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ABSTRACT

Transformers have exhibited exceptional capabilities in sequence modelling tasks,
leveraging self-attention and in-context learning. Critical to this success are induc-
tion heads, attention circuits that enable copying tokens based on their previous oc-
currences. In this work, we introduce a novel synthetic framework designed to en-
able the theoretical analysis of transformers’ ability to dynamically handle causal
structures. Existing works rely on Markov Chains to study the formation of in-
duction heads, revealing how transformers capture causal dependencies and learn
transition probabilities in-context. However, they rely on a fixed causal structure
that fails to capture the complexity of natural languages, where the relationship
between tokens dynamically changes with context. To this end, our framework
varies the causal structure through interleaved Markov chains with different lags
while keeping the transition probabilities fixed. This setting unveils the formation
of Selective Induction Heads, a new circuit that endows transformers with the abil-
ity to select the correct causal structure in-context. We empirically demonstrate
that attention-only transformers learn this mechanism to predict the next token by
identifying the correct lag and copying the corresponding token from the past. We
provide a detailed construction of a 3-layer transformer to implement the selective
induction head, and a theoretical analysis proving that this mechanism asymptot-
ically converges to the maximum likelihood solution. Our findings advance the
theoretical understanding of how transformers select causal structures, providing
new insights into their functioning and interpretability.

1 INTRODUCTION

As autoregressive generative models continue to scale and are increasingly deployed in real-world
applications, the question of how Transformer models (Vaswani et al., 2017) function internally
becomes pressing. However, the inherent complexity of natural language hinders the ability to
fully comprehend how these models make decisions and work internally. In response, many recent
works have attempted to formulate synthetic frameworks that simplify these challenges and enable
theoretical analysis, while still capturing the remarkable properties and phenomena observed in
large language models, such as in-context learning (Brown, 2020; Garg et al., 2022; Bai et al.,
2024; Von Oswald et al., 2023a; Sander et al., 2024). Mechanistic interpretability (Olsson et al.,
2022; Saphra & Wiegrefte, 2024) emerges as a line of research focused on reverse-engineering the
complex computations performed inside a transformer, in order to understand how a certain output
is produced for a given input. This research has uncovered the formation of induction heads (Olsson
et al., 2022; Bietti et al., 2024; Edelman et al., 2024), i.e., specific interpretable circuits embedded
within the transformer’s weights, capable of simple operations such as copying or comparing tokens.
By examining such circuits, one can better understand the algorithms transformers implement.

In-context causal structure selection. Recently, Markov chains have been employed to formu-
late interesting sequence-to-sequence tasks that can be solved by transformers with interpretable
solutions (Ildiz et al., 2024; Nichani et al., 2024; Makkuva et al., 2024; Edelman et al., 2024). In
particular, Nichani et al. (2024) show that transformers trained on Markov Chain sequences learn
circuits that capture causal structure and estimate transition probabilities in-context. However, ex-
isting works relying on Markov chains often fail to capture the complex dynamics typical of natural
language. For instance, the causal relationship between the same two words can change with con-
text. Ideally, a trained model should identify the correct causality in context, but prior works elude
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Figure 1: Summary of our framework. We define a new task based on Interleaved Markov Chains
(top row) of different lags (k = 1 and £ = 2 in the example). Middle: at inference time, given a
sequence generated from a chain of unknown lag, the model has to identify the true lag, and use it
to predict the distribution of the next token. Bottom: we show how an attention-only transformer
can solve this task with 3 layers. The first computes the transition probabilities for each lag seen
during training, the second aggregates these probabilities over the entire past, and finally the third
layer implements the selective induction head, which selects the correct lag.

this consideration when using fixed causal structures in the chains. To address this limitation, we
propose a new synthetic task designed to mimic different causal interactions (Sec. 3). In particular,
we consider Interleaved Markov Chains, with fixed transition probabilities between states but differ-
ent underlying causal structures (see the top row of Fig. 1 for an example), and theoretically study
how 3-layers attention-only transformers learn to correctly predict the next token in a sequence.

Selective induction heads. To solve the task at hand—correctly predicting the next token in-context
in a sequence generated within this setup (middle of Fig. 1)—transformers need to learn a circuit that
adapts to the given context to select the correct causal structure among those seen during training.
We call this circuit a selective induction head, as it differs fundamentally from the induction heads
introduced so far in the literature, where the circuit learns either to copy a token from a certain
position fixed by the unique structure of the data or by comparing its semantics. In our task, the
transformer (with attention maps depicted in Fig. 1) needs to learn to aggregate all past information
to determine from which past position the corresponding token should be copied in order to predict
the next token in the sequence.

A transformer construction for in-context selection. To understand and formalize the selective
heads, we provide an interpretable construction of the self-attention layer weights in a 3-layer
attention-only disentangled transformer (Friedman et al., 2023) that implements this mechanism
(Sec. 4). We empirically demonstrate that the constructed transformer matches the performance of
both disentangled and standard transformed trained from scratch (Sec. 5) and that 2-layer attention-
only transformers cannot solve the task. Moreover, we observe that the attention maps of the trained
and constructed transformers present the same patterns, further supporting the validity of our algo-
rithm. Finally, we theoretically analyze the predictor implemented by this construction (Sec. 4.3)
showing that, in certain cases, it asymptotically converges to the maximum likelihood solution.

We defer to the appendix an extended discussion of related work (App. A), additional theoretical
analyses and omitted proofs (App. B), additional experiments (App. D, E, C) as well as generaliza-
tions and special cases of the construction of the transformers presented in the main part (App. G,
H,Iand)J).
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2 (DISENTANGLED) TRANSFORMER MODELS

In the following we introduce the necessary background and notation about the models we use later.

Transformers. The architecture of decoder-only transformers is built on two fundamental com-
ponents, the attention mechanism and the multi-layer perceptron (MLP). Given a finite alphabet
S, transformers map an input sequence s = S1.7 = (51, R sT) eSTta sequence of vectors
z = (z1,...,27) Where z; € R<. Each element of the input sequence s; is first encoded using
its corresponding one-hot vector, e5, € 0, 1151, These one-hot representations are then mapped to
d-dimensional vectors via an embedding matrix £ € R*IS!. To incorporate positional information,
a positional embedding matrix F' € R*T" is added. With a slight abuse of notation, let e; denote
the i-th element of the canonical basis of R” such that each input element s; is mapped to a vector
z; € Rviax; = Fes, + Fe;. The information of the different tokens is then mixed by the causal
self-attention heads: denoting the key, query and value matrices K, Q € R¥*dex | ¢ R4*4 and
given an input b € R4*7T one gets

Attn(h; Q, K) = A(h; Q, K)h", with A(h;Q, K) := Softmax (M(h"QK "h);a),

where Softmax(v; a); = % is applied row-wise and o > 0 is a temperature parameter.
J

In the following, we call A = QKT € R¥*? the attention matrix, A € RT*T the attention,
and Attn : RXT — RI*T the attention layer. The causality of the self-attention is enforced by
a mask M, to prevent the model from attending to future tokens, i.e. M(A)Z-j = Ay ifi > g,
—oo otherwise. For a model with L layers and { H;},c[z attentions heads per layer, we denote by
QWM K (Lh) 'y (Lh) the attention parameters for the i-th head in the I-th layer, Wl(l)7 WQ(l) € Rdxder
the parameters of the MLP at layer I, and W € RISI*¢ the parameters of the output linear layer.
Then, with h(©) = (z1,...,27) € R™*T as computed above, the decoder transformer 7 (s1.7) can
be written forl =1,...,L, as

H,
B = -1 4 z:Attn(h(lq);Q(l,h),K(l,h))v(z,h)7 RO = 1O 4 WQ(l)O' (Wl(é)TiL(l)>
h=1

where the output is given by Woh(E) € RISIXT,

Disentangled Transformers. To improve the interpretability of the operations implemented by the
models, Friedman et al. (2023) propose a transformer architecture in which each layer’s output is
concatenated, rather than added, to its input. This construction makes the residual stream explic-
itly disentangled, but increases the embedding dimension (constant for standard transformers) with
depth. Additionally, in such disentangled transformers the MLP layers are removed, the attention
heads are parameterized by a single matrix A= QKT e R¥dt_and the value matrices are ab-
sorbed into the output layer W. Both the token and positional embedding are one-hot encoding,
i.e. F and F are identity matrices, and we encode the input s; as [es,, €;] via concatenation rather

than addition. Altogether, the disentangled transformer 7 (s1.7) is formalized forl = 1,..., L as
RER) = Attn(h(l_l); fl(l’h)) for h=1,...,H;, and hW"W = [h(l_l), RED H(Z’Hl)},

where the outputs is VNVOh(L). Due to the concatenation, the embedding dimensions grows over
layers as d; = (1 + H;) - d;—1 with dy = |S| 4+ T'. Importantly, Nichani et al. (2024) demonstrate
that disentangled transformers are equivalent to standard transformers using only attention layers.

3 MARKOV CHAINS AND CAUSAL STRUCTURE SELECTION

To address the limitations of existing synthetic settings based on Markov chains and better capture
the complexity of natural language, we propose a novel framework. In this framework, the model
must learn to select the correct causal structure in-context in order to solve the task and generate the
input sequence. In the following, we describe this task in detail and outline its solution.

Interleaved Markov Chains. The framework consists of sequences of length 7" on a finite alphabet
of tokens S, generated by K distinct sources. Leti{ = {Uy,...,Uk} be the set of sources and
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K ={k1,...,kxk} asetof positive integers; each source U; consists of k; interleaved and identical
irreducible aperiodic Markov chains (Batu et al., 2004; Minot & Lu, 2014). All the sources are
defined by the same transition matrix P* € plsixis ‘, where P is the set of row-stochastic matri-
ces. This model is equivalent to a time-homogeneous Markov chain (X t(J ))tzo of order k; , whose
transition probabilities depend only on a single state k; steps back:

P(Xt = St | Xt—l = St—1,--- ,Xl = 81) = P(Xt = St | Xt—kj = st—k:j) = S;r_ij*St .

Here, we call k; € K the lag parameter, as defined by Berchtold & Raftery (2002), where K C [1,7]
is the set of possible lags. The lag, represented by the edges in Fig. 1, encodes the causal structure
by explicitly representing the causal relationship between the variables in the Markov chain.

Data. Given P* and K, a lag is uniformly sampled from X for each sequence. Denoting the

maximum lag by k= max(kC), the first k elements of each sequence are sampled from the stationary
distribution 7 of P*, ensuring a constant number of independent variables for all sources. The

likelihood of a sequence of lag k is P(Xy,..., X7 | k) = Hle m(X5) HJT:,;_H P(X; | Xj—k+1)-
Task. In this setting, the task is to predict the next state sp; given an input sequence s1.7 generated
from one of the sources, sampled at random. However, the identity of the source, and therefore the
lag, is unknown. This task amounts to solving the following minimization problem:

Fr=emfE oy i,y Pre (B | X)) [ f(Xy, -0 X)) )
(X1.7)~P(X1,...,X7|k)

where Dy, is the Kullback-Leibler divergence. Eq. (1) admits a closed form solution which is the
Bayesian model average (BMA), defined as the average of the transition probabilities for each lag,
weighted by their posterior probabilities:

. . B P(X1.7 | k)P(k)
P(Xit1 | X1.7) = I;ka(XlzT)]P’(XtH | Xi—pt1) with wy,(X1.7) = S P | KEGR)

Asymptotically, the posterior distribution concentrates around the maximum likelihood (ML) esti-
mate (Rousseau & Mengersen, 2011). Let £* be the lag that maximizes the likelihood for a sequence
(s1,...,87), Le., k* = argmax;cx P(X1 = s1,..., X0 = sp | k). AsT — oo, the posterior
probability wy, converges to 1 for k* and to O for the other lags, i.e., wy, — 1[k = k*] where 1 is the
indicator function. Then, BMA reduces to selecting the lag with the highest likelihood:

Q(Xp41 | X1yeo o, X1) = Z L[k = k" |P(Xeg1 | Xe—kt1) - 2
kek

4 How CAN TRANSFORMER DO IN-CONTEXT SELECTION?

We now want to understand which algorithm transformers learn during training. We focus on disen-
tangled transformers as defined in Sec. 2, which allow for a more interpretable analysis of the model
internal computations. The following proposition, which is the main result of the paper, shows how
a disentangled transformer can implement a predictor to solve the in-context selection task.

