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Abstract001

In-context learning (ICL) enhances large lan-002
guage models (LLMs) by incorporating demon-003
stration examples, yet its effectiveness heav-004
ily depends on the quality of selected exam-005
ples. Current methods typically use text em-006
beddings to measure semantic similarity, which007
often introduces bias in multi-step reasoning008
tasks. This occurs because text embeddings009
contain irrelevant semantic information and010
lack deeper reasoning structures. To address011
this, we propose GraphIC, a graph-based re-012
trieval model that leverages reasoning-aware013
representation and specialized similarity met-014
ric for in-context example retrieval. GraphIC015
first constructs thought graphs—directed, node-016
attributed graphs that explicitly model reason-017
ing steps and their dependencies—for candi-018
date examples and queries. This approach fil-019
ters out superficial semantics while preserving020
essential reasoning processes. Next, GraphIC021
retrieves examples using a novel similarity022
metric tailored for these graphs, capturing se-023
quential reasoning patterns and asymmetry be-024
tween examples. Comprehensive evaluations025
across mathematical reasoning, code genera-026
tion, and logical reasoning tasks demonstrate027
that GraphIC outperforms 10 baseline meth-028
ods. Our results highlight the importance of029
reasoning-aware retrieval in ICL, offering a ro-030
bust solution for enhancing LLM performance031
in multi-step reasoning scenarios.1032

1 Introduction033

In-context learning (ICL) (Brown et al., 2020) al-034

lows large language models (LLMs) to adapt to035

new tasks by incorporating a few demonstration036

examples within the input prompt, without updat-037

ing model parameters. However, studies reveal038

that ICL performance heavily depends on the qual-039

ity of selected in-context examples (ICEs) (Zhao040

1Our code is available at https://anonymous.4open.
science/r/GraphIC-2B06/.

et al., 2021; Liu et al., 2022), motivating exten- 041

sive research on ICE selection strategies. Current 042

approaches (Liu et al., 2022; Rubin et al., 2022) 043

typically use text embeddings to measure semantic 044

similarity between queries and candidate examples, 045

achieving success in semantic-centric tasks like 046

text classification and translation (Agrawal et al., 047

2023). 048

However, these text-based methods face signif- 049

icant limitations in multi-step mathematical and 050

logical reasoning tasks. This is because text em- 051

bedding encodes a substantial amount of shallow 052

semantic information, which is irrelevant to the 053

underlying reasoning processes. This extraneous 054

information introduces bias in the selection of ICEs 055

(An et al., 2023). As shown in Figure 1 (left), when 056

solving a speed calculation problem, text-based 057

methods may retrieve examples about distance/time 058

calculations due to shallow semantic similarity, in- 059

ducing incorrect reasoning paths (e.g., calculating 060

distance instead of speed). This observation moti- 061

vates our key insight: Effective ICE selection for 062

reasoning tasks requires representations that explic- 063

itly model cognitive processes rather than textual 064

surface forms. 065

Drawing from cognitive science (Friston, 2008) 066

and graph-based reasoning works (Besta et al., 067

2024; Yao et al., 2023), we propose thought 068

graphs—directed node-attributed graphs where 069

nodes represent reasoning steps and edges denote 070

step dependencies (i.e., a child step can only pro- 071

ceed after the parent step is completed). This repre- 072

sentation filters irrelevant semantics while preserv- 073

ing essential reasoning patterns. An example of a 074

thought graph is shown in Figure 2 (a). 075

Furthermore, we propose a similarity metric for 076

thought graphs tailored to multi-step reasoning 077

tasks. Specifically, we introduce a parameter W 078

to model the reasoning pattern of a given process. 079

Given two thought graphs, G1 and G2, we first es- 080

timate the reasoning pattern parameter W1 for G1, 081
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Q: Jeannie hikes the 12 miles to Mount Overlook at a pace of 4 miles per hour, and then returns at a 

pace of 6 miles per hour. How long did her hike take, in hours?

A: Up, took 12 / 4 = 3 hours.

Down, took 12 / 6 = 2 hours.

Total time was 3 + 2 = 5 hours.

Q:  Sadie, Ariana and Sarah are running a relay race. Each part of the race is a different length and 

covers different terrain. It takes Sadie 2 hours to run through the forest at an average speed of 3 miles 

per hour. Ariana sprints across the open field on her section at 6 miles per hour for half an hour. If 

Sarah runs along the beach at four miles per hour and their total time for the race is four and half hours, 

what is the total distance of the race?

A: Sadie ran for 3 miles/hour * 2 hour = 6 miles.

Ariana covered a distance of 6 miles/hour * (1/2) hour = 3 miles.

Sarah ran for 4.5 hours - 2 hours - 0.5 hours = 2 hours.

In this time, Sarah traveled a distance of 4 miles/hour * 2 hours = 8 miles.

The total distance for the race was 6 miles + 3 miles + 8 miles = 17 miles.

Q: Rachel is stuffing envelopes. She has eight hours to complete the task, and there are 1,500 

envelopes. In the first hour, Rachel stuffs 135 envelopes. The second hour she stuffs 141 envelopes. 

How many envelopes will Rachel need to stuff per hour to finish the job?

A: Rachel has 1500 - 135 - 141 envelopes = 1224 envelopes remaining to stuff.

Rachel has 8 hours - 2 hours = 6 hours left to finish the task.

Rachel needs to stuff 1224 envelopes / 6 hours = 204 envelopes per hour.

Q: Allie has 9 toys, which are in total worth $52. If we know that one toy is worth $12, and all the other 

toys have the same value, how much does one of the other toys cost?

A: Allie has 9 - 1 = 8 toys of the same value.

Without the value of the one $12 toy, all 8 other toys are worth in total 52 - 12 = $40.

That would mean, that one of the other toys is worth 40 / 8 = $5.

Text-based Retrieval: Graph-based Retrieval:

12 miles / 4 mph = 3 hours

She has already walked for 1 + 1 + 1 = 3 hours

She has 3 - 3 = 0 hours left to walk the remaining distance

She has 0 miles left to walk

 Marissa has walked 4 + 2 = 6 miles so far.

She has 12 - 6 = 6 miles left to walk.

She wants to walk the entire trail in 12 miles / 4 mph = 3 hours.

She has already walked for 1 + 1 = 2 hours.

She has 3 - 2 = 1 hour left to walk the remaining 6 miles.

She needs to walk 6 miles / 1 hour = 6 mph.

Output: Output:

Marissa is hiking a 12-mile trail. She took 1 hour to walk the first 4 miles, then another hour to walk the next two miles. If she wants her average speed to be 4 miles per hour, what speed (in miles per hour) does she 

need to walk the remaining distance?

Question:

✓
Figure 1: ICL with different ICE retrieval mechanisms. The left panel shows examples retrieved via BERT
embedding (Devlin et al., 2019), while the right panel displays examples retrieved via GraphIC. Semantically related
terms are highlighted in blue, and quantities or variables needing resolution are highlighted in green.

