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Abstract

Generative models that construct conditional
paths transforming a source distribution into a
target distribution have seen substantial success
in modeling scientific data. However, traditional
methods typically assume Euclidean geometry
and fail to adhere to data manifolds, falling short
on tasks such as trajectory inference. Recent flow
matching methods on general manifolds often re-
lies on approximating geodesics without closed
forms, suffers from limited theoretical and imple-
mentation grounding, or trades generation quality
to learn velocity fields. As a result, we propose
GCL-FM, a novel simulation-free framework
that enables interpolation on unknown data mani-
folds by explicitly enforcing a Geodesic Convex
Latent subamnifold for Flow Matching. Our the-
oretical analysis shows that GCL-FM possesses
desirable guarantees for modeling manifold trans-
port dynamics, including robustness to data noise.
We demonstrate that GCL-FM achieves superior
performance on trajectory inference for multi-
ple biological and computational fluid dynamics
datasets, while requiring significantly less compu-
tational cost compared to prior methods, provid-
ing a principled and efficient route to high-fidelity
manifold-aware conditional generation for real-
world transport dynamics in high dimensions.

1. Introduction

Rapid growth of high-dimensional scientific data, along with
surges in methods that analyze such data, has created un-
precedented opportunities for scientific discovery (Villegas-
Morcillo et al., 2021; Zhang et al., 2023; Urdapilleta et al.,
2015; Shi et al., 2013; Sun et al., 2024; Moon et al., 2019).
One particular problems arising in various fields is recon-
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structing the temporal dynamics of a multi-body physical
system, including single-cell RNA sequencing (Macosko
et al., 2015), geophysical data (Evensen, 2003), or neural
population dynamics (Pandarinath et al., 2018). Data is
typically sparse in these fields due to expensive and dif-
ficult data collection pipelines. Thus, this gives raise to
the trajectory inference problem, where the goal is, given
population-level snapshots of noisy data, to generate the full
trajectory dynamics of the evolving system.

Methods for trajectory inference typically learn objective-
matching dynamics with neural networks, including diffu-
sion models (Song et al., 2021b), flow matching (Lipman
et al., 2023), and Schr”’odinger bridge matching (Shi et al.,
2023). Among these, conditional generative models (Tong
et al., 2024a) are particularly applicable. The model con-
structs probabilistic paths via interpolants that connect sam-
ples from a source distribution to a target distribution. How-
ever, scientific data often lie near a low-dimensional mani-
fold (Fefferman et al., 2016), whereas these methods typi-
cally assume Euclidean geometry, causing interpolants to
deviate from the data manifold. Recent works adopted these
methods to general manifolds, but still suffer from several
limitations that hinder their ability to model real-world data.
Approaches that approximate the manifold metric (Sun et al.,
2025; Kapusniak et al., 2024) often require additional net-
works or heuristics to learn geodesics, or incur substantial
overhead from Jacobian computations. Methods that pull
back geometry from latent manifolds (de Kruiff et al., 2024)
require high-dimensional NeuralODEs and suffer theoretical
issues such as instability on positively curved manifolds and
the method itself not adhering to required theoretical prop-
erties. Methods that approximate velocity fields (Petrovi¢
et al., 2025) can degrade generation quality.

In light of the limitations of prior Euclidean and Riemannian
approaches, we propose to solve trajectory inference in a
learned latent submanifold that is explicitly enforced to be
geodesically convex, and then pull back the latent transport
dynamics through a simple diffeomorphic parameteriza-
tion. This avoids the need to separately learn data-manifold
geodesics, reduces the excessive computation incurred by
high-dimensional NeuralODEs or Jacobian computations,
and enables learning manifold velocity fields while main-
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Table 1. Comparison of manifold-based methods, with GCL-FM
offering comprehensive computational and theoretical advantages.
G.C. stands for geodesic convexity.

Property MFM GAGA PFM GCL-FM (Ours)
No separate geodesic learner X X

Enforced G.C. NA! X X

Full anisotropic metric X

Compute efficiency X (Jacobian) X (NeuralODE)

taining high generation quality. Comparisons are given in
Table 1. Our contributions can be summarized as follows:

(1.) We propose GCL-FM, a novel flow matching frame-
work on unknown manifolds by learning a latent
submanifold that is explicitly learned to be geodesi-
cally convex through appropriately designed oracles,
and pulls back the latent transport dynamics to the
data manifold via a simple diffeomorphic parametriza-
tion. Compare to prior works, GCL-FM is the only
manifold-based method that (i) doesn’t need a separate
geodesic learner, (ii) enforces geodesic convexity, (iii)
allows fully anisotropic metrics via pullback, and (iv)
avoids Jacobian/NeuralODE overhead.

(2.) We provide several novel theoretical results on the op-
timality of GCL-FM, including (i) robustness of the
pullback of optimal transport paths from GCL submani-
fold against data noise; (ii) effectiveness of our training
objective in learning a geodesic convex submanifold
with appropriate interpolation indicator oracles (iii) a
novel framework that provably alleviates the instability
on manifolds with positive curvature where prior works
suffered (de Kruiff et al., 2024; Diepeveen, 2024).

(3.) We validate GCL-FM on multiple datasets across
single-cell and computational fluid dynamics, showing
superior performance on the trajectory inference prob-
lem while being significantly faster and more memory
efficient than existing methods.

2. Related Works

Geometric Generative Models. Generative models such as
diffusion models (Croitoru et al., 2023; Song et al., 2021a;
Ho et al., 2020), flow matching (Tong et al., 2024a; Lipman
et al., 2023), or Schordinger bridge matching models (Shi
et al., 2023; Tong et al., 2024b) have seen much success in
recent years. Many works have extended these frameworks
to when the ambient space is a Riemannian manifold instead
of Euclidean space (Yim et al., 2023; Gemici et al., 2016;
Lou et al., 2024; De Bortoli et al., 2022; Huang et al., 2022;
Mangoubi et al., 2025; Zhu et al., 2025; Chen & Lipman,
2024). Pullback methods have also been explored by prior
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works (Collas et al., 2025). Nevertheless, these methods gen-
erally require knowing the underlying Riemannian manifold
for simulation-free and geometry-grounded generation.

Trajectory Inference. Reconstructing transport dynamics
across time points or states is a central problem in the natural
sciences (Macosko et al., 2015; Evensen, 2003; Pandarinath
et al., 2018; Jasche & Wandelt, 2013). Recent approaches
are largely based on conditional flow matching (Tong et al.,
2024a; Lipman et al., 2023) or bridge matching (Shi et al.,
2023), but typically assume Euclidean geometry and fail to
adhere to the data manifold. Subsequent work (Tong et al.,
2024b; Shi et al., 2023; Chen & Lipman, 2024; Neklyudov
et al., 2024) either assumes access to the manifold metric or
relies on surrogate metrics. CurlyFM (Petrovi€ et al., 2025)
instead targets instantaneous velocity fields but can trade
off generation quality. Among methods that generate on un-
known manifolds, MFM (Kapus$niak et al., 2024) models the
metric via diagonal matrices, limiting its ability to capture
anisotropic structure where rotations shift local coordinates
axis. GAGA (Sun et al., 2025) requires Jacobian computa-
tion during training, incurring substantial compute overhead.
Both additionally rely on separate networks to approximate
geodesics for flow matching, introducing further approxi-
mation. The closest prior work is PFM (de Kruiff et al.,
2024), built on Diepeveen (2024); however, it requires high-
dimensional NeuralODEs, does not enforce the geodesic
convexity assumed by the theory, could be sensitive to noise
on positively curved manifolds (Diepeveen, 2024), and lacks
theoretical justification. Additionally, GAGA also does not
enforce latent geodesic convexity, which is needed for the
pullback metric (Diepeveen, 2024).

Geometric Encoding and Interpolation. Geometric em-
bedding methods not targeted at trajectory inference have
also been proposed (Duque et al., 2023; 2020; Fasina et al.,
2023; Lee et al., 2022). However, they are not formulated
via diffeomorphisms, are not designed for generative mod-
eling, and can break down in trajectory inference settings
with sparse data and missing regions. Related work on inter-
polation over data manifolds (Oring et al., 2021; Mi et al.,
2021; Michelis & Becker, 2021) typically relies on straight-
line interpolation in a Euclidean latent space, which distorts
curved manifolds and can still miss intermediate regions
under data scarcity, especially in high dimensions.

