Bivariate Causal Discovery with Proxy Variables: Integral Solving and Beyond

Yong Wu ' 234 Yanwei Fu®> Shouyan Wang'234%7 Xinwei Sun =<7

Abstract

Bivariate causal discovery is challenging when
unmeasured confounders exist. To adjust for the
bias, previous methods employed the proxy vari-
able (i.e., negative control outcome (NCO)) to test
the treatment-outcome relationship through inte-
gral equations — and assumed that violation of this
equation indicates the causal relationship. Upon
this, they could establish asymptotic properties for
causal hypothesis testing. However, these meth-
ods either relied on parametric assumptions or
required discretizing continuous variables, which
may lead to information loss. Moreover, it is
unclear when this underlying integral-related as-
sumption holds, making it difficult to justify the
utility in practice. To address these problems,
we first consider the scenario where only NCO is
available. We propose a novel non-parametric pro-
cedure, which enjoys asymptotic properties and
preserves more information. Moreover, we find
that when NCO affects the outcome, the above
integral-related assumption may not hold, render-
ing the causal relation unidentifiable. Informed
by this, we further consider the scenario when the
negative control exposure (NCE) is also available.
In this scenario, we construct another integral re-
striction aided by this proxy, which can discover
causation when NCO affects the outcome. We
demonstrate these findings and the effectiveness
of our proposals through comprehensive numeri-
cal studies.
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1. Introduction

When the causal sufficiency is violated (Spirtes et al., 2001),
constraint-based causal discovery is challenging due to the
potential bias introduced by unmeasured confounders in
conditional independence testing. As a foundational step,
this paper focuses on the bivariate case, aiming to identify
causal relationships in the presence of unobserved variables.
To adjust for the bias, (Miao et al., 2018) leveraged observed
proxy variables (Kuroki & Pearl, 2014; Tchetgen et al.,
2024) to examine the existence of causal relations over
discrete variables. Later, (Miao et al., 2023; Liu et al., 2023)
extended them to continuous variables, by investigating the
existence of solutions to integral equations.

Specifically, the integral equation examines whether the re-
lationship between the treatment and the outcome can be
fully explained by the proxy, a.k.a, negative control outcome
(NCO) (Lipsitch et al., 2010). If there is no causal relation,
the relationship remains consistent across changes in treat-
ment. Upon this, (Miao et al., 2023) tested the causal null
hypothesis by goodness-of-fit, which relied on parametric
assumptions. To allow for nonparametric testing, (Liu et al.,
2023) proposed a discretization approach to approximate the
equation, and established asymptotic properties. However,
it may require a large number of bins and substantial data to
control the approximation error.

To address these issues when only the NCO is available,
we propose a non-parametric testing procedure based on
a kernel estimator called Proxy Maximum Characteristic
Restriction (PMCR), to examine the integral equation. With-
out discretization, our approach preserves more information
from the original data. After computing the least-square
residues via PMCR, we construct the statistics and estab-
lish its asymptotic properties. Compared to other first-order
moment restriction methods (Mastouri et al., 2021), our
procedure leverages the characteristic function to capture
all order moments, offering greater power in identifying the
causal relation.

Nevertheless, we proceed to note that, regarding the power
analysis, both our method and others, are built upon a basic
assumption that the integral equation does not hold when the
causal relation exists. However, by studying the solvability
of the integral equation, we surprisingly find that this as-
sumption may not hold, if the NCO’s effect on the outcome
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is strong enough to account for the effect of the treatment,
making it fail to discover the causal relation with only the
NCO. This inspires us to leverage the additional negative
control exposure (NCE), that was commonly used in causal
inference (Miao et al., 2018; Tchetgen et al., 2024). In this
scenario, we introduce another integral equation aided by
such NCE, which can effectively discriminate the alternative
hypothesis from the null, thereby enabling causal identifica-
tion when NCO has a strong effect on the outcome.

To demonstrate our findings and the effectiveness of our
approach, we test it in two scenarios—one in which the NCO
influences the outcome and one in which it does not. We
find that the procedure using only NCO performs well when
the NCO has no effect on the outcome, but fails when it
does influence the outcome. In this case, our procedure that
additionally leverages the NCE can successfully discover
the causal relationship.

‘We summarize our contributions as follows:

1. We propose a non-parametric procedure to solve the
integral equation, which is more efficient and effective
in learning causal relations when only NCO is available.

2. We study the solvability of the integral equation and find
that it may not be able to identify the causal relation
when the NCO’s effect on the outcome is strong enough.

3. When NCE is available, we leverage it to construct an-
other integral restriction, which can recover causal rela-
tionships when NCO strongly affects the outcome.

4. We thoroughly verify our findings, utility, and effective-
ness of our proposed methods on synthetic data.

2. Related works

To adjust for the bias caused by unmeasured confounding,
(Miao et al., 2018) leveraged proxy variables (Kuroki &
Pearl, 2014; Tchetgen et al., 2024) to test the causal null
hypothesis over discrete variables. Later, (Miao et al., 2023;
Liu et al., 2023) extended their procedure to continuous
variables by examining the integral equation. While their
methods established asymptotic properties with only a sin-
gle proxy, their methods either relied on parametric assump-
tions or the discretization process that may lead to infor-
mation loss. To address these issues, we propose a novel
non-parametric procedure to examine the integral equation
without discretization, hence is more sample efficient in
learning causal relationships when only the NCO is avail-
able. Additionally, by comprehensively studying the solv-
ability of the integral equation, we surprisingly find that
previous methods may not be able to identify the causal
relation when NCO influences the outcome. When the NCE
is available, we further construct another integral equation
that can discriminate the alternative hypothesis from the
null, enabling causal identification when NCO has a strong
influence on the outcome.

3. Preliminary

Problem setup. We consider the problem of testing whether
the causal relation X — Y exists, under the unmeasured
confounder U. Under Markovian and faithfulness condi-
tions, this is equivalent to testing the causal null hypothesis
Hp : X L Y|U. To adjust for the confounding bias, we
assume the availability of a proxy variable W such that
X 1 WU (Kuroki & Pearl, 2014), which also serves as
the negative control outcome in causal inference. Fig. 1
(a) shows the causal diagram over X, Y, U, W. Besides, in
some scenarios, we may have access to an additional proxy
variable Z (i.e., negative control exposure), which satisfies
Z 1L (W, Y)|{U, X} as illustrated in Fig. 1 (b). Through-
out, we assume X, Y, U, W, Z are continuous variables.

Notations. Suppose X, Y, U, W, Z are continuous random
variables over the probability space (2, F, P), with domains
X, YV, U,W, Z, respectively. For any variable U, we denote
L2{F(u)} as the space of square-integrable functions with
respect to the cumulative distribution function F'(u). For
any space W, let kyy be its positive semi-definite kernel.
We denote ¢y as its associated canonical feature map, i.e.,
ow (w) = kw(w,-) for any w € W. Besides, we de-
note Hyy as the corresponding reproducing kernel Hilbert
space (RKHS). For any operator A : Hy — Hx, we
denote A* as its adjoint operator. For any discrete vari-
ables X,Y with respectively i, j categories, we denote
P(y|X) := {p(y|x1),...,p(y|x;)}, the probability matrix

P(Y[X) = {p(sa|X) 7, (1 X) T}

Figure 1. Causal diagrams over X, Y, U, W, Z. W (resp. Z) de-
note the negative control outcome (resp. exposure). The dotted
line indicates its potential presence or absence.

Previous studies and limitations. For discrete variables,
(Miao et al., 2018) proposed to test Hy by examining
whether P(W|Z,x) can fully explain the variability of
P(y|Z,x) as x varies. Specifically, given X, Z, W with
respectively ¢, j, k categories, they performed a linear re-
gression of ¢, := {P(y|Z, x1), ..., P(y| Z, z)} onQT =
{P(W|Z,z1),....,. P(W|Z,x;)} ", and tested the linearity
based on the least-square residues. If QT is the full-column
rank when ¢j > k, they derived the null-limiting distribution
of the statistics based on these residues.

Later, (Liu et al., 2023) noticed that the rank constraint
satisfies when 7 > k, allowing to test the linearity between
P(y|X) and P(W|X) without Z. Inspired by this, they
extended to continuous variables by discretizing X, Y, W
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and performed the linearity testing. While it could establish
asymptotic properties for hypothesis testing, the method
was constrained by the need for both a large number of bins
and a substantial sample size to ensure accurate probability
estimation. Similarly, (Miao et al., 2023) used goodness-of-
fit to examine the following integral equation:

p(ylz) = / h(w, y)p(w]z)dw for some h(w,y), (1)

which serves as the theoretical foundation of the discretiza-
tion approach in (Liu et al., 2023). However, its goodness-
of-fit procedures relied on the parametric assumption.

Does (1) holds under H; ? To discover the causal relation-
ship, these methods assumed that (1) does not hold under Hj; .
However, it is unclear when this condition holds, making it
hard to justify the validity during practical implementations.

Overview of our contributions. To address problems of
existing works when only W is available, Sec. 4 propose
a novel non-parametric approach based on Proxy Maxi-
mum Characteristic Restriction (PMCR), which can test
(1) without discretization, thereby avoiding information loss
in causal discovery.

Further, through comprehensively studying the solvability
of (1) in Sec. 5, we find that when W — Y (the dotted
edge in Fig. 1 (a)), the above integral may have a solution
even under H;, making all procedures fail to discover the
causal relation using only W. This inspires us to consider
the scenario where the proxy Z is available, as commonly
adopted in causal inference (Tchetgen et al., 2024). In this
scenario, Sec. 6 leveraged Z to construct another integral
equation to examine the solution’s property that involves U.
Thanks to this auxiliary information, we can discover the
causal relation that may not be identifiable with only W.

4. Hypothesis testing with a single proxy

We first consider the scenario when only the proxy W (i.e.
NCO) is available. To test the causal null hypothesis, we
propose to examine whether the integral equation (1) exists.
To this end, Sec. 4.1 first shows that under H, the solution
exists under some completeness conditions. To solve the
equation, Sec. 4.2 introduces a novel estimation method
and constructs the testing statistics. Sec. 4.3 establishes
its asymptotic level and power for such statistics. Finally,
Sec. 4.4 summarizes the algorithm for implementations.

4.1. Solution existence under the null hypothesis

We show that Hj can be tested by examining the integration
equation (1), which can hold under H, as the absence of di-
rect effect from X to Y allows p(w|z) to fully explain away
the variability of p(y|z). To formally claim this statement,
we require the completeness condition.

Assumption 4.1 (Completeness of P(U|W)). For any

square-integrable function g, we assume E{g(u)|w} = 0
almost surely if and only if g(u) = 0 almost surely.

Completeness 4.1 is a standard assumption in causal hy-
pothesis testing (Miao et al., 2018; 2023; Liu et al., 2023).
This condition is widely applicable, as shown by examples
provided in (Newey & Powell, 2003; D’Haultfoeuille, 2011;
Hu & Shiu, 2018; Andrews, 2017). Here, it means W car-
ries all the variability of U. When W, U are discrete with
1, J categories (i > j), it reduces to the full-column rank of
P(W|U), as used in (Liu et al., 2023) for identification.

Proposition 4.2. Under assumption 4.1 and some regularity
conditions in B.1, there exists a g(w,u) € L2{F(w)} for
all u, such that it solves the following integral equation for
all (u,x):

p(ulz) = / o(w, wp(wlz). @

Remark 4.3. When W, X U are discrete, this result reduces
to P(U|X) = P(W|U)~'P(W|X) to establish linear rela-
tion under H (Liu et al., 2023).

By p(y|lz) = [p(y|u)p(u|z)du under Hoy, h(w,y) =
J 9(w, w)p(y|u)du solves (1). To further ensure h(w,y)
is square integrable, we require the bounded likelihood ratio
condition (Kato et al., 2021) for p(uly)/p(u), which holds
except for the extreme dependency between U and Y.

Assumption 4.4 (Bounded likelihood ratio). There exists

C > O such that 0 < % < C almost surely for v and y.

Under these conditions, Theorem 4.5 establishes the exis-
tence of a solution to the integral equation in (1).

Theorem 4.5. Suppose assumptions 4.1, 4.4 and the reg-
ularity condition B.1 hold. If g(w,u) in (2) satisfies

IS |%|2p(w)p(u)dwdu < oo, then under Hy, there
exists a h(w,y) € L2{F(w)} for all y, such that it solves
the integral equation in (1) for all (z,y).

Remark 4.6. Condition g(W,U)/p(U) € L2{F(w)F(u)}
imposes a regularity requirement on the solution g(W, U)
in (2). In Appx. B, we show that this condition easily holds
under linear models.

This result suggests that we can reject H when the discrep-
ancy between p(y|u, z) and p(y|u) is sufficiently large to
make p(w|x) fails to account for all the variability encoded
in p(y|z). It has been similarly employed for testing H
(Miao et al., 2023; Liu et al., 2023). However, (Miao et al.,
2023) additionally required the equivalence condition for
identification, which may not hold beyond factor models.

In particular, (Liu et al., 2023) proposed a discrete approxi-
mation of (1) and tested the linearity between P(y|X') and
P(W|X). However, this method may suffer from informa-
tion loss due to the discretization. In the subsequent section,
we propose a novel estimation method to solve the integral
equation for testing.
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4.2. Testing statistics via integral solving

In this section, we construct the test statistics to examine
whether the solution exists in (1). To this end, we propose
to solve the equation and measure its residue. When the
equation (1) holds, previous studies proposed Maximum
Moment Restriction (MMR) (Mastouri et al., 2021; Kallus
et al., 2021) for integral solving. In our scenario, it involves
solving h(W) from the following moment restriction:

Eyw {Y —h(W)|X} =0. 3)

However, as it only leverages the first-order moment in-
formation, it will lose the testing power, as illustrated by
example B.3 in Appx. B, where (3) holds under H;. To
address this, we propose a novel estimation method, which
leverages the information of all order moments.

Proxy Maximum Characteristic Restriction. To test
whether p(y|z) equals to [ h(w,y)p(w|z)dw = q(y|z),
we consider the following equation:

Eywie(Y,t) - H(W,t)| X} =0VieT, (4

where we choose (Y, t) to contain more information than
the first-order moment (Stinchcombe & White, 1998), and
set H(W,t) as [ ¢(y,t)h(w,y)p(y|z)dy to make (4) holds.
A common choice for ¢(Y,t) is exp(ity), where T can
be an arbitrarily chosen neighborhood around 0. In this
case, Ey{¢(Y,t)} is the characteristic function, and we
hence call (4) the Proxy Maximum Characteristic Restric-
tion. Since the characteristic function can uniquely deter-
mine the probability density and therefore all order mo-
ments, solving (4) offers greater utility to identify causal
relations. In practice, we can set p(Y,t) = sin(ty) and
cos(ty), and test whether (4) holds for these choices.

Corollary 4.7 shows that H (w, t) belongs to £2{F(w)} for
all £, which ensures that (4) is solvable.

Corollary 4.7. Suppose conditions in Theorem 4.5 hold.
For any t, H(w, t) in (4) exists and belongs to L>{F(w)}.

As demonstrated by (Horowitz, 2012), achieving uniform
consistency in testing the existence of a solution to the condi-
tional equation is impossible. Therefore, certain smoothness
conditions must be imposed to ensure the feasibility of solv-
ing the equation. Following existing studies (Mastouri et al.,
2021; Ghassami et al., 2022), we solve the solution in the
reproducing kernel Hilbert space (RKHS) denoted by Hyy .

Formally, let ky be the reproducing kernel for the
RKHS Hyw . By the spectral theorem, we can rewrite
kw (w,w") in terms of the eigenvalues and continuous
eigenfunctions as kw (w,w') = 3772, njp;(w)p;(w'),
where {p;}; is the orthonormal basis of L2{F(w)}.
We can therefore characterize Hy as Hw =

N2

Assumption 4.8 (Smoothness). For H(W,t) in (4), we
assume H(W,t) € Hw for all ¢. This implies that there
exists a solution within the RKHS that satisfies (4).

To solve H(w,t) from (4), we employ recently developed
nonparametric methods designed to estimate such condi-
tional restrictions (Zhang et al., 2020; Mastouri et al., 2021;
Kallus et al., 2021; Ghassami et al., 2022). Unlike these
methods, we do not require the completeness of W|X to
ensure the uniqueness of the solution. This distinction arises
because most of these methods focus on causal inference,
where the goal is to accurately identify the bridge function
to compute the causal effect. In contrast, our objective is to
determine whether a solution exists. Therefore, it suffices
for our estimate to approximate any valid solution to achieve
this goal. In this paper, we estimate the least norm solution:
H°(W,t) := argmin
H(W,t)eHw,o

where Hyo C Hw contains all solutions in (4). We leave
more details in Appx. C.4.

Equivalently speaking, given RKHS Hy and Hyxy C
L2{F(x)} with kernels ky and kx, respectively, the goal
is to solve H(W,t) from AH(-,t) = b(-,t), where A :
Hw — Hx is a compact operator such that AH (W, t)(-)
= E{H(W, 1)éx (X)}, and b(-,t) := E{p(Y, )ox (X)}.
To solve H, we first note that (4) means, for any g € Hx,
we have Ey w x [{p(Y,t) — H(W,t)}¢g(X)] = 0 for al-
most all t. Therefore, similar to (Mastouri et al., 2021), we
take g over a unit-ball of H x, and minimizes:

R(H) = sup (E[{p(Yet) = HW.£)}g(X))*.

gEH X, gl 5 <1

Let AW,Y,t) := (Y,t) — H(W,t). (Mastouri et al.,
2021) provided an equivalent form of the risk:

R(H) = E{A(W, Y, ) A(W", Y, t)kx (X, X')},

where X', Y’, W' are independent copies of X, Y, W. Fur-
ther, (Zhang et al., 2020) demonstrated that under some
conditions for ky, minimizing R(H) ensures us to find
the solution. To implement, we propose to minimize the
regularized empirical risk:

= "AA,
RMH):= ) nQﬂKX,inHHHHW, (5)

i,j=1

where A; 1= ¢(y;, t) — H(w;, t) and Kx ;5 := kx (x5, ;).
Using the representer therrem (Scholkopf et al., 2001),
the estimated function H*(w,t) for a fixed ¢ can be
written as H*(w,t) = o kw(w), where ki (w) :=
{kw(w;,w)}, € R™ and the coefficient o is given
by o = (KwKxKW + ng)\Kx)_leKwtp(y,t).
Here, Kx = {kx(z;,z;)};; € R"™™ and Ky :=
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{kw (wi, wy)}i; € R™X"
o(y,t) = (p(y1,1), . ..
sen via cross-validation.

are Gram matrices, and
,©(Yn,1))T. The optimal X is cho-

Constructing the testing statistics. Ideally, if H> can well
approximate the solution, the equation (4) approximately
holds for H*. Therefore, we can assess the validity of H
by evaluating the residue of the equation. To this end, we
employ the conditional moment test procedure (Bierens,
1982; Bierens & Ploberger, 1997).

To enhance the power, we choose a weight function m(-, s)
that transforms the conditional restriction to unconditional
one. Commonly chosen weight function includes char-
acteristic function, exponential function, sine and cosine
functions. According to (Stinchcombe & White, 1998),
these functions ensure that for any U(W, Y, t) := p(Y,t) —
HO(W,t) with E{U(W,Y,t)|X} # 0, the set of s € T
such that E{U(W,Y,t)m(X, s)} = 0 has Lebesgue mea-
sure zero. Let fj(VV, Y,t) .= p(Y,t) —I/{V‘(VV, t), we define

T.(s,t) m(x;, s), s,t €T. (6)

\/>ZU wi, Yi, t

Since testing (4) for all t € T is equivalent to evaluating
the maximum of the residuals over 7, we define the final
statistics for testing H, as:

m = T (s, 1)y 7
Ay, IFE%Z(/\S|M) ™

where 1 denotes the measure of 7 (e.g., Lebesgue measure).

4.3. Asymptotic behavior

We study asymptotic properties of A, ,,,. We first introduce
some regularity conditions.

Assumption 4.9. We assume Ex{m(X,s)|W} and
Ex {|m(X, s)|?|W} are uniformly bounded for all s.

Assumption 4.10. n)\ — oo, nA? — 0.

Assumption 4.11. Forany s,t € T, E{U(W,Y,t)*| X} <
oo and E(|m(X, s) — {A(A*A) g }(X)|*) < oo, where
9s(-) := E[m(X, s)ow (W)] ().

Assumptions 4.9—4.10 are standard in kernel estimation
methods (Darolles et al., 2011; Babii & Florens, 2020; Bey-
hum et al., 2024). Asm. 4.9 imposes regularity conditions
on the weight function m, while Asm. 4.10 ensures that the
regularization bias vanishes asymptotically. Additionally,
Asm. 4.11 is required to control the asymptotic variance
of the test statistic, which has been similarly assumed in
(Huang et al., 2022).

