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ABSTRACT

In science and social science, we often wish to explain why an outcome is different in
two populations. For instance, if a jobs program benefits members of one city more
than another, is that due to differences in program participants (particular covariates)
or the local labor markets (outcomes given covariates)? The Kitagawa-Oaxaca-Blinder
(KOB) decomposition is a standard tool in econometrics that explains the difference in
the mean outcome across two populations. However, the KOB decomposition assumes a
linear relationship between covariates and outcomes, while the true relationship may be
meaningfully nonlinear. Modern machine learning boasts a variety of nonlinear functional
decompositions for the relationship between outcomes and covariates in one population. It
seems natural to extend the KOB decomposition using these functional decompositions. We
observe that a successful extension should not attribute the differences to covariates — or,
respectively, to outcomes given covariates — if those are the same in the two populations.
Unfortunately, we demonstrate that, even in simple examples, two common decompositions
— functional ANOVA and Accumulated Local Effects — can attribute differences to
outcomes given covariates, even when they are identical in two populations. We provide a
characterization of when functional ANOVA misattributes, as well as a general property
that any discrete decomposition must satisfy to avoid misattribution. We show that if the
decomposition is independent of its input distribution, it does not misattribute. We further
conjecture that misattribution arises in any reasonable additive decomposition that depends
on the distribution of the covariates.

1 INTRODUCTION

Motivating Examples.

1. A worker at a government health department is reviewing patient mortality rates (Y") at two hospitals,
H and K. He notices that the mortality rate is lower in hospital K (Ex [Y] < Eg[Y]). Is mortality
lower because K receives patients who are easier to treat? Or is K more effective at providing care?
If he can determine which explanation is more accurate, he may be able to better allocate training or
resources across the two hospitals.

2. The mayor of City K compares the results of a job training program to a similar one in City H.
She notices that program graduates in her city have lower post-program income (Y') than those in
City H (Ex[Y] < Eg[Y]). Is income lower because program graduates in City K are meaningfully
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different from those in City H? Or do jobs in City K tend to pay workers less than jobs in City H? If
she can figure out why this difference occurs, perhaps she can modify the job training program or its
recruitment strategy to make it more effective.

Many scientific questions reduce to similar comparisons between two populations. After observing differences,
analysts often want to ask why these differences occur. One reason might be that the populations differ on
meaningful traits. In our first example, perhaps the distribution of X is unequal: say, both hospitals provide
the same standard of care, but hospital K’s patient population is healthier and naturally has lower mortality
rates. In this case, covariates X drive the difference. Or perhaps the patients in both hospitals are similar,
but the medical staff in hospital K are particularly skilled at treating serious conditions, such as pneumonia
or heart attacks. In this case, outcomes given covariates Y | X drive the difference. A useful explanation
for mean differences between populations would distinguish between these possibilities, as well as describe
which aspects of the covariates or outcomes given covariates explain the difference.

The Kitagawa-Oaxaca-Blinder (KOB) decomposition (Kitagawa, (1955} |Oaxacal, (1973} Blinder, |1973) is
widely used in the econometrics literature to solve exactly this problem. The KOB decomposition separates a
difference of means into components that depend on the distribution of covariates, X, and those that depend
on the conditional expectation of outcomes given covariates, E[Y | X|. However, it relies on parametric linear
models of E[Y|X], which are likely inadequate to describe the complex and heterogeneous relationships that
may arise in practice (Fortin et al., 2011} [Bach et al., 2024)). A natural generalization of the KOB decom-
position would allow for non-linear or nonparametric models for E[Y'| X]. Such an approach could account
for shifts in the distribution of X through a generic step-wise transformation that moves the distribution of
X from population H to population K. Importance can be assigned to individual features in the change in
conditional expectation E[Y'| X] through the use of additive functional decomposition methods.

Such a generalization requires a choice of the functional decomposition. Fortunately, modern machine
learning offers multiple options. For example, the functional ANOVA (FANOVA) (Stone, [1994; \Huang, [1998;
Hooker, 2004} 2007} |Agrawal & Broderick, 2023)) and Accumulated Local Effects (ALE) (Apley & Zhu,|
2020) decompositions have been widely used in sensitivity analysis (Chastaing et al., 2012; |Antoniadis et al.,
2021), machine learning interpretability (Lengerich et al., 2020; |Limmer et al., 2024), finance (Liang & Cai,
2022 |Belhadi et al.| [2021), and environmental and climate sciences (Huang et al., 2023} |Peichl et al.| 2021}
Hill et al., [2023)).

The success of such decompositions makes them seem like natural choices for use in explaining a difference
in means. However, we demonstrate that common functional decompositions—the FANOVA and ALE—are
ill-suited for this task in that they can misattribute differences stemming from a changing X to differences
from changing Y | X. Throughout, we will use “misattribution” as a shorthand for differences in X attributed
to Y | X. We characterize when FANOVA makes this misattribution and provide a characterization of when
a general decomposition will misattribute in discrete settings (i.e., when the covariate space is countable). In
particular, we show that misattribution occurs whenever the functional decomposition depends on the input
covariate distribution. We conjecture and partially prove that this result holds in continuous settings as well.

The remainder of this paper is structured as follows. In Section 2] we review the Kitagawa-Oaxaca-Blinder
(KOB) decomposition and discuss functional decomposition methods commonly used in machine learning,
such as FANOVA and ALE. In Section |3} we define our generalized decomposition framework for difference
in means, extending the KOB decomposition to non-linear models. In Sectionf] we show through simple
examples that FANOVA and ALE misattribute effects, and we characterize when FANOVA fails in practical
cases of interest. In Section[5] we provide a general characterization of when a functional decomposition
misattributes effects. Finally, in Section[6} we discuss the implications of our findings.
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2 RELATED WORK AND NOTATION

2.1 NOTATION

Throughout this work, we let XY C R? denote the feature space of the column random vector X =
(X1,...,X4)T. In general, we assume X is a subset of R? (continuous case), except for when we ex-
plicitly state that X’ is countable (discrete case). We write z = (1,...,24)7 € X for a realization of
X. Uppercase letters (X, X;) thus denote random variables, while lowercase letters (x, x;) denote specific
realizations of these. We denote by Y € R the outcome. When referring to distributions over the joint (X, Y"),
we use capital letters such as H or K. Subscripts indicate marginals or conditionals: H x is the marginal
distribution of X under H; H; is the marginal distribution of the ¢-th coordinate X;; and H1.; is the joint
distribution of (X1, ..., X;). Probability densities or mass functions are denoted by lowercase letters, such
as h(x) or k(x). All probability measures are defined on the Borel o-algebra of X’ in the continuous case or
on the power set of & in the discrete case.

2.2 KITAGAWA-OAXACA-BLINDER DECOMPOSITION

The Kitagawa-Oaxaca-Blinder (KOB) decomposition provides a framework for explaining differences in
means between two populations by decomposing them into components attributable to differences in covariates
and conditional expectations. In its original formulation, KOB assumes the covariate space is X = R? and
that the covariates X have a linear relationship with the outcome Y € R:

Euy (Y | X]=X"By and Eg, [V |X]=X"Bk,

where Hy|x is the conditional distribution of Y | X in population H, and similarly for population K. The

vectors Bx, B € R? are the regression coefficients defining the linear relationship E[Y | X] for each
population. The KOB decomposes the difference Ex [Y] — Eg[Y] as

ExxExyx[Y | X] = Eny Y | X]| 4+ Exy Eay [V | X]] = Eny By Y | X]] 1)
Y | X effect Covariate effect
d d
Z X8 =B+ BrylX)] —En X5 . )
=t Y | X effect for the jth covariate =t Covariate effect for the jth covariate

In the next section, we introduce a natural extension of the KOB decomposition that retains a similar
interpretation, but allows for more general forms of Y | X by using functional decompositions. The
existing literature provides several such functional decompositions; however, we focus only on additive
decompositions that decompose functions into additive components, as they provide a natural analogue of the
additive form of Y | X in the KOB decomposition. Other functional decomposition methods, such as Partial
Dependence Plots (Friedmanl, 2001)), do not offer additive decompositions and thus cannot be immediately
incorporated into KOB-like decompositions. We next review two particularly common additive functional
decompositions: FANOVA and ALE.

2.3 FANOVA

FANOVA measures the importance of features in determining the output of a function and in identifying un-
derlying additive interactions between subsets of variables (Hooker, 2004). It provides a natural representation
of a functional in terms of low-order components (Hooker, |2007) by stating that a square-integrable function
f(x) with z € X = R? can be written uniquely as f(z) = Y gcom L£(f, Kx, S)(x), where 29 denotes the
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power set of [d] = {1,2,...,d} and Kx is a general measure of the covariates. Then, the components are
jointly defined as
2
{L(f,Kx,S)(z)| S e2d} = arg min > L(f.Kx,S)(z) = f(z) | k(x)da,
{L(f . Kx,8)EL?(RY) } g yia) sealdl
3

subject to hierarchical orthogonality conditions among the components:
¥S € 29,9V € 8 [ LU K, S)@)L(f. Kx, V) (@h(z)ds =0, @)

where C denotes a proper subset.

Note that the FANOVA component corresponding to a subset S depends only on the covariates in .S, as it
is constructed to capture their contribution separately from the rest. However, for the sake of generality in
defining a functional decomposition, we express it as a function of the full covariate vector. The same applies
to the ALE decomposition below.

