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Summary

Multinomial Logistic Bandits have recently attracted much attention due to their ability
to model problems with multiple outcomes. In this setting, each decision is associated with
many possible outcomes, modeled using a multinomial logit function. Several recent works on
multinomial logistic bandits have simultaneously achieved optimal regret and computational
efficiency. However, motivated by real-world challenges and practicality, there is a need to
develop algorithms with limited adaptivity, wherein we are allowed only M policy updates.
To address these challenges, we present two algorithms, B-MNL-CB and RS—-MNL, that oper-
ate in the batched and rarely-switching paradigms, respectively. The batched setting involves
choosing the M policy update rounds at the start of the algorithm, while the rarely-switching
setting can choose these M policy update rounds in an adaptive fashion. Our first algorithm,
B-MNL-CB extends the notion of distributional optimal designs to the multinomial setting
and achieves O(\/T ) regret assuming the contexts are generated stochastically when presented
with (loglog T') update rounds. Our second algorithm, RS—-MNL works with adversarially
generated contexts and can achieve O(\/T) regret with O(log T') policy updates. Further, we
conducted experiments that demonstrate that our algorithms (with a fixed number of policy
updates) are extremely competitive (and often better) than several state-of-the-art baselines
(which update their policy every round), showcasing the applicability of our algorithms in var-
ious practical scenarios.

Contribution(s)

1. We present an algorithm, B-MNL-CB, that achieves an optimal O( VT ) regret with
Q(loglog T') batches in the batched setting. Moreover, the leading term of the regret is
independent of x, an instance-dependent non-linearity parameter.

Context: In the batched setting, the rounds at which the policy is updated are fixed before-
hand. Gao et al. (2019) showed that having Q(log log T') batches is necessary to achieve the
optimal minimax regret. Our algorithm, B-MNL-CB, combines the idea of distributional
optimal designs (introduced in Ruan et al. (2021)) with the idea of suitable scalings for
arms (introduced in Sawarni et al. (2024)) to the multinomial logistic setting. This requires
a natural extension of distributional optimal designs to this setting. Achieving a xk— inde-
pendent regret is important because Amani & Thrampoulidis (2021) showed that x scales
exponentially in several instance parameters and hence, can increase the regret significantly.

2. We present a rarely-switching algorithm RS—-MNL that achieves an optimal O(ﬁ) regret
(with a k—free leading term) requiring O (log T') switches (policy updates).
Context: In the rarely-switching setting, the switching rounds (policy-update rounds) are
adaptively chosen during the course of the algorithm. The need for the update is decided
based on a switching criterion similar to the one in Abbasi-Yadkori et al. (2011). While
the algorithm bears similarities to the rarely-switching algorithm presented in Sawarni et al.
(2024), an alternate regret decomposition method allows us to get rid of the warm-up crite-
rion, which helps reduce the number of switches from O(log? T') to O(log T). Further, we
also get rid of the Successive Eliminations in Sawarni et al. (2024) that determine the arm to
be played, and replace it with the simpler UCB-maximization rule of Abbasi-Yadkori et al.
(2011), resulting in a more efficient runtime for the algorithm.
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Abstract

Multinomial Logistic Bandits have recently attracted much attention due to their ability
to model problems with multiple outcomes. In this setting, each decision is associated
with many possible outcomes, modeled using a multinomial logit function. Several re-
cent works on multinomial logistic bandits have simultaneously achieved optimal regret
and computational efficiency. However, motivated by real-world challenges and practi-
cality, there is a need to develop algorithms with limited adaptivity, wherein we are al-
lowed only M policy updates. To address these challenges, we present two algorithms,
B-MNL-CB and RS—MNL, that operate in the batched and rarely-switching paradigms,
respectively. The batched setting involves choosing the M policy update rounds at the
start of the algorithm, while the rarely-switching setting can choose these M policy up-
date rounds in an adaptive fashion. Our first algorithm, B-MNL~-CB extends the notion
of distributional optimal designs to the multinomial setting and achieves O(\/T) regret
assuming the contexts are generated stochastically when presented with Q(loglogT')
update rounds. Our second algorithm, RS-MNL works with adversarially generated
contexts and can achieve O(v/T) regret with O(log T) policy updates. Further, we
conducted experiments that demonstrate that our algorithms (with a fixed number of
policy updates) are extremely competitive (and often better) than several state-of-the-
art baselines (which update their policy every round), showcasing the applicability of
our algorithms in various practical scenarios.