Proposition 1. Let K be a contiguous subset of integers, i.e., K = [k — K + 1, k] for K = |K| and

k= max(K). Forany T > k there exists a three-layer disentangled transformer T with K heads
. . X . P*X;
in the second layer such that, defining vi,(X1.7) = ﬁ Z?:EH W

exp (v (X1.7))
sex exp ((Xp) - )

T(Xvr) =Y we(Xea)P(Xegr | Xemprn)  with ig(Xyr) =
ke

The predictor implemented by the transformer in Eq. (3) resembles BMA but differs in how it ag-
gregates past information. Instead of using the posterior of each model as in BMA, our method
employs weights proportional to the exponential of the average of normalized transition probabili-
ties. We further analyze this predictor in Sec. 4.3, and discuss its convergence to ML. This construc-
tion illustrates how transformers can implement selective induction heads, a mechanism that adapts
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to the input sequence by copying the token associated with the argmax of the average normalized
transition probabilities across different lags.

The proof of Proposition 1, in Sec. 4.1 below, involves an explicit construction for the weights
of the disentangled transformer implementing the solution in Eq. (3) (an alternative construction
for the third layer is in App. H). Notably, this construction yields attention maps that resemble
those observed in practice in standard (single-head non-disentagled) transformers (see Fig. 1): then
the proposed algorithm closely aligns with what trained transformers implement. Moreover, we
discuss in Sec. 4.4 different generalizations, including the construction for non-contiguous lags.
The same construction using a single head implements the same algorithm but results in worse
sample complexity. However, in the specific case where || = 2, we provide a different single-head
construction that recovers the sample complexity of the multi-head version.

4.1 PROOF OF PROPOSITION |: CONSTRUCTION FOR CONTIGUOUS LAGS

To aid intuition, we use a running example with visual illustrations for T = 10, K = {1,2,3}. We
recall that each input element s; is encoded as h\”) = [e,,, e;] € {0,1}51+7"

First layer: extraction of transition probabilities. The first attention matrix, A(), consists of two
blocks: the first block operates on the semantic component of the input tokens, learning the transpose
of the logarithm of the transition matrix. The second block A(") learns the causal relationships
induced by each possible lag s;_ — s; for k € K:

B 0 AD MOED A A A
AQ) — [ A
. . . \ GOGEOED A A
AL _ +A if i—jEK \ LA XA
=N i i-jéK. MR + PN
A A A A A A BAGLED A

We can compute the first layer’s attention as: [e;,, e;] T A1) les;,e;] = (log P)s; s, + )\sign(AZ(.jl.)),
(108 P)sj sy +xsien(A ()

ek e(los P)s,..si+k+zrg)c (108 P)sy,s; =X "

. . L. Ps,_,.s; .

For A — oo (in practice, for A large enough) and denoting p; 1 := Z;c# fori > 1,
rek,r<i = Si 54

i—r15¢

Sj,

and applying the softmax (o = 1): A(l)(hg?%; A(l))ij =

B ﬁi,i—j le—j ek
lim AD RO AD), =0 17 ifi=j=1
A—roo 0  elsewhere
Therefore, the output at index ¢ after the first layer corresponds to a weighted average of the past
tokens hEOJk for k£ € K where the weights are given by the normalized probabilities p; j: izl(.l) =

Attn(hg?)T; AWy, = D kek.k<i ﬁi,khg(i)k for i > 1 and hgo) for i = 1. With the input vectors ")

i
being the concatenation of the one-hot encoding of the state and position [e,, €;], the first |S| entries
of hgl) correspond to §; = Zkeic,kaﬁivkesi—k for 7 > 1 and §; = e;,. The remaining entries, due
to the non-overlapping positional encodings, directly copy the normalized transition probabilities

for the transition s;_, — s; into the |S| + (i — k)-th element of izgl). To build intuition, we refer to
the example in Eq. (4) where the colors highlight transition probabilities of the same lag:

B

$118521 53 1 841 55 1 86 1 57 1 8 1 891 S0

1 0 0 0 0 0 0 0 0 0 - -

1 1 psa@aay 0 0 0 ' 0! 0! )

~1 0 0 0 0 0 0 0 0 0 00 1[;“ 1}54’21553: 000 oo

Paa P21 O 0 0 0 0 0 0 0 0101 0 ' pay  Pso @@eEN 0 1 01 0 1 0

1) Basd Daa) P o0 z: ! | :: 2 (1) 01041 0+ 0 iPoriiPe @@ 0 ' 0 1 0
A = g TR ‘ h =foioir 0010 iﬁm :1?7,2:ﬁ8,3: 0 : 0 (4)

0 U (Pe3 Pe2 Poa1 U 0 0 0 0 [ I I | > -
” & ’ 0 0 0 0 0 0 0
0 0 0 GDGEDFD O 0 0 0 10 | | | NZERIERN RN
2 s o - 0,0, 0,0 0 0 0 |psg1ipPo2 P03
0 0 0 0 P83 DPs2 Dsa 0 0 0 ! ! ! ! | | I ,1 029,210 710;
8 A Hh _ Ooror o0 Y0000 Y pea Prog2
0 0 0 0 0 (Pos  Po2 Po1 0 0 I I I I I I I 1 P9,1 P10,
S S ~ ~ O v 0 0 0 I 0 0 I ( I 0 I 0 ‘plUl
0 0 0 0 0 0 P10,3 Pio2 DPio.1 0 I I I I I I I I I ’
s g J O+0 000000000 0

)

, it extracts the normalized transi-

tion probabilities p; j, for each possible lag and stores them in the element ﬁgg 47— The resulting

vector is subsequently concatenated to the residual stream to be fed to the second layer.

The operation of the first layer is now explicit: for each token hl(-0
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Second layer: aggregation of transition probabilities. To predict the next token, the model needs
to determine which lag generated the sequence based on the past transitions. This selection requires
aggregating the normalized transition probabilities from the past, and storing them in the embedding
of the current token. However, since consecutive tokens store transition probabilities in overlapping
positions, the attention needs to learn a convex combination of tokens that avoid mixing information
from different transitions while maximizing the number of p stored (to not discard useful informa-

tion). For instance, when aggregating the past for the token at ¢+ = 10 in Eq. (4), summing fzgl) and

fAL%) would mix pig2 and pg ; together. This mixing can be avoided, for example, by only select-

ing tokens every 3 steps (ﬁfll), ﬁ?% ﬁ%)) copying transitions without blending information. More

generally, the attention A1) should attend to every K-th token from the current one, which is
equivalent to having non-zero entries along the diagonals at positions nK forn € Nand nK < T.
This structure can be enforced by constructing the attention matrix A2 with a single non-zero
block operating on the tokens’ positional encoding, as follows:

A A A A A A 0000 0 0O O0O0TO0O0
0000 0 0 00 00
A 000 0 0 0 0 0 0 0

A AA A A \ \ \
~(2 1) 8 A([Z]l) 3 0 901 A A A CEX \ \ \ \ \ (2 1) 00 O@B»O O O 0 0 O
_ i 1 2 2 A A8 - ) 5 Y _ 00 0 OO O 0 0 o0
A ’ = | - i A( ’)— \ A sy - B LA A ’ — 1o 00 0 O@GMO O 0 0
0 | 0 AN A ) OB ) ) ) 00 O0fe 0 OFfk O O O
! 2 @5 -\ \ @ -\ )\ 00 0 O@O 0O 0
A \ \ X \ A\ \ 00 0 0 0 O Ok 0
A X N ) X A EX 00 0 wmn 0 0 v 0 0 »n

where the first & rows and columns are empty because the first k elements of the sequence are sam-
pled independently from the stationary distribution and therefore not informative. This construction
resolves the issue of overlapping transitions, but copying only a subset of tokens implies losing in-
formation from the excluded ;. Introducing additional attention heads A>2)_ ... A(2:H2) with the
same form as A% above overcomes this limitation. The resulting attentions A(2:2) ... A®2.2)
still follow a diagonal structure as .A(>!) to avoid overlapping transitions, but they are shifted to
copy different tokens. For the given example, we can design A2 as in Eq. (5) to attend to fzgl)

and izél), and similarly, construct A23) for izél) and fzél).

A A A-A A \ A A A A A\ A A

N N N S S W W S W N N S N W N W S W
A(2,2) A @ A A A A(2,3) N 5 NS U N WS WS W WS U W) (5
- A A A D@ ) N A A A - N N N, D WD W N SRS )
A A A @) N A N N N N 2 W SR S
A AE - @ - A - B U N W W R N NS S\
YN \ @@ -\ R S 2 AR R N W)
N -

@ - @ - DN W S N WS S WD S NN

Each head has a diagonal structure with non-zero entries along the diagonals at position nK +h — 1
forn > 0and h € {1,..., Ho}, the attention matrices can be formalized as:

Ak _ oy L ifi>j>kand(i—j) mod K=h—1
K —1, otherwise,

where the condition ¢ > j > k ensures that all entries in the first & rows and columns are set
to —\ and imposes a lower triangular structure due to causal masking. The modulo operation
instead assigns each diagonal multiple of K to +\ (allowing attention) and the remaining diag-
onals to —\ (masking attention), while i determines the shift of the the first positive diagonal
to ensure the heads do not overlap. The output of each head in the second layer is given by
[[es,, eil, hgl)]—rfi@’h)[[esj,ej], h;l)] = Al(,?j’h’) = )\sign(Al(»?j’h)). Applying softmax and in the
limit as A — oo, the rows of the attention become uniform for positive entries and zero otherwise:

Ag,h) _ SoftmaX(A(Q’h); 1)” -1 |:A§j27h) — )\:| (Zl » 1 |:AZ(72r;h) = )\] )_1 .
(2,h rosi

The output ﬁi ) of each head is then concatenated into the residual stream. Fig. 2 shows the

output for the 10th token for each attention head E%”, iL%’Q) and 3%3) to visualize the mechanism
of the second layer. The arrows of different colors represent how each head aggregates transition
probabilities by attending to non-overlapping past tokens and averaging them with uniform weights.

When concatenating the output of the different heads ‘%) = [hl(-o), le(-l), iAzZ(-Q’l), ey fLEQ’H2)}

%

see how the 10th token stores the transition probabilities of its entire past for each lag.

, We can
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Figure 2: Visualization of the mechanism of the second attention layer in our construction. The ma-
trix represents the input of the second layer hY whereas the single vectors the output for the 10™ token
ﬁg%’l), ﬁ%z), ﬁ%g). Each of the three attention heads (arrows of different colors) copies non-overlapping
transition probabilities at distance 3 from each other from the past. By doing this, the output of the second layer
for the current token (10) contains all p for each lag without loss of information.