2.4 ACCUMULATED LOCAL EFFECTS (ALE)

ALE is another additive functional decomposition method that is particularly suitable for visualizing the
effects of predictors (Apley & Zhu, 2020). Although ALE is defined more generally—allowing for non-
differentiable f and extending to dimensions d > 2—the case for d = 2 with a differentiable model,
f(z1,22) = E[Y | X1 = 1, X2 = x3], suffices for our illustrative purposes. The ALE main effect
component for the first covariate X is then defined as:

£(f Kx, {1})(x) = /

Zmin, 1

1

Ex, 0f (=1, Xs) dz; — constant, )
(921

where %ﬁm) denotes the partial derivative of f with respect to the first component, Zmyin,1 is a lower bound
of the support of K, and constant is a centering constant such that Ex [L(f, Kx,{1})(X)] = 0. The term
L(f, Kx,{2}) is defined similarly; for the definition of L(f, K x,{1,2}) and for the d > 2 case, see (Apley
& Zhu, 2020).

3 ADDITIVE DECOMPOSITIONS OF POPULATION DIFFERENCES

As discussed in Section[] a desirable extension of KOB would allow for arbitrary flexible regression models by
extending it to non-linear functional forms. Recall the KOB decomposition in Equation[2]separates a difference
in means into a Y | X effect and a covariate effect. To extend the KOB decomposition to more flexible
models, we assume a general regression model f : X — R is fitted such that f* (z) = Ex, [V | X = ],
and similarly for population H Our goal is to decompose Equation |1|into smaller, interpretable components
just as in the KOB decomposition. To achieve this goal and in the spirit of FANOVA and ALE discussed in
Section 2} we assume a generic additive functional decomposition, denoted by £, which operates on arbitrary
functions f of the covariates, probability measures of the covariates H x, and subsets of features S. We
assume this decomposition yields an additive representation that holds for all 2 € X C R¢:

fl) =Y L(f Hx,9)(x). (©6)

Se2ldl

'We write an equality f¥(z) = Exy x[Y | X = 2] for the purpose of exposition. In practice, the fitted X(x)

will contain approximation error, and our results apply to decompositions of f* () rather than the exact expectation
Ery x[Y | X =2zl
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Given such an additive functional decomposition, it is straightforward to extend the KOB decomposition. We
define two types of swaps, analogous to the terms in the KOB decomposition. First, we can swap out the
distribution of each one-dimensional covariate of X at a time; we call such terms the difference due to change
in X. Second, we can swap out the functional decomposition terms of f H for those of f K. we call such
terms the difference due to change in Y | X. We define this KOB extension below:

Definition 1. Let S define an ordering of all subsets S € 219 ; we refer to the ith subset in this ordering as S,.
We define the importance decomposition to be:

|S| d
Ex[Y]-Ex[Y]=> 65" +3 ¥, 0
i=1 j=1

where: 631~ = Epr [C(f, Kx,8)(X)] —Eny [L(f7, Hx., 8:)(X)],
55( = EKI:j\j+1:de+1:d [fK(X)] - ]EKl;j—IU:de:d [fK(X)] .

Note that 53;‘)( holds the covariate distribution fixed at Hx, and changes whether the S; term of E[Y | X]

comes from H or K. We therefore call 5;;‘)( the difference due to the dependence of Y | X on feature subset
S;. Likewise, the distributions over covariates in 5JX differ in whether X; follows a distribution determined
by H or K. We therefore call 5]2{ the difference due to the change in distribution of covariate j.

Definition [I]is an extension of the KOB decomposition from Section[2] which also defines differences from
swapping out distributions of covariates, as well as differences in swapping out (a model for) Y | X. The
main difference is that Definition [1) uses a generic additive decomposition of Y | X, whereas the KOB
decomposition assumes a linear model.

This decomposition—Ilike the KOB decomposition—makes a series of specific choices: first swapping 51,
then Sy, ... then finally swapping S|s, and then swapping covariate one, then covariate two, etc. Why not
swap Sy first? Why not swap covariate three immediately after .S;? In general, there is no reason to prefer any
one ordering, and different orderings will produce different results. With no preferred ordering of swaps, one

may prefer to average over all possible orderings and report the resulting averages as the definitions of 5};')(

and (5JX Our results here apply to any fixed order; we leave the extension to averaging over all orderings as
future work.

4 FAILURE OF EXISTING FUNCTIONAL DECOMPOSITIONS

Once a user has specified the functional forms of f (z) and f% (z), the only decision to be made before using
Definition[I]is the choice of functional decomposition £. At first glance, options such as ALE or FANOVA
from Section [2.3] and Section [2.4] seem like excellent choices: they provide additive decompositions of
generic functions with properties that make them well-suited for understanding functions in other applications.
However, we show that a broad class of functional decompositions, including FANOVA and ALE, are
inappropriate for explaining population differences in the sense of Definition[I] despite their great success in
other applications. In particular, we characterize when such decompositions incorrectly state that differences
stem from changes in Y | X.

Recall that Deﬁnitiondeﬁnes cgilx to be the difference due to the dependence of Y | X on feature subset S;.
Suppose that the distributions of Y | X are in fact identical across the two populations: fX = f# = f. In

ZShorrocks| (2013) describes such averages as applying logic of Shapley values to functional decompositions.
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this situation, any reasonable decomposition should lead us to believe there is no difference due to differences

inY | X; that s, cgilx = 0. Unfortunately, we present examples where FANOVA and ALE can misattribute

differences in X to differencesin Y | X.

4.1 EXAMPLES WHERE FANOVA AND ALE MISATTRIBUTE

To begin with, we formalize what we mean by misattribution. Note that when f% = f = f, 5§‘X reduces
to

A(,C, fa HXvKXv‘S) = 6§‘X = EHX [‘C(fa Kx,S)(X) - E(fv HX) S)(X)] . (8)
With eq. (8) in mind, we define misattribution as follows:
Definition 2. We say that a functional decomposition L misattributes effects of ¥ | X if
A(£7f7HXaKX7S) 7é Oforanyf7HX7KX7S-
In the following examples, we show that FANOVA and ALE misattribute effects of Y | X in simple scenarios;
we present here a summary of the examples, and the full details are provided in Appendix [A]

Example 1 (FANOVA). Consider the case where the fitted model is additive and has two covariates: f¥ =
1 = f(z) = z1 + xa. Suppose that population H has covariates X1, Xa, with Egy [X1] = Ep, [X2] =0
while in population K, Ex . [X1] = pand B, [X3] = 0 for u # 0. In both populations, X, and X are
independent and have finite variance.

Then, following the FANOVA decomposition in Equation 3} the components for each subset satisfy the
following for each population:

L(f Hx,0)(x) =0, L(f Hx,{1})(x) =21, L(f,Hx . {2})(x) =22, L(f Hx,{1,2})(z)=0,
L(f,Kx,Q)(ﬂ?) = M, [,(f,KX,{l})(J?) = T1—H, £(f7KX,{2})(Z') = T2, ‘C(f7KXa{172})($) = 0.
Hence, the difference in means due to differences inY | X for the component of S = {1} is given by:

A(£7 f’ Hx, Kx, {1}) = ]EHX [‘C(f> Kx, {1})(X) - ‘C(fv Hx, {1})(X)] = EHX [Xl_M_Xl] =M 7& 0.
Since this term is not equal to zero, FANOVA misattributes effects to Y | X in this example.

Similarly, the following example demonstrates that ALE misattributes in a simple scenario.

Example 2 (ALE). Let fX = f = f(x) = x,29, and assume for population H, X; ~ N(1,1), Xy ~
N(0,1), and for population K, X1 ~ N(0,1), Xo ~ N(u,1), where p # 0. Assume we observed data
{(=] 1, 2] o) Yiey, with n sufficiently large, for j = H, K. Following the ALE decomposition in Equation
we can compute the centered components for each population:

‘C’(fa Hx, {1})($> =0, ‘C(fv Hx, {2})(:6) = (zQ - zgin,Q) - (7xrlr{in,2) = T2,
L(f, Kx, {1})(2) = p(zr — o) = (~H2n1) = pzy,  L(f, Kx, {2})(z) = 0.
Thus, the difference in means due to differences in Y | X for S = {1}, is given by:

AL, fiHx, Kx,{1}) = Eu [L(f, Kx, {1})(X) — L(f, Hx, {1})(X)] = En [pX1 — 0]
=pEp, [Xq] =p-1=p#0.

Since this term is not equal to zero, ALE misattributes effects to Y | X in this example.
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Examples [I] and [2] show that both ALE and FANOVA can misattribute differences in the covariates to
differences in Y | X. With the knowledge that common functional decompositions like FANOVA or ALE
can misattribute effects, it behooves us to understand how widespread this behavior is. Does misattribution
happen frequently for common functional decompositions? And what properties of functional decompositions
will prevent misattribution? Practitioners need answers to these questions to confidently use methods similar
to the one described in Definition[I] In the next sections, we provide partial answers to these questions. In
Section[d.2] we argue that FANOVA misattributes in the sense of Definition[T]in almost all cases of practical
interest, rendering it unsuitable in practice. And in Section[5] we conjecture—and partially prove—that any
reasonable functional decomposition that depends on the input covariate distribution will misattribute.

