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Abstract

Despite the empirical success and practical significance of (relational) knowledge
distillation that matches (the relations of) features between teacher and student
models, the corresponding theoretical interpretations remain limited for various
knowledge distillation paradigms. In this work, we take an initial step toward a
theoretical understanding of relational knowledge distillation (RKD), with a focus
on semi-supervised classification problems. We start by casting RKD as spectral
clustering on a population-induced graph unveiled by a teacher model. Via a notion
of clustering error that quantifies the discrepancy between the predicted and ground
truth clusterings, we illustrate that RKD over the population provably leads to
low clustering error. Moreover, we provide a sample complexity bound for RKD
with limited unlabeled samples. For semi-supervised learning, we further demon-
strate the label efficiency of RKD through a general framework of cluster-aware
semi-supervised learning that assumes low clustering errors. Finally, by unifying
data augmentation consistency regularization into this cluster-aware framework,
we show that despite the common effect of learning accurate clusterings, RKD
facilitates a “global” perspective through spectral clustering, whereas consistency
regularization focuses on a “local” perspective via expansion.

1 Introduction

The immense volume of training data is a vital driving force behind the unparalleled power of modern
deep neural networks. Nevertheless, data collection can be quite resource-intensive; in particular,
data labeling may be prohibitively costly. With an aim to lessen the workload associated with data
labeling, semi-supervised learning capitalizes on more easily accessible unlabeled data via diverse
approaches of pseudo-labeling. For instance, data augmentation consistency regularization [Sohn
et al., 2020, Berthelot et al., 2019] generates pseudo-labels from the current model predictions on
carefully designed data augmentations. Alternatively, knowledge distillation [Hinton et al., 2015] can
be leveraged to gauge representations of unlabeled samples via pretrained teacher models.
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Figure 1: The complementary perspectives of RKD and DAC regarding the data. RKD learns the
pairwise relations among data (e.g., edge wxys that characterizes the similarity between x and x’)
over the population “globally” via spectral clustering, as illustrated in Section 4. Alternatively,
DAC discovers the “local” clustering structure through the expansion of neighborhoods based on
overlapping augmentation sets (e.g., A(x) N A (x”) # (), as elaborated in Section 6.

Meanwhile, as the scale of training state-of-the-art models explodes, computational costs and limited
data are becoming significant obstacles to learning from scratch. In this context, (data-free) knowledge
distillation [Liu et al., 2021, Wang and Yoon, 2021] (where pretrained models are taken as teacher
oracles without access to their associated training data) is taking an increasingly crucial role in
learning efficiently from powerful existing models.

Despite the substantial progresses in knowledge distillation (KD) in practice, its theoretical under-
standing remains limited, possibly due to the abundant diversity of KD strategies. Most existing
theoretical analyses of KD [Ji and Zhu, 2020, Allen-Zhu and Li, 2020, Harutyunyan et al., 2023,
Hsu et al., 2021, Wang et al., 2022] focus on feature matching between the teacher and student
models [Hinton et al., 2015], while a much broader spectrum of KD algorithms [Liu et al., 2019, Park
et al., 2019, Chen et al., 2021, Qian et al., 2022] demonstrates appealing performance in practice.
Recently, relational knowledge distillation (RKD) [Park et al., 2019, Liu et al., 2019] has achieved
remarkable empirical successes by matching the inter-feature relationships (instead of features them-
selves) between the teacher and student models. This drives us to focus on RKD and motivates our
analysis with the following question:

What perspective of the data does relational knowledge distillation learn, and how efficiently?

(RKD learns spectral clustering.) In light of the connection between RKD and instance relation-
ship graphs (IRG) [Liu et al., 2019]?, intuitively, RKD learns the ground truth geometry through a
graph induced by the teacher model. We formalize this intuition from a spectral clustering perspective
(Section 4). Specifically, for a multi-class classification problem, we introduce a notion of clustering
error (Definition 3.1) that measures the difference between the predicted and ground truth class
partitions. Through low clustering error guarantees, we illustrate that RKD over the population
learns the ground truth partition (presumably unveiled by the teacher model) via spectral clustering
(Section 4.1). Moreover, RKD on sufficiently many unlabeled samples learns a similar partition with
low clustering error (Section 4.2). By appealing to standard generalization analysis [Wainwright,
2019, Bartlett and Mendelson, 2003, Wei and Ma, 2019] for unbiased estimates of the parameterized
RKD loss, we show that the unlabeled sample complexity of RKD is dominated by a polynomial term
in the model complexity (Theorem 4.2, Theorem 4.3).

As one of the most influential and classical unsupervised learning strategies, clustering remains an
essential aspect of modern learning algorithms with weak/no supervision. For example, contrastive
learning [Caron et al., 2020, Grill et al., 2020, Chen and He, 2021] has proven to learn good
representations without any labels by encouraging (spectral) clustering [HaoChen et al., 2021, Lee
et al., 2021, Parulekar et al., 2023]. However, the effects of clustering in the related schemes of semi-
supervised learning (SSL) are less well investigated. Therefore, we pose a follow-up question:

How does cluster-aware semi-supervised learning improve label efficiency and generalization?

2An IRG is a graph with samples as vertices and sample relationships, characterized by their mutual distances
in a feature space, as edges. RKD encourages the student model to learn such IRGs from the teacher model.



(Cluster-aware SSL is label-efficient.) We formulate a cluster-aware SSL framework (Section 5)
where assuming a low clustering error (Definition 3.1) endowed by learning from unlabeled data,
the label complexity scales linearly in the number of clusters, up to a logarithmic factor (Theo-
rem 5.1).

Since clustering is a rather generic notion that can be facilitated from various perspectives, to better
understand spectral clustering as learned by RKD, we compare the clustering mechanism of RKD
with that of another common example of cluster-aware SSL—data augmentation consistency (DAC)
regularization, while exploring the following question:

What are the similarities and discrepancies between different cluster-aware strategies?

(RKD and DAC learn clustering from complementary perspectives.) We unify the existing
analysis [Yang et al., 2023] tailored for DAC regularization [Sohn et al., 2020] into the cluster-aware
SSL framework (Section 6). In particular, while facilitating clustering similarly to RKD, DAC reduces
the clustering error through an expansion-based mechanism characterized by “local” neighborhoods
induced by data augmentations (Theorem 6.2). This serves as a complementary perspective to RKD
which approximates spectral clustering on a graph Laplacian that reflects the underlying “global”
structure of the population (Figure 1).

2 Related Works

Relational knowledge distillation. Since the seminal work of Hinton et al. [2015], knowledge dis-
tillation has become a foundational method for time and memory-efficient deep learning. Recent years
have seen different KD strategies. Some works learn to directly match the output (response) [Hinton
et al., 2015, Chen et al., 2017, Ba and Caruana, 2014] or intermediate layers (features) [Romero et al.,
2014, Zagoruyko and Komodakis, 2016a, Kim et al., 2018] of the teacher network. More recently,
Park et al. [2019] introduced the idea of relational knowledge distillation (RKD), and concurrent
work [Liu et al., 2019] introduced the “instance relationship graph” (IRG). They essentially presented
similar ideas to learn the inter-feature relationship between samples instead of matching models’
responses or features individually. A comprehensive survey of relational (relation-based) KD can be
found in [Gou et al., 2021].

Despite the empirical success stories, the theoretical understanding of KD remained limited. Prior
theoretical work is mostly constrained to linear classifier/nets [Phuong and Lampert, 2019, Ji and
Zhu, 2020] or neural tangent kernel (NTK) analysis [Harutyunyan et al., 2023]. Hsu et al. [2021]
leverages knowledge distillation to improve the sample complexity analysis of large neural networks
with potentially vacuous generalization bounds.

Data augmentation consistency regularization. Data augmentation serves as an implicit or
explicit regularization to improve sample efficiency and avoid overfitting. Initially, people applied
simple transformations to labeled samples and add them to the training set [Krizhevsky et al., 2017,
Simard et al., 2002, Simonyan and Zisserman, 2014, He et al., 2016, Cubuk et al., 2018]. Traditional
transformations preserve image semantics, including (random) perturbations, distortions, scales,
crops, rotations, and horizontal flips. Subsequent augmentations may alter the labels jointly with the
input samples, e.g. Mixup [Zhang et al., 2017], Cutout [DeVries and Taylor, 2017], and Cutmix [Yun
et al., 2019]. Theoretical works have demonstrated different functionalities of data augmentation
such as incorporating invariances [Mei et al., 2021], amplifying strong features [Shen et al., 2022], or
reducing variance during the learning procedure [Chen et al., 2020].

Recent practices explicitly add consistency regularization to enforce prediction or representation
similarities [Laine and Aila, 2016, Bachman et al., 2014, Sohn et al., 2020]. Not only does this
way incorporates unlabeled samples, but Yang et al. [2023] also theoretically demonstrated other
benefits: explicit consistency regularization reduces sample complexity more significantly and handles
misspecification better than simply adding augmented data into the training set.

Graph-based learning. Although we leverage graphs to model the underlying clustering structure
of the population, the RKD algorithm that we study applies to generic data distributions and does
not involve any graph constructions over the training data. The latter is crucial for modern learning
settings as graph construction can be prohibitively expensive on common large-scale datasets.

Nevertheless, assuming that explicit graph construction is affordable/available, there exists a rich
history of nonparametric graph-based semi-supervised classification models for transductive learn-



ing [Zhu et al., 2003, Bertozzi and Merkurjev, 2019, Zhou et al., 2003, Belkin et al., 2004, Belkin and
Niyogi, 2004]. These methods have seen success in achieving high accuracy results in the low-label
rate regime [Calder et al., 2020, Bertozzi and Merkurjev, 2019]. Furthermore, assuming inherited
graph structures of data, recent progress in graph neural networks (GNN) [Zhou et al., 2020] and
graph convolutional networks (GCN) [Welling and Kipf, 2016] has provided a connection between
these classical graph-based methods and powerful deep learning models for a variety of problem
settings [Zhou et al., 2020].

3 Problem Setup

Notations. For any event e, let 1 {e} = 1 if e is true, and 1 {e} = 0 otherwise. For any positive in-
tegers n, K € N, we denote [n] = {1,...,n}and Ax = {(pl,...,pK) €o,1]¥ Z,ﬁilpk = 1}.

