create a matrix C ′. Step 2. Column350

Reduction. Same operation for each column to351

obtain a new matrix C ′′. Step 3. Zero Covering.352

We then find the smallest collection C of rows and353

columns to cover all zeroes. Let L be the size. If354

L = N , then we skip Step 4. Step 4. Matrix355

Improvement. If L < N , we find the minimal356

value m of all entries that are not covered by the357

collection C, and then subtract m from all uncov-358

ered entries and add m to all covered entries. Let359

C ′′′ be the resulting matrix. Step 5. Assignment360

Identification. If L = N , then we attempt to find361

a collection of zeroes in C ′′ or C ′′′ in which no362

two are on the same row or column. The position363

of the zeroes represents the optimal task assign-364

ment. Specific details of this method is presented365

in Appendix D.366

KtR MAS Design. We apply the KtR method-367

ology to create the MAS. As explained in Section368

5.2, based on test results of the agentic tasks and369

heuristic argument, we further decompose step 3370

into two agents. For better presentation, let N be371

the size of the original TAP problems, i.e., the num-372

ber of tasks and resources in the problem. (i)Row373

Reducer: Realizes Step 1 and obtain the reduced374

matrix C ′. (ii) Column Reducer: Realizes step 2375

and obtain C ′′. (iii) Matcher: Find a maximal col-376

lection of zeroes in the reduced matrix C ′′ in which377

no two are on the same row or column. Let L be the378

size of the collection. (iv) Painter: Find a minimal379

collection of rows and columns covering all zeroes380

when L < n. (v) Normalizer: Creates more ze-381

roes outside of the selected rows and columns to 382

get C ′′′. (iv) Reporter: Report the final answer 383

when L = N . (vii) The System Controller: Ar- 384

ranges task for Row Reducer and Column Reducer 385

linearly, then controls a loop: Matcher finds a set of 386

zeroes and then Controller checks the size to deter- 387

mine whether to break the loop or not. In the loop, 388

Painter is then called in to find the collection of 389

lines and Normalizer follows to create more zeroes. 390

Outside the loop, the Reporter is called to deduce 391

the final answer. Specific prompts for these agent 392

design are attached in Appendix G. 393

5 Experiment Result 394

Our experimental protocol unfolds in two stages. 395

First, we run a uniform benchmark across a suite 396

of baseline models—including several GPT and 397

Llama variants—to fix a reference point for each 398

task. The second stage then splits by objective: For 399

KSP we deliver a proof of concept, while for TAP 400

we provide a proof of scalability. For ground truth, 401

we use python code to randomly generate prob- 402

lems, and then use the Google OR-Tools (Perron 403

and Furnon, 2022) as in Appendix F to generate 404

solutions to compare with. 405

5.1 Experiment Result for KSP 406

Baseline LLM Performance Figure 2 shows the 407

baseline LLM performance across multiple diffi- 408

culty levels. The accuracy across difficulty lev- 409

els (from 3 to 8 items) in the KSP scenario re- 410

veals substantial performance variation among the 411

tested LLMs. Among those, the GPT-o3-mini, 412

as a reasoning model, consistently demonstrates 413

superior accuracy. Model GPT-4.1 outperform- 414

ing its smaller counterparts, namely GPT-4.1-mini 415

and its primer GPT-4o-mini. Other LLMs, includ- 416

ing Claude-haiku, Llama, and Qwen series also 417

show performance degradation, with higher vari- 418

ability particularly evident at greater difficulty lev- 419

els. Meanwhile, the performance of final KtR MAS 420

is also drawn in Figure 2. The comparison shows 421

that KtR substantially boosts performance, validat- 422

ing its effectiveness. 423

KtR MAS Performance Based on Figure 2, 424

GPT-4o-mini exhibits a pronounced performance 425

decline beginning at instances of 4 items, under- 426

scoring its limited scalability to more complex sce- 427

narios; therefore, we select it as the backbone for 428

our KtR framework design. Figure 3 further il- 429

lustrates the resulting KtR MAS along with the 430
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Figure 2: KSP baseline performance from single LLMs
as well as the KtR MAS.