4.2 WHEN DOES FANOVA MISATTRIBUTE EFFECTS?

In the last section, we presented an example in which FANOVA misattributes differences in X to differences
inY | X. However, without a precise characterization of when this misattribution occurs, one might think it
is specific to the example rather than a general phenomenon. We now provide theoretical characterizations of
when FANOVA misattributes effects in cases of practical interest. Specifically, we first show that FANOVA
does not misattribute when the lower-dimensional components computed for population K have a mean of
zero under population H. We then demonstrate that this condition is highly unrealistic, even in simple cases
such as affine functions, and becomes even more restrictive when we allow for more flexibility.

Theorem 1 (FANOVA attribution). Let L denote the FANOVA decomposition. Then, for any Lebesgue
measurable function f, any pair of probability measures Hx and K x, and any subset of the covariates
S € 219\ {0}, we have

A(‘CafaHX7KX7S) =0

if and only if
Eny [£(f, Kx, 8)(X)] =0. ©)

Proof. By definition, we have A(L, f,Hx,Kx,S) = Eu, [L(f,Kx,S)(X) — L(f,Hx,S)(X)].
The mean-zero property of the FANOVA components (see Appendix Lemma [I)) implies that
Ep [L(f,Hx,S)(X)] = 0. Thus, A(L, f,Hx,Kx,S) = Eu, [L(f, Kx,S5)(X)]. It follows immedi-
ately that A(L, f, Hx,Kx,S) = 0ifand only if Eg, [£(f, Kx,S)(X)] = 0. |

Theorem [I] states that the expectation under population H of the component computed under population K
must have a mean of zero. This suggests a close relationship between the two distributions or that the moments
of the marginal distribution must satisfy specific conditions for Equation [9to hold. If these conditions hold
in practical scenarios, then FANOVA could indeed be a viable option. Our next set of results indicates that
Equation O] unfortunately cannot be reasonably expected to hold in practice.

We start by studying a particularly simple case—when f is a given affine function. We show that even in this
case, the conditions under which FANOVA does not misattribute are very restrictive.

Theorem 2 (FANOVA affine class). Let X1,..., Xy be independent random variables, and let Hx and
K x be two probability measures. Consider a function f : RM — R given by f(x) = Z%Zl G by (T
where each coefficient a,, € R\ {0} and each basis function b, : R — R is measurable form =1,..., M.
Then, we have

forall § € 2™\ {0}, Eg, [c(f, Ky, S)(X)} —0, (10)
if and only if
forallme {1,...,M}, Eg, [bm(Xm)} = Ex, [bm(Xm)}. (11
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See Appendix [B] for the proof. Equation [IT]is a fairly restrictive condition, as we expect covariate means to
vary between populations; e.g., the proportion of the workforce with high school diplomas will likely not be
identical between two cities H and K.

We can now see why FANOVA misattributes effects in Examplem There, the function f(z) = 1 + 22
corresponds to the affine class in Theorem with coefficients a; = as = 1 and basis functions by (z1) = 1,
ba(x2) = x9. Since the expectation condition in Equation [l 1] does not hold (Eg, [X1] # Ex,[X1]),
FANOVA assigns a nonzero difference to S = {1}, leading to misattribution.

A more revealing version of Theorem [2] would extend to richer basis representations by using multiple
basis functions per dimension rather than a single one and allowing for correlated covariates. However, we
conjecture that this would further restrict the relationship between the moments of the distributions H x
and K x, imposing increasingly stringent requirements on them. In other words, adding flexibility to our
model of E[Y | X] comes at the cost of restricting the set of populations where the decomposition remains
accurate. This culminates in our next result, which shows that placing minimal restrictions on E[Y" | X]
imposes maximal restrictions on the distribution of X.

Theorem 3 (FANOVA unrestricted). Let M(X') denote the set of measurable functions on the covariate
space. Suppose that Hx and K x are probability measures such that Hx is absolutely continuous with
respect to Kx (Hx < Kx). Then, we have

forall f € M(X) andforall S € 219\ {0}, Epg, [c(f, Kx,S8)(X)| =0,

if and only if
Hx = Kx, Kx-almost surely.

See Appendix [B.3|for a proof.

Theorem [3| says that if we want FANOVA to never misattribute for a given pair of distributions—that is,
not misattribute for every measurable function f and every nonempty subset S of the covariates—then
it is necessary and sufficient that the input covariate distributions are identical (i.e., Hx = Kx, up to a
K x-null set). Equivalently, if Hx # K x, then there exists at least one problematic measurable function
f and nonempty subset S for which FANOVA misattributes to Y | X. In practice, we generally compare
distinct populations (i.e., Hx # Kx ), implying that FANOVA will misattribute in settings where f is one
of the problematic cases. Theorem [3| does not characterize the problematic f, suggesting that knowledge
or assumptions about f could rule out misattribution in some applications. A more practical result would
characterize the set of problematic f for a particular set of input densities; we leave this as a direction for
future work. A more concerning result would instead give conditions under which misattribution can occur
for any given f; we also leave this as a direction for future work.

5 WHEN DO FUNCTIONAL DECOMPOSITIONS MISATTRIBUTE EFFECTS?

Given the pessimistic results in Section[d} one may be reasonably concerned that any functional decomposition
L may misattribute, making the decomposition of Definition [I] of little value, as practitioners would never
know when to trust its outputs. To resolve this problem, we attempt to characterize what properties of the
functional decomposition £ cause misattribution. We show that under regularity conditions, a functional
decomposition £ does not misattribute the effects of Y | X if and only if its derivative with respect to the
probability measure is orthogonal to K in the L? sense. Furthermore, we prove that Definition 1| does not
lead to misattribution if £ is independent of its input distribution. For a reverse direction statement, we
conjecture that under reasonable assumptions on £( f, Kx,.S), the function f, and the distributions Hx and
Kx, a functional decomposition £ does not misattribute the effects of Y | X if it does not depend on its input
distribution.
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We now aim to characterize conditions on the functional £ under which A(L, f, Hx, Kx,.S) does or does not
equal zero for all f, Hx, Kx. We start by studying the discrete case and leave the continuous generalization
as a conjecture.

5.1 THE DISCRETE SETTING

First, suppose that X is a countable space so that the covariates of the random vector X = (X1,..., X4)7
are discrete. Let k(x) and h(x) be the probability mass functions corresponding to the probability measures
Kx and Hx, respectively, with shared support on X. For example, in healthcare, X might represent patient
categories based on age or pre-existing conditions, while f(x) could denote the expected recovery time, and
k(z), h(x) represent the proportions of patients in different hospitals.

Before stating our main theorem of this section, we impose the following regularity conditions on the class of
functional decompositions we consider.

Assumption 1. The map Kx — L(f, Kx, S) is twice continuously differentiable with respect to K x, and
its second derivative is uniformly bounded. For a mathematical formulation see Appendix Assumption ]

For any fixed measurable function f and subset S € 2[4, we denote by 7, kx (f, Hx, S) the Jacobian matrix
of the mapping Kx — L(f, Kx,S), with respect to K x, evaluated at Kx = Hx.

We now state our main result for the discrete case, which characterizes when a functional decomposition £
will never misattribute the effects of Y | X to changes in X.

Theorem 4 (Discrete characterization). Under Assumptionand forall Hy, Kx € X°, we have
A(‘Ca fa HXvKXNS) = 6?9/‘)( = EHX |:‘C(f7 KX7 S)(X) - £<f7HX7S)(X) = 07

if and only if
forall Kx € ¥°, Jx L(f,Kx,S)=c1T, forsomec c R%

Remark: The condition Ji . L(f, Kx,S) = ¢ 17 implies that all columns of the Jacobian are identical, so
that its rank is 1.

See Appendix [C.1] for the proof.

Theorem shows that if we require a functional decomposition £ to never to misattribute the effect of Y | X
for any distribution K x, its dependence on K x becomes severely restricted. Concretely, if the average change
of L is zero for every pair of distributions Hx, Kx € 3°, then all the columns of the Jacobian of £ with
respect to K x must be the same. This structure means that £ cannot distinguish between different probability
distributions, which implies that A must be zero. As the following corollary shows, this characterization
implies £ must be constant in its second argument across values in X°.

Corollary 1. Under the same assumptions as Theorem L will not misattribute the effects of Y | X if and
onlyif L(f, Kx,S) = L(f,Hx,S) forall Kx,Hx € X.°, i.e., the functional L is constant with respect to
the distribution over covariates.

Proof. From Theorem there will be no misattribution if and only if Jx (f, Hx,S) = c17 for some
c € R<. From the Mean Value Theorem, £(f, Kx,S) — L(f, Hx,S) = Jx L(f, Hx,S)(Kx — Hx), and
since for all Kx € X°, Jk, (f, Kx,S) = c¢1%, we have c17(Kx — Hx) = 0, implying L(f, Kx,S) =
L(f, Hx,S). |

That is, for a decomposition not to misattribute, £ must be constant in X.°, meaning it is completely
unresponsive to changes in K x. We note that this may be unnecessarily restrictive in practice. In particular,
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in most applications, we are not concerned with every possible redistribution of probability mass but rather
with specific structured changes that carry meaningful information. Still, as the following example shows,
there is at least one existing decomposition that satisfies the conditions of Corollary [T}

Example 3 (Non-generalized FANOVA (Hooker, 2004)). The non-generalized FANOVA decomposes f(x)
using a uniform distribution U over the unit hypercube, independent of Hx or K x. When f& = f# = f,
the decomposition remains constant over ¥°, i.e., L(f, Kx,S) = L(f,U,S) = L(f,Hx,S). Consequently,
its Jacobian is zero for all Kx € X°, trivially satisfying T L(f, Kx,S) = c¢1T.