Third layer: average of transition probabilities and lag selection. The third layer sums the
normalized transition probabilities from the second layer embeddings and uses the result to infer the
correct lag. This mechanism is implemented through the combination of multiple blocks within the

third attention matrix, 121(3), which is structured as follows:
0 0ol 0 ol | |

EO NN (

S Yht X

e \ o Yhy Yht Yh

asgnen ) BB =gl e hw e

- IO NEES S U A - 0@o 0@HOoO O@O 0

A A A 0 0@o 0O@HO 0@ O

YRS RS S S Mo O@O0 O@EHO 0 @l

] L A A A Oo@o 0@ Oo@o o

D0 PO 3393)(“

4@ L ifi—jHlek BY — 5 +1, if (i—j) mod K=K —1
o0 -1 ifi—j+1¢eK’ 7700,  otherwise :

The matrix A®) acts on the positional embedding of the input, similarly to the matrix A(") in the
first layer. The difference is that the position of the diagonals is now shifted by one. This shift
ensures that the only non-zero entries after softmax are the ones on the diagonals corresponding to
k — 1 for k € K. The matrix B() is instead responsible for the sum of the normalized transitions.
Each block operates on the output of a corresponding head in the second layer. To understand how,
consider the following tokens in output of the first head in the second layer,

il%l): 1/3 ( e, 0001 00 1 00 1 ¥ 3 paz Pap Ps1 P73 Pr2 Pra P03 Doz Dol ())

i=4,7,10 i=47,10

WY = (i) ( eogtess 000001001 0 45 0 0 [Pos Pz Fos [Poal Bz fox O o)

WD = [1fs ( estey 0 0 0 01 001 00 55+8 0 [Pag Pso Ps1  Pss Pse Psa O 0 o)

L (2,1 A(2,1
@D 5ED

where we define ﬁ?”” € RT as the block of BEQ’h) which contains the normalized transition prob-

abilities and m?’m € RT contains a copy of the second attention. With the structure of A®) we
can see how B acts on these two blocks: hgzﬁfl@)h?) =5, pl(?’h)TB(?’)m;z’h) +e;A®)e;.
This operation sums the transition probabilities such that the entry corresponding to the lag-£ tran-
sition for the next token contains the sum of the transitions with the same lag: h§2)Tfl(3)hg)k 41 X
>~ j<i Pjk- Toillustrate this process, consider the following:

P43 T 0O@»O OO O@M»O O 0 Pa3 T 1

P42 0O 0@»O OO O@M O 0 Pa2 0

Da,1 DO 0O 0O 0 0 Pa,1 0

P73 O@»O0O 0O@»O O@»O 0 0 P73 1
A(zal)TB(&l)m(zl) — é P12 0O 0@E»O OO OEMO Vo | é Pra o]l é _ _ _
D1 8 3 Bra Lo oMo omo ool = g P11 ol — 3(174,3 + (Brs) + (P103)

D103 OO 0O@»O OO 0 0 P1o,3 1

P10,2 0O 0@»O0 OO OO 1/2 D102 0

D101 DO 0O 0O 0@ 0 P1o,1 0

0 OO O@»O O@» O 0 0 0 0
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The additional blocks containing B(®) act on the outputs of the other heads, performing the same
operation by summing the transitions of the same lag stored in the respective outputs. Considering
all heads and only the non-zero entries after softmax, occurring at j = i — k + 1 due to A®), we get

K K o
OTIORD, =3 pEMT BO ) -y p S5
h; Al )hi—k-‘rl = p; B! )mz‘—k+1 +A= Pighini,k T A,
Th +1
h=1 h=1 n=0

T—k—h
(=S
which T}, + 1 ~ £ and absorbing K inside the temperature 3, we recover the weights in Eq. (3):

where T}, =

|. Applying the softmax (o« = 1), taking the limit A — oo for large T" for

e ~ e T _
A (RE) A,y +1):exp(—(;ﬁ;) izalpi,k)/rezmcxp(ﬁ_i p) forke K.  (6)

i=k+1

4.2  SELECTIVE INDUCTION HEAD AND NEXT TOKEN PREDICTION

Selective induction head. Eq. (6) shows how the last attention layer computes a weighted average
of the tokens at a distance k& from the next one, with weights proportional to the average of the
normalized transition probabilities of lag k. In practice, trained models often learn large values of
(. Thus, we consider the limit 3 — oo, where the softmax converges to the hardmax:

3 . . « . % ~
AE,} =1[i—j+1=4k"] with k*=argmax, ZPJ’J«
J<i
Here, the transformer selects the causal structure (i.e., the lag) corresponding to the largest
> j<i Dj k- Given the current token ¢, the third layer then copies the token from the position i—k*+1,
ie, b =Y i 1li—j+1=kTh = n?

i_p+1- After concatenation to the residual stream,
the tokens are of the following form:

3 2(1) 7(2, 7 (2,H. 72 2(2,1 7 (2,H.
hg ) = [esiaei, hg )7 hE 1)7 sy hg 2)7 es,;,k*Jrl y Ci—k* 41, hgi)k*+17 h§7k1+17 RN hgfkfll

Output layer: next token prediction. Finally, the output layer WO € RS*2:1 % contains all zero
blocks, except for the one acting on the semantics of the token copied by the third attention. This
block learns the transition matrix P* to predict the transition probabilities to the next token via

fg I I I I I I T ! I I I I
Wo = (0sxs 1 Osx7 1 O5xdy 1 O5x2dy 1 -+ 1 Osx2do 1 P*T 1 05 1 Osxdp 1 Osx2dy 1 -+ 1 O5x2d,),
ie. Woh®®) = PTeg oy, = P; .., This layer shows how transformers can learn a selective

induction head; a mechanism that adapts to the input sequence by copying the token corresponding
to the argmax of some quantity extracted by the previous layers and stored in the embeddings.

4.3 EQUIVALENCE WITH MAXIMUM LIKELIHOOD

The disentangled transformer we propose does not rely on likelihood. Due to the normalization
applied by the softmax function, the model computes the sum of normalized probabilities p. For the
inference to be accurate, the cumulative sum corresponding to the correct lag must exceed those of
any other lag. This fact is formalized in terms of expected values in the following claim:

Claim 1. Let IC be a subset of integers and X an interleaved Markov chain of lag k € K, then, for
reKandi >k,

IE{ X, P*X; } < ]E{ XD PX;
D lex XL prxd Dk XL PrX;

While specific cases (e.g., two lags, no normalization, or independent lags) are proven in App. B, we
leave the complete proof of Claim | for future work. However, we provide empirical validation of
this claim in App. E. Due to ergodicity, the average % ZiT=1 Di» converges to its expected value, and
for large enough T it is higher for the correct lag. Therefore applying the exponential and scaling
the temperature [ leads to the same result as MLE in the asymptotic limit, as shown in Fig. 4c
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Figure 3: Performance of our constructed transformers, trained transformers, and theoretical estimator
(BMA, ML). First plot: lags 1,2,3. Second: the model solve the task with non-contiguous lags. Third: the
model is effective with additional lags. Fourth: one head is enough for two lags.

4.4 GENERALIZATIONS AND SPECIAL CASES

Single-head transformers. The construction above allows the model to store all the past transition
probabilities in the embedding of the current token by scaling the number of heads with the total
number of lags K. Since all heads perform the same operation, reducing the number of heads
implements an equivalent algorithm but with worse sample complexity, as some past transitions
are discarded. Thus, a 3-layer single-head transformer still solves the task by implementing the
algorithm in Proposition 1, but it only uses T_Tk_l + 1 samples to estimate the correct lag.

Non-contiguous lags. In App. I, we provide examples of constructions to handle non-contiguous
lags, where the core approach remains similar to that in Sec. 4.1. Depending on the specific case,

the number of heads needed ranges between the number of lags and k— min(K) + 1.

Two lags. By the construction in Sec. 4.1, handling two contiguous lags requires two attention heads
in the second layer for optimal sample complexity. However, we provide in App. J an alternative
construction for the third layer which enables a single-head model to match the performance of the
two-head model for any two lags, whether contiguous or not (see empirical results below).

5 EXPERIMENTS AND DISCUSSION

We conduct a series of experiments to empirically validate our construction and determine whether
transformers trained via gradient descent learns it. Setup. We train 3-layer disentangled transform-
ers (7~') and 3-layer standard transformers (7°) with learned positional and semantic embedding both
with o = /dgk using cross-entropy loss. At each step, we generate a fresh batch (size 256) of
sequences (length 128) via Alg. 1, and train using Adam optimizer with fixed learning rate 0.001
and no weight decay. For the standard transformer embedding size we tested 128, 64 and dgx = 32.
For the constructions, we fix 5 = 100 and A = 500. We report D, between the true and predicted
next-token distribution along the sequence. We generate different tasks with alphabet size |S| = 5
(no differences are observed for other sizes) varying the number and values of lags: K = {1,2, 3}
(our example) and K = {1,2,3,4,5} for the case of contiguous lags (optimal number of heads 3
and 5 according to Proposition 1), X = {1, 3,4} to show non-contiguous lags (4 heads needed, see
App. 1), and K = {1, 3} for the special case of two lags.

Main results. We observe in Fig. 3 how the construction with optimal number of heads, indicated
as 7 constr. in the plots, matches the performance of the maximum likelihood. Moreover, both
the disentangled transformers trained from scratch (7 train) and the standard one (7 train) match
the performance of the theoretical construction. Interestingly, we instead observe that when the
number of heads is fixed to 1 the trained transformers can find solutions which perform better than
the construction: this indicates the existence of more efficient, yet elusive and non-interpretable,
ways of aggregating the transition probabilities, and that gradient descent can find them. Finally, we
illustrate how for the simple case of two lags (last plot in Fig. 3) our construction with single head
(detailed in App J) attains the optimal sample complexity, while the construction in App. I would
assume using more heads. Moreover, in this case, it appears that the trained transformers can obtain
performances closer to the BMA rather than the ML for small sequence lengths.
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Trained vs constructed attention maps. In Fig. 4a we report the attention maps for the three layers
for the case K = {3,5, 7} for the trained standard transformer (top row), the trained disentangled
transformer (middle row) and our construction (see construction in App. I) (bottom row).We ob-
serve that the attention maps of the first and third layers are nearly identical between the trained
and theoretical models, with these layer functioning precisely as expected from the theoretical con-
struction. Notably, the attention entries of the first layer are proportional to log P*, even when the
model is trained from scratch and for both the disentangled and standard cases. For the second layer
(aggregation), the trained transformers converge to a slightly different structure, likely because ag-
gregation is a combinatorial problem with multiple valid implementations. Despite this variability, a
clear diagonal pattern emerges, closely resembling that in our theoretical construction. Furthermore,
as demonstrated in Fig. 4b, all models achieve comparable performance on the task. These findings
strongly suggest that the trained transformer find a solution that aligns closely with our construction.
Remarkably, we also show that standard transformers trained with learned positional and semantic
embeddings and attention parameterized by @, K, V' produce attention maps in agreement with our
construction. This provides compelling evidence that our construction is not merely a byproduct of
the disentangled transformer’s architecture but can also be implemented by standard transformers.
Moreover, we observe that even when the embedding dimension (64) is smaller than the sequence
length (128), standard transformers are still capable of matching the optimal performances therefore
finding more efficient ways to store and use all the transitions in the past.

(a) (b)
Trained standard transformer
L o K=1{3,57}
'--
- . —BMA
.:"-\. 10° 4 —ML
) T train 3H
g ——7train 3H
% 107! 3 — T constr. 3H
=
2 2
2 10724
a
"
d 1073 4
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s I L 104 T T
0%, 5, 0 50 100
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S 20
825 o
2 L
g L ©
335 o
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et
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Figure 4: Attention maps trained vs constructed transformer. Fig. 4a reports the heatmaps of the attention
maps of the trained standard and disentangled transformer and our construction for lags 3,5,7 and Fig. 4b. The
first and second layers display a remarkable similarity and the second layers show a similar diagonal structure.
Fig. 4c shows how the estimator in Eq. (3) matches ML for large S.