then assess its applicability to G2. This applicabil-082

ity serves as the similarity measure s(G1, G2). Our083

approach naturally captures the sequential structure084

of reasoning steps and accounts for the inherent085

asymmetry between examples, which we discuss086

in detail in Section 3.2.087

Building upon these foundations, we introduce088

GraphIC, a Graph-based In-Context Example Re-089

trieval Model. GraphIC achieves reasoning-aware090

example selection through three key phases: (1)091

constructing thought graphs for both the query and092

candidate examples, (2) calculating graph similar-093

ity using our proposed metric, and (3) retrieving094

the top-k most relevant examples. As illustrated in095

Figure 1 (right), GraphIC effectively identifies ex-096

amples that align with the reasoning process (such097

as calculations for the number of envelopes to stuff098

per hour or unit price), even if they lack semantic099

similarity to the query (e.g., speed computation).100

This enables the LLM to solve the problem cor-101

rectly.102

Through comprehensive evaluations across103

mathematical reasoning, code generation, and logi-104

cal reasoning tasks, GraphIC demonstrates superior105

performance over 10 baseline methods including106

both training-free and training-based approaches.107

To sum up, our key contributions are: (1) A repre-108

sentaion. We introduce a novel graph-based rep-109

resentation, called thought graph, to model mul-110

ti-step reasoning processes. This representation111

effectively filters out irrelevant shallow semantic112

information while preserving the essential reason-113

ing steps. (2) A similarity metric. We introduce114

a similarity metric for thought graphs tailored to115

multi-step reasoning tasks that capture the sequen- 116

tial nature of the steps and the asymmetry between 117

examples. (3) Empirical validation. Our exper- 118

imental results indicate that GraphIC, despite be- 119

ing a training-free model, outperforms both train- 120

ing-free and training-based models across various 121

multi-step reasoning tasks. 122

2 Related Work 123

Existing ICE selection techniques can be classified 124

as either training-free or training-based, depending 125

on whether a retriever needs to be trained. 126

Training-free approaches are generally divided 127

into two types: (i) those that use heuristic criteria 128

such as similarity (Liu et al., 2022; Hu et al., 2022), 129

diversity (Cho et al., 2023; Zhang et al., 2022b; 130

Levy et al., 2023; Hongjin et al., 2022; Zhang et al., 131

2023), complexity (Fu et al., 2022), or combina- 132

tions of these (Agrawal et al., 2023; Tonglet et al., 133

2023; Gupta et al., 2023) to select in-context ex- 134

amples (ICEs); (ii) those that leverage feedback 135

from LLMs, such as probability distributions (Wu 136

et al., 2023; Nguyen and Wong, 2023; Li and Qiu, 137

2023; Yang et al., 2023), perplexity (Gonen et al., 138

2023), or the model’s generated output (An et al., 139

2023) to guide the selection process. Training- 140

free approaches eliminate the computational and 141

time costs of model training, but their simpler ar- 142

chitecture often leads to lower performance than 143

training-based methods. 144

Training-based methods are generally divided 145

into two types. The first learns to select individual 146

examples and then extends this to k-shot scenar- 147

ios (Rubin et al., 2022; Xiong et al., 2024; Gupta 148

2



divide

20 0.30.4

add

minus

multiply

1

node_1 = [add](20, 0.3)
node_2 = [divide](0.4, 20)
node_3 = [minus](node_1, 1)
node_4 = [multiply](node_2, node_3)

node_1

node_2

node_4

node_3

(b). Formalized Reasoning Representation

(a). Thought Graph

Figure 2: An example of a thought graph (a) and its
corresponding FRR (b).

et al., 2024). The second models the selection of149

a group of examples as a whole (Ye et al., 2023;150

Wang et al., 2023; Zhang et al., 2022a; Scarlatos151

and Lan, 2023; Lu et al., 2022; Peng et al., 2023;152

Xu et al., 2024). Training-based approaches often153

deliver better performance, but they are computa-154

tionally expensive and time-consuming.155

Our proposed GraphIC involves using LLM-156

generated output to select ICEs, similar to Skill-157

kNN and DQ-LoRe. Although methods increase158

retrieval time due to invoking the LLM during the159

retrieval, their use of LLMs makes them suitable160

for more complex tasks.161

3 The Proposed GraphIC162

3.1 Thought Graphs163

Introduction of Thought Graphs. As outlined164

earlier, thought graphs are directed, node-attributed165

graphs designed to model the reasoning process166

explicitly. In a thought graph, each node i is at-167

tributed with an embedding vector xi ∈ Rd of a168

text, representing the key information of the current169

reasoning step. Directed edges between vertices170

represent the dependencies between steps. For ex-171

ample, if step B depends on the completion of step172

A, there is an edge from step A to step B.173

As illustrated in Figure 2 (a), the text correspond-174

ing to each vertex is "divide", "add", "minus", and175

"multiply". Therefore, the attributes of each vertex176

are Emb("divide"), Emb("add"), Emb("minus"),177

and Emb("multiply"), representing four base op-178

erations in a mathematical reasoning task. Here,179

Emb(·) represents calculating the embedding of180

a given text using an embedding model, such as181

BERT. In this graph, an edge from the vertex la-182

beled "add" to the vertex labeled "multiply" indi- 183

cates that addition is performed first, and its result 184

is then used in multiplication. 185

Due to the inherent differences between tasks, 186

the text used to compute embedding varies slightly. 187

Specifically, for mathematical reasoning, code gen- 188

eration, and logical reasoning tasks, we use mathe- 189

matical operations, code snippets, and intermediate 190

conclusions, respectively, as input texts. This is be- 191

cause, in mathematical reasoning tasks, a reasoning 192

step can be represented by "which mathematical 193

operations were performed on which variables"; 194

in code generation tasks, it corresponds to "what 195

code was executed"; and in logical reasoning tasks, 196

it reflects "which existing conclusions were used 197

to derive new conclusions". Examples of thought 198

graphs for the four benchmark datasets are pro- 199

vided in Appendix A.1. 200

Construction of Thought Graphs. For candidate 201

examples, which include ground-truth natural lan- 202

guage reasoning processes (i.e., chain-of-thought 203

answers), we employ the following method to gen- 204

erate thought graphs. First, we use an LLM to 205

formalize the reasoning process for each example. 206

This formalized representation is called the Formal- 207

ized Reasoning Representation (FRR). FRR filters 208

irrelevant shallow semantics and extracts the key 209

information from the reasoning process. Moreover, 210

FRR is designed to be easily converted to a graph 211

by applying rule-based parsing. The prompts used 212

for generating FRRs and the pseudocode for pars- 213

ing FRRs are shown in Appendix A.2. 214

Figure 2 (b) illustrates the FRR of a thought 215

graph. Each line in the FRR follows the format 216

A = [B](C), where A represents the name of the 217

vertex, denoting the vertex itself. B represents the 218

label of the vertex, which will be used to com- 219

pute its embedding. C denotes the parent vertex of 220

the given vertex. For example, in the FRR shown 221

in Figure 2 (b), by parsing the first line, we cre- 222

ate node_1, set its label to "add", and add edges 223

from "20" and "0.3" to node_1. The remaining 224

lines are parsed similarly to the first one. Note that 225

in Figure 2 (a), the vertices representing numbers 226

are indicated by dashed lines, which signifies that 227

these vertices do not represent specific operations 228

and will be removed once the entire graph is con- 229

structed. 230

For queries, since they lack ground-truth reason- 231

ing processes, we first use an LLM to generate 232

pseudo natural language reasoning processes. We 233

then follow the same procedure as with candidate 234
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examples to create thought graphs. Note that it is235

unnecessary to ensure the correctness of the gen-236

erated reasoning process, as it is only used to aid237

in the retrieval of ICEs and is not part of the final238

answer. In fact, when a generated answer is in-239

correct, it is often not entirely wrong, but partially240

correct, which still reflects the reasoning process241

and can be helpful for retrieving examples. This en-242

sures that GraphIC is robust to inaccuracies in the243

generated reasoning process. Even when the rea-244

soning process is incorrect, GraphIC still maintains245

high accuracy. A detailed discussion and related246

experiments are provided in Appendix A.3.247

3.2 Similarity Measure for Thought Graphs248

In this subsection, we first introduce a simplified249

case to illustrate our core idea, then extend it to250

propose our similarity measure.251

Simplified Case. Consider a thought graph G with252

vertices v1, . . . , vn, where each vertex vi corre-253

sponds to a reasoning step with an attribute vector254

xi ∈ Rd (e.g., an embedding of a mathematical op-255

eration). Let X = [x1, . . . , xn] ∈ Rn×d denote the256

matrix of concatenated attributes. The adjacency257

matrix A of G is defined such that Aij = 1 if there258

is a directed edge from vi to vj , and Aij = 0 oth-259

erwise. For a vertex vi, let pa(vi) denote the set of260

its parent vertices (direct predecessors).261

Generally, given two thought graphs G1 and G2,262

the similarity s(G1, G2) is computed in two steps:263

(1). Extract Reasoning Pattern: Solve Equa-264

tion (1) for G1 to obtain W1, which encapsulates265

G1’s reasoning pattern. (2). Compute Applica-266

bility: Evaluate how well the reasoning pattern267

W1 applies to thought graph G2. This applicabil-268

ity, denoted as A(W1;G2), serves as the similarity269

measure s(G1, G2). We now provide a detailed270

explanation of these two steps:271

Firstly, we derive a matrix W that captures di-272

rectional relationships in G. This is achieved by273

solving the following optimization problem:274

W = argmax
W∈Rd×d,
∥W∥F=1

A(W ;G), where

A(W ;G) =

n∑
i=1

(
∑

j∈pa(vi)