In contrast, we conjecture that generalized FANOVA does satisfy the conditions of Corollary [I]

Conjecture 1. Suppose f is non-constant, and let L(f, Kx,S) be the FANOVA decomposition. Then, L
satisfies Assumption and there exist Hx , Kx € X.° such that it misattributes effects of Y | X.

Put together, Example [3|and Corollary I]tell a story that is exactly the opposite of typical observations in the
functional decomposition literature. In particular, that generalized FANOVA and ALE depend on their input
distributions is tyipcally viewed as beneficial; indeed, this is a major motivator for the work of |Apley & Zhu
(2020) and [Hooker| (2007). One reason for this benefit is that typical functions f of interest are often machine
learning models fit to training data drawn from covariate distribution K x. Many flexible machine learning
models have arbitrary behavior outside the support of the training data; thus methods like the non-generalized
FANOVA that integrate with respect to the uniform distribution may integrate over nonsensical values of f.
ALE and FANOVA resolve this issue by integrating over the covariate distribution K x.

These results highlight a tension in the design of functional decomposition methods: non-use of the covariate
distribution K x may result in strange behavior by integrating over nonsensical values of f, while use of the
covariate distribution may result in nonsensical decompositions of differences between two populations. We
leave as future work an attempt to resolve this seeming contradiction.

In practice, many applications involve continuous distributions, where densities vary smoothly rather than
being restricted to discrete points. For example, in economic models, income distributions are continuous,
and in healthcare, biomarkers like blood pressure or cholesterol levels are measured on a continuous scale. To
extend our characterization to these cases, we analyze the continuous setting in Appendix

6 CONCLUSION

In this work, we present a natural extension of the Kitagawa-Oaxaca-Blinder decomposition for explaining dif-
ferences in means to non-linear models of the conditional expectation. We note that functional decompositions
like FANOVA and ALE seem at first glance like excellent candidates to incorporate into our KOB extension.
However, we provide simple counterexamples showing that both FANOVA and ALE can incorrectly assign
differences in the distribution of covariates X to differences in the outcome-given-covariates, Y | X. We
further provide characterizations of when FANOVA misattributes for practical cases of interest, as well as a
general property that any discrete decomposition should satisfy to never misattribution: the decomposition
must be constant across all distributions. For the general continuous case, we show that if the decomposition
is independent of its input distribution, it does not misattribute. For a reverse statement, we conjecture that
the same will hold as in the discrete case: any reasonable functional decomposition method that depends on
its input distribution in a meaningful way will misattribute.

Our findings highlight a fundamental limitation: methods effective for single-population analysis may be
unreliable for comparing differences between populations. Our work also suggests that the requirements for
single-population decomposition and two-population difference decomposition may diverge, highlighting the
importance of developing new methods to decompose the difference in means. Future work should explore
how to develop decompositions that avoid misattribution while preserving interpretability in real-world
applications.
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A FANOVA AND ALE MISATTRIBUTION EXAMPLE

A.1 ExaMPLE[l} FANOVA

Consider the setting where the covariates X; and X5 are independent, and let f(z) = x1 + 2, be the model
used for both populations. Assume that for population H we have Ep, [X1] = O and Ey, [X2] = 0 and
for population K we have Ex, [X1] = p # 0 and Ex, [X5] = 0. By Lemma [2| under independence the
FANOVA decomposition is equivalent to the recursive formula (see Equation |13} for the Hoeffding—Sobol
decomposition (Soboll, 2003; Kuo et al., 2010) for a general probability measure. Then, the FANOVA
components are computed as follows:
E(f, Hx, @)(I) = EHX [Xl + XQ} =0.

L(f, Hx, {1})(x) = Ep, [X1 + Xo | X1 = 21] = L(f, Hx, 0)(2) = 21 + Epry [Xo] — 0 = 1.

L(f. Hx,{2})(x) = Epy [X1 + Xo | Xo = @0] = L(f, Hx,0)(z) = Eg, [X1] + 22 — 0 = 2o
L(f, Hx,{1,2})(2) = By [ X1 + Xo | Xy = w1, Xp = 2] = L(f, Hx , {1})(2) — L(f, Hx, {2})(z) — L(f, Hx, 0)(x)

= (1'1 +$2)*$1*.’£2*O:0.

Thus, the FANOVA components for population H are:

L(f, Hx,0)(x) =0, L(f, Hx,{1})(z) =21, L(f, Hx,{2})(x) =22, L(f,Hx,{1,2})(x) =0.
Similarly, we compute the FANOVA components for population K:
‘C(fa Kx, @)(l‘) = EKX [Xl + XQ] = Q.
L(f, Kx, {1})(x) = EKX [X1+X2 | X1 = Iﬂ—ﬁ(f, Kx,@)(l‘) = $1+EKX [Xg]—,u = x1—|—0—u = T1— M.
L(f, Kx,{2})(z) = Exx [X1+ X2 | Xo = 23] - L(f, Kx,0)(z) = Exy [Xa]+a2—p = ptas—p = .
L(f, Kx,{1,2})(2) = B [Xa + Xo | X1 = 21, Xo = @] = L(f, Kx, {1})(2) — L(f, Kx,{2})(2) — L(f, Kx, 0)(x)

=(x1+22) — (w1 —p) —22—p=0.
Thus, the FANOVA components for population K are:
‘C(faKXaQ)(I) = M E(f,KX,{l})(I) = T1—H, E(f7KX7{2})(I) = T2, ‘C'(f7KX7{172})(l') =0.
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Finally, the difference in the FANOVA effects attributed to Y | X for the subset S = {1} is given by

A(£7 [ Hx,Kx, {1}) =Eny E(fv Kx, {1})(X)—L‘(f, Hx, {1})(X) =Eny [Xl_M_Xl] =—p#0.
Since this term is nonzero, FANOVA misattributes effects to Y | X in this example.

A.2 EXAMPLE[2E ALE

Recall from Section that for a differentiable model f(z1, z2) the ALE main effect for X; is defined by

£ Kx (1ha) = [ By [ 2L 1K)

Tmin, 1 0z

z1
] dzy — constant,

with an analogous definition for X5. Here, the constant is chosen so that the ALE effect has mean zero

over the observed data, we will denote these constants by ¢/ for i = {1,2} and j = {H, K'}. Consider
the function f(x1,x2) = x129, which is used for both populations. The relevant partial derivatives are

For population H assume X; ~ N(1,1)and X3 ~ N(0,1). Then, because X; and X> are independent,
En,[X2 | X1 = 2] = Eg, [X2] = 0. Thus, the ALE component for X7 is
x1
L(f,Hx,{1})(z) = / 0dz — cif = 0—cfl.
H

Tinin,1

In practice, we compute the constants by setting them equal to the empirical mean of the uncentered ALE

component L£(f, Hx,{2}) — c, assuming a large sample size n so that the Central Limit Theorem provides

a good approximation. Theoretically, we take ci such that Eg, [L(f, Hx,{1})(X)] = 0, which gives
H

¢’ =0.

Similarly, for X, since Eg, [X1 | X2 = 2] = Eg, [X1] = 1, we obtain

z2

LU Hx (D) = [ 1de = ol = (- ally) - o

xr_ .
min,2

Choosing ¢4’ so that By [L(f, Hx,{2})(X)] = 0 forces ¢/ = —zff, ;. and thus
L(f, Hx,{2})(z) = z2.

Hence,
L(f,Hx,{1})(z) =0 and L(f, Hx,{2})(z) = 2.

For population K assume X7 ~ N(0,1) and X5 ~ N(u, 1) with & # 0. Then, by independence, Ex [ X2 |
X1 = 2] =Eg[Xo] = pand
1

LUK (@) = [ wds = constant = — o) = e,

Imin,l

where the constant ¢f solves Ex, [L(f, Kx,{1})(X)] = 0, thus ¢f = —pak, . Similarly, for X, since
EKX [Xl | X2 = Z] = E’Kx [Xl] = 0, we obtain
To

L(f,Kx,{2})(z) = / 0dz — constant = 0 — cif

Tinin,2
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where c& = 0. Thus,
LU Fox 1) = plen = 25,0) = [~paln] = g and £(f, Kx, {2))(@) = 0-0 = 0.
The difference in the ALE effects attributed to Y | X for the change in the covariate S = {1} is given by

AL, f H KAL) = Bay [ £(f, K, (1)O—L(f, Hx, (1D(X0)] = By [1X1-0] = pEay[Xa] = gl = p#0.
Since this term is not equal to zero, ALE misattributes effects to Y | X in this example.

B FANOVA

In this section, we formalize the statements from Section .2 regarding the characterization of when FANOVA
misattributes.

B.1 NOTATION AND ASSUMPTIONS

We assume a general probability measure Px, which will denote either Hx or Kx, defined on (X, B(X)),
where B(X) denotes the Borel sigma algebra. We assume the measure Py is absolutely continuous with
respect to a o-finite reference measure A, with density px = %, usually the counting or Lebesgue measure.

The associated Hilbert space is:

() = {os o B ] [ #@mx@ e <o},

with inner product and norm defined as:

<91792>L2(Px) :/Rd g1(7)g2(z)px () dA (), HgHL2(Px) = <g,9>L2(PX)~

For the specific cases where Px = Hx or Px = Kx, we denote their densities as h(z) = df—/\x and

k(z) = 45X respectively.