For a finite set X, |X'| denotes the size of X', and Unif (X') denotes the uniform distribution over
X (ie., Unif(x) = 1/ |X| for all x € X). For a distribution P over X and any n € N, P" rep-
resents the joint distribution over X" such that {x;}, €] ™ Pm™ is a set of n i.i.d. samples. Given
any matrix M € R"** (n > k without loss of generality), let o (M) = {o; (M) | i € [k]} be the
singular values of M with o4 (M) > --- > o} (M). While for any symmetric M € R"*", let
A(M) = {\; (M) | i € [n]} be the eigenvalues of M such that Ay (M) < --- < A, (M). Given any
labeling function y : X — [K],let 7/ : X — {0,1}" be its one-hot encoding.

3.1 Spectral Clustering on Population-induced Graph

We consider a K -class classification problem over an unknown data distribution P : X x [K] — [0, 1]
(while overloading P for the probability measure over X without ambiguity). Let y, : X —
[K] be the ground truth classification that introduced a natural partition {X}} re(x] Where A, =

{x € X | y« (x) = k} such that Ule X, = X and X, N Xy = 0 for all k& # k'. Meanwhile, we
specify a function class F C { f: X —=RE } to learn from where each f € F is associated with a
prediction function y s (x) = argmax;.c(x) f (X))

We characterize the geometry of the data population® X’ with an undirected weighted graph G x =
(X, W (X)) such that: (i) For every vertex pair x,x’ € X, the edge weight wxyx’ > 0 characterizes
the similarity between (x,x’). For example, wxy/ between a pair of samples from the same class
is larger than that between a pair from different classes (ii) P(x) = wx = Y, ¢y Wxx such that
Y xex Doxex Wxx = 1, intuitively implying that a more representative instance x (corresponding to
a larger wy ) has a higher probability of being sampled. We remark that such population-induced graph
G v is reminiscent of the population augmentation graph for studying contrastive learning* [HaoChen
etal., 2021].

Let W (X) with Wy (X) = wxx be the weighted adjacency matrix of G y; let D (X) be the
diagonal matrix of the weighted degrees {wx } . »- The (normalized) graph Laplacian takes the form
L(X) =I— W(X) where W(X) £ D (X) /> W (X) D (X)~"/? is the normalized adjacency
matrix. Then, the spectral clustering [von Luxburg, 2007] on G x can be expressed as a (rank-K)
Nystrém approximation of W (X') in terms of the weighted outputs D (X)2 f (X):
2
} . ey
F

To quantify the alignment between the ground truth class partition and the clustering predicted by
f € F, we introduce the notion of clustering error.

Fuin & angmin {R () 2 [W(2) - D)7 ()1 ()] D)’

3For demonstration purposes, we assume an arbitrarily large, but finite, population |X| < oo (as in HaoChen
etal. [2021], e.g., X = F% where F is the set of all floating-point numbers with finite precision). Meanwhile,
our analyses can be generalized to any compact set X’ via functional analysis tools (e.g., replacing the adjacency
matrix W (X') with an adjacency operator).

*The key difference between the population augmentation graph [HaoChen et al., 2021] and the population-
induced graph described here is that for analyzing RKD, we consider a graph over the original, instead of the
augmented, population. It’s also worth highlighting that we introduce such graph structure only for the sake of
analysis, while our data distribution is generic. Therefore, we focus on learning from a general function class F
without constraining to graph neural networks.



Definition 3.1 (Clustering error). Given any f € F, we define the majority labeling

Ur (x) = argmax Pyrp(x) [(X) =k |y (%) = yp(x)] 2
€

along with the minority subsets associated with f: M (f) £ {x € X | §(x) # y« (x)} such that
P (M(f)) quantifies the clustering error of f. For any F' C F, let i (F') £ sup ez P (M (f)).

Intuitively, M (f) characterizes the difference between K -partition of X by the ground truth y, and
by the prediction function y associated with f; while . () quantifies the worse-case clustering
error of all functions f € F'. In Section 4.1, we will demonstrate that spectral clustering on G »
(Equation (1)) leads to provably low clustering error  (Fp,(x))-

3.2 Relational Knowledge Distillation
For RKD, we assume access to a proper teacher model ¢ : X — W (for a latent feature space W)

that induces a graph-revealing kernel: ky (x,x’) = ﬁ Then, the spectral clustering on Gy in

Equation (1) can be interpreted as the population RKD loss:

R(f) = Exnpior | (ko (6,X) = F)TF(x))°]

While with only limited unlabeled samples X* = {x¥ | j € [N]} ~ P(x)" in practice, we consider
the analogous empirical RKD loss:

N/2
~ 2 T 2
Frixw) 2 argmin { Rxu £ —E f (x5 9i) — ky (X321, X3; , G
L(X") arfg6 i (f) 2 ( (x5i_1) [ (x%) — ky (x5;_1, %5 )) 3)

where Rxu (f) serves as an unbiased estimate for R(f) (Proposition D.1).

Further, for semi-supervised setting with a small set of labeled samples (X,y) = {(x, yi)}ie[n] ~
P (x,y)" (usually n < N) independent of X%, let £ : RE x [K] — {0,1} be the zero-one
loss: £(f(x),y) = 1{ys(x) #y}. We denote £(f) 2 Eqypup [ (F(x),)] and & (f) 2
% St €(f(x;),y:) as the population and empirical losses, respectively, and consider a proper
learning setting with the ground truth f, £ argmin s » € (f). Then, SSL with RKD aims to find

minger & (f) +Rx (f). Alternatively, for an overparameterized setting® with (argmin feF & (f )) N
FLexwy # 0, SSL with RKD can be formulated as: mingfer xu, g(f)

4 Relational Knowledge Distillation as Spectral Clustering

In this section, we show that minimizing either the population RKD loss (Section 4.1) or the empirical
RKD loss (Section 4.2) leads to low clustering errors p (.7-"L( X)) and p (.FL(Xu)), respectively.

4.1 Relational Knowledge Distillation over Population
Starting with minimization of the population RKD loss f € Fr(x) = argmin;.» R (f) (Equa-

tion (1)), let A (L (X)) = ()\1, N X|) be the eigenvalues of the graph Laplacian in the ascending
order, 0 = \; < ... < )\| x| With an arbitrary breaking of ties.

A key assumption of RKD is that the teacher model v (with the corresponding graph-revealing kernel
k) is well aligned with the underlying ground truth partition, formalized as below:

Assumption 4.1 (Appropriate teacher models). For Gx unveiled through the teacher model ky, (-, -),
we assume Ak 1 > 0 (i.e., Gy has at most K disconnected components); while the ground truth
A Zke[K] erxk fogxk Wiex!

classes { Xy} (x) are well-separated by Gx such that o = S O < 1fe,
xeX 2ux!ex Wxx!

the fraction of weights of inter-class edges is sufficiently small).

>Overparameterization is a ubiquitous scenario when learning with neural networks: f € JF is parameterized
by 6 € © with dim(©) > N + n such that the minimization problem has infinitely many solutions.



In particular, o € [0, 1] reflects the extent to which the ground truth classes { Xy}, () are separated
from each other, as quantified by the fraction of edge weights between nodes of disparate classes. In
the ideal case, @ = 0 when the ground truth classes are perfectly separated such that every X}, is a
connected component of Gy, while Ag 1 > Ag = 0.

Meanwhile, to reduce the generic function class F down to a class of reasonable prediction functions,
we introduce the following regularity conditions on the boundedness and margin:

Assumption 4.2 (3-skeleton boundedness and y-margin). Forany f € F with P (M (f) N Xx) <
P (Xy) /2 for all k € [K), we assume there exists a skeleton subset S = [s1;...;sx]| € XX with®
Sk = argmaXye v\ nr(f) f(X)x such that yy (sy) = k for every k € [K] and rank (f(S)) = K.

(i) We say that f is B-skeleton bounded if o1 (f(S)) < B for some reasonably small 3.
(ii) Let the k-th margin of f be v, £ f (Sk)p — MAXxe M1 (f):ys (x) 2k | (X) - We say that f has a
y-margin if mingc(x) Y& > v for some sufficiently large ~y > 0.

Intuitively, S can be viewed as a set of K samples where f makes the “most confident” prediction in
each class. Assumption 4.2 ensures the boundedness of predictions made on such a skeleton subset
IIf (S)|l, < B, as well as a margin y by which the “most confident” prediction of f in each class s,
can be separated from the minority samples predicted to lie in other classes {x € M (f)|ys(x) # k}.
As a toy example, when y¢ : X — [K] is surjective, and the columns in f (X)) € RI¥I*K consist of
identity vectors of the predicted clusters f (x), = 1 {ys (x) = k}, Assumption 4.2 is satisfied with
B = 1and v = 1. Meanwhile, the following Remark 4.1 highlights that although Assumption 4.2
cannot be guaranteed with spectral clustering alone, it is generally satisfied in the semi-supervised
learning setting with additional supervision/regularization (c¢f. Example C.1).

Remark 4.1 (Limitation of spectral clustering alone). Notice that for a generic function class F,
spectral clustering alone is not sufficient to guarantee Assumption 4.2, especially the existence of
a skeleton subset S or a large enough margin . As counter-exemplified in Example C.1, Equa-
tion (1) can suffer from large clustering error |1 (fL( X)) when applied alone and failing to satisfy
Assumption 4.2.

To learn predictions with accurate clustering, RKD requires either (i) additional supervision/regular-
ization in end-to-end settings like semi-supervised learning or (ii) further fine-tuning in unsupervised
representation learning settings like contrastive learning [HaoChen et al., 2021]. For end-to-end
learning in practice, RKD is generally coupled with standard KD (i.e., feature matching) and weak
supervision [Park et al., 2019, Liu et al., 2021, Ma et al., 2022], both of which help the learned
Sfunction f satisfy Assumption 4.2 with a reasonable margin .