1 Introduction and Prior Works

Contextual Bandits help incorporate additional information that a learner may have with the standard
Multi-Armed Bandit (MAB) setting. In this setting, at each round, the learner is presented with a
set of arms and is expected to choose an arm. She is also presented with a context vector that helps
guide the decisions she makes. For each decision, the learner receives a reward, which is generated
using a hidden optimal parameter. The goal of the learner is to minimize her cumulative regret (or
equivalently, maximize her cumulative reward), over a specified number of rounds 7". Contextual
Bandits have long been studied under various notions of reward models and settings. For instance,
one of the simplest models is to assume that the expected reward is a linear function of the arms
and the hidden parameter (Abbasi-Yadkori et al., 2011; Auer, 2003; Chu et al., 2011). This was
later extended to non-linear settings such as the logistic setting (Faury et al., 2020; Abeille et al.,
2021; Faury et al., 2022), generalized linear setting (Filippi et al., 2010; Li et al., 2017), and the
multinomial setting (Amani & Thrampoulidis, 2021; Zhang & Sugiyama, 2023). In this work, we
specifically focus on the multinomial setting that can model problems with multiple outcomes, which
makes this setting incredibly useful in the fields of machine and reinforcement learning, as well as,
in real life.
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Though significant progress has been made in designing algorithms for the contextual setting, the
algorithms do not demonstrate a lot of applicability. There has been growing interest in constraining
the budget available for algorithmic updates. This limited adaptivity setting is crucial in real-world
applications, where frequent updates can hinder parallelism and large-scale deployment. Addition-
ally, practical and computational constraints may make it infeasible to make policy updates at every
time step. For example, in clinical trials (Group et al., 1997), the treatments made available to the
patients cannot be changed with every patient. Thus, the updates are made after administering the
treatment to a group of patients, observing the effects and outcomes, and then updating the treatment.
We observe a similar tendency in online advertising and recommendations, where it is difficult to
update the policy at each round due to resource constraints. A recent line of work (Ruan et al., 2021;
Sawarni et al., 2024) has introduced algorithms for contextual bandits in the linear and generalized
linear settings, respectively. They introduce algorithms for two different settings: the batched set-
ting, wherein the policy update rounds are fixed at the start of the algorithm, and the rarely-switching
algorithm, wherein the policy update rounds are decided in an adaptive fashion. Since multinomial
logistic bandits are not generalized linear models, it is not clear if the algorithms developed in past
works would apply in this setting. Hence, the major focus of this work is to develop algorithms
with limited adaptivity for the multinomial setting (Amani & Thrampoulidis, 2021). We now list
our contributions:

1.1 Contributions

* We propose a new algorithm B-MNL-CB, which operates in the batched setting where the con-
texts are generated stochastically. The algorithm achieves O(\/T ) regret with high probability,
with Q(loglog T") policy updates. In order to accommodate time-varying contexts, we adapt the
recently introduced concept of distributional optimal designs (Ruan et al., 2021) to the multinomial
logistic setting. This is done by introducing a new scaling technique to counter the non-linearity
associated with the reward function. Note that the leading term of the regret bound is free of the
instance-dependent non-linearity parameter x, which can scale exponentially with the instance
parameters (refer to Section 2 for more details).

* QOur second algorithm, RS—MNL operates in the rarely-switching setting, where the contexts are
generated adversarially. The algorithm achieves O (v/T) regret while performing O (log T') policy
updates, each determined by a simple switching criterion. Further, our algorithm does not require a
warmup switching criterion, unlike the rarely-switching algorithm in Sawarni et al. (2024), which
helps in reducing the number of switches from O(log® T') to O(log T).

* We empirically demonstrate the performance of our rarely-switching algorithm RS—MNL. Across
a range of randomly selected instances, our algorithm achieves regret comparable to, and often
better than, several logistic and multinomial logistic state-of-the-art baseline algorithms. Our
algorithm manages to do so with a limited number of policy updates as compared to the base-
lines, which perform an update at each time round. We also empirically show that the number of
switches made by our algorithm is O(log T'), which is in agreement with our theoretical results.

1.2 Related works

The multinomial logistic setting was first studied by Amani & Thrampoulidis (2021). They proposed
an algorithm that achieved a regret bound of O(\/? ), where « is the instance-dependent non-
linearity parameter (defined in Section 2). This was further improved by Zhang & Sugiyama (2023),
who proposed a computationally efficient algorithm with a regret bound of O(\/T), thus achieving
a k—free bound (the leading term is free of x). However, both of these algorithms face challenges in
real-world deployment due to infrastructural and practical constraints associated with updating the
policy at every round.
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Thus, the limited adaptivity framework was introduced to combat this challenge, wherein the al-
gorithm could only undergo a limited number of policy switches. This framework consists of two
paradigms: the first being the Batched Setting, where the batch lengths are predetermined and was
first studied by Gao et al. (2019), who showed that 2(loglogT') batches are necessary to obtain
optimal minimax regret. The second setting is the Rarely Switching Setting, first introduced by
Abbasi-Yadkori et al. (2011), where batch lengths are determined adaptively, based on a switch-
ing criterion, such as the determinant doubling trick, wherein the policy is updated every time the
determinant of the information matrix doubles.

In the contextual setting, Ruan et al. (2021) used optimal designs to study the case where the arm
sets themselves were generated stochastically, providing a bound of O(\/dT log d) for the batched
setting. This idea was then extended to the generalized linear setting by Sawarni et al. (2024),
who proposed algorithms that could achieve x—free regret in both the batched and rarely-switching
settings (independent of « in the leading term). However, to the best of our knowledge, the limited
adaptivity framework has not yet been explored in the multinomial setting. The primary focus of this
work is to propose optimal limited-adaptivity algorithms for the multinomial setting. We achieve
this by extending the results of Sawarni et al. (2024) and Ruan et al. (2021) to the multinomial
setting in the batched setting while preserving the regret bound of Zhang & Sugiyama (2023) in the
first-order term. In the rarely-switching setting, we further build upon the work of Abbasi-Yadkori
etal. (2011) and Sawarni et al. (2024) to adapt it for the multinomial case. This maintains the regret
bound of Zhang & Sugiyama (2023) while also reducing the number of switches as compared to
Sawarni et al. (2024).