Theorem 4.12. Let 15:(0) = UW,Y,t)m(X,s)
~UW,Y,t){A(A*A) 19, }(X), with O = (W,Y, X).
Suppose assumptions 4.9-4.11, C.2—-C.4, and D.1-D.2 hold.
Under Hy, we have (i). T,,(s,t) converges weakly to G(s,t)

such that [ |G(s,t)[*du(s)du(t) < oo, where G(s,t) is a
Gaussian process with zero-mean and covariance:

E{(Sa t)’ (8/7 t/)} = E{ns,t(O)nS’,t’ (O/))}7

where O’ .= (W' )Y’ X') is an independent copy of O;
and (ii). A, n, converges weakly to Iglzi%(f |G(s,t)|?du(s).
€

Remark 4.13. For brevity, we only present asymptotic re-
sults for 77, (s, t) being a real-valued function, or as the real
and imaginary parts of a complex-valued function, although
they can be trivially extended to complex-valued functions.

Power analysis. We consider the power performance under
two alternatives, under which (4) has no solution. First, we
consider the global alternative that has been similarly con-
sidered in proximal causal discovery (Liu et al., 2023). That
is, for any H(w,t) € Hw for all ¢, the global alternative
HE* satisfies the following:
HE* : B{p(Y,t) — H(W,t)| X} # 0 for some t € T.

Besides, we consider a sequence of local alternatives HY, .
There exists HO(w,t) € Hy for all ¢, such that:

HS, : E{p(Y. )| X} = E{H"(W,1)|X} +

"X,
ne

where 0 < o < % and r(X,t) € Hx. To be a valid

alternative, 7(X, t) /n® can not be written as E{ H — H°| X }

for any H € Hy . Theorem 4.14 suggests that our statistics

has asymptotic power of one under H{* and H, when
1

o < %, and has nontrivial power when o = 3.

Theorem 4.14. Suppose assumptions in Theorem 4.12 hold.
Besides, we assume E{r(X,t)*} < co. Then, we have:

(i) Global alternative. lim,,_, . maxc7 [Ty (8,t)] = 00
for almost all s under HEX.

(ii) Local alternative (o« < 1/2). lim,_,o maxies
|T0(s,t)| = oo for almost all s under H,,

(iii) Local alternative (o« = 1/2). T,(s,t) converges
weakly to G(s,t) + u(X, s, t) such that [[|G(s,t) +
w(X, s, t)Pdu(s)du(t) < oo under HS,, where
G(s,t) is defined in Theorem 4.12 and (X, s,t) :=
E [{r(X,t) — (A*A)~1A*r(X, t)}m(X, s)].

4.4. Implementations

To implement the testing, we need to compute the statistics
Ay m in (7) and determine the critical value.

Computing A, ,,,. Since A, ,,, involves the integration,
generally we should employ Monte-Carlo methods for ap-
proximation. For computational convenience, we can set
m(+, s) to the characteristic function and p to be symmetric
around the origin (e.g., Lebesgue measure). Such choices en-
able the integration to be computed in closed form. Besides,
according to (Stinchcombe & White, 1998), this choice of
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m can preserve power when transforming the conditional
restriction to the unconditional one. To compute the max-
imal value of [ |T;,(s,t)|*dpu(s) over T, we evaluate the
process at a grid of equi-distant indices {¢;,7 € [K]} and
estimate Ay, ,, 1= maxjc(x] S 1T (s, t) |dp(s). Corol-
lary 4.16 shows that when K is sufficiently large, ﬁ%m
converges to maxye7 [ |G(s, )[*dpu(s).

Remark 4.15. 1t U WY, t) is a complex function, we can
respectively compute Re(AW m) and Im(A m)- Our test
statistic is given by § 1= maX{Re( m)s Im(A%m)}.

Critical value. Since it is difficult to obtain the explicit
form of G(s,t), we employ the residue-based wild boot-
strap procedure for approximation under the null-limiting
distribution. We repeat the procedure for B times. For the
b-th time, we first employ the empirical process Tb(s t) =

WZ7 1 W5 0 (wy, yi, t)m(;, s) to approximate T}, (s, t)
for each (s, t), where {w?}?_, is a sequence of zero-mean,
unit variance variables. Here we follow (Mammen, 1993)
toset P(w; =1—x) = r/vVband P(w; = k) =1 —k/V/5
with kK = @ The bootstrapped statistic is given by:

= rnax/ |T S, k)] 2d,u() ®)

ke[K]

Given the level of significance «, the critical value is com-

puted as the (1 — «)-quantile of {Aw o ...,ﬁgm}, de-
noted by A We then reject the null hypothesis if
A m > Al . Corollary 4.16 shows that the bootstrap

statistics Afo’m ) [2du(s).

Corollary 4.16. Suppose assumptions in Theorem 4.12 hold.
If ©(y,t) is continuous with respect to t for each vy, then
Aw m is weakly convergent to maxier [ |G(s,t)|>du(s)
under Hy, as n, K — oo. Besides, conditional on the origi-
nal sample {y;, w;, x;}_, the bootstrapped statistics (8) is
also weakly convergent to the max;c7 [-|G(s,t)[*du(s).

converges to maxier [ |G(s

Remark 4.17. Many choices of ¢(y, t) satisfy the continuity
condition, including characteristic function, sine and cosine
functions, etc.

5. Nonidentifiability with only NCO

To identify the causal relation, our method and previous
studies in proximal causal discovery (Miao et al., 2023; Liu
et al., 2023) rely on the assumption that the integral equation
(1) has no solution under H;. However, it remains unclear
when this condition holds. To clarify this, we explore the
condition under the linear model.

Proposition 5.1 suggests that the direct effect needs to be
sufficiently large for the condition to hold. Additionally,
we surprisingly find that when the effect from W to Y is
strong enough, even if the effect from X to Y is also strong,

equation (1) will also have a solution, rendering the causal
relationship non-identifiable.

Proposition 5.1. Suppose U, X, Y, W follow from the linear
Gaussian model, i.e. U = ey, X = apU +ag+ex, W =
BuU + Bo+ew,Y = U +vxX +7xW + 7 + ¢y,
where ey, ex,ew,ey ~ N(0,1). When yyw = 0, as long
as |vx| > gx(av, Bu,vv), the integration equation (1)
has no solution. Further, if |yw| > gw (v, Bu,yv)!, (1)
has a solution.

Remark 5.2. In the proof of Prop. 5.1, we also discuss when
the solution exists under H. We find that the confound-
ing strength between W and U, specifically Sy, must be
sufficiently large to make the solution exist.

To illustrate, we consider example 5.3. We find that when
~w 1s sufficiently large, the solution exists even when X —
Y, leading to a significant drop of power as shown in Fig. 2.

Example 5.3. Suppose that X,Y, U, W satisfy the linear
Gaussian model, i.e. U = ey, X =2U +ex, W = =2U +
ew,Y =X +U+~ywW + ey, where ey, ey, ew,ex ~
N(0,1) and W, X are standardized. The integral equation

—154+36v5 0.61.

(1) has a solution if and only if yyr > 2165

Test Power Rate
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Figure 2. The change of power across ~yw in example 5.3.

The result suggests that, when the effect from W — Y is
strong enough, using only the NCO (i.e., W) may fail to
identify the causal relationship. In the next section, we show
that when the additional proxy Z (i.e., NCE) is available,
the identification becomes possible again.

6. Hypothesis testing with two proxies

To discover the causal relation when (1) has a solution un-
der the alternative hypothesis, we assume Z (i.e., NCE) is
available, which has been commonly employed in proximal
causal inference (Miao et al., 2018; Cui et al., 2024). When
Z is available, we analyze the properties of the solution
under the null hypothesis to identify the causal relation.

Specifically, when h(w,y) satisfies (1), by W 1L X|U,

we have p(y|z) = [ {[ h(w,y)p(wlu)dw} p(u|z)du for
all (z,y). We will examine the property of the solution
J h(w, y)p(w|u)dw to test Hy. To this end, we require the

'We leave the detailed form of gx, gw in Appx. E.3.
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following completeness condition.

Assumption 6.1 (Completeness of P(U|X)). For any
square-integrable function g, we assume E{g(u)|z} = 0
almost surely if and only if g(u) = 0 almost surely.

This assumption was also made in (Liu et al., 2023; Miao
et al., 2023). It ensures that for any h(w,y) that satisfies
(1), we must have

p(ylu) = / h(w, y)p(w|u)dw under Ho.  (9)

Testing the null hypothesis through 7. To examine (9)
that involves the unobserved confounder U, we employ Z
to introduce another restriction. We require the following
completeness condition that is standard in proximal causal
inference (Miao et al., 2018; Tchetgen et al., 2024).

Assumption 6.2 (Completeness of P(U|Z,x)). For any
g € L2{F(u)} and any x, we assume E{g(u)|z,2} = 0
almost surely if and only if g(u) = 0 almost surely.

Taking expectation over p(u|z, ) on both sides of (9), and
obtain the following for any x:

p(ylzz) = / hw, pp(wlzn)de  (10)

for all (y, z). Under assumption 6.2, we can check Hj by
first solving h from (1) and examine whether it satisfies
p(ylz,z) = [ h(w,y)p(w|z, x)dw. We summarize it into
the following theorem.

Theorem 6.3. Suppose assumptions 6.1, 6.2 hold. For any
h(w,y) that satisfies (1), Hy holds if and only if h(w,y)
also satisfies the integral equation (10) for any fixed x.

Remark 6.4. Solving h(w,y) from (10) is different from
that of p(y|z, z) = [ h(w,y, x)p(w|z, z)dw in (Miao et al.,
2018). The goal of (Miao et al., 2018) is to solve h(w, y, x)
for identifying p{y|do(z)} = [ h(w,y, z)p(w)dw, which
thus allows h to depend on . In contrast, our goal is testing
whether X directly affects Y, so the solution & should be
independent of X while ensuring that (10) hold as x varies.

When X, Z, and W are discrete, (Miao et al., 2018) pro-
posed testing the linear relationship between {P(y|Z, x;)};
and {P(W|Z, x;)}; across the values of Z, X. Our proce-
dure can be seen as the continuous counterpart to this ap-
proach, with the difference being that after solving h(w, y)
from (1) for all , we only need to examine (10) for all z
with a single x, rather than solving h(w, y) from (10) for all
pairs of (z, ).

Remark 6.5. One might argue that when W, Z are available,
the average causal effect is identifiable. In this regard, our
analysis seems redundant as the effect of causal relation
can be quantified. However, we would like to mention that
the causal discovery conceptually differs from the causal

effect. In particular, Appx. E.2 provides a counterexample
to illustrate that the causal relation may still exist even when
there is no causal effect. A more comprehensive discussion
is also provided in Appx. E.2.

Similar to Sec. C, if H> can well approximate the solution
of (4), the equation

Eyw{e(Y,t) = H(W,t)|Z,2} =0VteT, (11)

also approximately holds for all ¢ € 7. Therefore, we can
assess the validity of Hj based on the residue U. Based
on U, we can construct the statistics T\\% (s, t), Afpzy)n, with

the weight function m(Z, z, s) over Z.

Asymptotic behavior. Theorem 6.6 establishes the weak
convergence of 7% (s,t) and Agf,)n under H.

Theorem 6.6. Denote 7,,(0,x) = U(W,Y,?)
[{m(Z,x, s) — {A(A*A)" g, H(X, x)] where g4(-, ) =
E{m(Z,z,s)¢pw(W)}(:) and O := (W, Z,Y,X). Sup-
pose assumptions in Theorem 4.12 hold. If Asm. 6.1-6.2,
and E.6-E.8 hold, under Hy we have, (i). Téz)(s,t) con-
verges weakly 10 G(s,t) s.t. [[|G(s,t)|?du(s)du(t) < co
where G(s,t) is a mean-zero Gaussian process with co-
variance E{(Sv t), (S/’ t/)} = E{ﬁ&t O, m)ﬁs’,t’ (OI’ .”L')},
where O' := (W', Z',Y", X") is an independent copy of O;
(ii). Afoz,r)n converges weakly to max J-1G(s,t)Pdpu(s).

Similarly, we can establish the asymptotic power for AEDZ_},@,
where the global and alternatives are defined accordingly
in terms of E{x(Y,t) — H(W,t)|Z, z}. Due to space limit,
we leave the result and its proof in Appx. E.4.

7. Experiments

In this section, we evaluate our methods on synthetic data.
We consider two settings: (i) (Sec. 7.1) W 4 Y where only
the NCO W is available; (ii) (Sec. 7.2) W — Y where the
additional proxy Z (i.e., NCE) is provided?.

Compared baselines. For the single-proxy setting, we
compare our methods with: (i) Liu (Liu et al., 2023) that de-
signed a discretization method for bivariate causal discovery
over continuous variables; (ii) KCI the Kernel-based Con-
ditional Independence test (KCI) (Zhang et al., 2012) that
tested the null hypothesis of X I Y| using kernel matri-
ces. For the two-proxy setting, we also conduct (iii) Miao
(Miao et al., 2018) that was designed for causal hypothesis
testing over discrete variables using W and Z.

Implementation details. We set the significance level «
to 0.05. We choose ¢ and m to be complex exponential
functions. For PMCR estimation, we set X = 100 and
follow (Mastouri et al., 2021) to select the optimal A from a

2Code is available at https://github.com/yezichu/
proximal_causal_discovery_cv.
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sequence ranging from 4.9 x 107 to 0.25, with a step size
chosen to ensure the sequence contains 50 values. Besides,
we use Gaussian kernels with the bandwidth parameters
being initialized using the median distance heuristic. For
the procedure of Liu (Liu et al., 2023), we follow the paper
to set the bin numbers of W and X to Ix = 14,1y =
12, respectively. For the procedure described in Miao,
we implement the R code released in the paper and set
lx = 3,lw = 2,lz = 2 by default. For KCI, we adopt
the implementations provided in the causallearn packages
https://causal-learn.readthedocs.io/.

7.1. Single proxy with W 4 Y

We first evaluate our method in Sec. 4 to the setting where
only W is provided.

Data generation. We follow (Liu et al., 2023) to
generate V. € {X, YU W} via V = f,(PAy) +
ey, where PAy and ey respectively denotes the par-
ent set and the noise of V. For each V, fy is
randomly selected from {linear,tanh,sin,sqrt}. Be-
sides, the distribution of €y is randomly chosen from
{Gaussian, uniform, exponential, gamma}. To mitigate
the effect of randomness, we repeat the process 20 times.
At each time, we generate 100 replications under each H
and H;, and record the type-I error rate and power rate.

Test Power Rate
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Figure 3. Type-I error rate (left) and power rate (right) of our test-
ing procedure and baseline methods in the single-proxy setting.
The solid line reports the average value over 20 times, and the
shaded area denotes the region (mean — std, mean + std).

Type-I error and power. In Fig. 3, we report the average
type-I error rate and power rate for our testing procedure and
others. As shown, the type-I error rate of our method closely
approximates o = 0.05 as n increases, while other methods
fail to control the type-I error. Specifically, conditioning on
the proxy W, KCI cannot eliminate the confounding bias,
leading to uncontrollable type-I errors; while the additional
error in Liu (Liu et al., 2023) may arise from discretization
errors with finite bin number or probability estimation error
due to limited sample size. Besides, our power approximates
to one as n increases. Compared to previous baselines Liu,
these results demonstrate the utility and its ability to make
better use of available data in causal discovery.

Comparisons with MMR. To further demonstrate the effec-

tiveness of our estimation method PMCR over the MMR, we
apply PMCR to the data generated in Example B.3, where
we have shown that the solution of the first-moment equa-
tion exists under the alternative hypothesis. As shown in
Fig. 4, although both methods can asymptotically control
the type-I error as n — oo, the power of our procedure
approaches 1 while the first-moment method (i.e., MMR)
still approximates o« = 0.05 under H;.

Type | Error Rate

o
200 460 600 800 1000 1200 200 460 600 800 1000 1200
Sample Size sample Size

Figure 4. Type-I error rate (left) and power rate (right) of our pro-
cedure with PMCR and the first-moment method in example B.3.

7.2. Two proxies with W — Y

In this section, we apply our method in Sec. 6 to the setting
W — Y with both W and Z are available.

Data generation. Following example 5.3, we set vy =
1, which implies there exists h that satisfies the integral
equation (1). Similar to the single-proxy setting, we repeat
the process 20 times, where at each time we generate 100
replications under Hy and H; .

Type | Error Rate Test Power Rate

200 400 600 800 1000 oo %0260 400 600 800 1000 1200
Sample Size Sample Size

@ (b)

Figure 5. Type-I error rate (left) and power rate (right) of our pro-
cedure and baselines on synthetic data with two proxies.

Type-I error and power. We report the average results in
Fig. 5. As shown, although our single-proxy procedure can
control the type-I error, it suffers from low power in learning
the causal relation, due to the existence of solution under
H; in this example. With additional information provided
by Z, the power significantly improves and approaches
one as n increases. This verifies our findings in Sec. 5,
and demonstrates the utility of employing Z (i.e., NCE) in
discovering the causal relation when the effect of W on Y
is strong enough to invalidate the procedure with only 1.

>We also consider a nonlinear setting, as detailed in Appx. F.
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8. Conclusions and discussions

We introduce a non-parametric procedure for causal hy-
pothesis testing and establish its asymptotic properties. Ad-
ditionally, we show that causal relationships may not be
identifiable through examining the integral equation with
only NCO. We then leverage the additional NCE that can
effectively recover the causation when it exists. We believe
our findings, supported by theoretical justifications, provide
new insights into proximal causal discovery.

Currently, we only analyze the integral-related assumption
when NCO has a direct effect on the outcome. In the future,
we will extend our analysis to the case when there is a
bidirectional edge between them.
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A. Notations

We introduce notations used throughout the appendix.

Table 1: Notations.

Notation Definition
Z,W, U Negative control exposure, negative control outcome and unobserved confounder
P(X) {p(x1), ...,p(zx)} " for any discrete variables X with k categories
p(ylr1) p(y1lzr)
P(Y]X)
for any discrete variables Y, X with [, k categories
p(yilz1) p(yilzy)
p(ylz1, 21) p(ylz1, 2m)
PY =y|X, Z)
for any discrete variables X, Z with k, m categories
p(y|xkazl) p(y|x/€azm)
Hw, Hx

dw (w), px (2)
kw (w,w'), kx (z,z")
R(H)
R (H)
A, b(z) = b(z,t)
A, by(z) = bl t)
A, A
(Ajs 5, 05)i

The reproducing kernel Hilbert spaces (RKHS) defined on the domains of W and X
The canonical feature map defined on the domains of W and X
The reproducing kernel for the RKHS Hyy and H x
The population loss function defined in Eq. (22)
The regularized empirical risk defined in Eq. (5)
The operator and right term defined in Eq. (24)
The plugging operator and right term defined in Eq. (26)
The adjoint operator of A and A defined in Eq. (27) and (28)
The singular value decomposition of the operator A
The set of all solutions of Eq. (22) defined in Eq. (29)

The population Tikhonov regularization solution defined in Eq. (31)
The empirical Tikhonov regularization solution defined in Eq. (32)
The least norm solution in Eq. (4)

Ker(A) = {H : Ah = 0} is the null space of the operator A
Ran(A) = {f : Ah = f} is the ranged space of the operator A

LAH{F(w)}, L2{F ()}

L3S X T, px p}
(p('at)7m('78)
9s

~

UW,Y, 1), UW,Y,1)

The space of square-integrable functions with respect to the cumulative distribution
function F(w) and F'(x)

We say G(s,t) € L2{S x T, x p}if [[|G(s,t)|>dp(s)du(t) < oo
The weight function
9s = E{m(X, s)ow (W)}
The residual p(Y,t) — H°(W,t) and estimated version ¢(Y,t) — I;V‘(W, t)
The statistics defined in Eq. (6)
The statistics defined in Eq. (7)

12
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Notation

Definition

The expectation with respect to both a random variable and data
The expectation with respect to a random variable alone
The empirical expectation with respect to a random variable given data

The norm with respect to space F

13
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B. Existence of solutions with a single proxy

Let £2{F(x)} denote the space of all square-integrable functions of = with respect to a cumulative distribution function F'(x),
which is a Hilbert space with inner product (g1, g2) = [ g1(x)g2(z)p(z)dz. Let T denote the operator: L2{F(w)} —
L2{F(z)}, Tg =E{g(W)|X =} and let (A, pn, $,,)>; denote a singular value decomposition of T'.

Assumption B.1. Assume the following conditions for all u:

(1) [ p(z|w)p(w|z)dwdz < oo and [{p(u|z)}*p(z)dx < oo;
() 22021 A 2 lp(ulz), ¢n) P < oo

B.1. Proof of Theorem 4.5
We first prove that under the conditions Theorem 4.5, there exists a solution g(w,u) € L£2{F(w)} for all u, such that
p(ulz) = [ g(w, u)p(w|xz)dw. Our proof is based on Picard’s Theorem, which is presented below.