Throughout this work, we assume F is sufficiently regularized (with weak supervision in Section 5 and
consistency regularization in Section 6) such that Assumption 4.2 always holds. Under Assumption 4.1
and Assumption 4.2, the clustering error of RKD over the population p (]—'L( X)) is guaranteed to be
small given a good teacher model # that leads to a negligible a:

Theorem 4.1 (RKD over population, proof in Appendix C.1). Under Assumption 4.1 and Assump-
tion 4.2 for every f € Fy,(x), the clustering error with the population (Equation (1)) satisfies

«

B? )
Fi <2max | —,1|- .
,u( L(X)) = X<72 AK+1

Theorem 4.1 suggests that the clustering error over the population is negligible under mild regularity
assumptions (i.e., Assumption 4.2) when (i) the ground truth classes are well-separated by G »
revealed through the teacher model ky, (-, -) (i.e., @ < 1 in Assumption 4.1) and (ii) the (K + 1)th
eigenvalue A1 of the graph Laplacian L(X) is not too small. As we review in Appendix C.3, the
existing result Lemma C.4 [Louis and Makarychev, 2014] unveils the connection between A\x 1 and
the sparsest K -partition (Definition C.1) of G ». Intuitively, a reasonably large Ak 1 implies that the
partition of the K ground truth classes is the “only” partition of G » into K components by removing
a sparse set of edges (Corollary C.5).

SRecall the majority labeling (Equation (2)) and the associated minority subset M (f) which intuitively
describes the difference between clustering of the y. and that of . We denote f(x) = [f(x)1,. .., [(X)x].



4.2 Relational Knowledge Distillation on Unlabeled Samples

‘We now turn our attention to a more practical scenario with limited unlabeled samples and bound the
clustering error 11 (Fy,(x«)) granted by minimizing the empirical RKD loss (Equation (3)).

To cope with F > f : X — RX, we recall the notion of Rademacher complexity for vector-valued
functions from Maurer [2016]. Let Rad(p) be the Rademacher distribution (i.e., with uniform

probability % over {—1,1}) and p ~ Rad”™*¥ be a random matrix with i.i.d. Rademacher entries.
Given any N € N, with f(x); denoting the k-th entry of f(x) € R¥, we define

N K

1 u

0 (F) 2 By [ £33 a5, g
prRad K €S T o

as the Rademacher complexity of the vector-valued function class 7 3 f : X — R¥,
Since the empirical RKD loss is an unbiased estimate of its population correspondence (Proposi-

tion D.1), we can leverage the standard generalization analysis in terms of Rademacher complexity to
provide an unlabeled sample complexity for RKD.

Theorem 4.2 (Unlabeled sample complexity of RKD, proof in Appendix D.2). Assume there exist
By, By, > 0 such that ||f(x)||§ < By and ky, (x,x') < By, forallx,x" € X, f € F. Given any
Jixu € Fruxe) flx € Fr(xy, 6 € (0,1), with probability at least 1 — 6/2 over X" ~ Px)N,

log (4/9)

R(flxu) —R(f‘;() <16 ZBf (Bf +Bkw) %N/g (.7:) +2 (B;% +Bf)2 T

Theorem 4.2 implies that the unlabeled sample complexity of RKD is dominated by the Rademacher
complexity of F. In Appendix D.3, we further concretize Theorem 4.2 by instantiating R /5 (F)
via existing Rademacher complexity bounds for neural networks [Golowich et al., 2018].

With A — 0 as NV increasing (Theorem 4.2), the clustering error of minimizing the empirical RKD
loss can be upper bounded as follows.

Theorem 4.3 (RKD on unlabeled samples, proof in Appendix D.4). Under Assumption 4.1 and
Assumption 4.2 for every f € Fy,xu), given any 6 € (0, 1), if there exists A < (1 — A )? such that
R (flxu) <R (f|X) + A forall fixu € Frxwy and fix € Fr(x) with probability at least 1 — 6 /2
over X% ~ P(x)N, then error of clustering with the empirical graph (Equation (3)) satisfies the
follows: for any Ko € [K] such that Ak, < M\ic+1 and Cr, = C /\KO)A (=) o(1),
2 o 14+ (K — Ky)Ck,) A
,LL(‘FL(XU)) S 2maX (62,1) . + ( ( D) 0) KO) p) .
Y )\KJrl (1*)\[(0) 7(17}\]{4_1)

Theorem 4.3 ensures that given sufficient unlabeled samples (proportional to the Rademacher com-
plexity of F) such that A — 0, the clustering error 1 (]—"L(Xu)) from empirical RKD is nearly as low

as b (]-'L( X)) from population RKD, up to an additional error term that scales linearly in A.

S Label Efficiency of Cluster-aware Semi-supervised Learning

In this section, we demonstrate the label efficiency of learning from a function class with low
clustering error (Definition 3.1), like the ones endowed by RKD discussed in Section 4.

Specifically, given any cluster-aware function subclass 7' C F with low clustering error (e.g.,
Fr(x) and Fy,xwy), for a set of n i.i.d. labeled samples (X, y) ~ P(x,y)", we have the following
generalization guarantee:

Theorem 5.1 (Label complexity, proof in Appendix B.1). Given any cluster-aware F' C F with
w(F') < 1, assuming that (X,y) contains at least one sample per class, for any 6 € (0,1), with

probability at least 1 — 6 /2 over (X,y) ~ P(x,y)", Fe argmin ;¢ z/ E(f) satisfies
n 2K log(2n 2log (4/6
¢ (7) —5(f*)§4\/f()+2u(}‘/)+\/g7§/)7 )

e.g., conditioned on X", j?lxu c argminfefuxu) g(f) satisfies Equation (5) with (.FL(X'LL)).




Theorem 5.1 implies that with low clustering error (e.g., endowed by unsupervised methods like
RKD in Theorem 4.1/Theorem 4.3, DAC in Theorem 6.2), the labeled sample complexity is as low as

0] (K), linear in the number of clusters and asymptotically optimal’ up to a logarithmic factor.

Remark 5.1 (Class imbalance, elaborated in Appendix B.2). In Theorem 5.1, while the label

complexity scales as n = O(K) with i.i.d. sampling, we meanwhile assume that (X,y) contains at
least one labeled sample per class. Intuitively, when the K classes are balanced (i.e., |X;| = |X| /K
forall k € [K)), an analogy to the coupon collector problem implies that n = O (K log(K)) i.i.d.
labeled samples are sufficient in expectation. Nevertheless, with class imbalance, the label complexity
can be much worse (e.g., when |Xi| < |Xy| for all k € [K — 1], collecting one label K takes
1/P (Xk) > K labeled samples). In Appendix B.2, we show that such label inefficiency can be
circumvented by leveraging a cluster-aware prediction f € F' and drawing O (log(K)) labeled
samples uniformly from each of the K predicted clusters, instead of i.i.d. from the entire population.

Remark 5.2 (Coreset selection). While Theorem 5.1 yields an asymptotically optimal label complexity
guarantee with i.1.d. sampling, it is of significant practical value to be more judicious in selecting
labeled samples, especially for the low-label-rate regime (e.g., n = O(K)). Therefore, in the
experiments (Appendix A), we further investigate—alongside i.i.d. sampling®—a popular coreset
selection method [Bilmes, 2022, Krause and Golovin, 2014], where the coreset (X,y) is statistically
more representative of the data distribution P.

In particular, coreset selection can be recast as a facility location problem [Krause and Golovin,
2014] characterized by the teacher model: maxx  x Zx,e y MaXxex Ky (X, x'), whose optimizers
can be approximated heuristically via the stochastic greedy [Mirzasoleiman et al., 2015] submodular
optimization algorithm [Schreiber et al., 2020]. Intuitively, the facility location objective encourages
the coreset X to be representative of the entire population X in a pairwise similarity sense, and the
coreset approximation identified by the stochastic greedy method is nearly optimal (in the facility
location objective) up to a multiplicative constant [Mirzasoleiman et al., 2015].

6 Data Augmentation Consistency Regularization as Clustering

In light of the broadness of the notion of clustering, investigating the discrepancy between different
types of cluster-awareness is crucial for understanding the effect of spectral clustering brought by
RKD beyond the low clustering error demonstrated in Section 4. In this section, we leverage the
existing theoretical tools from Wei and Ma [2019], Cai et al. [2021] to unify DAC regularization into
the cluster-aware semi-supervised learning framework in Theorem 5.1. Specifically, we demonstrate
the effect of DAC as a “local” expansion-based clustering [Yang et al., 2023], which works in
complement with the “global” spectral clustering facilitated by RKD.

Start by recalling the formal notion of expansion-based data augmentation (Definition 6.1) and data
augmentation consistency (DAC) error (Definition 6.2) from Wei et al. [2021]:

Definition 6.1 (Expansion-based data augmentation ([Wei et al., 2021] Definition 3.1)). For any
X € X, we consider a set of class-invariant data augmentations A (x) C X such that {x} C
Ax) C X, (o). We say x,x' € X lie in neighborhoods of each other if their augmentation
sets have a non-empty intersection: NB (x) £ {x € X | A(x) N A(x') # 0} for x € X; and
NB(S) £ Uxes NB (x) for S C X. Then, we quantify strength of such data augmentations via the
c-expansion property (¢ > 1): for any S C X such that P (S N X) < P(X)/2V k € [K],

P(NB(S)N &%) >min{c- P(SNAXy),P(X)} VEk € [K].
Definition 6.2 (DAC error [Wei et al., 2021] (3.3)). Forany f € F and F' C F, let

v (f) & Pauppo [Bx € AX) stoys(x) #yr ()], v(F) = sup v(f):

"Notice that assuming at least one labeled sample per class (i.e., n > K) is necessary for any generalization
guarantees. Otherwise, depending on the missing classes, the excess risk in Equation (5) can be arbitrarily bad.

8For the low-label-rate experiments, to ensure consistent performance, we follow the common practice [Calder
et al., 2020] and slightly deviate from the assumption by sampling i.i.d. from each ground truth class instead.



We adopt the theoretical framework in Wei et al. [2021] for generic neural networks with smooth
activation function ¢ and consider

F= {160 = A0+ Ap(Ar) ) | A, € RIS el d = max d. .