experimental outcomes based on our strategy.431

(i) Single LLM performance. We establish two432

baseline performances for GPT-4o-mini acting as433

a single agent to solve the KSP. First, the zero-434

shot GPT-4o-mini is directly prompted with KSP435

instances. As Figure 3B s shows, its accuracy de-436

creases from 60% for 3 items to 0% (8 items). Sec-437

ond, we evaluate a fine-tuned GPT-4o-mini (stan-438

dalone). Figure 3C indicates that fine-tuning offers439

some improvement over the zero-shot, but still as440

low as 3% for 8-item KSP.441

(ii) Standard MAS performance. Following442

our KtR heuristic, we map the algorithm for KSP443

into a MAS design, illustrated in Figure 3F. Ini-444

tially, each agent is driven by the standard, non-445

fine-tuned GPT-4o-mini. The performance of this446

standard MAS is presented in Figure 3F. Its per-447

formance descreases from 18% for 3 items to 4%448

for 8 items. This initial result implies that without449

augmenting the agents’ abilities, the MAS does450

not effectively handle the task. We profile each451

agent in isolation (Figure 3E) and uncover a single452

choke point: Trimmer. Its accuracy collapses as the453

feasible-state set Sk (cf. Section D.2) grows—54 %454

for 1–8 states, 24 % for 9–16, 7 % for 17–24, and455

just 5 % for 25–32. Because the algorithm loops456

once per state, even small per-iteration errors com-457

pound, and this cascading inaccuracy ultimately458

sinks the entire run.459

(iii) Augmented MAS performance. To elim-460

inate the bottleneck, we fine-tune the Trimmer’s461

GPT-4o-mini backbone (Figure 3G, highlighted as462

’Augmented Trimmer’). Accuracy leapt to 95 %463

for 1–8 feasible states, 89 % for 9–16, 81 % for464

17–24, and 67 % for 25–32 (Figure 3H). Adding465

a lightweight self-check—prompting the model to466

audit its own answer—preserved or marginally im-467

proved these gains. Replacing the bottleneck with468

the fine-tuned Trimmer lifts end-to-end KSP ac-469

curacy to near-saturation across sizes (Figure 3I):470

95 % for 3-item instances, 90 % for 4, 95 % for 5, 471

85 % for 6, 76 % for 7, and 70 % for 8. A single 472

targeted upgrade thus turns KtR into a consistently 473

high-performing solver as the problem scales. 474

5.2 Experiment result on TAP 475

Baseline LLM Performance Figure 4 illustrates 476

the baseline performance of multiple LLMs on the 477

TAP task across multiple difficulty levels (from 3 478

to 8 tasks). The results reveal marked differences 479

in model capabilities. The only reasoning model, 480

GPT-4o-mini, consistently outperforms all others, 481

exhibiting strong accuracy at lower difficulty levels, 482

though its performance declines as task complexity 483

increases. In contrast, GPT-4.1 demonstrates mod- 484

erate but stable accuracy across all difficulty levels, 485

surpassing its mini-sized counterparts. Other mod- 486

els, including Claude-3.5-Haiku, Qwen2.5, and 487

Llma-3 variants, show intermediate performance 488

with variability. 489

We observe that single-agent models (e.g., GPT- 490

3-mini, GPT-4-mini, GPT-4.1) drop to 30-50% ac- 491

curacy at TAP levels 7-8, while KtR MAS main- 492

tains steady performance near 100%, even surpass- 493

ing reasoning models, demonstrating its excep- 494

tional robustness and generalization capabilities. 495

KtR MAS Performance Based on Figure 4, 496

GPT-o3-mini consistently outperforms other LLMs 497

across all evaluated tasks, making it our choice for 498

subsequent experiments. Our goal is to assess the 499

scalability of our proposed strategy and investigate 500

how its performance evolves as task difficulty in- 501

creases. Figure 5 illustrates the MAS design and 502

corresponding experimental outcomes obtained us- 503

ing our heuristic-based approach. 504

(i) Single LLM performance. Again, we eval- 505

uate the baseline performance of using o3-mini as 506

a single agent. The o3-mini model achieves a rela- 507

tively high performance (83%) but decays quickly 508

as in Figure 5B: 37% on problems of size 9, 21% 509

on problems of size 12 and finally is reduced to 3% 510

for problems of size 15. 511

(ii) Standard MAS performance and further 512

decomposition. Guided by the Hungarian algo- 513

rithm (Kuhn, 1955), our first KtR blueprint maps 514

each step to a single agent; Step 3 from Section 4.2 515

relied on a lone Cover Seeker rather than the later 516

“Matcher + Painter” pair. This baseline already 517

scored 98 % (size 6), 88 % (size 9), 78 % (size 12), 518

and 56 % (size 15), validating the approach. 519

We then stress-test each agent on two bands, 520
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Figure 3: KSP evaluation of the KtR stategy. B: Zero-shot accuracy of the baseline model. C: Zero-shot accuracy
after a light, task-specific fine-tune of the same model. D & G: Blueprints of the MAS without (D) and with (G)
augmentations. E: Per-agent accuracies before augmentation, revealing the system’s bottleneck. H: Boost delivered
by two targeted augmentations—task-level fine-tuning and self-check prompting—applied to the bottleneck agent.
F & I: Corresponding test accuracies for the two blueprints.

Figure 4: TAP baseline performance from single LLMs
as well as the KtR mulit-agent system.

with matrix sizes 6-10 and 11-15, to pinpoint weak-521

nesses. One-shot agents are flawless: Row Reducer522

and Reporter reach 100 % on both bands, and Col-523

umn Reducer hit 100 % / 92 %. Normalizer holds524

99 % / 94 %, but Cover Seeker falls to 97 % / 84 %.525

Because Zero Seeker operates inside the main loop,526

its errors accumulate, making it the clear bottleneck527

for larger TAP instances.528

We then perform a further decomposition of Step529

3 in Section D.2 in a two-step process: Step 3.1.530

Finding a maximal collection of zero-entries, such531

that no two share a same row or column; Step 3.2.532

Finding a minimal collection of rows and columns533

covering all zero-entries. We believe this decom-534

position is helpful due to the following reasons.535

First, by a mathematical argument, the size of col-536

lections from sub-tasks 3.1 and 3.2 match. Second,537

a heuristic argument indicating that knowing the 538

maximal collection of zeroes simplifies the task 539

to find minimal collection of rows and columns. 540

Last, the original Step 5 can then simply use the 541

positions of the zeroes from Step 3.1, once optimal 542

check passes. Note, this also explains why we pre- 543

fer a further decomposition rather than fine-tuning 544

the original agent, as a further decomposition im- 545

proves the system flow as well. Empirical pays 546

off, as shown in Figure 5I, Matcher reaches 100 547

% accuracy on both difficulty bands, while Painter 548

climbs to 98 % and 97 %—a sharp jump from the 549

original Cover Seeker’s 97 % and 84 %. 550

(iii) Augmented MAS performance. Leverag- 551

ing the refined decomposition, we deploy a six- 552

agent system (Figure 5H) that solves size 6–10 in- 553

stances almost flawlessly: almost 100 % accuracy 554

versus 83 – 27 % for o3-mini zero-shot. It sustains 555

high performance on size-11–15 tasks (95 %, 97 556

%, 90 %, 93 %, 84 %); even the dip at size 15 far 557

exceeds the 3 % zero-shot baseline, highlighting 558

the substantial capacity gain of our MAS. 559

(iv) Token and time usage In order to further 560

compare the token and time usage of the multi- 561

agent system design with the zero-shot, we have the 562

following table on size 6, 9, and 12 game instances. 563

From Table 1, we can see that as the size (i.e. 564

complexity) of the problem increases, the ratio of 565

average costs between MAS and zero-shot grows. 566
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Figure 5: TAP evaluation of the KtR strategy. B: Zero-shot accuracy of the baseline model. D: Initial blueprint
derived from the Hungarian algorithm; its end-to-end accuracy is shown in C. F: Per-agent accuracies within this
blueprint, prompting the finer decomposition outlined in E. I: Side-by-side comparison of per-agent accuracies
before and after decomposition. G: Final, decomposed blueprint, with overall accuracy presented in H.