6 CONCLUSIONS

We introduced a novel synthetic task based on interleaved Markov chains to study how attention-
only transformers perform in-context causal structure selection. Our findings demonstrated that a
3-layer transformer can solve this task with near-optimal sample complexity, effectively showcasing
the emergence of selective induction heads, attention circuits that aggregate past information and
select the correct causal structure. Moreover, we provided a fully interpretable construction of a
disentangled transformer implementing these circuits to solve the task, and empirically verified that
both disentangled and standard transformers trained with Adam closely align with this construction.
Finally, we theoretically analyze the algorithm implemented by this construction showing that, in
certain cases, it asymptotically converges to ML.

10
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Organization of the Appendix. The Appendix is organized as follows. In App. A, we present a
detailed review of related work on in-context learning and mechanistic interpretability. App. B ex-
tends the statistical analysis of the estimator implemented by the transformer in Prop.1 and includes
omitted proofs. App. C reports additional experiments and discussions about using more than 3
layers and varying the number of heads in the second layer. Additional attention maps for differ-
ent tasks and both disentangled and trained transformers as well as the construction are provided in
App. D. App. E includes several experiments to validate Claim 1. App. F details the algorithm used
to generate the interleaved Markov chains. A complete construction for the contiguous case, along
with detailed intuitions, is given in App. G. App. H discusses an alternative third layer construc-
tion using positional embedding. The construction for non-contiguous lags is presented in App. L.
Finally, App. J explains the single-head construction for the case of two lags.

A RELATED WORK

Following the initial empirical observations of the emergent in-context learning capabilities of trans-
formers (Brown, 2020), several works have attempted to understand this phenomenon. Xie et al.
(2021) sought to formulate in-context learning as Bayesian inference, while Garg et al. (2022) stud-
ied the ability of transformers to learn simple functions, such as linear models or multilayer percep-
trons, in context. A subsequent line of work (Akyiirek et al., 2022; Bai et al., 2024; Von Oswald et al.,
2023a;b; Raventos et al., 2024) shows that transformer layers might implement gradient descent to
solve in-context linear regression. Ahn et al. (2023) extend this idea to higher-order algorithms. Im-
portantly, Olsson et al. (2022) postulate that in-context learning is tied to the emergence of induction
heads. Bietti et al. (2024), subsequently extended this idea, showing the development of induction
heads to learn bigrams in-context and showcasing a connection with associative memories. Our
work is inspired by foundational efforts in causal interpretability and mechanistic understanding of
neural networks, particularly transformers (Olsson et al., 2022). These include studies on causal
mediation analysis (Mueller et al., 2024), causal abstraction as a theoretical framework (Geiger
et al., 2023), and the broader scope of mechanistic interpretability in language models (Saphra &
Wiegreffe, 2024). More closely related to our work is the literature analyzing transformers through
the lens of Markov chains. In particular, Nichani et al. (2024) shows how transformers trained on
sequences generated by Markov chains on a graph learn simple circuits to capture the underlying
causal structure and implement the Bayes-optimal solution by estimating transition probabilities in
context. Similarly, Edelman et al. (2024) illustrate the formation of statistical induction heads that
accurately compute posterior probabilities based on bigram statistics. Makkuva et al. (2024) used
Markov chains to study the loss landscape of transformers, while Rajaraman et al. (2024) shows
that a constant depth is sufficient to learn k-th order Markov chains. Along this line, Svete & Cot-
terell (2024) demonstrates that transformers with hard or sparse attention can exactly represent any
n-gram model. Extending this framework to Hidden Markov Models, Hu et al. (2024) highlights the
limitations of transformers in learning such models compared to RNNs.

B STATISTICAL ANALYSIS OF OUR PREDICTOR

For our estimator to select the correct lag, the following inequalities must hold for a lag k£ and a
sequence of length T' generated accordingly:

T T
Zﬁi7k > Zﬁm V,r # k;and;r € K.
j=1

i=1

These results enable us to recover the MLE estimator in the high-temperature limit and approximate
the BMA at finite temperatures. Assuming the process is ergodic, and by taking the limit of the
inequality above, we require the following condition:

{ XiT—TP*Xi } ]E{ XiT—kP*Xi
ZzeicXiT—lP*Xi B ZZEICXZ‘T—IP*Xi

as formalized in Claim 1.

for r € K and ¢ > max(K),

We leave the complete proof of this result as future work, but we have fully validated it empirically
in Section E. We provide here the proofs of Claim 1 for three specific cases.
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Two-lag case. In the case of two lags, we can show the following general result for any two
distributions, P and @), over 1, ...,k for kK > 0.

Lemma 1.
k SO k 2
2 PZSZLQC(;&) =2 P(z‘];i)cz(z‘)' @
Proof. We first show that
I e (a MU LR
Then, by using Cauchy-Schwarz inequality, we obtain:
im : i P(z‘];ﬁ);u) 2 p@?ﬁ);@ B Zk:P(i)Q()
]

The result in the two-lag case follows directly. Let i denote the distribution of the lag-£ interleaved
process Xy, (i.e, (s, 85, 85) = P(X; = s;, X; = 55, Xj; = si)) . For any lag {r} we have

XitrP*X’i } Z ( ) Psi—k;SiPSi—T,Si
= Si—k; Si—r, Si
XiT—rP*Xi + Xz—[kP*XZ H . Psi—kasi + P

[ ) : , 8%
Si—kySi—r,Si e

P, 'Pif'm i
= Z lff(siflmsifr)zp Slik?sz_‘_; :
Si—k,Si s

s
Si—k»Si—r Si e

By applying Lemma 1, we directly obtain
X', P*X; } E{ X" P*X; }
XL PX+ X . PrX )T OUX P+ X PR

|
which proves Claim 1 in the case of two lags.

Independent lags. In the case where all lags in C are such that (X;_;);cx are independent, we
can prove Claim 1. Indeed, in this case, the distribution of the observed lags can be factorized as

p((si—i)iex) = [1;exc #(si—1). Thus we have

e = D Y
T = H\(Si—1)iex
ZZGICXi—lP Xi siy(sic1)iex

PSi—k,Si (PSifr,Si B PSi—k,Si)
ZleIC PSi—uSi

|

psri—kvsi (P%fmsi B Psi—kvsi)

= Z M((Si—l)le;c,z;ék,r)ﬂ(si—k)ﬂ(si—r)

P, | s,
Sia(si—l)le)c ZlEK i—1+51
Then, by observing that a(a — b) + b(b — a) = (a — b)? > 0, the result follows from:
PS' .s-(Ps-, S; _PS' .s-)
2 p(si—p)p(sioy) —— 5" AL
Si—;&‘—z ZZGKJ PSi—L,Si
= Z /1’(3 k),Uz(S )Psi—kmsi (Psi,,,.,si - PSi—k,Si) + Psi77,’si (PSi—k,Si — Psi77.’si>
Si—r,Si—1 ZlEK Psifhsqi
(Psi—r Si PSv,k si)2
= plsip)p(sior) —F—5———— 20
Sz‘—rZ;ﬁ_z Z o Zlelc Psi—lasi

We observe that similar techniques can be applied to prove Claim 1 in the case of a symmetric
Markov kernel P*.
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No normalization case. Due to various reasons, including the normalization of the softmax in the
attention layer, our estimator relies on a score computed by aggregating the normalized probabilities
Di k- If we were to use the unnormalized probabilities, we could rely on the following result, which
simplifies Claim | by excluding the normalization step.
Lemma 2. Let K be a subset of integers and X, a stationary interleaved Markov chain of lag k € KC,
then

E[X,",P*X;] <E[X, ,P*X;] for r € Kandi> max(K). 8)

Proof.

EX P X = > p(sior ik si)Pe, s,

Si—r;Si—k,Si

= Z M(Sifﬂ Si*k?)PSi—k,SiPSi—'mSi

Si—r;Si—k,Si

< g g Szf'msi k 5, kySi § 82*T7Si*k)PS21 38
Si—r;Si—k Si—r;Si—k
2 2
< E § E 51—r7 Si—k:))Psi,,msi E ( E /J/(Si—ra Si—k))PSi,,,,sia
Si—k Si—r Si—r Si—k

where the inequality follows from the Cauchy-Schwarz inequality.
Assuming that p(s;—,, s;—) is a coupling of the stationary measure 7, we then have:

E[XT P*X Z Z T(Si—k) 51 rySi Z T(8i—r) P, sL i

Si—k Si—r

= Z W(Si_k)PSzi,k,Si

SiySi—k

=E[X," ,P*X].

It remains to prove that ;(s;—, S;—x) is a coupling of the stationary measure 7.

First, let’s assume that r and k are such that X; , and X;_j are independent. In this case
w(Si—ry Si—k) = p(si—r)p(si—x) and we have both that Zsi_r w(Si—rySi—k)) = p(si—k) and
Zsi,k P(Simrs Sik) = p(Si—r)-

Alternatively, if » and k are such that X, and X} come from the same Markov Chain with
r > k. We have thus that X; ., ~ p and X; x|X;—, ~ s Pl for some [ > 0 and

w(Si—r,Si—k) = m(si—r)s; . P's;_y. Since P is a stochastic matrix, summing over s;_j gives
Doy M(Siory Sick) = ,u(sZ T) = m(s;—,). Finally, by definition of the stationary distribution 7,

summing over s;_, gives . ju(Si—r, Si—k) = T(Si—k)- O
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C SCALING HEADS AND LAYERS

In this section, we investigate how varying the number of heads in the second layer and the number
of layers affects the model’s performance. We train standard transformers with learned positional
and semantic embeddings in the same setup as reported in Section 5. In Figure 5 (left) we consider
the task given by K = {1, 2, 3} and first show the behavior of the model with 2 layers and different
combinations of heads [1,1],[3, 1], [1, 3], [3, 3], the results show that transformers with 2 layers
can’t solve the task. Second, we show that increasing the number of layers beyond 3 does not change
the performance. In Figure 5 (right) instead we consider the task defined by K = {1,2,3,4,5} and
train transformers with fewer, equal to, or more than K heads. As predicted by our construction
increasing the number of heads leads to performances that get closer to the maximum likelihood
up to having the number of heads equal to the number of lags in the set K. Beyond this point
adding more heads does not improve performance, this is expected as ML is optimal. Figures 6,7,8
illustrates the attention maps for a 3-layer transformer with only 1,2, 3 heads respectively in the
second layer, despite the task having 5 lags. Remarkably, even with fewer than K heads, the layers
remain consistent with our theoretical construction, displaying analogous patterns: the first layer
extracts transition probabilities, the second aggregates them, and the third implements the selective
head. However, in the case of fewer heads, the second layer appears to find an efficient way to
superpose information—a mechanism we could not yet interpret. Understanding this behaviour in
the second layer remains an open question for future work.

K={1,2,3} K={1,2,3,4,5}
100
8 8
g 107 =
() ()
) )
) )
-2 |
2 10 2
A A
| |
M 1073 5 M
10_4 T - —4 - ‘
0 50 100 0 50 100
Sequence Length Sequence Length
—BMA —72L[1,3]—73L[1, 3, 1] —BMA —73L[1,2,1]—73L[1,5,1]
—ML —7T2L[3,1]1—74L[1, 3,1, 1] —ML —73L[1, 3, 1] 73L[1,6,1]
T2L[1,1]  72L[3,3]—75L[1,3,1,1,1] —73LI[1,1,11—73L[1,4,1] 73LI[1,7, 1]

Figure 5: (left) Scaling number of layers: we train standard transformers with learned position and semantic
embeddings. Transformers with 2 layers can’t solve the task for any combination of heads. Transformers with
more than 3 layers achieve the same performance as for 3 layers. (right) Scaling number of heads in the
second layer: we train standard transformers with learned position and semantic embeddings increasing the
number of heads in the second layer. As predicted by the construction increasing the number of layers leads to
performance closer to the Maximum Likelihood.

