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Abstract
Actual causality–identifying the causes of particular events–is formalised by the Halpern–Pearl
(HP) definitions via counterfactual reasoning over structural causal models. Computing HP causes
requires solving a combinatorial optimisation problem that is, depending on the variant, DP

1 -
complete or worse. We propose a differentiable approximation of HP causality that leverages the
robustness semantics of logical specifications and additive intervention relaxations. Specifically,
we replace discrete satisfiability constraints with continuous robustness scores, and model inter-
ventions as soft variable shifts rather than hard graph surgeries. This, along with a sparsity relax-
ation, allows for using continuous optimisation techniques such as gradient descent. Experiments
on synthetic graphs show that our method, on average, approximates the true causes with a ±5 %
error margin, while achieving at least a 60× speedup. The framework also supports fine-grained
control over additional causal properties such as the desired counterfactual robustness.
Keywords: actual causality, gradient descent, optimisation

1. Introduction

Actual causality aims to pinpoint the factors that led to a given outcome with applications in domains
as diverse as explainable AI (Carloni et al., 2023) and legal reasoning (Moore, 2019). Unlike general
(or type-level) causality, which concerns statistical or generic causal dependencies, actual causality
seeks to identify the particular factors that were responsible for a given event in a given context–
often within complex, high-stakes systems. A widely adopted formalisation of actual causality is
the Halpern–Pearl (HP) framework (Halpern and Pearl, 2005; Halpern, 2015), which defines causal-
ity within structural causal models (SCMs) (Pearl, 2009) using three ingredients: (i) counterfactual
dependence of the outcome on the candidate cause, (ii) a suitable contingency–a setting of other
variables that makes the counterfactual dependence manifest, and (iii) minimality to exclude super-
fluous components from the cause. This framework has proven highly useful and applicable across
a wide range of problems in computer science (Meliou et al., 2010; Sarda Gou et al., 2023; Beer
et al., 2012; Dubslaff et al., 2024; Chockler et al., 2021; Pouget et al., 2021; Chockler and Halpern,
2004; Beckers et al., 2022, 2023).

Despite its principled foundation, the HP framework faces two interrelated challenges that
hinder its scalability and broader applicability. First, deciding HP causality is DP

1 - (Halpern,
2015) or DP

2 -complete (Aleksandrowicz et al., 2017), depending on the specific definition, and
no polynomial-time algorithm is known for actual causal search (i.e., identifying the HP cause of
a given event). Second, perhaps as a result of the first problem, HP causality is customarily ap-
plied to Boolean SCMs. This includes, for instance, all motivating examples in the original papers
(Halpern and Pearl, 2001, 2005; Halpern, 2015) and all 37 examples collected in a benchmark in
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a recent work (Ibrahim and Pretschner, 2020). Still, many practical systems, such as hybrid and
cyber-physical systems, operate over continuous state spaces. In such settings, specifications (e.g.,
safety constraints) are often expressed as Boolean formulas over continuous variables. Neverthe-
less, the definition of HP cause is still applicable and actual causal search is still useful, for example,
in root cause analysis and causal explanations.

Contribution We propose a differentiable approximation of HP actual causality tailored to con-
tinuous SCMs. Our approach incorporates three key ideas: (i) robustness semantics, which replace
binary formula satisfaction with a continuous measure of how strongly a counterfactual intervention
satisfies or violates a constraint; (ii) soft interventions, which generalise Pearl’s surgical interven-
tions by an additive intervention; and (iii) sparsity relaxation, which encourages minimal causal ex-
planations via ℓ1 penalties in place of combinatorial subset selection. This novel formulation trans-
forms causal search into a smooth optimisation problem, enabling the use of gradient-based solvers.
Our method preserves the core properties of HP causality while scaling to high-dimensional, con-
tinuous systems. We demonstrate its effectiveness on two synthetic benchmarks. Our code and
experimental results are available on GitHub.

The remainder of the paper is structured as follows: Section 2 reviews related work; Section
3 presents the background concepts and our approximation of causal search as a continuous opti-
misation problem; Section 4 reports our empirical evaluation; and Section 5 concludes the paper.
Further empirical evaluation is provided in the supplementary material, and all Python code used
in our experiments is included therein. The associated GitHub repository is currently private to
preserve anonymity and will be made public upon publication.