Lemma B.2 (Theorem 15.18 in (Kress, 1989)). Given Hilbert spaces Hy and Ho, a compact operator T : Hy — Hy and
its adjoint operator T* : Ho — H1, there exists a singular system (A, ©p, ¢n)$§? of K with nonzero singular values
{A\n} and orthogonal sequences {¢,, € Hi},{¢n € Ha}. Then the equation of the first kind Th = f with f € Ha, has a
solution if and only if

1. f € Ker(T*)*, where Ker(T*) = {h : T*h = 0} is the null space of the adjoint operator T*;
2. :z /\;2|<f7¢n>|2 < +00.

Proposition 4.2. Under assumption 4.1 and some regularity conditions in B.1, there exists a g(w,u) € L2{F(w)} for all u,
such that it solves the following integral equation for all (u, x):

p(ulz) = / o(w, wp(wlz). @

Proof. Our goal is to show the solution exists for the following estimator:
T:L2{F(w)} — LHF ()} : Tf =E{f(W)|X =}, f € LH{F(w)}.
Besides, we consider the following operator:
S+ L{F (@)} — L{F(w)} : Sg=E{g(X)W =}, [ € C{F()}.
By Lemma B.2 and assumption B.1 (2) for p(u|x), the conclusion holds if we can show that S is the adjoint operator of T,
T is compact, and that p(u|x) € Ker(S)*.
(i). S is the adjoint operator of 7.
For the operator T, Vf € L2{F(w)} and Vg € L2{F(z)}, we have

(Tf,9)c2(r) = Ex[E{f(W)|X}g(X)]
= Ex[Ey xE{f(W)|X,U}g(X)]

© Ex (B xE{/(W)[U}g(X))

— Eu x [E{/(W)|U}g(X)]
— Ey [E{/(W)|U}E{g(X)[U}].
Similarly,
’ E{g(X)|W)]
EyjwE{g(X)|W,U}]

(f,89) c2(Fw)y = Ewl[f(W
=Ew[f(W

D By [f(W)EywE{g(X)|U}]

= Euw[f(W)E{g(X)|U}]
= Ey[E{f(W)|U}E{g(X)|U}],

)
)

14
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where (1) and (2) follow from W L X|U. Therefore, we have
(Tf,9)c2(r@)y = (f,S9) c2(F(w)}-

(ii). T" is compact.

We define the integral kernel

p(w,z)
R = ) (2

Then for the operator defined previously, we have the following form:
7f = [ Kw,a)f(w)dPlw) = E{FW)X), ] € C{Fw)), 13
Sg= [ K(w.0)g()dP(a) =B{g(X)W}, g € L{F(2)). (14)

By the definition of K in (12), we have:

[ 1@ Pswipte)duds = [ [ ptwloptelwdvds.

Under assumption B.1 (1), we can apply Theorem 2.34 in (Carrasco et al., 2007) to obtain that the operator 7' is a
Hilbert-Schmidt operator, which implies that 7" is a compact operator, according to Theorem 2.32 in (Carrasco et al., 2007).

(iii). p(u|r) € Ker(S)* for any u.

For each g € N/(9), by iterated expectations, we have

E{g(X)[W} = Eyw[E{g(X)|W, U}]
Y Egw E{g(0)IUY =0,
where (1) follows from W L X|U. By the completeness assumption, we have
E{g(X)|u} =0a.s. (15)
Then we have

(9:p(ulX)) 12(p@yy = Ex{g(X)p(ulX)}  (p(ulz) € L2{F(x)} is used here.)
= /g(x)p(u,x)d:r = /p(u)IE{g(X)|u}du =0,

which implies p(u|z) € Ker(S)+. Combining the above three steps together, we obtain the conclusion. O

Theorem 4.5. Suppose assumptions 4.1, 4.4 and the regularity condition B.1 hold. If g(w,u) in (2) satisfies

I |%|2p(w)p(u)dwdu < oo, then under Hy, there exists a h(w,y) € L*{F(w)} for all y, such that it solves

the integral equation in (1) for all (z,vy).

Proof. By proposition 4.2, we have g(w, u) satisfies the integral equation p(u|z) = [ g(w, u)p(w|z)dw. Then under Hy,
we have:

p(ylz) = / p(y/w)p(ulz)du

= /{/g(ww)p(yIU)dU} p(w|z)dw.

Therefore, we write an expression h(w,y) := [ g(w, u)p(y|u)du that satisfies a solution of the integral Eq. (1).

15
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We first prove that h(w, y) is well-defined for any fixed y. To be specific,

‘ [ stw.wptylwa

< / 9w, w)| ply]us)du
p(uly)

= [ e B
1)
‘

y)-/‘w p(u)d

where (1) follows from assumption 4.4. Since we have assumed [ |g(w,u)/p(u)|?p(w)p(u)dwdu < oo, there holds
[ lg(w,u)/p(u)|*p(u)du < oo for a.e w by Fubini’s theorem. Applying the Cauchy-Schwarz inequality, we have:

/‘W’p(wdu = {/ ’W‘QP(U)CIU}W {/p(u)du}l/2 < 0. (16)

Thus, h(w, y) is well-defined for any y.

U,

Next, we show that h(w,y) € L2{F(w)} for any y. By Cauchy-Schwarz inequality, we have

[wBowae = [{ [ g<w7u>p<y|u>du}2p<w>dw
-/ { / Wmmwp(u)dufp(w)dw
{/\ du}{/|p ) p( >du} plw)dw
{//u w8
<{ ]| dwdu}{/ i }~

p(w)p(u)dwdu < oo, we complete the proof. O

(w U)

B.2. Proof of Corollary 4.7
Corollary 4.7. Suppose conditions in Theorem 4.5 hold. For any t, H (w,t) in (4) exists and belongs to L*{F(w)}.

Proof. (i). We first prove that H (w, ) is well-defined. To be specific, we take  to be the complex exponential function
e™¥. Then, by H(w,t) = [ p(y,t)h(w,y)dy, we have

\ / e“yh<w,y>dy‘ </ \ [ otw.wptuloda|dy < [1e]- [ lgtw,0)]ptoldudy
<o 2
<o [ ’W‘pw)du}@,

where (1) follows from assumption 4.4. Since [e!¥| = 1, [p(y)dy = 1, and by Eq. (16), it follows that H (w,t) is
well-defined.

16
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(ii). We proof H (w,t) € L2{F(w)}. By Cauchy-Schwarz inequality, we have:

[t oRswdo = [{ [ gtwue <y|u>dudy}2p<w>dw
= [{ [ e empiyugpta >dudy}2p<w>dw
e [ e
(s i )

. 2
The proof is completed as | [ ¢"p(y|u)dy| < 1and [ ‘gg(:&f)t) (w)p(u)dwdu < oo. O

7)

B.3. Counter-example to the solvability of the first-order moment equation under H;

Example B.3. Suppose that X, Y, U, W satisfy the linear Gaussian model, i.e. X =ex,U = axX + a9+ ey, W =
BuU + By + ew,Y = ywU + vxX + v + €y, where ey, ex,ew, ey are Gaussian noises. Then the solution of
E(Y|X) = E{h(W)|X} is given by h(w) := 20X 0y 0 {5500 — (fo + puyag) P00,

HrUCX HUOx

Proof. We show that E{Y'| X'} = E(b,,/W + by|X), where

+ (% —+ a
(bo, bw) = {70 +ywao — (Bo + uUao)FYX wax ’ Ix Tuax } .
22048 :¢ Huox

In fact, this can be achieved by solving (bg, by, ) in the following integral equation:
E(Y|X) = E(b, W + bo| X).
For the left-hand side, we have
E(Y|X) =y +7x X +wEU|X)
=5 +vxX + ’YU]E(OzO + OéxX|X)
= (70 +wao) + (vx +ywax)X.
For the right-hand side, we have
E{g(W)|X} = E(bo + b, W|X)
= bo + buE(Bo + prU|X)
= bo + buw{Bo + prE(ag + ax X|X)}
= (bo + bwfo + by prag) + (bwpvax)X,

b = IX +yvax
{ bppvax — (vx +ywax) =0 v prax
- = +ywax -’
(bo + bwfBo + bw,u,UOéo) (’Yo + ’YUOZO) 0 bo = o + Qo — (50 + ,U/UCVO)/YX Tuax

putx

B.4. Verification of [ ¢/ 9w, “)| p(w)p(u)dwdu < oo in Theorem 4.5

Lemma B.4 (Miao et al., 2018)). IWI|X ~N(B)+B1X,03)and Y |X ~ N (v, +~1X,03), then one can verify integral
equation p(y|z) = [ h(w,y)p(w|z)dw has a unique solution h(w, y):

h(w,y) = aisb (y_%m_%/ﬁiw>, (18)

O-’LUZE
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where ¢ is the probability density function (pdf) of the standard normal distribution, . = vy — v134/81 and o2, =
of — (11)*03/(81)*.

Example B.S. We consider the linear Gaussian generation mechanism:

U~ N(0,0%)

X:Oéo+CVUU+N(O7].)
W = 8o+ BuU + N(0,1)
Y =~ +ywU+N(0,1).

Then h(w, y) given by the following has a unique solution to the integral equation (1):

1 Yy— 32+ 3580 —
N 2 B 2
_ (2w _ (2w
- () - (%)
Besides, at this time, the assumption in Theorem 4.5 has

g(w,u) > o2 —o’k+ ko,
/{ () } p(w)p(u)dwdu = 1= %k — ko2 < 00, (19)

h(wv y) =

where k := (cay)?/(c%af + 1).

Proof. Based on the data generation structure, we can obtain joint distribution

U 0 02 O’ aU o2 By oy

X N g olay o2 aU +1 oc?ayBy  cPayyy
W Bo || o*Bv Pavbu B +1 o*Buw
Y Yo o*yvy  cravyw  *Buyw o +1

We now get the conditional distributions p(w|x) and p(y|x) according to the joint distribution
Cov(W, X) Cov?(W, X)
—————(x — pg), Var(W) [ 1 —

Var(x) (&~ Ha) Var(W) ( Var(X) - Var(W)

oo +1

W|X=$NN{Mw+

02a 02a
NN{ ol N

o2a? + 1 o%a? +1
Cov(Y, X) Cov?(Y, X)
Var(x) &~ Ha) Var(Y) (1 ~ Var(X) ~Var(Y)>}

(rPavmw)’ } |

o2a? +1

Y|X:x~/\f{uy+

2 2
g g
NN{ o C g + 70, 0%9F +1 -

r—
o2a? +1 o%a? +1

By Lemma B.4, the solution to (1) with h(w, y) given above is

1 y*WUJrWUﬁo*’Yo
~ 2 ~ 2
Ju _ Ju
- (%) - (%)

Next, we prove (19). We will first obtain g(w, u). Specifically, we first get p(u|z):

h(wv y) =

_ Cov(U, X) Cov* (U, X)
UX =z NN{MU T(X)(x ~ Ha), Var(U) (1 B Var(X)Var(U)>}

{ ooy o?ay 2 2 (UQU)2 }
~Y S —

Tz —
0204?] +1 0201%] +1 0204%] +1
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Similarly, by applying Lemma B.4 with the form of Y| X replaced by that of U| X above, we have:

_ 1 Bo
1 u 5Uw+5U

glw,u) = s :
o2 2 o2 2
Vesha-an- () \Esha-on-(3)

We can easily verify that the following integration is finite, by the following:

2 2 _ 52k 4 2
9w, u) Pkt
/ { e } plwlp(ududs = i

(cap)?
> .
azaU+1

where k :=
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C. Proxy Maximum Characteristic Restriction

For the sake of completeness, we introduce some preliminary concepts that are necessary to understand the theoretical
analysis of our PMCR method. First, in section C.1-C.3, we introduce some background knowledge of the linear operators
and Reproducing Kernel Hilbert Spaces required in this article. Upon this, we provide details on the derivation of our
empirical loss (5) in section C.4. Section C.5 rewrites the loss into the Tikhonov regularized form, which serves as the
foundation of our theoretical analysis for Theorem 4.12.

C.1. Bounded linear operator

For two normed linear spaces F and G over R, a function A : 7 — G (where F and G are both normed linear spaces over
R) is called a linear operator if it satisfies the following properties:

1. Homogeneity: A(af) = a(Af),forany a € R, f € F;
2. Additivity: A(f +g) = Af + Ag, forany f,g € F.
Operator Norm and Boundedness. The operator norm of a linear operator A : 7 — G is defined as

Af
| Allop = sup 14710,
S 1l

A linear operator A is called bounded if there exists a finite constant C such that for all f € F, we have
[Afllg < CllfllF

In terms of the operator norm, this condition is equivalent to saying that | A||op < 0.

C.2. Hilbert space

We begin by introducing definitions and basic properties of an inner product space. Based on this, we introduce the Hilbert
space.

A function (-,-) 7 : F x F — Riis said to be an inner product on F if it satisfies the following three properties

L. (a1 fi + asfo,9)r = a1 (f1,9)F + a2(f2, 9)F.

2. <fvg>]-': <gvf>]-'
3. {f, /)x > 0and (f, f) = 0if and only if f = 0.

One can always define a norm induced by the inner product: ||f||= = (f, f >1f/2 For this norm, the following Cauchy-
Schwarz inequality holds, i.e., |{f, ¢)=| < |fll= - llgll=-

A Hilbert space is a complete inner product space. This means, a Hilbert space is an inner product space in which every
Cauchy sequence (a sequence where the elements get arbitrarily close to each other) converges to an element within the
space. An orthonormal basis of a Hilbert space 7 is a set of vectors {e; }, such that ||e;||yy = 1 for each ¢ and (e;, e;)y =0
for each 7 # j. Besides, each f € H can be expanded in a Fourier series:

o= (fedne
i

Hilbert adjoint operator. In the context of Hilbert spaces, we can define the adjoint operator. Let 1 and Hs be Hilbert
spaces, and let A : H; — Ho be a linear operator. The adjoint operator A* : Ho — H; is defined by the property that for all

<Af7 g>7'12 = <f7 A*g>?-l1'

The operator enjoys a number of important properties:

1. If A is bounded, sois A*, and || A||op = || A" ||lop;
2. (A")* = A;
3. If Ais invertible, so is A*, and (A*)~! = (A~ 1)*.
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C.3. Reproducing Kernel Hilbert Space

For any space W, let kyy : W x W — R be a positive semi-definite kernel. A kernel is called characteristic if
P — Ew~p[kw (W,-)] is injective (Fukumizu et al., 2004). We denote by ¢y its associated canonical feature map
ow (w) = kw (w, -) for any w € W, and Hyy its corresponding RKHS of real-valued functions on W. The space Hyy is a
Hilbert space with inner product (-)4,, and norm || - ||%,, . It satisfies two important properties:

I. kw(w,-) € Hw forallw € W;

2. reproducing property: for all f € Hy and w € W, f(w) = (f, kw (w, )1y, -

Since the Reproducing Kernel Hilbert Space (RKHS) is a Hilbert space, it satisfies all properties in secion C.2. Besides, we
can define the kernel mean embedding, which helps to take the expectation of a function. Suppose we wish to calculate
E{f(W)} for any f € Hy . By the reproducing property and linearity of the inner product, we have

BN} = [ £)Bw) = [ 1,0 (@) ) = (5. [ owtw)ieo >>HW:<f,uW>HW

The object iy := [ ¢w (w)dP(w) is called the mean embedding of the distribution P(w). This property of RKHS implies
that, to calculate the expectation of a function, it suffices to take the inner product between the function and the mean
embedding of the corresponding distribution. Following this property, we can also calculate the expectation E{ f(W)g(X)}
forany f € Hy:

B0} = [ fw)ne)i(w,e) = [ ow ey m(a)a®w.a) = (1. [ o wapo, x>>HW.

(20)
Finally, we introduce properties for the norm || - [|3,,,. A function f € Hyy if and only if || f[|3,,, = (f, /)aw < oo
Further, if ky (w, -) is bounded, we have || f|| z2{p(w)} S || fll7¢y - To see this, note that by Cauchy-Schwarz inequality, for
any f € Hw, we get:

[f (W) = (kw (w, ), [y < Mew (w, )Fe 1130, -
Therefore, we have
Il c2tr)y S I 1w - 1)

C.4. Validity of optimizing (5)

Since (4) implies E[{p(Y,¢) — H(W,t)}g(X)] = 0 holds for any measurable functions g : X — R, we follow (Zhang
et al., 2020; Mastouri et al., 2021) to take g over a unit-ball of RKHS H x with a fixed kernel k9, and minimizes

R(H) = L H<1(E {o(Y,t) — HW,t)}g(X)]). (22)

(Mastouri et al., 2021) provides an equivalent form of this risk, which is the population version of our empirical loss (5).

Lemma C.1 (Lemma 2 in (Mastouri et al., 2021)). Assume that E[{p(Y,t) — H(W,t)}?kx (X, X")] < oo and denote by X'
an independent copy of the random variable X. Then R(H) = E[{p(Y,t) — HW,t)}H{o(Y',t) — HW', ) }ex (X, X')].

(Zhang et al., 2020; Mastouri et al., 2021) demonstrated that if the kernel function kx derived from the conditional variable
X in the conditional moment equation (4) is integrally strictly positive definite (ISPD defined in Asm. C.4), continuous, and
bounded, then the conditional moment equation (4) shares the same solution with R(H ). That means, optimizing R(H )
ensures us to find the right solution.

C.5. Tikhonov regularization

In this section, we rewrite our loss (5) into the following Tikhonov regularized form, which serves as the foundation to prove
Theorem 4.12.

o~

Ra(H) = |[b(x, t) = AH (w, ) () |5, + NIH (w,1)]3, - (23)
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This can be achieved by reformulating the PMCR into a linear ill-posed inverse problem in the RKHS. Specifically, let
ox(z) = kx(x,-) and ¢pw (w) := kw (w, -) be the canonical feature maps. Then, by (¢ x (), ¢x (z')) s = kx(x,2'),
R(H) of Lemma C.1 can be rewritten in terms of mean square error:
R(H) = |E[{e(Y,t) — H(W,t)}¢x (X)]|l3
= [E{e (Y, )éx (X)} = E{H(W, 1)dx (X)} 3
= [Ib(X, t) — AH (W, £)(X)|13,

where
According ¢x(x) = kx(z,-), we can treat ox(z) as ox(x)(:). Therefore, we have b(z',t) :=
J ey, t)kx (z, 2")p(z, y)dzdy and AH(w,t)(2') :== [ H(w, t)kx (z,z")p(z, w)dzdw for all 2.

Thus, we can treat PMCR as a linear ill-posed inverse problem in the RKHS by the operator A. To ensure that A is a
bounded linear operator, we require some standard assumptions (Zhang et al., 2020; Mastouri et al., 2021):

Assumption C.2. Jcy < 00, |Y] < ¢y as. and E(Y) < cy.

Assumption C.3. (i). kx (z,-) and kw (w, -) are continuous and bounded, i.e., there exists x > 0 such that:

sup [[ow (w)[luy < &, sup [|Px (2) 1y < K-
w x

(ii). Feature maps ¢y (W) and ¢x (X) are measurable. (iii). ¢y (W) and ¢x (X)) are characteristic kernels.

Assumption C.4. The kernel kx (x, 2’) is integrally strictly positive definite (ISPD), i.e., for any function f that satisfies
0 < [[fllZ2¢p)y < oo wehave [[ f(z)kx(z,2) f(2)dzdz’ > 0.

By assumptions C.2 and C.3, b(z,t) € Hx and A is a bounded linear operator from Hy to Hx. Based on the above
formulation, we can rewrite R(H) of Lemma C.1 with regularized term as follow:

Ra(H) = [[b(w,t) — AH (w, t)(2) |3, + |H (w, )3, (25)

Plugging the estimates of/b\(ac7 t) and A into the loss, we have (23). Based on the i.i.d. samples (z;, w;, yi)q and ¢x (x;),
the estimates A(-,t) and A are given by:

n

o~

b(l’,t) = % Z @(yi,t)kX(xaxi)a AH(W t)( ZH ’w“ )kX(w ml) (26)

i=1 i=1
In the following, we derive the minimizer of the risk (25).

Let A* : Hx — Hw be an adjoint operator of A such that (Au, v}y, = (u, A*v)3,, forallu € Hy and v € Hx. And
we denote A* as an adjoint operator of A. By (Mastouri et al., 2021), for any m(w, t) € Hy, we have:

A™m(X,t)(w /m z, ) kw (w, w")p(z, w)dzdw. (27)

Since ¢w (w) = kw (w, ), we have A*m(z,t)(w') = [ m(z,t)kw (w, w")p(z, w)dzdw for all w’. The estimate Ais

given by its empirical form:
n

! Zm(mi,t)kw(wi,w’). (28)

n-
=1

Am(X, ) (w') =

C.6. Ill-posed inverse problem and solutions

Solving R(H) is generally an ill-posed inverse problem, as it may not have a unique solution (Carrasco et al., 2007). We
allow the Conditional Characteristic Restrictions (4) to be ill-posed and have non-unique solutions. Thus, the set of all
solutions is given by

Hwo = {H(-t) € Hw : AH(-,t) = b(-,t)} = H°(, ) + Ker(A), (29)
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where Ker(A) = {H(-,t) : AH(-,t) = 0} is the null space of the adjoint operator A. This solution consists of two parts,
one is a special solution HY € Ran(A), and the other is the elements of the null space.