"With this notation we intend the following [#heads layer 1, .. ., #heads layer L]
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Figure 6: Attention maps for 7 3L [1,1,1] and K = {1,2,3,4,5}: we observe how even with fewer heads
the transformer learns layers which are consistent with the operations in our construction. In particular the first
layer is still extracting the transition probabilities, the second is aggregating them and the third one implements
the selective head.
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Figure 7: Attention maps for 7 3L [1,2,1] and K = {1, 2, 3,4, 5}: we observe how even with fewer heads
the transformer learns layers which are consistent with the operations in our construction. In particular the first
layer is still extracting the transition probabilities, the second is aggregating them and the third one implements
the selective head.
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Figure 8: Attention maps for 7 3L [1,3,1] and K = {1,2,3,4,5}: we observe how even with fewer heads
the transformer learns layers which are consistent with the operations in our construction. In particular the first
layer is still extracting the transition probabilities, the second is aggregating them and the third one implements
the selective head.
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D ADDITIONAL ATTENTION MAPS PLOTS

As an additional confirmation for our construction we report here a comparison of the attention
matrices for the task introduced in Figure 1. We compare a standard 3-layer attention only trans-
former with learned positional encoding and one attention head per layer with our construction. The
standard transformer was trained in the same setup already introduced in Section 5. We observe a
remarkable similarity between the attention maps of our construction and the trained transformer.
This further confirms that the disentangled transformer is a good proxy to study the residual stream
and the flow of information inside the transformer in a more interpretable way. Moreover it con-
firms that our construction is realistic and aligns with what transformers learn in practice by gradient
descent.
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Figure 9: £ = {1,2} Attention maps trained standard and disentangled transformer vs construction.
We visualize the heatmaps of the attention maps of the trained standard transformer with learned positional
encoding (top row) and our construction (bottom row) for lags 1,2. All layers show a remarkable similarity. .
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Figure 10: K = {1, 2, 3} Attention maps trained standard and disentangled transformer vs construction.
We visualize the heatmaps of the attention maps of the trained standard transformer with learned positional
encoding (top row) and our construction (bottom row) for lags 1,2. All layers show a remarkable similarity. .
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Figure 11: K = {1, 2, 3} Attention maps trained standard and disentangled transformer vs construction.
We visualize the heatmaps of the attention maps of the trained standard transformer with learned positional
encoding (top row) and our construction (bottom row) for lags 1,2. All layers show a remarkable similarity. .
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Figure 12: K = {1, 2, 3} Attention maps trained standard and disentangled transformer vs construction.
We visualize the heatmaps of the attention maps of the trained standard transformer with learned positional
encoding (top row) and our construction (bottom row) for lags 1,2. All layers show a remarkable similarity. .

21



Under review as a conference paper at ICLR 2025

Trained standard transformer

10 4
15 4
20 4
25 4
30

Sequence Index

35
40
45

10 1
15 4
20
25 4
30

Sequence Index

35
40 4
45 4

ction disentangled transformer

Sequence Index

T T T T T T
o n o 1 o 1’ o
- = Q& A ™

T
o
<

w ]
o <
order 1

Attention Layer 2 Attention Layer 3

Figure 13: K = {1, 2, 3} Attention maps trained standard and disentangled transformer vs construction.
We visualize the heatmaps of the attention maps of the trained standard transformer with learned positional
encoding (top row) and our construction (bottom row) for lags 1,3,4. All layers show a remarkable similarity. .
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Figure 14: K = {1, 3,4} Attention maps trained standard and disentangled transformer vs construction.
We visualize the heatmaps of the attention maps of the trained standard transformer with learned positional
encoding (top row) and our construction (bottom row) for lags 1,3,4. All layers show a remarkable similarity. .
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Figure 15: K = {1, 3,4} Attention maps trained standard and disentangled transformer vs construction.
We visualize the heatmaps of the attention maps of the trained standard transformer with learned positional
encoding (top row) and our construction (bottom row) for lags 1,3,4. All layers show a remarkable similarity.
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E EMPIRICAL VALIDATION OF CLAIM 1

To empirically validate Claim 1 we first sample a set of 12 lags uniformly between 1 and 30; we
then sample 1000 different transition matrices and for each matrix and each lag 1000 sequences
of length 1000 according to the respective Interleaved Markov chain. For each lag and each set
of sequences we then compute the expectation in Claim 1 by averaging the last transition in each
sampled sequences. We then compute the following quantity:

X, PX; XL, PX;
| — max E[

= =5 )
Diex XL PrX; :’é’é Diex XL PrX;

E[

and report it in the histogram in Fig.16. We can see that all values in the histogram are positive
therefore confirming our claim. Similarly, the results in Fig.17 report the quanity in the claim for
each single lag. As per our claim, the expected normalized transition probabilities of the true lag is
always larger than the same quantity for any other lag. As a further confirmation of the claim, in
Fig.19 and Fig.20 we report the cumulative average of the normalized transition probabilities along
the sequence for a single sequence. We observe that even with few samples (small ¢) the cumulative
average for the true order is always larger than the same quantity for the other lags.
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Figure 16: Difference of the expected Normalized Transition Probabilities for the true lag and the max-
imum over all other lags for |S| = 10. The histogram shows how the quantity in Eq. 9 is always positive.
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Figure 17: Expected Normalized Transition Probabilities for |S| = 10: The sampled set of lags is K =
{1,2,7,9,10,11,13,15, 16, 22, 26, 28}, we sampled 10 different transition matrices and for each lag and each
matrix sampled 1000 sequences of length 1000. The expected normalized transition probability is always larger
for the true lag.
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Figure 18: Expected Normalized Transition Probabilities for |S| = 25: The sampled set of lags is K =
{1,2,7,9,10,11,13,15, 16, 22, 26, 28}, we sampled 10 different transition matrices and for each lag and each
matrix sampled 1000 sequences of length 1000. The expected normalized transition probability is always larger
for the true lag.
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transition matrix. The cumulative average of normalized transition probability quickly becomes larger for the
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Figure 20: Cumulative average of Normalized Transition Probabilities for |S|
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25: The sampled set of

lags is £ = {1,2,7,9,10,11,13,15, 16, 22, 26, 28}, we report one sequence sampled according to one the
transition matrix. The cumulative average of normalized transition probability quickly becomes larger for the
true lag.
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F TASK DETAILS

Algorithm 1 Generate Dataset of N Sequences from Interleaved Markov Chains

Require: N (sequences), T' (length), S (state space), KC (set of lag values), P* (transition matrix)
Ensure: Dataset D of N sequences

1: D0

2: m 4 stationary distribution of P*

3: fori =1to N do

4 k < Uniform(/C) > Randomly select lag for this sequence
5: Xy < Sample from 7 > Initialize first state
6: S+ [Xo] > Initialize sequence
7 fort=1t0T —1do
8: if t < k then
9: X, < Sample from 7 > Sample from stationary distribution
10: else
11: X; + Sample from P*[X;_, ] > Transition based on lag &
12: Append X; to S
13: Add Sto D
return D

G COMPLETE CONSTRUCTION FOR CONTIGUOUS LAGS.

First layer, extraction of transition probabilities. The first attention matrix, fl(l), consists of
two blocks: the first block operates on the semantic component of the input tokens, learning the
transpose of the logarithm of the transition matrix, while the second block learns the sum of the
adjacency matrices of the sources involved in the task, scaled by a factor A:

A A A A A A A

A — log P 0 5 VI N N S WS S
- 0 A(l) EV N U S S N WS S
DD D DR N S N S

A(l) I I N S ) N W N NN

- A A THA A A A A

A

AR NS SN
PR S N W W
A A A A A A

)
A\
A\
A
A
\ (10)
A\
A\
A\
A A A AHA HA A\

LB ID SI T I S D

A(1){+>\1 if j—iek

A\ A\
A-A
A\ i j-ig K. A

+

In Eq. (10) the matrix A is represented for the illustrative example. To better understand the
operations resulting from this structure, we can explicitly compute the output of the first layer as
follows:

les; e T AW ey, ej] = el log PTe, + Aflj) = (log P)s; s, + )\sign(AE’lj))
applying the softmax:

log P)s. s +)sign(AY) log P)s. s, +sign(AY
AR AW, — o8 P)ey wi e men(i ) (o8 ey et enl )

: Ay T log P)a, o +A log P)ay .o —A
Zz 16(logI:’)ST,Si+)\51gn(A7.’7_7.) ZrEICe( g P)sr.s; +ZT€IC6( g P)sr.s;

r=

and considering the limit A — oo:

PSj,Si . . .
lim -A(l)(hg(-)z)ﬁ A(l))ij —{ ek Py if i-jek
Ao . 0 elsewhere

In words, the non-zero entries of the attention matrix, after applying the softmax, correspond to the

sum of the adjacency matrices but where the value of each entry is the probability associated with

the respective transition divided by the probability of all the possible transitions, which we denote as

Dik = ﬁ Therefore, the output at index i after the first layer corresponds to a weighted
rek s

Sr.S;

average of the past tokens h(o) for k € K where the weights are given by p; j:

Attn(h 10%,14(1 Z]l i—jeK] Z 87’; h(o sz kh
relC = SrySi kel
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Given that the input vectors hEO) are the concatenation of the one-hot encoding of the state and

position [e, , e;], the first | S| entries will correspond to 3; = >, -« Ps x€s,_, Whereas the remaining
entries, given that no overlap is possible between the encoding of the positions, will simply copy the
normalized transition probabilities correspondent to the transition s;_p — s; fork € K € RIS! and
store it at the (¢ — k)-th element of ﬁgl) = Attn(hg?%; AM);. To gain a better intuition regarding this
operations, is is useful to consider the example given in Eq. (11) where the different colors highlight
transition probabilities of the same lag:
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The operation of the first layer is now clear: for each token hEO), it extracts the transition probabilities

Di,i, for each possible lag and stores them in the element Attn(hg?gp; 121(1))2»75+T,k. The resulting
vector is then concatenated to the residual stream to be fed to the second layer.

Second layer, aggregation of transition probabilities: To predict the next token, the model needs
to determine which lag is more likely to have generated the sequence based on the observed tran-
sitions up to the current token. In order to do so, we need to aggregate the normalized transition
probabilities of the entire past and copy them into the embedding of the current token. However,
since consecutive tokens store transition probabilities in overlapping positions, simply averaging a
token’s history via a uniform attention would cause information from different transitions to mix.

For example, when aggregating the past for the token at ¢ = 10 in Eq. (11), summing ﬁgl) and
Bﬁ) would mix pio,2 and pg ; together. To avoid this, the second attention needs to use the po-
sitional encoding to learn a convex combination of the past tokens, which minimizes the overlap
and maximizes the number of transitions stored. For example, by selecting one token every 3 steps
hfll), hgl), h%) we can copy all the transitions without mixing information. More generally, the
attention .A(?) should attend to every K-th token starting from the current one. This corresponds
to a diagonal structure, with non-zero entries along the diagonals at positions nK for n € N and
nK < T. This structure can be enforced by constructing the attention matrix A(>") with a single
non-zero block that operates on the positional embeddings and takes the following form:

AN U NS N, S W S N, S\ 000 0 0 0 0
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AN W NS N S W, S W, S 000 0 0 0 O
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0 . 0 AA @ @ ) A 00 0k 0 0’

YR . YW ' SN 00 0 0OfB O 0
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A @ @8 - @ 00 0 m 0 0 w»

where the first k& rows and columns are empty because the first k elements of the sequence are
sampled independently from the stationary distribution and therefore no transitions are present.