With such function class F of p-layer neural networks with maximum width d and weights {A,}"_,,
we recall the notion of all-layer margin from Wei et al. [2021] Appendix C.2. By decomposing
f = fop—10---0 fisuchthat fo,_1(z) = A,z forall . € [p] and f3,(z) = ¢(z) forall v € [p — 1],

we consider a perturbation & = (81, - - - , 02p—1) (Where 02,1, 2, € R%) to each layer of f:
f1(x,0) = f1(x,01) = f1(x) + &1 [[x][,
fo(x,0) = fo(x, 81, ,8,) = fi (fi-1(%,8)) + 6. [ fim1 (x, 8)]],
such that f(x,d) = fop—1 (%, d). Then, the all-layer margin m : F x X x [K] — R is defined as
the minimum norm of § that is sufficient to perturb the classification of f(x):

2p—1

Z ||5L||§ s.t.  argmax f (x,6), # . (6)
=1 ke[K]

m (f,%,y) £ min

Moreover, Wei et al. [2021] introduced the robust margin for the expansion-based data augmentation
A (Definition 6.1), which intuitively quantifies the worst-case preservation of the label-relevant
information in the augmentations of x, measured with respect to f:

ma(f,x) £ oo m (f, x',yp(x)). ™

We say the expansion-based data augmentation A is margin-robust with respect to the ground truth
fr if mingex ma (f«,x) > 0 is reasonably large.

Then, we cast DAC regularization’ as reducing the function class F via constraints on the robust
margins at the N unlabeled samples X*: for some 0 < 7 < minyexy m4 (f«, X),

Fxu 2{f € F|lma(f,x})>7Viec[N]}. ®)

Leverage the existing unlabeled sample complexity bound for DAC error from Wei et al. [2021]:

Proposition 6.1 (Unlabeled sample complexity of DAC ([Wei et al., 2021] Theorem 3.7)). Given
any § € (0,1), with probability at least 1 — § /2 over X",

v(Fg.) <O <=1ﬁﬂﬁz'VA'F> +0 Wlog(l/é) ;plogUV)) ’

where O (+) suppresses polylogarithmic factors in N and d.

The clustering error of Equation (8) is as low as its DAC error, up to a constant factor that depends on
the augmentation strength, characterized by the c-expansion (Definition 6.1):

Theorem 6.2 (Expansion-based clustering, proof in Appendix E.3). For Equation (8) with A ad-
mitting c-expansion (Definition 6.1), the clustering error is upper bounded by the DAC error in
Proposition 6.1:

u(f§u)<max{c_2172}-1/( %)

In Theorem 6.2, (i) c characterizes the augmentation strength (i.e., the perturbation on label-irrelevant
information), whereas (ii) 7 quantifies the margin robustness (i.e., the preservation of label-relevant
information) for the expansion-based data augmentation. Ideally, we would like both ¢ and 7 to
be reasonably large, while there exist trade-offs between the augmentation strength and margin
robustness (e.g., overly strong augmentations inevitably perturb label-relevant information).

°In Appendix E.2, we further bridge the conceptual notion of DAC regularization in Equation (8) with
common DAC regularization algorithms in practice like FixMatch [Sohn et al., 2020].



Remark 6.1 (Clustering with DAC v.s. RKD). As Figure 1 demonstrated, in contrast to RKD that
unveils the spectral clustering of a population-induced graph from a “global” perspective, DAC
alternatively learns a “local” clustering structure through the expansion of neighborhoods NB (-)
characterized by sets of data augmentations A(-) (Definition 6.1).

Therefore, DAC and RKD provide complementary perspectives for each other. On one hand, the “local”
clustering structure revealed by DAC effectively ensures a reasonable margin in Assumption 4.2

(Remark 4.1). On the other hand, when the augmentation strength c is insufficient (i.e., A(-) is

not expansive enough) for DAC to achieve a low clustering error y(F%.) (Theorem 6.2), the

supplementary “global” perspective of RKD connects the non-overlapping neighborhoods in the

same classes and brings better classification accuracies, as we empirically verified in Appendix A.

7 Discussions, Limitations, and Future Directions

This work provides a theoretical analysis of relational knowledge distillation (RKD) in the semi-
supervised classification setting from a clustering perspective. Through a cluster-aware semi-
supervised learning (SSL) framework characterized by a notion of low clustering error, we demon-
strate that RKD achieves a nearly optimal label complexity (linear in the number of clusters) by
learning the underlying geometry of the population as revealed by the teacher model via spectral
clustering. With a unified view of data augmentation consistency (DAC) regularization in the cluster-
aware SSL framework, we further illustrate the complementary “global” and “local” perspectives of
clustering learned by RKD and DAC, respectively.

As an appealing future direction, domain adaptation in knowledge distillation is a common scenario
in practice where the training data of the teacher and student models come from different distributions.
Although distributional shifts can implicitly reflect the alignment between the ground truth and the
teacher model (Assumption 4.1) in our analysis, an explicit and specialized study on RKD in the
domain adaptation setting may lead to better theoretical guarantees and deeper insights.

Another avenue for future exploration involves RKD on different (hidden) layers of the neural
network. In this work, we consider RKD on the output layer following the standard practice [Park
et al., 2019], whereas RKD on additional hidden layers has been shown to further improve the
performance [Liu et al., 2019]. While the analysis in Section 4 remains valid for hidden-layer features
of low dimensions (= K), Assumption 4.1 tends to fail (i.e., o can be large) for high-dimensional
features, which may require separate and careful consideration.
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A Experiments

In this section, we present experimental results on CIFAR-10/100 [Krizhevsky and Hinton, 2009] to
demonstrate the efficacy of combining DAC and RKD (i.e., the “local” and “global” perspectives of
clustering) for semi-supervised learning in the low-label-rate regime. The experiment code can be
found at https://github.com/dyjdongyijun/Semi_Supervised_Knowledge_Distillation.

We consider the (data-free) knowledge distillation setting, wherein the student model cannot access
the training data of the teacher model. That is, the student models only have access to limited
training samples, with very few labels, drawn from a potentially different data distribution than
which the teacher model is pretrained on. More precisely, given a labeled sample set (X,y) of
size n and an unlabeled sample set X" of size N (n < N)'°, we train a student model (WideRes-
Net [Zagoruyko and Komodakis, 2016b]) in the low-label-rate regime with as few as 4 labeled
samples per class (i.e., n = 4K, or n = 40 for CIFAR-10 and n = 400 for CIFAR-100), along with
N = 25000, 40000, and 50000 unlabeled samples (i.e., 50%, 80%, 100% of the entire CIFAR-10/100
training set).

Then, combining DAC and RKD, we solve the following objective in the experiments:

gcneig E(C)](E,y)(f) +Apac - LREC(f) + Arkp - Bxe (),
~———

Supervised cross-entropy Unsupervised DAC loss empirical RKD loss

where E(C)?y)( f) = L3°%  ler (yilf (xi)) denotes the supervised cross-entropy loss with

log (ylf (x)) = —log (softmax (f(x))y) The DAC and RKD losses are as described in Equa-

tion (9) and Equation (3), respectively. For the regularization hyper-parameters, we have Apac = 1
and Agkp = 0 for DAC (only), while Agxp = 0.001 for DAC + RKD.

DAC via FixMatch. We take FixMatch [Sohn et al., 2020]-a state-of-the-art algorithm in the
low-label-rate regime—as the semi-supervised learning baseline. By combining RKD with FixMatch,
we show that RKD brings additional boosts to the classification accuracy, especially with unsuitable
data augmentations and/or limited unlabeled data.

Following the formulation and implementation in Sohn et al. [2020], FixMatch involves a pair of
weak and strong data augmentations (x", x*®) for each unlabeled sample x*. For a current model f,
the DAC loss given by FixMatch can be expressed as

LX) =

mean ({KCE (yr (xS (x2)) \ max (softmax (f(;f”))) > o, i € [N]}) e

where T" = 1 is a fixed temperature hyper-parameter. Tpac is the threshold below which the
pseudo-label gauged on x;’ is considered “with low confidence” and therefore discarded. We set

mpac = 0.95 for CIFAR-10 and mpac = 0.8 for CIFAR-100.

In FixMatch, the weak augmentations include random flips and crops, whereas the strong augmen-
tations additionally involve RandAugment [Cubuk et al., 2020]. To investigate the scenarios with
unsuitable data augmentations and/or limited unlabeled data, we conduct experiments with various
(i) augmentation strength (i.e., magnitude of transformations) m = 2,6, 10 in RandAugment [Cubuk
et al., 2020] and (ii) unlabeled sample size N = 25000, 40000, 50000 (i.e., 50%, 80%, 100% of the
entire CIFAR-10/100 training set).

RKD. We warm up with the in-distribution case in the CIFAR-10 experiments (Table 1) where the
teacher and student models are (pre)trained on the same dataset (i.e., CIFAR-10). Concretely, the
teacher model ¢ : X — W is a Densenet 161 [Huang et al., 2017, Phan, 2021] pretrained on the
entirety of the CIFAR-10 training set (via supervised ERM).

Taking a step further, we consider an out-of-distribution scenario in the CIFAR-100 experiments
(Table 2) where the teacher model is pretrained on ImageNet [Deng et al., 2009] via an unsupervised
contrastive learning method—SwAV [Caron et al., 2020]. Intuitively, we choose teacher models

11t is worth mentioning that, in practice, we relax the assumption of the independence between (X, y) and
X" and recycle X in X*.
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pretrained via SWAV as it encourages both data clustering and consistency of cluster assignment
under data augmentations without involving supervision, which tends to provide representations that
generalize better in a cluster-aware semi-supervised learning setting.

Given the teacher models, the output (response) of each sample is taken as the corresponding teacher
feature such that YW = RX. In light of the empirical success of RKD based on simple kernel
functions [Park et al., 2019, Liu et al., 2019], we focus on the (shifted) cosine kernel, ky, (x,x’) =
1+ w(x)T¢(xl)

1 Gl 1% (") 1l
With data augmentation (e.g., when coupling with FixMatch), we assume that weak augmentations
(i.e., random flips and crops) bring little perturbations on responses of the teacher model (i.e., the
teacher features), intuitively as the predictions made by a good teacher model ought to be invariance
under weak augmentations. Thereby, we can considerably reduce memory burden and accelerate
the RKD process by storing the teacher features v (x) of the original data x € X’ offline, instead of
inferring every augmented sample x’ € A(x) with the large teacher model v (x’) online.

, in the experiments.

