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ABSTRACT

We study inference-time control for text generation in discrete diffusion language
models, where the goal is to steer sampling toward sequence-level rewards without
retraining. Prior work in this domain has focused on particle-based methods such
as best-of-n sampling and bootstrap sequential Monte Carlo, which may suffer
from overoptimism and weight degeneracy, respectively. We address these limi-
tations using nested sequential Monte Carlo methods. We formulate nested SMC
(NSMC) and fully-adapted nested SMC (FA-NSMC) for Feynman—Kac steering,
identifying and correcting errors in prior formulations that lead to biased final esti-
mates. We evaluate these methods on toxicity and fluency steering tasks, showing
that NSMC and FA-NSMC consistently outperform best-of-n and bootstrap SMC.

1 INTRODUCTION

Diffusion-based generative models have achieved remarkable success across continuous modalities,
producing state-of-the-art results in image synthesis (Song et al., 2021}, video generation (Ho et al.|
2022), and protein design (Gruver et al., 2023). While autoregressive (AR) models have long domi-
nated the landscape of text generation, the diffusion paradigm has recently expanded to the discrete
domain of natural language processing (Sahoo et al.|[2024; [Ye et al., | 2025; Shi et al.| |2024), offering
a compelling alternative. Unlike standard autoregressive models that generate text token by token in
a fixed left-to-right order, discrete diffusion language models (DDLMs) (Austin et al.,|2021; [Sahoo
et al.| [2024; [Shi et al.| |2024) generate data through an iterative denoising process. Models such as
the masked diffusion language model (MDLM) (Sahoo et al.l 2024) learn a reverse-time Markov
chain that progressively refines a sequence from a maximally corrupted degenerate state into coher-
ent text, enabling bidirectional context integration and allowing the model to attend to information
from all positions simultaneously to produce more globally consistent outputs.

Despite these architectural advantages, the capability to generate coherent text does not inherently
ensure alignment with human intent or safety standards. In practice, we aim to generate samples that
optimize specific downstream objectives, such as minimizing toxicity, while preserving the diversity
and naturalness of the pre-trained model. Relying solely on the base model is often insufficient, as
pre-trained models may reproduce undesirable biases found in their training data. Furthermore,
while training-time alignment methods like reinforcement learning from human feedback (RLHF)
(Ouyang et al.,[2022) are effective, they are computationally intensive, prone to mode collapse (Kirk
et al.,|2024)), and rigidly couple the model to a single reward function. This motivates inference-time
steering mechanisms that can flexibly guide discrete diffusion models toward user-specified rewards
without the overhead of retraining. Broadly, existing approaches fall into two families:

e Gradient-based methods, such as classifier guidance (Dhariwal & Nichol, |2021)), modify the
denoising drift using gradient information. These methods rely on differentiable reward func-
tions, which significantly limits their applicability in discrete domains.

* Gradient-free methods, including best-of-n sampling, rejection sampling (Na et al.l 2024)), and
particle-based rare-event simulations (Naesseth et al.| 2019b; [Uehara et al., |2025; [Li et al.}
2024; [Singhal et al.| 2025)), do not require differentiability and therefore apply more generally,
though they are often computationally intensive.

These limitations motivate the need for more efficient steering mechanisms that can flexibly guide
discrete diffusion models toward arbitrary user-specified rewards. A promising framework is se-
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Figure 1: Illustration of different particle-based steering strategies. (Left) Best-of-n: independent
proposals with selection based on exponentiated rewards. (Middle) Nested sequential importance
sampling: particles propagate sequentially with weight updates but no resampling. (Right) Nested
SMC: particle filtering approach where each outer particle spawns an inner SMC, approximating the
locally optimal proposal distribution for improved effective sample size.

quential Monte Carlo (SMC) (Naesseth et al., 2019b} |Chopin & Papaspiliopoulos| [2020), first stud-
ied for continuous diffusion models by |Wu et al.| (2023); [Trippe et al.| (2023); Cardoso et al.| (2024);
Dou & Song| (2024). SMC is a family of flexible probabilistic algorithms used to sample from
complex sequences of distributions. At a high level, SMC maintains a population of particles, each
representing a potential partial text generation trajectory, that evolves over time. Through a process
of mutation (proposing new tokens) and selection (reweighting and resampling based on the reward),
SMC methods steer the population toward a modified version of the model’s original distribution that
favors desirable properties encoded by the reward function.