2. Related work

Halpern–Pearl actual causality Among the various definitions of actual causality (Mackie, 1965;
Wright, 2011), the formalisation by Halpern and Pearl (Halpern and Pearl, 2005; Halpern, 2015)
has gained adoption in computer science, in explainable AI (Chockler et al., 2021), software testing
(Beer et al., 2012), responsibility allocation (Chockler and Halpern, 2004), and more (Beckers et al.,
2023; Meliou et al., 2010). This definition is based on counterfactual dependence (Norton and
Norton, 2011) of the effect (a well-formed Boolean formula) on the causal variables as expressed
with the language of SCMs (Pearl, 2009). Most of the existing work focuses on systems with
discrete variables (Ibrahim and Pretschner, 2020; Sarda Gou et al., 2023) with only a few addressing
continuous variables (Peters and Halpern, 2021). It has been shown that deciding actual causality is
at least DP

1 -complete (Aleksandrowicz et al., 2017; Halpern, 2015) leading to the recent suggestion
to frame the problem of actual causal search in Boolean systems as a combinatorial optimisation
problem and use approximation approaches such as MAX-SAT (Ibrahim and Pretschner, 2020).

Robustness semantics of logical specifications The robustness semantics of logical specifica-
tions extends traditional Boolean semantics by assigning a quantitative measure, known as robust-
ness degree, that captures how strongly a system trajectory satisfies or violates a given specification
(Fainekos and Pappas, 2009). This concept has been applied across various domains, including re-
inforcement learning (Aksaray et al., 2016), hybrid systems (Donzé and Maler, 2010), and motion
planning (Fainekos, 2008), enabling more resilient verification, control, and synthesis under uncer-
tainty. We use robustness semantics to relax the Boolean effect formula (events) by a continuous
quantification which allows continuous optimisation approaches to causal search.
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Soft interventions The concept of actual causality is formalised by the notion of interventions, or
so-called graph surgeries (Pearl, 2009), where a structural equation is replaced by a new, counter-
factual, constant term (Halpern, 2016). The binary notion of hard intervention is a second obstacle
to the applicability of continuous optimisation methods and, thus, requires relaxation. Soft inter-
vention generalises the notion to cases where the structural equation is replaced with a new function
(Eberhardt and Scheines, 2007) and has been applied in the context of causal discovery (i.e., graph
learning) (Jaber et al., 2020), intervention learning (Zhang et al., 2021; Besserve and Schölkopf,
2022), and abstraction (Massidda et al., 2023). In this work, our soft interventions take a particular
form of addition of a constant vector to the nodes’ current values. This relaxation facilitates differ-
entiable optimisation while preserving the causal semantics necessary for actual causal analysis.

3. Method

In this section, we first present the theoretical background to our work, i.e., the Halpern–Pearl defi-
nition of actual causality and the robustness semantics of logical specifications. We then proceed to
present our differentiable approach.

Note on notation. We use square brackets for three related purposes: to denote interventions
(defined later), e.g., M[X = x] and M[X = x,Y = y]; to denote the state induced by a context,
e.g., v = M[U = u]; and to denote projection to a specified subset of variables, e.g., v[X ]. In each
case, the intended meaning is clear from the form of the expression and the surrounding context.

3.1. Definitions

The notion of structural causal models (Pearl, 2009) is standard in the formalisations of actual
causality (Halpern, 2016; Beckers and Vennekens, 2018):

Definition 1 A structural causal model (SCM) is a tuple M = (U ,V, R, E) in which U and V are
two disjoint sets of variables called exogenous and endogenous variables, R(X), X ∈ U ∪ V , is
a function that determines the ranges of variables, and E is the set of structural equations {X =
fX(Y1, Y2, Y3, ..., Yn)}X∈V where Yi ∈ (U ∪ V) − {X} for all X ∈ V . In this paper we assume
all variables are real-valued, that is, R(X) = R for all X ∈ U ∪ V . Therefore we omit R from the
definition of SCMs for simplicity.

The motivation for differentiating between exogenous and endogenous variables is to distinguish
between variables that are the inputs of the system and those that are influenced by the inputs,
respectively. Structural equations (or assignments, more precisely) specify how each endogenous
variable is influenced by the exogenous and other endogenous variables.

In line with our focus on particular events and actual causality, we are interested in the particular
values that variables of the system take. A particular setting for the exogenous variables is called a
context, and a particular setting for the endogenous variables is called a state.