We denote by M (X) the space of A\-measurable functions on the covariates, representing flexible regression
models for the conditional expectation of Y | X. That is,

M(X)={f:X = R]| fis A\-measurable}.
Note that, since functions in M (X) are A-measurable, they are also measurable with respect to probability

measures that are absolutely continuous with respect to A. We use C to denote a subset of or equal to a set,
and C to indicate a proper subset of a set.

When working with the Lebesgue measure, we will write dz in place of d\(x) for readability, particularly in
cases where integrals and densities are defined with respect to A\, while keeping dx for standard notation in
functionals and expectations.

B.2 PROOF OF THEOREM[2]

The following lemma offers an alternative formulation of the orthogonality conditions in Equation |4} ensuring
that all components have zero mean with respect to their corresponding input distributions.
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Lemma 1 (Lemma 1 (Hooker, 2007)). The orthogonality conditions in Equationhold over L*(R?) if and
only if the integral conditions

vs c 2l vie s, /ﬁ(f, Kx,S)(z)k(z)dzidz_5 =0 (12)
are satisfied.
Equations|12|are sometimes referred to as the Weak Annihilating Conditions (Rahman, 2014a)), and we will

refer to these later.

Corollary 2. All FANOVA components have mean zero under their input distribution:

Proof. The proof follows directly from Lemma [I]by integrating out the marginal distribution of the covariates
notin S. u

The following lemma shows that under the assumption of independence, the FANOVA decomposition is
equivalent to the standard result of the Hoeffding-Sobol decomposition (Sobol, 2003} [Kuo et al.,2010) for a
general probability measure.

Lemma 2. Let X1,..., X,, be independent random variables with joint probability distribution K x. Then,
the solution to the FANOVA decomposition problem, as defined in Problem[3] is equivalent to the following
recursive formula:

EKx[f(X)L lfSZQ),
L(f,Kx,S)(x) = (13)
EKX[f(X) |XS]_ZV§S‘C(faKX7V)(X)7 lfS?é[Z)

Proof. Under the assumption of independence, the Weak Annihilating Conditions in Equation |12|are equiva-
lent to the stronger condition:

which follows by the independence assumption by writing k(x) = H?Zl k;(z;) and integrating out the
variables not in S.

Using this result and integrating the additive representation f(z) = > ¢ o1 £(f, Kx,S)(x) against the set
—5, we get the recursive formula. For any non-empty subset S € 2[%, we integrate:

B 100 X5 = [ 1@ ] kedes = [ | 3 208010 | ] bledos

ic—S Veald ic—S
= > /L FEx V) (@) ] kila) do_s. (15)
Veald i€—S

IfvVNn(=S)=0,ie.,V CS,then L(f, Kx,V)(z) depends only on zg. Consequently,

/L K VY(@) T kel dos = £(f, Kx, V /H ki) de—s = £(f, Kx, V) (x).

i€e—S i€e—S
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Equation|14|and the independence of k(z), we have:

[ etk Vi@ ] b dos =0,

i€—=S

IfvVn (—ﬂ #Pbut V € S, then L(f, Kx,V)(z) depends on at least one coordinate in —S. Due to
14

Thus, Equation[T5]becomes

Erx[f(X) | Xs] = D> LU, Kx,V)(@) = > L, Kx,V)(@) + L(f, Kx, ) (x)
VCS Ves
L(f, Kx,8) () = Ex [f(X) | Xs] = Y L(f, Kx,V)(x).
ves

Similarly, for S = kmg the expectation over all variables X yields the corresponding formula:

@s
]
Lemma [2] was previously shown by Rahman| (2014b| Corollary 4.6) in the context of the generalized ANOVA
dimensional decomposition, which reduces to the standard FANOVA dimensional decomposition. We restate

it here using the specific terminology of FANOVA and provide a concrete proof to derive the reduced formula
solution.

We can now formally prove Theorem 2] which characterizes the conditions under which FANOVA does not
misattribute for a given affine function of the covariates f.

Proof of Theorem[2} (=) Suppose that
En, [L(f,Kx,S)(X)] =0, forall$ e 29\ {0}

By Lemmal we have that under the independence assumption, FANOVA reduces to the recursive form
solution in Equatlon- 13| Then, for S # (), the component would be:

L(f, Kx,0)(2) = Ex [f(X)] = Z am B [bm (Xom)].

For the single effects, S = {m}, the additive components would take the form:
L(f Kx, {m})(z) = Ex [f(X) | Xm] = L(f, Kx,0) ().

Expanding this, and using the independence assumption, we get:

‘C(f’ Kx, {m})(w) = ambm Im + Z aJEKX ZGJEKX ]
Jj#m

= am (bn(Tm) — Exy [bm(Xm)]), Ym= 1, oo, M.

Lastly, for S with |S| > 2, we have that the recursive formula for the Functional ANOVA components is
given by

L(f, Kx,8)(x) = Ex [f(X) | Xs] = Y L(f, Kx,V)(x).

Ves
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Where, Ex, [f(X) | Xs] = 32,c5 ambm(@m) + 3-,¢5 amEx  [bn (Xin)] and the sum of lower-order
terms takes the form:

S LU K, V) (@) = £, Kx . 0) + 3 L0, Kx, {m})(@)

ves meS

- Z amEKX m m “‘F Z am m Im EKX [bm(Xm)])

meS
- Z am me + Z amEKX [bm(Xm)]
meS m¢S
Substituting into the recursive formula:
L0, K, 8)(@) = (D ambm @)+ Y i b (Xon)]) = (D @b @)+ Y amErcs [om(Xin)]) = 0.
meS mé¢sS mesS mesS

That is,
L(f,Kx,S)(x)=0, V.S with|S|>2.

Now, by hypothesis, for every m = 1, ..., M, we have:
0=En, [L(f, Kx,{m})(X)] = Eny [am (bn(Xm) — Exy [bm(Xm)])] == 0= an (Euy [bm(Xm)] — Exy [bn(Xm)]) -

We also assumed that a,,, # 0 for all m = 1, ..., M. Therefore, we conclude that

Esr [bm(Xm)] = Excy [bn(Xp)], forallm=1,... M.

(<) Suppose that Eg, [y (X)) = Exy [bin (X)) foreachm = 1,..., M. Then,

Epy [£(f, Kx, {m})(Xm)] = Eny [am (0 (Xon) = Ercy [0 (Xon)])] = am (B [bm (Xm)] — Ex x [bm (X)]) = 0.
|

B.3 PROOF OF THEOREM[3]

Note that in Theorem [3| we have assumed that any measurable function of the covariates satisfies an additive
decomposition. However, this assumption can be relaxed by imposing a couple of conditions, such as
the probability measure being dominated by a product measure (Hoffman et al., 2011, Equation C.1), and
a boundedness assumption on the densities (Hoffman et al., 2011, Equations C.2 or C.3). Under these
assumptions, it follows that for any square-integrable measurable function of the covariates, there exist
functions such that the original function admits an additive representation; see [Hoffman et al.| (2011, Theorem

0.

To show Theorem [3] we first state the definition of mean-zero functions and then prove Lemma [3] and
Lemma[d] which will serve as intermediate steps for the main proof.

Definition 3 (Mean-zero square integrable functions). We denote by W (K x ) the space of mean-zero functions
in L*(Kx ) with respect to the probability measure Kx :

W) = {o€ (x5 [ ook(a)dr(@) =0}
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The following lemma states that the orthogonal complement of the space of mean-zero square-integrable
functions with respect to a probability measure is the space of almost surely constant functions.

Lemma 3. Let Kx be a probability measure on R with density k(x) with respect to a reference measure \.
The orthogonal complement of W (K x ) in L?(K x) is the space of constant functions, that is:

W(Kx): ={feLl*Kx): f(z) =c, Kx-as.},

where ¢ € R is a constant.

Proof. Let
v={fe L*(Kx): f(z) =c, Kx-as.}.

We will prove that W (K x)* = V by first showing that V C W(Kx)*. Let f € V; then f(z) = c for
K x-almost every x € X. Thus, for any ¢ € W (K x ), we have

Exx[f(X)$(X)] = ¢ Exx [¢(X)] = 0.

It remains to show that W (Kx )+ C V. Let f € W(Kx)*; then Ex [f(X)¢(X)] = 0 for every ¢ €
W (K x). In particular, take an arbitrary K y-measurable set A C X" and define ¥ 4(z) = xa(x) — Kx(A).
Where x 4(z) is the indicator function over A and K x(A) is the probability of the event A under the
distribution K x. Clearly, 1) 4 belongs to W (K x ). Moreover,

0 = B [F(O)$(X)] = Esry [F(X)xa(X)] — Enry [f(X)Kx (A)
- / f(2) dEx — Kx(A) / f(x) dKy.
A X

= /Af(X>dKX:KX(A>/Xf(m)dKX- (16)

Define 1(A) = [, f(x) dKx (x), which is a signed measure with respect to K'x. By the Radon—Nikodym

theorem for signed measures, f is the unique Radon-Nikodym derivative du/dK x. Since we also have, by
Equation [16] that

,U(A):KX(A)/Xf(I)dKX:KX(A)C:C/A dKX:/ACde,

it follows by the uniqueness of the Radon—-Nikodym derivative that f(x) = ¢ K x-almost surely. Therefore,
V=W(Kx)*. |

The following lemma shows that the space of mean-zero functions is equivalent to the span of hierarchical
orthogonal functional ANOVA components, obtained by varying the covariate functions over the entire space
of measurable functions.