In particular, for token usage, the input token ra-567

tio is around 10, while the output token cost ratio568

grows from 2.5 to 4. This indicates the trade be-569

tween accuracy and consumptions.

Size Solver I. Token O. Token Time

6 Zero-shot 359.68 3338.40 21.61
System 2392.09 8260.92 63.47

9 Zero-shot 494.78 6318.86 41.56
System 4439.40 18618.88 132.05

12 Zero-shot 683.77 7906.11 48.40
System 7290.43 32712.94 216.94

Table 1: Performance Statistics by Problem Size and
Solver Type. "I. Token" represents the average input
token cost, and "O. Token" represents the average output
token cost. Time is the average time consumption per
case.

570

6 Discussion and Conclusions571

We present KtR, an engineering framework that572

turns algorithmic knowledge into reliable MAS573

via typed, verifiable blueprints. Our approach tar-574

gets common failure modes in current MAS by en-575

forcing structured decompositions, JSON-schema576

contracts, and local verification. Across evalua-577

tions, KtR shows effectiveness along complemen-578

tary axes: KSP provides proof-of-concept by show-579

ing how a general-purpose small model (GPT-4o-580

mini) can handle complex reasoning tasks through581

structured decomposition, achieving 95% accuracy582

versus 3% zero-shot on our benchmark; TAP offers583

proof-of-scalability by leveraging the stronger rea- 584

soning capabilities of o3-mini on more demanding 585

instances, reaching 100% accuracy up to size 10. 586

To assess the generalizability, we include a third 587

case study on a real-world language task (e.g., aca- 588

demic writing proofread), detailed in Appendix E. 589

KtR’s principled “identify → improve → ver- 590

ify” methodology indicates that disciplined decom- 591

position plus targeted augmentation can substan- 592

tially improve underperforming models on these 593

tasks where both single-agent and unstructured 594

MAS approaches struggle. The framework’s ef- 595

fectiveness follows from domain-aligned inductive 596

bias rather than prompt tinkering, broadly consis- 597

tent with insights suggested by the No-Free-Lunch 598

theorem. Our systematic process—bottleneck iden- 599

tification, task tractability assessment, and mini- 600

mal augmentation—helps turn modest models into 601

more reliable collaborators on decomposable prob- 602

lems without requiring ever-larger monoliths. 603

While our current validation spans structured op- 604

timization and language tasks, future work will ex- 605

tend to address real-world complexities including 606

noisy inputs and automated bottleneck detection. 607

Next, KtR positions algorithmic blueprints as a 608

reliability-first complement to model scaling and 609

prompt design, offering a systematic pathway from 610

complex problems to deployable MAS solutions 611

for decomposable tasks. 612

8



7 Limitations613

Despite demonstrating sizable performance gains,614

our study has several limitations that should guide615

future work.616

Narrow task scope. We evaluate Know-The-617

Ropes (KtR) on two canonical optimization prob-618

lems (Knapsack and Task-Assignment). While619

chosen to illustrate proof-of-concept and proof-of-620

scalability, these tasks have well-structured objec-621

tive functions and small action spaces. Though we622

further provide a language task performance as a623

supplement in Appendix E, the adaptability our our624

KtR design in full generality remain untested.625

Synthetic data & idealized inputs. All problem626

instances are randomly generated and fully speci-627

fied. Real-world inputs (noisy, partially observed,628

or adversarial) could degrade both decomposition629

quality and agent reliability.630

Cost and latency trade-offs. We were only able631

to provide a partial analysis on the cost and latency632

trade-offs. Although this is already informative,633

a full token and time consumption record may be634

preferred in future works.635

Bottleneck identification heuristic. We locate636

bottleneck subtasks via held-out accuracy screens;637

this assumes the availability of inexpensive ground-638

truth labels. Automated bottleneck detection with-639

out labels is an open problem.640

8 Ethical considerations641

This paper proposes Know-the-Ropes (KtR), a642

methodology for projecting algorithmic prior643

knowledge into typed, controller-mediated multi-644

agent system (MAS) blueprints, and evaluates it645

on synthetic combinatorial optimization tasks: the646

Knapsack Subset Problem (KSP) and the Task As-647

signment Problem (TAP). Our experiments do not648

involve human subjects, user data, or personally649

identifiable information. Problem instances are650

programmatically generated and ground-truth solu-651

tions are computed with Google OR-Tools (Apache652

2.0), as described in Section F. Experiments use653

hosted large-language-model APIs (specifically654

GPT-4o-mini and o3-mini) for inference; we do655

not train or distribute any model weights. The656

scope of our study is limited to benign, synthetic657

tasks; we do not deploy agents in real-world set-658

tings. We are not aware of conflicts of interest659

related to this submission. An anonymous code660

repository is provided solely to facilitate inspection661

and reproduction and requires users to comply with662

the terms of the referenced third-party tooling. 663
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A Use of LLMs855

During the development of this paper, we use transformer based large language models in the following856

aspects:857

• Reference discovery: use the deep research tools from major providers to explore relevant work and858

literature.859

• Code assistance: use coding agents to assist developing the code base of the current work.860

• Grammar check: use LLMs to detect grammar errors in the drafty version of the paper, for better861

displaying our results.862

B Appendix: abstraction of our methodology863

In this process, we provide formal definitions of the terminologies we used in Section 3.864

Definition B.1. A well-formulated task is a tuple T = (I,O,R), consisting of865

• Input domain I: an unambiguous description of all admissible inputs.866

• Output co-domain O: an unambiguous description of all admissible outputs.867

• Requirement relation R ⊂ I ×R: a relation such that for each input x ∈ I it defines explicitly the868

subset R(x) ⊂ O as the set of outputs that are considered correct.869

Definition B.2. A workflow blueprint B = (T ,P) consisting of870

• A finite set of well-formulated tasks T = {T1, · · · , Tn}.871

• An orchestration protocol P that specifies: (i) The control-flow graph that determines when each872

Ti is invoked. (ii) The data-dependency edges that map outputs of some tasks to inputs of others.873