An SCM can be visualised through a graph where each variable in U ∪ V is represented by a
node, and a directed edge from X to Y exists iff the value of Y depends, in at least one setting
of variables, on the value of X . An SCM is acyclic if its corresponding graph is acyclic. If M
is an acyclic SCM, a given context u uniquely determines the state of M, which is denoted by
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v = M [U = u]. The value of a certain variable X ∈ V in v is denoted by v[X]. In this paper, we
align with the literature and focus on acyclic models (Zheng et al., 2018; Beckers et al., 2022).

An important notion for defining and quantifying causal effects is that of an intervention. Inter-
ventions refer to deliberately changing the value or behavior of variables to observe their subsequent
effects on other variables. The classical HP formulation uses hard interventions (also called surgi-
cal interventions), where variables are set to fixed values. However, for continuous optimisation,
we will also consider soft interventions that modify variables additively.

Definition 2 If M = (U ,V, E) is an SCM, X ∈ V , and x ∈ R, then the hard-intervention model
M[X = x] is the SCM (U ,V, E ′) in which E = E ′ except that the equation X = fX(Y1, . . . , Yn),
Yi ∈ (U ∪ V) − {X}, is replaced with X = x. The hard-intervention model M[X = x] where
X ⊆ V and x ∈ R|X | is defined similarly by replacing the equations for all variables in X with
their corresponding values in x.

Definition 3 If M = (U ,V, E) is an SCM and δ ∈ R|V|, then the additive-intervention model Mδ

is the SCM (U ,V, E ′) where each structural equation X = fX(Y1, . . . , Yn) in E is replaced with
X = fX(Y1, . . . , Yn) + δX in E ′, where δX is the component of δ corresponding to variable X .

The corresponding graph for a hard intervention M[X = x] is the graph for M after a so-
called graph surgery where incoming edges for node X are removed. For additive interventions,
the graph structure remains unchanged, but each variable receives an additional exogenous input.
As we will see, the HP causal search is effectively a search over the space of interventions with
certain properties.

Next, we present the Halpern–Pearl (HP) definition of actual causality (Halpern, 2015, 2016).
We employ the latest version of the definition, i.e., the modified definition (Halpern, 2015).

Definition 4 If M = (U ,V, E) is an SCM, ΣM = (V,C ,F ,P) is called a language signature
over M, where V is the set of endogenous variables in M, C = R is the set of constant symbols, F
is a set of function symbols including those appearing in the structural equations, and P is a set of
predicate symbols including equality. An event is a Boolean well-formed formula over the signature
ΣM , logical connectives, and quantifiers. We denote an event by φ or φ(V) to emphasise that free
variables of the event are in V .

Definition 5 If M = (U ,V, E) is an SCM and φ(V) is an event, then X = x is called an HP
cause of φ, iff:

• HP1. M[U = u][X ] = x and φ(M[U = u]),

• HP2. ∃W ⊆ V, ∃x ′ such that ¬φ(M[U = u,X = x ′,W = w∗]), where w∗ = M[U =
u][W],

• HP3. X is minimal, in the sense that none of its subsets satisfies HP1 and HP2.

The tuple (W,w∗,x′) is called a witness to the fact that X = x is a cause of φ.

This definition formalises basic intuitions about the notion of an actual cause: HP1 ensures
that the cause and effect have actually happened. HP2 ensures that the effect is counterfactually
dependent on causes (Norton and Norton, 2011), with a caveat that this dependence might not be
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visible unless under a contingency where a set W of system variables are held at their actual values.
HP3 ensures that causal sets are minimal.

The original HP definition is based on hard interventions (Definition 2). However, for practical
reasons, we prefer additive interventions (Definition 3) in our differentiable approximation. The
following equivalence result justifies this choice.

Theorem 6 If M is an SCM, φ an event, and X = x is an HP cause of φ in context u, witnessed
by (W,w∗,x ′) as in Definition 5, then there exists a vector δ ∈ R|X∪W|, such that the following
holds:

1. If v∗ := M[U = u] and w∗ := v∗[W], then the solution v′ to the SCM Mδ in context u
satisfies:

v′[X ] = x ′,

v′[W] = w∗,

¬φ(v′).

2. Conversely, for any such δ with these properties, there exists a hard intervention on X ∪W
that achieves the same counterfactual outcome.

