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Abstract

Since the objective functions of reinforcement
learning problems are typically highly nonconvex,
it is desirable that policy gradient, the most pop-
ular algorithm, escapes saddle points and arrives
at second-order stationary points. Existing results
only consider vanilla policy gradient algorithms
with unbiased gradient estimators, but practical
implementations under the infinite-horizon dis-
counted reward setting are biased due to finite-
horizon sampling. Moreover, actor-critic meth-
ods, whose second-order convergence has not yet
been established, are also biased due to the critic
approximation of the value function. We provide
a novel second-order analysis of biased policy
gradient methods, including the vanilla gradient
estimator computed from Monte-Carlo sampling
of trajectories as well as the double-loop actor-
critic algorithm, where in the inner loop the critic
improves the approximation of the value function
via TD(0) learning. Separately, we also estab-
lish the convergence of TD(0) on Markov chains
irrespective of initial state distribution.

1. Introduction

In the standard reinforcement learning framework, an agent
interacts with an environment according to some policy,
which dictates the best actions to take given the state of the
environment. The ultimate goal of the agent is to adopt a
policy that maximizes some measure of cumulative reward.
To efficiently search for the optimal policy, policy gradient
methods optimize a policy parameter 6 through updates
that approximate the gradient of the objective function with
respect to 6. These algorithms can be fast and flexible, and
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under mild assumptions, they share convergence properties
with mainstream gradient descent algorithms.

The policy gradient can be estimated by way of the policy
gradient theorem, which enables the straightforward appli-
cation of existing techniques in gradient-based optimiza-
tion towards understanding PG convergence. The theorem
provides a formula for the exact gradient of the objective
function as the expectation of the state-action value func-
tion over the discounted state-action measure (Sutton et al.,
1999). In practice, the gradient is estimated through two
common approaches: the “vanilla” approach, where the
gradient is approximated via Monte-Carlo sampling, or the
“actor-critic” approach, where the policy parameter 6, called
the “actor parameter,” is updated simultaneously alongside
a “critic parameter” w, which parametrizes the state-action
value function. The critic parameter is typically updated via
bootstrapping temporal difference methods such as TD(0),
although the actor updates may also be bootstrapped (Konda
& Tsitsiklis, 1999; Bhatnagar et al., 2009).

Although it is well-established that policy gradient con-
verges to first-order stationary points where the norm of the
gradient is approximately zero (Sutton et al., 1999; Yuan
et al., 2022; Agarwal et al., 2020), it is of interest whether
policy gradient algorithms yield second-order stationary
points (local maxima) as opposed to saddle points. This
is because the function landscape of RL problems can be
highly nonconvex and features suboptimal stationary points
even in very simple examples (Agarwal et al., 2020; Bhan-
dari & Russo, 2019; Zhang et al., 2020). We can utilize
seminal results in nonconvex optimization that show that
stochastic gradient descent can leverage randomness to es-
cape saddle points either with added noise (Ge et al., 2015;
Jin et al., 2019) or as long as there is a component of noise in
the direction of curvature (Daneshmand et al., 2018; Vlaski
& Sayed, 2022).

However, unlike stochastic gradient descent, practical im-
plementations of policy gradient are frequently biased. For
the discounted infinite-horizon reward objective function,
the vanilla policy gradient estimator is biased due to trunca-
tion of sampled trajectory horizons (Yuan et al., 2022). In
addition, actor-critic algorithms introduce a second source
of bias in the critic’s approximation of the value function.
This therefore requires novel techniques for controlling and
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bounding the bias. In comparison, existing works on second-
order convergence of policy gradient only consider unbiased
gradient estimators; for example, (Zhang et al., 2020) re-
quire artificially constructing an unbiased gradient estimator
via Q-sampling as well as periodic step size enlargement,
and (Yang et al., 2021) assume the gradient estimator is
unbiased. Both works also only consider the vanilla policy
gradient algorithm and not the actor-critic scheme.

In this paper, we address the aforementioned gap by showing
that biased policy gradient methods, including both vanilla
policy gradient and actor-critic methods, can escape saddle
points. Borrowing from the analyses of (Vlaski & Sayed,
2022) regarding unbiased stochastic gradient descent, we
tackle the biased policy gradient setting by showing that
the components of the bias can be sufficiently controlled to
yield second-order convergence guarantees.

Related Work

Escaping Saddle Points. As referenced earlier, escaping sad-
dle points has become a central research topic in nonconvex
optimization in the last few years, with natural extensions
to the policy gradient setting. In addition to the seminal
works showing the second-order convergence of gradient
descent and stochastic gradient descent (Ge et al., 2015;
Jin et al., 2019; 2017; Daneshmand et al., 2018; Vlaski &
Sayed, 2022), an additional body of work has focused on
second-order methods that use Hessian information to arrive
at second-order stationary points faster. Some examples of
reinforcement learning approaches in this direction include
(Shen et al., 2019; Wang et al., 2022; Khorasani et al., 2023).
However, these works only consider unbiased gradient esti-
mators. For an in-depth comparison of sample complexities,
see Appendix A.2.

Global Convergence. Separate from our line of work, there
are several “global convergence” results for policy gradi-
ent and actor-critic algorithms that ensure convergence to a
global optimum for specific policy parametrization or func-
tion structure. For instance, global convergence is estab-
lished for the following settings: tabular or tabular softmax
policy parametrization with exact gradients (Agarwal et al.,
2020; Bhandari & Russo, 2021), objective functions that
satisfy the gradient domination property (Bhandari & Russo,
2019), linear quadratic and nearly linear-quadratic control
systems (Yang et al., 2019; Han et al., 2022), and over-
parametrized neural networks (Wang et al., 2020; Fu et al.,
2020). The premise of “global convergence” also requires
some assumption that the proposed policy parametrization
can approximate the optimal policy with arbitrary precision,
i.e., the optimal policy lies within the policy class. In com-
parison, our second-order convergence guarantees pertain
to finding the best policy parameter 6 under a generic policy
parametrization, for policy gradient algorithms with noisy
and biased updates. For an in-depth discussion of global

convergence rates, see Appendix A.1.

Vanilla Policy Gradient. In this work, we refer to policy
gradient algorithms that estimate the gradient via Monte-
Carlo sampling of trajectories as “vanilla policy gradient.”
Early formulas include REINFORCE (Williams, 2004) as
well as GPOMDP (Baxter & Bartlett, 2001), a version of
REINFORCE that enjoys reduced variance (Peters & Schaal,
2008) by employing the “’reward-to-go” trick. Our work
pertains to the GPOMDP estimator. Both REINFORCE
and GPOMDP are unbiased estimators of objectives with
deterministic, fixed horizons, but they are biased estimators
of the infinite-horizon discounted reward due to truncation
(Yuan et al., 2022).

Actor-critic Algorithms. The asymptotic convergence of
actor-critic algorithms was first established in (Konda &
Tsitsiklis, 1999) for gradient actor updates and bootstrapped
critic updates, and in (Bhatnagar et al., 2009) for boot-
strapped actor and critic updates. Since then, finite-time
convergence has been established for a variety of actor-
critic frameworks, although to the best of our knowledge
no second-order convergence result exists. In this work we
consider double-loop actor-critic algorithms where the critic
parameter undergoes TD(0) updates in the inner loop and
the actor parameter undergoes gradient updates in the outer
loop. Several works have shown first-order convergence
of these algorithms with various additional settings; (Yang
etal., 2018) consider i.i.d sampling in the actor and the critic,
(Qiu et al., 2021) consider i.i.d. policy samples and critic
sampling from a stationary Markov chain, and (Xu et al.,
2020b) study mini-batch Markovian sampling for control-
ling the bias error. Separately, (Wang et al., 2020) establish
global convergence for double-loop algorithms where the
actor and critic functions are compatible overparametrized
neural networks. In comparison, we consider linear critic
parametrization and arbitrary actor parametrization with
Markovian sampling, and we do not require the Markov
chain to be stationary.

Recently, two-timescale (Xu et al., 2020a; Wu et al., 2020)
and single-timescale (Fu et al., 2020; Olshevsky & Gharesi-
fard, 2023) actor-critic algorithms have shown a slight per-
formance advantage over double-loop algorithms, although
existing works still only analyze their first-order or global
convergence under specific function parametrizations, while
we focus on second-order convergence.

Temporal Difference Algorithms. Actor-critic algorithms
typically feature some bootstrapping element; in particular,
we consider actor-critic algorithms where the critic updates
via TD(0) learning. The finite-time convergence of TD(0)
has been established recently under independent and identi-
cally distributed sampling (Dalal et al., 2018; Kumar et al.,
2019) as well as under Markovian sampling (Liu & OI-
shevsky, 2020; Bhandari et al., 2018). The latter is more
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relevant to the RL setting; however, both (Bhandari et al.,
2018) and (Liu & Olshevsky, 2020) assume the Markov
chain begins in the stationary distribution, which is unre-
alistic for practical implementations such as in actor-critic
algorithms.

Our Contributions

Our contributions are as follows.

* We provide the first finite-time convergence analysis of
vanilla policy gradient with biased gradient estimator
to e-second-order stationary points. This results in a
sample complexity of O(e~%9) iterations, where O(-)
hides logarithmic dependencies. We note that this is a
stronger result than O(e~?) from (Zhang et al., 2020)
and a weaker result than O(e=*?) from (Yang et al.,
2021), both of which only analyze unbiased gradient
estimators.

* We provide the first finite-time convergence analysis
of an actor-critic policy gradient algorithm to e-second-
order stationary points. We show that our double-
loop actor-critic algorithm, where the critic updates via
TD(0) and the actor updates via policy gradient, ar-
rives at an e-second-order stationary point in O(e~6-)
outer loop iterations with O(e‘g) inner-loop TD(0)
steps. In contrast to existing first-order analyses of
actor-critic algorithms, we allow for Markovian sam-
pling in both the actor and the critic.

e Of separate interest, we provide the first finite-time
convergence analysis of the classic TD(0) algorithm on
nonstationary Markov chains; i.e., we do not assume
that the initial state distribution is the stationary dis-
tribution of the Markov chain. This allows realistic
analyses of the actor-critic setting, where we have no
guarantee that after every policy update the new under-
lying Markov chain is in its stationary distribution. We
show that for K constant timesteps « = \/% and expo-
nential mixing, the algorithm converges at the rate of
O(ﬁ) +O(+), as opposed to O(#) when starting
from the stationary distribution.

The structure of the paper is as follows. In Section 2, we
formalize the problem and introduce notation used in the
rest of the paper. In Section 3, we establish second-order
convergence for biased policy gradient estimators and apply
our results to vanilla policy gradient. In Section 4, we
present our new analysis of the TD(0) algorithm, which
is incorporated to bound the critic approximation bias and
show second-order convergence of the actor-critic algorithm.
Finally, in Section 5, we summarize our results and discuss
the next steps of our work.