3. Preliminaries

Here we review conditional and Riemannian flow matching.

3.1. Conditional Flow Matching

Let pg, p1 be distributions on R¢. Continuous Normaliz-
ing Flow (Chen et al., 2018) learns a map ; such that
[¥1]4po = p1, where 1, is a time-dependent diffeomor-
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phism R? — R? with 1)y = Id. We say 4 is generated by
a vector field wu; if % = u; (1) and denote p; = [t¢] 4 po.
‘We may then learn a neural network v, ¢ that generates 1,
by matching its output to the vector field u,. However, since
the density paths p; and the vector field u; is intractable,
Conditional Flow Matching (CFM) (Tong et al., 2024a) as-
sumes that the density paths p; is a mixture of conditional

path p; = [ pi(x|z)v(2)dz where z is sampled from the

join distribution v = (pg, p1). The matching objective is

2
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where x; = 1(x¢|xo, z1) are interpolations from x¢ to x;.

3.2. Riemannian Geometry and Flow Matching

Riemannian Geometry. A smooth n-dimensional man-
ifold M is a locally Euclidean topological space. Each
point z € M has an associated tangent space 7, M, an
n-dimensional vector space. A Riemannian metric g as-
signs to each = a smoothly varying inner product g, :
T M x T, M — R, inducing norms, curvature, and dis-
tance dp¢. A Riemannian manifold is the pair (M, g).
Geodesics 7, 4 (t) are locally distance-minimizing smooth
curves. Under suitable assumptions one can define the
exponential map exp, : T,M — M and its inverse
log, : M — T, M.

Pullback Geometry. Let (M, gys) and (N, gyn) be d-
dimensional Riemannian manifolds. A diffeomorphism
@ : N — M is a smooth bijection with a continuously
differentiable inverse. When ¢ exists, gy is the pullback
of gys via the pushforward of ¢. Geometric objects on N
are induced from M, e.g. dn(z,y) = dp(e(x), o(y)),
Yoy (£) = @7 (Vp(a),0(y) (1)), and similarly for exp, log,
and in particular, optimal transport paths (Lee, 2013).

A subset S C M is geodesically convex if for any z,y € S,
the gar-geodesic satisfies 7, ,(t) € S for all ¢. We may
relax global diffeomorphism by only requiring ¢ : N —
©(NN) C M to be a diffeomorphism to pull back geometry
objects from (¢ (N), gar|,(n)), Where (N ) is geodesically
convex. When M is a d-dimensional symmetric manifold
and N = R%, p endows N with a symmetric manifold struc-
ture. Prior work (Diepeveen, 2024) bounds the deviation of
pullback geodesics under data noise in terms of the global
Lipschitz constants of ¢ and ¢~ !. In particular, when ¢ is
a distant isometry:

1720 () = 125 (D13 < Bie(Nllz = zll2 + o(llz — z|2)
1Ye,2 (8) = Yoy (DIIZ < BNz = yll2 + o(llz = yll2)

for z,y,z € N, where (3, is a time-parametrized function
that depend on position and the curvatures of M. For non-
positive curvature, (3 is linear or sub-linear in time and

Interpolation
Indicator Oracle

Learned Vector Field

Figure 1. Ilustration of GCL-FM. In stage 1, we learn a diffeomor-
phism ¢ : D — ¢(D) C M. An interpolation indicator oracle
Q) enforces geodesic convexity in the learned latent submanifold
by correcting the model whenever ¢(D) is not geodesic convex.
In the second stage, we learn the transport dynamics by approxi-
mating the vector field with vg ;. During inference, data are first
encoded with ¢, the model then computes latent dynamics with
va,+ and pulls back with o ~*. GCL-FM enables direct geodesics
(shown as yellow lines) and transport dynamics (shown as green
arrows) computation on D learning only ¢.

the pullback is robust; for positive curvature, 5 can induce
exponential sensitivity to noise, an inherent instability in
prior work (Diepeveen, 2024; de Kruiff et al., 2024).

Riemannian Flow Matching. Riemannian Flow Matching
(RFM) (Chen & Lipman, 2024) generalizes CFM to Rie-
mannian manifolds. For a pair (x, z1) sampled from the
joint distribution v on M, the interpolation z; form x( to
xy is given as oy = Vg0, (K(t)) = exp,, (k(t) log, (z0)),
where k(t) is a time-scheduler. The RFM loss function is

2
] ey
g

The high-level idea of GCL-FM is a two-stage process,
shown in Figure 1. In stage one, we learn a diffeomorphism
¢ : D — M such that o(D) C M is geodesically convex.
In stage two, we solve the RFM objective in Equation (1)
on the embedded data (D). For sampling, we obtain the
data-space path as the pushforward p; = [¢ '], where
L+ 1s the stage-two solution.

dIt
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4. Method

We present the detailed framework and theoretical proper-
ties of GCL-FM in this section. Recall that to obtain robust
geodesic pullbacks, we aim to learnamap ¢ : D — M
that (1) is a diffeomorphism, (2) has globally bounded
Lipschitz constants, and (3) has a geodesically convex im-
age (Diepeveen, 2024). We first introduce a simple approach
that avoids modeling ¢ with high-dimensional NeuralODEs
or invertible ResNets, as in prior work (de Kruiff et al.,
2024; Diepeveen, 2024). We then describe how to enforce
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geodesic convexity in the latent manifold. Finally, we pro-
vide guarantees for GCL-FM, including robustness to data
noise when learning optimal transport paths on general man-
ifolds, and show how to mitigate instabilities when the data
manifold contains regions of positive curvature, where prior
methods can be unstable. Proofs and full statements for our
theoretical results can be found in Appendix A.

4.1. Modeling © with Autoencoders

Prior work learns ¢ for pullback as a diffeomorphism with
globally bounded Lipschitz constants using NeuralODEs
or invertible ResNets (de Kruiff et al., 2024; Diepeveen,
2024). This typically forces the latent dimension to match
the data’s ambient dimension, which is inefficient when the
data lie on a much lower-dimensional manifold. To mitigate
this, these methods add submanifold losses that concentrate
latent codes and optionally zero out extra dimensions, but
this introduces additional complexity by requiring the model
to learn equivalence classes in the unused coordinates. Here,
we aim to overcome these limitations.

We first formalize our framework via a reformulation. Prior
work (de Kruiff et al., 2024; Diepeveen, 2024) learns a map
¢ that embeds the entire ambient space R? into a geodesic
subspace ¢(R?) C M. In our setting, however, we only
observe the data manifold D C R?, so enforcing global
structure over R? is intractable and unnecessarily restric-
tive. Instead, we learn ¢ : R* — M but require only that
its restriction ¢|p satisfies (1)—(3). This is a strict relax-
ation, and in the noisy setting we analogously impose the
conditions on ¢|y for a neighborhood V' > D. This refor-
mulation trivially preserves the robustness guarantees for
geodesic pullbacks, and we write ¢ to mean ¢|p or ¢|y
when unambiguous.

Efficient Modeling of ¢. To take full advantage of the
low-dimensional nature of D, we leverage a classic result
in Riemannian geometry:

Theorem 4.1. (Myers—Steenrod (Myers & Steenrod, 1939))
Let M, N be Riemannian manifolds and ¢ : M — N be a
surjective, distance preserving map. Then @ is a manifold
isometry, and in particular, @ is a diffeomorphism.

Thus, it suffices to learn ¢ as a distance-preserving bijec-
tion, without explicitly modeling smoothness as in prior
work. We therefore model ¢ with an autoencoder pair
(F, Q) that learns a low-dimensional latent submanifold
directly. The reconstruction loss L, = Egepllz —
G(F(x))||3 encourages a bijection between D and (D).
To enforce distance preservation, we use the isometry
loss Liso = Eu,0,epe™@0%) (dy (F(;), F(z;)) —
dp(z;,2;))%, where dp is a data-manifold distance from
manifold learning methods and 7 > 0 controls the emphasis
on local geometry. By Theorem 4.1, these losses together

ensure requirement (1). For requirement (2), we apply Spec-
tralNorm (Miyato et al., 2018) to control Lipschitz constants.
This formulation allows GCL-FM to efficiently learn the
required properties of ¢ without the high dimensionality or
rigidity of prior methods that rely on learning the aforemen-
tioned equivalence classes. We empirically show that it out-
performs the NeuralODE formulation (de Kruiff et al., 2024)
on both synthetic and real-world datasets, while achieving
significant speedups (see Section 5). To ensure the output
of F'is on M, we parametrize I’ as F' = exp,, oF’, where
p € M and F” is an unrestricted neural network.