Labeled data selection. As alluded to in Remark 5.2, the success of low-label-rate (i.e., n < V)
semi-supervised classification naturally depends on the quality of the (extremely) limited amount of
labeled data to represent the underlying population. We perform experiments in which the selection
of labeled data is non-adaptive (Uniform) or adaptive (StochasticGreedy). The non-adaptive setting,
Uniform, selects labeled data uniformly in each ground truth class'!. This contrasts with the strictly
i.i.d. sampling assumption used in our theoretical results but constitutes a reasonable alternative
that has been used in other low-label rate semi-supervised classification works (e.g., [Calder et al.,
2020]).

We also utilize a coreset selection strategy (StochasticGreedy) for identifying “representative” in-
puts to use as labeled data in an adaptive manner. This labeled set is selected via a stochastic
greedy [Mirzasoleiman et al., 2015] optimization problem to (approximately) minimize a facility
location objective!?. An in-depth discussion of coreset selection methods is outside the scope of the
current work, but we refer the interested reader to the enlightening references [Bilmes, 2022, Krause
and Golovin, 2014, Mirzasoleiman, 2017] regarding submodular optimization methods in machine
learning.

Table 1: Top-1 accuracy on CIFAR-10.

Label selection  Sample sizes (n, N) SSL algorithm High Augmer}llfl:zttli(;;’:trength Weak
(40, 50000) FixMatch 89.47 £3.83 87.89+143 8136+ 141
’ FixMatch + RKD | 89.88 + 0.41 89.10 + 1.14 84.61 + 1.23
Uniform (40, 40000) FixMatch 87.60 £ 1.21 8530+ 1.35 83.74 £3.07
’ FixMatch + RKD | 90.19 £ 0.19 88.65 +1.81 86.68 + 1.06
(40, 25000) FixMatch 81.73+£1.27 8143+298 76.84+1.98
’ FixMatch + RKD | 87.06 & 2.04 87.24 + 0.39 82.75 + 2.35
(40, 50000) FixMatch 8548 £1.67 89.39+0.82 78.98+0.52
’ FixMatch + RKD | 91.19 + 0.26  90.00 + 0.64 87.11 + 4.33
StochasticGreedy (40, 40000) FixMatch 84.51 £1.34 84.88£6.68 70.70 £5.32
’ FixMatch + RKD | 85.68 +1.19 88.31 + 1.36 85.12 + 3.49
(40, 25000) FixMatch 79.74 £8.02 7397+ 1.98 73.86+3.29
’ FixMatch + RKD | 83.72 +4.73  82.09 + 3.27 80.65 + 3.67

Results. From Table 1 and Table 2, we observe that the incorporation of RKD with FixMatch
(i.e., adding the “global” perspective of RKD to the “local” perspective of DAC) generally brings
additional improvements to the classification accuracy, especially when the data augmentation strength
is inappropriate and/or the number of unlabeled data is limited.

"For fair comparison and consistent performance among different configurations in the experiments, we use
a separate random number generator with a fixed random seed to ensure that the same set of labeled samples is
selected for all experiments.

12We use the Apricot [Schreiber et al., 2020] submodular optimization codebase in Python.
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Table 2: Top-1 accuracy on CIFAR-100.

Label selection ~ Sample sizes (n, N)  SSL algorithm High Augmer}l&;zt;{(;;lr:trength Weak
(400, 50000) FixMatch 46.85 £ 1.68 45.67£0.51 45.84+0.35
’ FixMatch + RKD | 49.33 £ 042 47.97 £0.37 47.65 + 0.17
Uniform (400, 40000) FixMatch 4411 £0.51 4298 £0.56 42.74+0.42
? FixMatch + RKD | 46.24 + 0.64 45.78 = 0.94 45.13 + 1.08
FixMatch 36.60 £0.03 35.86 £0.51 33.59+£1.54
(400.25000) " FixMatch + RKD | 37.87 + 0.98 36.69 + 0.41 3569 + 1.51
(400, 50000) FixMatch 4745 £ 030 48.64£0.35 46.79 £ 1.05
? FixMatch + RKD | 50.41 +1.41 50.67 £1.62 49.09 & 1.31
StochasticGreedy (400, 40000) FixMatch 4593 £021 4478 £151 44.62+0.72
’ FixMatch + RKD | 47.62 £+ 0.67 47.28 =0.56 46.07 & 0.86
(400, 25000) FixMatch 39.40 £0.31 39.01 £0.68 38.22 £0.42
’ FixMatch + RKD | 40.88 +0.61 40.73 = 0.46 39.20 & 0.73

Training details. Throughout the experiments, we used weight decay 0.0005. We train the student
model via stochastic gradient descent (SGD) with Nesterov momentum 0.9 for 217 iterations (batches)
with a batch size 64 * 8 = 2° (consisting of 64 labeled samples and 64 * 7 unlabeled samples). The
initial learning rate is 0.03, decaying with a cosine scheduler. The test accuracies are evaluated 27
times in total evenly throughout the 2!7 iterations (i.e., one test evaluation after every 2! iterations)
on an EMA model with a decay rate 0.999. The average and standard deviation of the best test
accuracy (i.e., early stopping with the maximum patience 128) are reported for each experiment over
3 arbitrary random seeds. Both CIFAR-10/100 experiments are conducted on one NVIDIA A40
GPU.

B Proofs and Discussions for Section 5

B.1 Proof of Theorem 5.1

Lemma B.1 (Rademacher complexity with cluster-aware functions (generalization of Yang et al.
[2023] Theorem 8)). For a fixed Fy,(xw), let

Co Frxumy = {0(f(-):) : X x Y = {0,1} | f € Frixw)}

be the loss function class. Then, its Rademacher complexity can be upper-bounded by

2K log(2
Ry, (€ o Frixuy) < \/Of(n) + 20 (Frxwy)- (10)

Proof of Lemma B.1. Given a set of i.i.d. samples (X,y) ~ P(x,y)", let

é(X,y) (ZOFL(X“)) = |{(€(f(xl)7y1) PR ,é(f(xn),yn)) ‘ f € ]:L(X”)}‘ '

denote the number of distinct patterns over (X, y) in £ o Fy,x«). Then, by Massart’s finite lemma,
the empirical Rademacher complexity with respect to (X, y) is upper bounded by

2log (é(xyy) (f o ]:L(X“)))

n

Rixy) (00 Fraxe) <
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By the concavity of y/log (), we know that,

R (L0 Frixn) =Exy) [Rexy) (0 Froxn)]

2 log (é(xy) (6 @) ]:L(Xu)))
n (1D

<Ex.y)

2log (E(X,y) [@(X’y) (o ]-"L(xu))D
: .

<
Since P (M(f)) < p (Frxwy) < 3 forall f € Fp,xu), by union bound, we have

E(Xy) @ (X,y) (gofL(X"))}
n n—t n—et+1 L
)u Frxn) (1= (Frxe))” <min {Kon—} - 1) 2

<" () (20 (Froen)) (1= (Freen))™™ (12

=(2n)" (1 p(Fuexn) + 20 (Fuxn))”
S(?n)Ken“(]:L(Xu)),

where ¢ counts the number of minority samples in the n samples. Plugging in this last line into
Equation (11) yields Equation (10). ]

Proof of Theorem 5.1. Since £ o F,(xu) is 1-bounded with the zero-one loss ¢, Lemma F.1 implies
that with probability at least 1 — §/2 over (X,y),

21log (4/9)

g (ﬁxu) —E(fu) S AR, (Lo Frxn) +

Then, incorporating the upper bound of R,, (¢ o F,(x«)) from Lemma B.1 completes the proof. [

B.2 Cluster-wise Labeling with Cluster-aware Predictions

Recall the notions of majority labeling 7 (-) (Equation (2)) and minority subset M ( f) (Definition 3.1).
We first specify the cluster-aware predictions that are useful for labeling with the following non-
degeneracy assumption.

Assumption B.1 ((mg, ¢g)-non-degenerate predictions). For any prediction function f € F, we say
f is (mqg, co)-non-degenerate if the following properties are satisfied:

(i) yr : X — [K] is surjective (i.e., {ys (x) | x € X} = [K])
(ii) ‘X,f‘ > my for all k € K], where we define X,f {xeX|y;x) =k}
(iii) There exists some co > 2 such that ¢y - P (M(f) N X,f) <P (X,{) forallk € [K].

It is worth pointing out that although the majority labeling 7 (-) depends on the ground truth and
therefore remains unknown without label acquisition, under Assumption B.1, the associated partition
{X{ }ke[K] over X' depends only on f and is known without labeling. This is because y(-) and
y¢(+) induce the same partition over X when both y(-) and y;(-) are non-degenerate (i.e., being
surjective functions onto [K], a necessary condition of Assumption B.1 (i) and (ii)). We also notice
that Assumption B.1 (iii) can be generally satisfied with a reasonably large ¢ when learning via
Equation (3) with a sufficiently small y¢ (Fg,(x«)) (¢f: Theorem 4.1 or Theorem 4.3). For example,

when ¢y - (.FL(Xu)) < mingecg P (X,f) , Assumption B.1 (iii) is automatically satisfied.
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With the cluster-aware predictions in Assumption B.1, we show that O (log(K)) i.i.d. labeled
samples per predicted cluster are sufficient to ensure at least one labeled sample per class. That is,
the cluster-wise labeling with (my, ¢o)-non-degenerate predictions guarantees a label complexity of
O (K log(K)) even with class imbalance.

Proposition B.2 (Cluster-wise labeling). Given any (my, ¢o)-non-degenerate prediction function
[ € F (Assumption B.1) with sufficiently large mqo > log, (2K) and co > 2, for each k € [K],

acquire labels of m (m < myg) unlabeled samples {XZi}ie[m] ~ Unif (X,g) drawn i.1.d. from X,g.
2K 2K u —
Then, for any § € (CT"’ 1), when m > log,, (25%), {y. (X3i) Yre(x),icpm) = U] have at least one

ground truth label per class with probability at least 1 — 6.