If the solution exists, we can express the solution in the form of the singular value decomposition of A. Let (A;, ¢;, ¢;);

be the singular value decomposition of the operator A. Then, if we define the orthogonal projection operator @ : Hyy —
Ker(A), we have:

H('vt) = Z<H('7t)’<)@j>7{w<pj + QH('vt) = Z i<b('7t)7(Zsj>7'lx()0j + QH('vt)'

by
j i
Thus, we target at the special solution H°(W,t), which achieves the least norm, i.e.,

HY(W,t) = argmin  |[H(W,t)|3y,- (30)
H(Wit)eHw,o

By solving for R*(H) of Eq. (25), we attempt to estimate the minimum norm solution H°(W,¢) in (30) via the Tikhonov
regularization solutions in respectively the population and in the finite sample regime:

HM(W,t) = argmin Ry(H) = {(A*A+ XI)"1A*b}(W,1), (31)
H(Wit)eHw

H W,t) := argmin R\(H) = {(A*A+ X)L A*b}(W,1). (32)
H(W,t)eHw
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D. Proofs of Asymptotic Properties

In this section, we study the asymptotic properties of the testing statistics A, .. Since A, ,,, depends on T}, (s, t) through
(7), we first study the asymptotic properties of T}, (s, t).

Notations. For a generic random vector W € W, we use L2{F(w)} to denote the space of square integrable functions
of W with respect to the cumulative distribution of W. For any f(W),g(W) € L£L?{F(w)}, we denote the £2-norm

by |fllz2(rw)y = VE{f(W)?} and inner product by (f, g)z2¢rw)} = E{f(W)g(W)}. We use Hw to denote the
reproducing kernel Hilbert spaces of W. For any f(W),g(W) € Hw, we denote the ‘Hw-norm by || f||#, and inner
product by (f, g)#,, . We let P denote the probability. We let P{f(W)} = [ f(w w) be the expectation with respect to
W alone. We differentiate this from E{ f (W)}, which we use to denote full expectatlon with respect to both W and data
w1, ..., wy. Thus if H depends on the data wy, ..., Wy, then P{f(W; ﬁ)} remains a function of H (and thus the data) but
E{f(W; H )} is a nonrandom scalar. We use both P,, to denote the empirical expectation with respect to W given data

Wy, .o wy: P {f(W)} =130 f(W)).

For A, bs(w) := b(w, t) defined in (24), and A* in (28), the estimates A, Bt(w) = B(w, t) given by (26), and the estimates
A* is given by (28). Besides, for the operator A, its singular value decomposition is given by (A, ©n, qbn) . We
denote HY = H°(w,t) as the least norm solution is defined in (30). The population Tikhonov regularization solutlon
H)}(w) := H*(w,t) and the empirical Tikhonov regularization solution ﬁt’\(w) := H(w, t) are respectively defined
in (31) and (32). Further, recall that

gs = E{m(X, s)ow (W)} (assumption 4.11), (33)
UW,Y,t) = p(Y,t) — H°(W,t) (section 4.2), (34)
UW,Y,t) = (Y, t) — H (W, t)(section 4.2). (35)

D.1. Proof roadmap and key assumptions

In this section, we introduce the overview of our proof and the required assumptions to derive the asymptotic distribution of
T, (s,t). Define U(W,Y,t) = p(Y,t) — H°(W,t), we decompose T, (s, t) as follows:

T, (s,t) WZU wi, yi; )m(x;, )
=\/m>n{ﬁ<WYt> (X5}
— /P, [{@ = BN, t) (X, s)]
— /aP, [{cp — HO (W, t) + HO (W, t) — BNW, 1) }ym(X, s)} (36)

= VAP {U(W, Y, ym(X, )} + VP [{HO(W, ) = B (W, 1) }m(X, 5)]

Expected risk difference

+ /(P = B) [{HO(W, 1) = B (W, 1) }m(X, 5)].

Empirical process

To derive the asymptotic distribution of T, (s, t), we first investigate the last two terms in (36):
« Empirical process (Proposition D.3): (P,, — P) {{HO(VV7 t) — HMNW, t)hm(X, 5)} = 0,(n"1/2).

* Expected risk difference (Proposition D.4):

VB [{HO(W, 1) — BX(W,0)}m(X. )] = 7 D0 Ui A" A) 0} 22) + 0y (1),

%\

where g, is defined in (46).
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Lastly, we show that *ﬁ S Ulw;, yi, t){A(A*A) g5} (z;) plus the remaining term /nP,{U(W,Y,t)m(X,s)}
converges to the zero-man Gaussian process G ¢, i.e.,

n—oo

lim /P, {U(W, Y. t)m(X, 5)} - % S Ui, {AA" ) 0.} w) —a G

Since Ay = maxeer [ |Tn(s,t)|>du(s) in (7), we show that A, converges to maxer [ |G ¢|*dp(s) in Theo-
rem 4.12.

Before proving these properties, we first introduce some regularity conditions. Let Hy denote the function space such that

HO(W,t) € Hy for each t.

Assumption D.1. Let Npj(e,Hw,| -|l», ) be the bracketing number of size e of Hy.  We assume
1 ~

Jo V1og Nij(e, Hw, I z2(r(w)yde < oo and P(H* € Hyy) — 1.

Assumption D.2. Let (A}, ¢;, ¢;); be the singular value decomposition of the operator A described in section C. Then we

assume: (a). For some 7 > 2, 3~ )\]-_2"|(gs, @j)Hw|? < 003 (b) For some 6 > 2, 3~ AP UHYD, 05) a0 | < 0.

Assumption D.1 restricts the complexity of Hy and ensures Hyy is a P-Donsker class (vd Vaart, 1998), which was a
standard assumption to analyze the empirical process (Beyhum et al., 2024; Lapenta & Lavergne, 2022).

Assumption D.2 is the source condition that is commonly assumed in nonparametric regression (Carrasco et al., 2007;
Florens et al., 2012). These have also been employed in (Florens et al., 2012; Beyhum et al., 2024) to obtain a faster
convergence rate for nonparametric instrumental regression. Here, we require g, and H} to satisfy the source condition, for
establishing the asymptotic properties of the statistic in examining the integral equation. Since g, := E{m/(X, s)ow (W)},
the source condition for g, puts requirement on the smoothness for the space Hy when m(-, s) is chosen properly.

Compared to (Beyhum et al., 2024; Mastouri et al., 2021) that allowed 1 = 2, we require 1 > 2 in the source condition for
gs. This is because, after investigating the proof of (Beyhum et al., 2024; Mastouri et al., 2021), we find that their conclusion
may not hold for 7 = 2. Specifically, similar to our analysis, a key step in their proofs that related to the source condition is
[(AT + A*A)~' A* AG — Gl 31y, = 0,(1) (in our scenario, it refers to (51)) for § € Hy . Here, g := >, )\;2<g, wi)p; (g
refers to g, in our scenario), where the source condition was assumed on g (g, in our scenario). To prove the property, they
leveraged the property in Lemma 2.5 (d) of (Beyhum et al., 2024) that ||(A + A*A) "' A*Ag — §lluw = O, {)\%}

for g such that ||g][3;,., := > )\;27|(g, ©)|* < oo. Since g satisfies the source condition and g := > )\;2(9, ), to
apply the above property, we should take v < 1 — 2 to ensure that ||§||%,V,Y < 0o. That means, we should take n > 2 to

min(y,2)

make that v = p — 2 > 0, in order to ensure that O,, {)\

case of 7 = 2, we emphasize that requiring 1 > 2 only slightly increases the smoothness requirement of the Hyy, making it
a modestly stronger condition.

} = 0p(1). Besides, while this condition is stronger than the

D.2. Empirical process

Proposition D.3. Under assumptions 4.9, C.2-C.4, and D.I1-D.2, the empirical process \/n(P, — P)[{H°(W,t) —
HA (W, t)}m(X, 5)] = op(1).

Proof. We first proof ||{HO(W,t) — HN(W, t)}m(X, $)1Z2 (e )y = Op(1)- In fact, we have
I{HO (W, ) — HNW, ) }m( X, 8|22 p gy = / {HO(W,t) — HN(W, 1)} [m(X, 5)|*dP(W, X)
= /{HO(W t) — HNW, )Y E{|m(X, 5)|*|W }dP(W)

(1) N (2) ~
< C|H (- t) = N )1 22 (puyy S IHO(58) = HAN0) 30,5

where (1) follows from assumption éi.9 and (2) follows from (21) by assumption C.3. Since assumptions C.2-C.4 and D.2
are satisfied, we have ||[H%(w,t) — H*(w, )|, = op(1) by Lemma D.17. Therefore, all conditions in Lemma D.14 are
satisfied and we obtain R

V(P = P)[{H (W, t) — HNW,1)}m(X, 5)] = 0,(1).
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The proof is completed. O

D.3. Expected risk difference

Proposition D.4 is our main result in this section, whose proof is decomposed into Lemmas D.5-D.9.

Proposition D.4. Under assumptions 4.10, C.2—C.3, and D.2, the expected risk difference term has:

n

S 0w, i DAA" A) g Hai) + 0p(1).

Vil [{HOW.0) = W0 pm(X,)| = = 7= >

Proof. For simplicity, we denote HY (w) := H®(w, t), by(z) := b(z,t). Based on the interpretation of PMCR as a linear
ill-posed problem and the form of Tikhonov regularization solutions in (31)—(32), we have the following decomposition
(Babii & Florens, 2017; 2020):

H*(w,t) — H(w,t) = Gy + Ga + G + G4 + Gs, 37
where
Gy :=(\I + A*A) "' A*(b, — AHD); (38)
Gy i=(\ + A*A) "1 (A* — A*)(b, — AHY); (39)
Gy i={(M+ A A)7 = AL+ 4" 4) 1} A (5, - AHY); (40)
Gy =M + A*A)TA*AH? — (M + A*A)~' A*by; (41
G5 :=(\[+ A*A)"'A*b, — HY. (42)

Therefore, we have
5

VAP[{HN(W,t) — HO(W,t)}m(X,5)] = > Snils, 1),

i=1

where Sy;(s,t) is define as /nP{G;m(X, s)}. By applying Lemmas D.9, D.5, D.6, D.7 and D.8 to Sy1(s,t), Sna(s,t),
Sn3(s,t), Sna(s,t) and Sps5(s,t), respectively, we have:

—% Z U(ws, yi, ){A(A*A) " g} (i) + 0p(1).

The proof is completed. O

VAP[{H (W, t) — HNW,t)}m(X, s)] =

n

=1

Next, we provide proofs for Lemmas D.5-D.8.

Lemma D.5. Under assumptions C.2, C.3 and D.2, Sp2(s,t) = 0p(1) as n — oo.

Proof. By the reproducing property that f(w) = (f, kw (w,-))s,, for each f € Hyy, we have (A + A*A)~1(A* —

A*)(by — AH?)(w) = (A + A*A)~"1(A* — A*)(by — AH?), ky (w,-))2,, . Therefore, we have the following for
Spa(s,t) = /nP{Gam(X, s)}:

IP{Gam(X, s)}| = |E {()\I + A*A)H(A* — A% (b, — AHD)(W) - m(X, s)}‘

E{((\ + A" 4) 7 (A" = A) (b = AHP), b (W), - (X, 5) |
DO+ 47 4) 7N A — A7) (b — AHD), B{m(X, 5)ow (W) oy |

(A" = A) (b — AHD), (M + A*A)"'E{m(X, 8)dw (W)}

)
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where (1) follows from (20) and (2) follows from {(A] + A*A)~'}* = (\I + A*A)~! in Sec. C.2. Thus, we have:

PGam(X,5)}] < (A" — A) B~ AH) oy, - [T+ A° A E{m(X, ) (W) Hlras
<A = Allop - [br = AHP |l - (M + A*A) ' E{m(X, 5)éw (W) Hlre
2 A = Allop - b = AH] as - AL + A" )T E{m(X, $)w (W)}t
where (1) follows from the Cauchy-Schwartz inequality and (2) follows from |A*|lop = I|A]lop in Sec. C.4. By Lem-
mas D.12, we have ||b; — by||n = O,(1/y/n) and ||A — Al|op = O,(1/4/n). With these properties, we have:
b0 = APl = 1B = b+ by = AHY + AHP = AH? [y
= |[by — by + AH? — AH? |3
< b = AH 3 + | AH} = AH] 30
< b = bl + 1A = Allop - [|H [l = Op(1/3/n).

By assumption D.2 (a) with g, = E{m(X,s)ow (W)}, we apply Lemma D.10 (d) to obtain that [[(\] +
A*A)TTE{m(X, s)ow (W) Hww = Op{/\mm'(zn’m_l}. Combining all the inequalities, we get

(43)

1 1 min(n,2)
VilPLGam (X, ) < Vi 0, (=) -0 () - 0,00y (@)
p \/ﬁ p \/’ p
Since we require 77 > 2 in assumption D.2 (a), the last term is 0, (1). O

Lemma D.6. Under assumptions 4.10, C.2, C.3 and D.2, Sp3(s,t) = 0,(1) as n — oo.

Proof. By Lemma D.16, we have:
Gy = {(/\I FATA)L (M 4+ A*A)—l} A (b, — AHY)
= (A + A*A)"Y(A*A — A* A)(MN] + A*A) T A% (b, — AHY).
By the reproducing property that f(w) = (f, kw (w, -))#,, for any f € Hy, we have (A + A*A) "1 (A*A — E*E)()\I +

A*A) 1A% (b, — AH?) (w) = (AT + A*A) "L (A* A — A* A)(M + A* A)~L A* (b, — AH?), kw (w, -))34,, . Therefore, we
have the following for Sy,3(s,t) := v/nP{Gsm(X, s)}:

IP{G3m(X, ) \ [ (M + A*A)"L(A*A — A* AN + A* D)1 A% (b, — AHO)(W)m(X, s)] \
= [E{(O+ A ) (AT A = A AT+ A D) A (b~ AHP), b (W) - (X, 9) |
(1)

(2)

— AH? AN + A*A) N (A*A — A*A) (M + A*A) T 'EB{m(X, s)ow (W) P

)

\ (M + A" A)7 (A" A = B AY(NL + A" )71 A% (b, — AHD), E{m(X, $)ow (W) Py |

where (1) follows from (20), and (2) follows from {(A + A*A)~'}* = (A + A*A)~! and {(\] + A*A ) D =
(M + A*A)~!. Thus, we have:

o~ ~ S SN
IP{Gsm(X, s)}| <[[be — AH|lpe - AN + AT A)THA™A = AA)N + A" A)T'E{m(X, 5)ow (W)} 2ex

(2) ~

< b = AH |30 - AT + A A)Hop - [|A"A = A Allop, - [|(A + A* AB{m(X, 8)w (W)}Hlpere

where (1) follows from the Cauchy-Schwartz inequality and (2) follows from operator norm inequality.

According to the paragraph above equation (97) in (Mastouri et al., 2021), Aisa compact operator. By Lemma D.10
(c), we have |A(M + A*A)~Ylop = Op(1/VA), [|(A + A*A)~ 1A*||Op = 0,(1/v/X). According to assumption D.2
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m]n('q 2)

(a) and Lemma D.10 (d), we have [|(A] + A*A) 'E{m/(X, s)ow (W)} = Op{A ~1}. Finally, By Lemmas D.12,
we have |[by — byl = 0,(1/4/n) and ||A — ﬁ”Op = 0,(1/+/n). With these properties, we can similarly obtain that
b — AHO |13y < |[br — bellny + 1A = Allop - |H 130, = Op(1/4/m). Combining all the inequalities and 77 > 2 in
assumption D.2 (a), we get

VPG, ) =it 0, (7=) -0y (5 ) -0 () 0,081
~0, () Lo,

where () follows from assumption 4.10. O

(45)

Lemma D.7. Under assumptions 4.10, C.2, C.3 and D.2, Sy,4(s,t) = 0,(1) as n — <.

Proof. By the reproducing property, we have {(AM + A*A)"1A*AH? — (M + A*A)"1A*b}(w) = (M +
A*A)TLA*AHY — (M + A*A) =Y A*by, kw (w, -) )24y, - Therefore, we have the following for S,4(s, t):

IP{Gym(X, 5)}| = ’E [{(/\I + A A)TTATAHY — (M + A*A) T AT (W) - m(X, s)} ’

- ]E [(()\I + A A)TTATAH? — (M + A*A) " Ay, by (W) gy - mi(X, s)] ‘

DT+ A4 A AHY — (M + A7 A) 7 A B{m (X, 5)ow (W) By |

where (1) follows from (20). To establish the upper bound for the right-hand side, we derive the form of the operator A*A.
First, for the operator A : Hyy — Hy defined in (24), its singular value decomposition given by (A, ¢n, ¢, );125. For
gs(w') == E[m(X,s)dw (W)] (w'), we first proof ||gs||2,, < oo. In fact, since E{m (X, s)|W} and kernel k are assumed
to bounded in assumption C.2, we have:

1951w = IE{m(X, s)dw W)}z = [[E[E{m(X, s)|W }ow (W)] [0y
< ClE{dw (W)}Hlrw = CV (E{ow W)}, E{ow (W)}, (46)
= CVE {(ow (W), ow (W) } = CVE{kw (W, W)} < oc.

Thus, ||gs|[3,, < oo imply g5 € Hw, which can write the expansion of the basis functions as g5 = >_ (s, ©;) n.w ¥ by
sec. C.2. Besides, by the properties of singular value decomposition, we have Ap; = \;¢; and A*¢; = \;¢;. Therefore,
for each g; € Hy, we have:

A*Age = " NHge, 05 1w P (47)
j

Let gs(w') :=3_; )\;2<gs, ©j)Hw @5 By assumption D.2, we have:

|gS||7-LW <Z>‘ gsy@jh‘h}v@j»Z)\j2<gsa90j>7'lw90j> Z)‘ (g5, ©; 'HW| < 0. (48)
J How
Besides, we have:
A*Ags = Z Z AZA gs, i) Hw (Pis ¢J>HW1/}J = Z (9s> </7j>7-lW90j = YGs-
J
Thus, if we define P; := (M + A*A)"*A*AH? — (I + A*A)~! A*b,, then by the Cauchy-Schwartz inequality, we have:
[P{Gam (X, 5)}| = [(P, E{m(X, s)ow (W) D | = [(Pr, A" Ags)ry |
< [(P (A" = B AG ) | + | (P A" 4G )

_‘PD Ags'}'[w’—i_‘APhAgS’le

< 1Pl - 1A = Allop - |Ags 13 + [APl3x - [|AGs 0,
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where (1) follows from || A* — A* llop = |A— Allop- By AHY = by, we can decompose P, as follows by Lemma D.16:
Py =\ + A*A) AT AHY — (A + A*A) LA AHY
—{(\[+ A A) " AL+ A" A= AD) = (A + A" A) " (M + A*A = AI)} HY
=)\ {(/\I +ATA)T — (M + E*E)—l} HO
=AM + A*A)H{A*A — A*AY(M + A*A)" HD.
Therefore, we have:
1Pl = IINA + A A) 7 (A" A — A AY(AT + A" A) ™" HY ||y,
< AT + A A)lop - [|ATA = A* Alop, - (AT + A" A) 7 HY |34y,

Since A is a compact operator as shown in the proof of Lemma D.5, by Lemma D.10 (b), we have || (A(AI + A* A) ! llop < 2.