xj)
⊤

︸ ︷︷ ︸
zi

Wxi.
(1)275

Here, the term zi =
∑

j∈pa(vi) xj calculates the276

sum of the attributes of vi’s parent nodes, aggre-277

gating precursor information for step vi. z⊤i W278

represents a linear transformation of this informa-279

tion. z⊤i Wxi measures the inner product similarity 280

between transformed precursor information Wzi 281

and the current step’s attribute xi. By maximiz- 282

ing A(W ;G) under the Frobenius norm constraint 283

(∥W∥F = 1), W learns to predict the attribute of 284

the next step based on precursor information, ef- 285

fectively encoding the directional relationships in 286

G. 287

For instance, consider a thought graph G with 288

two vertices: v1 with attribute x1 = Emb("add") 289

and v2 with x2 = Emb("multiply"), connected 290

by an edge v1 → v2. In this setup, W learns to 291

map x1 ("add") to x2 ("multiply"), indicating that 292

"multiply" typically follows "add" in G. When this 293

learned mapping is applied to another graph G′, 294

a high value of A(W ;G′) suggests that G′ also 295

contains frequent "add"→ "multiply" sequences, 296

reflecting similar problem-solving logic. Therefore, 297

A(W ;G′) quantifies how well the reasoning pat- 298

tern of G applies to G′. A higher A(W ;G′) indi- 299

cates an alignment between the two graphs’ transi- 300

tions, indicating that G′ follows a similar problem- 301

solving trajectory. This metric, therefore, provides 302

an effective measure of the similarity in reasoning 303

between G and G′, making it suitable for retrieving 304

ICEs that share compatible problem-solving logic. 305

Proposed Similarity Metric. The similarity met- 306

ric in GraphIC builds upon the simplified case 307

while introducing two critical enhancements to bet- 308

ter model reasoning dynamics and computational 309

efficiency. 310

Firstly, in Equation (1), the information state 311

zi for each node aggregates only its direct parent 312

attributes. However, human reasoning often incor- 313

porates information from multiple prior steps and 314

occasionally revisits initial premises. To capture 315

this, we propose an iterative aggregation process: 316

Z(h+1) = [(1− λ)Ã+ λB̃ + I]Z(h), (2) 317

where Z(h) represents node information states 318

at iteration h; Z(0) is initialized with node at- 319

tributes X; I is identity matrix; Ã = D
− 1

2
A AD

− 1
2

A , 320

DA = diag(degout(v1), . . . ,degout(v1)); B̃ = 321

D
− 1

2
B BD

− 1
2

B , and B is traceback matrix enabling 322

backtracking to root nodes, defined as Bij = 1 323

if degin(vj) = 0 and degin(vi) > 0, otherwise 324

Bij = 0, with degin(vj) representing the in-degree 325

of node vj . A visual example of matrix B is pre- 326

sented in Appendix A.4. λ is a balancing hyperpa- 327

rameter (0 ≤ λ ≤ 1). 328

In each iteration, zi is updated by combining 329

three information sources, corresponding to the 330
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matrices A, B, and I . Specifically, AZ(h) aggre-331

gates information from direct parent nodes, similar332

to the simplified case; BZ(h) facilitates backtrack-333

ing in the reasoning process; and IZ(h) maintains334

current information.335

Secondly, we observe that directly solving the336

optimization problem in Equation (1) presents chal-337

lenges related to both uniqueness and computa-338

tional efficiency. Specifically, the number of ver-339

tices n in the thought graph is typically much340

smaller than the embedding dimension d (i.e.,341

n ≪ d). For instance, in the GSM8K dataset,342

thought graphs often contain fewer than 10 vertices,343

whereas the embedding dimension d can reach up344

to 768 when using BERT. This large disparity in345

dimensions leads to a non-unique solution for W .346

Additionally, storing and computing a d× d matrix347

is computationally expensive. To address both the348

issues of uniqueness and computational efficiency,349

we constrain W to be rank 1, allowing it to be350

expressed as W = αβ⊤. As a result, A(W ;G)351

simplifies to:352

A(W ;G) = A(α, β;G) =

n∑
i=1

z⊤i αβ
⊤xi. (3)353

Both theoretical analysis and empirical evidence,354

presented in Appendix A.5, demonstrate that the355

rank-1 assumption has minimal impact on solving356

the optimization problem.357

Furthermore, with the rank-1 assumption, we358

can obtain the closed-form solution of Equation (1),359

as shown in Equation (4), which greatly reduces the360

computational complexity of solving the optimiza-361

tion problem. The proof is shown in Appendix A.6362

W = αβ⊤, α = U [0, :], β = V [0, :]

where U,Σ, V = SVD(X⊤Z).
(4)363

Discussion. Here, we compare proposed similarity364

with a widely used attributed-graph similarity to365

highlight two key properties of our metric: encod-366

ing directional relationships and asymmetry.367

A common attributed-graph similarity metric368

computes the graph’s embedding through an itera-369

tive formula, and then evaluates the similarity be-370

tween graphs by calculating the cosine similarity of371

their embeddings. The iterative formula generally372

takes the following form:373

X(h+1) = ÃX(h), X(0) = X. (5)374

Firstly, the embedding-based approach fails to375

effectively capture the sequential relationships be-376

tween vertices, which are crucial in multi-step rea-377

soning tasks. In these tasks, the order of opera-378

tions can significantly alter the reasoning pattern. 379

Therefore, the embedding-based similarity is not 380

well-suited for such tasks. In contrast, our pro- 381

posed similarity accounts for the transformation of 382

information from previous vertices to current ones, 383

inherently capturing these sequential relationships. 384

Secondly, our proposed similarity is asymmetric. 385

Specifically, for two thought graphs G1 and G2, 386

s(G1, G2) ̸= s(G2, G1). This asymmetry reflects 387

real-world scenarios. For instance, as illustrated 388

in Appendix A.7, mathematical problem A might 389

be a subproblem of problem B. In such a case, 390

referencing B can help resolve A, but referencing 391

A does not necessarily resolve B. 392

3.3 Example Retrieval 393

After introducing thought graphs and the pro- 394

posed similarity metric, we now describe how 395

GraphIC enhances ICL. During the preparation 396

stage, GraphIC generates thought graphs for all 397

candidate examples and estimates their reasoning 398

patterns, denoted as W1, . . . ,WN , where N is 399

the number of candidates. Then, given a query, 400

GraphIC creates a thought graph for the query, de- 401

noted as Gq, computes the applicability of each rea- 402

soning pattern to this thought graph, A(Wi, G
q), 403

and then selects the top k as ICEs. 404

4 Experiments 405

4.1 Experimental Setup 406

Datasets and Evaluations. We conduct experi- 407

ments across four multi-step reasoning tasks: math- 408

ematical reasoning (GSM8K (Cobbe et al., 2021) 409

and AQUA (Ling et al., 2017)), code generation 410

(MBPP (Austin et al., 2021)), and logical reason- 411

ing (ProofWriter (Tafjord et al., 2021)). Model 412

performance is measured by answer accuracy for 413

GSM8K, AQUA, and ProofWriter, and by the 414

pass@1 metric (Chen et al., 2021) for MBPP. 415

Models and Hyper-parameters. We use both 416

an open-source and a closed-source model. For 417

the open-source model, we select Llama-3.1-8B- 418

Instruct (hereafter referred to as Llama-3), one of 419

the most advanced 7B-level models. For the closed- 420

source model, we choose GPT-4o-mini, balancing 421

performance and testing costs. Unless explicitly 422

mentioned otherwise, all evaluations use an 8-shot 423

setting, which is the most common setting in chain- 424

of-thought scenarios. We set the temperature to 1e- 425

5 to minimize randomness, ensuring consistency 426

across generations, and use 3 iterations in Equa- 427
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tion (2) with λ values from {0, 0.1, 0.2, 0.3} (see428