Proof of Proposition B.2. We first observe that
P ({0, (xE) b nequicim = (K1 =PIV € [K], 3k € [K],i € [m] st y. (xi) = K]
>PVke[K], Tie[m]st.y.(xp;) =k

K
- Ep{x}gi}ie[m]~Unif(ka)m (i € [m]s.t.y. (xi;) = K],

where
PEi e fm]st.y. (xi) = k] =1 — P[Vi € [m], y. (xt) £ K]
=1~ (B, r(ag) e 09 £ 7 (0])
=1 — (Pyuir(yy € M)
P(M(H)nx)
P(xf)
Since Assumption B.1 implies P (M( Hnxf ) / P (ka ) < L forall k € [K], we have

P [t Gck heep e = 1) = (1- (1)m)K >op (<20 ) 2 1- 20,

Co 0

where the second and the third inequalities follow from the facts that 1 — ¢ > exp (—2¢q) for all
0<qg< % and exp (—q) > 1 — g forall 0 < g < 1, respectively. It is straightforward to observe

that when m > log,, (2£), we have 25 < §. With minye g ’ka’ = my, taking up to m < my
0
unlabeled samples for each k € [K|, we can achieve 0 as small as 0y = j,—{(o O]

0

C Proofs and Discussions for Section 4.1

In Appendix C.1, we proceed with the proof of low clustering error guarantee (Theorem 4.1) for
minimizing the population RKD loss (Equation (1)). In Appendix C.2, we extend the discussion in
Remark 4.1 on the limitation of spectral clustering alone in the end-to-end setting via an illustrative toy
counter-example. In Appendix C.3, we clarify the connection between our results and corresponding
spectral graph theoretic notions of sparsest k-partitions.

C.1 Proof of Theorem 4.1

Given any labeling function y : X — [K],let i : X — {0, 1}K be the one-hot encoded la-
beling function such thatg)r y(X) € [K]¥, 7 (x) € {0,1}/**X Further, given f € F, we
denote Uy 2 D (X)2 57 (X), Fx 2 D(X)"? f(X), and Yx £ D (X)"? 51 (X) such that
U/y,FX,YX S RIX‘XK.
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Since L(X) = I — W(X), the classical argument with Gershgorin circle theorem [Golub and
Van Loan, 2013, Theorem 7.2.1] implies that 0 < L(X) < 2I, whereas k,, being positive semi-

definite further implies that W (X') = 0 and therefore 0 < L(X') < I (see the proof of Claim C.3).
Consider the spectral decomposition of L (X) =1 — W(X),
|X] |X]
X) = Z)\i viv] st D)W (@)D )TV =3 "1 -0 vy, (13)
i i=1
where {v; € RI* } —_—

1, respectively, that form a basis of RIXI

are the orthonormal eigenvectors associated with 0 = A < -+ < Ay <

Lemma C.1. Given any f € F that satisfies Assumption 4.2, we have

2
POM() = B 1770 £ 100} < 2max (1) min ¥ = Pl

Proof of Lemma C.1. Without ambiguity, we overload the notation of each sample x € X as the
corresponding index in [|X|] such that, given any sample subset S = {s;},. s C X, following

the MATLAB notation for matrix indexing, IIs £ I x| (:,S) € RI*¥1¥I5! where I denotes the
|X| x |X| identity matrix. With respect to S, we also denote Fg £ Fy (S,:) = IIFy and
YS = YX (S ) HTYX
We first show that for any S = [s1;...;sKk] € XK that satisfies rank (Fs) = K,
1 2 . 2
[Yx —FxFg'Ys|, < 2Zer]§}(nm 1Y — FaZ7. (14)

To see this, we start by replacing Z on the right-hand side of Equation (14) with the corresponding
least square solution such that

2
. . 2 _ T
i I~ Eal = [V = Bakva,

where FTX = (FiFx) - F 1. Then, we can decompose the left-hand side of Equation (14) via the
orthogonal projection F y F}:

_ 2 _ 2 _ 2
[V = FaFs Y[} = [ (1- FaFl) (Yo - FaF5'Ys) HF + |[FaFl (Yo — FF5'Ys) HF
2
= HYX - FXFTXYXHF +[I(Pr—Ps) Y7,
where P 2 FyFl, = Fay (FLFy) ' Fland Pg 2 Fy (TIJFy)  II§. By observing that
PsPp=Fy (IFy) I{Fy (FLFy)  FL =Pp=PyPp,
we can upper bound ||(Pr — Pg) Yy H?, such that

|(Pr—Ps)Yx|3 = (Pr—Ps) - Pr) Yl
<|T=Pp) Yl

2
E
F
which leads to Equation (14).

Now, we consider the sample subset S € XX described in Assumption 4.2. For given f € F,
partitioning X into the majority and minority subsets, X\ M (f) and M (f), respectively yields

Y = FacF5' Y|
=<1—P<M(f>>>~Ex~P<x> 17200 = 72(8)7 £(8) T G0l | ¢ M ()]
+POM()) By [[ 76~ R8T AS) 505 | x € M()]

>P(M(f)) - Exwpio ||[I260) = T(S)TF(S)7 ()5 | x € M(p)].
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_)
Since s, ¢ M(f), we have yi(S) = 7;(S) whose rows lie in the canonical bases of
{er € RK}kG[K]; whereas for x € M(f), we have y.(x) # y(x). Therefore, in the case when

Y« (X) = yx(sy,) for some k € [K],
|76 = 72(8) 48) T 10
= 1768) T (FO)TR )T x) — 1)

Sor (F8) ) |re0 - 3 s
kEe[K]:yx(x)=yx(sk) 2
where o (f(S)™ ") = 1/B, and with ¢ (si) = ya(sk) = y«(x) # yp(x) implying ys(sy) #

yr(x),

f(x) - > Fso)|| =%
kE[K]:y. (x)=y(sk) 9
we have
2
72 (<) = 72(S) T £(S) T (x5 > L 2

Meanwhile, in the case when y.(x) # y.(s;) for all k € [K], we have 7, (S)7.(x) = 0, and
therefore

[72) = 72(8) T £(S) 7T F|l, = 7260 T () = BS)TFS) TS (), =

Overall, we’ve shown that
B [[7209 = 78)" (8) T 603 [ x € 2] 2 min (I, 1) ,
which leads to )
P(M(f)) < max (’52 1) [Yx - FxF5'Ys|. (15)

Finally, combining Equation (14) and Equation (15) completes the proof. O

Lemma C.2. Withy,, € [0,1]/*! denoting the k-th column of Y x 2 D (X)1/2 7L(X) € [0, 1]1¥IxEK

Z Yk X)yr = o

ke[K]

Proof of Lemma C.2. 1t is sufficient to observe that, by construction, for every k € [K],
vIL(X)ye =yi v — v/ D(X)"Y2W(X)D(X) "2y,

= Z Wy - T{ya(x) =k} — Z Z Wi+ D{yu(x) = k} - T {y.(x') = k}

xXeX xeEX x'eX

= Z 1{y.(x) = k} <wx - Z Wy - L{y.(x) = y*(xl)}>
xeX x'e€X

=D Uy(x) =k} Y woo - L{ya(x) # 3(x)} -

. . _ _ 1
Meanwhile, since 3 c v D cx Wxx' = 1, wehave & = 5375 151 D xen, D¢, Wxx and

YMVILAX)yr =D Y wee  L{ya(x) # 5(x)} Y 1{ya(x) =k}

ke[K] x€EX X' €X ke[K]

=3 Y w100 # 9.6}

xeX x'eX

S DI Dl YRR

ke[K] xEX, x' ¢ X,
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Claim CJ3. For all f € JFyx) minimizing Equation (1), Range (D(X)%f(.)()) =
span{vy,...,Vi}.

Proof of Claim C.3. Since 0 < L(X) < 2I, we have -1 < W(X) < I. Meanwhile, let
ky (X, X) € RI¥IXI* be the population kernel matrix such that ky, (X, X), ., = ky (x,x’). Then
by defintion, ky (X, X) = D(X) "W (X)D(X)~?, and therefore

I W(X)=D(X) 2W(X)D(X) 2 = D(X)2ky (X, X) D(X)? = 0.
That is, the eigenvalues of L(X’) and those of W (X') satisfies

Ai 2N (LX) =1 = Axj—ipr (W(X))  Vie[lX],
while the eigenvectors are shared such that, with the spectral decomposition of L(X") in Equation (13),

|X]

W(X) = Z(l —)\Z‘) 'VZ‘VZT.

i=1
Therefore, the K eigenvalues of W (X') of maximal modulus correspond exactly to the K eigenvalues
of L(X) that are closest to 0, the eigenvalues whose eigenspaces are relevant for spectral clustering.
Recalling Fy 2 D (X )% f (X), we can rewrite Equation (1) as
— 2
R(f) = |[W(X) - FxFL||,-

It follows directly from the Eckart- Young-Mirsky theorem [Eckart and Young, 1936] that Range (Fx)
is the subspace spanned by the eigenvectors Vg = [vi,..., VK] € RIF¥I*E associated with the
maximum K eigenvalues of W (X):

Fro = {f € FRZeRFF D ()} 1 (X) = VicZ}.
0

Proof of Theorem 4.1. Recall Fx 2 D (X)V2f(X), Yx 2 D(X)Y?3(X), and let y;, €
[0,1]!*! be the k-th column of Y y. Leveraging Lemma C.1, we have for any f € F,

B . 9
P (M(f)) <2max (72 1) i [V = FaZfy

2
=2 max (’jz, 1) min Z Iy — szng )

{zkERR } ek ke [K]

Recall that the orthonormal eigenvectors {v; € RI*1} associated with eigenvalues 0 = \; <

i€[|x]]
- < x| of L (X) form a basis of RI*I. For every k € [K], (yr — Fxzy) € RI¥I can be
decomposed as the linear combination of {v;}, .y, such that
, i )
lye = Fxzely =Y (v (yi — Fazi))
i=1
Meanwhile, Claim C.3 implies that, for f € Fy,(x), with Vi = [vi,..., VK| € RI¥IXK we have
Range (Fx) = Range (V). Thatis, v,/ Fxz; = 0 for all i > K, and by taking
K
—1 2
Zi — (V;F)() Vl—l;yk = Z (V;r (Yk — Fsz)) =0.
i=1

Overall, for every k € [K], there exists z; € R¥ such that

—— 2 ad 2 _ yiL(X)y
lyx — Fazill; = Z (viyr) < 3 Z Ao (viye) < ]“)\7,
i=K+1 K+1 i=K+1 K+1
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and Lemma C.2 implies that

. TL(X)yg o
{zR €RR}, ((k ke[K] reK] K+1 K+1

which completes the proof. O

C.2 Limitation of Spectral Clustering Alone

To ground the discussion in Remark 4.1, here, we raise a toy counter-example where spectral
clustering alone fails to satisfy Assumption 4.2 and suffers from a large clustering error. Intuitively,
such a pitfall of spectral clustering is caused by a suboptimal choice of basis for the predictions f(X)
in Equation (1) due to the inherited rotation invariance of the minimizers of R(f).