2 Preliminaries

Notations: We denote all vectors with bold lower case letters, matrices with bold upper case letters,
and sets with upper case calligraphic symbols. We write M = 0, if matrix M is positive semi-
definite (p.s.d). For a p.s.d matrix M, we define the norm of a vector x with respect to M as
l|z||; = V& Mz and the spectral norm of M as ||M||y = \/Amaz (M T M) where \,q, (M)
denotes the maximum eigenvalue of M. We denote the set {1,..., N} as [N]. The Kronecker
product of matrices A € RP*? and B € R"** is defined as (A ® B)pr4v, gs+w = Ars - Byw,
resulting in a pr x ¢s matrix, where M;; denotes the element of the matrix M present at the it" row
and the 7" column. Finally, we use A(X) to denote the set of all probability distributions over X'
We use I, to denote an identity matrix of dimension n, and we simply use I when the dimensions
are clear from context.

Multinomial Logistic Bandits: In the Multinomial Logistic Bandit Setting, at each round ¢ € [T]
the learner is presented with a set of arms X; C R | and is expected to choose an arm x; € A}.
Based on the learner’s choice, the environment provides an outcome y; € [K] U {0}'. While
choosing the arm at round ¢, the learner can utilize all prior information, which can be encoded in
the filtration F; = o (Fo,®1,Y1,-..,®t—1,Y:—1), Where Fy represents any prior information the
learner had before starting the algorithm. The probability distribution over these K + 1 outcomes is
modeled using a multinomial logistic function? as follows:

T pg*
exp(x, 0] .

K(‘(>)7 1<i<K,

) 14+ > exp mj@,’.‘

Py =i|m, Fi} = = ’ _

ﬁ7 1= O’
1+j§1 exp (mt 0]. )

T

where 0, = (GIT, ceey G%T) € RX comprises the hidden optimal parameter vectors associated

with each of the K outcomes. Based on the outcome y;, the learner receives a reward p,, > 0. Itis

I'The outcome 0 indicates no outcome.
2The multinomial logistic function is also referred to as the link function and would be used interchangeably throughout.
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standard to set py = 0. We assume that the reward vector p = (p1,...,p K)T is fixed and known.
We assume that ||0,]|, < S, ||p||, < R, and ||z||, < 1, forall x € &}, where R and S are fixed and
known beforehand. Note that when K = 1, the problem reduces to the binary logistic setting. For
simplicity, we denote the probability of the i outcome P {y; = i | @, F;} as z;(x, 0,) and denote
the probability vector over the K outcomes as z(xy, 0,) = (21 (2, 04), - - ., 2 (x4, 0*))T. Then, it
is easy to see that the expected reward of the learner at round ¢ is given by p ' z(z;, 8,). The goal
of the learner is to choose an arm x;, ¢ € [T so as to minimize her regret, which can have different
formulations based on the problem setting:

1. Stochastic Contextual setting : In this setting, at each time step, the feasible action sets are
sampled from the same (unknown) distribution D. Thus, the learner wishes to minimize her
expected cumulative regret which is given by

R(T) =E

ET: {max p z(x,0,)— pz(x, m)H .

P rEX;:

Here, the expectation is over the distribution of the arm set D and the randomness inherently
present in the algorithm. In this setting, we assume that only M (fixed beforehand) policy updates
can be made and the rounds at which these updates can happen need to be decided prior to starting
the algorithm.

2. Adversarial Contextual setting : In this setting, there are no assumptions made on how the feature
vectors of the arms are generated. Thus, allowing M policy updates, the algorithm can choose the
rounds at which it updates its policy during the course of the algorithm. These dynamic updates
are based on a simple switching criterion similar to the one presented in Abbasi-Yadkori et al.
(2011). In this setting, the learner wishes to minimize her cumulative regret given by

Z {maxp z2(x,0,) — p' z(x,0,)
TEX

Discussion on the Instance-Dependent Non-Linearity Parameter «: Several works on the binary
logistic model and generalized linear model (Filippi et al., 2010; Faury et al., 2020) as well as
the multinomial logistic model (Amani & Thrampoulidis, 2021; Zhang & Sugiyama, 2023) have
mentioned the importance of an instance dependent, non-linearity parameter «, and have stressed
on the need to obtain regret guarantees independent of « (at least in the leading term). x was first
defined for the binary logistic reward model setting (Filippi et al., 2010). A natural extension to
the multinomial logit setting was recently proposed in Amani & Thrampoulidis (2021). We use the
same definition as Amani & Thrampoulidis (2021), i.e.,

1
" S“p{xmmm(w,e))

where A(x,0) = Vz(x,0) = diag(z(x,0))—z(x,0)z(x,0) ", is the gradient of the link function
z with respect to the vector (Ix @ = ). In Section 2, Faury et al. (2020), it was highlighted that
that x can grow exponentially in the instance parameters such as S and thus, having regret bounds
proportional to x could be detrimental when these parameters are large. In Section 3 of Amani &
Thrampoulidis (2021), the authors show that  in the multinomial setting also scales exponentially
with the diameter of the parameter and action sets. We direct the reader to Section 3 of Amani &
Thrampoulidis (2021) for a more elaborate discussion on the importance of x in the multinomial
setting.