The quality of SMC samples depends critically on the proposal distribution, the mechanism used
to mutate particles across time steps. In inference-time steering, the central challenge is that poor
proposals are unlikely to generate samples associated with high-reward regions of the discrete text
space, causing most particles to accrue low weights and degenerate rapidly. This leads to wasted
computation and ineffective steering (Naesseth et al.l 2019b). Recent attempts to adapt SMC to
discrete diffusion models face persistent difficulties stemming from proposal design.

Singhal et al.[(2025) formulate Feynman—Kac (FK) steering, and use bootstrap proposals in practice
where new particle candidates are generated using the pretrained base model. While straightforward
to implement, this proposal is agnostic to the reward, leaving undesirable particles to be filtered only
through subsequent reweighting. This method often exhibits low statistical efficiency and struggles
to discover rare, high-reward paths. Soft value-based decoding (SVDD) (Li et al., 2024) takes a dif-
ferent approach by casting steering as nested sequential importance sampling (SIS). However, this
method inherits the well-known pathologies of (nested) SIS methods, including weight degeneracy
and high variance over long horizons (Naesseth et al., 2019b). Alternatively, |Ou et al.[ (2026) con-
struct improved proposals by leveraging gradient information of the reward function. In discrete text
domains, this typically requires continuous relaxations, which may introduce approximation error.

To address these limitations, we propose leveraging nested SMC (NSMC) methods (Naesseth et al.}
2015;2019a)), which introduce an internal SMC sampler to approximate the locally optimal proposal
and the associated normalizing constants when these quantities are not available in closed form.
NSMC runs an inner SMC procedure for each outer particle to estimate the optimal proposal; the
inner sampler produces (i) a properly weighted sample used to draw the child state, and (ii) an
unbiased Monte Carlo estimate of the predictive normalizing constant required for the correct outer
weight update. The fully-adapted NSMC (FA-NSMC) method further refines this idea by using
estimated predictive weights to resample parents before propagation, increasing particle diversity.

Although NSMC is well-established in computational statistics, it has not been applied to steering
in modern discrete diffusion language models. A recent tutorial on diffusion-guidance by |Uehara



Accepted as a workshop paper at ReALM-GEN, ICLR 2026

et al.|(2025) which, building on Li et al.|(2024), presents an algorithm labeled “nested SMC”. How-
ever, its weighting scheme does not correspond to a properly weighted NSMC algorithm, leading to
systematic bias even in the infinite-particle limit. We resolve this by developing correctly weighted
NSMC variants, implementing them for a discrete diffusion language model, and evaluating them
on toxicity and perplexity steering tasks, which provide controlled environments for understanding
how SMC variants behave in practice.

‘We summarize our contributions as follows:

* We develop properly weighted nested SMC and fully-adapted NSMC updates for
Feynman—Kac steering in discrete diffusion language models.

* We empirically compare NSMC and FA-NSMC against bootstrap SMC baselines on tox-
icity and perplexity steering tasks, characterizing when nested methods improve sample
efficiency and controllability.

2 BACKGROUND

We start by introducing the notation for discrete diffusions, the tilted path measures that correspond
to the aligned sampling targets, the corresponding Feynman—Kac model, and the SMC algorithm.

Diffusion Models. Let V be a finite vocabulary of tokens and X = V' be the state space of a
sequence of length L. We consider a diffusion process over token sequences, discretized into 7"+ 1
time steps t € {0,...,T}. Here, t = T represents the maximally corrupted, fully masked state,
and ¢ = 0 represents the clean generated sequence. Given a pre-trained reverse-time generative base
model, the prior path measure over trajectories xo.r = (xg,...,z7) € XTT!, conditioned on a
context or prompt ¢, factorizes as:

T
paor | ¢) = plar) [T fzia | 2 0), (D
t=1

where p(-) is the fixed distribution at ¢ = T of fully masked sequences and f(- | ¢, c) denotes the
reverse transition kernel used to denoise the sequence from step ¢ to ¢ — 1. For notational simplicity,
we omit the dependence on ¢ hereafter and write p(xo.r) and f(- | ;).