Appendix 5 for specific details). More experiment429

details are in Appendix B.1.430

4.2 Baselines431

We compare GraphIC against six training-free re-432

trieval methods spanning random, similarity-based,433

diversity-based, and complexity-based approaches,434

including: (1) Random randomly selects k unique435

ICEs from the candidate set; (2) BM25 (Robert-436

son et al., 2009) selects the top k examples based437

on BM25 scoring; (3) BERT (Devlin et al., 2019)438

is a dense retriever using cosine similarity with439

BERT-base-uncased embeddings; (4) Complex–440

CoT (Fu et al., 2022) selects k examples based441

on complexity, quantified by newline characters;442

(5) Auto-CoT (Zhang et al., 2022b) clusters candi-443

dates and selects the closests to each cluster center;444

and (6) Skill-kNN (An et al., 2023) prompts LLM445

to generate task-relevant skills for query and candi-446

dates, followed by dense retrieval.447

We also compare with four training-based meth-448

ods, which encompass both single-example and449

combination-example retrieval strategies, includ-450

ing: (1) EPR (Rubin et al., 2022) is trained451

to retrieve the single most relevant ICE, with452

top k examples being selected during inference;453

(2) CEIL (Ye et al., 2023) uses determinantal point454

processes to select ICEs balancing similarity and455

diversity; (3) DQ-LoRe (Xiong et al., 2024) uses456

dual queries and low-rank approximation re-rank-457

ing to identify ICEs; and (4) GistScore (Gupta458

et al., 2024) encodes task-specific information into459

gist tokens for selecting ICEs.460

4.3 Main Results461

Table 1 shows the performance comparison results.462

As a training-free method, GraphIC consistently463

outperforms both training-free and training-based464

baselines in most settings.465

We find that training-based baselines generally466

outperform training-free baselines, as they learn467

explicit patterns from in-context examples. For in-468

stance, with Llama-3, training-based methods aver-469

age over 67% performance, while the top training-470

free baseline (Complex-CoT) reaches only 66.54%.471

Among the training-based baselines, DQ-LoRe is472

the most effective, reaching 68.33%. This method473

leverages LLM-generated outputs during retrieval,474

demonstrating that incorporating LLM outputs im-475

proves performance on reasoning tasks. Among476

training-free baselines, Complex-CoT and BM25477

perform best. Notably, both use asymmetric re- 478

trieval, reinforcing that asymmetric retrieval aligns 479

well with real-world reasoning scenarios. 480

GraphIC integrates the strengths of existing 481

methods—utilizing LLM outputs for reasoning 482

tasks and asymmetric retrieval—while introduc- 483

ing a reasoning-aware representation and similar- 484

ity metric. Consequently, it not only surpasses 485

all training-free baselines by (2.57% with GPT-4o- 486

mini and 4.29% with Llama-3), but also outper- 487

forms all training-based methods (by 1.18% using 488

GPT-4o-mini and 2.5% using Llama-3), highlight- 489

ing its effectiveness in reasoning tasks. 490

A closer analysis highlights GraphIC’s substan- 491

tial advantages in mathematical and logical reason- 492

ing tasks compared to code generation, particularly 493

for complex problem instances. For example, on 494

GSM8K, GraphIC outperforms all baselines by 495

0.65% and 3.57% with the two LLMs. In the more 496

challenging AQUA dataset, the performance im- 497

provements become even more pronounced, reach- 498

ing 3.47% and 7.64%. 499

4.4 Ablation Study 500

We conduct a series of ablation studies to systemat- 501

ically evaluate the contribution of each component 502

in GraphIC, focusing on three main aspects: filter- 503

ing shallow semantic information, integrating the 504

graph structure, and the proposed similarity metric. 505

To this end, we develop several variants of the 506

GraphIC model: (1) Text relies solely on text em- 507

bedding, the same as the BERT approach; (2) FRR 508

retrieves examples using text embeddings of FRRs; 509

(3) Graph employs Equation (5) to generate graph 510

embeddings and use cosine similarity to retrieve 511

examples; (4) Graph+B employs Equation (2) to 512

generate graph embeddings and use cosine simi- 513

larity to retrieve examples; (5) Graph+S excludes 514

the backtracking mechanism from the full GraphIC 515

model during computing Z; and (6) Graph+B+S 516

represents the full GraphIC model, integrating all 517

components. 518

We conduct experiments using Llama-3 across 519

four datasets, with the results presented in Table 2. 520

First, we observe that employing FRR to com- 521

pute text embeddings significantly improves perfor- 522

mance (FRR versus Text), especially on GSM8K 523

and ProofWriter, with performance increasing from 524

74.15 to 78.31 and from 73.75 to 82.50, respec- 525

tively. This improvement is due to FRR’s abil- 526

ity to filter out substantial shallow semantic noise. 527

Second, converting FRR into a graph representa- 528
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LLM Model GSM8K AQUA MBPP ProofWriter Avg.

GPT-4o-mini

Random 92.90 (0.31) 71.58 (0.72) 72.76 (0.74) 64.90 (0.93) 75.54 (0.36)
BM25 92.64 70.47 73.4 66.25 75.69
BERT 93.02 66.93 74.2 65.25 74.85

Complex-CoT 92.49 67.32 74.2 64.25 74.57
Auto-CoT 92.72 69.69 73.8 62.25 74.62
Skill-kNN 92.34 71.65 72.0 66.00 75.50

EPR 93.02 72.04 73.8 68.50 76.84
CEIL 92.57 72.44 73.8 69.50 77.08

DQ-LoRe 93.32 69.69 74.6 66.50 76.03
GistScore 93.25 69.69 72.8 67.00 75.69

GraphIC 93.48 73.62 75.2 70.75 78.26

Llama-3.1
-8B-Instruct

Random 78.86 (0.87) 53.15 (1.85) 57.72 (1.06) 76.10 (2.45) 66.46 (0.84)
BM25 77.71 46.85 62.0 77.75 66.08
BERT 74.15 50.39 60.8 73.75 64.77

Complex-CoT 79.30 50.00 58.6 78.25 66.54
Auto-CoT 72.78 42.91 58.4 78.00 63.02
Skill-kNN 77.56 50.39 60.8 74.00 65.69

EPR 75.66 53.94 62.0 79.25 67.71
CEIL 75.51 51.97 62.4 81.00 67.72

DQ-LoRe 77.93 54.33 59.8 81.25 68.33
GistScore 74.60 44.49 60.4 79.50 64.75

GraphIC 79.98 57.48 61.6 84.25 70.83

Table 1: Main results on two LLMs and four datasets. For random retrieval, we present the mean and standard
deviation derived from five independent experiments.

tion (i.e., a thought graph) further improves perfor-529

mance (Graph versus FRR), as seen on the AQUA530

dataset, where performance rises from 50.78 to531

54.72. This suggests that the graph structure is532

better suited for capturing the reasoning process533

than linear text. Third, introducing the reasoning-534

aware similarity metric also enhances performance535

(Graph+B+S versus Graph), increasing from 54.72536

to 57.48 on AQUA, highlighting the effectiveness537

of reasoning-aware similarity. Additionally, our538

experiments show that incorporating the traceback539

mechanism better simulates the thought process,540

leading to further performance gains (Graph+B541

versus Graph, and Graph+B+S versus Graph+S).542

In summary, the findings emphasize that each543

component of GraphIC contributes significantly544

to improving model performance, with the most545

substantial gains occurring when all components546

are combined.547

4.5 Analysis548

The performance of GraphIC steadily improves549

as k increases. We analyze how the performance of550

GraphIC and top training-based/free baselines (DQ-551

LoRe and Complex-CoT) changes as k increases.552

Specifically, we vary the number of examples k in553

the set {1, 2, 4, 8} and use Llama-3 as LLM.554

Model GSM8K AQUA MBPP ProofWriter

Text 74.15 50.39 60.8 73.75
FRR 78.31 50.78 60.4 82.50
Graph 78.46 54.72 60.4 83.50

+B 78.92 56.30 61.0 83.75
+S 79.07 49.21 60.4 84.25
+B+S 79.98 57.48 61.6 84.25

Table 2: Ablation Study.