ZSUEXlLJ...UXT,BG@},

Optimal Design policies: Optimal Experimental Designs are concerned with efficiently selecting
the best data points so as to minimize the variance (or equivalently, maximize the information) of
estimated parameters. For a set of points X C R? and some distribution 7 defined on X, the infor-
mation matrix is defined as (Ep~, xx ' )~!. Several criteria are used to maximize the information,
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some of which are A-Criterion (minimize trace of the information matrix), E-Criterion (maximize
the minimum eigenvalue of the information matrix), and D-Criterion (maximize the determinant of
the information matrix). One of the more popular criteria used in bandit literature is the G-Optimal
Design which is defined as follows:

Definition 2.1. G-Optimal Design: For a set X C R9, the G-Optimal design ¢ (X) is the solution
to the following optimization problem:
Jmin max [2lf} s, where V(r) = Epnrlwa].

The General Equivalence Theorem (Kiefer & Wolfowitz, 1960; Lattimore & Szepesvari, 2020) es-
tablishes an equivalence between the G-Optimal and D-Optimal criteria. Specifically, it shows that
for any set X C R, there exists a G-Optimal design 7 (X)) € A(X) such that:

Furthermore, if A is a discrete set with finite cardinality, one can find a G-Optimal design in poly-
time with respect to |X'| such that the right-hand side can be relaxed to 2d (Lemma 3, Ruan et al.
(2021)).

Distributional Optimal design: The extension of the G-Optimal design to the stochastic contextual
setting worsens the bound on ||:c||‘2/(7r)_1, i.e, in the worst case, the expected variance H:1c||‘2/(7r)_1

is now upper bounded by d?, where the expectation is over the stochastically sampled arm sets X'.
To address this, Ruan et al. (2021) introduces the Distributional Optimal Design, formalized in the
following result:

Lemma 2.1. (Theorem 5, Ruan et al. (2021)) Let w be the DISTRIBUTIONAL OPTIMAL DESIGN
policy that has been learned from s independent samples Xy,...,Xs ~ D. Let V denote the
expected design matrix,
V=E E [zz'|X].
X~D z~m(X)

Then,

P ( E [ma/%( ||w||v_1} < (’)(\/dlogd)) >1—exp (O(d* log?d — sd= 2. 2719)).

X~D | xe

We utilize the CoreLearning for Distributional G-Optimal Design algorithm (Algorithm 3, Ruan
et al. (2021)) to learn the distributional optimal design over a given set of context vectors. In this
paper, we extend both the G-Optimal and Distributional Optimal Design frameworks to the multi-
nomial logistic (MNL) setting by introducing directionally scaled sets. These sets are then used to
construct the design policies employed in our batched algorithm.

3 Batched Multinomial Contextual Bandit Algorithm: B-MNL-CB

In this section, we present our first algorithm, B-MNL-CB. This section is structured in the following
manner: we introduce the algorithm and explain each step in detail. This is followed by a few salient
remarks and the regret guarantee for the algorithm. We provide a proof sketch for this guarantee and
guide the reader to the full proof in the appendix.

B-MNL-CB operates in the stochastic contextual setting (described in Section 2), building upon
BATCHLINUCB-DG (Algorithm 5, Ruan et al. (2021)) and B-GLinCB (Algorithm 1, Sawarni et al.
(2024)), both of which are batched algorithms. In the batched paradigm, the rounds at which the
policy updates occur are fixed beforehand. We will refer to all the rounds between two consecutive
policy updates as a batch. The horizon is divided into M = O(loglog T') disjoint batches denoted
by {773}%4: 1» and the lengths of the batches are denoted by 75 = |73|.
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Algorithm 1 Batched Multinomial Contextual Bandit Algorithm: B-MNL-CB

1: Input: M, p, S, T

2: Initialize {Tm}irvle as per 1, A = v/Kdlog T, and policy mg as G-OPTIMAL DESIGN
3: for batches 5 € [M] do

4:  for eachround t € 73 do

5 Observe arm set X

6 forj=1to—1do

7: Update arm set X}, < UL, (X;) (defined in 5)

8

9

end for

Sample x; ~ mg_1(X;) and obtain outcome y; along with the corresponding reward p,, .
10:  end for
11:  Divide 73 into two sets C and D such that |C| = |D|, C UD = Tg,and C N D = {).