Proof Given the HP witness (W,w∗,x ′) and x ′, set S = X ∪ W and let s assign x ′ to X and
w∗ to W . The counterfactual world is M[U = u, S = s]. Because M is acyclic and real-valued,
for any Z ∈ S there exists δZ := sZ − fZ(v

do[Pa(Z)]), where vdo = M[U = u, S = s]. The
additive-intervention SCM Mδ (with δ supported only on S) thus yields the same solution as the
hard intervention, so all three properties hold. The converse follows similarly by simulating any
additive intervention with a hard intervention.

It should be noted that a simple minimal intervention in the HP formulation may require a
complicated W , hence, a complicated δ in the additive-intervention formulation. Therefore, our
approach approximates the HP definition by finding a minimal δ. In a generalised definition of HP
causality, where the choice of witness is not cost-free, our approach can be seen as a principled way
to minimise the cause and the witness.

To bridge the gap between binary events and continuous measures of causality, we employ the
robustness semantics of logical specifications (Fainekos, 2008).

Definition 7 If φ(V) is an event, the extension set of φ, denoted by ext(φ), is the set of points in
the V-space that satisfy φ.

Given an event φ, we quantify the robustness of the system, by measuring the distance of the
state of the system to the boundary of the extension. Assuming the reader is familiar with the
concept of a metric space (Willard, 2012), we recall the definition of the depth of a point in a set:

Definition 8 If (G, d) is a metric space, x ∈ G, and H ⊆ G, then

• The distance from x to H is defined as distd(x,H) = inf{d(x,y) : y ∈ H̄}, where H̄ is the
closure of H, that is, the intersection of all closed sets containing H; and

5



ARYAN HANA CHOCKLER MOUSAVI

• The depth of x in H is defined as depthd(x,H) = distd(x,G −H).

• The signed distance from x to S is defined as

Distd(x, S) = −distd(x, S) if x /∈ S, depthd(x, S) if x ∈ S

Now, we formally define the robustness of a point with respect to a logical specification:

Definition 9 If φ(V) is an event and x ∈ V is a point in the V-space, then the robustness of x wrt
φ is defined as:

ξ(x, φ) = Distd(x, ext(φ))

3.2. Differentiable Actual Causal Search

We next reformulate the search for an actual cause in continuous SCMs as a differentiable optimi-
sation problem, starting from the classical Halpern–Pearl definition and progressively relaxing its
discrete and non-differentiable components to obtain a scalable, gradient-based approximation.

Consider a continuous SCM M, an event φ(V), and a context u. We assume φ holds true under
u, and our goal is to identify a candidate witness (W,w∗,x ′) that approximates a Halpern–Pearl
(HP) cause of φ.

Denote the state of the system by v = M[U = u]. The original HP causal search can be framed
as a combinatorial optimisation problem, as inspired by (Ibrahim and Pretschner, 2020):

(Yhp,y
′
hp) = argmin

Y,y ′
|{y ′[Y ] ̸= v[Y ] : Y ∈ Y}| s.t. ¬φ(M[U = u,Y = y ′]) (1)

Whp =
{
Y ∈ Yhp : y

′
hp[Y ] = v[Y ]

}
, Xhp = Yhp \Whp , x ′ = y ′

hp[Xhp].

To enable differentiability and scalability for continuous SCMs, we introduce three relaxation
steps:

Step 1: Robustness semantics First, we replace the binary constraint φ with its robustness
(Fainekos and Pappas, 2009) to obtain a continuous quantitative measure ξ(M[U = u,Y = y ′], φ)
of how strongly the modified SCM satisfies (positive robustness) or violates (negative robustness)
the effect φ. Consequently, the original combinatorial constraint ¬φ transforms into the following
continuous constraint:

ξ(M[U = u,Y = y ′], φ) < 0. (2)

Step 2: Additive interventions The constraint in Equation 2 remains impractical for gradient-
based optimisation, as it depends on the non-differentiable operation of hard intervention, i.e., re-
placing the value of a subset of variables with fixed constants. Justified by Theorem 6, we address
this by introducing a differentiable, additive intervention relaxation (Eberhardt and Scheines, 2007):
for each variable Y ∈ V , we augment the structural equation with a learnable additive parameter
δY , resulting in

f̃Y (·) = fY (·) + δY , δY ∈ R. (3)

This way, the intervention vector δ is optimised directly, allowing smooth, continuous adjustments
to the system. The relaxed causal search problem thus becomes:

min
δ

∥δ∥0 s.t. ξ(Mδ[U = u], φ) < 0, (4)
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where Mδ denotes the SCM with additive intervention δ. This formulation ensures minimality
(HP3 in Definition 5) by seeking the sparsest intervention that violates (HP2 in Definition 5) the
effect.