The current construction allows us to overcome the issue caused by overlapping transitions; however,

only copying a subset of tokens implies losing the information contained in the remaining h; which
were excluded by the attention. To overcome this limitation, we can introduce additional attention
heads, for a total of K. Each one of them still presents a diagonal structure in order not to sum
overlapping transitions but now shifted such that each head copies different tokens. For the given

example, we can construct A22) a5in Eq. (12) to attend ﬁél) and ﬁél) which were discarded before,

and similarly, the third head can be constructed with A(>?) to sum ft(sl) and ﬁél). This mechanism
corresponds to having each additional head with a diagonal structure and non-zero entries along the
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diagonals at position nK +h —1forn € Nand h € {1,..., Hy} being the index of the head.
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(12)
The attention matrices { A1), ... A2H2)} can be formalized as:

K —1, otherwise

A0 :A{H’ if i,j>ki>j, (i—j—h+1) mod K =0)

where the condition 7,5 > k ensures that all entries in the first k rows and columns are set to
—Xand ¢ > j imposes a lower triangular structure due to causal masking. The modulo operation
instead assigns each diagonal multiple of K to 4+ (allowed attention) and the remaining diagonals
to —A(masking the attention) while & determines the shift of the the first positive diagonal such
that the heads do not overlap. To develop a better intuition for these structured matrices and their
function, we can explicitly write the equation for the output of each head in the second layer:

[[esi,ei],ﬁgl)]T;l(Q’h)[[esj,ej],ﬁ;l)} = Ag?j’h) = /\sign(A(.Q.’h))

%
applying softmax and considering the limit as A — oo, the rows of the attention become uniform in
correspondence to positive entries and zero otherwise:
) 1{(i—j—h+1 dK=0
AP = (Softmax(ACM)) = — [(i=j—h+1) mo ]
i Y, L[(m—j—h+1) mod K = 0]

which in turns implies that the attention computes ﬁﬁ” = Attn(hggp; AR = Z;:k Agf’h)hgl).
The output of each head is then concatenated into the residual stream. The visualization in Fig. 21
is helpful in fully understanding the mechanism implemented in the second layer. Due to space

constraints, we only show the output for the 10th token for each attention head ﬁ%l), /3%2) and
h%?’). We can see how each attention head, represented by the arrows of different colors, aggregates
the transition probabilities by attending to the tokens in the past that do not overlap and averaging

them with uniform weights. It is important to remember that the input of the second attention layer is

given by the concatenation of the input and output of the first layer, h(1) = [e,,, e;, Bgl)]; thus when
the tokens are averaged by the attention, the output will also contains an average of the position e;
and semantics e, of the attended tokens which are represented by the first half of the vectors h(lf)’h’).

Interestingly the block summing the positional encoding is basically storing a copy of the attention

oW A§2) in the token 7. Finally, when concatenating the output of the difference heads, we can see
how the 10th-token will store the transition probabilities for each lag and of its entire past.

Third layer, average of transition probabilities and lag selection. Once the heads in the second
layer aggregate the normalized transition probabilities from previous steps and store them within
each token’s embedding, the third layer sums these probabilities and uses the result to determine the
correct lag that generated the sequence.

To build some intuition, let’s revisit our running example. Suppose the current token is at position
i = 10, and we are predicting the 11" token in the sequence. Given a set of possible lags {1, 2,3},
the third attention mechanism must focus on one of the tokens at positions 8, 9, or 10. This ensures
that transitions for all possible lags are considered: If the sequence was generated from the source
of lag 1, the token at position 10 needs to be copied to predict the transition probabilities for the
11" token. For lag 2, the token at position 9 is copied, and so on. To determine the correct lag
based on the sequence’s history, our construction relies on the sum of past transitions up to the
current token, » i<i Dj,k- Therefore, to select the correct lag, the third attention is constructed so
that the entries corresponding to the transitions of possible lags are proportional to the respective
cumulative sums. For example, to select which token among the ones in position 8,9, 10 should be
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Figure 21: Visualization of the mechanism of the second attention layer in our construction. The ma-
trix represents the input of the second layer hY whereas the single vectors the output for the 10" token

ﬁg%’1)7 %%’2)7 fz%s). Each of the three attention heads (arrows of different colors) copies non-overlapping
transition probabilities at distance 3 from each other from the past. By doing this, the output of the second layer
for the current token (10) contains all p for each lag without loss of information.

copied to predict 11, the third attention must be such that Ag%{lo is proportional exclusively to the
sum of transitions of lag 1, i.e., >, P;,1 while Aﬁf’]{g is exclusively proportional to 3., Pj,2

and Ag%),s o ;<10 Pj,3- Then, in the limit of the softmax converging to the hardmax, the attention
collapses to the entry corresponding to the larger sum and select the correspondent lag by copying
the associated token. More generally, for this to apply to all rows, the third attention matrix must be
constructed such that Agi) X Y ;<iPj1, while Agill X Y j<iDj2, and AZ(?’ILQ t0 > <; Pj,3, with
all remaining entries set to zero.

In practice, this selection mechanism is implemented through the combination of multiple blocks
within the third attention matrix, A, which is structured as follows:

0 0 | . D | | . .

0 Aa® 1 0 00 0 4@ it g-itlek

0 10, 0 0! Lo 1o t -1 if j—i+1¢K
”””” - : R A e XA A A A A A A A
0 0 0 .0 b 00 AN A A A A A A A
i) | 100 T FToooT T 5 I NS DI WS U NS WS WY
A® = 0 00y p@1 Y b0 0 S VD NS WD W W N W
******* T it e sl A(S) N I R N NS NS N S N )
A | | DU N S SIS D D W W)
******* LR R EEEE SEy R EE T LU S L N, S S SR A
o ‘0! o0 !0 0 '0 NS WD WS NS WS S S N
,,,,,,, S 0 0 [ B S S N S . WD WD |
0 Lo 0 Lo 0 B(?’): 0 A PR U N N N WS ) §

First of all, the matrix A®) acts on the positional embedding of the input similarly to the matrix
A® in the first layer. The difference is that the position of the diagonals is now shifted by one: This
ensures that the only non-zero entries after softmax will be the ones on the diagonals corresponding
to the lags in /C. The matrx B(®) is instead responsible for the sum of the normalized transitions;
each block operates on the output of a corresponding head in the second layer. To understand how,
consider the following tokens in output of the first head in the second layer:

i’f%”:l/i“(s 000100 1 0 0 1 s|pag paz Pa1 P73 Pr2 Dra P03 Doz DPio U)
115,2'”:1/2-(8 000001001 0s 0 0 [Pos Poo Boi Do oo Foi O 0)

. T 14
hg”:l/m(s 0000100100 s 0 Psa Pz Psg Pss Psz Psa O O 0) (14)
wft? i
(2,h) T S(2,h) . . . o
where we define p, € R* as the block of h; which contains the normalized transition prob-
(2,h)

abilities and 70, € RT the block that contains the copy of the second attention. By the structure
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in Eq. (13) and the concatenation of the outputs h(?) = [h(®) Egl), EEZ’I), ol BE2’H2)] we can see
how B®) act on these two blocks:
K
BT B2 — ZpEZ,h)TB(3)m§_2,h) i eiA(g)ej
h=1

where each operation involving B(®) is selectively summing the transition probabilities from the
correspondent head. As previously mentioned, for the sum to be selective, it must hold that
hl(-z)Tfl@)h@kH x ngiﬁj,k, where we replace j with ¢ — k + 1 because, after applying soft-
max, these will be the only non-zero entries due to A®). The key idea behind this operation is that

A(2,h)

BGMm (.Q’h) 1 1s a boolean vector, such that when multiplied by p,”", it sums only the entries that

correspond to transitions of lag k. For instance, consider the product p(2 ;0 gf’l) in Eq. (15),
it should sum the transitions of lag 3 stored in h(2D to give Ao g such that the 8™ token can be

copied to predict the 11" if the lag of the sequence is 3. However, we can notice how simply taking

T
the inner product ﬁ%l) mgf*h) would lead to the wrong computations summing over the transitions

of lag 2 instead of 3 and excluding the transition correspondent to p4 ». This happens because all
the transitions are stored starting from the element ¢+ — 1 of p ( b and not 7. To account for this,
the matrix B performs a permutation such that the mask is shifted by one position. Along with
permuting the mask, the matrix BG:1 also removes the normalization factor (1/2) and includes the
missing transitions in the mask. To achieve this, each column of B(3?) follows a pattern in which
the entries are spaced at intervals of K, and the pattern shifts by one position between successive
columns such that all possible sequences are present allowing to sum over all possible lags. This
shift creates a cyclic arrangement where the columns repeat every K as the transitions within the

vector p(2 h)

Pas T/ WO OO OEMO 0 0 D43 T 1

P2 0 0o 0o ofolfo P12 0

Pa B0 O@RO O@HO 0O @ 0 Da,1 0

Pra OEMO OEMO OEMO O 0 P73 1

A(2,1)TB(3,1)m(2,1) 7@ Pr.2 0 0@»O 0O@EM»O 0@ O Vo | é D72 0

Pio 8 3 P71 Mo OEHO O@EMO 0 @ 01 3 P71 0
P10.3 OEMO OEMO OEMO O 0 P10.3 1 15)

Pro.2 0 O@DO O@PO O@EDO|][Ye D102 0

P04 10 0o 0o ol o P1o1 0

0 O@ED»O OO 0O@»O O 0 0 0

:g( Po,3 + Prs + DPa3 )

More in general, the matrix B() takes the following form:

5{4—1, if (1—7j—K+1) mod K =0)

B® —
—1, otherwise

5 (16)
The additional blocks containing B act on the outputs of the other heads, and perform the same
operation by summing the transitions of the same lag stored in the respective outputs. By considering
all the attention heads and considering only the non-zero entries after softmax, which occur when
j=1i—k+1dueto A®):

K Th
@T 73,2 _ (2,R)T m (2 ~
h; Al )hi—k-i-l = ZP B® M g1 = Z Th Zpl%+k+nf<,i—k+1v an
h=1 n:O
where T}, = LT}@*"J. Applying the softmax, taking the limit A — oo for large 7" for which

T+ 1~ TT_k and absorbing K inside the temperature /3, we recover the weights in Eq. (3):

exp<<T ) Z Pi,k)
ikt if i—j+1=k for kek

> CXP(L Z pm>
rex (T=k) i=k+1
0 elsewhere

A® (h; AD) = (18)

where we absorbed K inside 8 and which recovers the weights in Eq. (1).
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G.1 SELECTIVE INDUCTION HEAD AND NEXT TOKEN PREDICTION

Selective induction head. Eq. (6) shows how the last attention layer computes a weighted average
of the tokens at distance k from the next one, where the weights are proportional to the sum of the
transitions of lag k. In practice, we observe trained models to learn large values of 3; therefore we
consider the limit 8 — oo, where the softmax converges to hardmax.

AP =1fi-j+1=k] with k*=argmax, > fjx (19)
Jj<i
Thus, the transformer selects the causal structure (i.e. the lag) correspondent to the largest > j<iPjk
and, given the current token ¢, the third layer copies the token in the past correspondent to ¢ — k* + 1,
ie. ﬁgd) = Z;:k 1fi—j+1=Fk" h§-2) = hz(-i)k*ﬂ. After concatenation to the residual stream,
the tokens are of the following form:

WY = leaen, B RPY, R e e D EY, RSP 0)

3

Output layer: next token prediction. Finally, the output layer WO € RS*21 4 contains all zero
blocks besides the one acting on the semantic of the token copied by the third attention. This block
learns the transition matrix P* to predict the transition probabilities to the next token via

WO = (OSde : OSxdo : OS><2d0 : : OSXQdO : P*T : OsxT : OS><2d0 : : OS><2d0>7 21

ie. Woh@) =P*Te,, = P7 .. This final layer shows how transformers can learn a selective in-
duction head. A mechanism which adapts to the input sequence by copying the token correspondent
to the argmax of some quantity extracted by the previous layers and stored in the embeddings.