Example C.1 (Pitfall of spectral clustering alone). We consider a binary classification problem with
two balanced ground truth classes { X1, Xs} perfectly partitioned in G x as disconnected components.
Then, when the prediction y; (x) = argmaxye g [ (X),, is made with a uniformly random break
of ties, Equation (1) alone suffers from p (fL(X)) > % in expectation, due to the violation of
Assumption 4.2.

Nevertheless, with as few as one labeled sample per class {(x;,1) | i = 1,2}, weak supervision via
the cross-entropy loss

min {ECE (f) £ = log (softmax (f (xi))i)}

feEFL(x) =
facilitates satisfaction of Assumption 4.2 with a provably large margin ~y. For instance, assuming

ILf(X)]ly < N F(S)y £ B and wy = 1/|X| for all x € X (simplified for illustration purposes), for
any f € Fy(x) under weak supervision such that

fe {fE}"L(X) ‘log <1+€_\/§’8) SECE(f) <10g(1+e_'8)},

Assumption 4.2 is satisfied with

. ~ 2
~v > —log (eLCE(f) - 1) - \/262 — log (eﬁcxz(f) - 1) .

In particular, with the minimum feasible cross-entropy loss ECE(f) = log (1 + 67ﬁ5>, we have
7> V2.

We remark that with DAC regularizations like FixMatch [Sohn et al., 2020] and MixMatch [Berthelot
et al., 2019], model predictions are matched against pseudo-labels that are gauged based on data
augmentations, usually via the cross-entropy loss. Therefore, DAC has analogous effects on the
margins of the learned prediction functions f as the additional supervision described above.

Moreover, when coupling Equation (1) with the conventional KD (i.e., feature matching), the learned
prediction functions f inherit the boundedness and margin of the teacher model, which are presumably
satisfactory.

Rationale for Example C.1. Recall that A\; < --- < A x| are the eigenvalues of the graph Laplacian
L(X) =1—-W (X), and let {vy,---,v|x|} be the associated normalized eigenvectors. For a
binary classification with {X}, X>} perfectly separated in G x, we can write A = Ay = 0, while
v1, Vo are the scaled identity vectors of X7, Xs, respectively, such that v;(x) = \/‘17‘]1 {xe X}
fori =1,2. '

By denoting V = [vy, vo] € RI¥I1X2 the Eckart-Young-Mirsky theorem [Eckart and Young, 1936]
implies that, for any orthogonal matrix Q = [qi; q2] € R?*2,

f(X) = D(X)_%ngiag(l — 2,1 —/\2)% Q :D(X)—%VQQ

is a minimizer of R(f) in Equation (1). Thatis, f(x) = ﬁqi forx € X;,i=1,2.
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Spectral clustering alone. However, by taking q; = % [1;1] and q2 = % [—1;1], with a
uniformly random break of ties, the corresponding f € Fp,x) will misclassify half of x € X
as X, in expectation. Then, since P (X;) = P (X,) = 3, by Definition 3.1, we have M (f) =

{x € X1 | ys(x) = 2} such that u (Fy,(x)) > P (M(f)) = % in expectation.

Spectral clustering in Example C.1 fails to yield low clustering error due to the potential violation of
Assumption 4.2. For example, consider any prediction function f € 7, x described in Example C.1.

(i) When argmin, e x\pr¢p) wx C A1, recalling sy, = argmax,e v\ ar(p) f(X) and f(x) =

1 .
————q; for x € X} such that, since |X;| = |AXs],
\/mq ‘ 1| | 2|
1
s; € A, So € argmax f(X)s = argmax ——— = argmin wyx C A},
xEX\M(f) x€X\M(f) \/Wx || xex\m(f)

there does not exist a skeleton subset S = [s;; s3] as described in Assumption 4.2.

(ii) Otherwise, suppose one can find a skeleton subset S = [s1;s5] as described in Assumption 4.2.
Without loss of generality, by taking (argmin, . y wx) VM (f) # 0 in the problem setup, there
exists x € M(f) C Xy (with y(x) = 2) such that wyx < ws,. Therefore,

V2ws, |X1] /2wy X

implies a trivial margin v < 0, which violates v > 0 in Assumption 4.2.

nEf (s1); — (x)

max f
xEM (f):ys(x)#1

With additional weak supervision. We first observe that for both i € [2],

—log (softmax (f (x;));) < @ZCE(f)7

which implies that
Fx0)y = f(x1)y = —log (£ = 1), F(x2), = f (x2); = —log (eFex() — 1)
where — log (eECE(f) — 1) > 0 since Log(f) < log (1+e77) <log(2).

Since we assume || f(x)||, < Sforallx € X, f (xi)f +f (xl)g < 32 for both i = 1, 2, we therefore
have

f(x1); — f(x2), > —log (eECE(f) _ 1) — \/252 —log (eEcE(f) — 1)27

This similarly holds for f (x2), — f (X1),.

Recall now that f(x) = L__q;forx € X;,i=1,2and x; € X fori = 1,2. Assuming
/wx‘Xi‘ 5 3

wyx = 1/|X| forall x € X, we have

i) =f(x), xex

0= o ey = f ), xe

Therefore, v1 > f (x1); — f (x2); and 72 > f (x2), — f (x1),, Which together imply that

~ _ 2
v > —log (eﬁCE(f) — 1) — \/2ﬁ2 — log (eﬁcxa(f) - 1) .

Now examine the two extremes of log (1 + e*ﬁﬁ> < ECE(f) < log (1 + e*ﬁ). When the

cross-entropy loss achieves its minimum feasible value ECE( f) =log (1 + e_‘/iﬂ), we have that

v > \@6, whereas the margin can be nearly trivial ¥ > ecg with ecg — 0 when the cross-entropy
loss is on the larger side Lcg(f) — log (1+e77). O
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C.3 Connection with Sparsest k-partition
We now identify the connection between the eigenvalue \x 1 and spectral graph theoretic notions

of clusteredness of the underlying graph. We recall the notion of sparsest k-partitions [Louis and
Makarychev, 2014] based on the Dirichlet conductance of subgraphs.

Definition C.1 (Sparsest k-partition, HaoChen et al. [2021] Definition 3.4, Louis and Makarychev
[2014] Problem 1.1). Given a weighted undirected graph G = (X, w), for any k € [|X]], let
S = {{Si}ie[k] ‘ Uie) Si = X, SinNS; =0, Si #0Vi # 34, i,j € [k;]} be the set of all
k-partitions of G. The sparsest k-partition of G is defined as

£  min  max Si),
Z {Sq‘,}ie[k]esie[k’]QSG( )

where ¢g(S) = (ers Zx’éS wxx/) / (ers wx) is the Dirichlet conductance of S C X.

It is worth mentioning that ¢y, is a non-decreasing function in £ [HaoChen et al., 2021]. In particular,
¢, = 0 when the graph has at least £ disconnected components; whereas Ax+1 > 0 (Assumption 4.1)
implies that ¢ 1 > 0.

Meanwhile, Louis and Makarychev [2014] unveils the following connection between the sparsest
k-partition of the graph and the k’th smallest eigenvalue of its graph Laplacian:

Lemma C.4 (Louis and Makarychev [2014] Proposition 1.2). Given any weighted undirected graph
G = (X,w), let0 = Ay < --- < \\x| be the eigenvalues of the normalized graph Laplacian in the
ascending order. For any k, k" € [|X[], k < k', there exists a partition {S;};c(; € S of X such that,
foralli € [k],

6 (50 S poly (7 ) Vg T v

Leveraging the existing result Lemma C.4 [Louis and Makarychev, 2014] from spectral graph theory,
we have the following corollary.

Corollary C.5 (Clustering in terms of sparsest k-partitions). Under Assumption 4.1 and Assump-
tion 4.2 for every f € Fy,(x), error of clustering with the population (Equation (1)) satisfies that, if
a > 0and ¢y, > 0 for all k € K], then

u(]:LX)<max 6—21 - poly _k log(k‘)g.
*)] ~ 2’ K+1—k 2

We also notice that when a = 0, Theorem 4.1 automatically implies that 1 (.7-"1,( X)) = 0. Intuitively,
Corollary C.5 implies that except for the partition of the K ground truth classes { X'}, €[K] (i.e., when

a > 0), Gy cannot be partitioned into other & components by removing a sparse set of edges from
Gx.

Proof of Corollary C.5. Lemma C.4 implies that for any k € [K], there exists a partition {Si}ie[k] €
S of X such that

k
< N <poly | ——— log (k) A ,
o < o0 (8) S voly (g ) ViR T v

and therefore

1 k 1
— <poly [ — ) log(k)—
py Npoy<K+1_k> og(k) g
which completes the proof when recalling Theorem 4.1. O

D Proofs and Discussions for Section 4.2

Here, we show that ﬁxu (f) shares the same minimizer as the population Laplacian regularizer

R(f) in expectation (Proposition D.1) and provide generalization bounds for Rx (f) (Theorem 4.2)
accordingly.
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D.1 Unbiased Estimations of Population Laplacian

Proposition D.1. ﬁxu (f) (Equation (3)) serves as an unbiased estimate for R(f) (Equation (1)):

R(f) =Exu~px)™ [EX“ (f)} .

Proof of Proposition D.1. We first observe that R(f) can be expanded as following:

R(f) 2[[W(x) - D) £ (¥) f () D)3
ZHD(X)‘%W(X)D(X)‘% i+ HD(X)%f(X)f(X)TD(X)% i
—2ur (W(X)f (X f(x)")
—Z;(ZX 2 Qe (%) J () + ws (£6)T 1)
ZZXZX Wyt - ((uf”w) - %f(xff(x’) + (f(X)Tf(x’))2> |

Then, with ky, (x,x') = =, Rxu (f) in Equation (3), wy = P (x), and wy = P (x'), we have

R(F) =B e [k (6, = 2k (x,5) 10T 1) + (F6)T F6))’]
:Ex,x/NP(x)2 [(f(X)Tf( ) kw X X/))2:|

o N/2 9
=Exu~p)n N Z ( X3 1 f(x3;) = ky (Xgi—lvxgi))

—Exup(x)n [qu (]

D.2 Proof of Theorem 4.2
Proof of Theorem 4.2. By defining

P () 2 (F)TF() = by (3, %))

we have R(f) = Ex o p(x [P (f)] and Rxo (f) = 2 SN2 P s (f) as

N/2

~ 2
Roce (F) = 3 (£ (i) T 7 0ck) — o (i x8))

i=1

where {(xgifl, x’z‘z) }sz/lz are i.i.d. given X* ~ P(x)Y. Consider the function class

FLoF={F.(f): X x X > R|f € F}.