We further transform this into an unconstrained penalised problem by introducing a hinge
penalty, which penalises non-violation of the effect:

min
δ

[
∥δ∥0 + λ [ξ(Mδ[U = u], φ)]+

]
, [t]+ := max(t, 0), (5)

where λ > 0 controls the trade-off between sparsity and effect violation. This formulation ensures
that solutions will only incur a penalty when the effect has not been counterfactually violated (ξ ≥
0).

Step 3: Sparsity relaxation Finally, we relax the non-differentiable ℓ0-norm in ∥δ∥0 by substi-
tuting it with the differentiable sparsity-inducing ℓ1-norm. The fully differentiable causal search
objective is thus:

Jλ(δ) = ∥δ∥1 + λ [ξ(Mδ[U = u], φ)]+, (6)

where λ > 0 is a hyperparameter governing the sparsity–robustness trade-off.
This formulation enables efficient solution via standard gradient-based optimisation, and cru-

cially, it extends HP-style actual causality discovery to continuous and high-dimensional systems.

4. Empirical Results

We evaluate our differentiable HP causal search method on two synthetic benchmarks, focusing on
scalability and the trade-off between approximation quality and sparsity. We compare against exact
HP causal search where feasible.

4.1. Research Questions

We evaluate our differentiable HP causal search method by addressing the following research ques-
tions:

• RQ1 (Scalability): How does the runtime of our differentiable approach compare to exact
HP causal search methods as the number of variables increases?

• RQ2 (Approximation–Parameter Tradeoff): How well does our differentiable approach
approximate the size and robustness of true HP causes, and how does the sparsity parameter
λ modulate the trade-off between minimality and robustness violation?

4.2. Evaluation Metrics

For our research questions, we employ the following metrics:

• RQ1: Runtime Reduction Ratio (RRR), defined as the ratio of the runtime of the exact HP
method to that of our differentiable approach. For large numbers of variables, when HP
runtime exceeds a threshold, we report the actual runtime.

• RQ2: We use the following ratios:
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– Intervention Sparsity Ratio (ISR): the ratio of the L1 norm of intervention parameters
found by the differentiable method to that found by the exact HP method, ISR = ∥δdiff∥1

∥δHP∥1 .

– Robustness: the robustness value achieved by the differentiable method, ξ(Mδdiff [U = u], φ).
We report absolute robustness rather than a ratio because HP achieves perfect robustness
(ξ = 0), making a ratio undefined.

Metric Interpretation. The Runtime Reduction Ratio (RRR) measures the speedup achieved by
the differentiable approach over the exact HP method; higher values indicate greater runtime im-
provement and are therefore better. The Intervention Sparsity Ratio (ISR) compares the sparsity of
interventions: values close to 1 indicate that the differentiable method finds interventions of com-
parable sparsity to the exact HP method. Values greater than 1 indicate less sparse (less minimal)
interventions, while values below 1 can occur when λ is sufficiently small such that the optimizer
favors very sparse interventions at the expense of non-significant robustness violation–thus, lower
ISR indicates stronger sparsity but must be interpreted jointly with robustness. The Robustness
compares robustness violations with the perfect robustness of the HP methods (that is ξ = 0). As
a general rule, by increasing λ, we expect to see lower robustness (closer to 0) at the expense of
higher ISR (less sparse interventions).

4.3. Baselines

We use exact HP causal search as our primary baseline, implemented using Breadth First Search
(BFS) (Cormen et al., 2022) over all possible subsets of variables. Since there are no established
baselines, we compare against this exact method where computationally feasible. We search by
gradually increasing the size of candidate causes, terminating when a cause is found, which guar-
antees minimality (HP3 in Definition 5). At each candidate cause, we check HP2 by searching over
all possible contingency sets, and use the Z3 SMT solver (de Moura and Bjørner, 2008) to find a
counterfactual condition.