By assumption D.2 (b), we can apply Lemma D.10 (d) to obtain that ||(\] + A*A) " HY||#,, = O {)\mm(e 2 -1 Finally,
by Lemma D.13, we have ||A*A — A*A||o, = O,(1/4/n). Combining all the inequalities, we get

[Pl <20, (= ) - A=551,
Jn

Next, we prove || Ags||2 < oo. In fact, since A is bounded linear operators, we have || 4|, < co. Besides, by Eq. (48),
we have ||gs||2,, < 0o. Thus, we have || Ags||#x < | Allop * [gs]lmw < o0

Next we provide the bound for || AP, |3 . .
1AP;[l30x = [ANAN + A*A) ™M (A" A — A*A) (AT + A*A) 7 HY |
A AT + A A) M op - [|A*A = A" Allgp - [N + A A) T HY 30, -
Since A is a compact operator, by Lemma D.10 (c), we have || A(A] + A*A)~ Ylop = Op(1/VN), (AL 4 A* A)~ 1A*||0p =

O,(1/v/X). By assumption D.2 (2), we can apply Lemma D.10 (d) to have ||(A] + A*A) " H? |3, = Op{/\mm(e 21y
Finally, by Lemma D.13, we have |A*A — A*Al|, = O,(1/4/n). Combining all the inequalities, we get:

-~ 1 1 mm(S 2)
1370 <30, () -0, (=) -0 a5,

Therefore, substituting all inequalities to Sy,4(s,t) and # > 2 in assumption D.2 (b), we have

Vi P{Gam(X, s)} < Vi |Pilla - |1 A = Allop - 14752 + v | AP 10k - 1|ATs |13

1 min(6,2 1 1 in(0.2
< \/ﬁ-{zop (\/ﬁ) -Aé“—l}.op (\/ﬁ) - {A.A—l/z.op <\/5) ,A;“_l}

=0, <1> + A2 =0, (1) + A2,

vn
(49)
By assumption 4.10, the last term is 0, (1). O
Lemma D.8. Under assumptions 4.10, C.2, C.3 and D.2, Sy5(s,t) = op(1) as n — .
Proof. By the reproducing property, we have {(Al+ A*A)7'A*b, — H} (w) = ((A + A*A)"1A*b, —

H?, kw (w, )3, . Thus, we have the following for S5 (s, t):
IP{G5m(X, s)}| = |E [{(\X] + A*A)" A%, — HP}(W) - m(X, 5)]|
_ ‘IE) (L + A7) 4%, — HY 6w (W), (X, 5)] \

D (AL + A7 A) A%, — HY B{m(X, 8)éw (W) }ra |
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where (1) follows from (20).

By assumption D.2 (b) and AH = b;, we can apply Lemma D.11 to obtain that ||(A + A*A)"1A*b; — H? |3, =
[T + A*A)~LA* AH? — HY|3,, = O, {\""5"2
6 > 2 in assumption D.2 (a), we have

}. Combining this rate with the Cauchy-Schwartz inequality and and

Vi [P{Gsm(X, )}| = Vi | (A + A A) ™ A%, — HY E{m(X, 8)éw (W)} |
< V- AT+ AT A) T A — By - 9o (50)
2 0,(vax?) 2 o,(1),

where (1) follows from ||gs||%,, < oo by Eq. (46) in Lemma D.7 and (2) follows from assumption 4.10. O

Lemma D.9. Under assumptions 4.10 C.2 and C.3, Sp1(s,t) = ﬁ S Uwi, yin ) {A(A*A) " gs (i) + 0p(1) as
n — oo, where gs(-) := E{m(X, s)kw (W, ) }.

Proof. By the reproducing property, we have (A + A*A)~'A*(b, — AH))(W) = (M + A*A)"1A*(b, —
AHY), ¢w (W), - Therefore, we have the following for S,,1 (s, t):

P{Gim(X,s)} =E [(AJ + A*A) A% (b, — AHO)(W)m(X, s)}
= E[{(M + A" A) A (b — ABD), 6w (W), - (X, 5)]
@ (O + A7) A" (b — AHD), Bfm(X, Dow(W))),
D (A (b~ AHD), (M + A" A) g ),
= (A*(by — AHP), {(\] + A" A) ™" — (A" A) Y ga)aay + (A*(by — AHP), (A" A) 7 go)asse

where (1) follows from (20) and (2) follows from {(A] + A*A)~1}* = (\[ + A*A)~!
We first analyze the second term in RHS. By (26), we obtain:

(b — AHY)(X)

{ Z‘P Yi, t ¢X T _%Z ’w“ ¢X le)}(X)

E Z U(ww Yis t)k'X(fL'“ X)7
i=1

where U is defined in (34). Since A*m; := [ m(X,t)dw (W)dP(X, W) in (27), we have:

{A*@t - EHS)} () = % Z U ws, i, 1) /kx(:ci,X)d)W(W)dP(X, W)
= > Ui A" e (1, )},
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Therefore, we obtain:

Vi (A (b = AHD), (A" A)g) =V (A A) 1A, — AHP), E{m(X, 5)¢W(W)}>HW

Hw
b { (4" 4)7 4" (b, — AHOW)m(X.5))

—VnE |(A*A

-1 {:LZ U(U}i,yi,t)A*{kX(xiaX)}<W)} m(X, 3)]

i=1

S Ui int) [ (A" A) A (a1, ) (O )X, )P W)
D Ui ) (A" A A G, X1 B, 0w (W)},

Z U(w;,y;,t) (kx (i, ), A(A*A)_193>HX

D Ul e A" A) g} o),

where (1), (2), (3) follows from reproducing property f(x) = {f, kx(x,))n, and g(w) = (g, kw (w,-))x,, for each
f € Hx and g € Hyy . Besides, for \/n| A*(by — AHY)| 1, » we have:
|14 (b — AHY) |3, = | A — A%y + A%by — A" AH] |3,
< AD — Al + | ATAH — A" AR,
< A% lop 1B = bellsex + 1A% lop 14 = Allop - [ H7 I3
Since HY € Hyy, we must have || H?||7,, < oo. Besides, according to Sec. C.2, we have ||A*|op = || Allop < oo since A is

a bounded linear operator. Therefore, the last term is O,, (ﬁ) . By Lemma D.12, we have \/n|| A* (by— AH?) ||3,, = 0, (1).
By the Cauchy-Schwartz inequality, we have:

(VA (b = AH]) (M + A"4) 7 = (4" 4) g,
<Vl A% (b = AHY) |y - [{OL + A7 A) T = (A A) g,
Op {|[{OT + 4" 4)7" = (4" 4) Y gu],,, |-

By A*Ags = gs in Lemma D.7, we have:
{(A+ A" A)7" — (A" A) g, = (A + A" A) 1A (AGs) — Gs- (51

w ’

Since (A + A*A)~t A* is a Tikhonov regularization scheme, the RHS of the above display converges to 0 as A — 0. In
fact, according to Lemma D.11, we have [|(A] + A*A) "1 A*Ag — g3, =< Amn{0:2} since g satisfies assumption D.2 (b).
By (48), gs = Zj )\;2<gs, ©j) 1w ;- Thus, similar to the proof of Lemma D.11, we have

O+ A7) = (A g, = { (Alﬂ - j) <gS7¢j>HW}

J

)\)\77 |gs,(P 7'[|
<sup{)\2)\2+)\}z W

If 7 > 4, since the maximum singular value of the operator equals || A||op < 00, we have

VR Al ?
¢ <N 0 U o N2aupa2T8 = 0(\2).
SUP{)\Q(A2+)\)} )\sup{)\2(>\2+>\)} _)\sgp/\] (008
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n

2 2 -2
If 2 < 7 < 4, we define z := 3. Plugging it into {%} , we define f(z) = % Noted that f(z) is maximized
(by using the first order condition) at x = (2 — n)(n — 4) L. Thus, the maximum value of f(z) is
F12N (= 2)" (A )t

N2 n—2
(z+ N2 = 4 A O"™).

Thus, {(\ + A*A)~' — (A*A)~'}g; — 0 by assumption 4.10. Therefore, we have

VnP{Gim(X,s)} = Z (wi, yi, ) {A(A* A) "L g} () + 0p(1).

D.4. Proofs in section 4.3

Theorem 4.12. Let 15 :(0) := UMW, Y, t)m(X,s) —U(W,Y,t){A(A*A)"g:}(X), with O := (W,Y, X). Suppose
assumptions 4.9-4.11, C.2-C.4, and D.1-D.2 hold. Under Hy, we have (i). T, (s, t) converges weakly to G(s,t) such that
J[1G(s,t)Pdu(s)du(t) < oo, where G(s,t) is a Gaussian process with zero-mean and covariance:

2{(5,), (s, )} = B{ns.+(O)nsr 4 (O') },
where O' := (W', Y', X") is an independent copy of O; and (ii). A, ,,, converges weakly to Itne%)_(f |G (s, t)|2du(s).

Proof. By (36), we have
To(s,t) = V/nP, {UW,Y,t)m(X, s)} + (Expected risk difference) + (Empirical process) .

By Propositions D.3 and D.4, we have:

Z wlvyh (xia S) - {A(A*A)ilgs} (xl)] + Op(l)'

Next, we apply Lemma D.15 to {U (w;, y;,t) [{m(z;, s) — A(A*A) g} (z;)] }l to obtain the result. To this end, we
need to verify U(W, Y, t)[{A(A*A)~1g,}(X) + m(X, s)] is zero mean and

E [!|U(wi7yi,t)[m(xns - {A(A*A)‘lgs}(wi))]ch{TXTMH}] < 0. (52)

Notice that the zero-mean is met by E{U(W,Y,t)|X} = E{¢(Y,t) — HO(W,t)|X} = 0 under Hy,. Be-
sides, by assumption 4.11, we have Var(U(w;,y;,t)[m(z;,s) — {A(A*A)"LgsH(x:)]) = E(U(wi, yi, t)[m(xi, s) —
{AA*A) g H@)])? < E{U(wi, vi, )Y X} + E[m(zy, s) — {A(A*A)"tgsH(xi)]* < oo for any (s,t). Therefore,
exchanging the order of integration, taking the maximum value of ¢, and setting the measure to be a probability measure, we
get (52). Thus, we have T, (s, t) converges weakly to G(s, ) in £2{T x T, u x u}, where G(s, t) is a Gaussian process
with zero-mean.

For any fixed ¢t and T}, (s, t) € £2{T, u}, we use the continuous mapping theorem (Theorem 1.3.6 of (Wellner et al., 2013))

to obtain
[ 12s,07du(s) % [ 1600 dus),

by the continuity of the integral functional. Next, for [ |T;,(s, t)[*du(s) € L2{T, p}, noted that ¢ in [ |T,,(s,t)[*du(s) is
determined by U (w, y,t) = ¢©(y,t) — H°(w, t). To ensure that taking the max operation is meaningful, we need to prove
that if U(w, y,t) € L2{F(w,y)} for any t, ItnaTx|U(w, y,t)| € L2{F(w,y)}. By (17), we have:

€

/m, H(w, ) plw, y)dwdy<2/|say, oy dy+2/|Hwt>| p(w)dw

oo oo { |
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where the second inequality follows from (a — b)? < 2a? + 2b2 and |e®®¥|? = 1. Thus, taking max operation on both sides,
we have rtna:;(f |U(w,y,t)|*p(w, y)dwdy < co.
€

Next, we prove the continuity of the max functional in metric d. Next, we prove the continuity of the max functional. If
d(f1, f2) < 9 givenany § > 0, we have max| f1(#)| — max| f2(t)| < max|f1(t) — fo(t)] = d(f1, f2) < J. Applying the
€ € €

continuous mapping theorem to such continuous metric max, we have:

d 2
A .
max A (t) = Igleag/lG(s,t)l du(s)
The proof is complete. O

Theorem 4.14. Suppose assumptions in Theorem 4.12 hold. Besides, we assume E{r(X,t)*} < cc. Then, we have:

(i) Global alternative. lim,, ., max;c7 |T},(s,t)| = oo for almost all s under HEX.
(ii) Local alternative (o < 1/2). lim,,_,oc maxie7 [T, (8,t)| = oo for almost all s under HY,,
(iii) Local alternative (o« = 1/2). T,(s,t) converges weakly to G(s,t) + pu(X,s,t) such that [[|G(s,t) +
w(X, s, t)Pdu(s)du(t) < oo under H$,, where G(s,t) is defined in Theorem 4.12 and p(X,s,t) =
E [{r(X,t) — (A*A) 71 A*r(X, t)}m(X, s)].

Proof. (i). The case of H>,

We first decompose T, (s, t) as follows

(s,t) an (wi, yi; t)ym(x;, s)
=1
= VP, [{p (Y.t <W H}m(X, s)]
= VnP, [{w O(W,t) + HO(W, 1) — HNW, 1) }m(X, s)}

= VP, [{so(Y, ) = AW, 0hm(X,5)| = VaP [{H(W,1) = BW,0)bm (X, 5)
— Va(P, — P) [{fﬂ(w, £) — HO(W, ) }m(X, 5)} .

where H O(W,t) is the least squares solution.
We first analyze P [{ﬁA(W, t) — HO(W, 1) ym(X, s)} :

For H*(w,t) — H(w, t), we can decompose b; = b + bk, where bk°r € Ker(A*) and ™" € Ker(A*)+ = Ran(A).
By using a b € Ran(A) to approximate bj*", we get by = bj™® — b5 + b5 + bk, By this decomposition, we have the
following for H*(w,t) — HO(w, t):

o~

H(w,t) — HO(w, t) = (A + A*A) "' A*b, — H(w, 1)
= (AL + A*A) VA" (by — by) + (AT + A* A) " A*b, — (A*A) "L A*b,
= (AL + A" A) VA" (by — by) + {(AI + A* A)LA* — (A" A) LA} (O™ + bker)
= (AL + A*A) VA" (by — by) + {(AI + A* A) VA" — (A" A) LA J O™ — b5 + b5 + bEe).

Thus, we have
P [{AN(W,t) = B°(W,0)bm(X, )] =B ([{(M + A A) 1A — (4" 4) 7 A} = b5) | m(X, 5))
(M + A*A)~1 A" — (A*A)*A*}b};er} m(X, s))

(
(
(

[{(M + A*A) 1A% (b, — b)) ym(X, s)} :

P
+P [
+P [{ (M + A*A lﬁ*—(A*A)*lA*}bf} m(X,s))
+ P
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For the first term, since we can always make b5 arbitrarily close to b;*", which causes bj*" — bS < . Thus, we only need to
consider the last three terms.

For the second term, since b¥°" € Ker(A*), we have
{(N] 4 A" A) VA" — (A*A)" VAT B = (AT + A*A) " AT
Then, we have

(1)

(M + A A)TPA D E (X, 8)ow (W)]) 2y
= (AT + A A) 71 (A" — A go) o + (M + A" A) LA, g2) g,y
D (A - A AT+ A D) g,
= —((A* — A {4+ A A — (M + A A) V)
M
+ (A = AT, (M + A A) g0y
(I

{(/\I+A* )1 A*pler . (X,s)}

where (1) follows from (20) and (2) follow from b¥* € Ker(A*).

According to Lemma D.16, for the first term, we have
(1) = ((A* — A*)bEr {(A] + A*A)"Y(A*A — A*A) N + A*A) " g) . -

By Lemma D.10 (d) and assumption D.2 (b), we have ||(A] + A*A>_198HHW = OP{AW—I}. Since n > 2 in
assumption D.2 (a), we have ||(A] + A*A)*lgSHHW = Op(1). By Lemma D.12 and D.13, we have |A* — A*lop =

»(1/4/n) and | A* A — A*Allop = Op(1/4/n). By Lemma D.10 (b), we have ||(A + A*A) op = Op(1/X). Combining
all these results, we get

(1) < A" — Alop - B [T + A2 ) o - %A — A* Aoy - [V + 4*4) g,
= 0,(1/V/n) % O,(1/A) * Op(1/3/7) * Op(1) = O, (nlA) .

By assumption 4.10, we have (I) = o,(1). For (II), by Lemma D.10 (d) and assumption D.2 (b), we have
|(AT + A*A)flgSHHW =0, {)\#*1} By Lemma D.12 and, we have || A* — A*lop = Op(1/4/n).

(I0) < A" = Allop - 05 13 - [|(M + A" A) g,
mm(n 2)
:Op(l/\/ﬁ) Op{A 1} = op(1).

Next, we consider {(A] + A*A)~1A* — (A*A)~tA*}b5. In fact, we have the following decomposition
{(A + A*A)"TA* — (A*A)TA* B = S) + Sy + S,
where o R
Spi={(A\T+ A*A)7TA* — (NI + A*A) L A*}05;
Syt = (M 4+ A*A) "L (A* — A5,
Sy = {(M + A*A)~" — (A*A)~"} A*p;.

For Ss. we have N
<(M+ A A)THAY — A5, B{m(X, s)dw (W)} o

=<( = ANDE, (A + A" A) " ga)a,
< A" = A lop - 1165 120 - 1M + A A) g a0y -

P{Sam (X, s)}
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By Lemma D.10 (d) and assumption D.2 (b), we have ||(A + A*A) g, HHW = 0,{\""*~1}. By Lemma D.12, we
have || A* — A* llop = Op(1/+/n). Combining all these results and according to assumption D.2 (a) with > 2, we get
P{Sam(X, )} = Op(1/v/n) = 0,(1).
For S3, since A*Ags = g5, we have
P{Szm(X,s)} = ({(M + A" A)™" — (A" A) 7} A5, E{m(X, s)dw (W)} o
= (A5, {(M + A" A) T = (A" A) 7} gs)a
= (A", {(\[+ A*A)~ — (A" A) '} A*AGo) e,
= (A*BF, (M + A*A) A" AGs — Gs)ay
By Lemma D.9, we have ||(A + A*A)"'A*Ags — Gsllsw = 0p(1). Besides, since ||[A*[lop = ||A]lop < oo and
[65]12¢x < 00, we have
P{S3m (X, 5)} < [[Allop - 1 I3 - (A + A" A) T A" AG, = Gillaey = 0p(1).

For S;, we have

{OMT+ A" A)71 AT — (A + A" A)7 A5, B{m(X, 5)pw (W) sy
(M + A*A)~" — (AT + A*A) Y AB, 9w

(M + A*A) YA A — A Ay + A D) LA, g.) sy

{A*A — A* Ay + A*A) LA, (AL + A*A) g,

< ||ATA — A" Allgp - [|(A + A% A) 7P Alop - (165 120 - 1A + A" A) " g4 |20,y

P{S1m(X,s)}

(
=
(
=

nnn(n 2)

By Lemma D.10 (d), we have ||(/\I + A*A) L gslluw = Op{A~ 2z ~~'}. By Lemma D.10 (c), we have | AN +
*A)lop = [[(M + A* A)~LA%||op < 1/V/A. By Lemma D.13, we have |A*A — A*Al|o, = O,(1/4/n). Combining
these results and according to assumption D.2 (a) with > 2, we get P{S1m(X, s)} = O,(1/vnA) = 0,(1).

Thus, we have

i ([{(AI +ATA) A - (A*A)*A*}bf} m(X, s)) = 0,(1).
For the last term, we have
P [{(M + A" A) 7 A" (b = b)}m(X, )] = (AT + A A) 7 A7 (b = be), E{m(X, 5)ow (W) Py

< H(AI + A*A) A

: Hbt - thHX ) ||gSHHW'
op

By Lemma D.10 (c), we have |[(A] + j*ﬁ)*lj*uop < 1/V/A. By Lemma D.12, we have ||Zt = billop = Op(1/y/n).
Combining these results, we get [P [{()\I + ;1*21\)’111* @t — b)) Im(X, s)} = 0p(1/vVnA) = 0,(1).

Thus, we have R R
P [{H (W, 1) = HOW, t)hm(X, 5)] = 0,(1).

By the above proof, we similarly have P‘{ﬁ’\(VV,t)—ﬁO(V[Ct)}m(X, s)’ = o0p(1), and therefore (P, —
B) [{BA (W, t) = HOW, t)}m(X,5)| = 0,(1).
Besides, for the first term of T}, (s, t), there exists ¢, we have

Po [{p(Y,t) = HOW,0)}m(X, 5)| = Bu [{(Y,1) = HOW,t) + HO(W, 1) — HO(W, t)}m(X, 5)] .

According to the definition of HEX, there exists r(X,¢) such that E{x(Y,t) — HO(W,t)| X} = r(X,t), where (X, )
cannot be written as E{ H (W, t) — H(W,t)| X } for any .
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We first prove E[|{r(X, t) + HO(W,t) — HO(W,t)}m(X, s)|] < oo. In fact, we only proof E[|r(X, t)m(X, s)|] < oo and
E[{H°(W,t) — HO(W,t)}m(X, s)|] < oc.

For E[|r(X, t)m(X, s)|], we have

2
E{|r(X, )m(X, )|} < [r(X O & p iy - 1m0 )

1/2
< (X, 0152 - Im (X ) ey
where the last inequality follows from (21) by assumption C.3. Since ||7(X, t)||7;, < oo and the selected weight function
m satisfies [|m(X, s)| c2(r(z)) < 00, we have E{|r(X,t)m(X,s)|} < oo.
For E[|[{HO(W, t) — HO(W,t)}m(X, s)|], we have

E[{H"(W,t) — H*(W,t)}m(X, s)[] = E[{H°(W,t) — H*(W, ) }E{m(X, 5)|W}]

< C-E{|HO(W,t) — H'(W,1)[}

<O HOW. ) = HO W, 1)y
where the second inequality follows from assumption 4.9 and the last inequality follows from (21) by assumption C.3. Since
HO(W, 1) — HO(W,t) € Hyy, we have E [{HO(W,t) — HO(W,#)ym(X, s)} < .
According to the law of large numbers, we know that it converges to E [{T(X7 t)+ HO (W, t) — HO (W, t)ym(X, s)} . We
assert that if HE* holds, then exists ¢ satisfies E {{T(X, t) 4+ HO(W, t) — HO(W, t)}|X] # 0. Proof by contradiction. If
r(X,t)=E [{HO(T/V, t) — I;TO(T/V, t)}|X} holds for any ¢, we have:

E{p(Y, 1) — HO(W,0)|X } = B{H (W, t) — HO(W,1)| X},

which implies E {p(Y, )| X} = E{ﬁO(W, t)| X} for any ¢. This is not consistent with HEX.