2. Problem Formulation
2.1. Markov Decision Process

We define the Markov decision process as a quadruple
(S, A, P,R), where S is the state space, A is the action
space, P(s’|s, a) is the transition probability from state s to
state s’ by taking action a, and R (s, a) is the reward func-
tion for performing action a in state s. The agent is trying
to learn a stochastic policy m : & — A(A), where A(A)
is the space of probability distributions over A, such that
m(als) is the probability that the agent performs action a
given state s. As the agent interacts with the environment, it
generates a sequence of states, actions, and rewards referred
to as a trajectory 7 = {sg, ag, S1, a1, ...}. The trajectory
is sampled from the probability distribution p(-|7), which
describes the probability of a trajectory generated by some
policy 7, where ay ~ 7(+|sg) and sg11 ~ P(+|sk, ax).

We want to learn a policy 7 that maximizes the expected
infinite-horizon discounted reward, J. For policy gradient
algorithms, we parameterize the policy m with some param-
eter # € RM so that .J is a function of 6 to obtain

J(0) = Eaypo(yrmpCima) [ Y R sk ar)]
k=0

where v € (0, 1) is the discount factor and the expectation
is taken with respect to an initial state distribution sg ~
po(+) and a stochastic policy 7y under which trajectories are
sampled 7 ~ p(-|mg). The RL problem is to find an optimal
policy parameter 6* such that 6* = arg maxy J(6).

We also define the state value function and state-action value
functionas V7 (s) = Ex[> pe Y*R(sk,ax)|so = s]and
Qﬁ(&a) = EW[ZI;“;O’ykR(Sk’ak)‘SO = Sa0 = a]
respectively, such that the objective can be alterna-
tively formulated as J(§) = E,.,,[V™(s)]. Finally,
we reference the discounted state-weighting measure as
AT () = oM Epy [Pr(ss = s |s0.m0)]

2.2. Policy Gradient Algorithm

Algorithm 1 Biased Policy Gradient Algorithm

Input: initial policy parameters 6
fort=0,1,2,..T — 1do
Sample a trajectory 7 of length H under my,,

Tt = {8070;0751,67/1, "'SH—17G'H—1}

where so ~ po(s)
Compute G(6; 7¢) via Algorithm 2 or Algorithm 3
Update 9t+1 = Qt + uG(Gt, Tt)

end for

In this work we consider policy gradient algorithms of the
form shown in Algorithm 1. We note that these gradient
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algorithms can be mini-batched for additional variance re-
duction, but our analysis does not rely on batching and we
omit this notation for simplicity. At each time step ¢ + 1,
a random trajectory 7; is sampled and G (0¢;7¢), a biased
estimator of the true policy gradient V.J(6;), is computed.
Then the policy parameter 6 is updated with step-size y as
follows R

Or41 = 0; + pG(0i5 7). (D

Let G(0;) = E.[G(0:; T)], where the expectation is taken
with respect to the sampled trajectory 7. Then in order to
analyze the convergence of Algorithm 1, we decompose the
updates in terms of the noise &; 1 and bias d;; to obtain

Orp1 = 0y + NV J(0r) + psyr + pdig1,

where &1 = G(Qt; 7t) — G(6;) represents a zero-mean
noise term induced from sampling the trajectory of length
H and d;1 = G(6;) — V.J(0;) represents the bias induced
by the gradient estimator algorithm. Specifically, we denote
by {Fi}+>0 the filtration generated by the random process
{60:}+>0 such that 6, is measurable with respect to F;. Then
the gradient noise process {{; }+>o satisfies

E[&i 1| F:] = E[G(0s; 1) — G(0:)|F] = 0.

Although d;, 1 might be random or deterministic depending
on the gradient estimator algorithm, it is generated by a
different process than & ;. In the sequel, our analyses rely
on assumptions on &; 41 and dy4 .

2.3. Second-Order Stationary Points

We define second-order stationary points and approximate
second-order stationary points as follows (Jin et al., 2017;
Nesterov & Polyak, 2006).

Definition 2.1. For the twice-differentiable function J(6),
0 is a second-order stationary point if |[VJ(#)||= 0
and A\nar(V2J(0)) < 0. In addition, if V2J(0) is x-
Lipschitz, 6 is an e-second order stationary point of .J () if
[VJO)] < eand Anaa(VZI(6)) < (/XE.

In line with the strict-saddle definition introduced in (Ge
et al., 2015) and later used in (Jin et al., 2019; 2017; Danesh-
mand et al., 2018), we focus on escaping saddle points with
at least one strictly positive eigenvalue. We divide the pa-
rameter space of the objective function J () into regions
where the gradient is large or small with respect to the step-
size u, which we assume to be a small hyperparameter. We
define the following sets

G —{o:1va0)17 = e (1+5) ],

H=1{0:0¢G% N\az(V>J(0)) > w},
M=1{0:0¢€G% N\naz(V2J(0)) < w},

where ¢ > 0 is a parameter depending on the problem and
0 > 0, w > 0 are parameters depending on the desired
accuracy of the algorithm that we choose later on. The set
G represents approximate first-order stationary points, and
within G, the region H represents “strict-saddle” points,
whereas the region M represents approximately second-
order stationary points. Specifically, points in M represent
the set of local maxima with respect to first and second-order
information.

3. Second-Order Convergence of Vanilla Policy
Gradient

In this section, we establish the second-order convergence
of biased policy gradient in general and apply it to vanilla
policy gradient. We begin with the original policy gradient
theorem (Sutton et al., 1999), which states

VI(0) =D d™ 0 (s) > mo(als)Viog me(als)Q™ (s, a),
seS acA

which is equivalent to the temporal summation

VJI(0) =Exr, po [Z Z 7'V log m (an|sk)R(st, at)].
k=0 t=k

For further details on the connection between these two

formulations, see Appendix F.

Through Monte-Carlo sampling of trajectories 7 of fixed
length H, we construct the GPOMDP gradient estimator
(Baxter & Bartlett, 2001) as follows

H_1 H—-1
GVPC(g;7) = Z V log m(an|sn) Z YR (i, ai)-
h=0 i=h

Algorithm 2 Vanilla Policy Gradient Estimator
Input: policy parameter 6,,

{807 agp, S1,01,...SH—1, aH*l}
Compute gradient estimator from 7;:

trajectory T, =

H-1 H-1
GVPC(0rm) = > Viogmo(anlsn) Y v R(si,az)
h=0 i=h

return GVFC (0,; 1)

This yields the “vanilla” policy gradient algorithm as out-
lined in Algorithm 2. We define the truncated or finite-
horizon objective Ji(0) = By 0[Sty YR (s, ar)].
As observed in (Yuan et al., 2022; Zhang et al., 2020; Wu
et al., 2022), since we cannot practically sample infinite-
horizon trajectories, GV PG (6; 1) is a biased gradient esti-

mator of J(#) and an unbiased gradient estimator of Jg (6),
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such that

E[GVFC(0;7)] = VJu(0) # VJ(6).

3.1. Assumptions

We require the following assumptions for the convergence
of biased policy gradient algorithms.

Assumption 3.1. The following conditions hold for all
(s,a) € S x Aand 6:

1. The rewards are bounded such that there exists
Ronaz > 0 with |R(s,a)| < Rmae-

2. The policy score function Vlogms(als) exists and
its norm is bounded by a constant G > 0 such that
IV logme(als)|| < G.

3. The Jacobian of the score function exists and its
norm is bounded by a constant B > 0 such that
||IV2log e (als)|| < B, and it is Lipschitz continuous
such that for all 01, 0>, we have

IV log g, (als) — V*log mg, (als)|| < ¢[|6r — ba]l-

In Assumption 3.1, we assume that the reward and the pol-
icy log gradient are bounded, assumptions first put forward
in (Papini et al., 2018) and since widely adopted in many
theoretical analyses of policy gradient (Zhu & Gong, 2023;
Zhang et al., 2020; Yang et al., 2021). Assumption 3.1 is sat-

isfied by commonly used policy parametrizations, including
eh(s,a,0)

> eh(s,0,0)
The action preferences h(s, a, ) can be parametrized via

deep neural networks or other functions of the feature vec-
tors ¢(s,a). The assumption is also satisfied by Gaussian
policies such as mg(a|s) ~ N (¢(s)T6,0?) if the parameter
0 lies in some bounded set and the actions and the feature
vectors ¢(s) are bounded (Zhang et al., 2020). In addi-
tion, Assumption 3.1 has several important implications as
follows.

Lemma 3.2. (Lemma 3.2 of (Zhang et al., 2020)) The score
function V log g (a|s) is B-Lipschitz continuous. Moreover,
the policy gradient V J(0) is Lipschitz continuous such that
for all 61, 05, we have

[V J(01) — VJ(02)| < L6y — 02|

the softmax policy parametrization 7y(als) =

— RmazB 1+ RmaaG?
where L = {p257 + =

Lemma 3.3. (Lemma 5.4 from (Zhang et al., 2020)) The

Hessian matrix of J(0) is Lipschitz continuous such that for
all 61, 05, we have

IV27(01) = V2 (62)]| < x|62 — O]

RumazGB Rimac G (1+7) RmazG .
=7 T — s T
By G2(1+v)+B(1—7)v}

(1—-7)2 )

where Y =

Gy
max{B, = 6 i

Finally, we require assumptions on the noise of the algo-
rithm that allows the iterates to escape saddle points.

Assumption 3.4. The covariance matrix of the noise £;41
generated at iterate 0, defined as Re (0;) = E[&41£], 1| F2)s
is Lipschitz such that

[[Re(01) — Re(02)[|< Brllor — 02"

where 0 < v < 4 and g > 0.

Assumption 3.5. Let V2J(0) = VpAgV,! be the eigende-
composition of the Hessian matrix at § where the eigenval-
ues and eigenvectors are ordered as follows

0 <0 AFO 0

— > = —

=0 v =N S
where A; 0> 0and A?O < 0. Then, we assume that there
exists o7 > 0 such that for any approximate strict-saddle
point 0, € H

)‘min((VQ?O)TE[ftJrlgL-l]Ve?O) 2 Ul2~

Assumption 3.4 states that the covariance matrix is Lips-
chitz, an assumption proposed in (Vlaski & Sayed, 2022;
Vlaski et al., 2020). Assumption 3.4 requires that the covari-
ance of noise does not change too much between iterates,
which can be ensured by restricting our parameter search
space to a compact set, which reflects common practices.
Assumption 3.5, or the condition of “correlated negative
curvature,” states that there must be a component of noise
in the direction of negative curvature in order for the noise
to help the iterates escape the saddle point. It is necessary
for most second-order convergence analyses (Daneshmand
et al., 2018; Zhang et al., 2020; Yang et al., 2021). Like
(Vlaski & Sayed, 2022), we note that although Assumption
3.5 is a technical requirement for convergence, the condition
can be achieved by simply adding isotropic noise at each
parameter update iteration like in (Ge et al., 2015; Jin et al.,
2019).