4.2. Learning a Geodesic Convex Latent Manifold

In this section, we introduce a general framework for learn-
ing requirement (3), i.e., a geodesically convex subset in
the latent manifold. Geodesic convexity is particularly im-
portant for trajectory inference, since scientific datasets
are often sparse and contain missing regions that the model
attempts to generate. Accordingly, given D C R? with
intrinsic dimension d’, we aim to learn ¢ : R — M into
a d’-dimensional symmetric Riemannian manifold M such
that (D) C M is geodesically convex with respect to the
restricted metric gM |p(D).

Closure under Geodesic Skeletons. Prior methods for
learning convex latent spaces typically operate in Euclidean
settings by enforcing that straight-line interpolations in la-
tent space decode and re-encode consistently, often using
a discriminator (Sainburg et al., 2018; Oring et al., 2021).
Concretely, they combine a cycle-consistency 1oss Ly with
an adversarial loss L4, that encourages decoded interpo-
lations to fool a critic. A natural extension to Riemannian
manifolds is to replace straight lines with geodesic inter-
polants. However, under data scarcity, ensuring ¢(D) only
covers pairwise interpolants can still leave holes in latent
space—for example, geodesics between intermediate in-
terpolated points may remain unmodeled. Moreover, in
trajectory inference, portions of the data manifold are often
missing, so L,q, may instead push interpolations toward
observed samples rather than the correct intermediate (po-
tentially unobserved) regions. To address issues caused by
data scarcity, we propose to enforce that ¢(D) is closed
under interpolation within geodesic triangles, and more gen-
erally within geodesic k-simplices. While natural choices
are geometric barycenters, these are typically intractable to
compute (Ramsay & Richtmyer, 2013). Instead, we use the
local approximations:

Definition 4.2. Let {zg,...,2x} € M, the geodesic k-
simplex is the tractable proxy for geodesic hull points.

k k
{epoO <Z u;log,, (zz)> Tup > O,Zui < 1}
i=1

=1

denoted as o(z1,...,2r). We further denote z €
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o(21,...,2k) aS 2(z, u,)> Parametrized by the vertices and
weights. The geodesic k-skeleton is the union of all such
convex hulls:

k
U U (20, .-, 25)

Zi+1
for finite vertex set Z7 C M.

The geodesic k-skeleton cycle consistency loss is then:
2
)

To mitigate inappropriate attraction toward existing samples,
we introduce a more general interpolation-indicator oracle
to enforce geodesic convexity over simplices. Let 2 be an
oracle that, given vertices (z;); and weights (u;);, assigns
lower scores to true interpolated points z = z(z;, u;). We
then define the geodesic k-skeleton loss as

where f : R — R is a monotonically increasing function.
We discuss choices of {2 in later sections and empirically
validate them in Section 5.

Lk =E .

cyc

@keD [HG (z))) _4®
z€a(F(x0),....F(xk))

2
where #(*) = G(2).

ko _
Lskel - Ewo,‘.,mkED z€o(F(x0),...

Theoretical Analysis. During training, the vertex set is
given as Z = (X)), where X = {X;},; are the observed
samples. Given the above definition, straight line interpola-
tion corresponds to enforcing S1(Z) C ¢(D). Intuitively,
ensuring that S;,(Z) C ¢(D) would be a strictly improve-
ment over Si_1(Z) since Sk_1(Z) C Si(Z), and letting
k to be sufficiently large recovers (D) as a geodesic sub-
space. We make this notion rigorous below.

Definition 4.3. For bounded S C M, we say S is geodesic

e-convex if sup inf dps(z,s) < e where Gg is the smallest
2€Gg €5
geodesic convex set containing S w.r.t. Definition 4.2.

With a slight abuse of notation, we let Sy (S) to be the union
of all S,(V) for all finite V' C S when S is infinite. We

denote by §, = sup inf dps(z,s) to be the model
ZES;C+1(S) ses
error in learning Sy11(S) C S.

Proposition 4.4. (Informal) Let M be a manifold with
unique minimizing geodesic or a strongly geodesic con-
vex subspace. Let S C M be bounded. Then

. as M
sup inf dy(z,8) < 6, + O : when k <
zeCI¥)s seS ILI( ) i (\/kJrl)

dim(S). where ag p is a constant that depends on the
radius of S and sectional curvatures of M. Moreover, with
reasonably accurate oracle (), the bound becomes a function
of the quality of Q2 and Lgj.;.

Increasing from & to k£ + 1 then reduces the discrepancy be-
tween the model training loss and geodesic “convexity-ness”

k+1
k+2°

d-convex when k > dim(S) by a standard Carathéodory
type application. Hence as k increases, the learned latent
space is nearly geodesic J;-convex by minimizing the skele-
ton loss L’;kel, where the consistency loss ensures that the
model still satisfies requirement (1).

of (D) by a factor of and ¢(D) is exactly geodesic

Remark 4.5. Here we assume strongly geodesic convexity,
which is already the case fo Hadamard manifold. For pos-
itively curved manifolds, we later propose to project into
a strongly geodesic convex space regardless for geodesic
stability (Proposition 4.6). We discuss how to treat the more
general case of only geodesic convexity in Appendix A.

4.3. Robustness Against Noisy Data
We further study the theoretical aspects of GCL-FM.

Robustness on Positively Curved Manifolds. Prior
work that uses pullback geometry to model data mani-
folds (de Kruiff et al., 2024; Diepeveen, 2024) relies on
robustness of the learned geodesics to dataset noise: when
M has non-positive sectional curvature near the data, this
noise is damped in the pullback geodesics. In contrast, pos-
itive sectional curvature can amplify noise, causing large
deviations even in simple cases such as learning a 1D cir-
cle (de Kruiff et al., 2024). Thus, prior methods can be
impractical for data that exhibit positive curvature. In
this section, we propose a framework with theoretical robust-
ness guarantees to data noise when learning representations
of positively curved data manifolds.

Proposition 4.6. (Informal) Let M have positive sectional
curvature, and let ¢ : R™ — M satisfy that o|p is a
diffeomorphism D — (D) with (D) geodesically convex.
Suppose further that ¢(D) C B.(p) for some p € M,
where B,.(p) is a geodesic ball whose sectional curvatures

are upper bounded by k > 0, and r < ﬁ. Then the

pullback geodesic instability induced by M is at worst the
Euclidean case. If instead r < ﬁ — € for some ﬁ >
€ > 0, then the instability is worse than the Euclidean case
by a factor of O(poly(1/e)).

Proposition 4.6 implies robustness to data noise when ¢
maps the data manifold into a small geodesic ball with
bounded curvature, so we aim to constrain (D) C B, (p).
We do this by parametrizing the encoder as

= eX ( )
Flz) = p,,(wnf( i) )

where f is a neural network, exp,, is the exponential map
atp, and ¢ : [0,00) — [0,7) is smooth and monotone (e.g.,
tanh or sigmoid). The map ¢ radially contracts f(D) C
T, M into B,.(0) C T, M. Since the sectional curvatures in
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CFM ARCH GCL-FM ARCH
e g

CFM Swiss Roll GCL-FM Swiss Roll

Figure 2. Visualization of trajectory inference on the Arch and
partial Swiss Roll dataset for CFM and GCL-FM. Grey lines show
learned trajectory going from source (orange) to target (purple).

B,.(p) are upper bounded by &, the injectivity radius satisfies
inj(p) > ﬁ; choosing r as in Proposition 4.6 ensures that

exp,, is a diffeomorphism B,.(0) C T, M — B,(p) C M.

Robust Optimal Transport Paths. We further show that
under the framework of GCL-FM, the OT paths learned
by the model is robust to data noise in the target distri-
bution, which is a theoretical result missing in prior at-
tempts (de Kruiff et al., 2024).