Combining these results, we have:

lim max|T (s,t)] = hm Vn{O,(1) + 0,(1)} = o0

n—oo teT

for almost all s under Hﬁx.

(ii). The case of HY,, with 0 < o < 1/2.

We first decompose the term into P {{H)‘(VV, t) — HO(W, t)}m(X, s)} into Z?:l G;, where

G i=(\ + A*A) "' A* (b, — AHY)

Gy :=(\ + A*A)~1(A* — A*)(b, — AHD);

Gy o= {(\ + A" A) ™ — (A1 + 4" 4) "} A* (b, — AHY);
Gy =\ + A*A) T A* AAH? — (AT + A*A) P A*by;

G5 :=(\I + A*A)"'A*b, — AH?.

Go :=H" (w,t) = H (w,1) = H° (w,1) = (A" A) " A"b.

We define ¢(X,t) = E{r(X,t)ox(X)}.
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For P{Gym(X, s)}, following Lemma D.5, we have

b
= (b — by + by — AHY, (A — A)N + A*A) " g
= (by — by + AH? + 0(X,t)/n® — AH?, (A — A)M + A*A) g\ a0
= (0(X,)/n®, (A = A)AT + A" A) " ge) + (b — by, (A = A)A + AT A) " g.)90
+ (AH? AHE, (A— AN + A*A) g )9 -

P{Gam(X, )} = (A + A*A) " (A" — A")(by — AHY), gs)
= (b — AH?, (A — A)M + A*A) " )y

23

By Lemma D.12, we have |[b; — b|l3, = Op(1/v/n) and ||A — Alop = Op(1/+/n). By Lemma D.10 (d), we have
M+ A*A) gl = OP{A%*}. Therefore, we have

P{Gam(X,s)} < (X, t)/n®, (A — A)N + A" A) " g5) a0y + [[br — bellrey - 1A — Allop - |(A + A*A) g5l
+ ”A - AHOp : ||Ht0H7-lw . ”A - A”Op : H()‘I"‘ A*A)_IQSH’HW
< (U(X, 1) /n®, (A" — A )M + A" A) " g0) 0, + Op(1/n).

For P{G3m(X, s)}, following Lemma D.6, we have

P{Gym(X,s)} = <{()\I LAY (M + A*A)*l} A*(b, — AHY), gs>

w

< (M + A*A)~H(A* A — A" A) (A + A* D)~ A% (b, — AHD), gS>H

= (by — by + by — AH?, AN+ A A) N (A A — A AN + A A) g,

= (by — by + AH? + £(X, 1) /n® — AH?, AN\ + A*A) "1 (A* A — A*A) (M + A*A) g )

= (0(X,t)/n® AN + A*A) "N (A* A — A*A)(M + A*A) o),

+ (by — by, AT + A*A) Y (A A — A*A)N + A*A) g )«

+ (AH? — AH?, AN + A* A)~"Y(A* A — A* A)(M + A*A) " g4)

By Lemma D.12, we have |[b; — b|l3, = Op(1/v/n) and ||A — Aop = O »(1/y/n). By Lemma D.10 (d), we have

M+ A*A) gl = Op{)\mm(" 2 ~1}. By Lemma D.10 (c), we have || A(A] + A* A)~ Ylop = Op(1/V/X). Therefore,
we have

P{Gsm(X,s)} < ({(X,t)/n®, AN + A* A)"1(A*A — A* A)(N + A*A) ")
1[0 = bellaey - AN + A*A) 7oy - A" A — A" Algp - [|[(A] + A*A) " g, ]30,,
+ A= Allop - 1 H 30 - IANT + A% ) |op - [|ATA — A" Ao - (AL + A" A) " g4 [l34,y

< (U(X,t)/n® AN + A*A) N (A A — A AN + A" A) g mx + O, (%) .

For G4 and G5, noted that
Gi+Gs= (A +A*A) VA" AH? — (M + A*A) " A*b, + (M + A*A) "' A*b, — H?
= (A + A*A) YA AH? — (AT + A*A) Y A*(AH? + 1/ /n) + (M + A*A) " A*(AH? + r/\/n) —
= A+ A*A)" A AH? — (A + A*A) "A*AH? + (M + A*A) " A*AH? — HY,

Gy GS

where G and G5 are those defined in Proposition D.4. Therefore, we have P{Gym(X,s)} = O, (1/n) + AY/2/\/n and
P{Gsm(X,s)} = Ou(N).
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For P{G1m(X, s)}, following Lemma D.9, we have

P{Gym(X,s)} =((M + A*A) " A*(b; — AH?), )30y

(A*(by — AHD), (AT + A*A) " g)

= (A*(by — AHD), {(\[ + A*A)™ — (A*A) '} g5)ayy + (A% (b — AH?), (A*A) " g.) sy -
i) (1)

For (II), following Lemma D.9, we have

(A*(b, — AHD), (A* A)

S|
M:

<.
I
-

(g
e
(
<

o(yi, t)px (x:) — ;ZHO(wi;t)QSX(xi)};(A*A)1gs>
Hw

i=1

I
S |-
M=

h
Il
_

{U Wi, Yi, ) +r (.Ti,t) /na} (bX(xl)} ) (A*A)_lgs>

Hw

S
M=

ol
o{i

= > Ul i, A" A) g} )

< { Z?‘ Tt /na(bX( )}7(A*A)_lgs>
i=1

{U (wi,yi,8)} ¢X(Ii)} ; (A*A)lgs>

1

<.
Il

Hw

r(zi,t) /n%ox (z )}7(A*A)_1gs>
Hw

+

3=
M:

1

3\>—‘

Hw
For (I), we have

(A (b, — AHP), {(M + A" A) ™" — (A" A) "'} g )y

= <A (/b\t - bt + bt - A\H?)v {()‘I + A*A)_l - (A*A)_l} gs>'HW

= (A*(by — by + AH? + £(X, t)/n® — AHY), {(\[ + A*A)™1 — (A*A) "'} g5) iy
G

= (A% (b — b, {M + AT A) " = (A"A) ™} gy + (AT(AHY = AHD), {(M + A"A) ™ = (A" A) 7"} g.)y
+ (AT /0, (A + AA) ™ = (A"A) 7Y g

By Lemma D.12, we have |[b; — by|lsy, = Op(1/v/n) and |A — Alop = O,(1//n). By Lemma D.9, we have
[ {(AI + A*A)~! — (A*A)~'} g4]| = 0p(1). Thus, we have

(A*(by—AHD), {(M + A*A) ™1 — (A" A) 71} g da < 0p(1/3/n)+(A (X, 1) /n®, {(A] + A*A)~" — (A*A)"1} g\
For P{Gsm(X, s)}, we have

(A" A)T Ay — HY, gs)py = (A"A)TIA™ (AH} + £(X,t) /n®) — HY, 95) 3
= (A" (0(X,1) /n®) (A" A) " gs)r -
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Combining these results, we get

E;IP’{G im(X, s) ffj (wi, yis ) {A(A™A) " g} (i) + %ﬂ(x, £), (A" = AT (A + A" A) " g)pix
(I
+ n@@(X, ), AN + A*A) (A" A — A* A)AT + A*A) g ),
(1)
+ n—@m*e(x, 0, {(AT+A*A) " — (A" A) "} g )n

(I11)

PV {in 2i,t) bx (o } (A" A) g — YA (0(X1)) L (A74) )
i=1

n

By Lemma D.12, we have [[b; — by|z, = 0,(1/4/n) and A - Allop = Op(1/4/n). By Lemma D.13, we have
||A*A — /Al*A\H (1/\f) By Lemma D.10 (d), we have ||(A + A*A)"1g||n,, = O {)\wfl}. By Lemma D.10
(c), we have || A(A] + A* A)~ Ylop = Op(1/V/A). By Lemma D.9, we have || { (A + A*A)~! — (A*A) 71} g,]| = 0,(1).

Thus, for the term (I), we have

0 < V20 1A~ A op - [T + A" 4) g1,
< X2 0,1/vm) =0, (L)
For term (IT), we have
In < n£ 16X )] - [ AN + A% ) op - [|A"A — A*Allgp - [|(A + A*A) " ga|20,y
§n£ (1/F)_op<\/f>.

For term (III), we have
(IL) < = [JA*] - (X, )] - | {OA + A" A) ™1 = (A" A) 71} gl
< T@ ~0p(1) = 0p <ﬁ> :

For the last term, we have

v < { > ) o xz},<A*A>1gs> YA ), (A A) g,
_ »

[<{ Z (zi,t) dx xl} ]E[r(X,t)¢>X(X)],A(A*A)_1gs> ]
i=1 Hw

By Lemma 11 of (Mastouri et al., 2021), we have || 37" | r (2;,t) ¢x (z;) — E[r (X, t) ¢x (X)]|| = Op(1/+/n). Com-
bining all these results, we have:

6 n
VY B (X)) = < 3w A A) g} a) + 0y (L0 ) + 0,0 53
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Besides, for the first term of T}, (s, t), we have
B [{p(v, 1) = BOW, 0)}m(X, )] = Bu [{(Y,8) = HOOW, ) + HOW, 1) — BOOW, ) bm(X, 5)]
= P [{U(W,Y,0) + 7(X,0)/n® + HO(W, 1) = HO(W, ) }m(X, 5)]
Therefore, combining (53), we have
To(s,t) = VP, (UW, Y, 1) [m(X, 5) — {A(A"A) " gs}(24)])
+ VP, [{r (X, 1) /n® + HO(W,t) — HO(W, t)}m(X, s)] +op (:{f) +0p(1).

For the first term, according to Theorem 4.12, we have /nP,, (U(W,Y,t) [m(X,s) — {A(A*A) g, }(x;)]) converges
weakly to G(s,t). For the second term, we have

VIR, [{r (X, 1) /n® + HO(W,t) = BO(W, 1) }m(X, 5)|
= VP, [{r(X,t) /n® + HO(W,t) — A*A)"LA* {AHO (W, ) + (X, 1) /n® }ym(X, 5)]

_ Y, [{r(X,t) — (A"A) T A (X, 1) }m(X, 5)] .

T one
According to the law of large numbers, we know that it converges to E [{T(X, t)/n® + HO(W,t) — HO(W, t)}m(X, s)|.
We assert that if HY, holds, then for any ¢t E [{T(X, t)/n® + HO(W,t) — HO(W, t)}|X} # 0. Proof by contradiction. If
r(X,t)/n*=FE {{HO(VV, t) — HO(W, t)}|X} for any ¢, we have

E{p(Y.t) — H°(W, )| X} = E{H(W.1) — H'(W,1)|X} for any t.

This implies E{o(Y,t) — HO(W,t)|X} = 0 for any t, which is not consistent with H$ . Thus, we have
E [{T(X, £)/n® + HO(W, t) — HO(W, t)}|X} # 0, which implies E [{r(X,t) — (A*A)~TA*r(X,t)}m(X, s)] # 0.
Combining these results, we have

lm, o T, (5.1)] = Oy (1) + nlerécﬁ{?;Op(l) +o, (;{f) + op(l)} ~ .

n—oo teT
(%)

for almost all s under H, (0 < o < 1/2), where (*) follows from the Gaussian process.
(iii). The case of H, with o = 1/2.
Following the proof of H{,, with 0 < a < 1/2, we have
T, (5.1) = VP, (U(W,Y.1) [m(X, 5) — {A(A"A) 0.} (x)])
VAR, [ (60 + HOOV,0) — BV} (X,9)] 0, (L2 ) + 0,00,
Taking o = 1/2, we obtain
Tu(s,t) = VAP (U(W, Y,1) [m(X, ) — {A(A"A) " g,}(z:)])
VP [{r (X, 1) 0/ 4 HOW, 1) — HO(W, ) }m(X, 5)] + 0, (1),

For the first term, according to Theorem 4.12, we have /nP,, (U(W,Y,t) [m(X,s) — {A(A*A) g, }(x;)]) converges
weakly to G(s, t). For the second term, we have

VIR, [{r (X, ) nt/2 4+ HOW, 1) = HOOW, 6)}m(X, 5)]
= VnP, [{r (X,t) /a2 + HO(W,t) — A*A)~1 A* {AHO(W, £) + (X, t)/n1/2}}m(x, s)]
=P, [{r(X,t) — (A*A)""A*r(X, t)}m(X, s)] .
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Thus, we have

To(s,t) WZ{U wi, Y, £)} [{A(A"A) " gsH (i) + m(zs, 5)]

+ = Z{r x5t *A) A (X, ) Ym(x, 8) 4 0,(1).
Besides, we have:

E ({U(w,yi, t) — r(xi, )/} [m(zs, s) — {AA"A) " g, } (@)])
= E(U (wi, yir )[m(wi, 8) — {AATA) " g} (@)]))? + 0 E (r(wi, ) [m(z, ) {A(A"A) g} (@:)])
— 20~ Y2 (B{U (ws, yi, t)|2: )7 (25, £) [mis, 5) — {A(A*A) g2} (@)]?)

Y B (i, i, D, 5) — {AATA) " g} @a))P =0 E (r(ws, )2 m(ni, 5) — {AA"A) g @),

() (11)

where (1) follows from E{U (w;, y;, t)|z;} = r(x;,t)/+/n under H,. Following 4.12, we have (I) < co. Besides, for
the second term, we have (II) < 2E{r(z;, t)*} + 2E ([m(z;, s) — {A(A*A) g, }(x;)]*) < oo by inequality a?b? <
(a* + b*)/2 and assumption 4.11. Thus, we have E({U (w;, y;, t) — 7(z;, )/f}[ (wi,8) — {A(A*A)"tg  Hm)])? —
E({U (w;, yi, t) Hm(zi, s) — {A(A*A)~tgs}(x:)])? as n — oo. Therefore, the first term of 7}, (s, t) converges weakly to
G(s,t)in L2{T x T, x u} by Lemma D.15, where G(s, t) is defined Theorem 4.12.

Besides, we need to prove E [{r(X,t) — A(A*A)~!r(X,t)}m(X, s)] < oc. In fact, we only proof E [r(X, t)m(X, s)] <
oo and E [(A*A) 1 A*r(X,t) - m(X, s)] < oo.
For E[|r(X, t)m(X, s)|], we have

1/2 1/2
E{[r(X, t)m(X, s)[} < [Ir(X, t)||£/2{F(x)} - [Im(X, S)”L/2{F(;c)}

1/2 1/2
< (X, )52 - Im (X ) ey
where the last inequality follows from (21) by assumption C.3. Since ||r(X,t)||x, < oo and the selected weight function
m satisfies ||m(X, s)| z2(r(z)} < 00, we have E{|r(X,t)m(X, s)|} < oc.
For E| [(A*A)7'A*r(X,t) - m(X, s)|], we have

B[ [(A"A)7 A (X ) - m(X, 5)|] = E[{(A"A) T A"r(X, ) }E{m(X, 5)|W}]
< C-E{|(ATA) 7 ATr(X 1))}
< C- (AT A) AT (X )
where the second inequality follows from assumption 4.9 and the last inequality follows from (21) by assumption C.3. Since
(A*A)~1A*r(X,t) € Hw, we have E [{(A*A) 1 A*r(X, 1)}m(X, s)] < occ.

Therefore, the second term of T}, (s, ) converges weakly to u(X,s,t) := E [{r(X,t) — (A*A) "1 A*r(X,t)}m(X,s)].
By Slutsky’s theorem, we have T}, (s, t) converges weakly to G(s,t) + u(X, s,t) in L2{T x T, x p} under H$, with
a=1/2. O

Corollary 4.16. Suppose assumptions in Theorem 4.12 hold. If p(y, t) is continuous with respect to t for each y, then ﬁ%m
is weakly convergent to maxcT fT |G(s,t)|[?du(s) under Hy, as n, K — oo. Besides, conditional on the original sample
{yi, wi, x;}j,, the bootstrapped statistics (8) is also weakly convergent to the max;c7 [ |G(s,t)|*dpu(s).

Proof. (i). ﬁw m is weakly convergent to max;c7 [ |G(s,t)|*dpu(s).

We denote X,(t) = [ {Tn(s )} du(s) and X, (t) weakly converges to X (¢ = [-IG(s (s,t)]>du(s). Since
integral of the Gauss1an process G(s,t) still a Gaussian process with respect to t, we can obtain the variance
[ [Var{n(X, WY, s, )}> du(s). Besides, for the Gaussian process, X (¢) is continuous in probability if and only if
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its mean and variance are continuous following (Seeger, 2004). Since ¢(y,t) is continuous with respect to ¢, the vari-
ance is continuous. Therefore, X (¢) is continuous in probability. Assume that we obtains the maximum value at ¢, i.e.
maxer X (t) = X (to). Since the process X () is continuous in probability, we have that, for any € > 0, there exists J such
that as long as |t — to| < 0, P(| X (t) — X (to)| > &/3) < e.

Since {t1,...,tx } are evaluated at a grid of equidistant indices, for any ty € 7, we have limg _, o ming [to — tx| =
0. That means, for any 6 > 0, there exists Ky, such that as long as K > K, there exists {;, with 1 < k < K,
[tk — to| < 6. Further, for any finite t1, ..., tx, denote Tx = {k : X (tx) = maxj<x X(¢;)} and set &y := X (tx,) —
X (tx,), where ty, € Tx and X (ty,) := argmaxy,¢7;, X (t;). For such K, there exists N, such that when n > N,
P[| X, (te) — X (tr)| > min{e/3,00/2}] < 5% for any k < K. Therefore, for any € > 0, there exists K > Kj such that
ming< g |tx — to| < d, and N such that for any n > Nk, we have:

P(|max Xn(te) — X(to)| > &) < P(|max Xy (te) — Xn(ti,)| > 2/3)

+ P([ X0 (o) — X (tho)| > €/3) + P(I X (tk,) — X (o) > €/3)
< &+ Pl max Xo (te) — Xa(te)| > £/3) + P(X (t,) = X (to)] > ¢/3).

For P(| maxx<x Xn(tr) — Xn(te, )| > €/3), we have:
P(] inga;({Xn(tk) — Xn(ty)| > €/3) < P(gléa;éXn(tk) # Xn(tko))

< P{3t; ¢ Tic, max Xu(t) = Xa(t)}

< Z ]P){gia;((Xn(tk) = Xn(tj)}

i<k S
= > P{Xn(t;) = X(t;) + X (t;) — X(tr,) + X (thy) — Xn(tr,) > 0}
<N P{X(t;) — X () + X (tky) — Xn(tey) > 0o}

i<k

< D [P{IXa(ts) = X(8)] > 60/2} + P{IXn(thy) — X (tre)| > 60/2}]
J<K

Denote k' := arg ming< g |tx — to|- Then for P(| X (tx,) — X (to)| > €/3), we have:
P(| X (tk,) — X(to)| > €/3) = P{X(to) — X (tr,) > /3}
= P{X(to) — X(lfk/) + X(t}c/) - X(tko) > 8/3}
< P{X(to) — X(tk/) > 6/3} <e.
Combining these results together, we have lim,, o im g, o0 maxg< g Xp (tx) =g maxier X (1).
(ii). Bootstrapped statistics (8) is also weakly convergent to the max;c7 [ |G(s, t)[2du(s).
By Theorem 2.9.2 of (Wellner et al., 2013), T (s, t) = ﬁ S wfﬁ(wi, yi, t)m(x;, s) is weakly convergent to G(s, t)
conditional the original sample. Applying the continuous mapping theorem, | |ffj(s, t)|2du(s) is weakly convergent to

J|G(s,t)|?du(s). Using the proof in (i) again, we can obtain that Ebtp,m = maxye(x] [+ T (s, t1)|2du(s) is weakly
convergent to maxie7 [ |G(s,t)|*du(s), conditional the original sample. O

D.5. Auxiliary lemmas

We provide some auxiliary lemmas needed for the theoretical analysis above.