7 ) T
122 Compute 05 + argmin Y. (0, xzs,ys), Hz = A\ + > Al 95) Oz,
seC seC

Bg(xt)
Algorithm 2 with the inputs (3, {X; }tep)
13: end for

, and 73 using

The input to B-MNL—-CB includes the number of batches M, the fixed (known) reward vector p,
the known upper bound on [|6*||, denoted by S, and the total number of rounds 7. We denote the
policy learned in each batch 3 by 7, initializing my with the G-Optimal design. We also initialize

Ato v/ KdlogT and define the batch lengths {Tg}gil as follows:
5= |T""2"| VB e [1, M]. (1)

We now provide a detailed explanation of the steps involved in the algorithm. In Steps 3-13, we
iterate over all batches § € [M] and rounds ¢ € 7. During batch 3 and round ¢ € 7, first, in Step
5, we obtain the set of feasible arms A} at round ¢. Then in Steps 6-8, we iterate over all the previous
batches j € [ — 1] to prune X; and retain only a subset of it via a Successive Elimination procedure
described next.

3.1 Successive Eliminations
For each prior batch j € [ — 1], we compute an upper confidence bound UCB(j, x, ) and a lower
confidence bound LCB(j, z, A) as follows,
UCB(J7w7>‘) :pTéj+€l(j7ma A)+€2(j,.’13,)\), (2)
LCB(j, @, A) = p"0; = 1(j, @, \) = e2(j, @, ), 3)
where the bonus terms €7 (7, €, A) and €2 (j, @, \) are defined as,

a2 \) =7V H; *(Ioz) Az, 0;)pls, e2(j. 2, A) = 37\ pllz[(T02T)H, 5. 4)

Here, éj and H; are the estimators (computed during Steps 11,12 at the end of batch j) of the
true parameter vector 6, and an optimal batch-level Hessian matrix H7 and ~(A) is defined to be
O(v/KdlogT). We provide more details on these in Section 3.2. In Step 7, for batch j, we eliminate
a subset of X} using the upper and lower confidence bounds just defined. In particular, we eliminate
all x € X, for which UCB(j,z,\) < maxg, LCB(j,z’,\). Thus, in Step 7, X} is updated to
UL, (X;), defined as,

UL,;(X) =X\ {x € X : UCB(j,x, \) < meajfLCB(j,y,)\)} , (5)
y
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The idea behind this step is to eliminate the arms that were not suitable candidates for the confidence
regions learned in each of the previous batches. Following the successive eliminations over all prior
batches j € [5 — 1], in Step 9, we select an arm x; from the pruned arm set according to the policy
computed at the end of batch 8 — 1 using Algorithm 2. The environment then returns the outcome
¢ and the corresponding reward p,, . Details of the policy computation (Algorithm 2) are provided
in Section 3.3. After completing all rounds in batch 3 (i.e., 73), we proceed to Step 11, where we
partition these rounds equally into two disjoint sets, C' and D. The set C' is used to define a batch-
level Hessian matrix H 3, compute an estimator éﬁ of 6%, and construct a matrix Hpg that estimates
H; as described in the next section.

3.2 Batch Level Hessian and Parameter Estimation

In batch 3, we define a batch level Hessian matrix Hj = Al + 3, A(x¢,0,) ® x;x, , which
is constructed using the set C'. Since @, is unknown, we maintain an online proxy to estimate H

by calculating a scaled Hessian matrix Hg = A\ + ), A](;"(ff) ® x,x; . Here, Bg(x) is a

normalizing factor which is obtained using the self-concordance properties of the link function and
is given by:

By(@) = exp (Vomin {y(\) Vi |ally, .25} ) ©)

where v(A\) = O(v/KdlogT) is the confidence radius for the permissible set of 8 and Vj is the
design matrix given by Vg = A\ + 3, x,x, . Using the self-concordance properties of the link

function, we can show that Hg < Hg The set C is also used to update the estimator éﬂ, which is

done by minimizing the negative log likelihood Y £(0, x¢, y:), where £(0, x, y) is defined as,
teC

K
. 1 A

(0.@.y) == 1{y = itlog o + 5 61, )

i=1 ’

Next, we explain how the policy is updated to 7g at the end of batch 3 using the rounds in set D.

3.3 Policy calculation

Algorithm 2 Distributional Optimal Design for MNL bandits

1: Input Batch (3 and collection of arm sets { X} };

2: Create the sets {F;({X;};, 3)}X, as defined in Equation 8.

3: Compute the distributional optimal design policy m; for each of the sets F;({X;};, 3).
4: Compute the distributional optimal design policy m for the set { X };.

K
. - _1 .
5: Returnm = =7 > m;

=0

To compute our final policy at the end of each batch, we utilize the idea of distributional optimal
design, first introduced in Ruan et al. (2021) (See Section 2). Recently, Sawarni et al. (2024) used
distributional optimal designs to develop limited adaptivity algorithms for generalized linear bandits
with stochastic contextual arms. A key step in their algorithm (Step 13 and Equation 4, Algorithm
1 in Sawarni et al. (2024)) involves scaling the arm set (after pruning using successive eliminations)
with the derivative of the link function and a suitable normalization factor. Generalizing this idea

to the MNL setting results in a matrix X = % ® . Since optimal design concepts apply

only to vectors, the technique used in Sawarni et al. (2024) can not be trivially extended to the MNL
case. Hence, to combat this problem and to use distributional optimal designs in the MNL bandit
case, we simulate the idea of designs for matrices by introducing the concept of directionally scaled
sets ( Algorithm 2). Through this, we create a set of K scaled sets, learn the distributional optimal
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designs for each of these sets individually, and then combine them to create the final distribution.
We now proceed with the description of the algorithm.