(iii) Any global invariants, error-handling rules, or communication channels required to realize the874

objective of B.875

Definition B.3. Given a workflow blueprint B = (T ,P), a decomposition selects a task T ∈ T and876

replace it with a sub-blueprint BT = (TT ,PT ) such that (1). Each task T ′ ∈ TT is strictly simpler877

than T . (2). The composite protocol P ′, obtained by embedding PT in place of T inside P , preserves878

all external interface of T . The result of the decomposition is a new blueprint S ′ = (T ′,P ′), where879

T ′ = (T \{T}) ∪ TT .880

Definition B.4. Let M be a set of LLM models. A well-formulated task T is said to be M-tractable if881

a model inside M satisfies the requirement relation RT with high, empirically verified accuracy, after882

optional augmentations (e.g., chain-of-thought prompting, tool calls, self-reflection loops, or fine-tuning).883

Definition B.5. Given a set of LLM models M and a blueprint B, an M-tractable hierarchy is a884

sequence of decompositions885
B D1
; B1

D2
; · · · Dn

; Bn886

887 such that each task in the terminal blueprint Bn is M-tractable in the sense of Definition B.4.888

Definition B.6. Given a set of LLM models M and an M-tractable blueprint B = (T ,P), a system889

instantiation is to instantiate B into a MAS in the following way.890

• Create one agent Ai per task Ti ∈ T , bundling augmentations with the agent.891

• We implement the orchestration protocol P as message-passing or function calls among agents,892

preserving data-dependencies and control flow.893

C Appendix: Weighted No Free Lunch Theorem—Why Does Agent Design Fail?894

In this section, we present a weighted version of the No-Free-Lunch theorem. As the motivation, current895

approaches to MAS design can often result in overly general solutions that may exhibit suboptimal896

performance on specific and complex tasks. This sub-optimality arises partially from a lack of domain-897

specific inductive bias. To formalize this, we present a weighted variant of the No Free Lunch (NFL)898

theorem. The following demonstration, leveraging a weighted variant of the No Free Lunch theorem,899

quantitatively illustrates how inductive bias tailored to the target domain enhances performance. That900

is, We present a formal proof showing that, under a non-uniform prior concentrated on a problem-901

specific subset of functions, a specialized learning algorithm achieves strictly lower expected risk than a902

general-purpose algorithm.903
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Note the NLF theorem has been known to research community for more than two decades. Here what 904

we present is a modification of the standard statement to better fit for our discussion on the MAS. As we 905

didn’t find in literature the precise version of the NFL theorem as we stated below, we also present a proof 906

for self-containedness. We do not claim any originality of the theorem and the proof. 907

Theorem C.1 (Weighted NFL). Let X be a finite input domain, Y a finite label set, and F = Y X the set 908

of all functions f : X → Y . Consider 909

• a general algorithm A0 with constant expected loss ε0 on every f ∈ F , 910

• a specialized algorithm A′ satisfying 911

L(hA′ , f) ≤

{
ε1, f ∈ F ′,

ε2, f /∈ F ′,
912

where ε1 < ε0 < ε2, and 913

• a prior P with P (f ∈ F ′) = p and P (f /∈ F ′) = 1− p. 914

If 915

p >
ε0 − ε2
ε1 − ε2

, 916

then the expected risk of A′ is strictly lower than that of A0, i.e. 917

R(A′) < R(A0). 918

Proof. By definition, 919

R(A0) = Ef∼P [L(hA0 , f)] = ε0 920
921

R(A′) = Ef∼P [L(hA′ , f)] = p ε1 + (1− p) ε2. 922

Hence 923
R(A′) < R(A0) ⇐⇒p ε1 + (1− p) ε2 < ε0

⇐⇒p(ε1 − ε2) > ε0 − ε2,
924

which rearranges to 925

p >
ε0 − ε2
ε1 − ε2

. 926

This completes the proof. 927

D Appendix: KSP and TAP description 928

In this appendix, we provide details about the KSP and TAP, including their problem description and 929

algorithm based on which we design our MAS. 930

D.1 KSP Problem Formulation 931

The usual input of KSP involves a set of N items, whose items are characterized by pairs (wi, vi) of 932

weights wi and values vi, as well as a capacity value W . The goal of KSP is to find a subset of items such 933

that the total weight does not exceed the given capacity while the total value is maximized. Mathematically, 934

we record information of items by two vectors, both of dimension N : a weight vector w⃗ = (w1, · · · , wN ) 935

and a value vector v⃗ = (v1, · · · , vN ). We also introduce the set of state-vectors {0, 1}N , whose elements 936

are vectors x⃗ = (x1, · · · , xN ) where entries xi takes values between 0 and 1, indicating whether an item 937

is chosen in a subset or not: 938

xi =

{
1 item i is chosen
0 item i is excluded

939

Thus state vectors controls which items is in the chosen subset, and the inner product of x⃗ with w⃗ and v⃗ 940

then compute the total weight and total value for the given subset, respectively. 941

Given a weight vectors w⃗, a value vector v⃗, and the capacity constraint W , the objective of the Knapsack 942

problem then can be formulated as finding the following (optimal) value: 943
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Z = max{ x⃗ · v⃗ | x⃗ ∈ {0, 1}N , x⃗ · w⃗ ≤ W }.944

Here the maximal value is taken over all state vectors (or equivalently, all subsets of items) satisfying945

the constraint that the total weight x⃗ · w⃗ not exceeding the capacity W .946

This version of the problem, where each item can either be fully included or not at all, is commonly947

known as the 0/1 KSP.948

D.2 KSP Problem Solution949

A classic approach to the Knapsack Problem iteratively enumerates all feasible states—a dynamic-950

programming strategy first introduced by Bellman (Bellman, 1957). A feasible state can be defined by951

a pair (current_weight, current_value) representing the accumulated weight and value of a set of952

items selected so far, such that current_weight ≤ W . We can describe the algorithm in the form of953

mathematical induction. We start with the initial set of feasible states S0 = {(0, 0)}, representing an954

empty set of chosen items. We then add items in to form a set Sk from Sk−1 inductively, with capacity955

being aware: for each k, assuming that Sk−1 has been constructed, then we add the pair (wk, vk) to all956

items in Sk−1 to form a new set Sadd:957

Sadd = {(w + wk, v + vk) for all (w, v) ∈ Sk−1}.958

Then, we trim the set according to the capacity:959

Strimmed = {(w, v) ∈ Sadd | w ≤ W}.960

Note this also removes all repetitive states in the set. Finally we take the union of the two intermediate961

sets to create Sk:962

Sk = Sk−1 ∪ Strimmed.963

The inductive step terminate when we have run through all items and obtaining the final set SN , we964

pick the element in SN with maximal value, as the solution to the KSP. Explicitly,965