Target Distribution. We want to sample from a distribution aligned with a scalar reward r : X' —

R evaluated on the terminal state z¢. For A > 0, we define the reward-tilted terminal distribution

p(z0) exp (Ar(z0))
A

To sample from p) (xg), we define the unnormalized target path measure ~o(xo.7) by weighting the
prior path measure by the terminal reward:

pa(zo) = , where  Zy = Eg p[exp (Ar(a0))]. (2)

T
Yo(zo:r) = { H CED) }exp (Ar(20)) - 3)

Feynman-Kac. We frame the problem of sampling from ~q(zq.7) in terms of a Feynman—Kac
model (Del Moral, 2004). A FK model is characterized by the transition kernel f(- | z;) and a set
of nonnegative potential functions G;_1: X x X — R™. The induced path measure is:

T
m(xo.r) o p(ar) Gr(2r {Hf Tt | @) Gra (@i h%)} 4)

t=1

To recover our specific target vo(xo.7), the potentials must telescope to reproduce the desired
tilt, satisfying Gr(zr) Hle Gi—1(x¢—1,2¢) = exp(Ar(xg)). While one could set Go(-) =
exp (Ar(xg)) and {G¢},, = 1, this choice yields an inefficient sampling procedure that suffers
from path degeneracy and high-variance weights at £ = 0. Since intermediate potentials provide
no signal with regard to high-reward regions, samples are propagated under the base dynamics and
only receive their reward-dependent weighting at the last step.
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Sequential Monte Carlo. SMC (Naesseth et al., [2019b; (Chopin & Papaspiliopoulos, 2020) is
a sampling method designed to approximate a sequence of intermediate unnormalized targets
vt (x¢.1), with corresponding normalized targets 7m; o« ;. To approximate 7;, SMC uses a set

of weighted samples, or particles, {(w,@, J:EL)T) i,

(o) E wt 6(”,

where 0 x is the Dirac measure at X. The partlcle system is then updated from time ¢ to ¢ — 1 by
repeating the following for each particle i:

1. Resampling, a ~ Cat (w{),

2. Propagation, mil_)l ~ 1 (Te— 1|$§a))’

, (@ (a)
3. Weighting, w”; o %@1((&} 1a33tT))

Ve (@) Q- 1(l’t 1|xt )

The key design variables are the intermediate targets +; and the proposals g;. Bootstrap SMC for the
FK model in Algorithm [3|is obtained by setting g;—1(x¢—1|z¢) = f(xi—1|z¢) and y_1(z4—1.7) =
Ye(@er) f(Te-1|26)Gr1(Te-1, 7).

Optimal Twisting. To provide intermediate guidance, we construct the targets ; by twisting the
prior path measure p(z;.7) with a set of positive potential functions 1, : X — R™T that look ahead
and tilt the intermediate targets toward high-reward regions v;(zs.7) = p(a.1) ¥i(xt). Naesseth
et al. (2019b); |Whiteley & Lee| (2014)); \Guarniero et al.| (2017); [Heng et al.| (2020) identify the opti-
mal twisting functions, which minimize the variance of the incremental weights, as the conditional
expectation of the future reward:

Ui (@) = Ep[exp (Ar(wo)) | 2], t=0,...,T. %)

At the terminal step ¢ = 0, this definition recovers the exact reward tilt % (zo) = exp (A7 (zo)).

Optimal Proposals. The optimal twisting functions naturally induce a sequence of corresponding
optimal proposal kernels that realize the transition between the intermediate targets:
—1\Tt—1.1 (i1 | @) by (we-1)
i (s | ) o 2AEAT) SR =1L T ()
Ye—1(Te.T) V7 (1)
while at time ¢ = 7T, the optimal proposal is given by: ¢ (z7) x p(zr) ¥y (xr). This in turn
allows us to identify the optimal potential functions {G7 },., as the ratios of successive twists:

Gi(@er, @) =iy (wen) /i (@), Grlzr) = 7 (er). %)

Appendices[B]and[C]provide details and show that the cumulative product of these optimal potentials
telescopes to recover the required terminal reward tilt. In contrast, the “nested SMC” algorithm in
Uehara et al.| (2025) uses only the numerator 1;_;(z;—1) in its weighting scheme, omitting the
normalization by ¢} (x;) implied by G;_,, and therefore fails to target the correct tilted distribution.

3 NESTED SEQUENTIAL MONTE CARLO

Nested sequential Monte Carlo (NSMC) (Naesseth et al., 2015; 2019a) is a class of particle algo-
rithms that lets us derive practical algorithms for optimal twisting and proposal distributions.