As shown in Figure 3, we observe that model 555

performance generally improves with k. No- 556

tably, GraphIC consistently performs better as k 557

increases, whereas other methods experience per- 558

formance degradation. Additionally, training-based 559

and training-free methods show different trends 560

with k increases. Specifically, training-based meth- 561

ods, such as DQ-LoRe, directly optimize the proba- 562

bility of LLM generating correct answers in 1-shot 563

scenarios. As a result, they tend to achieve supe- 564

rior performance in low-shot settings, especially in 565

1-shot cases. However, as k increases, the perfor- 566

mance gains of these methods tend to slow down 567

or even decline. In contrast, training-free methods, 568

like Complex-CoT and GraphIC, typically under- 569

perform compared to training-based methods in 570

low-shot settings. However, as the value of k in- 571
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Figure 3: Performance of GraphIC and Top Training-based/Training-free Baselines (DQ-LoRe and Complex-CoT)
across 1–8 Shot Settings.
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Figure 4: Ground-truth matrix and score matrices of various models. The matrix values have been linearly scaled to
the range [0,1], and the diagonal elements have been set to 1.

creases, they exhibit more stable improvement.572

Asymmetric retrieval aligns more closely with573

real-world scenarios. As previously discussed,574

GraphIC is an asymmetric method that reflects real-575

world scenarios. To further validate this asymmetry,576

we randomly select 10 examples from GSM8K and577

compute their "improve matrix" S, which captures578

the mutual improvement relationships between ex-579

amples. In this matrix, Sij is defined as the proba-580

bility of solving the j-th example correctly when581

using the i-th example as the ICE. The resulting582

improve matrix (Figure 4 (a)), clearly illustrates583

the asymmetry in real-world scenarios: while the584

i-th example may aid in solving the j-th example585

accurately, the reverse is not necessarily true.586

Additionally, we examine the alignment between587

the score matrices of GraphIC and top training-588

free/based models with the ground-truth improve589

matrix. Existing ICE retrieval methods select ICEs590

by assigning scores to (candidate, query) pairs and591

comparing them. Similar to the improve matrix,592

we can compute a score matrix for each method,593

reflecting the mutual improvement relationships594

between examples estimated by the method. Nat-595

urally, the closer a method’s score matrix aligns596

with the improvement matrix, the better it captures 597

real-world relationships. The score matrices of 598

Complex-CoT, DQ-LoRe, and GraphIC are shown 599

in Figure 4 (b), (c), and (d), respectively. The re- 600

sults clearly demonstrate that GraphIC aligns well 601

with the ground-truth, while the other two models 602

exhibit noticeable deviations. 603

Additional Analysis. We conducted further ex- 604

periments to examine other aspects of GraphIC, 605

including the accuracy of the generated pseudo 606

reasoning process (Appendix B.3), comparisons 607

of computational efficiency (Appendix B.4), the 608

impact of the hyperparameter λ (Appendix B.5), 609

and the performance on MATH, a more complex 610

mathematical reasoning dataset (Appendxi B.6). 611

5 Conclusion 612

We propose GraphIC, which employs a reasoning- 613

aware representation—thought graph and a sim- 614

ilarity metric to retrieve ICEs. Our experiments 615

show that GraphIC outperforms both training-free 616

and training-based baselines, highlighting the im- 617

portance of modeling reasoning structures and pro- 618

viding insights for future research on graph-based 619

solutions for complex problem-solving. 620
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Limitations621

Our work has two limitations. First, the GraphIC622

approach relies on invoking a large language model623

(LLM) during the retrieval phase, which leads to624

slower response times compared to embedding-625

based methods. Second, the thought graph rep-626

resentation and similarity metric used in GraphIC627

are tailored for multi-step reasoning tasks and may628

not perform as effectively in other contexts.629
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A Supplementary Explanation of878

GraphIC879

A.1 Examples of Thought Graphs880

Figure 5 shows examples of thought graphs from881

the four datasets we considered. For clarity, the la-882

bel of each graph corresponds to the text associated883

with its attribute.884

A.2 Formalized Reasoning Representation885

The prompt examples below are used to generate886

formalized reasoning representations for the four887

datasets being considered. For the test question,888

since no answer is provided, we will remove the889

section of the prompt highlighted in red. This will890

allow the LLM to generate both the answer and891

the formalized reasoning representation simultane- 892

ously, from which we can then extract the formal- 893

ized reasoning representation. 894

GSM8K: 895
896

Translate the given calculations into code form. Each line of 897
code MUST follow the format specified below: 898

output_variable = [description of operation](input_variable_1, 899
..., input_variable_n) 900

901
Q: You can buy 4 apples or 1 watermelon for the same price. 902

You bought 36 fruits evenly split between oranges, 903
apples and watermelons, and the price of 1 orange is $0 904
.50. How much does 1 apple cost if your total bill was 905
$66? 906

907
A: If 36 fruits were evenly split between 3 types of fruits, 908

then I bought 36/3 = <<36/3=12>>12 units of each 909
fruit 910
If 1 orange costs $0.50 then 12 oranges will cost $0.50 * 12 = 911

$<<0.5*12=6>>6 912
If my total bill was $66 and I spent $6 on oranges then I 913

spent $66 - $6 = $<<66-6=60>>60 on the other 2 fruit 914
types. 915

Assuming the price of watermelon is W, and knowing that you 916
can buy 4 apples for the same price and that the price 917

of one apple is A, then 1W=4A 918
If we know we bought 12 watermelons and 12 apples for $60, 919

then we know that $60 = 12W + 12A 920
Knowing that 1W=4A, then we can convert the above to $60 = 921

12(4A) + 12A 922
$60 = 48A + 12A 923
$60 = <<60=60>>60A 924
Then we know the price of one apple (A) is $60/60= $ 925

<<60/60=1>>1 926
#### 1 927

928
Code: 929
total_fruits = 36 930
types_of_fruits = 3 931
price_per_orange = 0.50 932
total_oranges = 12 933
total_bill = 66 934
equivalent_apples_for_watermelon = 4 935
total_apples_and_watermelons = 12 936
fruits_per_type = [divide](total_fruits, types_of_fruits) 937
cost_of_oranges = [multiply](total_oranges, price_per_orange) 938
remaining_budget = [minus](total_bill, cost_of_oranges) 939
price_per_apple = [construct and solve an equation]( 940

total_apples_and_watermelons, 941
equivalent_apples_for_watermelon, remaining_budget) 942

943
... 944

945
Q: {{question}} 946

947
A: {{answer}} 948

949
Code: 950951

AQUA: 952
953

Translate the given calculations into code form. Each line of 954
code MUST follow the format specified below: 955

output_variable = [description of operation](input_variable_1, 956
..., input_variable_n) 957

958
Q: In a group of 6 boys and 4 girls, four children are to be 959

selected. In how many different ways can they be 960
selected such that at least one boy should be there? 961

Options: A)209, B)210, C)211, D)213, E)215 962
963

A: To determine the number of ways to select 4 children from a 964
group of 6 boys and 4 girls such that at least one boy 965

is included, we will use the method of complement 966
counting. 967

968
First, let's calculate the total number of ways to select 4 969

children from 10 children (6 boys + 4 girls): 970
971

\[ 972
\binom{10}{4} = \frac{10!}{4!(10-4)!} = \frac{10 \times 9 \ 973

times 8 \times 7}{4 \times 3 \times 2 \times 1} = 210 974
\] 975

976
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seen = set()

for char in s:

return ‘None’

seen.add(char) return char

if char in seen:

set

seen.add
check order

round to 
the nearest 

thousand

round to 
the nearest 

ten

round to 
the nearest 

one

round to 
the nearest 

hundred

9824.119 “Anne is furry.” “Anne is nice.”