Proposition 4.7. (Informal, OT Path Stability) Let (M, g)
be a d-dimensional symmetric Riemannian manifold and
¢ : R* — M a diffeomorphism onto a geodesic convex
subset o(R?) C M. Let u,v € Py(RY) be probability
distributions of finite second moment, let 1 € T'(u,v) be
an optimal coupling with respect to the measure induced
by d., from the pullback metric g, = ©*g. Let T € Py(R%)
be a probability distribution s.t. T — u. Then assuming
absolute continuity of distributions and mild regularity of
on the support of the optimal path fromv — pandv — T,
then Wa(py . (t), pu.-(t))? = O(Wa(1, 1) ') with similar
coefficients to the geodesic case. Further, it is enough to
assume the same regularity on a large enough closed subset
of the support along the OT paths to obtain the same bound.

Thus, when learning on noisy data with GCL-FM, the de-
viation of the learned OT paths from the ground truth is
bounded by a polynomial function of the deviation caused
by the noise in the target distribution. The % in the exponent
is equal to the current best bound in the manifold OT path
deviation under any target noise (Kitagawa et al., 2025)

4.4. Overall Framework.

Here we describe GCL-FM’s overall framework. The
mdoel proceeds with two stages. In the first stage, we train
an autoencoder pair (F, G) with the architecture specified
in Section 4.1. The loss is given by

Lae = MLyee + AaLiso + AsLE . + MLE . (4)

Here we specify two choices for €2. The first is a critic

C : R% — [0,1] that outputs higher scores for real sam-
ples. Then Q(z(., u,)) = —108(C(2(z,,u,)))- The critic is
updated along with the autoencoder. The second choice is
distance-based, where we approximate the distance from
the decoded interpolation to each vertex z; via a one-hop
neighborhood estimation:

d*(G(Z(ZL7u’L))’x1) = L*Hé%lK ||G(Z(Z1,ul))7x*||2+dD(I*7$Z)

where DX denote the K closes neighbors to z in D. For
efficiency, we cluster D based on distance first and pick one
representative per cluster to compute D, The oracle is

k
Q(Z(Zi;ui)) = Z (dM(Z(Z“uL)7 ZZ) —d" (G(Z(Zi;ui))7 xb))Q .
i=0

Both oracles are tested in Section 5. We also provide further
details and additional potential oracles in Appendix B. In
the second stage, we train a neural network v; ¢ for the RFM
objective in Equation (1) on the encoded data points F'(D).
For time point ¢, the model generates samples G(z;) where
zg ~ i and fi; is the density path generated by v, g.

5. Experiments

We validate GCL-FM on several datasets spanning single-
cell and computational fluid dynamics (CFD). As a baseline
implementation, we use M = R" due to its simplicity. We
show that even with this choice, GCL-FM can reconstruct
held-out trajectory distributions and velocity fields, while
requiring considerably less computational resources. We
also implement GCL-FM with M = S™ on mouse Ery-
throid data to demonstrate that more suitable choices of M
can further improve performance, and to validate our claims
in Proposition 4.6. For experiments on Cite-seq and Mul-
tiome, we utilize the critic-based oracle. For experiments
on mouse erythroid and (CFD), we use the distance-based
oracle. Finally, we perform ablation studies in Section 5.5
and provide runtime analysis. See Appendix Section B for
additional experimental details.

5.1. Visualization on Toy Datasets

We visualize GCL-FM on synthetic toy datasets in Figure 2.
Specifically, we test GCL-FM with M = R" and the dis-
tance oracle on the Arch dataset (Tong et al., 2020) and
a partial Swiss Roll dataset, where the middle marginal is
held-out. GCL-FM is able to learn the underlying trajectory
dynamics and reconstruct the held-out data points. CFM,
on the other hand, does not adhere to the underlying data
and cuts through the data with straight-line interpolations.

5.2. Trajectory Inference on CITE-seq and Multiome

We validate GCL-FM’s performance for single-cell
trajectory inference on the CITE-seq and Multiome
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Table 2. W1 distance between generated cells and held-out cells on the Cite-seq and Multiome datasets. Best performance is bolded while
second ot best is underscored. GCL-FM achieves the best performance across both datasets for 50 and 100 dimensions.

Data Dimension 50 100

Alg.| Dataset— Cite Multi Cite Multi
DSBM (Shi et al., 2023) 53.81 +£7.74 66.43+14.39 5899+7.62 70.75+ 14.03
I-CFM (Tong et al., 2024a) 41.83 +3.28  49.78 £4.43  48.28 +3.28  57.26 £ 3.86
OT-CFM (Tong et al., 2024a) 38.76 20.40 47.58 £6.62 45.394+0.42 54.81 £5.86
[SF]>M-Exact (Tong et al., 2024b) 40.01 £0.78 4534 £2.83  46.53+0.43 52.89+£1.99
[SF]2M—GeO (Tong et al., 2024b) 38.52 £0.29 44.80 +1.91 44.50 + 0.42 52.20 £ 1.96
WLF-SB (Neklyudov et al., 2024) 39.24 £0.07  47.79+£0.11 46.18 20.08  55.72£0.06
WLF-OT (Neklyudov et al., 2024) 36.17 +£0.03  38.74+0.06 42.86 +0.04 47.37 +0.05
WLF-UOT (Neklyudov et al., 2024) 34.16 £0.04  36.13+0.02 41.08+0.04 45.23 +0.01
OT-MFM (Kapusniak et al., 2024) 36.39 £1.87 45.16 £4.96 41.78 £1.02 50.91 +4.623
GAGA? (Sun et al., 2025) 28.77 +0.89  43.84 £1.59 37.8+2.89 40.74 + 2.22
GCL-FM (Ours) 19.98 £0.55 20.69+0.41 23.93+0.48 25.49+0.28

Table 3. Alignment to reference velocity field (Cos.Dist.) and pre-
dicted particle position prediction accuracy (MSE and Prec. @k)
on computational fluid dynamics data. GCL-FM achieves higher
prediction accuracy while aligning with the reference vector field.
Standard deviations (STD) are small and are omitted due to visi-
bility. See Appendix Section B for full table with STD.

Method Cos. Dist. | MSE | Prec.@51 Prec.@101 Prec.@25 1
CFM 0.254 0.085  0.079 0.164 0.337
OT-CFM 0.248 0.095  0.303 0.388 0.496
CurlyFM 0.189 0.095  0.489 0.522 0.628
GCL-FM (ours) 0.197 0.077 0.499 0.603 0.683

datasets (Burkhardt et al., 2022). We follow the setup in Sun
et al. (2025), where we perform the leave-one-timepoint-out
cellular dynamics experiment in which points at one time-
point are excluded, and the goal is to infer the left-out points
by interpolating between the remaining timesteps. The re-
sults are shown in Table 2, GCL-FM achieves significantly
lower W1 distance to the ground-truth data than previous
method, demonstrating it’s ability to solve the trajectory
inference problem to reconstruct the left-out cells.

5.3. Experiments on Computational Fluid Dynamics

We evaluate GCL-FM on computational fluid dynamics
data represented as particles advected by a flow over time,
where the positions are also used to compute a reference tra-
jectory velocity field. We follow Petrovic et al. (2025) and
hold out a subset of particles and evaluate on these unseen
particles at each marginal. We measure position predic-
tion accuracy using (i) mean squared error (MSE) between
predicted positions and the ground-truth positions, and (ii)
precision @k, which is how often the prediction lies among

The results reported in Sun et al. (2025) were evaluated on the
entire generated trajectory. To be consistent with the rest of the
baselines, we re-train their models and evaluate on the generated
data at the held-out timestep. See Appendix B for a comparison
between GAGA and GCL-FM with the interpretation that the
entire trajectory as the generated cells.

Table 4. Quality of learned vector field (Cos.Dist and L2) and qual-
ity of the generated points (W2) on mouse erythroid development
data. Best performance is in bold. GCL-FM achieve significantly
lower L2 error with better or comparable W5 distance.