3.2. Main Result

We first present the following theorem for general biased
policy gradient, which shows that if the gradient estimator
and bias are sufficiently bounded, we can conclude second-
order convergence. Theorem 3.6 adapts Theorem 3 from
(Vlaski & Sayed, 2022) regarding second-order convergence
of unbiased stochastic gradient descent. Our approach fol-
lows the framework proposed in (Vlaski et al., 2020) for
showing second-order convergence of federated learning, a
form of biased stochastic gradient descent.

Theorem 3.6. For the iterates 0 of Algorithm 1, suppose
that Assumptions 3.1-3.5 hold and for o > 0, D > 0, the
following hold R

GO )| <o (2)
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E[||de1]|*F] < D*p* €)
Ell|des1 P €e+1 1P F) < 0Bl desr [P 7). (D)

Let { = Lo? — D? 1. Then with probability 1 — §, Algorithm
1 yields 67 € M such that |VJ(07)|]*< pl(1+ %) and
Amaz(V2J(07)) < w in T iterations, where

4Rm(1~7)
T< .
e =R

log(2Mg—§ +1)
—_ L
~ log(1 4 2uw)

Proof. See Appendix B.

Therefore, for both the vanilla and actor-critic settings, our
key challenge is establishing the conditions (2) (3) (4). By
applying Theorem 3.6 and choosing  to be small enough
with respect to €, we can arrive at the following theorem es-
tablishing convergence of vanilla policy gradient to e-second
order stationary points, specifying the required horizon of
each sampled trajectory.

Theorem 3.7. Suppose Assumptions 3.1-3.5 hold and let

e > 0. FOI"IU/< QWhereD:%and
GRMram

25
Lo2+D 1—v
(1-v)2"

we have with probability 1 — § that Algo-
rithm 1 with vanilla policy gradient estimator computed via
Algorithm 2 and H = O(log(e?2)) reaches an e-second
order stationary point in O(e~5°) iterations, where O(-)
hides logarithmic dependencies.

g =

In Theorem 3.7, O(-) hides dependency on v, and O(-)
hides dependencies on L, G, Ryaz,> ¥> M, 01, X, 6.

The detailed proof of Theorem 3.7 is provided in Appendix
C. The proof sketch is as follows. In order to apply Theorem
3.6, we first show that the gradient estimator is uniformly
bounded based on our assumptions (Lemma C.1). This also
implies that the second and fourth moment of the noise are
also bounded. We then establish that the gradient bias due
to truncation is deterministically bounded and decays as
the trajectory horizon H increases (Lemma C.3). For large
enough H, the bias error is proportional to u, allowing us
to bound away its effects.

4. Second-Order Convergence of Actor-Critic
Policy Gradient

Now we consider the second-order convergence of actor-
critic policy gradient algorithms. Actor-critic methods can
reduce the variance of policy gradient methods by separately
learning to approximate the state-action value function Q™.
With some algebraic manipulation, the policy gradient can
be expressed as follows

oo

=By po[>_ 7V log mg(ar|si)Q™ (sk, ax)]-
k=0

v.J(0)

This motivates the construction of the following biased gra-
dient estimator from a trajectory 7 of length H

H

GA9(0;7) =>4V log o (ar|sk)Qu sk, ax),
k=0

where (., (s,a) is a function with parameter w that ap-
proximates Q™ (s, a). Note that G4 (#; 7) depends on w,
although we omit this dependency in notation. In contrast
to vanilla policy gradient, the actor-critic gradient estimator
has two sources of bias: bias from the horizon truncation
that depends on H, and bias from the critic approximation
Qw- Our following analysis addresses both. Let

G(0) = Gu(0) =E.[GA9(0;7)]

H
=E, [Z ’ykv log We(ak|5k)Qw(sk7 ak)]
k=0

represent the expectation of the gradient estimator with
respect to the sampled trajectory 7 of length H. Let

Goo(0) = E-[>_+*Vlogmg(ar|si)Qu sk, ar)]
k=0

represent the expectation of an infinite-horizon gradient esti-
mator with respect to a sampled trajectory of infinite horizon.
As before, we have the following noise-bias decomposition
of the policy updates

Or11 = 0p + pVJI(0) + pesr + pdiga,

where &1 = GAC(0;; 7¢) — G (6;) once again represents
a zero-mean noise term. Then we can further decompose
the bias term d;y; as follows

diy1 =G (0) —VJ(0;)
=Gu(01) — Goo(01) + Goo(01) — V. J(61)
=Dt+1 T Qt+1

where p;r1 = Gu(0) — Goo(6;) represents the bias
component due to truncation of the infinite horizon and
gi+1 = Goo(0:) — VJ(6;) represents the bias component
induced by the critic approximation. In order to apply Theo-
rem 3.6, we need to bound both p;y; and ¢;1; although the
former can be bounded using the approach of the previous
section, the latter requires novel techniques.

The structure of our algorithm is as follows. We consider
a double-loop actor-critic algorithm with linear function
approximation of Q" and an arbitrary policy parametriza-
tion. In the inner loop, the critic parameter w is updated via
TD(0) and projected onto a convex set ©, and in the outer
loop, the policy parameter 6 is updated via gradient updates.
The gradient estimator algorithm is outlined in Algorithm 3.
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Algorithm 3 Actor-Critic Gradient Estimator
Input: initial critic parameters wy, policy parameter 6;,
trajectory 7 = {so, ao, $1,a1,...-SH—1,0H—1}
Sample initial state-action pair s, ~ po and aj ~
7, (+[50)
fork=0,1,2,...K —1do
Sample s, ~ P(:|s},a;,) and aj,; ~ 7o, (-5}, 1)
Compute the TD(0) semi-gradient gy (wy,)

:(R(S;w a;-) + ’Yka (S;c-&-l’ a;ﬂ-l)
- ka (S;C’ a‘;c))vak (S;cv CL;C)

gr(wi)

wi+1 = Projelwy + axgr(wy)]
end for
Calculate the averaged parameter Wx ; = %
Compute gradient estimator from 7;:

K-1
k=0 Wk

H-1
GA%(0s;7y) = Z V" Q.. (51, an)V log m, (an|sn)
h=0

return GAC (0,; 1)

To control the actor-critic bias g1 and ensure second-order
convergence by Theorem 3.6, we require that for each policy
parameter iterate, the inner loop converges to the global
optima w*(#;) and that Q.- (6;) precisely approximates the
true value function Q™. The first requirement is satisfied
by linear TD, as shown in Section 4.1, and the second is
formalized later in Assumption 4.9.

4.1. Convergence of TD(0) on Nonstationary Markov
Chains

The inner-loop structure of Algorithm 3 suggests that we
should apply existing results regarding the finite-time con-
vergence of TD(0) with Markovian sampling (Bhandari
et al., 2018; Liu & Olshevsky, 2020). However, these analy-
ses rely on an additional assumption that the Markov chain
begins in the stationary distribution, which is unrealistic
for the actor-critic setting since there is no guarantee that
after each policy update we can begin at the new station-
ary distribution with respect to the updated policy. As ar-
gued in (Bhandari et al., 2018; Liu & Olshevsky, 2020;
Dalal et al., 2018), an exponentially mixing Markov chain
approximately arrives at its stationary distribution after a
logarithmic number of time steps. However, although this
explanation justifies the assumption in a practical sense, it
is not conducive for finite-time convergence analysis, since
we can never reach the exact stationary distribution after a
finite number of time steps.

As it turns out, the general convergence of TD(0) does hold
without this initial state distribution assumption after some

proof adjustments. In this section we reestablish the core
results of (Bhandari et al., 2018) for a nonstationary Markov
chain (i.e. a Markov chain that has not reached steady-state).
These results, which are also utilized in (Qiu et al., 2021;
Liu & Olshevsky, 2020), may be of independent interest.

4.1.1. SETUP

We consider TD(0) with linear function approximation and
a projection step. We define a set of N feature func-
tions ¢, : Sx A — R, 0 < n < N. For each
state-action pair (s,a), we define the vector ¢(s,a) =
(¢1(s,a), Pa(s,a), ..., on(s,a))T as the vector representing
the features of (s,a). Then we denote as & € RIS*AIXN
the matrix ® = [¢y, ...¢x]. Finally, we denote our linear
parametrization of Q™ by the parameter w € RY as

Qu(s,a) =wTe(s,a).

Let g, represent the stochastic semi-gradient at time step k
such that

=R(sk, ar)p(sk, ar)

+ (Yo(Sk+1, A1) Tw — O(Sk, ar) Tw)P(Sk, k).

gr(w)

As is common in the TD convergence literature, we consider
TD(0) projected onto a convex set © that contains the limit
point w* of the algorithm (Bhandari et al., 2018). Therefore,
the TD update can be written as

wiy1 = Projelwr + agr(wg)]. )

4.1.2. ASSUMPTIONS

The following assumptions and Assumption 3.1 are neces-
sary to show the convergence of TD(0).

Assumption 4.1. For all § and (s,a) € § x A, we have
mo(s,a) > 0.

Assumption 4.1 is satisfied by popular policy parametriza-
tions such as the softmax policy parametrization.

Assumption 4.2. For any m > 0, The Markov chain defined
by P(s,a,s’,a’) = P(s'|s,a)m(a’|s") is ergodic.

Combined with Assumption 4.1, Assumption 4.2 is satisfied
if there is a positive probability of transitioning between any
two state-action pairs in a finite number of steps. Assump-
tion 4.2 is a common assumption in the TD and actor-critic
literature (Bhandari et al., 2018; Qiu et al., 2021; Liu & OI-
shevsky, 2020; Wu et al., 2020; Xu et al., 2020a;b) that has a
number of implications; the Markov chain is irreducible and
aperiodic, it has a unique stationary distribution 7, (s, a),
and 7, (s,a) # 0 for all (s,a). In addition, the Markov
chain mixes at a uniform geometric rate, i.e., there exists
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m > 0,r € (0,1), such that for ¢ € N we have

sup dry (P(s¢ = -, a; = -|so = s,a0 = a),nx) < mr'
"
(6)

and Tmix(e) — mln{t c N | m’r‘t é 6} is the mixing time.

Assumption 4.3. The number of states and actions is finite.

As discussed in (Bhandari et al., 2018), Assumption 4.3 can
be relaxed to consider countably infinite state-action pairs.

Assumption 4.4. The feature matrix ® has full column rank,
i.e., the feature vectors {¢1, ...y } are linearly independent.
In addition, for all (s,a) € S x A, ||¢(s,a)||?< 1.

Assumption 4.5. There exists R > 0 such that
diam(©) < R, where diam is the diameter.

Assumptions 4.4 and 4.5 are also common in the literature
(Bhandari et al., 2018; Liu & Olshevsky, 2020; Tsitsiklis
& Van Roy, 1997; Qiu et al., 2021). See Section 8.2 of
(Bhandari et al., 2018) and Proposition 3 of (Qiu et al.,
2021) for additional details on defining R.