In Step 12 of Algorithm 1, we invoke this algorithm (Algorithm 2) with inputs as the batch number
£ and the collection of all the pruned arm sets {X; }:cp (Step 7, Algorithm 1). We then create K
different sets F;({X; }+ep, 8) (i € [K]), which comprises of the arms in each arm set scaled by the
i" column of the gradient matrix. In particular,

Fi({Xt}teD,5)={{ ei®sc::c€)(t} :teD}, (8)

where e; € RX is the i standard basis vector. We calculate the distributional optimal design
for each of the sets F;({X;}tep, ) using Algorithm 2 in Ruan et al. (2021). In such a case, it is
easy to see that calculating the distributional optimal design over X can be done by calculating the
distributional optimal designs for each of the sets F;({X;}+cp, ). We provide the proof for the
same in Section 7.3. We also calculate the distributional optimal design over {X} };cp. Finally, the
policy returned is a convex combination (in this case, a uniform combination) over all the K + 1
designs that were calculated.

This completes our explanation of Algorithm 1. We provide a regret guarantee in Theorem 3.1.

Remark 3.1. A direct application of the scaling techniques introduced in Sawarni et al. (2024) for
learning distributional optimal designs in the multinomial setting results in the creation of a scaled
matrix. Since the notion of distributional optimal design introduced in Ruan et al. (2021) applies
only to vectors, Algorithm 2 scales the original context vectors into K different sets and then learns
the optimal designs for each of them.

Remark 3.2. Sawarni et al. (2024) introduces a warm-up round with length O(x/3). Since k can
scale exponentially with several instance-dependent parameters, the warm-up round can result in
a long exploration phase. Using the regret decomposition in Zhang & Sugiyama (2023), we can
eliminate the dependence on k, resulting in k—free batch lengths, including the length of the warm-
up round.

Remark 3.3. While Zhang & Sugiyama (2023) introduced a novel method of regret decomposition
into the error terms (refer 4), a straightforward application to the limited adaptivity setting is not
easy. Hence, with some additional insights, we incorporate their method into the batched setting
while being able to match the leading term of their regret bound.

Theorem 3.1. (Regret of B-MNL—-CB) With high probability, at the end of T rounds, the regret
incurred by Algorithm 1 is bounded as R < Ry + Ro where

R =0 (355/4K5/2dﬁ) and Ry = O (RSS”K“‘d%«&“Tl/4 max{e?S K3/251, nl/Qd}> .

Proof Sketch:
We know that the expected regret during batch S + 1 is given by:

Ry =E | > p 2(2;.0%) — p  2(2:,07)] ,
tep

where 7 = argmax p ' z(x, 8*) is the best arm at round ¢ and the expectation is taken over the
xEX}
distribution of the arm set D. Using ideas similar to Zhang & Sugiyama (2023), we can decompose

the regret into

r(1) <43 {5 [macaa(s 0] + B |maxea(sa )] |

tep
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where €1 (8, ¢, \) and €5 (3, x, \) are as defined in 4. We proceed to bound each of these terms using
the extension of distributional optimal design we introduced in Algorithm 2.

Directly extending the ideas of Ruan et al. (2021) and Sawarni et al. (2024) to construct the distri-

~ 1
butional optimal designs results in an attempt to learn the design for matrices X g = % .

Hence, we create K different sets F;(X') for all ¢ € [K] (defined in 8), such that

C o [ A=, 0p)? Az, 05)3 g
XpX] :Z{@Bﬁg)e@w}{%ei@m}

i=1

Thus, learning the optimal design over X is equivalent to creating a convex combination of the
designs learned over F;(X) for all4 € [K]. This gives us a way of bounding the scaled Hessian
matrix Hg by the scaled Hessian matrices Hé constructed over F;(X) for all ¢ € [K]. We then use
methods similar to Sawarni et al. (2024) and Ruan et al. (2021) to obtain the bound on the regret for
the batch 5 + 1 as:

Rgs1 < +32RKr?dy* () {635K3/25_1 log(Kd)logd + 12/{1/2d} (TBH>
T

2 o Tp+1
+ 16 RK?y(\)/dlog(Kd) <\/773>

Finally, using the batch lengths defined in 1 and summing over all the M batches completes the
proof. For the sake of brevity, we provide the complete proof in Section 7.