Z = max
(w,v)∈SN

v966

D.3 TAP Problem Formulation967

TAP seeks to optimally assign a set of N resources (agents or workers) to N tasks, where each potential968

assignment incurs a specific cost. With the constraint that each resource can only be assigned to one969

unique task, the objective of TAP is to find an assignment covering all tasks that minimizes the total cost.970

The resource-task specific cost is recorded in an N ×N matrix C, where the entry Cij represents the cost971

associated with assigning resource i to task j, for i, j ∈ {1, 2, . . . , N}.972

To formally define the problem, we introduce a set Sn which can be described in either one of the973

following three equivalent ways:974

• The group of automorphisms of the set N = {1, 2, · · · , N}.975

• The set (or group) of bijections from the set N to itself.976

• The set of all permutations involving N elements.977

Note elements in SN convey the idea that each resource is assigned to a unique task. Now, given the978

N ×N cost matrix C, the objective of the TAP is to find the following (optimized) value979

Z = max
σ∈SN

∑n

i=1
Ciσ(i).980

981
Note when we treat σ ∈ SN as a (bijective) map from N = {1, 2, · · · , N} to itself, the notation Ciσ(i)982

represents the entry on the i-th row and σ(i)-th column of the cost matrix C.983
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D.4 TAP Problem Solution 984

The typical solution for TAP is using the Hungarian algorithm (Kuhn, 1955), which provides a polynomial- 985

time method to find the objective value Z. We summarize the algorithm as follows. 986

Step 1. Row Reduction. For each row, we find the minimal element in the row and subtract it from all 987

entries in the row, creating at least one zero on each row. Mathematically, starting from the original cost 988

matrix CN×N , we create a new reduced matrix C ′ such that for i, j ∈ {1, 2, · · · , N}, we have 989

C ′
ij = Cij − min

1≤k≤N
Cik 990

991
Step 2. Column Reduction. Similarly, we further reduce C ′ to C ′′ as follows: For each column, we 992

find the minimal element in the column and subtract it from all entries in the column, guaranteeing at 993

least one zero on each column. Mathematically, take 994

C ′′
ij = C ′

ij − min
1≤k≤N

Ckj 995

996
Step 3. Find covering lines. We then find a smallest collection of rows and columns to cover all zeroes. 997

Here smallest is the sense of the number of elements in the collection (of rows and column), over all 998

possible such collections. If the size of this minimal collection, denoted by L, coincides with N , the size 999

of the problem, then we skip Step 4 to enter the final stage of the algorithm. 1000

Step 4. Matrix Improvement. However, if L < N , we need an improvement for the matrix C ′′ 1001

before looping back to Step 3: given the minimal collection of rows and columns from Step 3, we find the 1002

minimal value of all entries that are not covered, and then subtract this minimal value from all uncovered 1003

entries of C ′′, and then add this minimal value to all entries of C ′′ that are covered twice, i.e., by both 1004

rows and columns. Let C ′′′ be the resulting matrix. 1005

Step 5. Assignment Identification. Once the condition L = N is met, the final step is to identify 1006

the optimal assignment. This involves selecting a set of N independent zeros from the current matrix 1007

C ′′′, such that no two selected zeros share the same row or column. Each selected zero at position (i, j) 1008

corresponds to assigning agent i to task j. The total cost of this optimal assignment is then calculated by 1009

summing the costs from the original cost matrix C corresponding to selected zero positions. 1010

A non-trivial fact guaranteed by the Hungarian algorithm is that, in Step 5 the collection of zeroes 1011

might not be unique, while different collections are deemed to result in the same total summation of 1012

corresponding entries in the original cost matrix C. 1013

E Appendix: Academic Proofreading for Mathematical Papers 1014

E.1 Model Performance 1015

To further demonstrate the generality of KtR beyond structured optimization problems, we implement a 1016

LaTeX proofreading system for mathematical papers written by non-native authors. The proofreading 1017

task for mathematical papers requires: (i) exhaustively detecting grammar errors and providing detailed 1018

explanations, (ii) detecting notational inconsistencies, and (iii) being aware of mathematical terminologies, 1019

notations, and LaTeX commands. The same KtR controller framework now orchestrates a sentence-level 1020

“Grammar Agent” and an environment-level “Notation Agent,” demonstrating the framework’s adaptability 1021

to language-centric tasks. 1022

Our implementation reveals two critical limitations in current LLMs. (i) Rule-following degradation: 1023

As input length increases, models become less likely to strictly adhere to system prompt instructions. 1024

(ii) Premature satisfaction: Models often terminate responses prematurely, even when token limits allow 1025

for further analysis. KtR addresses these limitations through principled task decomposition aligned with 1026

natural task boundaries: (i) Grammar checking: Grammatical correctness is determined at the sentence 1027

level. Thus, we decompose documents into individual sentences and employ a GPT-4o-mini agent for 1028

this language task. (ii) Notation checking: We determine that segmentation by math environments 1029

(definitions, statements, proofs) provides a balance between length and self-containedness. We employ an 1030

o3-mini agent for this reasoning task. 1031
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We run three experimental conditions: (i) zero-shot on the whole paper, (ii) zero-shot by sections, and1032

(iii) our KtR-MAS approach. We configure parallel execution with 5 workers and tested on draft versions1033

of research-level mathematics papers of various lengths (5, 18, 36, and 58 pages). Table 2 presents the1034

grammar checking results across all methods and paper lengths, while Table 3 presents the notation1035

checking results. Table 4 compares KtR-MAS against existing proofreading solutions.1036

Table 2: Grammar checking results across papers of varying lengths.