Finally, let Ay denote the positive definite matrix
]E(s,a)wng,(s’,a’)wP(s,m-) [¢(37 CL) (¢(37 CL) - 7(;5(5/? a/))T]'
Based on Assumptions 4.2 and 4.4, we can conclude that
Ay is positive definite (Tsitsiklis & Van Roy, 1997). We
further assume the smallest eigenvalue of Ay is uniformly
bounded away from zero in the following assumption,
which is also utilized in (Qiu et al., 2021).

Assumption 4.6. There exists a lower bound ¢ > 0, such
that for all § € RM we have Ain(Ag + A}) > .

4.1.3. FINITE-TIME CONVERGENCE OF TD(0)

We first require the following theorem from (Tsitsiklis &
Van Roy, 1997), which establishes the existence and unique-
ness of the solution to the projected Bellman equation as the
limit point of the TD(0) algorithm.

Theorem 4.7. (Tsitsiklis & Van Roy, 1997) Denote by T™
the Bellman operator under policy m such that for a value
Sunction @Q : S x A — R we have

(T"Q)(s,a) =R(s,a) +7 Y P(s'|s,a)m(d'|s)Q(s', ).

s'eS
a’'eA

Then given Assumptions 3.1, 4.1-4.5, the limit point w* of
the TD(0) algorithm with linear function approximation
exists, and it is the unique solution to the projected Bellman
equation

dw = Proje(T™dw)

where Projg is the projection operator onto the subspace
{®x|z € RN} spanned by the feature vectors ¢y,

Now we share our main result regarding the convergence of
TD(0). Theorem 4.8 establishes the convergence rate of the
Projected TD(0) algorithm after 7" constant time steps on a
nonstationary Markov chain.

Theorem 4.8. Suppose Assumptions 3.1, 4.1-4.5 hold and

Wg = % ZkK:_Ol wy, is generated by K steps of the Pro-

Jjected TD(0) algorithm with w* € © and o = \/% Then

|w* — wol|2+F2(17 + 127" (—L))

3

EllQu- — Qux 2] < SV

n 10F%m
(I=r)(1-7)K’

where F' = R a0 + 2R and

HQw*_QIT)KHE;W: Z 77#(37 a)(Q’w* (S’ a)_QﬁJK (57a))2'

sES
acA

Proof. See Appendix D.

We can compare this result with Theorem 3 from (Bhandari
et al., 2018) which shows

lw* = wo|>+F3(9 + 127 (L=))
2(1 — VK

E[|Qu- —QucI5,] <

(N
for TD(0) on a stationary Markov chain. We note that the
nonstationary result involves slightly different constants and
an additional term that decays at the rate of O(1/K).

4.2. Main Result

Returning to the actor-critic setting, the following assump-
tion combined with the existence and uniqueness theorem
(Theorem 4.7) implies for the limit point of the TD(0) al-
gorithm w*, the resulting function Q- = w*” ¢(s, a) ap-
proximates the true state-action value function QQ™° with
arbitrarily close precision.

Assumption 4.9. The value function lies in the linear func-
tion class such that

I E(sayn, [(T7 (w76 (5,0)) — wTé(s,))] = 0.

Assumption 4.9 is a linear realizability assumption that
states that the value function can be sufficiently represented
by a linear model of the feature vectors. This can be satisfied
via an appropriate choice of feature vectors, such as radial
basis functions, Fourier basis functions, or neural networks
(Ji et al., 2019). Other actor-critic works (Xu et al., 2020a;
Kumar et al., 2019; Fu et al., 2020) also require similar
assumptions.

By characterizing the convergence of TD(0), we show in
the following lemma that the norm of the bias term q;
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decays with respect to the number of inner-loop iterations.
Lemma 4.10 features diminishing step sizes because it re-
quires a stronger fourth moment bound showing the direct
convergence of W to w*, as opposed to the weaker result
obtained in Theorem 4.8. The details of the proof are in
Appendix E.1.

Lemma 4.10. For K = O(logisiff_él)) as p — 0, for which

O(+) does not hide dependencies on other constants, and

192F2 R? 1 —1/4
D, = +0
I <<2 logz(r—l) (10gﬂ_4))

Sor which O(-) hides dependencies on F, r, ¢, m, the ex-
pected function approximation bias is bounded such that

Elllgi+1 1|7 < GUElllwk, — w*||*|F] < Dgu®.

Finally, by combining Theorem 3.6 with Lemma 4.10 and
bounds on the truncation bias p;; (Lemma E.2) and noise
&+1 (Lemma E.1), we arrive at Theorem 4.11.

Theorem 4.11. Suppose Assumptions 3.1-3.5, 4.1-4.6, 4.9

2
hold and let ¢ > 0. For ;i < LgiifDQ where o = %,

D =2(D, + D3)1/4 and D), = %, we have with proba-
bility 1 — ¢ that Algorithm I with actor-critic policy gradient
estimator computed via Algorithm 3 with H = O(log(e~?2))
and K = O(e™8) reaches an e-second order stationary
point in O(e~52) iterations.

Proof. See Appendix E.

In Theorem 4.11, O(-) hides dependency on ~ and O(-)
hides dependencies on L, G, R, v, M, oy, X, 9, F, r, m, <.

5. Conclusion

In this work, we provide a novel analysis on the convergence
of biased policy gradient methods to second-order stationary
points. Our work applies to general policy parametrization
and Markovian sampling. We also show the convergence of
TD(0) on nonstationary Markov chains, which pertains to
realistic actor-critic implementations.

Future directions may involve extending this work to two-
timescale or single-timescale actor-critic algorithms, which
may provide some performance improvement. In addition,
instead of assuming Assumption 4.9, we may want to show
second-order convergence of actor-critic algorithms with re-
spect to some irremoveable approximation error €, repre-
senting the imperfect critic approximation, similar to several
first-order analyses (Wu et al., 2020; Qiu et al., 2021).

Impact Statement

This paper advances the field of reinforcement learning by
characterizing the solutions achieved by policy gradient al-
gorithms. There are many potential societal consequences

of our work, none which we feel must be specifically high-
lighted here.
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A. Additional Discussion of Related Work
A.1. Global Convergence

We first present some of the many global convergence results available in terms of e-optimality. In reinforcement learning,
global convergence guarantees for policy gradient algorithms tend to arise from some underlying structure of the optimization
problem, due to specific policy parametrization or algorithm.

For first-order algorithms, the following papers achieve global optimality.

* In (Agarwal et al., 2020), tabular parametrization with exact gradients, O (e~?2) iterations

* In (Bhandari & Russo, 2019), objective functions that satisfy a gradient dominance property with exact gradients,
O(e72) iterations

* In (Mei et al., 2020), tabular softmax parametrization with exact gradients, O(e~!) iterations

* In (Wang et al., 2020), neural policy gradient with extremely wide shallow neural networks, O(e~?) iterations

More powerful global convergence results are achieved for quasi-second-order methods like natural policy gradient and
mirror descent policy gradient. These results can go beyond the tabular setting.

e In (Agarwal et al., 2020), natural policy gradient with tabular softmax parametrization with exact gradients, O (e~ 1)
iterations

e In (Xu et al., 2020b), natural actor-critic with function approximation where the feature vectors vary in each iteration,
O(e~%) outer-loop iterations

¢ In (Cayci et al., 2022), natural actor-critic policy gradient where the actor and critic are parametrized with extremely
wide neural networks, O(e~2) iterations

e In (Yuan et al., 2023), natural policy gradient for log-linear policies with compatible function approximation, linear
convergence in terms of outer loop iterations

* In (Alfano et al., 2023), policy mirror descent with general parametrization, linear convergence in terms of outer loop
iterations

In comparison, we achieve an e-second-order stationary point in O(e~6%) iterations. Our work focuses on first-order

algorithms and general policy parametrization which are simpler to implement and more widely used in practice. We also
do not use oracles or exact gradients in our analysis. Finally, our work also has no dependence on the distribution mismatch
coefficient, which is widely used in global convergence results and roughly quantifies how well the initial state distribution
matches the optimal state distribution.

A.2. Second-Order Convergence

Our work inherits the sample complexity of 0(6_6'5) from (Vlaski & Sayed, 2022), which is weaker than the best sample
complexity of 0(6‘4) obtained by (Jin et al., 2019), both of which analyze the second-order convergence of vanilla stochastic
gradient descent. Faster second-order convergence is available for algorithms with exact gradients, such as perturbed gradient
descent which converges in 0(6’2) iterations (Jin et al., 2017). However, exact gradient computations are intractable for
realistic policy gradient implementations. Second-order or quasi-second-order algorithms that utilize Hessian information
can also converge faster. SPIDER-SFO from (Fang et al., 2018) obtains a sample complexity of 0(6_3) via a negative
curvature search method. Similar techniques are extended to the policy gradient setting in (Khorasani et al., 2023) with
complexity O(e~3) and (Wang et al., 2022) with complexity O(e~3%). All of these aforementioned works only deal with
unbiased gradient estimators. To the best of our knowledge only (Vlaski et al., 2020) show second-order convergence with
biased gradient estimators in the form of federated learning, requiring 0(6_6'5) global iterations. This matches our sample
complexity, as expected.

12
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B. Proof of Theorem 3.6
B.1. Key Lemmas and Proof Sketch

Our approach for proving that Algorithm 1 arrives at an e-second order stationary point relies on bounding the bias and
noise of the gradient estimator and applying the techniques developed in (Vlaski & Sayed, 2022). Broadly speaking, (Vlaski
& Sayed, 2022) show second-order convergence for unbiased stochastic gradient descent by first showing the iterates on the
second-order Taylor expansion of the objective function escape saddle points, and then showing that the iterates and those
on its Taylor approximation are sufficiently close. Therefore, if we also show that the policy gradient iterates are close to the
iterates on the Taylor expansion, we can conveniently apply the convergence results of (Vlaski & Sayed, 2022) to our setting.

We begin with establishing fourth moment bounds on the noise term &, by the following lemma.

Lemma B.1. Suppose for some random variable X we have E[X] = pand | X|| < 0. Then
E[|IX — pl?] < 0%,
B[IX — ] < 4%,
Proof.
E[|X — pl*] = E[IIX|] - u* < E[|X[*] < 0®

X = pll*< X — pl* 40
E[|X — pll"] < 40

O
So by Lemma B.1, we have
E[ll&e+11°|1 7] < 0, (®)
Ef|&41]1*|F2] < 4o ©
In addition, by Jensen’s inequality, the fourth-moment bound
E[llde+1]|*1F) < Dyt
also implies the following second-moment bound
E[||de+1]21F] < D*?. (10)

To proceed with the proof, we first show that in the large gradient regime, we observe a large ascent in function value,
whereas around local maxima, the possible descent is bounded. Then we construct a pair of coupled sequences {6, ; }
and {0, ;}, where {0, } represents the gradient iterates on the original objective function and {0; , , } represents gradient
ascent iterates on the second-order Taylor approximation of the function centered at #; with the same noise term. Through
moment bounds, we show that the difference between the coupled sequences is sufficiently small. These results allow us to
leverage Theorems 2 and 3 in (Vlaski & Sayed, 2022).