4 Rarely Switching Multinomial Contextual Bandit Algorithm: RS-MNL

Algorithm 3 RS-MNL
1: Inputs: p, S, T
2. Initialize: H, = M\, 7 = 1, \ := KdS~'/?1og(T/6), v := CS®/*\/Kdlog(T/$)
3: fort=1,...,7 do
4:  Observe arm set X

5. if det(H;) > 2det(H,) then
6: SetT =1t .
7: Update 6, « argmin Y. #(0,x,,y,)and H; = % Q@ zsx] + Mpq
o seft—1] set—1]
8: endif X
9:  Select x; = argmax UCB(¢, 7, ), observe y;, and update H;,, + H; + AB(,f(t:;z*) ® xpx,
rEX:
10: end for

In this section, we present our second algorithm RS—-MNL. We introduce the algorithm and explain
the workings in a step-by-step fashion. We then mention a few salient remarks about our algorithm.
We conclude with the regret guarantee of our algorithm, a proof sketch for the same, and guide the
reader to the complete proof in the Appendix.

Our second algorithm, RS-MNL (Algorithm 3) operates in the Adversarial Contextual setting. In
this setting, there are no assumptions on the generation of the feature vectors. RS—MNL also limits
the number of policy updates in a rarely-switching fashion, i.e, the rounds where these updates
are made are decided dynamically, based on a simple switching criterion, similar to the one used
in Abbasi-Yadkori et al. (2011). While the algorithm is based on RS—-GLinCB in Sawarni et al.
(2024), a unique regret decomposition method allows for the removal of the warmup criterion, in
turn, helping in the reduction in the number of switches made by the algorithm from ON(log2 T)
to O(log T). Further, we successfully remove the idea of successive eliminations based on the
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previous confidence regions and replace the idea with the maximization of the Upper Confidence
Bound (UCB) of each arm.

The inputs to the algorithm are p, the fixed and known reward vector, .S, the fixed and known upper
bound on ||0||2, and T', the number of rounds for which the algorithm is played. In Step 2, we ini-
tialize the scaled Hessian matrix H; to I, A to KdS~'/21log(T/§), and y to C'S®/*\/K dlog(T/6).
Next, at every round ¢ € [T'], we receive the arm set X; in Step 4. During Steps 5-8, we check if the
switching condition is met and update the policy accordingly.

4.1 Switching Criterion and Policy Update:

We use 7 < t to denote the last time round at which a switch occurred for some round ¢. In Step
5, we check for the switching condition: if the determinant of the scaled Hessian matrix H; =

A+ Zse[t—l] % ® x 2] has increased by a constant factor (in this case, 2) as compared to
H . In case the switching condition is triggered, we set 7 = ¢ in Step 6 (since a switch was made in
round #). We then compute 6, by minimizing the negative log likelihood $° seft—1 ¢ (0, x5, ys) (see
7 for definition of ¢(0, x, ys)) over all previous rounds s € [t — 1], and recompute the matrix H,

with respect to the newly calculated 6. (Step 7). The switching criterion is similar to the one used
in Abbasi-Yadkori et al. (2011) and helps to reduce the number of policy updates to O(log T').

4.2 Arm Selection:

Next, in Step 9, we determine the arm z; to be played based on the Upper Confidence Bound (UCB).
The upper confidence bound UCB(¢, 7, ) for an arm @ € X; with respect to the previous switching
round 7(< t) is defined as:

UCB(t7T7.’B) = pTéT + 61(t,7',$13) +62(ta7am)a (9)

where the error terms € (¢, 7, ) and ez (¢, 7, x) are defined as:

alt,m,@) = VRO)| H, * (Io2)A(2,0,)pl. et 7,2) = 6R1(6)*|(Toa " )H, *[3. (10)

We then obtain the outcome y;, which is sampled from z(x;, 8*), and receive the corresponding
reward p,,. The algorithm then updates the scaled Hessian matrix H; ;. In Theorem 4.1, we
provide the regret guarantee for RS—MNL.

Remark 4.1. The goal of a rarely-switching algorithm is to reduce the number of switches (policy
updates) that are made. Our algorithm successfully reduces the number of switches from O(log2 T)
to é(log T) due to the removal of the warm-up switching criterion. Additionally, the number of
switches is independent of k.

Remark 4.2. Similar to the batched setting, using the regret decomposition method introduced in
Zhang & Sugiyama (2023) in the rarely-switching paradigm is non-trivial. We manage to extend
their results to match the leading term of their regret bound while performing a switch O(logT)
times.

Theorem 4.1. With high probability, after T' rounds, Algorithm 3 achieves the following regret:
Ry < O (RK¥/28%4aVT) .

Proof Sketch:

The expression for total regret is given by

T
R(T) =) p z(x},0%) = p"2(2:,6"),
t=1
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where 7 = argmax p' z(x, 8*) is the best arm at any given round ¢. Using a method similar to
xTEX}
the one used in Zhang & Sugiyama (2023), we can upper bound the regret as

R(T)<2 Z {ea(t, 7, @) + ea(t, 7, 2) }

t=1

where € (¢, 7, ;) and ex(t, 7, ;) are as defined in 10. We now wish to upper bound both the terms
separately.