First, recall that the optimal proposal is given by:

1 y—i(zi—rr) ~ Ye—1(Tt—1.7)

Gica(@ior | @) = ®)
t 1( t 1‘ t) yt,l(a:t) 'yt(act;T) 'thl(xt:T)
where v;_1 (z;) is the predictive normalizing constant:
Vi1 (Te— 1T) .
= = ]E.L ~ (2 Gr _1, ] 9
via(w) = )0 e (o) i Clae) |Gioa (@1, ) 9)

x_1€VE
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Under ¢;_;, the incremental importance weights w;_; are equal to this normalizing constant:
wi—1 = Ye—1(@e—1.7) /(@1 (xe—1 | ¢)ye(xe7)) = ve—1(2¢). This means it does not depend
on the particular sample of z;_;. This is the key variance-reduction property of optimal propos-
als: conditional on the parents x;, the incremental weights w;_; are uniform and their incremental
variance is zero.

Computing the predictive normalizer v;_1(2;) is generally intractable in high-dimensional spaces,

as it requires summing over all |V\L possible sequences at every step. NSMC resolves this in-
tractability by replacing v;_1 (x;) with an inner Monte Carlo estimate.

For each parent particle wﬁi), where i € {1,..., N}, we propose M candidate states from the base
transition kernel 2"} ~ f(- | 2{"), for j = 1,..., M. For each candidate, we compute an inner

importance weight v( 4 ) by evaluating the optimal twisting potential functions:

(4,9)
0,7 Vt— 1(33 ) i, 4
Uzg—jl) = @) t(z,lj)T = : l(xi(ﬁ jl)’xwg )) (10)
Ye(wlp) f ) | ()

where xii’jl)T = (mﬁ”l), xiz)T) The predictive normalizing constant is then approximated by the

average of the inner weights 7,_; (2\") = 1/M Z] L0 m (2.
To approximate sampling from the optimal proposal ¢*(- | z:), NSMC selects a single candidate
trajectory for the next step by resampling from the candidates based on their inner weights:

(@ of! ’Jl) "’
j=1

K Vt-1
and setting :r,(5 )1 — xg 1), where ¢ = b("). This nested approach ensures that the outer incremental

importance weights w( ) =01 (xg )) remain unbiased estimates of the true normalizing constants.

Algorithm [T] provides an overview of the nested proposal procedure.

By contrast, a standard bootstrap SMC, Algorithm [3] uses a single candidate proposal per parent
without incorporating reward information, leading to resampling decisions based on a noisy one-
sample estimate of future potential. NSMC reduces this noise by averaging over M candidates to
estimate the predictive normalizer v, and uses the inner weights to bias candidate selection toward
promising regions of future high reward. Algorithm 2] provides a detailed recipe for NSMC.

Finally, the fully-adapted NSMC (FA-NSMC) procedure incorporates lookahead information into
the parent resampling mechanism. In this scheme, we estimate the future potential of all particles
before committing to the resampling step. We perform the same lookahead procedure as in NSMC

to generate M candidates and estimate the predictive normalizer for every parent ;1 (z; (¢ )).

Unlike standard NSMC, which resamples parents based solely on their accumulated weights w( R

FA-NSMC resamples parent indices a?) proportional to wg 2 VH@ )). Once the parent k = a(* )

is selected, we sample x,ﬁz_)l from that parent’s candidates using the inner weights vt(ﬁl)

Crucially, this reordering enhances sample diversity. If a high-potential parent :UEZ) is selected mul-
tiple times, we can draw multiple distinct children from its set of promising candidates. In contrast,
the standard resampling scheme would simply replicate the same parent state multiple times. This
fully-adapted procedure is described in Algorithm

4 NUMERICAL EVALUATION

We evaluate the performance of several inference-time sampling algorithms for reward-tilted gener-
ation within the framework of discrete diffusion language models. Specifically, we benchmark our
proposed nested SMC (NSMC) and fully-adapted nested SMC (FA-NSMC) against two baselines:
Best-of-N (BoN) and Bootstrap SMC. Beyond measuring the terminal reward, we analyze: (i) the
effect of steering on longer texts, (ii) the influence of population sizes /N and M, (iii) intermediate
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Algorithm 1 Nested Proposal

procedure NESTEDPROPOSAL (z¢, f, G*)
Sample candidates m,@l ~f( ), forj=1,...,M

Compute weights v0) G;‘,l(a:gj,)l, Zt)

Estimate normalizer © < 1/M Zj»il v)
return M oM p
end procedure
Algorithm 2 Nested SMC