Metric OT-CFM MFM Curly-FM GCL-FM (Ours)
Dimension d = 2

Cos. Dist 0.146 £0.001  0.014 £ 0.001  0.009 £ 0.000 0.005 £ 0.001
Ly 2.704 £0.019 1.999+0.014 1.663 £ 0.293 1.3124+0.177
Wo 0.646 £0.006  0.269 +0.004  0.369 £ 0.090 0.182 £ 0.021
Dimension d = 20

Cos. Dist 0.489 4+ 0.001  0.495+0.001 0.488 & 0.001 0.496 £ 0.004
Ly (x 1()3) 1.885+0.020 1.627 £0.040  1.721 £ 0.035 0.167 £ 0.003
Wa 6.103+0.074  4.855+0.052  6.124 £0.027 4.454 £0.071
Dimension d = 50

Cos. Dist 0.490 £0.000 0.494 +0.000  0.489 + 0.000 0.497 £ 0.002
Ly (><103) 2.215+£0.022 1.9714+£0.023  2.045 £ 0.073 0.188 £0.011
Wo 7.969+0.029 6.727 +0.022  7.729 £ 0.046 7.317 £ 0.041

the k nearest neighbors of the corresponding ground-truth
particle. We also evaluate velocity-field reconstruction by
the cosine distance between the learned velocity field and
the reference field. The results are shown in Table 3. GCL-
FM outperforms all baselines in terms of MSE distance
and Prec. @k, demonstrating GCL-FM’s ability to more
accurately recover the true particle coupling and trajecto-
ries. GCL-FM also outperforms the Euclidena baselines in
cosine distance while achieving comparable performance
as CurlyFM, showing it’s ability to learn the underlying
velocity field. Notably, GCL-FM achieves the velocity field
alignment without sacrificing the generation quality in terms
of MSE loss, which is not the case for CurlyFM

5.4. Experiments on Mouse Erythroid Data

We further validate GCL-FM on modeling cell differentia-
tion in mouse erythroid development over time. We follow
the CurlyFM setup (Petrovi¢ et al., 2025), partitioning the
data into three temporal snapshots and withholding the mid-
dle one for testing. We report (i) cosine distance and Lo dis-
tance between the learned and reference velocity fields, and
(i1) W, distance between generated samples and the held-out
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Table 5. Comparison of GCL-FM variants with Eulcidean, spheri-
cal latent manifold, and spherical latent manifold with projection
proposed in Proposition 4.6, on mouse erythroid data

Metric GCL-FM (Euclidean) + Spherical + Projection
Dimension d = 2

Cos. Dist 0.005 £ 0.001 0.003 +£0.001  0.003 + 0.001
Ly (><103) 1.312+0.177 1.902 +£0.177 1.302 +£0.192
Wo 1.815 +0.021 0.361 £ 0.069 0.181 £ 0.091
Dimension d = 20

Cos. Dist 0.496 + 0.004 0.496 +0.007  0.498 + 0.004
Ly (x10%) 0.167 £+ 0.003 0.248 +0.088  0.158 & 0.022
Wa 4.454 +0.071 4.9274+0.110  4.307 +0.107

Dimension d = 50

Cos. Dist 0.497 £ 0.002 0.498 £0.005 0.0498 £ 0.002
Ly (x10%) 0.188 £ 0.011 0.262 £0.155  0.160 £ 0.022
Wo 7.317£0.041 7.691£0.099 7.167 £0.098

Table 6. W, distance on the Cite-seq and Multiome datasets. k

indicates the use of corresponding Lljyc, Lk, losses.

Data Dimension 50 100

Alg.| Dataset— Cite Multi Cite Multi
PEM 26.08+0.59 39.31+£0.55 34.42+0.99 78714222
d’-PFM 56.87£1.35 125.35+3.11 38.42+1.77 178.96 £ 3.54
0-GCL-FM 21.53+0.67 22.00+£0.24 2442+0.80 26.13+0.80
1-GCL-FM 20.37 £0.74 20.98 £0.54 2429 +£0.69 25.41+0.21
2-GCL-FM 20.85+0.45 20.23+0.48 2427+041 2543 +£0.22
3-GCL-FM 19.98 £0.55 20.69+0.41 23.93+0.48 2549+0.28

marginal. Results are shown in Table 4. For velocity-fields,
while all methods achieve similar cosine distance, GCL-
FM attains a significantly smaller L error, indicating better
recovery of the underlying velocity field. GCL-FM also
achieves the best W, distance at d = 2, 20, and still out-
performs CurlyFM at d = 100, demonstrating GCL-FM ’s
ability to generate high-quality samples along the trajectory.

We additionally evaluate GCL-FM with a M = S™, moti-
vated by the curved nature of the trajectory. We consider
two variants: a naive version without projection, and a pro-
jected version based on Proposition 4.6. Results are shown
in Table 5. The projected spherical model outperforms in all
metrics, highlighting the benefit of a suitable latent manifold.
The naive spherical model performs worse than even the
Euclidean latent manifold, illustrating the positive-curvature
instability discussed in prior work (de Kruiff et al., 2024;
Diepeveen, 2024) and how Proposition 4.6 mitigates it.

5.5. Ablation and Additional Studies

We perform ablation studies to study the effects of varying
the value of k and provide runtime analysis of GCL-FM.

Ablation on k. To assess the effect of varying k in L%
and Lfyc on GCL-FM ’s performance, we evaluate GCL-
FM on single-cell data with & € {0,1,2,3}. We also
test our diffeomorphism formulation against PFM and d’-
PFM (de Kruiff et al., 2024), which parametrizes the diffeo-
morphism as a NeuralODE. Results are shown in Table 6,

where k-GCL-FM denotes the value of & used in both L%,

and Lffyc (0 indicates that these losses are removed). Over-
all, £ = 3 performs best, and larger k generally improves
performance. The largest gain occurs going from k = 0 to
k = 1, highlighting the effectiveness of the losses. Nonethe-
less, 0-GCL-FM still outperforms the baselines in Table 2
and PFM, demonstrating the effectiveness of our diffeomor-
phism parametrization and that the model can sometimes

infer geodesic convexity from the data.

Runtime Comparisons.
We compare the run-
time and memory foot-
print of GCL-FM to
prior methods. In Fig-
ure 3, we report total
training time and peak
GPU memory for repro-
ducing the results in Ta-
ble 2 on the 100D Mul-
tiome dataset. GCL-
FM, PFM, and GAGA
are trained for the same
number of epochs, while
MFM follows Kapusniak et al. (2024) and is trained longer
due to slower convergence. Overall, GCL-FM uses substan-
tially less compute and memory than prior manifold-based
approaches.

GAGA

‘FM

3-GCL-FM _MFM
¢ ¢

10°

Peak GPU memory (GB) [log scale]

0-GCL-FM
o

10° 10¢
Total Training Time (s) [log scale]

Figure 3. Total runtime (s) and
peak GPU memory (GB) for
manifold-based methods on the
100 dimensional Multiome data.

6. Conclusion and Limitation

We introduce GCL-FM, a flow matching framework for
learning transport dynamics on unknown data manifolds.
GCL-FM learns a latent submanifold that is explicitly en-
forced to be geodesic convex via an interpolation-indicator
oracle and a simple diffeomorphism parametrization, solves
for the Riemannian flow matching objective within this sub-
manifold, and pulls back the resulting dynamics to the data
space. GCL-FM also resolves instabilities that prior pull-
back methods face on positively curved manifolds. We pro-
vide theoretical guarantees that GCL-FM is robust to data
noise and can recover geodesic convex latent submanifolds,
and empirically demonstrate improved trajectory inference
across single-cell and computational fluid dynamics data.
While we tested two oracles in this work, we have not ex-
plored broader oracle design, especially tailoring to specific
downstream tasks. Since oracle quality and the reference
manifold distance critically affect how well GCL-FM recov-
ers the underlying data manifold, improving these compo-
nents is an important and challenging problem. In addition,
although our experiments focus on data embedded in Eu-
clidean space, GCL-FM naturally extends to non-Euclidean
ambient spaces. Finally, systematically studying the choice
of latent manifold M is another promising direction.
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Impact Statement

Generative models that can generate on unknown data man-
ifolds, especially for trajectory inference, can significantly
enhance the societal impact of machine learning applica-
tions in areas such as biological sciences (e.g. stem cell
research), robotics, fluid dynamics, etc. Our method further
reduces computational resources required and thereby re-
ducing the carbon footprint. Nonetheless, while our works
is mostly focusing on advancing the field of machine learn-
ing, generative models in general also presents potential
negative risks, including generation of harmful contents or
sensitive domains.
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A. Proofs for Theoretical Results
A.1. Proof for Proposition 4.4