The following lemma establishes that for small enough step sizes, we have sufficient ascent starting in the large gradient
regime 0; € G, and descent is bounded starting near a local maxima ; € M.

Lemma B.2. For p < %, we have after one iteration of Algorithm I,

42(Lo® + D)

E[J(0i11)|0: € G] > E[J(0:)|0; € G] + 55

E[J(6;41)|0; € M] > E[J(6:)[6; € M] — w.

13
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Proof of Lemma B.2: see Appendix B.3.

Beginning from ; € H, we define {6;, j} as the gradient ascent iterates on the second-order Taylor approximation of J(6)
plus the noise term ;4 ;1 from the original sequence. Denote the Taylor expansion around §; as J as follows

J(0) = J(0:) + VI (0:) (0 — ;) + %(9 —0,)TV2J(6;)(0 — 6,)

VJ(0) = VJ(0;) + V2 (6:)(6 — 6;).

So we have {0}, ;} and our original sequence iterates {0; } defined as follows
faje1 = Oy + VI (0:) + pV2I(0:) (074 — 0:) + piiv i

Oitjt1 = Oij + uVI(0irs) + pivjr1 + pdigjgr.
Then we can conclude in the following lemma that in the vicinity of a saddle point, the distance between ¢; and 6, ;4 is
bounded, and the distance between 6; and 6/ is bounded.

Lemma B.3. For {0,} and {0.} defined above, and j < %, where C'is a constant independent of j1, we have

E[[10; = Oij41[116: € H] < O(u) (1n
E[[16; — 0i1541]1*16: € H] < O(1) (12)
El|07, ;1 — Oisjeal[6: € H] < O(1?). (13)
Corollary B.4. From the results of Lemma B.3, we can conclude
E[6; = 0i4j11°105 € H] < O(1*'?) (14)
E[[16; = ;. j411%10: € H] < O(u) (15)
E[16: — 07 51[1%16: € H] < O(u™"?). (16)

The first inequality follows from Jensen’s inequality, and the second and third follow from the bounds on ||0; — 6;441|| and
10;441 — Oitjsll-

Proof of Lemma B.3. See Appendix B.4.

B.2. Proof of Theorem 3.6
Proof. For the sequences {6;} and {6}} defined above, suppose the moment bounds in Lemma B.3 hold. Then from
Corollary 1 in (Vlaski & Sayed, 2022), beginning at §; € H for the finite horizon j < % we have

E[J(0:4)|0; € H] > E[J(0},,)|0; € H] — O(1*/?),

which basically states that the function values on {6, } stay close to the function values on {6;}. This allows us to conclude
that sufficient ascent occurs on the Taylor approximation as well as the original function by way of Theorem 2 from (Vlaski
& Sayed, 2022). Beginning at a strict saddle point §; € H, gradient ascent iterates on the short-term model for 7 iterations
after ¢ with )
log(2M %> + 1) 1
- % T <Oo(—
log(1 + 2uw) Hw
guarantees
ELJ(0}7)160: € H] > ELJ(6,)16, € H) + £ Mo? — o(p).

Combined with the bounds on the iterates from Lemma B.3, this implies

E[J(0;7)|0: € H] > E[J(6:)6; € H] + gMa2 ~o(p).

This result, in combination with Lemma B.2, and the observation that |J(¢)| < %j;‘ for all § allows us to apply Theorem 3
from (Vlaski & Sayed, 2022), yielding our final result. O

14
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B.3. Proof of Lemma B.2

Proof. Our iterates are
Oir1 = 0; + uNVJ(0;) + p&ip1 + pdiy.

Because J is Lipschitz smooth by Lemma 3.2, we have
T L 2
J(Oi1) 2J(0:) + VI(0:)" (Ois1 = 0:) = S [10i41 — i

L 2
>J(0:) + uJ(0)7 (TI(05) + Esv1 + diga) = <= IV T(00) + € + dia

>J(0;) + plIVIO) P +1V T (0:) &1 + pV I (0:) T dita
Ly?

5 (IVT(0:) + dia [P+ s 1 IPH2(VI () + dig1) " Eirr)-

We can take expectation with respect to the filtration F; on either side to remove the cross terms with the noise term ;. 1,
and then we have by (8)

Ly?
TE[HEHIHQV:Z’]
Lu2o?

2

L2
fadadll )

E[J(0:41)|Fi] = J(0;) + pl|V I (0:) | +pE[V T (0;)" di1 | Fi] — 5

IV T (0;) + diga || Fi] —

L 2
> J(0:) + p| VI (00)|IP+uE[V T (0:)" di1| Fi) — TﬂE[HVJ(@) +dia|*|F] —
We assume that ;1 < % to obtain

Ly2o?
2

E[J(0541)|Fi] = J(8:) + pl[ VI (0)|PHHE[V T (8;)T disa | Fi] — %E[HVJ(&‘) +di|?1F] -
Then we use the fact that ||a + b||?= ||a||?+2a”'b + ||b]|? and (10) to obtain

ELT (65| 27(65) + gV T 00 |*+E(V(0)T disa | Fi] = 51V T (0|~ S Bl disa |1

Lu2c?
~ HE[VI(0.) i ] - 57
1 7 Lp?o®
=J(0:) + SIVIO)* = SEllldin |*1 7] = =
1 D2N3 L/J,2O'2
>J(0:) + IV IO -—— = =5 —

Now we want to apply the law of total expectation and condition on where w; is located in the parameter space. We first
condition on 6; € G, where we have || V.J(6;)||>> p(Lo? + D?u)(1 + $) to arrive at

1 L 2 2 D2 3
ELJ(6:+1)l6: € G > E[J(0)10; € G + Sp(Lo® + D)1+ 5) - Z57— - =F
p*(Lo® + D?p)

E[J(0i+1)]0; € G] > E[J(0:)0; € G] + 25

If we instead condition on 6; € M, we have that

E[J(0;41)|0; € M] > E[J(6;)|0; € M] — w

B.4. Proof of Lemma B.3

Before we proceed with the proof of Lemma B.3, we require a preliminary lemma from (Vlaski & Sayed, 2022) that will
help us show that our product does not blow up for small .

15
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Lemma B.5. For C,pi,L > 0and k € Z with i < +

(L pL)F 4+ O(u2)\
i (U)o

Proof of Lemma B.5. See (Vlaski & Sayed, 2022).

Proof. First we want to show (11), restated below
E[[|6; — fitj41]1%16: € H] < O(u).
We have by (8)
10; = Oigja|I? = 110: — iy j — pV T (Oir5) — p€ivjr — pdig |
Ell0; — it g |1®|Fies) = Ell0: — i — VT (Bi) — i |21 Figs] + 1Bl j1 ]| Fis)

SE[0; = 0isj — nV I (0iy;) — pdig ]| Figs] + p?o®
= E[|0; — 0irj — uV I (Oirg) + pVI(0:) — pV I (0:) = pdigj1 |2 Fi ] + p?0”.

By Jensen’s inequality, we have for 0 < o < 1,
lla + b]*< Hall +7 bl
So we have
E[[10; —0itj41%|Fiss] < 1_1NL||9z'—9i+j—NVJ(9i+j)+MVJ(9i)|2+£E[||VJ(9i)+di+j+1||2|fi+j]+,u202~ (17)

We consider the first term on the right hand side of (17) and expand it to obtain
16:; — iy — uV T (i) + pV I (6]
<10; = Ovs 12 42010: = Os 1V T Girg) = VI 0)|+12 [V T (055) — VI (0:)].
By Lipschitz smoothness, we have
165 = Oirj — 1V T (Bis) + pV I O)* < 165 — Oij | +20L)10; — Oicej||-11055 — Oill+1> L2 (|04 — 65|

= (L+2uL + p*L?)]|0; — 05|
= (L4 uL))|6; — O,

We plug this into our original expression (17) and use (10) to obtain

(1+ uL)

1
E[[|6; — Oitj1]1*| Figs] < T [10; — z'+j||2+z]E[HVJ(9z‘) + dig 1| Figg] + p0?

1+ /LL) 2u 24

< 17”9 i+j||2+TE[”di+j+1”2|}—i+j] + f\\VJ(ei)\\2+#202
14+ pL 2D?%u3  2u

N NI

Now we want to condition on 0; € H to obtain

1 L 2D2,3 9242 1
B — Oossi 710 1 < IS o, — 0 P10 € 7+ 2225 4 20 10?4 D21+ 3) 4 o
1+ ul
S%igL[W 0,15]210: € H] + O(u?).

16
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Then we can evaluate this recursive formula starting at j = 0, since E[||0; — ;%] = 0, to arrive at

Jj—1

14 pL)?\n
B{J0: — 605217105 € 1] < 062) 3 (E420)
n=0

WL 2 .
1— (GEel)
1— (14pL)?
1—pL
L 2 .
_O(%a—um«%%%w—u
I P VY Y -y )

272 .
(1 — pL)((H2LH2LE ) )
3L+ plL?
14+uL)2 5 14+uL)2\ C
((+H))J ((-H ))M

< Op) 57— < Ou)——7——.

<O(?)

By Lemma B.5, this gives us
E[|6; — 0y j41[°6: € H] < O(p).