Require: Base kernel f, potentials {G7},- . population sizes N, M
Setw( « 1/N,fori=1,...,N
Sample ng) ~ w(xr) Gh(zT)
fort =T to1ldo
fori=1to N do
Resample a ~ Cat(w; V)
2" v 9@ « NESTEDPROPOSAL(z\”, f,GF_,)
Sample b ~ Cat (v /3, v(B4)
Setal ¢ 200 gl 5
end for
Normalize wii_)l — zbt(z_)l/ Zﬁzl u?&)l
end for
return {(z, w{’)},

reward evolution under the weighting scheme presented in |Uehara et al.|(2025), and (iv) the impact
of the number of samples K used to approximate the optimal potentials.

4.1 EXPERIMENTAL SETUP

All algorithms above assume access to a terminal reward r(z() and the ideal twisting functions
and potentials defined in equation [5] and equation [7] In practice, we approximate the conditional
expectations with a tractable surrogate, estimating the future reward using the model’s single-step
prediction 2 at each state. The particle-based algorithms themselves are unchanged, and the theo-
retical guarantees for £ = 0 remain valid.

Our experimental validation focuses on two distinct steering objectives:

* Toxicity steering: We define (x9) = rx(2o) using a toxicity classifier, encouraging the gen-
eration of toxic content to test alignment.

* Fluency steering: We define r(x9) = —rppi(20), penalizing high perplexity to encourage the
generation of fluent text.

‘We maintain a consistent algorithmic framework across these tasks, varying only the scalar reward
function used to define the exponential tilt exp(Ar(zo)).

Base Model. We steer the publicly released MDLM (Sahoo et al., |2024) discrete diffusion model
checkpoint, a DiT-style architecture with 12 transformer blocks, 12 attention heads, and 768 hidden
units trained on OpenWebText with a GPT-2 tokenizer. Unless otherwise stated, generations are
produced using 7' = 50 diffusion steps. Following Han et al.| (2023), we use 15 controllable-
generation prompts (e.g., “Once upon a time”, “The book”, “The year is 1910.”). For each prompt
and configuration, we sample 10 independent continuations and report metrics averaged over the
resulting 15 x 10 = 150 generations.
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Table 1: Toxicity and fluency steering (N = 4,  Table 2: Effect of reward window length on tox-
M =8, K =4, A =10). PPL via GPT-2-XL. icityrate (N =8, M =8, K =4).

Method Toxict PPL | Length | SMC NSMC FA-NSMC
Base (MDLM) 0.003 85.3 50 0.57 0.70 0.68
BoN 0.022 55.5 100 0.40 0.50 0.51
SMC (bootstrap) 0.25 49.0 300 0.29 0.30 0.47
NSMC 0.39 42.3

FA-NSMC 0.40 42.9

Generation Protocol and Resampling Schedule. We generate 100-token continuations and re-
sample at every diffusion step, unless stated otherwise. For ablations that vary the reward window
length, we generate sufficiently long continuations, such that the reward window is well-defined.

Toxicity Reward. For toxicity steering, we use an off-the-shelf RoBERTa toxicity classiﬁe
(Logacheva et al., 2022) and define rx (o) as the log-softmax score of the toxic class (no clip-
ping/normalization). We fix the steering strength parameter A = 10 for all toxicity experiments.
During steering, rewards are computed on a fixed continuation suffix length (reward window). For
evaluation, we concatenate the full prompt and continuation and additionally report toxicity rates
under a holdout classiﬁeIE] (Dementieva et al.,[2024), to assess robustness.

Perplexity Reward. For perplexity-based rewards (used only in the perplexity-steering task), we
use GPT-2-XL (Radford et al., [2019)) to score intermediate ¢ reconstructions.

Intermediate Potentials via x( Reconstructions. The described particle methods require inter-
mediate potentials that approximate the remaining terminal reward. At resampling time ¢, for each

particle state zﬁ”, we draw K samples {iéi’k)}kK:l and form the estimator

K

~ 1 (i

i) = 2 > e (A ™)), (12)
k=1

which enters the importance weights at resampling. We compare K € {4, 16} to ablate the effect of

the reconstruction count. We also log ¢/, over ¢ to study how reward information propagates along
the reverse chain. Additional plots are provided in Appendix [D} Replacing the true potential with
an unbiased estimator still results in a properly weighted SMC algorithm (Naesseth et al.| [2019b}
Section 4.3).