Lemma 4. Suppose f € M(X) andlet L(f, Kx,S) denote the functional ANOVA component corresponding
to the subset of covariates S. Define F = {L(f,Kx,S)(x) : S € 2.5 £ 0, f € L>(Kx)}. Then,
span{F} = W(Kx).

Proof. (C)Letp(x) =Y 1, i L(fi, Kx,S;)(xs;), where ¢; € R, f; € L?(Kx), and S; € 209\ {p}.

Since Ex,, [L(fi, Kx,S:)(Xs,;)] = 0, we have Ex, [¢(X)] = 0. Moreover, ¢ is square integrable since
each summand L( f;, Kx,S;)(xg,) is square integrable. Thus, ¢ € W (K x) and span{F} C W(Kx).
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(D) Take an arbitrary ¢ € W (K x). Because W (K x) C L?(Kx ), we have that ¢ is square integrable and
so has an additive decomposition:

o)=Y LOKx,S)@) = > LKy, @) +Exx[p(X)] = > L6 Kx,5)(),
Se2ld] Se2ld\{0} Se2ld\{p}

where the last equality holds because Ex . [¢(X )] = 0. Each term on the right-hand side of the last expression

belongs to F. Thus, ¢ € span{F}. |

With these two results, we now proceed to prove Theorem [3]

Proof of Theorem[3] (=) Suppose Eg, [L(f, Kx,S)(X)] = 0. By the mean zero property of FANOVA,
EKX [ﬁ(f, Kx, S)(X)] =0. Then,
Eny [C(f, Kx,8)(X)] = Ex [£(f, Kx, 5)(X)]

— 0= ]EKX [£<f7 KX7 S)(X)] - ]EHX [‘C(fa KX7 S)(X)]

= 0= Ex, [L(f, Kx, )(X)] — Exy [af, Kx 901
— Oz/L(f,KX,S)(X) ( - Zg;) dKx, forall f € M(X)and forall S # ().

a7

By Lemma as we vary f and S over the space M(X) x (214\ {0}), the components {L(f, Kx,S)}(s.5)
span the mean-zero space; that is, span{F } = W (K x ). Therefore, Equationis equivalent to
h(z)

Oz/ﬁ(f,KX,S)(x) (1—k(x)) dKx =0, forall £(f, Kx,S)(x) € W(Kx).

Thus, (1 - Z&g) € W(Kx)*t. ie, (1 — Zgg) is orthogonal to all zero-mean functions in L?(Kx).
Furthermore, by Lemma we know that the orthogonal space to W (K x) is the space of K x-almost surely

constant functions. Thus, there must exist a constant ¢ € R such that 1 — hz) ¢, K x-a.s. Finally, noting

E@) —
that [dKx — [ % dKx = [ cdKx, we have ¢ = 0, K x-a.s. Therefore,
h(z)
@) =1 = h(x)=k(z), Kx-as. = Hx=Kx, Kx-as.
x
The only if part (<) follows by the mean-zero property of L(f, Kx,S)(z) under K x. |

C MATHEMATICAL FRAMEWORK AND SECTION [S|RESULTS

In this section, we describe in detail the mathematical background necessary for Section [5] along with the
additional notation and assumptions required to prove our main results and state our main conjecture.

C.1 THE DISCRETE CASE

We now formalize the assumptions discussed in Section[5.1]and formally prove Theorem[d} First, let

E:{zeRd:zqv,ZOVi, sz:l},
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denote the standard d — 1 simplex and let X° denote its interior. Following Definition [3] for the space of
mean-zero square integrable functions of the covariates, we denote by W the space of mean-zero vectors:

W={peR:17¢=0}.

We make the following mild regularity conditions on the functional decomposition L.
Assumption 1. The following hold:

1. Twice differentiable. For any f and S, the map Kx — L(f, Kx,S) is twice continuously differen-
tiable.

2. Uniformly bounded condition. There exists a constant M > 0 such that
Sup(f ry,) [ Hrx L0, Kx, S)llop < M, where Hi  L(f, Kx, S) is the Hessian of L(f, Kx, S)
with respect to K x.

Before proving Theorem ] we show two auxiliary Lemmas: Lemma [5]states that for any vector in the interior
of the simplex and any mean-zero vector, there always exists a small perturbation along the mean-zero vector
that keeps the perturbed vector within the simplex. Lemma [/| serves as an intermediate step in proving
Proposition [} which characterizes matrices satisfying a specific condition that the Jacobian of a general
functional decomposition must satisfy.

Lemma 5. For every x € X° and ¢ € W, there exists an open interval I C R containing 0 such that for all
eel,x+epeX’

Proof. Lety = x + £¢. We need to show that y € X° for a suitable choice of & within some interval I. Note
that 17y = 172 + 1T ¢ = 1, which implies that y satisfies the constraint 17y = 1. Thus, it remains to
verify that y; > 0 for all 7.

If ¢; > 0, then x; + £¢; > 0 holds for all € such that e > —%, which is also satisfied by taking

Z;
E> max § ——— ¢ .
i:¢hi >0 { o }

If ¢; < 0, then z; + £¢; > 0 holds for all € such that ¢ < —z—zj, which is also satisfied by taking

€< min < —— », note — — > 0.
i:; <0 o3 o3

If ¢; = 0, then any ¢ € R satisfies y; > 0. Therefore, by choosing

= (ma { xi} min { ml}) I
X -3 —— | =1
i:p; >0 b; 1:¢;<0 o

we ensure that y; > 0 for all . Thus, y € X°. |

Remark 1. Lemma E] is equivalent to stating that for a given © € ¥° there exists some point y € X° and

€ > 0 such that ¢ = = (y — x). That is, we can recover any vector ¢ € W given an initial x and a suitable

pair (g,y) € Ry4 x X°
Lemma 6. W+ = span{1}.

Proof. (2) Let u = a1 for some scalar o € R. For any w € W, we have 17w = 0. Then:

uw'w= (1) w=0a1l"w)=a-0=0.
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Thus, span{1} C W+.

(C) Letu € W, thatis u"w = 0 for all w € W. Consider the vectors e; — ey, (where e; is the j-th standard
basis vector) with j # k. Note that: 17 (e; —eg) = 1 — 1 = 0. Hence, e; — e, € W. Since u € W, it

follows that:
uT(ej—ek):() = uj —ur =0 = u; = up.

As j and k were arbitrary, all coordinates of u are equal. Thus, there exists a scalar « such that v = 1. This
implies u € span{1}. Therefore, W+ = span{1}.

|
Lemma 7. Letw € R Ifx"w =0, forall z € X°, then w = 0.
Proof. We proceed by contradiction. Suppose w # 0; we will show that there exists some vector z € X°
such that = " w # 0.

Assume there is a component ¢ such that w; > 0. Take z; = 1 — avand x;»; = ﬁ for some a € (0, 1).
Clearly, € ¥°. We will show that, for a valid «, 2 Tw > 0. We start by noting that:

xTw:(l—a)wi+Z%wj>0 <= wi—awi—i—% ij >0
J#i J#i

LW
<o wi+a(zdﬁézljwi> > 0.

Let M = % — w;. Then, we have the following subcases:

Case 1: If M > 0, then w; + oM > w; > 0 for all « > 0.

Case 2: If M < 0, then v < =%, where =% > 0. Thus, any « € (0, 5% ) would imply that z " w > 0.

The case where w; < 0 for some ¢ follows by a completely analogous argument. Therefore, if w # 0, we can
always find an 2 € X° such that z "w # 0.

Hence, it must be that w = 0. | |
Proposition 1. Let 2,y € X° and A € R¥*?. Then,
t " Aly —x) =0, forall z,y € ¥°,
if and only if
A=cl', for some c € R, (18)

Proof. Consider a fixed z € X°. By Lemma [5| for any ¢ € W, there exists I C R such that Ve € I,
y=x+ep € X° Thus, ©=F = ¢ € W, and as we vary (e, y) € I x X°, we recover any ¢ € W (see the
proof of Lemma 3)).

Since = # y, we have € # 0. Therefore,
O=z'Aly—z)=a"Acp = x' Ap =0, Yp € W.

It follows that = A € W for each = € ¥°. By Lemmal6] we know that W+ = span{1}. We claim that if

x' A€ Span{1} forall z € ¥°, then A = c1', for some c € R,
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Suppose 2" A € Span{1}. This implies there exists c¢(z) € R such that 2" A = ¢(z)1 7. Let a; denote the
j-th column of A. Then, 2 "a; = ¢(x) forall j € {1,...,d}. In particular, for i # j, we have

z'a;=x"a; <= 2" (a; —a;) =0, forall z € X°. (19)

Applying Lemmato the vector w = a; — a; € R?, we know that Equationimplies w=a; —aj =0.
Thus, a; = a3 = - - - = a4, which means A = c1 for some ¢ € R%.

Now we proceed to prove our main discrete characterization result.

Proof of Theoreml ) Since L(f, Kx,.S) is continuously differentiable, by the Mean Value Theorem
there exists Hx on the hne segment between K x and H x, such that

where Jx . L(f, Hx, S) is the Jacobian of £(f, Kx,S) with respect to K x.