Bounding €; (¢, 7, ;) using the switching criterion in Abbasi-Yadkori et al. (2011) along with the
selection rule in our algorithm can result in an exponential dependency in S. Sawarni et al. (2024)
was able to circumvent this exponential dependency by using an additional switching criterion,
referred to as a warmup criterion. However, this results in the increase in the number of switches
from O(log T') to O(log® T). It also slows down the algorithm due to the successive eliminations
done at each round (similar to the ones in Algorithm 1). Our algorithm gets rid of the exponential
dependency from the first order term and the warm-up criterion by decomposing €1 (¢, 7, ;) in an
alternate manner, resulting in an improved runtime as well as O(log T') switches.

We bound both €; (¢, 7, 1) and ex (¢, T, 1) using an analysis similar to the one used for Theorem 3.1,
where we attempt to upper bound the scaled Hessian matrix H; using the scaled Hessian matrices
calculated over the K different scaled sets introduced in 2. Note that these K directionally scaled
sets do not appear in the algorithm and only serve to ease the analysis. Combining the bounds on
each of the error terms finishes the proof. For the sake of brevity, we provide the complete proof in
Section 8 of the Appendix.

S Experiments

In this section, we compare our algorithm RS—MNL to several contextual logistic and MNL bandit
algorithms®. We describe the experiments in detail below:

—e— RS-MNL
—e— ada-OFU-ECOLog
—e— OFUL-MLogB
1500{ —— RS-GLIinCB
—e— OFULog+

—e— RS-MNL
—e— OFUL-MLogB
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(a) Regret vs. T: Logistic Setting (b) Regretvs. T: K =3 (c) Switches vs. T

Experiment 1 (R(7T) vs. T for the Logistic (X = 1) Setting): In this experiment, we compare
our algorithm RS—MNL to several state-of-the-art contextual logistic bandit algorithms such as ada—
OFU-ECOLog (Algorithm 2, Faury et al. (2022)), RS-GLinCB (Algorithm 2, Sawarni et al. (2024),
OFUL-MLogB (Algorithm 2, Zhang & Sugiyama (2023)), and OFULog+ (Algorithm 1, Lee et al.
(2024)). The dimension of the arms d is set to 3 and the number of outcomes K is set to 1, which
reduces the problem to the logistic setting. The arm set X is constructed by sampling 10 different
arms from [—1,1]3 and normalizing them to unit vectors. The optimal parameter 0, is chosen
randomly from [—1, 1] and normalized so that ||§*|| = S = 2. We run all the algorithms for T €
{1000, 2500, 4500} rounds and average the results over 10 different seeds (for sampling rewards).
The results are plotted in Figure 1a. We see that RS—-MNL is incredibly competitive with ada—-OFU-
ECOLog and OFULog+, while incurring much lower regret than RS-GLinCB and OFUL-MLogB.
We showcase the results with two standard deviations in Section 10.

3The code for the experiments can be found here.
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Experiment 2 (R(T") vs. T for K = 3): In this experiment, we compare our algorithm RS-MNL to
OFUL-MLogB, the only algorithm that achieves an optimal (x—free) regret while being computa-
tionally efficient for MNL Bandits (to the best of our knowledge). We set the number of outcomes
K as 3 and the dimension of the arms d is set to 3. The arm set & is constructed by sampling
10 different arms from [—1, 1] and normalizing them to unit vectors. The optimal parameter 6,
is sampled from [—1,1]° (since 8, € RX? and normalized so that ||0*|| = S = 2. The reward
vector p is sampled from [0, 1]* and normalized so that ||p|| = R = 2. We run both the algorithms
for T € {1000, 2500, 4500} rounds and average these results over 10 different seeds (for sampling
rewards and p). The results are plotted in 1b. We see that RS—-MNL incurs much lower regret than
OFUL-MLogB. We also showcase the results with two standard deviations in Section 10.

Experiment 3 (Number of Switches vs. T): In this experiment, we plot the number of switches
RS-MNL makes as a function of the number of rounds 7. We assume that the instance is simulated
in the same manner as Experiment 2. We run the algorithm for 7" = 5000 rounds and average over
10 different seeds. The results are shown in Figure 1c. We see that the number of switches made by
RS-MNL exhibits a strong logarithmic dependence with ¢ € [T]. This is in agreement with Lemma
8.14, where we show that RS—-MNL switches é(log t) times, as compared to other algorithms, which
switch (update) O(t) times.

6 Conclusions and Future Work

In this paper, we present two algorithms B-MNL~-CB and RS—MNL, for the multinomial logistic set-
ting in the batched and rarely-switching paradigms, respectively. The batched setting involves fixing
the policy update rounds at the start of the algorithm, while the rarely switching setting chooses the
policy update rounds adaptively. Our first algorithm, B-MNL—-CB manages to extend the notion of
distributional optimal designs to the multinomial logit setting while being able to achieve an optimal
regret of O(v/T) in Q(loglog T') batches. Our second algorithm, RS—MNL, builds upon the rarely-
switching algorithm presented in Sawarni et al. (2024) and obtains an optimal regret of O(\/T)
while being able to reduce the number of switches to O(logT) using alternate ways of regret de-
composition. The regret of our algorithms scales with the number of outcomes K as K7/2 and K5/2
respectively, which can be detrimental for problems with a large number of outcomes. We believe
that this dependence on K can be further improved, which is an interesting line for future work.
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