Compute Budgets. We match compute by the number of forward passes per diffusion step. With
N outer particles, bootstrap SMC, NSMC, and FA-NSMC each require N diffusion-model evalu-
ations per step. For (FA-)NSMC, the M inner proposals are drawn by categorical sampling from
already-computed logits (no additional transformer evaluations). Reward model calls are also typi-
cally cheaper than diffusion forward passes, so we treat [N as the primary hyperparameter and vary
(N, M, K) under this constraint. For BoN, we match compute by setting N so that the total number
of diffusion-model evaluations matches the particle methods, similar to|Singhal et al.| (2025)).

Metrics. We report: (i) toxicity rates under a binary toxicity classifier and a separate holdout binary
toxicity classifier, (ii) perplexity as a fluency proxy, and (iii) output diversity via Distinct-1/Distinct-
2 (Tevet & Berant, 2021)) (see Appendix [5). Perplexity is not optimized in toxicity steering.

4.2 RESULTS AND DISCUSSION

Steering Results for Toxicity and Fluency Tasks (Table [I). Table [T] compares BoN, bootstrap
SMC, NSMC, and FA-NSMC. Nested methods substantially improve the toxicity rate over both
BoN and bootstrap SMC, with FA-NSMC slightly outperforming NSMC. The base MDLM rarely
produces toxic continuations, reflecting the rarity of toxicity under the base model. Best-of-n yields
only a marginal increase, because it selects from a small set of fully sampled z( candidates of-
fering limited leverage when high-reward outcomes are rare. In contrast, bootstrap SMC achieves

"nttps://huggingface.co/s-nlp/roberta_toxicity_classifier
https://huggingface.co/textdetox/xlmr-large—toxicity-classifier
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Table 3: Effect of population Table 4: Results over 10 repititions (A=10).
size M (N=8, K=4).
K =4 K =16

Method M  Toxt Holdt N | Method M | Toxt Holdt PPL] || Toxt Holdt PPLJ
NSMC 1 57 48 SMC - 25 19 49 31 36 44
NSMC 2 61 44 NSMC 4 29 21 39 46 A4 47
NSMC 4 59 56 4 | NSMC 8 39 31 42 45 40 42
NSMC 8 a1 56 FA-NSMC 4 36 38 38 48 44 41
NSMC 16 .71 62 FA-NSMC 8 40 39 43 45 43 40
NSMC 200 > SMC - 57 48 47 67 59 41
FA-NSMC 1 54 47 NSMC 4 70 56 36 a1 64 36
FA-NSMC 2 58 49 8 | NSMC 8 70 56 38 T4 59 38
FA-NSMC 4 62 55 FA-NSMC 4 62 55 33 70 61 37
FANSMC 8 68 60 FA-NSMC 8 68 .60 39 74 59 32
FANSMC 16 .74 66
FA-NSMC 32 71 51

a much larger increase by reallocating computation toward partial trajectories whose intermediate
reconstructions already score highly under the reward.

Nested methods improve outcomes by reducing the discrepancy between the proposal and the
reward-tilted target. Intermediate potentials provide a lookahead estimate of future reward, yielding
more informative resampling and reduced weight degeneracy. In this configuration, the difference
between NSMC and FA-NSMC is small. The effect is more pronounced for perplexity steering,
where nested methods show a larger gain over bootstrap SMC relative to BoN.

Reward Window Length Sensitivity (Table[2). Table2]sweeps the length of the continuation suffix
used by the reward model at fixed N = 8 and M = 8. As the reward window grows, performance
degrades across methods. This is expected: longer suffixes make toxicity rarer and noisier to predict,
increase the chance of drifting away from toxic content, and introduce greater long-horizon uncer-
tainty early in the reverse process. As a result, intermediate potentials become less informative—
reconstruction-based reward estimates have higher variance and are less predictive of the terminal
reward—reducing the effectiveness of resampling and increasing particle impoverishment.

The notable exception is FA-NSMC at reward length 300. Full adaptation is most beneficial when
lookahead is hardest: with long reward windows, accounting for future reward contributions at the
proposal stage is more effective than relying on noisy weight corrections. When reward information
is strongly delayed, better adaptation yields larger gains.