Proposition 4.4. Let M be a complete geodesic d-dimensional Riemannian manifold. Let S C M be bounded and let
G5 be the smallest geodesic convex set containing S. Suppose dp € M such that for some r > 0, the closed geodesic
ball B,.(p) is strongly geodesic convex and contains G's. Further, suppose that the sectional curvature on S satisfies. Let

R = sup,cg d(s,p), then for k < dim(S), sup,cq, infses drr(z,s) < 0 + O (Inax‘SR ”j:(%ﬁkmin(f))), where K.,

is the lowerbound of the sectional curvature on B,.(p), and 3,; : R — R is the function

sinE/\/EEZ) k>0
Bu(l) =4, k=0,
sinh\(/\é?@ k<0

poly(R,Kmm)>

In particular, for suitably small R, the bound becomes sup, ¢ infses da(2,s) < 6 + O ( N

Proof. We utilize the following result from Barman (2015)

Theorem A.1 (Barman (2015)). Let X C R"™ be a finite set and fix ¢ > 0. Then for every 1 € conv(X) and 2 < p < oo,
2

let de/note maxgex ||z||p. Then there is an e-approximation (' supported on at most m = 41;3 points of X such that

o —wllp <e

Then let V' C T, M be any finite set such that ||v|| < R for any v € V. Letting p = 2, v = R in the above theorem

m
immediately gives that for any x in the convex bull conv(V) and integer m > 1, there is some a’ = Z a;v; with
=1

m
Zai =1,a; >0,and v; € V such that ||z — 2| < 2[%.

=1

Now we proceed with the rest of the proof for Proposition 4.4. Since B,.(p) is assumed to be strongly geodesic convex,

exp,, restricts to a diffeomorphism B,.(0) C T,M — B,(p) C M. Let V = log,(S) C T,M, X = log,(G) C T,M.

Note that by construction of Gg, we have X C conv(V). Now fix z € Gg and let z = logp(a:) € X. Note that

|lv]] < R for any v € V by definition of R. Then applying the theorem from Barman (2015) with m = k + 1, we
k k

VEFL
- i=0
assumption 2z’ € exp(conv(V)) C B(p). Further, note that 2’ = exp, (3, \ivi) = exp, (>, i log,(s;)), where we
take s; = exp,(v;) € S. Thus 2’ is particular instance of a geodesic simplex o(z, ..., 2x) by taking zg = p. Thus
2" € Sk+1(S). Now note that

get there is some z’ = Z)\,;fu,; with v; € V, Z)‘i = 1 such that ||z’ — z||2 < 23R et o = exp,(z’). By
=0

du(z,2") = du(exp,(z), exp,(z')) < Alp, R)||lz — 2'|| < 2\/57/;\/@
where A(p, R) = supyj,|<r [ld(exp,)o||. Since 2" € Sk11(S), da(2', S) < d by construction. Thus we have
dy(2,S) <dp(z,2") +da(2,S) <6 + 2@/@
2v2A(p,R)

Since z € G5 arbitrary, taking the supremum yields sup, ¢ dar(z,S) < 0p + BV at

Now let v € T,,M. By assumption let ||v]| = £ < R. Let a € R and let w = av € T, M. By Gauss lemma, we have

{d(exp, )y (v), d(expp)o(w)) = (v, w) = ajv]|

where the inner product and norm are taken over Ty, () M. Thus [|d(exp,,),(w)]| = |al]|v]].

12
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Now consider w L v. Let u = v/¢ be a unit vector. Consider the unit speed geodesic 7 : [0, 1] — M via y(s) = exp,,(su).
Let J(s) = d(exp,,)su(sw) be the Jacobi field along . Now lett = s//, then at t = 1, we get

J() = d(expp)m(éw) = d(expp)v(w)
Now by standard application of Rauch comparison theorem against manifolds with constant curvature less than K, gives

1T = esp, o) < ] nt®

Now for arbitrary w € T,,M decomposed into radial and normal components w, || v and w; L v, we have

lld(exp,,)o(w)[I* = [ld(exp,, v (wy +w )|
= |ld(expy)o(wy) + d(exp, )y (wo )|
= |[d(expp))v(wo)|* + [ld(expp))v(wL)|?
< lalloll® + w1 (Bru (10ID/l1011)?
On the other hand, ||w||? = |a|?||v||* + ||w_ ||, thus
ld(expy ) (I _ fal? [0l + [[w | (B, (
[[w]? - [[w]?

_ laPlloll® + w1 (Br (oD /llvl)
lal?[o]|* + [lw |2

< max(1, (B, ([01)/IIv])?)

[olD/llvl1)?

giving us the desired bound.

To obtain the polynomial bound sup, ¢ infses dar(z,8) < 6 + O (%\/TK;“)) , we consider case work on K.

When K i, = 0 the bound is trivial. When K i, > 0, using Taylor expansion on sin and assuming R < 1/y/Kpin gives
the bound. When K i, < 0, using Taylor expansion on sinh and assuming R < 1/(2+/—Kun) gives the polynomial
bound.

O

The informal version stated in our main text is thus the case where M = B,.(p) itself. The following lemma connects the
bound to our loss terms and completes the second half of the proposition:

Lemma A.2. Let M, S be the same as Proposition 4.4, let 11,1 denote the distribution over interpolation points from the

sampling procedure in computing Ll;el - Suppose we have access to an oracle ) and monotonically increasing function

f such that f(Q2(2)) > cdpi(z,S)P for constants ¢,p > 0. Further, suppose that there are p,r > 0 such that for any
k 1/p
2 € Sp+1(9), prt1(Br(2)) > p. Then §, <71+ (in’;‘”) )

Proof. Fix e > 0 and let z. € Sk11(5) be such that dps(z, S) > i — e. Note that for any w € B,.(z.), we then have
d]y[(’w, S) Z dM(ZE,S) - dM('w,Zé) 2 5k —€—T

Then f(Q(w)) > cdpr(w, S)P > ¢(d — e — r)P. So we have
L= [ HO) s 2
2 Q(z d#k+1 z
> [ O C)

> C(5k —€— T)pMerl(Br(zE))
>cp(0 —e—r)?P

where the last inequality is by assumption. Letting € — 0 and re-arranging the terms give the desired bound.

13
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Discussion. Throughout our proof, we assumed that Gg is contained in a strongly geodesic convex ball. In the case
of Hadamard manifold, this assumption is automatically satisfied. In the case of positively curved manifolds, we follow
projection method in Proposition Theorem 4.6 and project the data manifold into a strongly geodesic ball. In the general
case where B,.(p) is assumed to only be geodesic convex, one may consider a large open set U C B,.(p) and cover it
by strongly geodesic balls { B, (p;)}. If G is contained entirely within U, then one can prove a similar bound with an
analogues proof to the one above, by carefully stitching together paths via overlapping charts. If G5 is not contained within
U, the bound incurs an additional error term measuring the distance between the two sets. In this case, one may potentially
add an contrastive loss term to Lgpe; to pull G into U.

A.2. Proof for Proposition 4.6

Proposition 4.6. Let M be a symmetric Riemannian manifold with positive curvature. Let ¢ : R™ — M such that ¢|p
is a diffeomorphism D — (D) with ¢(D) geodesic convex in M, where D C R" is a d-dimensional data manifold.
Suppose that o(D) C B, (p) for some p € M, where B,.(p) has sectional curvature upperbounded by x > 0. Suppose
r<g f Let z,y, 2z € D. Consider open neighborhoods U, U, on which ¢ has Lipschitz constant ¢, £, and consider

open neighborhood V.

oteretn () C @(D) on which ¢! has Lipschitz constant

Yooy ol (£)- Then as z — z,

B (1-t)7
™ (Vota) o) ) = 7 (o) o) O < 7h%(m),¢<y)<t>&llz = ll2 +o(llz — zll2)-

Andas z — y

_ _ m
o™ Yo (B) = €7 o) o) D < Shooy oy bullz = wll2 + o(llz = yll2).