“Anne is kind.”“Anne is quiet.”

“Anne is young.”

“Anne is green.”

“Anne is furry.” “Anne is nice.”

“Anne is kind.”“Anne is quiet.”

“Anne is young.”

“Anne is green.”

divide

20 0.30.4

add

minus

multiply

1

(a). GSM8K (b). AQUA (c). MBPP (d). ProofWriter

Figure 5: Examples of thought graphs for the four datasets we consider. The labels of vertices represent the text for
computing embeddings. Dashed-line vertices are included for clarity but are not part of the actual thought graph.

Next, we calculate the number of ways to select 4 children977
with no boys, i.e., all girls. Since there are only 4978
girls, and we need to select all 4 of them:979

980
\[981
\binom{4}{4} = 1982
\]983

984
Now, subtract the number of ways to select all girls from the985

total number of ways to select 4 children to find the986
number of ways that include at least one boy:987

988
\[989
\binom{10}{4} - \binom{4}{4} = 210 - 1 = 209990
\]991

992
Thus, the number of ways to select 4 children with at least993

one boy is:994
995

\[996
\boxed{209}997
\]998
#### A999

1000
Code:1001
total_children = 101002
children_to_select = 41003
boys = 61004
girls = 41005
total_ways_to_select = [combination](total_children,1006

children_to_select)1007
all_girls_selection = [combination](girls, children_to_select)1008
ways_with_at_least_one_boy = [subtract](total_ways_to_select,1009

all_girls_selection)1010
1011

...1012
1013

Q: {{question}}1014
1015

A: {{answer}}1016
1017

Code:10181019

MBPP:1020
1021

Text: Write a function to generate a square matrix filled with1022
elements from 1 to n raised to the power of 2 in spiral1023
order.1024

1025
Test Cases:1026
assert generate_matrix(3)==[[1, 2, 3], [8, 9, 4], [7, 6, 5]]1027
assert generate_matrix(2)==[[1,2],[4,3]]1028
assert generate_matrix(7)==[[1, 2, 3, 4, 5, 6, 7], [24, 25, 26,1029

27, 28, 29, 8], [23, 40, 41, 42, 43, 30, 9], [22, 39,1030
48, 49, 44, 31, 10], [21, 38, 47, 46, 45, 32, 11], [20,1031
37, 36, 35, 34, 33, 12], [19, 18, 17, 16, 15, 14, 13]]1032

1033
Code:1034
def generate_matrix(n):1035

if n<=0:1036
return []1037

matrix=[row[:] for row in [[0]*n]*n]1038
row_st=01039
row_ed=n-11040

col_st=0 1041
col_ed=n-1 1042
current=1 1043
while (True): 1044

if current>n*n: 1045
break 1046

for c in range (col_st, col_ed+1): 1047
matrix[row_st][c]=current 1048
current+=1 1049

row_st+=1 1050
for r in range (row_st, row_ed+1): 1051

matrix[r][col_ed]=current 1052
current+=1 1053

col_ed-=1 1054
for c in range (col_ed, col_st-1, -1): 1055

matrix[row_ed][c]=current 1056
current+=1 1057

row_ed-=1 1058
for r in range (row_ed, row_st-1, -1): 1059

matrix[r][col_st]=current 1060
current+=1 1061

col_st+=1 1062
return matrix 1063

1064
... 1065

1066
Text: {{question}} 1067

1068
Test Cases: 1069
{{test_list}} 1070

1071
Code: 10721073

ProofWriter: 1074
1075

Formalize the following proof process based on the given 1076
information. Where Each line of formalized proof MUST 1077
follow the format specified below. 1078

output_triple = [rule used](input_triple_1, ... , 1079
input_triple_n) 1080

1081
Q: Triples: 1082
1. Anne is not big. 1083
2. Anne is cold. 1084
3. Anne is red. 1085
4. Dave is green. 1086
5. Dave is rough. 1087
6. Erin is green. 1088
7. Erin is kind. 1089
8. Erin is rough. 1090
9. Fiona is green. 1091
10. Fiona is not nice. 1092
Rules: 1093
1. If Erin is cold then Erin is rough. 1094
2. If something is rough then it is nice. 1095
3. All green, big things are kind. 1096
4. If Dave is kind then Dave is cold. 1097
5. If something is green and not rough then it is big. 1098
6. All nice, rough things are big. 1099
7. If Dave is cold and Dave is nice then Dave is red. 1100
Based on the above information, is the following statement 1101

true or false? Dave is red. 1102
A) True B) False 1103

1104
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Proof: To determine if the statement "Dave is red" is true or1105
false, let's evaluate the given information step by step:1106

1107
1108

From the triples:1109
1. Dave is green.1110
2. Dave is rough.1111

1112
From the rules:1113
1. If something is rough then it is nice. (Dave is rough, so1114

Dave is nice.)1115
2. If Dave is cold and Dave is nice then Dave is red. (However,1116

there's no information saying Dave is cold, so we can't1117
use this rule directly.)1118

3. All nice, rough things are big. (Dave is nice and rough, so1119
Dave is big.)1120

1121
Now, we need to verify whether Dave being cold can be derived:1122
1. If Dave is kind then Dave is cold. (To use this, we need to1123

verify if Dave is kind.)1124
- All green, big things are kind. (Dave is green and big,1125

so Dave is kind.)1126
- Hence, Dave is kind, which according to rule 4, makes1127

Dave cold.1128
1129

Since now we know:1130
- Dave is cold.1131
- Dave is nice.1132

1133
We can use rule 7:1134
- If Dave is cold and Dave is nice then Dave is red.1135

1136
Since both conditions are satisfied, Dave is red.1137

1138
The statement "Dave is red" is **True (A)**.1139

1140
Formalized Proof:1141
"Dave is nice." = [rule2]("Dave is rough.")1142
"Dave is big." = [rule6]("Dave is nice.", "Dave is rough.")1143
"Dave is kind." = [rule3]("Dave is green.", "Dave is big.")1144
"Dave is cold." = [rule4]("Dave is kind.")1145
"Dave is red." = [rule7]("Dave is cold.", "Dave is nice.")1146

1147
...1148

1149
Proof: {{answer}}1150

1151
Formalized Proof:11521153

The pseudo-code of a parser that transforms for-1154

malized reasoning representations into a thought1155

graph is provided in Algorithm 1. Inputs, Output,1156

and OperationName are extracted following the1157

pattern outlined below.1158
1159

Output = [OperationName](input_1, ..., input_n)11601161

A.3 Robustness to the Correctness of Pseudo1162

Reasoning Process1163

As mentioned in Section 3.1, ensuring the correct-1164

ness of the generated pseudo-reasoning process1165

is not required. However, we have the following1166

reasons for ensuring that GraphIC maintains high1167

performance even when the generated process is1168

incorrect.1169

1. Firstly, even if the generated answers are not1170

correct, it does not necessarily mean that the1171

reasoning steps are entirely incorrect; rather,1172

many are "almost correct," involving only mi-1173

nor errors (Wei et al., 2022). This is also1174

helpful for retrieving examples with similar1175

reasoning processes.1176

Algorithm 1 Parsing Formalized Reasoning Rep-
resentation
Require: formalized reasoning representation

FRR
Ensure: Corresponding graph G(V,E)

1: NodeSet← ∅
2: EdgeSet← ∅
3: line← first line of FRR
4: while line ̸= NULL do
5: Extract Inputs, Output, and OperationName

from line
6: for each input in Inputs do
7: if input /∈ NodeSet then
8: Add input to V
9: end if