Now we want to show the fourth moment bound (12), restated below
E[|[0; — fitj1[*16: € H] < O(4?).
We use the inequality ||a + b||*< ||a||*+3||b]|*+8]|al|?||b||?+4|al|? (aT b) to expand the expression as follows

10; — Oppj1l|*=110; — Ois — BV I (0545) — pijrr — pdigjin ||*
<16 = Oisj — 1V I (Oij) = iy |36 i g ||

(18)
+ 80210 — Oivs — 1V I (Oig) — pdijia > [|€i+ 1|
+4)|0; — iy — nV I (0ir;) — pdig i1 |2 (0; — Ois — VI (Bigy) — pdisjir)" Eigjrn-
We first consider the first term on the right hand side of (18) and decompose it via Jensen’s inequality:
1
10; = 05 — uV I (0i15) — pdiyjtr ||4§m||9¢ — Oiyj — pNV I (Oir5) + pVI(0;)]*
I
73 IV7(0:) + dz-+j+1||4 (19)
(1+pL)?
Smllﬂ Oiril* + HVJ( DIt + ||dz+y+1||4
We then consider the third term on the right hand side of (18). From the analysis above, we have
o (L+pl)? 2, 21 2
10; = Oisj — uV I (0irs) — pditja[|"< ﬁllei = Ouyj I+ V(O )12 2 Hdz+g+1|| (20)

Now we can plug (19) and (20) into (18) to obtain

(1+uL) 8u
mne Oiill*+ 3|\VJ(91')H4+ﬁ||di+j+1||4+3M4||€i+j+1||4

(1+pL)? 24
802612 (L0104 2NV TP+ Vsl

+4l|0; = Oiyj — uV T (Oig;) = pdig |0 = Oij — pVI(051) — pdirjin) &g

17
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When we take the expectation on both sides, the cross term with &; ;1 disappears, and we have by (8), (9), (3) and (4)

B — O ' Fons) LI 0, — 0y S 19 IO+ S Bl 1] + 12"
+ SR g 060
O g 1)

{1 — O ' Fons) LI 0, — 0y S5 1950+ 222 4 12
3 SR g g O 2 ST

1—ulL L

Now we take expectation conditioned on 6; € H, allowing us to use the bound (11) derived before on ||6; — 6,4 ;|| to obtain

(1 + pL)* 8
E[[|6; — 054j11]1*16; € H] < SO D)y E[[16: — 0:1;11"10: € 1] + Z3E[IVI(0:)]I]6: € #]
8u?a?(1+ uL 16302
+IEM/)MM—@HM@em+ ORI 0) 216 € H) + O(u)
14+ pL
<D B110, — 1101 € )+ O
Then we can evaluate this recursive expression as follows
—, (L+puD)
4 3 n
E[l|0; — 05t j4111[0; € H] < O(p )Z(m)
n=0
(1+pL)*
=0( 3)1 ((1—/LL)3)
T T al)t
(1—pL)3
4 . .
(g — V(1 = pL)?® ({2255
70()(M) _0(2) (1—pL)3)

(1+ pL)* — (1 — pL)3 7L+ 3uL? + 5213 + p3L*

By Lemma B.5, this gives us
E[||0; — Oivj+1]/*10: € H] < O(1?).

Finally, we want to bound (13), restated below
E[l|6:+; — 0715116 € H] < O(n).

First we expand the expression as follows using the definition of 6 and 6’

10iri11 — Oy lIP= 10irs — Oy + uVT(0isj) + pdisjur — pNV I (0;) — pV2J(0:) (05,5 — 6:)|°
= (I + uV2J(0:))(Oisj — 05, ;) + nV>T(0:)(0; — Oirj) + uNV I (Oirs) — nV I (60;) + pdipjs |2

Define H;y; = fol V2J((1 —t)0;4; + t0;)dt, then we can plug this into the expression and expand via Jensens’s inequality
to obtain

10ij1 = Oppjia 7= (L + V2T (0:) (O — 07 ) + (V2T (05) — Hisj)(0; — Oisj) + pdigja ||
F I+ p92 7 (0:)) (0: — 045)ll +*||(V2 (6:) — Hiy;)(0; — 0ir5) +di+j+1||2

1
< 1_MLII(I+MV2J(9¢))(9i+j 0 5)II? L2 ||(v2 (0:) = Hit)(0; = 0ij)II? L2 IIdz+g+1||

18
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As observed in (Vlaski & Sayed, 2022), we have
IV27(6:) — Hiwyll = V2T (6 /vzl—ww+wwn

_ H/ V2J(6:) — V2I((1 = )iy, + t6:)d|

(21)
/HW 27((1 = )0 + 16,) |t
X
sXAwr%mfafw@ﬂﬁggmfmﬂm
which implies
[(V27(8:) — Hi )0 — Bu ) 2< X100 — i 22)

We can plug (22) back into (21) and take expectation of both sides, conditioned on §; € H. When we apply the fourth
moment bound from Lemma B.3, we obtain

(14 pL)?
Ell6ss51 ~ O goallls € M) < SELEL Bl — 17160 € 2]+ 0.

This is the same recursion as in the proof of (11), so again from Lemma B.5 we have

Ell0i+j+1 — 054 1101710 € H] < O(1?).

C. Noise and Bias Bounds for Vanilla Policy Gradient

To apply Theorem 3.6, we first show in Lemma C.1 that the gradient estimator and the second and fourth moment of the
noise are bounded. Then we show that the deterministic bias term d;; is bounded via Lemma C.3. This allows us to
directly conclude the results of Theorem 3.7.

Lemma C.1. The gradient noise process {&; }1>o satisfies

E[¢11]F] = E[GYVPC (04 70) — VIu (04| F] =

GRnLaJ_

In addition, let 0 = T . Then we have the following bounds

|GYEC (0 m)|| < o,

E[l|&+11°|1 7] < 02,
E[l| &1l ) < 40,

Proof.
H-1 -1
IGYPEO; 7)) = 1Y Vologma(an|sn) > v Rist, ar)
=0
H-1
< D _IIVologmo(anlsn) D 7' Rist,ar)ll
h=0 t
H-1 H-1
< Y [IVologmo(anlsn)llv" > 4" " Ronaa
=0 t=h

T

=
o~
I

>

T
A

Il
>

h Rmax

< Y |[Vglogma(an|sn)|ly =
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Then the rest of the bounds follow from Lemma B.1. Thanks to reviewer feedback, we note that the bound on the noise
variance E[||&;41]|?] can be tightened by a factor of ﬁ as shown in Lemma 4.2 of (Yuan et al., 2022). O

Before we can prove Lemma C.3, we require the following lemma from (Yuan et al., 2022).
Lemma C.2. (Lemma 4.5 from (Yuan et al., 2022)) For D = G%"jy‘”, we have that the bias term d; 11 is bounded such that

1
[ dis1ll= IV T(6:) = VI (0:)]< D(ﬁ +H)2 M

Now we can proceed with the proof of Lemma C.3.

Lemma C.3. For H = é . O(log(i)) where pi — 0, we have that the gradient bias is deterministically bounded as

follows

1
dis1l] = [[VI(O:) = VI (0y)] < D(li + )21 < Dy

where D = Lfm‘””.

Proof. We have the bound on the bias in terms of H from Lemma C.2. We want to choose H large enough so that

1—
11 ( ! +H)+ HI =1

2Og177 0g7y = logpu
1 1 1 1
—log(——+ H) — Hlog — = —log —
2 (1—7 ) Y Iz

1 1 1 1
Hlog— — —log(—— + H) =log —.
vy o2 -~ 1%
Now we use the method of dominant balance, treating 1 as a small parameter. We have that log i and H log % must balance
each other out, so
1
N log no_ log
log % logvy’

We consider the next term in our asymptotic expansion of H, assuming that it is much smaller than the first term

1
H~ 8L + .
log v
We substitute this into the inequality to obtain
log 1t 1 1 1 log 1t 1
+z1)log — — - log(—— +z;) =log —
<logv ) v o2 (1*7 logy ) p
1 1 1 log
log — — = log(—— =0
rilog ~ - 5 log({—— + 1ok 1)
1 lo
 log(ek + it 4 )
Tr1 = 1 .
210g 5
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. . 1
Since we assume x; is much smaller than 122 5 we have

log p
- log(ﬁ + 123)
! 210g%

Our asymptotic expansion is H = % + O(log( iggg)) So we can pick H = O( }gi‘v‘) to achieve our inequality. O

D. Proof of Theorem 4.8
D.1. Key Lemmas and Proof Sketch

In Theorem 4.8, we establish the convergence of @)z, to (.~ under constant time steps. Our approach will mirror that of
(Bhandari et al., 2018) by establishing a recurrence relation for the iterates and then bounding the bias induced by Markovian
sampling. The key challenge is characterizing the distance between the initial state distribution and the stationary distribution
in terms of the mixing rate.

We define g(w) as the expectation of of the semigradient g, (w) with respect to the stationary distribution of the Markov
chain as follows

gw) =By lg(w)] = D nals,a)P(s,a,', ') (R(s,0) +70(s',a')Tw = ¢(s,a)Tw)e(s, a).

s,s’,a,a’

We also define (; to represent the bias from Markovian sampling as follows
Ce(w) = (ge(w) — g(w))T(w — w™).

First, The following lemma, which is Lemma 6 and 10 from (Bhandari et al., 2018), uniformly bounds the norm of the
semi-gradient and Markov bias term (;.

Lemma D.1. Let F = Rp00 + 2R. Then R < % and for all t > 0 we have
gt (w) 2= Rinax + 2[|w|l2< F
In addition, for all w € ©, the gradient bias is bounded such that
Gi(w)| < 2F?
[Ge(w) = G (w")] < 6F[|w — w'[],.

Then we obtain the following lemma for general nonstationary Markov chains, which differs from Lemma 9 in (Bhandari
et al., 2018) by a factor of 2.

Lemma D.2. Consider two random variables X and Y such that
X — St — Star — Y

forms a Markov chain for some fixedt > 0 and T > 0. Assume the Markov chain mixes at a uniform geometric rate
as in Assumption 4.2. Let X' and Y’ denote independent copies drawn from the marginal distributions of X and Y, so
P)X' =Y =) =P(X =) P = ). Then, for any bounded function v,

[E[p(X,Y)] = E[p(X",Y)]| < 4f|v]loc (mr7),

where [[v]]oc = sup, |/ ()]-
Proof. See Appendix D.3.

Now in the following key lemma, we apply Lemma D.2 to bound (;(w;) with respect to exponential mixing. Although we
follow the proof of Lemma 11 in (Bhandari et al., 2018), it is not sufficient to directly carry the factor of 2 over from Lemma
D.2 because we need to account for the fact that the marginal distribution of each observation O, is now time-dependent and
not equal to the stationary distribution.

21



On the Second-Order Convergence of Biased Policy Gradient Algorithms

Lemma D.3. Consider a non-increasing step-size sequence g > 1 > ... > agp. Let 1o = 7"*(ar). Fixany t < T and
set t* = max{0,t — 1o }. Then,
E[Ct(wt)] S F2(8 + 67’0)0&,5* + 10F2mrt.

Proof. See Appendix D.4.

Finally, we have the following lemma from (Bhandari et al., 2018) that establishes a recursion for the distance between the
iterates and the limit point w*.

Lemma D.4. With probability 1, for every t € Ny,

o = wes |2 < J* = will? = 200 (1 = )| Qur — QuyI2, + 20G: (wy) + aZF>.

Proof. See the proof of Lemma 8 in (Bhandari et al., 2018).

These key lemmas allow us to proceed with the proof of Theorem 4.8.

D.2. Proof of Theorem 4.8

Proof. Rearranging the terms of the inequality in Lemma D.4 and summing from ¢ = 0 to K — 1, we arrive at

K—1 K-1
2a0(1 =) Y EllQu- — Qu, I2.] < llw” — wol3+F2 +2a0 > E[Cy(w)]
=0 =0

Then we can use the bound on (;(w;) from Lemma D.3 and the fact that our step-sizes are constant to obtain

K—1 K-1 K—1
200(1=9) > E[|Qu+ — Qu,[I2,] < [[w* — wol3+F> + 200 > F*(8+ 670)ag + 20 Y 10F>mr*
t=0 t=0 t=0
20F2
< lw* — wol|34+F? + 203 K F?(8 + 679) + Tn;mo'
Now we can divide both sides by 2a (1 — ) and substitute ag = \/% to obtain
Kﬁl]E[HQ Qw2 < |w* —wol3+F%  agKF?(8+ 67) 10F?m
poard IR T 2a0(1 — ) 1—y (1=7r)(1-7)
- VE(|w* —wo|3+F?) N VEKF?(8 + 67) 10F?m
2(1 =) L—n (I=r) =)
- VE(||w* — wo||3+17F? + 12F 1) 10F?m
2(1—=9) (1=r)(1=9)
Finally, we divide both sides by K and use Jensen’s inequality to obtain our final result
EQu- — Qugl? ] < L = 1]E 1w — 0w 2] < 12" —wol3+F2(17+120)  10F?m
v = v 2(1 —y)VK 1=r(1-mK

D.3. Proof of Lemma D.2
We first require the following auxiliary lemma.