H ALTERNATIVE THIRD LAYER CONSTRUCTION USING POSITIONAL
EMBEDDING

In this section we illustrate an alternative but equivalent construction that implements the same
predictor as in Proposition 1. The first and second layers remain identical, the only difference is in
the third layer which implements the selective sum of the normalized transition probabilities. This
selection mechanism is implemented through the combination of multiple blocks within the third
attention matrix, fi(?’), which, in this alternative construction is structured as follows:

0 O Lo P
0o a® 10,00 00
0 10!00! 1010
o tololo! 1010
i3 _ | oo ot T
AB) = 0 BBy | 0[0101 1010 (22)
o ‘ololo! 1010 !
0 0 T T IR
o g | 0010 000
We can notice how, compared to the construction in Section 4, the blocks B(G:D ... BG:H2) are

now positioned all in the first column. Moreover, they are not parameterized by the same matrix
contrary to the other construction. The matrix A®) acts on the positional embedding of the input
similarly to the matrix A(") in the first layer as in the previous construction:

A A \ . W U N W W}

T NS LD NS W W N N W W |

ED D NS S \ A A A\

- - . DR SRS W, S W N S oA

4B _ A {+1 it j—i+1ek AG) — [ A A s A
ij _ . s - AR S N 2 WS WS N S A -A

1 if J v+ 1 ¢ K A\ \\ A N S W S S

B N N S S S, S WD) U S

LR N N, WS S WS S S N\

A \ DU N NP N W G S |
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This ensures that the only non-zero entries after softmax will be the ones on the diagonals corre-
sponding to the lags seen during training. The matrices B3, ... B(G:H2) are again responsible
for the summation; each matrix operates on the output of a corresponding head in the second layer.
To understand how this selective sum is implemented, let us consider the output of the first head in
the second layer h(?) = [[e,, e;] A Y hEQ’HQ)] in our example for the tokens 8,9 and 10:

(e} %
%2’1):1/3'(3 000100100 1 s pag Pa2 Psa P13 Pr2 Pra [Proa Pio2 Pio 0)
EéZ.l)zl/%(s 0000010010 s 0 0 [Pos Poz Poa Pos Pos Foa O 0)

i1£2’1>:1/2»(s 0000100100 s 0 |Pssg Pso Pog Pss Pse Psi O 0 o)

(2,1 (2,1
Mg ) P(lo )

and define ﬁl@’h) € R7 as the block of HEQ’h) which contains the normalized transition probabilities.

By the structure in Eq. (22) we can see how, when computing the attention, the matrices B(3") act
on these two blocks:

K
hl(_Q)TA(?))h;?) — Z pEQ’h)TB(?”’”ej + e A,
h=1
here we notice how the difference compared to the construction in Section 4 lies in the fact that, due
to the position we are not using the copy of the attention to construct the boolean vector but directly
the one hot encoding of the position. Each operation involving B(3?) is still selectively summing the
transition probabilities from the correspondent head but with a slightly different mechanism. Let us

BT

consider the product A(?’)hgk which will be the only non zero entries after softmax, and show

how it only sums the transitions of lag k. The main idea is that B() are boolean matrices such that
each column sums only the entries containing the transitions for one of the lags. To achieve this,
each column in the matrix follows a pattern in which the entries are spaced at intervals of K, and the
pattern shifts by one position between successive columns. This shift creates a cyclic arrangement
across the columns which repeat with frequency K. For each head h, the matrix B is structured
such that the product ﬁ52’h)B (3:7) results in a vector where each element is the sum of the transitions
for a given k.In particular, the first element of the vector corresponds to the sum of kp;,, the K-th
element corresponds to the sum of k,x, and this pattern repeats cyclically for subsequent elements.

To give an example, consider the product }3(1%’1) B®Yeg in Eq. (1.2), which sums the transitions
stored in (31, Notice the structure of B(3:1); the first column aligns with the transitions of lag 1 in

ﬁ%l). Given that the index of 132(-2’1) is 10 and the index of ¢; is 8, the sum constructs Ag’% 8)’ which

1™ if the lag of the sequence is 3. Hence, 13%’1)3(3’1)@8

is used to copy the 8™ token to predict the 1
has to sum the transitions of lag 3:

T T

ﬁ4y3 OFfD O OFDO OFO O 0 ]34:1 + ‘57& —+ ﬁlo,l 0

Da2 0O OO0 OF»O0 0OFf™ O 0 1543 + 177,3 + 1310,3 0

P 1.0 0L 0 0fL 0 0f1)[0 Ps2 + DPr2 + Dio2 0

P O@Emo o@moO o@mo offo Pag + Pra +  Pioa 0

A(2,1)TB(3’1) _é Pr.o 0O 0o oo oolfo] é Pa3 + Pr3 + DPios 0
plO €g = Pra Do OO0 0O@» O 0@ ol — 3 Pi2 + Pr2 + Pz 0
P1o,3 0o oo oo offo Pa1 + Pri +  Proa 0

[)10’2 0O OO OFf»O OFO 1 134’3 + ﬁ7,3 + ;5103 1

P1o,1 10 010 010 oc1yffo Pa2 + DPr2 + Piog 0

0 OF» O OF»O OFE™O O 0 13471 + ;574 + ‘51071 0

:g( P03 + Pr3 + Paz )

We can see how the operation implemented by this different parameterization is the same then in
the other construction. Therefore the overall predictor remains unchanged. The additional matrices
B which act on the outputs of the other heads h(2:h), perform the same operation by summing
the transitions stored in the outputs of the respective heads. The difference in the construction of the
matrix B3 for h # 1 is that the columns are shifted by A positions relative to h = 1. Specifically,
for each h, the columns are shifted by h positions compared to the matrix B, In more generality,
the matrix B3 is constructed as follows:
BOM _ 5 {+1, if (i—j—h+1) mod K =0)
t 0,  otherwise
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where h takes into account for the shift.

I CONSTRUCTION FOR ANY SET OF LAGS

The construction illustrated in Section 4 considers only contiguous lags, i.e. set of lags that are
intervals of the positive integers. However, both our interleaved Markov chain framework and the
Transformer construction can be extended to any set of lags. The implemented algorithm is the
same, but the structure of the weights in the different layers becomes more complex because the
mechanism with which the transition probabilities are aggregated depends on the relative distance
between the lags in the set. Due to the difficulties in finding a general formulation of the matrices
involved for any set of lags as well as the optimal number of heads which depends now not only on
the number of lags but on the relative distance between them, we limit this section into illustrate two
example with 7' = 10 and £ = {1,3} and T' = 12 K = {1, 3,4} for which we will visualize the
matrices and operations involved.

I.1 EXAMPLE FOR K = {1, 3}

First layer: The structure of the first layer remains unchanged from Section 4. The important
difference is that now the diagonals in the matrix A(!) with positive entries are only 2" and 3¢:

g(1)<10gPT 0 )
0 (AW B e 1L

AW = | e el
A0 _ [T ek BREEEa"
N A i j g K. o

The output token at index ¢ after the first layer still corresponds to a weighted average of the past
tokens hgo_)k for k € KC where the weights are given by the normalized probabilities p; j:

AV = Atn(h{%); AW), = Zﬁi,kh,(‘(i)k :
kek

Due to the lack of the entries on the 2" diagonal, both the attention and the output token will change
accordingly:

v

110! 0'0!0'0!0 " '0"! 0! S1. 82 1 83 ~34 v S5 .86 1 ST 1 S8 .1 S9 . S10
1012013 %s! 010101 0' 0! 0

02015 0 b0 00l 00} 0 o o T SRR

Ys oYz Yz 00000 00 0 0 0 0 010 1131 pus) O @GPl 0 1 01 01 0
B3 0 Pgrr 01 0O 0O 0 0O 0 10 | | RCTRI I I
g 0 tPea) 04 00000 8 000y 0101010 IFsal O @@l 0101 0
A(l)_ 0 @55 0 (fsar 01 01 0 1 01 0 10 h(l)_ A (PoLn L BESS i
= WBsan 0 ipsiy 04 00 0 00y =1]01010:! 00 iPeal O @@egl 0! 0
0+ 0 @eah 0 ipeair 0+ 0+ 0 0,0 070 010100 ! 0 GeEl o

PN N 000000101010 (il 0 s

070 0, 0 sl 0 ipg1, 0, 0 |0 0/0101 010101 010 'fgr! O

Sy oD MmO P O O 010101010101 01010 s

R EI0 0’0’0 0 "0 0" 0" 0o"0" 0

(23)

Second layer. Similarly to the construction for contiguous lags, the second layer is responsible for
aggregating the normalized transition probabilities such that they are stored in the embedding of the
current vector for its entire history. The second attention needs to learn an effective way of doing
a convex combination of the input tokens such that the overlap is minimized and all the transitions
are stored without mixing them. Consider the token at 7 = 10 in Eq. (23), summing two consecutive
tokens such as fzgl) and fz%) ,contrary to the contiguous case in Eq. (4), does not lead to any mixing
due to the absence of transitions of lag 2. Therefore, 2 attention heads are still sufficient to copy all
the transitions in the past as long as they learn to attend two consecutive tokens each.

Therefore, the optimal way to combine past tokens strictly depends on the number of tokens and
the relative distance between them. Hence, finding a general formula for the positions at which the
second attention ,A(®) should be attended to minimize overlap, is challenging and beyond the scope
of this work. Similar considerations apply to the optimal number of heads required, which depends
on the solution of the previous problem. However, the task for arbitrary sets of lags, can always be
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solved by consider the correspondent contiguous problem with hatk — min(C + 1) heads. However
there are cases in which we can leverage the structure given by the distance between the lags to use
fewer heads. One example is the one considered in this section with L = {1, 3} we only need two

heads to achieve optimal sample complexity. The form of the matrix Ah) remains unchanged:

Considering the case illustrated in Eq. (23), in order for the two heads to copy all the tokens without
overlap, it is sufficient to sum two consecutive tokens and skip two. Therefore, the first attention has
the pattern : (0,0, 1, 1) while the second one (1, 1,0, 0) as illustrated in the following:

where the first k& rows and columns are empty because the first k elements of the sequence are
sampled independently from the stationary distribution and therefore no transitions are present.