If - <r<

e < — ¢, then the RHS of the bounds incur an O(1/¢) factor.

f

roof. Letv = lo . S . . en ||v|| = dpy x), . en for unit operator v, we get
P L log, 2y P(y) € Typ(z)M. Th du(p ©(y)). Then f it op 0L g

(RC(0,v)v,0) = dM(sD(x)7<p(y))2<R (9 v)@ 9)

= du((z), ¢y ))QK(HM)

>

where 0 = v/||v]| and K (0 A ©) is the sectional curvature of the plane spanned by 0, 0. Hence every eigenvalue \; of
the operator 6 — R (6, v)v satisfies \; = das(¢(x), p(y))?K’, for some sectional curvature K’. In particular, we get
Amax < 4r%k, where r is the uniform bound on ||v||. Now for ¢ € [0, 1] and by assumption Ayax > 0 (positive curvature),
we get

_ s st)
/B)nnax (t) o Sin( )\max)
= sin(2ry/k)

When r < ﬁ, we get
sin(2ry/kt) < NG mt

sin(2ry/k) — (2/m)VE 2

by Jordan’s inequality Then applying the bound to Theorem 3.4 of Diepeveen (2024) gives the desired bound for z — z.
The case for when 7~ < r < 57~ — € follows from sin(2r+/k = sin(r — /ke) = sin(y/ks) and taking tailor expansion.

The proof for the bound on z — y is analogues.

14
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A.3. Proof for Proposition 4.7

Proposition 4.7. Let (M, g) be a d-dimensional symmetric Riemannian manifold. Let ¢ : R? — M such that ¢|p is
a diffeomorphism D — ¢(D) with ¢(D) is geodesic convex in M, where D is a d-dimensional data manifold. Let
u, v € P>(R™) be probability distributions of finite second moment. Let p,, ,,(t) = (E;)xm where Ey(z,y) = 72,4 (%) is the
evaluation map and 7 € I'(y, v) is the optimal coupling w.r.t. distance d,, induced by the pullback metric g, = ¢*g. Let
7 € P2(R") such that 7 — . For any 0 € P5(R"™), let o™ denote the pushforward (0. Suppose there exists a bounded
set X C ¢(D) such that X is a A-John domain for A > 1, the support for uM M +M are contained in X, and so are the
support for their displacement interpolants in M. Further suppose that v is absolutely continuous w.r.t the Riemannian
volume measure on M with bounded density. Then there exists a constant C' > 0, depending only on curvature of M, X,
and the Lipchitzness of ¢, such that Wa(p, . (t), pu. - (t))? < CtWa(u, 7)/6.

Proof. For notational simplicity, we assume ¢ is a bi-Lipchitz map w.r.t. the Euclidean metric on D., with Lipchitz constanst
L1, Ly. The case where ¢ and ¢! only has locally bounded Lipchitz constants can be treated similarly to Diepeveen
(2024), and the bound incurs additional factors of the Lipchitz constants. Nevertheless, these factors does not change the
proposition statement.

By assumption, since v is absolutely continuous w.r.t. the Riemannian volume measure on A/ with bounded density, on a
John domain X, there are unique optimal transport maps T, T : X — X such that (TM) 0™ = 7M (TM) 4M =

M (McCann, 2001) (See theorem 8, 9). Further, we let T, T; denote the transport maps from v — pu,v — 7in D
respectively. Invoking Theorem 1.2 of Kitagawa et al. (2025), we have

/ dar(TM (@), TM (2))%du(z) < CYWM (7)Y < C WM (i, )10
X

Fix a point z € X and consider the geodesic v, 11 (3) (), V2,72 () (£)- Now let {0i}; c T.M,{©]
be orthonormal frames that diagonalize the operators

T (@) 1i © TrprayM

O, = RY (O3, log, (T, («)) log,, (T}, («))
Ot () = R (O11 (2, 10870 () (%) 10g 721 (o) (@)

with respective eigenvalues o7, o TM( ) Leta, : [0,1] — R be defined as

sin(y/k¢) k>0

Sy
ag(t) =<4, k=0,

sinh(y/—kf)
sinh(v/—k) < 0

Then by Lemma 3.3 of Diepeveen (2024), we have

d 2 = dp (TM (), TM (2 251: logrys o) 7+ (2) o7

t t p—
21 a1 ) (0 Yo 1) (8)* = v (T, FlaTM(T ograr @y TM ()| 7i" ()
3

-‘rO(d]V[ ( LE ) )

< du (T (@), Ti” <x>)2 e (1% + Oldas (T (2), T ()

)

logTszm M ()

] is a unit vector. Now

where the last inequality comes from the fact that o’ /. 18 an orthonormal set and —————37—+
T () Mogza () T

since 7 — p, we get the bound

2 2

At (Yo 130 () (D) Vo2 () (1) < dr (T3 (@), T (2))” Ay (02 + 0(dar (T3 (), T (2))).
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Then we have

WZJW (pl/M,,lLM (t)7 PvM M (t))2 < /X dm (Vm,TdVI (z) (t)7 Y, TM (x) (t))QdV(I)

< / du (TM (2), T (2))° ... (1) 2dv(x)
< C;(W2M(MM,TM)1/6
where C5 absorbs the constant of integrating « since v has bounded density. Then via the pullback we obtain
W3 (oo u(8): e ()* < CaW3 (g, m) /0
Since by assumption ¢ is a bi-Lipchitz map w.r.t. to the Euclidean metric on D, we get
Wa(puu(8), pu,r (1)? < Ly Ly CaWapu, )0

as desired.

B. Experimental and Model Details

In this section we give details of the model (e.g. details on the oracles), experimental details, and additional results. For all
experiments, we sample 64 geodesic simplexes per batch and sample 64 points per simplex. All experiments were conducted
on a mix of CPUs and NVIDIA A100 GPUs.

B.1. Oracle Details
In this section we give more details on the oracles we used for GCL-FM in the experiments.

Critic Oracle. For the critic based oracle, we train a GAN-style critic C : R? — [0, 1] such that C assigns higher score
to real data points and lower scores to generated data points. We parametrize the critic as a three layer MLP of shape
[256, 128, 64] with an additional layer mapping to the score. To help with training the critic, we first train the autoencoder
for 30% of the total epochs without L’;kel, L’jyc and freeze a snapshot of the encoder, obtaining F”'. The critic then acts on
the encoded data points, i.e. (2., u;) = —10g(C(F’ (2, u;))). The critic is trained alongside the autoencoder, where the
critic gets a head start for 10 epochs. Howeyver, since there are typically a lot more interpolants than real data points in each
batch, we additionally append to real data slightly noisy data generated on data from this batch, yielding @,cq; = {x; + €; }
where ¢; is a noisy gaussian vector. The critic is then trained at each epoch along with the autoencoder with the loss

—Eflog(C(F"(2rear))] — Ellog(1 = C(F'(zu,.2,)))]

Distance-based Oracle. For the distance-based oracle, we estimated the distance of from the interpolated points in the
geodesic skeleton to the vertices. Let {zo, ..., 2} € D, and let z; = ¢(;). Let 2y, ., € 0(z0,...,2k). Let DX denote
the K nearest z € D in terms of dp(z, 2y, 2, ). Then the estimated distance is

4" (Gl z)s) = min |Glzue),a” ||+ dp(a” )

Note that this is the natural method of adding new points temporary to a shortest graph estimation of manifold distance.

In the case of k = 1, which is simply a geodesic interpolation, we note that a better distance estimation could be made,

namely d*(G(zy, 2, ), ;) = widp(zo, x1). We then match the latent manifold distance to our estimated distance, yielding
k

the oracle Q(’Zui,zi) = Z (dM (Z(zz',uz:)a Zl) —d (G(Z(Zi,ui))’ 1’2))
=0

Additional Examples of Oracle. Here we give a few more potential oracles. One such oracle is based on Jensen’s
inequality, where given a function g : D — R that estimates a (geodesic) convex function, the oracle could be (z,, .,) =

k
Z max(0, g(zu, 2;) — g(z;). Another option is to match instead fo instantaneous velocity fields entirely, similar to

i=0
CurlyFM (Petrovi¢ et al., 2025). One could also use a combination of the oracles.
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Table 7. W1 distance between generated cells and held-out cells on the Cite-seq and Multiome datasets, viewing the entire trajectory as
generated cells. GCL-FM achieves the best performance across both datasets for 50 and 100 dimensions.