Consider the path v(t) = Hx + ¢t (Hx — Hx), t € [0,1]. Then v(0) = Hx and v(1) = Hx. By the
fundamental theorem of calculus (in vector form), we have

Tkx L(f. Hx,S) — Tix L(f, Hx, S /HKX (f.7(),S) [Hx — Hx| dt.
Taking the operator norm on both sides, we obtain
| Tiex £(F, Hx, 8) = T £(f, Hx, 8) | = H/lﬂKxﬁ(f,v<t>7S) (Hx — Hx) dt
< [ Itaec£0.2(0,) | 1Fx ~ rx
< /O M ||Hx — Hx||dt, (by the uniform bound < M)
:M||}fX—HX/01dt = M| Hx — Hx|.

Thus we have B
| Tre £(f, Hx, S) = Tix L(f, Hx, S)|| < M |Hx — Hx]|.

That is, ~ ~
Tkx £(f, Hy, 8) = Tiex £, Hx, ) + O(|[Hx — Hx]])-
Substituting back into Equation[20] we get
L(f,Kx,8) = L(f,Hx,S) = Trx L(f, Hx,S)(Kx — Hx) + O(||[Kx — Hx|?). @20
By Lemmal 5} for a fixed h and for any ¢ € W, there exists I C R such thatVe € I, k = h+e¢ € X°. Since

h # k we have that € # 0. Thus, =% = ¢ € W, and as we vary (g,y) € I x X°, we recover any ¢ € W,
see proof of Lemma [5] Substltutmg in Equation 21| we have that

(vaX7 )_ (faKX+€¢a ):jKX (faKX+€¢3S)(E¢)+O(€2H¢”2)
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E(f,KX,S)—;C(f,KX +€¢,S)

— g% 6 = ggr%{ijﬁ(fy Kx +¢¢,5)¢+0(l9]?) }
? i%ﬁ(f,KX7S)_i(f’KX+E¢7S):jKXL(faKX75)¢
s By, |tim ZLEE) = LU Ex +0 )X _yr 70 s g 816

e—0 3

—
w
=

s lim SEu, [L(f, Kx, S)(X) — L(F, Kx + 26, S)(X)] = hT Tier £, K x, S)6

(4) e—=0¢
{T?)? O:thKxﬁ(f7KX7S)¢7 V(beW

Where (1) follows by dividing by € and taking the limit as it goes to zero; (2) follows from the continuity
of the first derivative and the definition of O(+); (3) follows from taking expectations under the probability
density Hx; (4) follows from interchanging limits and expectations; and (5) follows from the hypothesis.

Finally, the result follows from Proposition which implies that 7, £(f, Kx,S)) = c17 for some ¢ € R<.

(<) Tk L(f, Kx,S) = c1” for any K x, then by the mean value theorem, substituting into Equation
we obtain L(f, Kx,S) — L(f,Hx,S) = c1T(Kx — Hx) = ¢(1 — 1) = 0. Thus, £(f,Kx,S) =
L(f,Hx,S) for all Hx, Kx, and consequently, Ex [L(f, Kx,S)(X) — L(f, Hx,S)(Xs)] = 0 for all
Hx,Kx € »e.

C.2 THE CONTINUOUS SETTING

In this section, we introduce the continuous setting and motivate its relevance in a more expository manner; a
more formal treatment is provided in the following appendix section.

In section [5.1] Theorem 4] and Corollary [I]show that, in the discrete case, a functional decomposition £ that
never misattributes effects must be constant with respect to the distribution over covariates. We now analyze
the continuous setting, introducing pertinent regularity assumptions to study how £ responds to perturbations
in the input distribution.

Namely, we assume L(f, Kx,.S) is a continuous functional in its first argument f, Lebesgue measurable in
its second argument, K x, and square integrable, in the L2 sense, for all triplets (f, Kx, S). For example, our
first condition is satisfied in cases such as in FANOVA, when L is the integral operator with respect to any
probability measure absolutely continuous with respect to the Lebesgue measure. The third assumption is
identical to those in FANOVA and ALE, which both require £ to belong to the space of square integrable
functions, L?. Lastly, we assume that the densities k() belong to the space of compactly supported functions,
which we denote by P(X). Throughout, we use the notation Kx € P(X) or k(x) € P(X) interchangeably
to refer to the probability measure and its corresponding density—this abuse of notation will be clear from
context. The definition of ALE already assumes compactly support densities. In practice, most distributions
can be restricted to a compact region (e.g., age, income, and years of education are all bounded).

24



Published as a paper at 2nd DATA-FM workshop @ ICLR 2025, Singapore.

We parametrize perturbations around a density k(x) as k(x) + ¢(z), for admissibleE] functions ¢. We denote
by Dk, the set of admissible perturbation functions of Kx. Throughout, we may write k(z) + ¢(z) or
Kx + ¢ interchangeably to denote such perturbations—again this is a mild abuse of notation and will be clear
from context. Under an additional condition, assuming that £ is continuously differentiable as a function of
¢, we ensure that we can approximate £(-, ¢) with a linear approximation around zero:

E(-, d)) ~ ['(" O) + D¢£(" 0)[¢]

Where L(-, @) is short notation for L(f, Kx + ¢, S) and Dy, L(-,0) is the Fréchet derivative of £ with respect
to the function ¢ evaluated at ¢ = 0. The Fréchet derivative is an operator, and D, L(-, 0)[¢] denotes it taking
¢ as input. See Definition 4] and Appendix [D.2]for a more rigorous discussion of the perturbation functions.
Although we have not yet verified that FANOVA and ALE satisfy continuous differentiability with respect to
perturbations, our conditions are mild, so we conjecture that this is the case. We now attempt to characterize
the behavior of the functional £ under small perturbations of the distribution K x.

Theorem 5. Assume the above regularity conditions on L (see Assumptions 2] and[3in the Appendix). Let
Kx € P(X), and let Dk, denote the set of admissible perturbation functions of Kx. If for all ¢ € Dk,
we have

Exx+o [L(f, Kx,9)(X) = L(f, Kx + ¢,5)(X)] =0,
then
Ex, [DeL(-,0)[¢)(X)] =0, forall¢p € Dk,. (22)

See Appendix for the proof.

Theorem 6. Under the assumptions of Theorem E] if a functional decomposition L(f, Kx,S) does not
depend on its input distribution (i.e., L(f, Kx,S) — L(f,Hx,S) = 0forall f, Kx,Hx,S), then it does
not misattribute effects of Y | X.

Proof. The proof is straightforward: by definition, if £(f, Kx,S) — L(f, Hx,S) = 0forall f, Kx, Hx, S,
then A(L, f,Kx,Hx,S) =0. |

We verify that when the KOB decomposition’s assumptions are met, it satisfies this theorem. Assuming that
Y | X remains unchanged and examining Equation |2} Sy = fk and the difference in means simplifies to the
sum of the covariate effects. Since A depends solely on Y | X, its value is zero.

We conjecture a reverse direction of Theorem [6] suggesting that under reasonable assumptions, a functional
decomposition £ will not misattribute effects if it does not depend on its input distribution. Specifically,
one might hope that when allowing K x to range over the probability space, Equation [22| would imply that
DyL(-,0)[¢](x) is constant—in a similar way to the discrete case characterized in Theorem[4] This, in turn,
would imply that £(+, ¢) is invariant under perturbations of concentration; in other words, it is locally constant
everywhere and, therefore, £ does not depend on its input distribution in a meaningful way—analogous to
Corollary

Conjecture 2. Under the same regularity conditions as in Theorem |5| If for all Kx € P(X) and all
¢ € Dk, we have
Exx+o [L(f, Kx,5)(x) — L(f, Kx + ¢,5)(x)] = 0.
Then,
L(f,Kx,S)(z)=L(f,Hx,S)(x), forall Kx,Hx € P(X).

*We require that ¢ be square integrable and that k(z) + ¢ be a valid probability density; see Appendix for details.
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While we have not yet fully proved Conjecture 2] we feel it is intuitively sensible: if a decomposition £ does
not misattributes effects of transport for any distribution, then it must be constant with respect to its input
distribution.

Our Examples|[I|and 2] together with Section #.2]and Theorem [6] underscore that popular decomposition
methods, such as FANOVA and ALE, are not suitable for explaining differences between two populations
under Definition [I] highlighting the need to develop novel decomposition techniques to tackle this problem.

D MATHEMATICAL FRAMEWORK: THE CONTINUOUS SETTING

We now develop the mathematical definitions and assumptions introduced in Appendix needed to
prove Theorem [5]and to work toward Conjecture 2] We also provide a precise definition of an admissible
perturbation and show that such perturbations exist for any compactly supported density.

D.1 ADDITIONAL NOTATION

Let X C RY be a compact set of possible covariate values, equipped with its Borel o-algebra B(X). Let
Co(&X) denote the set of continuous functions on X. In what follows, we focus on probability measures
whose densities are continuous, strictly positive, and supported on X'. We denote by P(X’) the space of such
probability measures; formally,

P(X) = {P VA € B(X), P(A) = /Ap(x) da, p(x) € Co(X), plz) > 0Vz € X, /Xp(x) de = 1}.

As in Appendix Bl we can think of these densities as the Radon-Nikodym derivatives of probability measures
that are absolutely continuous with respect to an underlying measure. Since we now focus only on the
Lebesgue measure—though our work applies to any underlying measure—we use dz instead of d\(x) for
clarity.