The attention computes the same operation as before:

i1 {Aff’h) = +/\}

B2 = Aun(h (2 AC), =3
% (2,h)

j:}} Zmzl 1 |:Az7n = +/\:|

The output of each head is then concatenated into the residual stream. The structure of the third
layer for the general case of any set of lags, also needs some modifications to take into account the
particular structure that was enforced in the second layer. We extend the construction introduced
in Section H using the positional embeddings. First of all, the matrix A®) remains unchanged
compared to the previous constructions, it has positive values along the diagonals correspondent to
the lags shifted by one position to take into account the fact that we are predicting the next token in
the sequence:

o)

A§§,>:A1{+1 if j—itlel @ _| "

i joit1gK BREUNTREE =

The matrix B(®) is responsible for the sum of the normalized transitions; each block operates on
the output of a corresponding head in the second layer. To understand how, consider the following
tokens in output of the first head in the second layer:

il(l?)>:1/4'(s 0000110011 s 0 [pPs3 P63 P51 DPo1 P93 Proa Do Pio 0)
;7@(92):1/’1'(3 00011001 1 0 s pag Ps3 Pa1 P51 P8z P93 DPs1 Po1 O 0)

WP =ys(s 00001001 100 s[Bug 0 pualBrg Bes hra Bsa 0 0 0) (26)

A(2
e

By the structure of A®) we can see how, when computing the attention, the matrices B(") are
applied on the positional encoding e; and the result is multiplied by ﬁEQ’h):
K
RO TAGRT = 3 pEMTRGM e, 1 e, AB)e, (27)
h=1
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where B(3:") is selectively summing the transition probabilities from the correspondent head. As for
the simpler case of contiguous lags, for the sum to be selective it must hold that h?wﬁ@h@k 11 X
> j<iDjk> Where i — k + 1 are the only non-zero entries due to A(3) after applying softmax. As

before, B(3") are boolean matrices such that each column sums only the entries containing the
transitions for one of the lags. To achieve this, the matrix need to learn the same patter as in the
attention of the second layer .A(?) which was used to sum the vectors and create the current inputs.
Each column is shifted by one position and they cyclically repeat with frequency K. In the following

example, we consider ]3(1%’1) B(3’1)68 in Eq. (28), which sums the transitions stored in h(21) in the

entry Ag%)’gz

T

0 0 I 00 WTNT 00 KLY /0 0 0

aar| [0 0viiaiooriiano;ol (o | [1

Pe.s 0100t oortolffo Pe.s 1

P51 01010101100t |o P51 0

A(2,1)TB(3,1) _B D61 0:0:0:0:10c1Im0:0i1f]o0 _5 D61 0

Pio €8 =7 |pos 010101010100 0f|o| = 7 |is 1
Pos| [0.0/001010i0mol|o Pos| |1 (28)

Po1 07070;,0,0;070707LT}]1 Do 0

P1o,1 0'0:'0:0'0r010:0' 010 D101 0

0 0010001010010 0/ \O 0 0

B, = - ~ ~
:Z( P10,3 + Po3 + DPe3 + D53 )
Notice how the matrix B(*1) has the same pattern as A(*?) in Eq. (24) but along the columns instead
of the rows. Intuitively it makes sense since we need to sum the same entries resulting from the sum
in the previous attention. The matrix B(3?) acting on second head will have the same pattern but

shifted by two positions in order to have the same pattern as A(>2).

1.2 EXAMPLE WITH K = {1, 3,4}

The case of two lags K = {1,3} despite not being contiguous does not adequately represent the
general case. Indeed due to the structure, we could always sum two consecutive tokens and therefore
recover optimal performance using 2 heads. It is helpful to also consider a case where the lags do
not form a structure that allows for fewer heads in the construction. For example the case of three
lags £ ={1,3,4} and T = 12:

First layer: The main structure of the first layer remains unchanged, the diagonals in the matrix
A® with positive entries are 2", 37 and 4":

T ( logPT 0 )

e
0 AW Nen e
AD = | S em b (29)
AW _ [+ i i€k P M
R CONS S B Lo L R

The output token at index ¢ after the first layer still corresponds to a weighted average of the past
tokens hl(o_)k for k € KC where the weights are given by the normalized probabilities p;

0 00000 o SRR SRt SR SRR
047 0 7 0 07 07 070 01121 s 14 Gy
: 0} 0 03 0 0 030 010 1151 /a
4 O v 0000 00 0'olo!
P 0O+ 0 0 v 0 0 v 0 0 A !
AL = Bo.s 1 oot oo oo ol p) — {5010
i i PPy 00 0 0 0 5 0 00 Lo
0 | 0 Ipgay O} 0O 0} 0 }0 0100
0} 0} | @Bl 0 iFoay 0 1 0 4 0,0 01010
0 0+ 0 00 vpos'Prog) 0 "Por! 0 1+ 0 10 0'0' o0
0 0 0" 0" 0" 0 pusEE 0 Fui 0 0 R
6o 0 0 0 © 0 0 (prza @) 0 pua O 0 0
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4. In order to avoid

3 and pia,

P11,

In this case we can’t use anymore the fact

511) and iL(122) would now result in the mixing of
this, the only possibility is to sum one token every 4 similar to the case where we would have 4

last tow tokens h
contiguous lags. This solution is less efficient because summing each 4 tokens while having the

missing transition corresponding to lag 2 leaves an empty element in the embedding of the token
and adds an additional head, increasing both the dimension and the number of parameters. This
means that even if we only have 3 lags, in order to not have any overlap we still need 4 attention
heads for our construction to not mix the information. Each head has the pattern (0, 0,0, 1) shifted

that 2 consecutive tokens can be summed without mixing the information. In fact, summing the
by one position as if the lags would be 1,2,3,4:
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Second layer, aggregation of transition probabilities:

Third layer For the third layer we use again the construction with the positional encoding that

was introduced in App H:

if j—i+lek
if j—i+1¢K

+1
e

(3) _
J

A

?

)

The computation related to the matrix B1) in the attention are reported in the following:

., B34 have the same form as before but considering
mod k—min(K)+1=0

now the fact that even if we only have 3 lags in the set, we still need 4 heads:
+1, ﬁ(u—j—h+n
otherwise

.
0,

(3,h)

For the selective sum, the matrices BG:1) | .
Bij

SO OoOHOOOHOOO

—

<« o0 — S .
OO0 ¥ B8O o VAo O
S Y
RalfaY

Sooococoocoo—HOO

CSCOHOOOHOOOHO

)
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J  CONSTRUCTION FOR TWO LAGS AND SINGLE HEAD

In the constructions illustrated so far, in order to store all the transitions in the history of the current
token and not lose any information, we had to scale the number of heads at least as the number of lags
in the task K. This allows to achieve optimal sample complexity. However, driven by experimental
evidence, we observed that scaling the number of heads as the number of lags is not necessary in the
special case of [KC| = 2. In this case indeed, there exists a solution, which transformers can learn,
that achieves optimal sample complexity using only one head in the second layer. In the following
we will report the construction that proves the previous statement while illustrating it for the case of
K = {1, 3} analogous to Section I.

First and second Layer: the first two layers remain unchanged compared to the construction
already illustrated in Section I. The only difference is that the second layer uses only the first head
A®) = AR with the matrix A = A1) remaining identical.

h
—~
no
~
|
|
|
|
|
I
I
~
|
b
—
no
—

Third layer: the third layer instead has a different structure. As before, there are only two non-
zero blocks A®) and B®) but the latter appears in the transpose position compared to the previous
constructions:

0 0 0 0 0 0 0 000

0 0 1010 0 0 10 0 0 0 0O 0 000

0o A® U 0 B® 1 c1>0 0 0 0 0 00O

T oY . 1.1 c1>0 0 0 0 000

i3 _ PV Y 3) _ 1.1 11,0 0 0 000
A P B =p 1 (=1(=1 110 0 000 €2

PP b 1 1 (=1 =1 1120 000

”””” TooTooTTTTo —101 1 (=1(=1 1100 0

0 0,0, 0 ENENEDeHEEN D o o

”””” 1 -1 -1 1 1 -1 -11 10

The matrix A®) remains unchanged and has positive entries along the diagonals, correspondent to
the lags shifted by one position. The main difference lies in the matrix B(®), which now includes
negative entries in positions that previously contained zeros. So far the matrix B) has been struc-
tured such that it would compute the selective sum of the normalized transition of the lag of the

corresponding entry in the attention: flg’) x hEQ)TA(?’)hEQ_)kH X > ,<iDjk, Where i —k + 1 are
the only non-zero entries due to A®) after applying softmax. To understand the impact of having
negative entries, let us consider the previous example for the case of X = {1, 3} and the output of
the second attention for the 8",9™ and 10™ token:

iL%):W'(é‘ 0000110011 s 0 Psg P63 P51 Do1 Pos Prog Doa Do 0)

%2):1/4‘(5 000110011 0 s pasag P53 P11 D51 P83 D93 DPsi Poa O 0)

WP =ys(s 0001001100 s Bug 0 puaBes s pra Bsa 0 0 0)

I
and define ;ﬁz(-z) € RT as the block of E§2) which contains the normalized transition probabilities. By
the different structure in Eq. (31) we can see how, when computing the attention for the concatenated
tokens h(? = [[es., ei], hEl), h§2)], the lag of the multiplication has been reversed and the matrix

3) : : (2),
B®) is applied to P .
h2) A®R? = eiTB(3)p§-2) +e;A®e; . (32)
To better understand the implications of the reverse lag in the multiplication and the presence of
negative entries, consider the product elTOB (3.1) ﬁéz) in Eq. (34), which sums the transitions stored in
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h(2:1) which, after softmax, will correspond to A1o g

0 0 0 0 0 0 0 0 0 0 O\ /pis 1 Pas
0 10 0 0 0 0 0 00O0|[o0 -1 0
0 10150 0 0 0 0 00 0f]pan 1| | pus
0 -1 1 1 0 0 0 0 00 Of[prs 1 Prs
e B(s) (2)T é 0 —1(-1:1¢1 0 0 0 0 0 Of[pss 7@ 1 Ps.3
10 0 111 10100 0 00 0ffpa| = 3 [=1| |6
0 11 —1:=1"1 7150 0 0 0]]ps -1 Psa 33)
0 111 -1 -1 11000 0]|]|0 1 0
0 111 1 -1 -1 1 moollo 1 0
1 1 -1 -1 1 1 -1 -1110/\o 0 0
:g( P83 + (Pr3) + (P43 — P81 — Pr1 — Da1 )

where we observe how, the product involving B(®), is now not only computing the sum of transitions
for the lag 3 as for the previous constructions to copy the 8™ to predict the 11, it is also subtracting
all the transitions of lag 3. To fully understand the implications, we also consider the entry of the

attention correspondent to the other lag in the set, 1 and the relative product elTOB(?”l) 13%):

™\ /0 0 0 0 0 0 0 00 O\/O ™w' /o0

0 0 0 0 0 0 0 00 0w 1 s

0 10090 0 0 0 0 00 0| pes 1 Fos

g |o] [EBAIp 0 0 0 0 000 fp g |1 e

e B(4) (2)T Polo ~1 -1 1120 0 0 00 0ffpea | _F2 |1 o1
10 =3 |o 1 =1 =1 101950 0 00 0f|pes 1 |t Foss
0 11 =1 =11 7120 00 0|fuos 1| |pros

ol f=1 1 1 =1i=1 1 7tv0 0 ol pox 1 o1

o] =111 1 =111 @0 of|pos 1 Flon

1 1 -1 -1 1 1 -1 -1110/\0 0 0

:5( Po,g + Po1 + Pe1r + P51 — (Pro3 — (P93 — (P63 — (P53 )

4
(34)

therefore both products contains the sum of the transitions for the respective lags and the negative
sum of the other lag and notice how they are all computed on different elements of the past. The
first one contains the transitions for the tokens 8,7,4 whereas the second one contains the remaining
ones 10,9,6,5. If we now compute the softmax:

exp (eIoB%%) + A)
Z?;a:éé P (elTOB(S)ﬁg'Q) - )‘) +exp (eloB( )p (2) + )\> + exp (6103(3)27(2) + )\)
exp (e]—OB@)p%))

Z?;l exp <€10B(3) 52 2)\> + exp <€10B(3) (2)> + exp (6103(3)]7(2))
i#8

Considering the limit of A — oo:

exp (6103(3)13(2))

() o ()
1

exp <€1TOB(3)}5§;2) ], B®) (2)> +1

Aio,10 =

lim A10710 =
A—00

1

8 - - B - .
exp ("' 3 2ic(s,na1 Pi3 — 5 Die(s,ray Pil — T 2oie{10,9,6,5) Pisl T 2ie{10,9,6,5) pi73> +1

which is considering all the possible transitions as for the case of two heads therefore achieving
optimal sample complexity.
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