Lemma D.10 (Lemma 2.5 of (Beyhum et al., 2024)). Let (W, ||-|lw) and (X, ||-||x) be two Hilbert spaces and A : W — X
be a linear compact operator with singular value decomposition given by (A, on, n) 25, || - ng be operator norm. Let

I : W — W be the identity operator. For each A > 0, we have the following results:
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(a)
AN + A*A) L A", < 1.
(b)
A 4+ A*A)Hjop < 2.
(c) .
M+ A*A) LA |op = |AOT + A*A) o, < ——.
(¢ ) llop = IIA( )" lop 2N

(d) Foranyy > 0and g € W such that ||g||2 := > )\;27|<g, ©i)|? < oo, there holds:

AT + 4% 4) gl = 0 {A=52

Lemma D.11. If H°(w,t) is the least norm solution to the linear inverse problem and satisfies assumption D.2 (b), then the
solution to the Tikhonov regularization H*(w, t) satisfies that:

H*w,t) — HO(w, t)||3, < O, {\™n@:2)1
Hw P

Proof. For the operator A : Hy — Hx defined in (24), its singular value decomposition given by (A, ¥n, ¢n) 2.
Thus, we have HY = > (Ht,goj)ywcpj Besides, according to Aw,, = A\, ¢, and A*¢,, = \,p,, we have H} =

(A*A+ N)7TA* f = > ,\z+>\<Ht750j>HW<PJ Thus, we have

2
2

22
B, 1) — HO(w, ), = |3 (AQ;A - 1) HY, 5} 00
j J
2
0
_Z{<)\2+/\ 1) <Ht7<Pj>Hw}
=2 NAECHD, o)
= 2 26
- (A7 +A)? A7
AW |(H, |2
J t 790] Hw
< sup <A§+A> 2 oW
Applying assumption D.2 (b) for § > 2, and the maximum singular value of the operator equals || Ao, < oo, we have

2 2
)\)\9 )\9
2 < N2aup)20—4 _ 2y
sup <A2+)\> =A bup ()\2—1—)\) <A bl;p)\j O(\%)

For 0 < 0 < 2, we define x = )\f and f(z) = (w - /\)Z Noted that f(x) is maximized (by using the first order condition) at
x = \0(2 — §)~L. Thus, the maximum value of f(x) is

Hw

xa)\z - )\9 99(2 _ 9)2—9
(x+N)? —

<0o\9).

The proof is complete. O

Lemma D.12 (Lemma 12 of (Mastouri et al., 2021)). Suppose assumptions C.2 and C.3 hold for constants cy and K,
respectively. Define UJ% and o* as follows:

o} =E{e(Y,)ox (X1}, ok = E{llox (X)|*|l¢w (W)I*}-
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For A, f defined in Eq.(24), and A* in (28), the estimates g, fgiven by (26) satisfy the following properties with probability
at least 1 — 0:

~ 2cy k3 log(2/6 207 10g(2/9) 1
B = bl < 20 EC) TP o, ()
-~ 25 log(2/6 202 log(2/6 1
A= Al < 208 RIS g ()

~ 2k510g(2/9) 202 1og(2/6) 1
A* _A* o < A _ - )
40— A% < AR o ()

Lemma D.13 (Lemma 13 of (Mastouri et al., 2021)). Suppose assumptions C.2 and C.3 hold. For A, A* defined respectively
in (24) and (28), the estimates A given by (26) satisfies:

e 1

1A 44 =0, (2 ).
Lemma D.14 (Lemma 2.4 of (Beyhum et al., 2024)). For random variables X, W, let m(-) be the function such that
E[m(X)|W] is bounded. Besides, we denote F as a class of functions of W such that fol Ve, F - Ne2qpew)y)de < oo.

IFI(F = fo)mll 2 (e = 0p(1) and B(f € F) — 1, then

V(B = B){(f ~ fo)m} = 0,(1).
Lemma D.15 (Lemma 2.1 of (Li et al., 2003)). Let Z1(-),- - , Zn(-) be independent and identically distributed zero mean
random elements on L?(S,v) such that E{||ZZ-(~)||%2(57V)} :=E{[, Z2(s)dv(s)}. Here, L*(S,v) is square integrable

function space with respect to the measure v. Then n~/? i1 Zi(+) converges weakly to a zero mean Gaussian process
with the covariance function given by Q(s, s') = E{Z;(s)Z;(s")}.

Lemma D.16. For operators A and A and their adjoint A* and A\*, we have the following transformation:

A+ A A)™F — (AT 4+ A*A) ™1 = (AT + A*A) "L (A*A — A A)(N + A*A)~L.

Proof.

M+ A*A) = (M +AA) =T - (M 4+AA) " — (M + A AT

( A)”
(A + A*A) V(AL + A*A)N + A*A)~" — (AT + A*A) V(AT + A*A) (A + A*A)~!
( A)”
( A)”

A + A*A) (M + A*A) — (A + A*A)}(MI + A*A)~!
A + A*A)"H(A*A — A*A) (M4 A*A) L

Lemma D.17. Suppose that assumptions C.2, C.3, and D.2 hold. The PMCR estimator HX (w, t) satisfies

H 1 1 mino,
1 (w, ) = HO(w, 8)[l30 = Op { +— +)\5“)}.
Vol o nA

In particular, if assumption 4.10 holds, we have | H*(w,t) — H(w, t) 120 = 0p(1).
Proof. We first decompose the estimation bias into two parts:
VA () — HO(w, )l < 1B (w,6) = H M, )l + 1 (0,6) — HO(w,6) -
We first consider || H*(w, t) — H*(w, t)|/3,, . In fact, following the decomposition (37), we have
HMw, t) — HN(w,t) = Gy + G2 + G5 + Gy,
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where G, G2, G3, G4 are defined in (38)-(41). For G, we can apply Lemma D.10 (c) to have ||(A + A*A) 71 A*||,, =
O, (1/v/X). Besides, according to (43), we have [|b; — EH?HHW = O,(1/+/n). Combining these together, we get

* — * N n 1
(Gl < NAT+ A" ) A g [ = Ay =0, ().

For G2, we apply Lemma D.10 (b) to obtain that [|(A] + A*A)7!|op, = O,(1/)). Besides, according to (43) and
Lemma D.12, we have ||b; — AH? |31, = Op(1/y/n) and ||A* — A*||op, = Op(1/y/n). Combining these inequalities
together, we have:

* — Tk * N N 1
(Gl < NOT+ A ) o 13" = Ao B2 — A = 0, ()
For G3, we have:
[Gsllztw < MO+ A" A)™ = (M + AT A)HA o - [be = AHY [y
= ||(AT 4+ A*A)"TA* — (A + A*A) VA" — (M + A" A) " (A" = A% |lop - Iy — AH? |74
<AL+ A*A) AT — (AT + ATA) A op - [y — AHY |34y,
+ IO+ A" A) op - 14" = A%lop - 1br = AHY |34y,
Since A and A are compact operators, we can apply Lemma D.10 (b), (c) to obtain that [[(AT + /T*E)_lg* — (M +

A*A)TLA|op = O,(1/A) and ||(M + A*A)~Y|op = Op(1/X). Besides, according to (43) and Lemma D.12 , we have
lor — AH?||3y = Op(1/4/n) and ||A* — A*||op = O,(1/4/n). Combining all the inequalities, we get

1 1
(Gallw =0, (5 ) + 00 ()

For G4, we have:

|Gallpey = [|(M + A*A)"LA* AH? — (A + A* A) " A*AH |30,
WA + A A) A A — A AV + A A) " H a0,
= AT + A*A) A% (A — A) + (A" — AYAMN + A*A) " HY||5,,
< IANAT + A*A) 1A*(A — AN+ A*A) " HY |3
+ AT + A*A) "L (A* — A AN 4+ A*A) " H 34,
< L+ A*A) A op - (|4 = Allop - NN + A" A)Hlop - [|H 34,y
+ AT + A A) op - [|A* = A%llop - AN + A" A)Hlop - [|H 341y
where (1) follows from:
(M + A*A) "V A* AH? — (A + A*A) "' A* AH?
- [(AHE*E) {(M+A* ) — )\I} (M + A*A)" [\ + A" A )—)\I}] HO
=\ {()J FATA)T - (M + 2*2)—1} HO
=AM 4+ A*A)H{A*A — A* AV + A*A)VHO.
Since A and A are compact operators, we can apply Lemma D.10 (b) (c) to obtain that ||(AI 4+ E*j)—lﬁ* lopOp(1/VX),

AL + A*A) LA lop = Op(1/VA), MM + A*A) 7 |op < A + A*A)"1|op < 2. Besides, according to
Lemma D.12, we have ||A* — A*||op = |4 — Allop = Op(l/f). Combmmg all the inequalities, we get:

1
G =0, | — ).
(Gl =0, (1 )
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Combining these results for G to G4, we have

BN ) A _ L
I 0.) = 0 Ol = 0y (5 + ).

Next, we consider || H*(w,t) — H°(w, ), . By assumption D.2, we can employ Lemma D.11 to obtain that:
| EAw, 1) = HO(w, 1) 2, = O, (V52)).

Thus, we have

~ 1 1 min(6,2)
H*w,t) — H(w,t =0py——+—+A 2 ;.
I w.) = HO Dl = Op { e+ #2752 |

By assumption 4.10, we have nA — oo and A — 0, which gives HFAIA(w, t) — Ho(w, t) |3 = 0p(1).
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E. Existence of solutions with two proxies
E.1. Proof of Theorem 6.3

Theorem 6.3. Suppose assumptions 6.1, 6.2 hold. For any h(w, y) that satisfies (1), Hy holds if and only if h(w, y) also
satisfies the integral equation (10) for any fixed x.

Proof. Suppose h(w, y) satisfies p(y|z) = [ h(w,y)p(w|z)dw. Under Hy, we have X L (W,Y)|U, which leads to:

/ p(ylu)p(ulz)du = p(ylz) = / h(w, y)p(uwle)dw

= [{ [ ntw.pwtulgao sty

By the completeness in assumption 6.1, h(w, y) solves the following integral equation for all (u, y).

p(yl) = / h(w, y)p(wlu)duw.

Since Hl holds, we have Y L (Z, X)|U. Therefore, for any fixed z, taking expectation over p(u|z, z) on both sides, we
have:

polzv0) = [ ploluplalz,z)du = | { / h<w7y>p<wu>dw}p<u|z,x>du © [ hw.ppptulz 2w,

where “(1)”isdue to W L (Z, X)|U. That means, h(w, y) solves the integral equation (10). To prove the contrary, note
that if h(w,y) (1) satisfies (10), by W L (Z, X)|U and Y L Z|(U, X ), we have

/ p(ylu, 2)p(ulz, 5)du = p(y|2, )

= /h(w, y)p(wl|z, z)dw

-/ { / h(w,wp(wm)dw}p<u|z,x>du.

By the completeness condition in assumption 6.2, we obtain
polu.a) = [ bw,y)plolu)de.
Since the right side of the equation is independent of x, we get p(y|u, x) = p(y|u), and thus H° holds. O

E.2. Discussions of causal inference and causal discovery

In this section, we explore the distinction between causal discovery and causal inference, focusing on why the causal relation
cannot be identified solely through the causal effect. We begin by presenting a counter-example that demonstrates that even
when the intervention distribution for each z is identical, the independence X | Y'|U may still fail to hold. Following this,
we provide an in-depth discussion of the differences between causal inference and causal discovery.

We first introduce the notations. For any discrete variables X,Y,Z with k categories, we denote P(X) :=
T

{p(@1), . p(zi)}  PYIX) = {p(yile;}ij and P(Y = y|X, Z) = {p(y|wi, 2;}i 5.

Example E.1. Suppose U, X,Y are binary, and the causal diagram over (U, X,Y)isU — X,U - Y, X — Y. The

conditional probability matrices P(U), P(X |U),P(Y|X,U) are given by:

0.4 0.2 04 0.5 0.1
PU) = (0.6) » PXIU) = (0.8 0.6> P = 01X, U) = (0.2 0.3) '
By the definition, we know X A Y|U. However, the intervention distribution is the same, i.e., P{y|do(X = 0)} =
P{y|do(X = 1)} for any y.
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Proof. According to the backdoor formula, we have

P{Y =yldo(X =x)} = Y PY =ylU=uX=2)P(U =u).
ue{0,1}

Plugging P(Y = 0| X, U) into the formula, we have:

P{Y = 0]do(X =0)} = 0.5 x 0.4+ 0.1 x 0.6 = 0.26
P{Y =0|do(X =1)} =0.2 x 04+ 0.3 x 0.6 = 0.26
P{Y =1|do(X =0)} = 0.5 x0.44+0.9 x 0.6 =0.74
P{Y =1|do(X =1)} = 0.8 x 0.4+ 0.7 x 0.6 = 0.74,
which implies intervention distributions are equal. However, through data generation, we know X I Y'|U. O

Next, we will verify that in this example, P(Y = y|X =) # > P(Y = y|U = v)P(U = u|X = z), which implies the
example contradicts our assumption that there is no solution in (1) under H;. To this end, we need to obtain probability
matrix P(Y]X),P(Y|U), and P(U|X). First, by P(U) and P(X|U), we can get the probability matrix P(X) and P(U|X).

_ (0.2 04\ (0.4) [0.32 (025 8/17
P(X) = P(X|U)P(U) = <0.8 0.6) (0.6) o (0.68) PUIX) = (0.75 9/17) '
Besides, we calculate the probability of P(y|z) for any y, 2. According to the Bayesian formula, we have

P(Y =y|X =2)=> PY =y|X =2,U =u)P(U =ulX =x1)

P(X =z|U = w)P(U = u)
P(X =x) '

=Y PY =y|X =2,U=u)

Therefore, we have
_ (0.2 43/170
P(Y|X) = (0.8 127/170) )

According to the Bayesian formula, we have

PY =ylU=u)=)Y PY =y|X =2,U=uP(X =z|U = u).

Therefore, we have
0.26 0.22
PY|U) = (0.74 O.78> ’

Thus, we can verify
P(Y =0/X=0)=0.2+#0.23 =0.26 x 0.25 + 0.22 x 0.75 = ZIP’(Y =0|U = u)P(U = u|X =0)

43 203 8 9
P(Y=0X=1)=—#—=026x —+022x — = P(Y =0|U =u)P(U =u|lX =1
(V = 0X = 1) = 125 # 555 = 0:26 X 17 4022 x 17 = SP(Y = 0 = wlP(U = ulX = 1)

P(Y =1]X=0)=08#064=022x025+078x0.75=Y P(Y =1|U =u)P(U =ulX =0)

127 439 8 9
P(Y=1X=1)= —- # — =022 X — +0.78 x

170 7 850 17 7= S PY =1|U =u)P(U = ulX = 1).
u

More discussions about casual discovery and causal inference. Causal inference and causal discovery address funda-
mentally different problems (Guo et al., 2020). Causal inference focuses on quantifying the effects of interventions, often

48



Bivariate Causal Discovery with Proxy Variables: Integral Solving and Beyond

requiring strong assumptions and additional information to ensure accurate estimation. In contrast, causal discovery aims to
uncover the underlying causal structure, emphasizing the identification of causal relationships rather than their magnitudes.

It may not be feasible to infer the causal relationship from the causal effect. One key reason is that the inference is often
complicated by noise in the estimates, making it hard to determine whether a nonzero effect arises from an actual causal
relationship or random noise perturbing the estimation. Even if we can estimate a confidence interval for the effect at
each treatment value (Robins, 1988; Robins et al., 2003; Calonico et al., 2018; Colangelo & Lee, 2020), there are no valid
statistics to determine whether the relation exists. Moreover, as shown in the previous example, a causal effect of zero does
not necessarily imply the existence of the causal relation. Additionally, estimating causal effects often requires satisfying
other conditions. For example, proximal causal inference depends on additional completeness assumptions (Miao et al.,
2018; Mastouri et al., 2021). In our scenario, such conditions are assumed on Z|X, W (i.e., for any square-integrable
function g, E{g(z)|z, w} = 0 almost surely if and only if g(z) = 0 almost surely) and {X, W}|{X, Z} (Mastouri et al.,
2021).

E.3. Proof of Proposition 5.1 and example 5.3

We first prove Proposition 5.1.

Proposition E.2. We consider the linear Gaussian generation mechanism:

U~ N (0,1)
X =ag+ayU+N(0,1)
W = 8o+ BuU +N(0,1)
Y =v +vwU+7xX +ywW +N(0,1).

When yw = 0, as long as |vx| > |B‘+\F where A =14 —& —|— ﬁ2 + + ﬁ2 , B = ZJ—UU + oi?gg + 2’1”7“ and

aﬁ2

A= (HQUJrii])B(;JraUJWU) the integration equation (1) has no solution. Further; if |yw| > %, where
C=1-~%/B%and D = auBU + ’yX+ WX—i— =, (1) has a solution.
Proof. Based on the data generation structure, we can obtain joint distribution

U 0 1 ay ﬂU COV(U, Y)

X N oo ay 1+ a3 ay Bu Cov(X,Y)

w Bo ’ Bu ay By 1+ 8%  Cov(W,Y) ’

Y Yo +vx a0 +w o Cov(U,Y) Cov(X,Y) Cov(W.Y)  Var(Y)

where covariance Cov(U,Y), Cov(X,Y"), Cov(W,Y") and Var(Y') are respectively

Cov(U,Y) =y +yxav +ywhu

Cov(X,Y) = ay (v +ywbBu +vxav) + 7x

Cov(W,Y) = Bu (yv + avyx +ywbu) +w
Var(Y) = (W + vxav +ywbu)* + v + v + 1.

We can therefore derive the explicit form of the conditional distributions p(w|z) and p(y|z):

B COV(VV, X) COV2(VV7X)
WX ==z NN{,UW + W(CE — px ), Var(W) (1 - Var(X) ~Var(W)>}

WX WX
NN{le T4pg UW|X}

B Cov(Y, X) COVQ(Y, X)
YX=x N./\/{MY + VT(X)@C — pix), Var(Y) (1 - VM(X)VM(Y))}

YIX
NN{HX' v+ g~ UY|X}
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WX WX Y|X X
where 1 ! s Ko | O'WIX,[LX‘ ,,uol and O'%,‘X are defined as follows
wix _ (XUBU
Hx 1+a
W\X = By — OéoaUﬁU
1+a
_ OéUBU)
C’W|X =1+~ 1+aZ
Y|X _ @U(’YU+’YW/6U+’YXO¢U)+VX
Bx - 1—0—04?]
YIX _ _ _ aav(utywButyxav)t+aoyx
Ho =70 1+
_ 2 2 2 (au(vu+7wﬁu+7xau)+7X)
0Y|X = (w +vxay +ywhu)* +vx +viy +1— oz

By applying Lemma B .4, the solution of (1) is given by:

Y|X Y|IX WX, WIX Y|X, WX
1 y—(uo —Hx po /px )—ux [x " w

o G o G2 U o (0 o ()

where ¢ is the standard normal distribution’s probability density function (pdf).

h(wvy) =

For h(w,y) to be meaningful, we need U%,lX — (M?X) UW|X/ ( W\X> > 0, which implies

2 2 2 2a 1 2 1 a
—%;—(WJF U+ U27U>7X—<1+2 =t U)
ﬁU ay aUﬁ 5U ay U BU

(54)

1 ﬁU)
—2 + 24+ 9 > 0.
(OéUﬁU Bu W Bu w
We discuss the following two cases: (i) X = Y (yx ZQand W A Y (yw =0); (i) X - Y (yx #0)and W A Y
(yw = 0).
1. 0.4 7& 077W =0.
We first rewrite (54) as:
2
gl (27U 2vu 2amy) ( 12 1 U)
- U (=4 + Yx—(1+ = + = + + > 0.
B ay  auf Bt of By oFBE B X
C B A

Noting that this is a quadratic function, we can get its discriminant

4(1+ag +07) (1+af +17)

> 0.
a B

A := B2 —4AC =

Besides, we can find 1 + = + Bz + 3 Bz

always positive and opens downward. When ~x satisfies ’B;;“/Z < yx < 732’14&, (1) will have a solution. When
yx > _BZ_A‘/Z orvx < _B;;“/Z, (1) will have no solution.

2
+ Bé’ > 0. Therefore, this is a quadratic function whose discriminant is
U

2vu
ay +

Without loss of generality, we consider the case where oy and y have the same sign. First, we can find B = —(

;{752 + 20‘UW) < O'since 8% > 0. Thus, we have | — B — V/A| < | — B + v/A|. Thus, when |yx| > B+\F , (D) will

have no solutlon. If a7 and yy have the different sign, we have B = (2635 + ;752 + 2aﬁU’YU) < 0 since BU > 0. Thus,
U U

we have | — B — V/A| > | — B +V/A|. Thus, when |yx| > =2~
|B\+\F

‘/Z, (1) will have no solution.

Combining the two cases, we can obtain that as long as |yx| > , the integration equation (1) has no solution.
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2. vx #0,9w #0.
We consider the case |yx| > % under a7y > 0, since (1) have no solution. We can rewrite (54) as
2

Yx au Bu 2vu 2vu 200 YU 2 1 o 2
2 + X X +—)v <1———<—+ + 1+—+—+ +Z
(aUﬁU Bu ! XTs g2 \av "aupr T Bz )7 gz "z B

Thus, if az)éu + VX + 'YX + 'YU < 0, we can obtain that (1) may still have a solution, as long as

ayBE

2
PYW>1_;%_<2’YU+ 2’YU +2aBU’YU),yX_(1+ 2+52+a52+ )'7%(
2 (2

+aUVX+@7x+ )

aUﬂU

We find that if — 7X + aU Cyx + —'yX + 7” < 0, the right-hand side of the above inequality is positive. That means, as
long as |y | is sufﬁc1ently large, the solutlon to (1) will still exist when |yx| > =£ “/».