We make the following regularity and basic assumptions on the functional decomposition L(f, Kx, S).
Assumption 2. The following hold:

1. Continuity: For any (Kx,S), the map f — L(f, Kx,S) is continuous for almost all f € M(X).

2. Measurability: For any (f,S), the map Kx — L(f, Kx,S) is Lebesgue measurable for all
Kx € P(X)

3. Integrability: The map (f, Kx,S) v L(f, Kx,S) belongs to L*(X,\), for all (f,Kx,S) €
M(X) x P(X) x 204,

Where we have used the usual notation L?(X’, \) to denote the space of square-integrable functions over
X with respect to a measure A\, we now omit \ from the notation and write L?(X) to refer specifically to
integration with respect to the Lebesgue measure, making the measure explicit otherwise.

D.2 ADMISSIBLE PERTURBATION FUNCTIONS

To define the admissible perturbation functions mentioned in Appendix [C.2] we first need to define Fréchet
differentiability.

Definition 4 (Fréchet differentiability; Cheney| (2001)). Let f : D — Y be a mapping from an open set D in
a normed linear space X into a normed linear space Y. Let x € D. If there exists a bounded linear map

A : X =Y such that n m
L)~ f(x) — AR
h—0 17l

0,
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then f is said to be Fréchet differentiable at x, or simply differentiable at x. Furthermore, A is called the
Fréchet derivative of f at .

Definition 5 (Admissible perturbation function). We say a continuous function ¢ € L?(X) is an admissible
perturbation of the probability measure K x, if k(x) + ¢(x) is a density of a distribution in P(X) and has
full support everywhere X.

We denote by DKX the set of admissible perturbation functions of Kx: Dk, = {¢ € L*(X) : k(x)+¢(x) >
Oand [, (k(x)+ ¢(x)) dx = 1}. We show that Dg, # {0} forall Kx € P(X).

Lemma 8. For any distribution K x € P(X), there exist an admissible perturbation function different than
zero.

Proof. Let any smooth compactly supported function ) € L?(X'). Then, we can take the define the function

Bx) = U ——/w

such that ¢(z) € W(X), thatis, [, ¢ + @(x) dz = 0. To ensure the positivity requirement, we can take a function

¢(x) = eg(x), for e > 0, which st111 is in L2(X') and integrates to zero. Such ¢ > 0 must satisfy that for a
given density K x (),

Kx(z)+¢(z) = Kx(x) +ed(z) >0 <= ed(x) > —Kx(z), Vo e X. (23)

Whenever é(ax) > 0, Equationis always satisfied. Thus, the only relevant case is when &(m) < 0, for
which Equation 23]is satisfied if and only if

K -
e < ﬂ V & € X such that ¢(z) < 0
¢(z)

Or equivalently,

< infzeX KX(x)

" supex [0(2)]
where by assumption the right hand side is strictly positive. Thus ¢(z) is an admissible perturbation function
of Kx (33) . |

Note that for any fixed density K x, we can parameterize the functional decomposition in terms of ¢(z) as
follows: L(f,¢,S) = L(f, Kx + ¢,5) : M(X) x D, (X) x 2[4 — L?(R?). For this parameterization,
in addition to Assumption[2] we need to assume the continuous differentiability of £ as a function of ¢ (see

Assumption [3)) to ensure that £ is Fréchet differentiable as a map from the Banach space L?(.X') into the
Banach space L?(Xs) (Zeidler, |1986; |Averbukh & Smolyanovl, [1967).

Assumption 3. The map ¢ — L(-, ¢(z)) is continuously differentiable as a map from L?(X) into L*(Xs).

Under this new assumption, we can linearly approximate £(-, ¢) around ¢ = 0 with a linear and bounded
functional.

L(,¢) = L£(0) + DyL(:, 0)[¢] + o([[ 0| 2)-
Where Dy L(-,0)[¢] is the Fréchet derivative of £ with respect to the function ¢ evaluated at the zero function

and o(||@|| .2 ) represents a higher-order functional that vanishes faster than ||¢|| 2 as ¢ — 0. More formally,
for any § > 0, there exists a 7 > 0 such that if ||¢|| 2 < 7, then |o(||@]|r2)| < 0||o||L2-
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Remark 2. The Fréchet derivative is a linear and bounded functional which operates on functions ¢ € L*(X).
That is, there exist a constant C' > 0 such that,

[DsL(+, 0)[Bl]|L2 < Cl¢]|L2-
D.3 PROOF OF THEOREM[3]

We first show some lemmas that will be useful through the proof of Theorem 3]
Lemma 9. Given our assumptions, for any Kx € P(X) and ¢ € W(X), the following integrals are finite.

/X (DyL(-0)[6](x)) &) dz| < oo (24)
\ [ Dot 0161 ote) ko) d < . @)

Furthermore,
] /X o6l12) (@) k() + 6()) da| = o([6]]1) 26)

Proof. k(x) is continuous and compactly supported on X, then by a direct consequence of the extreme value
theorem, it is bounded: there exists a B > 0 such that sup, ¢y |k(x)| < By < oo; by a similar argument,
sup,.e x [¢(x)| < By < 0o. We first show Equation 24}

[ ot Dyds| < [ 1DoL(:0)0(0)] o) ds
< ([ @otz0elo)” dx)m (f k(x)?dx)m

<C-|¢llz2 - Br -V AX)
SCB¢BK)\(X)<OO

To show Equation 25}
| (et :00l@) o(o) do

/ DL (50)[6](x)| ()] d

< < /X (DyL(50)[¢)( )1/2 (/ s dx)

< C-9llL2 - By v/ A(

< BZ-C-AX).

To show Equation 26} For any § > 0, there exist a 7 > 0 such that if ||¢||, < 7, then o(||¢||2) < 8]|¢||L..
thus:

] [ ol61.)@) k() + o) o

S/X|0(||¢||L2)(x)\(k(fc>+¢(x))dw

< (Bi + By) /X ol l12,)] de

< (B + By) - 0[|9l £, A(X)
= o([l#lz.)-
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Lemma 10. Let X C R be a measurable set with finite Lebesgue measure \(X) < oc. Then, the orthogonal
complement of W(X) in L?(X) is the space of constant functions on X, that is,

WXt ={feL*X): f(z) =c, ae onX}.
Proof. Let
V={feL?X): f(z) =c,ae.onX}.

We will prove that W(X)+ = V by first showing that V C W(X)*. Let f € V; then, for any 1) € W(X),
we have

/X Fle)(z) dz = ¢ /X ¥(z) dz = 0.

It remains to show that W(X)+ C V. Let f € W(X)*, then [, f(2)y(z) dx = 0 for any ¢ (z) € W(X).
In particular, we can take an arbitrary measurable set A C X and define

Pa(@) = xalz) — i((;?)

where x 4 (z) is the indicator function over A and ) is the Lebesgue measure. Thus,

0= [ st e = [ s~ [ f@3d

Define 1(A) = [, f(x) dx, which is a signed measure absolutely continuous with respect to the Lebesgue
measure. On one hand, by the Radon-Nikodym Theorem for signed measures (Folland| (1999); Theorem 3.8),
f(x) is the Lebesgue integrable Radon-Nikodym derivative. On the other, by Equation

w(A) = A\(A) - ¢, for any measurable set A C X, (28)

where ¢ = (%) . By the Lebesgue almost everywhere uniqueness of the Radon-Nikodym derivative,

we have form Equation[28]and definition of 4 that
f(x)=¢c, ae.z € X.

Therefore, f € V and W(X)*+ C V. [ |

We can now proceed to prove Theorem 5] which we hope to use in proving our main Conjecture [2]in future
work.

Proof of Theorem[5] By assumption Ex, 44 [L(f, Kx,S)(X) — L(f,Kx + ¢,5)(X)] = 0, forall ¢ €
DKX- i.e.,

0= /X (C(f, Kx.8)(x) — L(f. Kx + 6, 8)(x)) (k(z) + o)) de,
- /X (L0, 0)() — £(- $)()) (k(z) + o)) de,
- /X Dy L£(0)[6](x) + (6|2 ()] (k(z) + 6(x)) do,
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= 0= [ IDLC.000l(@) + ollol2) @) (ko) + 6(a) (29)

Then, by Lemma([9] we can split the integrals, and rewrite Equation [29]as:

/X (DL 0)[6)(x)) k(x) di + / (161122) (@) k() + () da.

X

(DsL(-,0)[¢](x))d(x) dx = — /

0
X

Since this equation must hold for all ¢ € Dk, we can proceed as in the proof of Lemma|8| Specifically,
let ¢(x) = evp(z) for sufficiently small € > 0 and ¢)(z) € W(X). Furthermore, by Lemma [9} we know the

following: [, o(||@l z2)(x)(k(z) + ¢(x)) dx = o(||¢[|L2). Note also that o(|[et)||2) = o(e]|¢)[|L2) = o(e)
since |||/ 2 < oo, then the above equation simplifies to:

/X (DL 0[] (x) k(z) da + / (DLl 0)[e](x))ew(x) dx = ofe).

X
Where by o(¢), we mean a constant that goes to zero faster than e. By the linearity of the Fréchet derivative,
o(e)

we can take ¢ out of the operator, divide by it, and since == o(1), we obtain:

/X (DyL(-,0)[](x)) k(x) da + ¢ / (DyL(-,0)[](2))h(z) dx = o(1).

X

Taking ¢ — 0, we get that the first integral is equal to zero:
/ (Do L, 0)[Y)(2)) k(z) dz = Ery [D L, 0)[$)(2)] = 0, forall € W(X). (30)
x
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