Intermediate NSMC Rewards with Biased Potential (Figure 2). We notice that intermediate
expected rewards, E, [(7(x0)) |x;], improve over time for NSMC and FA-NSMC when using the
correct potentials G;_;(x¢—1,¢), as shown in Figure In contrast, Figure [2a) shows that the
potential proposed by [Uehara et al.| (2025), which omits the denominator term, fails to target the
correct distribution py(z¢)  pg(xo)exp(Ar(xg)). As a result, rewards do not increase over time
under this biased potential. A full sweep of toxicity rates along [N, M, K with|Uehara et al.|(2025)’s
implementation is found in Appendix [F}

Scaling with (N, M, K) and Robustness (Tables 3| and [4). Table 3| sweeps M for NSMC and
FA-NSMC at fixed N = 8, K = 4. Table [ reports toxicity metrics over a broader sweep, aver-
aged over 10 repetitions. Three trends stand out. First, the number of outer particles /N dominates
performance: increasing N yields the largest gains, reflecting reduced Monte Carlo error. Sec-
ond, increasing the number of reconstructions K improves guidance, especially at small V. This is

consistent with the role of K in reducing the variance of )y, which helps preserve high-reward tra-
jectories early. Third, increasing the number of inner proposals M yields gains that saturate quickly,
indicating diminishing returns once the proposal is “good enough”. The external toxicity rates and
perplexity provide a useful sanity check against reward-model overfitting.

5 CONCLUSION AND LIMITATIONS

This work provides initial evidence that nested sequential Monte Carlo methods can improve
inference-time steering for discrete diffusion language models. We show that nested methods, in-
cluding fully adapted variants, achieve higher rewards than bootstrap SMC at fixed IV, highlighting
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(x0, particles, children)

X0=16, n=4, m=4 X0=16, n=8, m=4 T : :;

X0=16, n=4, m=8

X0=16, n=8, m=8

termediate reward
Mean intermediate
& S
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13 0 2 30
Diffusion timestep Diffusion timestep

(a) Average intermediate toxic reward for the biased  (b) Average intermediate toxic reward with N outer par-
NSMC variant in|Uehara et al.[(2025). ticles according to Algorithm@

Figure 2: Comparison of intermediate rewards for toxicity steering.

the value of better proposals and more informative intermediate potentials. FA-NSMC is the most
robust variant in the most challenging regimes: it degrades less as the reward window grows and
often improves external toxicity at comparable internal toxicity, suggesting improved robustness to
reward-model idiosyncrasies. Furthermore, our experiments show that compute allocation matters:
the number of outer particles N is the primary factor, while increasing the number of reconstructions
K and inner proposals M provides additional gains with diminishing returns.

Our evaluation has clear limitations. We study only two reward settings, toxicity and perplexity, on
a single base checkpoint, leaving open the question of how consistently these gains transfer across
models and domains. In addition, our intermediate potentials rely on approximate x( reconstructions
and off-the-shelf reward models, which can be noisy and introduce substantial variance.

A key next step is broader validation on established controllable-generation and safety benchmarks,
including bias/fairness suites (BOLD, HolisticBias) (Dhamala et al., 2021; |Smith et al.| 2022), truth-
fulness (TruthfulQA) (Lin et al., 2022), standardized red-teaming (HarmBench) (Mazeika et al.,
2024), and instruction-following evaluations (MT-Bench, AlpacaEval) (Zheng et al., [2023; |[Dubois
et al., [2024)), ideally within broader suites such as HELM (Liang et al., |2023). Future work can
also test generalizability on larger discrete diffusion models such as Dream-7B (Ye et al., 2025) or
LLaDA (Nie et al.| 2025). Another interesting avenue for future work is to apply the methods to
sampling problems similar to|Wu et al.| (2025) and exploring image steering (Singhal et al.| 2025).
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A  COMPARING SMC ALGORITHMS

Algorithm 3 Bootstrap SMC
Require: Base kernel f, potentials {Gt*}tz()s population sizes N, M
Set w(L) «~1/N,fori=1,...,N
Sample m(T) ~ u(xr) GT(mT)
fort =Tto1ldo
for i =1to N do
Resample a ~ Cat
Sample x(l) fl ] x(a))
Compute wt( ?
end for
Normalize wt( )1 — ﬁ)gz)l/ Zk N N(k)
end for _ _
return {(z}, w{”?)}Y,

(w*™M)