10: end for
11: if Output /∈ V then
12: Add Output to V , labeled as Opera-

tionName
13: end if
14: for each input in Inputs do
15: Add directed edge from input to Output

to E
16: end for
17: line← next line of FRR
18: end while
19: G = G(V,E)

2. To further illustrate this fact, we selected a sub- 1177

set from each dataset, containing all queries 1178

associated with incorrect pseudo answers. We 1179

evaluated GraphIC on these four subsets and 1180

compared its performance with top training- 1181

based (DQ-LoRe) and training-free (Complex- 1182

CoT) baselines. The results, shown in Table 3, 1183

reveal that even when GraphIC uses incorrect 1184

thought graphs to retrieve in-context exam- 1185

ples, it still achieves a significant performance 1186

advantage. Note that the performance in Ta- 1187

ble 3 are substantially lower than those in Ta- 1188

ble 1. This is because the queries that lead 1189

to incorrect thought graphs are typically the 1190

most difficult ones. 1191

3. Similar approaches have been applied in other 1192

ICE retrieval models and show good perfor- 1193

mance, such as Skill-kNN, which utilizes an 1194

LLM to generate the skills required to solve a 1195

problem, and DQ-LoRe, which uses an LLM 1196

to generate chain-of-thought reasoning an- 1197

swers. 1198
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Model GSM8K AQUA MBPP ProofWriter

Complex-CoT 38.58 28.68 4.06 54.02
DQ-LoRe 40.83 33.33 16.75 65.51
GraphIC 43.08 33.33 15.23 70.11

Table 3: Performance of GraphIC and top training-
free/based baseline on the subset where GraphIC uses
incorrect answers for creating thought graphs.

A.4 The Matrix B1199

As shown in Figure 6, matrix A represents the ad-1200

jacency matrix of a thought graph, corresponding1201

to the black edges in the graph. In this graph, ver-1202

tices 1 and 2 have an in-degree of 0, indicating1203

the starting points of reasoning, while vertices 31204

and 4 have non-zero in-degrees, representing in-1205

termediate steps or results of reasoning. Matrix1206

B indicates the edges from vertices with non-zero1207

in-degrees to those with in-degree 0, corresponding1208

to the edges from vertices 3 and 4 to vertices 1 and1209

2 in the graph (marked in green). Since vertices 31210

and 4 are intermediate steps or results of reasoning,1211

and vertices 1 and 2 represent the starting points,1212

these edges represent the retracing process.1213
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Figure 6: The definition of matrix B and its correspond-
ing edges in a graph.

A.5 The Loss of Setting the Rank of Matrix1214

W to 11215

First, we provide the optimal value and the optimal1216

solution of the optimization problem defined by1217

Equation (1), under the assumption that no con-1218

straints are imposed on W .1219

Theorem 1 Consider the following optimization1220

problem:1221

max
W∈Rd×d,
∥W∥F=1

n∑
i=1

z⊤i Wxi. (6)1222

The optimal value of this problem is
(∑d

i=1 σ
2
i

)1/2
,1223

and the optimal solution is W ∗ = V Y U⊤,1224

where Y = diag(y11, y22, . . . , ydd) with yii =1225
σi

(
∑d

j=1 σ
2
j )

1/2 .1226

First, the objective function
∑n

i=1 z
⊤
i Wxi can 1227

be written as tr(ZW⊤X⊤) 1228

Then, we rewrite the objective function using the 1229

cyclic property of the trace: 1230

tr(ZW⊤X⊤) = tr(W⊤X⊤Z). 1231

Next, perform the Singular Value Decomposition 1232

(SVD) of X⊤Z: 1233

X⊤Z = UΣV ⊤, 1234

where U and V are orthogonal matrices, and Σ = 1235

diag(σ1, σ2, . . . , σd) is the diagonal matrix of sin- 1236

gular values. 1237

Substituting this decomposition into the trace 1238

expression, we obtain: 1239

tr(ZW⊤X⊤) = tr(W⊤UΣV ⊤). 1240

Using the cyclic property of the trace again, we 1241

get: 1242

tr(ZW⊤X⊤) = tr
(
(V ⊤W⊤U)Σ

)
. 1243

Define Y = V ⊤W⊤U . Then the objective be- 1244

comes: 1245

tr(ZW⊤X⊤) = tr(Y Σ). 1246

Since U and V are orthogonal, they preserve the 1247

Frobenius norm, i.e., ||Y ||F = ||W ||F = 1. Thus, 1248

we are now tasked with maximizing tr(Y Σ) subject 1249

to ||Y ||F = 1. 1250

We know that the trace tr(Y Σ) is maxi- 1251

mized when Y is diagonal, i.e., when Y = 1252

diag(y11, y22, . . . , ydd). This follows because the 1253

off-diagonal elements of Y do not contribute to 1254

tr(Y Σ), but they affect the Frobenius norm of Y . 1255

By setting these off-diagonal elements to zero and 1256

redistributing the weight to the diagonal elements, 1257

we achieve a higher value of tr(Y Σ). 1258

Thus, the optimization problem reduces to: 1259

tr(ZW⊤X⊤) =

d∑
i=1

σiyii, s.t.
d∑

i=1

y2ii = 1. 1260

To find the optimal yii, we apply Cauchy- 1261

Schwarz inequality: 1262
d∑

i=1

σiyii ≤ (

d∑
i=1

σ2
i )

1/2(

d∑
i=1

y2ii)
1/2. 1263

Since
∑d

i=1 y
2
ii = 1, this simplifies to: 1264

d∑
i=1

σiyii ≤ (

d∑
i=1

σ2
i )

1/2. 1265

The maximum value of
∑d

i=1 σiyii is achieved 1266

when yii =
σi

(
∑d

j=1 σ
2
j )

1/2 . Thus, the optimal value 1267

of the objective is
(∑d

i=1 σ
2
i

)1/2
, and the corre- 1268

sponding optimal solution is W ∗ = V Y U⊤, where 1269
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Y = diag
(

σ1

(
∑d

i=1 σ
2
i )

1/2 , . . . ,
σd

(
∑d

i=1 σ
2
i )

1/2

)
.1270

Based on the proof above, we know that the op-1271

timal value of the optimization problem defined1272

by Equation (1) is
(∑d

i=1 σ
2
i

)1/2
. When a rank-11273

constraint is added to W , the optimal value of the1274

problem becomes σ1. Therefore, we are interested1275

in quantifying the loss introduced by the "rank-11276

assumption," which can be assessed by the ratio of1277

their optimal values, r = σ1/
(∑d

i=1 σ
2
i

)1/2
. We1278

computed the value of r on four datasets, and the re-1279

sults are shown in Table 4. The table demonstrates1280

that the loss caused by the "rank-1 assumption" is1281

less than 0.1%, implying that it does not result in a1282

significant loss of precision.1283

Dataset GSM8K AQUA MBPP ProofWriter

r 0.99978 0.99991 0.99963 0.99921

Table 4: The r value on four datasets.