Data Dimension 50 100

Alg.| Dataset— Cite Multi Cite Multi
GAGA (Sunetal., 2025) 23.79+0.83 20.514+1.55 28.43+1.03 28.74+3.15
GCL-FM (Ours) 18.73 +0.48 18.77+0.49 22.40+£0.21 24.31+0.32

B.2. Visualization on Toy Datasets

Dataset Construction. For the ARCH dataset, we use the construction from Tong et al. (2020). We sample = ~ U (0, 1) and
compute y = [y1, ys|, where y; = sin(0.57z) + a1 and y2 = sin(0.57z) + ao, where aq, as ~ N (0,0.01). We sample a
total of n = 3000 data points, and hold out the middle 1000 data points for testing/visualizing. For the partial Swiss roll
dataset, we sample ¢ uniformly on a grid ¢ € [2.57, 4.57] and drawing an independent height coordinate h ~ U (0, 10). We
then compute 1 = tcost, x3 = tsint, and form either the 3D data z = [z, h, x3]. We scale all coordinates by 0.2 and
add i.i.d. Gaussian noise ¢ ~ N (0, 02I) with o = 0.1. Finally, we mean-center the dataset and split the n samples by time
order into three contiguous marginals: the first 0.4n points, the middle 0.2n points (held out), and the last 0.4n points. We
sample a total of n = 6000 data points. The distance on the datasets were computed with isomap.

Model Training. We train an autocoder in the form of a 3 layer MLP with shape [256, 128, 64], with SpectralNorm,
BatchNorm, and SiL.U activation. A final projection projecting into latent space of dimension 2 and 3 for the ARCH and
Swiss roll datasets respectively. The autoencoder was trained for 100 epochs with learning rate le-3 and weight deacy le-4
on the AdamW optimizer. We use k£ = 1, Agist = Asker = 0.5, Arec = Acye = 1.0, and a batch size of 512. The vector field
model vy ; is trained as a 3 layer MLP with channel size 64, for 3000 iterations with a learning rate of le-4 on an Adam
optimizer, with a batch size of 256. We used the distance-based oracle to train the autoencoder.

B.3. Experiments on CITE-seq and Multiome Datasets

Dataset Details and Preparation. We use the Cite and Multi datasets from the Multimodal Single-cell Integration Challenge
at NeurIPS 2022 (Burkhardt et al., 2022). For preparation of the dataset, we follow Sun et al. (2025) and evaluate on donor
13176. For the Cite dataset, we combined both train and test inputs to obtain 29394 cells spanning from days 2, 3, 4, 7. For
the Multi dataset, we used the train targets to obtain 35396 cells from days 2, 3, 4, 7. For testing, we excluded day 3 and
day 4, respectively. The train and test split ratio is 9:1, and the held-out cells were excluded from the training set. We use
PHATE (Moon et al., 2019) to compute the distances on the data. Note that in the original setup from Sun et al. (2025),
PHATE was applied to all data points before splitting train and test data. We apply PHATE to only the training data when
training our model and reproducing GAGA (Sun et al., 2025).

Model Training. We train an autocoder in the form of a 3 layer MLP with shape [256, 128, 64], with SpectralNorm,
BatchNorm, and ReL.U activation, and project to a latent space of dimension 3. The autoencoder was trained for 100 epochs
with learning rate 1e-3 and weight decay le-4 on the AdamW optimizer. We used the critic oracle, where the critic is a
3 layer MLP with batch normalization and ReLLU activation, trained with the same learning rate and weight decay as the
autoencoder. The model was trained with a batch size of 128. We first train the autoencoder for 30 epochs and then free a
snapshot of the encoder for training the critic alongside the autoencoder (see earlier sections for more details. We use a
dropout rate of 0.1. We use Arec = Acye = 1.5, Agist = 0.75, Agpe; = 0.15. For training the vector field model, we use a 3
layer MLP of shape [256, 128, 64] and train for 20 epochs with batch size 128. The model size and number of epochs are
identical to Sun et al. (2025).

Baseline Reproduction. We reproduce GAGA using their official implementation, by computing PHATE on only the
training set. For PFM, we again take their official implementation with the same hyperparmaeters and apply the model to
this dataset.

Additional Comparison with GAGA. GAGA views the entire sampled trajectory as the generated cells, and computes the
W distance with these cells against the held-out set (Sun et al., 2025). To be consistent with prior works, we re-train their
model and view the generate cells to be only at the held-out time step. We report these results in Table 2. However, the
trajectory view is potentially valid, and we compare this view between GAGA and GCL-FM in Table 7, showing that in this
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Table 8. Full table with standard deviation. Alignment to reference velocity field (Cos.Dist.) and predicted particle position prediction
accuracy (MSE and Prec.@k) on computational fluid dynamics data. GCL-FM achieves higher prediction accuracy while aligning with
the reference vector field.

Method Cos. Dist. | MSE | Prec.@5 1 Prec.@10 1 Prec.@25 1

CFM 0.254 +0.003 0.085+0.002 0.079+0.004 0.164 +0.006 0.337 + 0.016
OT-CFM 0.248 +0.011  0.095+0.001  0.303 +0.001  0.388 +0.004 0.496 + 0.001
CurlyFM 0.189 +0.027 0.095+0.003 0.489 +0.010 0.5224+0.009 0.628 +0.010

GCL-FM (ours) 0.197£0.059 0.077 £0.005 0.499 £0.049 0.603+£0.031 0.683 £ 0.039

view GCL-FM still achieves better performance.

B.4. Experiments on Computational Fluid Dynamics Data
‘We show the full dataset with standard deviation included in Table 8.

Dataset Details and Preparation. We use the two-dimensional decaying Taylor-Green vortex (2DTGV) dataset (Toshev
et al., 2023). We follow the setup in Petrovi¢ et al. (2025), where we subsampled 2000 particles and considered five evenly
spaced out marginals, which are snapshot distributions over particle positions. We used a 80-20 train-test split and computed
the distance on the training set using Isomap.

Model Training. We train an autocoder in the form of a 3 layer MLP with shape [256, 128, 64], with SpectralNorm,
BatchNorm, and SiLU activation, and project to a latent space of dimension 2. The autoencoder was trained for 100 epochs
with learning rate le-3 and weight decay le-4 on the AdamW optimizer. We used k = 1, Arec = Acye = 1.0, Agist =
Asker = 0.5. The model was trained a batch size of 128. Training the vector field model was the same as the one for the toy
dataset case, with the only difference being the model was trained for multiple snapshots.

B.5. Experiments on Mouse Erythroid Development Data

Dataset Detials and Preparation. We again follow the setup from Petrovié et al. (2025), where a dataset showing mouse
gastrulation subset to erythroid lineage was used (Pijuan-Sala et al., 2019). The dataset contains 9,815 cells evolving through
five stages, representing the developmental where embryonic cells becomes lineage-specific precursors, evolving into adult
organisms. The data was processed using scvelo and unitvelo exactly the same as Petrovi€ et al. (2025). The velocity fields
are computed in the same manner as CurlyFM as well. Given a k-NN velocity estimate f; at x;, we form a filtered estimate

fr= (1—wy(@)) fi + wyla)e,  e~N(0,0.1),

where the weight w. (z;) € [0, 1] is a sigmoid function of the gap between the local k-NN distance at x; and a threshold
hyperparameter ~y. Distance on the training set is computed using Isomap.

Model Training. For the Euclidean model, we train an autocoder in the form of a 3 layer MLP with shape [256, 128, 64],
with SpectralNorm, BatchNorm, and SiL.U activation, and project to a latent space of dimension 2 for the d = 2 experiment
and a latent space of dimension of 10 for the d = 20, 100 case. The autoencoder was trained for 100 epochs with learning rate
le-3 and weight decay le-4 on the AdamW optimizer, with a batch size of 512. We use the distance based oracle. For d = 2,
We US€ Aree = Acye = 1.0, Agist = Asper = 0.1 and k£ = 1. For d = 10, we use Arec = Acye = 0.5, Agist = Asper = 1.0,
and k£ = 10. The vector field model vy ; is trained as a 3 layer MLP with channel size 64 for d = 2 and 256 for d = 20, 100,
for 3000 iterations with a learning rate of le-4 on an Adam optimizer, with a batch size of 256. The number of iteration and
size of the vector field model is consistent with CurlyFM.

For the spherical models, the naive model is trained in the exact same way as the Euclidean model. For the project model,
we project into the geodesic ball B,.(p) where r = ﬁ and p = [1//k,0,...,0], where we use x € {0.25,0.5,1.0}.
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