Lemma D.5. For any Markov chain {s;} with stationary distribution 1 and finite state space S,

dry (0, P(si4- =) < sup drv (1, P(st4+ = *[s0 = 5)).
sE
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Proof. 1t follows from proof by induction that for a general convex function f, if f(x,) > f(z;) forall z; € {z1,...z,}
then f(x,) > f(x) forx = > | ayx,, where > | o; = 1. In other words, f(z,) is greater than f(z) for any x that is a
convex combination of the other {1, ...x,, }.

Now let f(z) = § ., cg [€TP™7(s;) — n(s;)|, which is a convex function, and let e; € R represent the unit vector that
is 1 at index ¢ and 0 everywhere else. Then we have

dry (0, P(st4- = -)) = f(po)

dry (10, P(st4r = +[s0 = si)) = f(ei).

Since any initial state distribution py will be a convex combination of the e; unit vectors, we have shown the result. O
Now we can proceed with the proof of Lemma D.2.

Proof. Let h = 57— denote the function v rescaled to take values in [—1/2,1/2]. Then we can follow the steps of Lemma
9 in (Bhandari et al., 2018) to arrive at

[E[A(X,Y)] - ER(X", Y| < 3 B(se = s)dry (B(sirr = |5t = ), Plsiir = -). (23)
sES

We can bound dry (P(s¢4.r = +|st = s),P(s¢r = -)) as follows

drv (P(si4r =[5t = 8), P(st4r =) < drv (P(si47 =[5t = 8),0x) + dov (0, P(S¢47 = -)) (24)

because total variation distance is a norm and obeys the triangle inequality. The first term on the right hand side of (24) is
bounded by exponential mixing

drv (P(si47r = |5 = 8), 1) <™.
The second term can be bound as follows by Lemma D.5

dry (1, P(sp4- =) < sup drv (1, P(st4r = |50 = 5)) < mr'™T.
se

Returning to (24), we have
dry (P(strr = -5t = 5),P(st4r = ) <mr” +mrttT < 2mr™,
and applying these inequalities to (23), we have

[E[p(X,Y)] = E[p(X", Y')]| < 4f|v]oemsrT.

D.4. Proof of Lemma D.3

First we require the following auxiliary lemmas.

Lemma D.6. Ler P and Q represent two different probability distributions. For some bounded function f, and random
variable X, we have

[Ep[f(X)] = EQf (X)) < 2/ fllocdrv (P, Q)

Proof. This can be shown with the definition

drv(PQ) = sw_| [vap- [viq

vil[v]loe <
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Lemma D.7. Let O" = (s,a, s, a’) represent the observation tuple of consecutive state-action pairs where (s, a) is drawn
Sfrom the stationary distribution of the Markov chain 1, and let O; = (s, at, St11, Gry1) represent the observation tuple
drawn at time t from the Markov chain. Then

dry (P(O" = -),P(O; = -)) = drv (11, P(sy = - a5 = -)) < mr'

Now we can proceed with the proof of Lemma D.3, which mirrors the framework of Lemma 11 in (Bhandari et al., 2018).
The main difference in our proofs is in Step 2.

Proof. Step 1: Relate (i (w;) and (;(wi—r)
We apply Lemma D.1 to bound (; as follows

t—1
¢t (we) — G(wi—r)| < 6F|Jw — wy—r || < 6F? Z Q;
i1=t—T
t—1
Giwy) < Gu(wi—r) +6F D« (25)

i=t—T
Step 2: Bound E[(;(w:—.)] using Lemma D.2 and exponential mixing

We denote by O, = (s¢, at, St+1, ar+1) the observation tuple at each time step, and we overload the notation of g; and (; to
make clear their dependence on O; as follows

gr(w, Or) = (r(s1, 1) +YP(St41, 1) Tw — (8¢, ar) Tw) P (e, ar)
C(w,0¢) = (ge(w, 0y) — g(w))T(w — w™)

To apply Lemma D.2, we consider random variables w;__ and O} drawn independently from their marginal distributions
P(w;_, = -) and P(O; = -) respectively, such that their joint distribution is defined as follows

]P)(wngT = ',Oé =) =Plwsr =) POy = -)

Note that typically the random variables w;_, and O, are not independent. Now we want to bound E[¢(w]__, O})]. We can
use the law of total expectation as follows

E[¢(wt—r, O1)] = EE[((w;—, Of)lwi_,]]

—Eorn lg(w; -, O (w_, —w")
—r O lwt—y — |
-7 O/I)} H 2R,

where the last inequality is due to the fact that ||w||< R. Here O; is drawn from the time-dependent marginal distribution
P(O; = -) whereas O” is drawn from the stationary distribution of the Markov chain. Then by Lemma D.6 and the fact
that ||g;||< F and R < £, we can bound this difference in expectation by the total variation distance between the two

distributions as follows
E[C(wéfr’ O£)|w277] < 2F2dTV(HD(ON = )7]P(Ot = ))

Then by Lemma D.5 and Lemma D.7 we have
E¢(w,_r, O))lw;_.] < 2F*mr".
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Now we can apply Lemma D.2 to bound E[¢;(w;—.), O;)]. By Lemma D.1, we have |((w,O;)| < 2F?. Since 0;_, —
St—r — 8¢ — Oy forms a Markov chain, applying Lemma D.2 yields

IE[¢(wi—r, Op)] — E[¢(w;_,, O})]] < 8F*mr™
IE[¢(wi—r, Op)]| < 8F?*mr™ + 2F*mat. (26)

Step 3: Combine terms.
We combine (25) and (26) to arrive at
E[¢(ws)] < 8F?mr™ 4+ 2F*mr' + 6 F?ray_,.
Let 79 = 7™*(ar). For t < 719, pick 7 = ¢, to arrive at the bound
E[¢ (wy)] < 8F%mrt + 2F*mr' 4+ 6F*tag < 10F%mrt + 6 F%mg0y.
Now for T' > ¢t > 79 we pick 7 = 7 to get the bound
E[¢ (w;)] < 8F%ar + 2F*mr! + 6 F% o0y < F2(8 + 670) v, + 2F2mr".

E. Noise and Bias Bounds for Actor-Critic Policy Gradient

Our general approach for actor-critic policy gradient is similar to that of vanilla policy gradient. Once again, we bound the
noise and bias — bounding &; in Lemma E.1, p; in Lemma E.2, and d; in Lemma E.1.

We note that for vanilla policy gradient, the noise term &;; is random due to the sampled trajectory 7, whereas the bias term
dt41 is deterministic conditioned on F;. In contrast, for the actor-critic algorithm, &;,1 depends on two random variables, 7
and the averaged critic parameter wg ;, whereas the bias term depends only on w ;. Moreover, 7; and W ; are generated
from independently sampled trajectories and are therefore independent. We quantify these observations in the following
lemma.

Lemma E.1. The gradient noise process {&; }>¢ satisfies

E[§41|F] =0
In addition, let o0 = %_ Then we have the following bounds
1G(O;7)|I< o,

E[[|&41]%1F] < o2
E[l|&+1]*|F] < 40*
Elldes1 12141117 Fe] < 0Bl desr [|*| 7]

Proof. As discussed earlier, £.; depends on two random independent variables: 7, and wg ;. We can overload notation
and denote the gradient estimator as G (6y; 7¢; Wi ¢ ). We therefore obtain

E[&1|F] = E[G(eﬁ Ty Wi,t) — Er [é(et; T Wit )] | F2]
= E[E[G(0s;74; k1) — Br [G(04; 705 Wi 1)) |0 4] | Fi)

=E[E [G(0; ;Wi )] — Er [G(04; 73 Wk )] | Fe] = 0

Now we want to show the bound on G/(6;; 7).

H
IGO0 s wrc )| = 1>V Que., (55, a5)V log ma, (a51s;) |
j=0
H
- RG
= 1> Yok ,#(s5,a;)V log 7, (a;s;)]| < T
=0
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By Lemma B.1
Elle1l?lwx.e] = Er[l[€e1]] < 0

E[|l€+1117|Fe] = E[E[[|€e41 11?0k ¢]
E[|l€es1 )11 F] < 402

]:t] S 0'2

Finally we have
E(lldesa 1141121 Fe) = BE[dega P41 1% @5 o] 1 F7]
= Elldi1 PB4 11?0k ]| F2]
< E[|dg 1?1 Fi]o?

O

In the following lemma, we bound the bias in the actor-critic gradient estimator due to truncation of the infinite horizon. The
approach is similar to the proof of Lemma C.2.

Lemma E.2. For D, = (1G_7R,y) and H > igé’,j , the truncation bias is deterministically bounded such that

pe+1l|< Dpp

Ipes1lI*< Dpp.

Proof.
[Pl = 1Gr(6:) — Goo (01) |

H o]
= B v Qure, (s, a5)Viog ma, (aj15;)] = EDY ¥ Quse , (5, 05)V log ma, (a;]s;)] |
=0 =0

= B> ¥ Qa5 a5)V log mo, (a]s,)]|
J=H

= |B[> Yok, 6(s;,a;)V log 7o, (as]s;)] |

E.1. Proof of Lemma 4.10

Although Theorem 4.8 establishes the convergence of TD(0) in terms of )5,, under constant step sizes, we actually require
a stronger convergence result showing the direct convergence of wg to w* in order to bound the critic approximation
bias. In the following proofs, we use core results proved in Appendix D to prove an alternate fourth-moment bound under
diminishing step sizes. These convergence results are formalized in Lemma E.3.

Lemma E.3. Suppose wy is generated by K steps of the Projected TD(0) algorithm with w* € © and diminishing step-size

1
ay = m Then

Bl — wxc|] < 2

log® K ( 192F2R? 1 1 )
. O +0
2 log? (r=1) (log K) (log2 K)

Proof: See Appendix E.2.1

Lemma E.4 follows from Lemma E.3.
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Lemma E4. For K = O(logiiiﬁf%)) as i — 0 iterations of Algorithm 3 and

192 F2 R? 1 —1/4
D= +0
(@ log?(r—1) (1og H_4)>

we have

E|lw* —ak|*] < D*p*
Proof. See Appendix E.2.2.
Now we can proceed with the proof of Lemma 4.10.