A.6 Closed Form Solution of Equation (1)1284

with Rank-1 Assumption1285

Under the rank-1 assumption, the optimization1286

problem can be expressed as1287

max
α,β∈Rd,

∥α∥2=∥β∥2=1

n∑
i=1

z⊤i αβ
⊤xi.1288

This can be rewritten using the trace operator as1289

tr(Zβα⊤X⊤) = tr(α⊤X⊤Zβ) = α⊤X⊤Zβ.1290

Thus, the problem becomes a bilinear maximiza-1291

tion:1292

max
α,β∈Rd,

∥α∥2=∥β∥2=1

α⊤X⊤Zβ.1293

The closed-form solution to this problem, as de-1294

rived by (Leon, 1994), is:1295

α = U [0, :], β = V [0, :],1296

where U,Σ, V are the singular value decomposi-1297

tion (SVD) of X⊤Z.1298

A.7 The Asymmetry1299

We provide an example to illustrate the asymmetry.1300

As shown in the example below, solving Question1301

B includes solving Question A, which involves1302

further calculations to determine how long it will1303

take to reach the minimum age required by the1304

company for employment. Therefore, in this case,1305

referencing B can help resolve A, but referencing1306

A does not necessarily resolve B.1307

1308
Question A: 1309
In 3 years, Jayden will be half of Ernesto's age. If Ernesto 1310

is 11 years old, how many years old is Jayden now? 1311
1312

Answer A: 1313
Ernesto = 11 + 3 = 14 1314
Jayden = 14/2 = 7 in 3 years 1315
Now = 7 - 3 = 4 1316
Jayden is 4 years old. 1317

1318
1319

Question B: 1320
The minimum age required to be employed at a company is 25 1321

years. Dara aspires to work for the company and will be 1322
half the age of Jane in six years. If Jane is currently 1323
working for the company and is 28 years old, how long is 1324
it before Dara reaches the minimum age required by the 1325

company to be employed? 1326
1327

Answer B: 1328
In six years, Jane will be 28+6 = 34 years old. 1329
Dara will be half the age of Jane in six years, meaning she 1330

will be 34/2 = 17 years old in six years. 1331
Currently, Dara is 17-6 = 11 years old. 1332
Dara has to wait for 25-11 = 14 more years to reach the 1333

company's minimum age of employment. 13341335

B Supplementary Materials of 1336

Experiments 1337

B.1 Further Experiment Details 1338

Dataset Preprocessing. For both GSM8K and 1339

MBPP, we utilize the original datasets without fur- 1340

ther preprocessing. For AQUA and ProofWriter, 1341

we refine the original dataset to improve the exper- 1342

imental setup, as described below. 1343

Given the substantial size of the AQUA dataset, 1344

which incurs significant retrieval overhead during 1345

testing, we followed the methodology outlined 1346

in DQ-LoRe (Xiong et al., 2024), using a 1,000- 1347

sample subset for efficient evaluation. 1348

For the ProofWriter dataset, we refined the sub- 1349

set selected by Logic-LM (Pan et al., 2023), exclud- 1350

ing instances labeled as “Unknown," as these sam- 1351

ples lacked explicit reasoning chains. Furthermore, 1352

because the original training set did not provide rea- 1353

soning in natural language, we leveraged the GPT- 1354

4o-mini model to generate reasoning sequences for 1355

the training set, discarding any generated outputs 1356

deemed incorrect. We evaluate the correctness of 1357

the reasoning process by the correctness of the final 1358

result, which is a commonly used approach (Light- 1359

man et al., 2024; Xiong et al., 2024; Khattab et al., 1360

2022). This process resulted in a refined training 1361

set of 1,358 examples with their Chains of Thought 1362

and 400 test samples from the original ProofWriter 1363

dataset. 1364

Thought Graph Construction and Embedding 1365

Model. For GSM8K, AQUA, and ProofWriter, 1366

we prompt the LLM to create a FRR for thought 1367

graph construction, using vertex features from a 1368
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BERT model. For MBPP, we use the staticfg21369

module to parse Python code and generate the con-1370

trol flow graph, embedding each vertex’s features1371

with CodeBERT (Feng et al., 2020).1372

B.2 Values of λ1373

We select hyper parameter λ values from1374

{0, 0.1, 0.2, 0.3}, and report the λ values chosen1375

on various datasets and LLMs in Table 5.1376

Engine GSM8K AQUA MBPP ProofWriter

GPT-4o-mini 0.2 0.2 0.1 0.1
Llama-3 0.3 0.2 0.2 0.0

GPT-3.5-Turbo 0.3 / / /

Table 5: λ values chosen on various datasets and LLMs.

B.3 Correctness of LLM Generated Answers1377

for Creating Thought Graphs1378

To analyze the consistency between LLM-1379

generated answers and real solutions, we tested1380

the accuracy of these answers used to generate the1381

thought graphs. The results are shown in the Ta-1382

ble 6. From Table 6, it can be seen that these1383

answers used to generate the thought graph already1384

have relatively high accuracy, which ensures their1385

consistency with the real solution. Furthermore,1386

the table demonstrates that using the thought graph1387

to retrieve examples can further improve accuracy,1388

especially in mathematical reasoning and logical1389

reasoning tasks. We use Llama-3.1-8B-Instruct for1390

testing.1391

Accuracy GSM8K AQUA MBPP ProofWriter

Pseudo Answer 76.42 49.21 60.6 78.25
Final Answers 79.98 57.48 61.6 84.25
Improvement +3.56 +8.27 +1.00 +6.00

Table 6: Correctness of LLM generated answers for
creating thought graphs and final answers.

B.4 Comparison of Computation Time with1392

Other Similar Baselines.1393

Our method belongs to the category of methods1394

that use the generated output of LLMs to select1395

in-context examples, which also includes meth-1396

ods such as Skill-kNN and DQ-LoRe. These ap-1397

proaches involve using the LLM during the re-1398

trieval phase, resulting in longer retrieval times1399

compared to other baselines. However, by leverag-1400

ing the power of LLMs, they are suitable for com-1401

plex tasks. The computation times for the three1402

2https://github.com/coetaur0/staticfg

models are presented in Table 7. Specifically, the 1403

retrieval time for the GraphIC model is similar to 1404

that of DQ-LoRe, and slightly higher than Skill- 1405

kNN. Despite this, GraphIC significantly outper- 1406

forms Skill-kNN in terms of performance. More- 1407

over, compared to DQ-LoRe, which has the same 1408

retrieval time, GraphIC not only delivers superior 1409

performance but also greatly reduces both the pre- 1410

pare time and training time required by DQ-LoRe. 1411

Here, "prepare time" refers to the time spent 1412

generating the necessary outputs for retrieval, such 1413

as generating the required skills for all candidate 1414

examples in Skill-kNN. For our evaluation, we used 1415

the GSM8K dataset with the LLM configured as 1416

Llama-3.1-8B-Instruct. 1417

Time Skill-kNN DQ-LoRe GraphIC

prepare time 0.7h 20h 1.5h
traning time - 16h -
retrieve time 0.3s 0.4s 0.4s

Table 7: Prepare time, training time, and retrieve time
of GraphIC and other similar baselines.

B.5 The Effects of λ 1418

We analyzed the effect of λ values ranging from 1419

[0.0, 0.9] on the results across the four datasets 1420

utilized in our study. The corresponding results are 1421

presented in Figure 7, confirming the robustness of 1422

our method to the choice of lambda. 1423
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Figure 7: The performance of GraphIC on different λ
across four datasets.

B.6 The Performance on MATH Dataset 1424

We conducted a comparison of GraphIC with the 1425

top-performing training-based and training-free 1426

baselines (DQ-LoRe and Complex-CoT) on MATH 1427

(Hendrycks et al., 2021) dataset. The results are 1428

presented in Table 8: the GraphIC model has con- 1429

sistently achieved optimal performance. We ran- 1430

16
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domly selected 500 samples from the training and1431

testing data categorized as "level 5" difficulty in1432

MATH, which were used as the candidate set and1433

test set.1434

Model Complex-CoT DQ-LoRe GraphIC

Llama-3 18.8 20.4 21.8
GPT-4o-mini 58.8 59.6 61.2

Table 8: The Performance on MATH Dataset

B.7 The Performance on GSM8K Using1435

GPT-3.5-Turbo1436

We observe that the GPT-4o-mini model’s perfor-1437

mance on the GSM8K dataset is relatively invariant1438

to the selection of ICEs. So, we further perform an1439

additional experiment on the GSM8K dataset using1440

the GPT-3.5-Turbo model. As presented in Table 9,1441

GraphIC achieves superior performance across all1442

metrics.1443

17



Random BM25 BERT Complex-CoT Auto-CoT Skill-kNN EPR CEIL DQ-LoRe GistScore GraphIC

80.76(0.55) 82.10 80.89 81.65 82.03 81.50 81.65 81.72 82.10 81.72 82.79

Table 9: Results obtained using GPT-3.5-Turbo as the LLM on the GSM8K dataset.
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