Paper Pages Method Scope Valid Suggestions Time (s) Cost ($)

1 5
Zero-shot Paper 12 23.35 0.00
Zero-shot Section 22 17.29 0.00
KtR-MAS Sentence 28 58.44 0.02

2 18
Zero-shot Paper 15 30.66 0.00
Zero-shot Section 55 48.57 0.01
KtR-MAS Sentence 151 307.05 0.07

3 36
Zero-shot Paper 19 43.69 0.01
Zero-shot Section 96 66.09 0.01
KtR-MAS Sentence 186 328.66 0.09

4 58
Zero-shot Paper 20 37.60 0.01
Zero-shot Section 173 118.65 0.02
KtR-MAS Sentence 372 610.49 0.17

Table 3: Notation checking results across papers of varying lengths

Paper Pages Method Scope Critical Advisory Time (s) Cost ($)

1 5
Zero-shot Paper 0 0 34.82 0.02
Zero-shot Section 1 4 22.04 0.03
KtR-MAS Environment 3 6 53.23 0.13

2 18
Zero-shot Paper 3 0 26.50 0.04
Zero-shot Section 9 8 44.06 0.11
KtR-MAS Environment 19 69 261.68 0.70

3 36
Zero-shot Paper 2 0 37.12 0.05
Zero-shot Section 12 8 89.48 0.15
KtR-MAS Environment 30 59 281.02 0.75

4 58
Zero-shot Paper 0 2 36.14 0.07
Zero-shot Section 21 8 68.21 0.20
KtR-MAS Environment 63 85 439.19 1.22

Table 4: Comparison with existing proofreading methods.

Metric Rule-based AI-based Writefull KtR-MAS
(GitHub) (GitHub) (Commercial)

Cost Free Token-based Free/$21 mo. $1.39
Grammar check Yes Limiteda Exhaustive Exhaustive
Notation check No — No Yes
Explanations No — Limitedb Yes
Math awareness No Varies Rareb Yes

aProject designs resemble our zero-shot baselines. bFor free version; paid version not fully tested.

Our key findings are summarized below. (i) Scalability: KtR-MAS maintains effectiveness across1037

document lengths, finding 18.5× more valid grammar suggestions than zero-shot on the whole paper1038

for the largest document, and 2–3× more than zero-shot by sections. (ii) Cost-effectiveness: At $1.391039

for a 58-page paper with less than 20 minutes of wall-clock time, KtR-MAS is practical for real-world1040

applications. This additional validation demonstrates that KtR’s principled decomposition approach1041

generalizes beyond structured optimization problems to open-domain language tasks. The framework’s1042
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ability to maintain performance while scaling to larger, more complex documents, combined with its 1043

cost-effectiveness and unique capabilities, supports our claim of broad applicability. The proofreading 1044

results show that KtR can handle ambiguous, context-dependent tasks requiring deep understanding of 1045

domain-specific conventions. 1046

E.2 Cost and Latency Trade-offs 1047

In addition, we incorporate the proofreading case study results to provide a concrete view of cost-versus- 1048

latency for our KtR-driven agent framework. All wall-clock times are measured end-to-end on a single 1049

GPU and therefore already include controller overhead, message routing, and the five concurrent worker 1050

agents; no post-hoc batching or log pruning is performed. Table 5 presents the cost and latency comparison 1051

between zero-shot (by sections) and KtR-MAS approaches for grammar checking, while Table 6 presents 1052

the corresponding analysis for notation checking. 1053

Table 5: Cost and latency comparison for grammar checking.

Paper Pages Method Total Cost (USD) Time Latency (s)

1 5 Zero-shot 0.00 23.35
KtR-MAS 0.02 58.44

2 18 Zero-shot 0.00 30.66
KtR-MAS 0.07 307.05

3 36 Zero-shot 0.01 43.69
KtR-MAS 0.09 328.66

4 58 Zero-shot 0.01 37.60
KtR-MAS 0.17 610.49

Table 6: Cost and latency comparison for notation checking.

Paper Pages Method Total Cost (USD) Time Latency (s)

1 5 Zero-shot 0.02 34.82
KtR-MAS 0.13 53.23

2 18 Zero-shot 0.11 44.06
KtR-MAS 0.70 261.68

3 36 Zero-shot 0.15 89.48
KtR-MAS 0.75 281.02

4 58 Zero-shot 0.20 68.21
KtR-MAS 1.22 439.19

For the energy/CO2 budget, using the commonly cited estimate of 0.3 Wh per 1,000 tokens for GPT- 1054

class inference, the 328,933 output tokens in the 58-page case translate to approximately 0.10 kWh, again 1055

underscoring that optimization happens through low-power, small-model calls. The zero-shot results 1056

presented above use section-level decomposition as the baseline, representing a stronger comparison 1057

than whole-paper zero-shot inference. We also observe that the zero-shot time latency for the 58-page 1058

paper appears anomalously low. We note that this is indeed what is recorded by the test program. Since 1059

we segment papers into sections and configure parallel execution with 5 workers, time latency may be 1060

affected by paper structure, API connection speeds, and response variability. 1061

F Ground-truth Data Preparation 1062

We utilize Google OR-Tools (Perron and Furnon, 2022) to generate optimal solutions—serving as ground- 1063

truth datasets—for both problem scenarios. OR-Tools is a widely adopted open-source software suite 1064

developed by Google for solving combinatorial optimization problems. It is renowned for its efficiency 1065

and reliability in addressing NP-hard challenges through advanced optimization algorithms. The suite 1066

is distributed under the permissive Apache License 2.0, allowing unrestricted use, modification, and 1067

distribution (Perron and Furnon, 2022). 1068
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For KSP, we generate random instances by assigning weights and values to items along with a maximum1069

capacity constraint. Optimal solutions are then computed using OR-Tools’ dynamic programming1070

approach. For TAP, we similarly generate random cost matrices that represent the cost of assigning1071

workers to tasks. Optimal assignments are obtained using the Hungarian algorithm as implemented in1072