Proof. We can characterize the bias by the quality of the critic approximation achieved by the TD(0) algorithm. We can
’roll up” the temporal summation as follows

g1 = Goo — VJ(Gt)

=Er oY 7" Qurc. (s, ar)Vlogmg(ar|si)] — VI (6)
k=0

=Er po[Y 7V Qurc., (5, ) Vog mg(arsk)] — Ex py > 7"V 1og 7 (arlsi) Q7 (sk, a)]
k=0 k=0

Er o[ 7"V 1og 7o (ak|s)(Qu, (sks an) — QT (s, ax))]

k=0

= 575 S B(sy = slso)m(als)y"V log mo(als) (Qu, (5, 0) — Q7 (s, a))

s€S acA k=0

=" %" dn(s)n(als)Viog mo(als) (Quy . (5,a) — Q7 (s,a)),

s€SacA
where d7(s) = Y22 o Y*P(sk = s|so) denotes the discounted state visitation measure. Since we have

Z Z dZ(s)m(als) = ng(s) = ﬁ’

seSacA seS

then by Jensen’s inequality, we can obtain the following bound

gl < (1 =) S 37 @ (s)m(als) IV log mo(als) (Qu. (5,0) — Q2 (5, )
sES acA
1D di(s)m(als)GH|Qu (5,0) — Q7 (s, a)[*
sES acA
MY di(s)m(als)GH @k (s, a) — w T (s, a)|*
seSacA
MY di(s)m(als)GHb(s, a)|* @ —w*|*
seSacA
)Y Y Erals)C - i —
s€ES acA

<G ok —wt|*

Now we take expectation on both sides with respect to the TD(0) algorithm that occurs between timestep ¢t and ¢ + 1 to
obtain
Ellge1]*] < G* - Elllwx.e — w|"].

Finally, we can apply Lemma E.4 to achieve the final result. O
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E.2. Proof of Key Lemmas
E.2.1. PROOF OF LEMMA E.3

We first require the following auxiliary lemma.
Lemma E.5. Recall the definition of Ag = E(s a)nny ,(s',a')~P(s,0,) [0(5,a)(d(s,a) — v¢(s',a’))T]. Then

* — 1 * 1 *
(" = we)Tg(we) 2 SAmin(Ag + AP [w* = we]*> 56llwe —w &
where < is defined in Assumption 4.6.
Proof.

)

)TE[(7¢(817 al)th - (;5(8, a’)th - ’Vqs(s/’ a/)Tw* - (;S(s, a)Tw*)¢(sv a’)]
= (0" —w)TE[(vp(s, a’) — ¢(s,a))T (wi — w™)P(s, a)]
— * ) *

v
DN = N =

Amin(Ag + Ag)HU}* - wlt”2

Now we can proceed with the proof of Lemma E.3.

Proof.
[w* —wa||* = [[w* = Proje(w; + a.gi(w))|?

= [|[Proje(w”) — Proje(w; + atg(w))||?

< lw* —wy — atgt(wt)Hz

= [lw* = wel|* =20 ge (we) T (w* —we) + af|ge (we) ||
= ||lw* — w¢||* =209 (we)T(w* — wy) + 200:C; (wy) + 2 F?
So we have the following fourth moment bound (since both sides of the inequality are positive):
[w* = we|[* < [l = wil|*=20,g(we) T (w* — we) + 20Ce (wy) + Oészf
= [l — wl|*+4af (g(we) T (w* — we))? +4af (Giw))? + oy F*
—dayJw* —we|*(g(we) T(w* — wp)) + dov]lw* — wel|*Ce(we) + 207 F?[|w” — w?
— 807 (g(we)T(w* — we))Ce(wy) — 407 F2(g(we) T (w* —wy)) + 4o F2( (wy)
By LemmaE.5,
[w* = werr[[*<[Jw* = wel|*+4af (g(we) T (w* — we))? + 4af (G (wy))? + oy F*
= 2ay[Jw” — we | Acllw” — we | P+ lw* — we|*G(we) + 207 F2|Jw” — we|?
+dafcllw — wel*[Ge(we)| — 207 F2c||w* — we||*+4ai F2¢ (wy)
<(1 = 209)||w* — we |+ (g(we)T(w* —wy))? + 40 (G (wy))” + af F*
+ (day + o) |w” — we*[Ce(we)| + (207 F? — 207 F2) |[w* — w|*+4af F2C (wy).
We can utilize the bounds ||w||< R, |¢;(w)| < 2F?, ||g:(w)||< F from Lemma D.1 to arrive at
lw* — w1 |*<(1 = 2a46) |w* — wy||*+16a2 F2R? + 1602 F* + of F*
+ (4o + 4a2o)||w* — we||?[Ce (wy)| + (202 F? — 203 F26)4R? + 8o} F*
<(1 = 2049)[Jw* — we||*+(8ary + 8a2¢) R?[Cs (wy)| + 2402 F?R? + 160 F*
+ afF* — 803 F%GR? + 8l F*.
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After some rearrangement of terms, we have

apsllw® — we||*<(1 = auq) [w* — wel|* = [|w* — wip1||*+ (B + 8a7<) R?| ¢ (wy)]
+240?F%R?* + 1602 F* + o} F* — 8} F*GR* + 8 F*

1 1 8
Effw* — we]*] <(5c ~ DEllw" - we[*] ~ o Elllw” = we1 )] + (c+ 8a) RE[|Ge (we) ]

4 240, F?R? i 160y F* " osz4 _ 80[?F2R2 4 804%F4
S S S S
Let oy = ﬁ, then we have
Efllw” — will'] <tB[lw* — w,!] - (¢ + DE[Jw” — w111 + (2 + —— ) RE[|G,(w) ]
¢ (t+ 1)
24F2R? 16F* Jas 8F2R? R as

+ + - + :
Ft+1)  (t+1)  Ht+1)3  (t+1)%6%  3(t+1)2

Then we sum on either side from 0 to K — 1 and divide by K, using the facts that Zt 1= < %2 and Zthl 1=
log(K) 4+ O(1) to conclude

1 K—-1 1 K—-1 1 K-1 8 8
% 2 Elllw” — wy|*] Z ME[[|w* — wl|*] = (¢ + DE[||w* *wt+1H4H+§ (g+ ) )RPE[|Ce (wy) ]
t=0 t=0 t=0
1 5 24r2R2? 16F* P4 SF4
+?Z[2t Dt eern Tagr T an 12]
G+ Gt+1) e+ SE+)
K—-1 K—-1
wy —w*|* 1 8 8 ) 1 24F2R2 16F4
<=1 4 = 2+ — )R’E + = +
= K K tzo(g (t+1) ) [Kt(wt)” K pr [gg(t_’_l) §2(t+1)]
AF472 F4r2
33K + 6¢4K
K—-1
wy —w*|* 1 16 R2 24F2R% + 16F* log K + O(1)
<% tx z; . E[[C (we)[] + ( = ) 7
t=
AF*72  Finp2
33K | 64K

To bound the summation on the right hand side, we can apply the results of Lemma D.3 for ¢ < K — 1, with
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70 = ™ (ar_1) < lﬁ,gg((Tg?)) Then we have
K-1 K—1 K—1
E |<t wt F2(8+67'0) Q= + 10F%m Z rt
t=0 t=0 t=0
o K-1 K-1
= F?(8+6m0) Y ao+ F?(8+67) Y o+ 10F°m » rf
t=0 t=1o+1 t=0
T0 K-—1 2
10F
< F*(8+46m0)» ag+ F2(846m) > ot i
1—7r
t=0 t=10+1
K—1
10F*
= F%(8 + 670) 000 + F2(8 + 679) Z o + n
1—7r
t=10+1
8F? log(msK) = 6F%log?(mcK) F? log(msK) 10F?m
<——"F—F ———F 4+ —8+6——F—)(logK+0(1)) +
T T e gty o B Oy oK +O() 4
6F> 6F2 9
< + log® K + O(log(K)) + O(1
,(glOgQ(r_l) dog(r_l)) g (log(K)) +O(1)
12F*
< ————log” K + O(log(K)) + O(1).
clog®(r—1)
So we have for the original expression
K—1
1 192F2R? 1 1 log® K
— E[[|w* — w|[*] < +0 . ,
7 2 Bl = wll') (500 + Ol ) + Ol =5
and by Jensen’s inequality, we obtain
K—1
1 192F2R? 1 1 log? K
w* —w E[|Jw* —w < +0 +0 . .
Bl — wl] < 7 X Bl — vl < (Gpoaes + Ol + 0oz =%

E.2.2. PROOF OF LEMMA E .4

Proof. We establish a bound on E[[|w* — wg||*] via Lemma E.3. Let € = 2. Then we want to find K large enough such

that
log(K) < eVK

We look for the asymptotic solution to

log(K) = eVK
in the form K = f—; Plugging this in, we get
1
10g(k1) + log(e—Q) =k

By the method of dominant balance, we have

1
Vi ~log( )
1
k1~ logz(—z)
€
2( L
So we have K = O(loge#).
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F. Policy Gradient Theorem

The original policy gradient theorem derived in (Sutton et al., 1999) addresses the gradient of the value function, which is a
slightly different objective that we denote as J(6) as follows

J(0) = V™ (s9) = Eq, ZV R(sk, ar)|s0]
k=0

Then from (Sutton et al., 1999) we have the original policy gradient theorem:
- Z d™(s) Z Vrg(s,a)Q™ (s, a)
sES acA

Where -
s) = Zkar(sk = $|sg, )
k=0

We consider instead the expectation of the value function over an initial state distribution:
J(0) = Epo [V (50)]

Then

VJ6) = Zd’””p"(s) Z Vg(als)QT (s, a)

seS acA
Where -
A" (s) =Y " AE,, [Pr(sk = s|s0, )]
k=0
When we implement the “log-likelihood trick”, we have

VJ(0) =Y d™ > " mp(als)Vlog me(als)Q™ (s, a)

S

We can “unroll” this result as in (Wu et al., 2022) to acquire the temporal formulation:

Er oY 7"V 1og m(ak|sk)Q7 (s, ax)]
k=0

To derive the GPOMDP estimator from this result, we use the definition of Q™

Q™ (s,a) ny R(st,at)|s0 = s,a9 = a) ZV R(Sttk, t1k)|SK = S, ar = a]
t=0 t=0

o0

VI(0) =Erpy > ¥*Viogm(ar|se)Ex[Y v R(S}yh, ahyp)l s = sk, = ax]]
k=0 t=0

= Erpo > Enl> AV logm(ar|si)R(shyy, af )5k = si,af = ax]]
t=0

Erpo[Y D 7V 1ogm(ax|sk)R(seir, arir)]

k=0 t=0

=Erpo[> Y 'Viog(ar|se)R(st,ar)]

k=0 t=k
And so we end with an unbiased estimator of the policy gradient

VI(0) = Ervp(10)[V log po(T)R(7)].
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