4.4. Methodology

We generate synthetic SCMs using two well-established graph models: Erdős–Rényi random graphs
for modeling non-heterogeneous networks (Erdős and Rényi, 2022) and Barabási-Albert graphs
for scale-free networks (Albert and Barabási, 2002). To ensure acyclicity, we convert these undi-
rected graphs to directed acyclic graphs (DAGs) using topological sorting, resulting in strictly lower-
triangular binary adjacency matrices.

For each DAG, we construct a random cubic polynomial SCM by assigning real-valued coef-
ficients to the adjacency matrix, drawing independently from N (0, µ), µ = 1, 0.05. We choose
cubic polynomials to introduce non-linearity while maintaining numerical stability. Exogenous
noise terms, u, are sampled from U(2, 4), and the factual state, va, is computed accordingly.

We chose the last node in the adjacency matrix as the output variable, O, and define the effect
formula and robustness as:

φ : O > othr, ξ(v, φ) = v[O]− othr,

where othr is chosen as a fraction of the actual robustness, ξa = ξ(va, φ).
To answer RQ1, we empirically determined the maximum number of variables for which the

exact HP method completes within a timeout of 60 seconds, finding it to be n = 16 for both graphs.
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We evaluated on SCMs with n = 10, . . . , 16 nodes to measure RRR. Beyond this, we report actual
runtimes for n = 50, 100, 150, and 200 nodes.

For RQ2, we report SCMs with n = 10 and 16 nodes, varying the sparsity parameter λ over
[0.01− 2] smoothly to observe its effect on ISR and robustness.

4.5. Results

Figures 1 and 2 show the RRR plots for Erdős–Rényi and Barabási-Albert graphs, respectively. Our
differentiable approach consistently outperforms the exact HP method. The exact runtime when the
number of variables exceeds 16 is shown in Figure 3, which shows that the runtime of our method
is on the order of hundredths of a second even for 200 variables, while the exact method becomes
intractable.

Figure 1: Runtime Reduction Ratio (RRR) for Erdős–Rényi graphs.
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Figure 2: Runtime Reduction Ratio (RRR) for Barabási-Albert graphs.

Figure 3: Runtime scalability for large variable counts where exact HP becomes intractable, for
Erdős–Rényi (left) and Barabási-Albert (right) graphs.
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Figure 4 presents the ISR and robustness results for Erdős–Rényi and Barabási-Albert graphs,
respectively, for n = 10 and n = 16 nodes. The ISR values are close to 1 across a range of λ val-
ues, indicating that our method finds interventions of comparable sparsity to the exact HP method.
Indeed, it sometimes finds a sparser cause, since the HP causes need not be unique (Halpern, 2016).
As λ increases, ISR tends to increase slightly, reflecting a trade-off where larger λ values encourage
denser solutions due to the robustness penalty in Equation 6. It is also notable that robustness values
are approximately zero for sufficiently large λ, indicating effective violation of the effect.

Figure 4: Intervention Sparsity Ratio & robustness vs sparsity parameter λ for Erdős–Rényi graphs
(top) and Barabási-Albert graphs (bottom), with n = 10 (left) and n = 16 (right) nodes.
ISR values close to 1 indicate that our method finds interventions of comparable sparsity
to the exact HP method. Robustness values near 0 indicate effective violation of the effect.

5. Conclusion

We introduced a differentiable approximation of Halpern–Pearl actual causality for continuous
structural causal models. Our approach combines three key innovations: (i) robustness seman-
tics to replace binary formula satisfaction with continuous measures, (ii) additive interventions to
replace binary hard interventions with continuous, differentiable ones, and (iii) sparsity relaxation
using ℓ1 penalties to encourage minimal causal explanations while maintaining differentiability.
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Empirical evaluation on synthetic Erdős–Rényi and Barabási-Albert graphs with polynomial
structural equations demonstrates significant computational advantages over exact HP methods,
with runtime improvements that scale favorably as the number of variables increases. Our method
achieves intervention sparsity ratios close to 1 and effective robustness violation, indicating faithful
approximation of true HP causes while maintaining the essential properties of actual causality.

This work extends the applicability of principled actual causality beyond discrete Boolean sys-
tems to continuous, high-dimensional domains. The framework provides tunable control over the
sparsity-robustness trade-off via the hyperparameter λ, enabling practitioners to balance computa-
tional efficiency with causal fidelity according to their specific requirements. Future work could
explore applications to real-world domains such as explainable AI, safety-critical systems, and au-
tomated root cause analysis.
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