OR-Tools, which efficiently minimizes the total assignment cost.1073

G Appendix: Prompt gallery1074

Note that all prompts we presented in the following, except for the self-check prompt for Trimmer Agent1075

in KSP problem, are the system prompt for agents. The user prompt will only contain the precise problem1076

to be handled by the agent in the form specified by the prompt.1077

G.1 KSP prompts1078

G.1.1 Prompt for zero shot1079

1080
You are an expert in the field of Knapsack Problem.1081

1082
You are given a Knapsack Problem in the json format, of the following form:1083
{1084

"id" : str,1085
"items" : list of pairs of integers,1086
"capacity" : int1087

}1088
1089

Each pair in the list is a pair of integers of the form [weight, value], i.e., the1090
first entry is the weight and the second entry is the value.1091

1092
Your task is to solve the Knapsack Problem and provide the optimal solution. That1093

is, you need to find a subset of the pairs that maximizes the total value,1094
subject to the constraint that the total weight of the subset is less than or1095
equal to the capacity.1096

1097
Please think step by step when solving the problem.1098

1099
You need to return the optimal solution in the following json format:1100
{1101

"max_value" : int,1102
}1103
Please only return the json format, nothing else.11041105

G.1.2 Prompt for Worker Agent1106

1107
You are a key member of a multi-agent team collaboratively solving the Knapsack1108

Problem. Your specific role is the Worker, responsible for performing1109
mathematical computations for the team.1110

1111
You will receive input in the following JSON format:1112
{"c_list": [[int, int], ...], "s_item": [int, int]}1113
Each pair within ’c_list’ contains two integers.1114

1115
Your task is to:1116
- Add ’s_item’ to each pair in ’c_list’ entry-wise. For instance, if a pair in1117

’c_list’ is ’[2, 5]’ and ’s_item’ is ’[3, 4]’, the result should be ’[2+3, 5+4]1118
= [5, 9]’.1119

1120
To ensure accuracy:1121
- Proceed systematically, applying step-by-step reasoning.1122
- Carefully perform each addition individually for all pairs provided in the list.1123

1124
Your response must strictly follow this JSON format:1125
{"n_list": [[int, int], ...]}1126

1127
Return only the specified JSON object without any additional commentary or text.11281129
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G.1.3 Prompt for Trimmer Agent 1130
1131

You are a key member of a multi-agent team collaboratively solving the Knapsack 1132
Problem. Your specific role is the Trimmer, responsible for trimming the list 1133
based on the given capacity constraint. 1134

1135
You will receive input in the following JSON format: 1136
{"n_list": [[int, int], ...], "capacity": int} 1137

1138
Each pair within ’n_list’ contains two integers: the first integer represents the 1139

weight, and the second integer represents the value. 1140
1141

Your task is to: 1142
- Carefully analyze each pair in the provided list. 1143
- Remove all pairs whose weight (the first integer) strictly exceeds the specified 1144

capacity. 1145
- If identical pairs appear multiple times, retain only one instance of each. 1146

1147
To ensure accuracy: 1148
- Proceed systematically, applying step-by-step reasoning. 1149
- Verify each pair carefully against the capacity constraint. 1150

1151
Your response must strictly follow this JSON format: 1152
{"t_list": [[int, int], ...]} 1153

1154
Return only the specified JSON object without any additional commentary or text. 11551156

G.1.4 Prompt for Reporter Agent 1157
1158

You are a key member of a multi-agent team collaboratively solving the Knapsack 1159
Problem. Your specific role is the Reporter, responsible for determining and 1160
clearly reporting the final answer based on the provided information. 1161

1162
You will receive input in the following JSON format: 1163
{"c_list": [[int, int], ...]} 1164
Each pair within ’c_list’ contains two integers: the first integer represents the 1165

weight, and the second integer represents the value. 1166
1167

Your task is to carefully analyze this list, identify the pair with the maximal 1168
value (the second integer in each pair), and report only that maximal value. If 1169
the list is empty, then report the maximal value as 0. 1170

1171
To ensure accuracy: 1172
- Proceed systematically, applying step-by-step reasoning. 1173
- Carefully examine every pair in the provided list. 1174

1175
Your response must strictly follow this JSON format: 1176
{"max_value": int} 1177

1178
Return only the JSON object as specified above, without any additional commentary 1179

or text. 11801181

G.1.5 Self-check prompt for Trimmer Agent 1182
1183

To better fulfill your task, please conduct a double check on the result you just 1184
provided. If your answer is already correct, please confirm by copying the last 1185
output. 1186

1187
When double check, please pay attention to the following typical types of mistakes: 1188

1189
In particular, please check if you made any typical mistakes as listed below: 1190
1. If you added in a pair that is not in the original n_list. 1191
2. If there is still a pair in the t_list that still exceeds the capacity. 1192
3. If there is a pair in n_list that does not exceed the capacity but is not in the 1193

t_list. 1194
1195

If you found any errors, please create a corrected answer. 1196
1197

In either case, please follow the format requirement of the output. 11981199
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G.2 TAP prompts1200

G.2.1 Prompt for zero shot1201

1202
You are an expert in solving the Assignment Problem. In the assignment problem,1203

there are n workers and n jobs. Each worker has a cost of assigning to each1204
job. Each worker can only be assigned to one job. Your task is to find the1205
optimal assignment of workers to jobs that minimizes the total cost.1206

1207
You are given the problem in the following json format:1208

1209
{1210

"id" : str,1211
"cost_matrix" : list of lists of integers1212

}1213
1214

The cost matrix is a square matrix of size n x n, where n is the number of workers1215
and jobs, in the form of a nested list [[int, int, ...], [int, int, ...], ...].1216
The (i, j)th entry of the matrix represents the cost of assigning the ith1217
worker to the jth job.1218