If 25 + 34x + f’yx + 4= > 0, we can obtain (1) may still have a solution, as long as

2
_%_(%+a?52+2aU7U)VX_<I+ ,6’2+a ,32+ )’Y%{
W< X + ’
v Bu 'YX"' 'YX+

We find that if ;25— + FZyx + @'yx + 3% > 0, the right-hand side is negative. That also means, as long as [yw| is

sufficiently large, the SO]UthI’l to (1) will st111 exist when |yx| > Bz%ﬁ.
If aU’yU < 0, the proof is similar. Besides, in the above cases, as long as |y | > Ww with D := OZ’EU +
’YX + Vx + (1) has a solution. 0

Remark E.3. If vx = yw = 0, (54) will become 1 — g—’z’ > 0. This means that if the strength between W — U is greater
U

than the confounder strength between W — U, (1) will have a solution under HO. Otherwise, similar to the case when
vx # 0, if the effect of W on Y is strong enough (i.e., |yw|), the solution exists again. Specifically, if yx = 0,y # 0,

(54) will become 1 — 7—“ - 27" yw > 0. If — 2 yw is large enough, (1) still have a solution. If we vy /8y > 0, we need
~Yw to be as negative as p0551ble, ifyy /By < 0, we need 7y to be as positive as possible.

Next, we prove the claims in example 5.3. We show that as long as the coefficient of W — Y is strong enough in
example 5.3, the solution of the integral equation p(y|z) = [ h(w,y)p (w|x)dw exists. As an explanation, we will show
that a key condition in Picard’s theorem B.2 holds, namely, the series >~ ; A ?|(p(y|z), ¢,,)|* converges.

To compute the series, we need the singular value decomposition of the operator 7' : L2{F(w)} — L2{F(z)}, where
Th = E{h(W,y)|z} = p(y|z) for all (z,y). Based on the data-generating process in example 5.3, both L2{F(w)} and
L?{F(z)} are square-integrable spaces with respect to the standard Gaussian measure. For such spaces, (Carrasco et al.,
2007) derived the form of the eigenvectors ¢,,, as stated in Lemma E.4. As this result builds upon the concept of generalized
Hermite polynomials, we include a brief introduction to facilitate understanding.

We first introduce the concept of Hermite polynomial, which is defined in the square-integrable function space with respect
to the standard Gaussian measure. Specifically, we say that a function f : R — R is square integrable w.r.t. the standard
Gaussian measure v = e~ /2 /v/2 if By pr0.0){f2(2)} < 0o. We denote by £2(R) the space of all such functions,
whose basis functions are characterized by probabilist’s Hermite polynomials

gy dF s
Hey (x) == (—1)ke"™/2 e/,

The first three Hermite polynomials are Heg(z) = 1,Hej(x) = x,Hea(z) = 22 — 1. Let hey(z) := Hf}“&r) denote the

normalized Hermite polynomials, which form a complete orthonormal basis in £2(R). Thus, the Hermite expansion of a
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function f € £L?(R) is given by

2) =Y g1 (Hher—1(x), pr—1(f) = Exono.n){f(X)her—1(X)}.
k=1

Indeed, Hermite polynomials can be equivalently defined by identifying e®t—t"/2 = o He"(m) t*. We can define the
generalized Hermite polynomials H,, (x,y) as those that satisfy

ctrt® | e tk

e.,t+Jt — k' (J} y)
k=0
In the case when y = —1, we have H,,(z, —1/2) = He,, (z). Generally, the generalized Hermite polynomials H, (z, y) is
related to the Hermite canonical form Hen(x) as the following way:
Hy(z,y) = i*(2y) EHe, ( —= ) . (55)
’ iv2y

We are now ready to introduce the eigenvalue system of the operator 7" : £2(W) — £2(X) derived by (Carrasco et al.,
2007).

Lemma E.4 ((Carrasco et al., 2007)). Let T : L2(W) — L3(X),Tf = E{f(W)|X = -}, where L2() is square
integrable space with respect to the standard Gaussian measure, i.e., (W, X) is jointly Gaussian with zero mean, unit
variance, and correlation py x. We have T is a self-adjoint operator, and the eigenvalue system for T is given by
@j(w) = he;(w), ¢j(x) = he;j(x), \; = piy x, where pw x is the correlation coefficient between W and X and he; is the
normalized Hermite polynomials.

Now we prove the result in example 5.3.

Example E.5. Suppose that X, Y, U, W satisfy the linear Gaussian model, i.e. U = ey, X = 2U +ex, W = =2U +
ew,Y = X+ U +ywW + ey, where ey, ey, ew, ex ~ N(0,1). The integral equation (1) has a solution if and only if
Yw %%g ~ 0.61. Besides, when vy > 712‘1%%?‘[[, the series >~ A 2[(p(y|z), ¢ | converges.

Proof. We first show that even under H;, the integral equation p(y|z) = [ h(w,y)p(w|z)dw has a solution when the
coefficient vy is large enough. Specifically, since X and W are normalized, based on the data generation structure, we have

2 2 2 2

U 0 1 ﬁ 7% *ﬁ’YW‘Fl‘Fﬁ

2 1 _4 _é,y 414+ 2

A RS % ; ’ B

w 0]’ ~7 -3 1 w = 2(2+V5),
Y 0

2 2 4 2 4_ 2 2_ 4 4
—Fw A+ Z —pw I+ Z w-5- % w52+ Vhw +3+ 5
We can therefore derive the explicit form of the conditional distributions p(w|x) and p(y|x):

Cov(W, X) Cov?(W, X)
CVar(X) Var(X) ~Var(W)) }

4 9
NN (—511, 25) )

vix = f+ X ), Var(y) (1 - et

W|X:a:~/\/{uw—|— (x — px), Var(W) (1_

Var(X) Var(X) - Var(Y)
4 2 9 6
~ _= 14+ = h 2 56
N{( 5wt +\/5> ) 527 5\fvw+ } (56)
By applying Lemma B.4, the solution of (1) is given by:
h(w, y) : ¢ y_<7W+2f 5)w (57)
w,y) =
p 9+2v/5 3 9v5
\/%Wﬂ-%—%‘{f 02w + 1% — 55
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For h(w, y) to be meaningful, we need %'yw + 1 f > 0, which implies vy > _7121"’1%?‘[[ ~ 0.61.

Next, we need to verify the conditions for the series in Picard’s theorem B.2, which requires proving that

TS, dn) 2 < +oo for the singular system (A, @i, $,),52] associated with the compact operator Th = f.
In our data generation process, operator T' : L2(W, ) — L2(X, ) satisfies Th = E{h(W, y)|z} = p(y|z) for all (z,y)
and is characterized by the integral kernel (12). Thus, by Lemma E.4, we have T : £2(W, ) — £2(X,~) is a self-adjoint
operator and the eigenvalue system of operator 1" is given by ¢, (w) = he;(w), ¢;(z) = heJ( x),\j = ply x, where py x
is the correlation coefficient between W and X and he; is the normalized Hermite polynomials. Thus, we show that as long

as yw > %@, the following series converges, which can explain why the solution may exist under Hj:

Z| pylz), hen (2))”
271 .

Let
I = (ko) hew(@)) = <= [ ploloibe,(o)e 2o = —— [ plala)He, (2)e = 2do.

We will use the generating function method to derive the analytic form of integrals. By equation (6) in (Babusci et al., 2012),
we have: , ,
/Hn(ax + b, m)e—cwz‘f‘a”’dx - :;g exXp (Zéc) Hy <b + %7 m+ ZC) .

Let pu:= —3yw + 1+ % and 0?2 := %72 — %/gWW + £. By (56), we can obtain

2

Yy 2 2
Y Y R el G =2 - &
= 202 z=/2 1) € * 7
L \/ﬁ/ Nk Hy(z)e™ " /Pda oy H, (x,—1/2)dx
where (1) follows from H,,(z, —1/2) = He, (z) by (55). By takinga = 1,b =0,c = 0222_;2 o= B andm = —1/2, we
have:
- e
2mnl(o? + p?) o2+ p?’ 2(0% 4 u?)

We consider the case when p # 0 and = 0.
1. When p # 0.
By (55) we have

2 2 5 _HY
[P S B (_M> He, | 70 _
2rnl(o? + p?) 0%+ p? /==
1 31,2
o<+u

1 T p
= (—=1)" (22) e2@®+iH He,, | ———————y | ¢ -
2mn!(o? + p?) o2+ PINCETE

Therefore, the series can be written as

o] 2 0 2 2

I —1)" 2 ot 1
Z(”) S Y g > (2“ 2) ST R G T )  E)
n=0 \Pwx o Py xV/2m(o? 4 p2) \o” + p vn! lulv/o? + p

According to equation (18.15.27) in (Olver, 2010), it is known that for fixed M = 0,1, 2...,

M-1
_ ) ket U, (T) COS Wy () 1
Ho(2) = An [Z e +O{<2n+1); }]

m=0

w3
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where H,(z) := (*1)“6962 d‘fc—"ne*“j is physicist’s Hermite polynomials, the coefficients w,,(z) are polynomials in z,

up(x) = 1,u1(z) = 1/623, wy m(z) = (2n + ez — 1(m+n)mand
L(n+1)/T (3n+1)  ifniseven,
An = T(n+2)/ {(2n+ )20 (3n+ g)} if n is odd.

By taking M = 1 and He,,(z) = 272 H,, (%), we have

n 1
Anei® 275\, ei% x O {}
(2n+1)2

w3

n 12 1
He,(z) =272 \,e1” [coswmm(ji) + 0 {WH <92

_nyq 1,2
<272ty ex®,

Since each term in the series Y- I2 is positive, its odd-term series and even-term series are both positive term series. If

n=0"n
both subseries converge, then >_°7 12 also converges.

n=0"n

(i). Even term series. By Stirling’s approximation n! ~ v/2mn (2)", we have:

S NI ONCIMORLEION

n

1:2
Thus, we can obtain He,, (z) < 251 (%) ? e'7 for large values of n even. Then for even n, we have

He,, (z)He, () _ 23 o2 /2

n! 2mn

2 2 n 3
() 5 |merem | ] ™ =
Py x 2m(0? + p2) Py x (02 + p?) 2mn

J,. By the ratio test, we can obtain:

Thus, we have

We only need to prove the convergence of the series ) . ..en

1 { #2 }n+2 93 e_myz
li Jn+2 li 2m(o?+p?) p‘Z/VX (02+p2) \/27r(n+2)
ngrolo n o nggo 1 u? " 93 —mgﬂ
|:27T(<72+,u,2) {p%/vx(02+“2)} \/ﬂ} € I

2 2
= lim 5 = 1/ L
n—oo | piyx (02 +p?) n+2

This series absolutely converges if and only if

2
—_— <1,
Prx (0% + 112)
—154+36v5 2

which holds if and only if vy > 7211675

~ 0.61 by taking pu = —gyw + 1+ =, 0% = 5075 — = =7w + ¢ and
PWX = *%.

(ii). Odd term series. By Stirling’s approximation n! ~ v/2mn (%)n we have

L(n+2) 2r(n+1) (n+1\"" SUES g1\ T 2 pnp(ntl it
~ - _
Va1 T(3+3)  V2ntd e 2 % m+1 c
n+1 =
Thus, we can obtain Hey, () 2n2+1 2% (nzl) 2 eTz for large values of n odd. Then for odd n, we have
(n+ 1y Hen@Hen(®) (16(n+1) /2

(n+1)! ~Ye@n+1)rn+1)
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Thus, we have

2 [o'e] 2 2 9
( - > SZ 21 2 ( 2 'u2 2 ) ot 1 T In.
P x 2m(0? +p2) \piyx(0?+p?)) 2n+1 2w (n+1)

n=0

Again, we only need to show the convergence for the series > _, 44 /n- By the ratio test, we can obtain:

9 2
1 ( 2 )"+ 16(n+3) 1 6742(”5‘*'"'2)
2
Jn+2 2m (02 +p2) \ piy x (02 +12) 2n+5 2m(n+3)

li
1m Jn

n—00

2

n—oo 1 w2 n 16(n+1) 1 _%

{2#(024-#2) (p%VX(U'erpﬂ)) 2n+1 \/27T('n,+1) } e 2(0%+pu?)

i W > [2n+1)*(n+3)
=B 2 (02 + 12) 3

wXx H (2n+5)"(n+1)

. 2 o . . .
We can verify \/ 82182521‘3 = \/ AP f1on® H13n45. < 1 for positive integers. Thus, this sub-series of odd terms absolutely

converges if and only if

2

I3
- <1,
Py x (0% + p?)

which holds if and only if pyx = —%, we have vy > %%g ~ (.61, by taking 1 = —%’YW + 1+ % 0? =

9.2 4 6
35w ~ 5B W T 5

Combining two results, we know that when vy > %‘Z‘i}? ~ 0.61, the original series converges.
2. When p = 0.

Since p1 = 0, we have vy = 5+Z‘/5 > _71254:2%5 Thus, the distribution of p(y|x) becomes

YIX ==z ~N{0,116(29+4\/5)}.

Thus, if we define 02, := (29 + 41/5), we have

112

_ 42 2 e 202, 2
e 29%n H,(x)e ™ ?de = ————— [ He,(2)e™ ™ /2da.

1 1 }
V2l / V2mol 21/ 02, n!

L,

Following Lemma 2.6 of (Davis, 2024), the integral of the stretched Hermite polynomial .S,, = \/% [ He, (yz)e " 2dz is

only non-zero for even n and has the value S,, = (n — 1)!!(y2 — 1)"/2. We use the above results and take v = 1, we have
I,, = 0 for n > 1. Thus, the series is:

2 2
o) 2 2 —715 2 —7% 2
I Iy (1) e “con 2 (2) € “éon 1 -y
g <n"> :(0 > :(10)22W e " 2y = 122 27r:2 ¢ 7Zon < 00.
n=0 Pw x Pw x M0 ¢on T=0¢on TO0Gon

where (1) follows from Hep(z) = 1 and (2) follows from [ e 24y = \/2r. O

E.4. Proof of asymptotic properties with two proxies

Assumption E.6. We assume Ex {m (X, Z, s)|W} and Ex{|m(X, Z, s)|>|W} are uniformly bounded for all s.
Assumption E.7. For any s,t € T, E{U(W,Y,t)*|X} < oo and E(|m(X, Z,s) — {A(A*A)"1g, }(X)|*) < oo, where
9s(-) = Elm(X, Z, s)pw (W)](-)-

Assumption E.8. Let (\;, ¢;, ¢;); be the singular value decomposition of the operator A described in section C. Then we
assume: (a). For some 7 > 2, 3~ )\]-_2"|(gs, @j)#Hw|? < 003 (b) For some 6 > 2,3~ AP UHD, 05) a0 | < 0.
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Theorem 6.6. Denote 7,,(0,2) = UW.,Y,t) [{m(Zx,s)—{A(A*A) g} (X, z)|, where g.(-,z) :=
E{m(Z,z,s)pw(W)}(:) and O = (W, Z,Y, X). Suppose assumptions in Theorem 4.12 hold. If Asm. 6.1-6.2, and
E.6-E.8 hold, under Hy we have, (i). T\” (s,t) converges weakly to G(s,t) J[1G(s,0)|2du(s)du(t) < oo

where G(s,t) is a mean-zero Gaussian process with covariance 3{(s,t), (s',t )} = ]E{77S (O, x)nsl’t,(O x)}, where
O := (W', Z")Y', X') is an independent copy of O; (ii). AEP m converges weakly to max fT |G (s,t)[2du(s).
Proof. We need to replace the weight function m(z, s) with m(Z, z, s) over Z. By (36), we have

TP (s,t) = /nP {UW,Y,t)m(Z,x,s)} + (Expected risk difference) + (Empirical process) .

By Propositions D.3, for fixed z, we can obtain the empirical process

V(B = P){H (W, 1) — BNW, t)}m(Z, 2, 5)] = 0, (1).
By Propositions D.4, for fixed =, we have
VAR {(HO(W, 1) = MW, 0)m(Z,,5)} = - Z (wi, s D{AA A) g} (@) + 0p(1).
Therefore, combining all the inequalities, we have

T %) (s,1) fZU w;, Y, t) [m(z, zi, 8) — {A(A*A)flgs} (i, x)] + op(1).

Next, we apply Lemma D.15 to {U (ws, yi, t) [m(z, z;, s) — { A(A*A)~'g.} (z4,2)] }, to obtain T %) (s,t) converges
weakly to G(s,t) in £2{T x T, u x u}, where G(s, t) is a Gaussian process with zero-mean and covariance:

E{(S’ t)? (S/a t/)} = E{ﬁs,t(Wa z,Y, X, x)ﬁs,t(le Z/v Ylv Xl? JT)}
To show G(s, t) is zero-mean, noted that
E[UW,Y,t) {m(Z,z,s) — {A(A*A) " g, } (X, 2)]]
[UW, Y, tym(Z,z,s)] —E [UW,Y, t){A(A*A) " g }(X, z)]

E
E[m(Z, 2, s)E[UW,Y,1)|Z,2]] - E[E[UW,Y, )| X]{A(A"A) g, } (X, 2)]
0

where the last equation follows from (11) and (4).

Besides, by assumption E.7, we have Var(U(w;,y; t)[m(z,zi,s8) — {A(A*A) g, 2)]) =

E(U (w;, yi, t)[m(x, zi,s) — {A(A*A)"1gs}(z4,7)])? < oo for any (z,s,t). Therefore, by continuous mapping

theorem, we have AEPZ,)R converges weakly to max J1G(s,t)[2du(s). O
€

For power analysis, we define the global alternative H* and H$, (0 < o < 1/2) of (11), in terms of E{o(Y,t) —
H(W,t)|Z,«} for fixed x.
HI* . BE{o(Y,t) — H(W,t)|Z, 2} # 0 forsome t € T,

for any H € Hyy. For the local alternative H,, there exists H 0 ¢ Hw, such that

r(Z,x,t)

H : E{o(Y,0)|Z, 2} = E(HO(W,0)|Z.2} + 220 gy
n(){

where 0 < o < 1/2, and for any H, "Z28) cannot be written as E{H(-,t) — H°(-,t)| Z,x} for some t.

Theorem E.9. Suppose assumptions in Theorem 6.6 hold. Besides, we assume E{r(Z,x,t)*} < oo for fixed x and any t.
Then, we have:
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(i) Global alternative. lim,, .., max;cr |T,(LZ) (s5,t)| = oo for almost all s under HEX.
(ii) Local alternative (oo < 1/2). lim,,_,oc maxier |T7(1Z) (s,t)| = oo for almost all s under HS,,.
(iii) Local alternative (o = 1/2). 7% (s,t) converges weakly to G(s,t)+u(Z, X, x, s,t) in L2{T x T, i X u} under HS,,
where G(s,t) is defined in Theorem 6.6 and p(Z, X, x, s,t) :=E [{r(Z,z,t) — (A*A) L A*r(Z,z,t)}m(Z, x,s)].

Proof. The proof is similar to that of theorem 4.14, with the weight function m(X, s) replaced with m(Z, z, s). O
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F. Additional experiments

In this section, we evaluate our two-proxy procedure to a nonlinear setting, where W — Y and both W and Z begin
available. Similar to Fig. 5, the two-proxy method outperforms the single-proxy approach by leveraging information
provided from the additional proxy, i.e., NCE.

Data generation. We generate U following a normal distribution with mean 0 and variance 1, denoted by U ~ N(0, 1).
Similarly, we simulate W = —2sin(U) + ey and Z = 2sin(U) + £z. The treatment assignment mechanism follows
the generation process: X = 2sin(U) + ex. Under the alternative hypothesis X £ Y|U, the outcome is generated
from Y = X + sin(U) + 2W?2 + ey; while under the null hypothesis X I Y|U, the outcome is generated from
Y =sin(U) 4+ 2W?2 + ey In both hypotheses, the noise terms €x, 7, ey, £y are independently drawn from a standard
normal distribution. We repeat the process 20 times, where at each time we generate 100 replications under Hy and Hj .

Type-I error and power. The average results are presented in Fig. 6. As observed, while our single-proxy procedure
effectively controls the type-I error, it exhibits low power in identifying causal relationships. In contrast, by incorporating
additional information from the NCE, the power improves significantly, demonstrating its efficacy in learning causal
connections.

Type | Error Rate Test Power Rate
—e— Ours (single) —&— Ours (single)

1.0 —8— Ours (two) 107 o Qurs (two)

0.8 0.8
s
w 0.6 $ 0.6
- 2
g &
>
= 0.4 0.4

0.2 0.2

0.0 Iy o : 2 0.0

200 500 900 1200 1500 200 500 900 1200 1500
Sample Size Sample Size

(@) (b)

Figure 6. Type-I error rate (left) and power rate (right) of our procedure and baselines in the nonlinear setting with two proxies.
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