1 G 1(355 )1a$§a ))

Algorithm 4 Fully-Adapted Nested SMC
Require: Base kernel f, potentials {G7},- . population sizes N, M
Setw(z +1/N,fori=1,...,N
Sample :z:gw) ~ u(xr) G*T(xT)
fort=Tto1ldo
fori=1to N do
2") v 5 « NESTEDPROPOSAL(z\”, f,GF_,)
end for
Compute Q) w ). p() ,fore=1,...,N
fori=1to N do
Resample a ~ Cat (V)
Sample b ~ Cat (v(®) /37, v(@h)
Set xi )1 — xia f), wgz_)l «~1/N
end for
end for
return {(% ,w[() )) sy

B DERIVATION OF OPTIMAL POTENTIALS

We now examine the ratio defining the optimal proposal ¢;_; (x;—1 | ), which targets the interme-
diate distribution ;1 (x¢—1.7):
Yeo1(@i—rr)  p(@i—11) Yi_1 (1)
g (x T = ~ . (13)
e )= G T e b
Using the Markov factorization of the prior path measure p(z;—1.77) = f(zi—1 | 2¢) p(2e.7), this
expression simplifies to:

Ye-r(Te1.1) F@ia | 20) wt,l*(xtA)
Ve (T.7) Vi (z4)
where we identify the ideal Feynman—Kac potential G;_; as the ratio of expected future rewards:
Ey [exp(Ar(20)) | 1]
E, [exp(Ar (o)) | @]

= f(l’tfl ‘ -Tt) G:71(xt71;37t); (14)

G:,l(xt,l,xt) = (15)
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C TELESCOPING PROPERTY

Recall the optimal twisting functions ¥} (z¢) = E,[exp(Ar(zg)) | x| and the induced potentials
Gr_y(xi—1,2¢) = Y51 (ze—1) /97 (x¢). Taking the product of these potentials over the full reverse-
time trajectory from ¢ = T down to 1 yields a telescoping ratio:

a " . kA iy (T-1)
LGt = 117555
Y5 (o) exp(Ar(zo))

= ¥ (xr) B E, [exp(Ar(z0)) | #7] (16)

The numerator is exactly the terminal tilt required by the target distribution py(xz¢). The denom-
inator depends only on the initial noise state z7 and serves as the global normalizing constant.
Consequently, weighting the prior path measure by this product recovers the correct target:

p(zor) [ [ Gioi(@emr, @) o< plzor) exp(Ar(zo)) = yo(zor). (17)

This demonstrates that the cumulative product of the optimal potentials correctly recovers the
reward-tilted posterior distribution.

D INTERMEDIATE REWARD PLOTS

Intermediate Rewards vs Diffusion Step (varying M)
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Figure 3: Intermediate rewards under toxicity steering increase over time, with higher population
size M, yielding better rewards but diminishing returns and a largely stable ranking across time
steps.

E DIVERSITY

Output Diversity. We measure the diversity of the generations using Distinct-n (Tevet & Berant,
[2021)). Table[5]shows broadly comparable diversity across particle-based methods, with BoN slightly
higher in this setting.
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Table 5: Output diversity on the toxicity task (Distinct-n; higher is more diverse) with N = §,
K =4,)X=10.

Method Distinct-1 1 Distinct-2 1

BoN 0.29 0.74
SMC 0.26 0.71
NSMC 0.26 0.70
FA-NSMC 0.26 0.71

Diversity (Table [5). Distinct-n is broadly similar across particle-based methods, with BoN
slightly higher. This is consistent with resampling-induced duplication in SMC-style samplers,
which can modestly reduce diversity (Naesseth et al., | 2019b). However, the reverse diffusion tran-
sitions still inject substantial randomness, so we do not observe strong mode collapse in this setting
despite large gains in reward attainment.

F BIASED NESTED ABLATION

Table [0 reports the average toxicity accuracy (and external toxicity accuracy) over 10 runs for the
“biased nested” variant discussed in the main text. Configurations vary the number of outer particles,
inner proposals, and number of x( samples used for intermediate potentials; all runs use A = 10.

Table 6: Toxicity rates for biased NSMC implementation according to|Uehara et al.|(2025) averaged
over 10 repetitions (A = 10).

xo samples  Particles Inner particles Toxic acc Ext toxic acc

4 4 4 0.13 0.13
4 4 8 0.17 0.17
4 8 4 0.03 0.01
4 8 8 0.20 0.16
16 4 4 0.16 0.13
16 4 8 0.26 0.20
16 8 4 0.03 0.01
16 8 8 0.30 0.20
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