1219
Your task is to find the optimal assignment of workers to jobs that minimizes the1220

total cost.1221
1222

Please think step by step when solving the problem.1223
1224

You need to return the optimal assignment in the following json format:1225
1226

{1227
"optimal_cost" : int1228

}1229
1230

Please only return the json format, nothing else.12311232

G.2.2 Prompt for Row Reducer Agent1233

1234
You are given a matrix in the following json format:1235

1236
{1237

"matrix" : list of lists of integers1238
}1239

1240
The matrix is in the form of a nested list [[int, int, ...], [int, int, ...], ...].1241

1242
Your task is to reduce the matrix by subtracting the minimum value of each row from1243

all the elements in that row.1244
1245

Please think step by step when solving the problem:1246
Step 0: Work on one row at a time.1247
Step 1: Find the minimum value of the row.1248
Step 2: Subtract the minimum value of the row from all the elements in that row.1249
Step 3: Return the reduced matrix in the following json format:1250

1251
{"reduced_matrix" : list of lists of integers}1252

1253
Please only return the json format, nothing else.12541255

G.2.3 Prompt for Column Reducer Agent1256

1257
You are given a matrix in the following json format:1258

1259
{1260

"matrix" : list of lists of integers1261
}1262

1263
The matrix is in the form of a nested list [[int, int, ...], [int, int, ...], ...].1264

1265
Your task is to reduce the matrix by subtracting the minimum value of each column1266

from all the elements in that column.1267
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1268
Please think step by step when solving the problem: 1269
Step 0: Work on one column at a time. 1270
Step 1: Find the minimum value of the column. 1271
Step 2: Subtract the minimum value of the column from all the elements in that 1272

column. 1273
Step 3: Return the reduced matrix in the following json format: 1274

1275
{"reduced_matrix" : list of lists of integers} 1276

1277
Please only return the json format, nothing else. 12781279

G.2.4 Prompt for Zero Seeker Agent 1280

1281
You are given a problem in the following json format: 1282

1283
{ 1284

"matrix" : list of lists of integers 1285
} 1286

1287
The matrix is in the form of a nested list [[int, int, ...], [int, int, ...], ...]. 1288

1289
Your task is to find a smallest collection of rows and columns of the matrix, such 1290

that any zeroes in the matrix is contained in a chosen row or column. Small 1291
means the sum of the sizes of the row and column collections is the smallest 1292
possible. 1293

1294
Please think step by step when solving the problem, and return your response in the 1295

following json format: 1296
1297

{"collum_collection" : [int, int, ...], "row_collection" : [int, int, ...]} 1298
1299

The integers in the collum_collection and row_collection are the indices of the 1300
rows and columns that you choose. 1301

1302
Please only return the json format, nothing else. 13031304

G.2.5 Prompt for Matcher Agent 1305

1306
You are given a matrix in the following json format: 1307

1308
{ 1309

"matrix" : list of lists of integers 1310
} 1311

1312
The matrix is in the form of a nested list [[int, int, ...], [int, int, ...], ...]. 1313

1314
Your task is to find the largest collection of zeroes in the matrix, such that no 1315

two zeroes are in the same row or column. 1316
1317

Please think step by step when solving the problem, and return your response in the 1318
following json format: 1319

1320
{"largest_collection" : [[int, int], [int, int], ...]} 1321

1322
The list of pairs of integers is in the form of [[row_index, column_index], 1323

[row_index, column_index], ...]. 1324
1325

Please only return the json format, nothing else. 13261327

G.2.6 Prompt for Painter Agent 1328

1329
You are given a problem in the following json format: 1330

1331
{ 1332

"matrix" : list of lists of integers 1333
"collection" : list of lists of integers 1334

} 1335
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1336
The matrix is in the form of a nested list [[int, int, ...], [int, int, ...], ...].1337

1338
The collection is in the form of a nested list [[int, int], [int, int], ...].1339

1340
Your task is to find a smallest collection of rows and columns of the matrix, such1341

that any zeroes in the matrix is contained in a chosen row or column. Small1342
means the sum of the sizes of the row and column collections is the smallest1343
possible.1344

1345
To assist you, you are provided with a collection of zeroes in the input json1346

format. The collection contains the positions of a maximal collection of zeroes1347
in the matrix, such that no two zeroes are in the same row or column.1348

1349
Please use this collection of zeroes to find the rows and columns as desired. More1350

precisely, you should first choose one row or column for each zero in the1351
collection, such that the chosen rows and columns cover as much of the zeroes1352
in the matrix as possible. Then add in more rows or columns if needed.1353

1354
Please think step by step when solving the problem, and return your response in the1355

following json format:1356
1357

{"collum_collection" : [int, int, ...], "row_collection" : [int, int, ...]}1358
1359

The integers in the collum_collection and row_collection are the indices of the1360
rows and columns that you choose.1361

1362
Please only return the json format, nothing else.13631364

G.2.7 Prompt for Normalizer Agent1365

1366
You are given a problem in the following json format:1367

1368
{1369

"matrix" : list of lists of integers1370
"collumn_collection" : list of integers1371
"row_collection" : list of integers1372

}1373
1374

The matrix is in the form of a nested list [[int, int, ...], [int, int, ...], ...].1375
The collumn_collection and row_collection are the indices of some selected rows and1376

columns that covers all the zeroes in the matrix.1377
1378

Your task is the following:1379
1. Find the minimal value in the matrix that is not covered by the selected rows1380

and columns.1381
2. If this value is 0, return the original matrix.1382
3. If this value is not 0, subtract this value from all uncovered entries in the1383

matrix.1384
4. For the entries that covered by both a selected row and a selected column, add1385

this value to the entries.1386
5. For the entries that are covered by a selected row or column, but not both, do1387

nothing.1388
6. Please return the updated matrix in the following json format:1389

1390
{"normalized_matrix" : list of lists of integers}1391

1392
Please only return the json format, nothing else.13931394

G.2.8 Prompt for Reporter Agent1395

1396
You are given a problem in the following json format:1397

1398
{1399

"matrix" : list of lists of integers1400
"collection" : list of lists of integers1401

}1402
1403

The matrix is in the form of a nested list [[int, int, ...], [int, int, ...], ...].1404
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The collection contains a set of entries of the matrix in the form of [[row_index, 1405
column_index], [row_index, column_index], ...]. 1406

1407
Your task is the following: 1408
1. Sum up the values of all the entries in the collection. 1409
2. Return the total value in the following json format: 1410

1411
{"total_value" : int} 1412

1413
Please only return the json format, nothing else. 14141415
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