Since 0 < ky(x,x') < By,, and by Cauchy-Schwarz inequality, f(x)'f(x/) <
[ £x) Iy [ F(x)]ly < By, we have 0 < Pxx (f) < (B, + Bf)2 for all x,x’ € X, which means

that 7. . o Fis (Bk, , +B f)Q-bounded. Leveraging Lemma F.1 gives that, with probability at least
1—6/2over X*,

R(fix-) — R (fix) < 4%ny2 (7. 0 F) +2 By, + By) w
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Now, it remains to show that Ry 5 (7. o F) < 41/2B; (By + By, ) Ry2 (F). For this, we recall
Equation (4) and observe that

N/2

Rz (7. 0 F) =Exu pion ?ggﬁ E i (f (x5i_1) f(x5) —ky (X2i71’x2i)) )
X i=1
p~Rad 2

where with Talagrand’s lemma [Ledoux and Talagrand, 2013, Theorem 4.12] for compositions with
scalar Lipschitz functions,

N/2
~ 2
Rz (.. 0 F) <2(By + By, ) Exu p J?EEN Zpi f (X’ﬁi,l)T £(x%)
=1

Since f (xg-1) ' 7 0cg) < 5 (117 Gegi )l + 17 (5013
Exu , |sup 3 Zpi - f (xgi—l)T f(x3;)

2 1
<Exep [sup~ o5 (17 Gl + 17 (et

1 9 N/2 9 N/2
U 2 U
<g (B s g 2o I O]l +Bxep |00 D g I GS)I

9 N/2
=Exu SUD — - u 2
e s 35 3 e 1 5

By the vector-contraction inequality for Rademacher complexities [Maurer, 2016, Corollary 4], since
|f (x)]3 is (24/By)-Lipschitz in f(x), with f(x); denoting the k-th entry of f(x) € R¥,

N/2 N/2 K

2 ) 2
Exep [Sup D i If (5)l5| <202B5 By o ox |sup > > o f(x)),
fer SV pRad K fer Vi k=1

=24/ 2Bme/2 (]:) .
Overall, we have Ry /2 (7. o F) < 4,/2B; (By + By, ) R,2 (F) which completes the proof. [

D.3 Unlabeled Sample Complexity with Deep Neural Networks

Here, we ground Theorem 4.2 by exemplifying 2R /2(F) leveraging the existing generalization
bound [Golowich et al., 2018] for deep neural networks.

Claim D.2 (Rademacher complexity of deep neural networks [Golowich et al., 2018]). Recall the
notion of Rademacher complexity for a vector-valued function class F > f : X — RX from
Equation (4). Adopting the existing results in Golowich et al. [2018] and following the notations in
Section 6, we consider F as a class of deep neural networks:

F={f(x) = Apo (--- Arp(A1x)---) | [|A.]l p < BF,. V¢ € [p]}

with weight matrices {A, | ¢ € [p]} and a 1-Lipschitz, positive-homogeneous activation function ¢ (-)
(e.g., ReLU) applied entry-wisely. Let Bx = [[V_, Br,, and ||x||, < Bx for all x € X. Then, by
Golowich et al. [2018] Theorem 1, we have

(2 plog(2) + \@) KBxBr

VN

Ry (F) <
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D.4 Proof of Theorem 4.3

Proof of Theorem 4.3. Let Ux 2 D (X)"? fixu (X),Fx 2 D (X)"/? fi2 (X),and yy, € [0,1]1%]
be the k-th column of Yy 2 D (X)"2(X). We denote Py £ U, U, as the orthogonal
projection onto Range (U x) and P £ T — Py as the orthogonal complement of Py;.

Recalling from the proof of Theorem 4.1, Lemma C.1 implies that for all f‘xu € Fr(xw)

2
P (M(f‘xu)) <2max (5 ) Z H&g llyr — UXZ;gH2 = 2max ( ) Z HPUYk|

ke[K] ke[K]

27

where the second equality comes from taking z; = UTka. for every k € [K].

Consider the spectral decomposition of L (X’) in Equation (13). Since the orthonormal eigenvectors

{v,eRI* |} e associated with eigenvalues 0 = A\; < --- < Xy < 1 form a basis of R/,
by denoting Vg £ [vi,...,vg] € RIFI¥K and Vi & [VKH, . ,V|X|] e RIFIXK for every
ke [K],
X ,
[PEyels = > v/ Phya)’ = [ViPoyells + | (V) Poe
i=1

It is shown in the proof of Theorem 4.1 that
> i) paw, < 32 ovid w <
ke[K)
whereas by observing that ||yk||§ =D wexWx- 1 {y* (x) =k} = P(Xy),
> IVEPSyely < 32 Inslls IP6 Vil = [PE Vil 3o P (%) = [Po Vi

ke[K] ke(K]
2
F) . (16)

P (M(fix+)) < 2max <§2 1> ()‘K

Upper bounding ||[P{V KH? We first recall from Equation (13) that W(X) =
ZIX‘ (1— ;) vyv,. For fix € Fr(x). Eckart-Young-Mirsky theorem [Eckart and Young, 1936]
implies that FyF}, = Zfil (1= X)) viv,

70

- )\K+1

Overall, we have

and
2

=) (1-xn)%

I i>K

R(fix) = |[W(X) - FxF}|; =

Z (1 — )\l) ViV;r
i>K

Therefore, R (fjx«) < R (fjx) + A implies that

D (1 =2)° + A2 [W(X) - U UR|[y. = [ (W(X) - PuW () + (PuW(X) - U2 UR) |
i>K

— |[PEW(X) + Py (W(X) - U UL) ||

= [PEW()|[5 + [Py (W(X) ~ UxUR) |

2

(since Py and Py are orthogonal)

x|
> || PEW (X HF Z(l—)\i)(Pﬁvi)v;

i=1 F

|x] | x]

SOST - (1= ) (PEv) v v, (Phvy) |

i=1 j=1

=Y A2 P

7)
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Meanwhile, the assumption A < (1 — Ag)” implies that rank (P¢;) = || — K, and thus
| X

S [[Pevil = [P = tr (Ph) = rank (Pi) = ] - K. as
=1

Otherwise by contradiction, suppose rank (Py) = rank (Uy) < K, then Eckart-Young-Mirsky
theorem [Eckart and Young, 1936] implies that

| X
rank(néin)<[( [W(x) - UXU}Hi =2 (=X >3 (1= +A=R(fix) + A,
X =K i>K

which contradicts R (fix«) < R (flx) + A.

Furthermore, since ||v;||, = 1 and Py is an orthogonal projection, for all i € [|X]],

0 < ||[PHvills < 1. (19)

For every i € [|X|], we denote ¢; = ||P{3vl|’§ Then, upper bounding ||PIJ3VKH37 = Zf; &; can
be recast as a linear programming problem:

K
P i
(P): max )¢
|X]
(20)
D Gi=1X - K,
i=1
|x|
DA=-MPE<D 1=-N)+A,
i=1 i>K
whose dual can be expressed as
|X|
(D) : min E:%—HX—fKMg+<A+§:ﬂ—AHﬁum
(@i Wi wswa) §=1 i>K
st wi, Wi, ws,wa > 0, (21)

wi—ws+(1—=X)wa>1 Vi<K,
wi—ws+(1—)\i)2wA20 Vi> K.

By taking

wi=0 Vi<Kp,
1_ 2 (1 \)2
wi = = AKOQ) ( A’)2 VK <i<K,
(1= Axy)” = (1= A1)
_ A Ak)® - (1=
(1= Ago)* = (1= Agp1)?

VK +1<i<|x],

%

_ (1 Agp1)’
Wg = D) 2
(1—=Ako)” — (1= Ax41)
1
WA = )

(1= Aro)” = (1= Agcgn)?
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the dual optimum can be upper bounded by

K
(D) =) wi+A-wa
i=1

A K A=) - (1= N)?

T (=) i:KZOﬂ (1= k) — (1= A1)’
(14 (K = Ko) Crey) A
T - Ag,)? = (1= A1)

given CKO A (1 )\KO)A(l AK) :O(].)

With both the primal Equation (20) and the dual Equation (21) being feasible and bounded, the strong
duality then implies that

(14+ (K — Ky)Ck,) A
(1= Agko)* = (1= Agp1)?

which, when plugging back into Equation (16), completes the proof. O

)

K
P&V =Y &= (P)= D)<
=1

E Proofs and Discussions for Section 6

E.1 Expansion-based Data Augmentation

For the detailed analysis, we further recall the following notion of constant expansion and its relation
with the concept of c-expansion in Definition 6.1 from Wei et al. [2021].

Definition E.1 ((g, £)-constant expansion [Wei et al., 2021]). We say the expansion-based data
augmentation (Definition 6.1) satisfies (q, £ )-constant expansion if for any S C X such that P(S) > ¢
and P (SN Xy,) < P(Xy) /2 forallk € [K],

P (NB(S)) > min {P(S), £} + P(S).

Lemma E.1 (c-expansion implies constant expansion [Wei et al., 2021]). The c-expansion property
(Definition 6.1) implies (ﬁ, 5) -constant expansion (Definition E.1) for any & > 0.

Proof of Lemma E.1. Consider a subset S C X such that P(S) > gand P (SN &%) < P (&%) /2.
Let S, = S N X, for every k € [K].

G) Ifce (172), since P(Xk) — P (Sk) > P(S;C) > (C - 1P (Sk)

P(NB(5)\S) =) P (NB(Sk)) = P (k)

min {(c — 1)P (Sy), P (&X;) — P (S))}

M= 1= 1=

>3 (e~ DP(S) = (¢~ DP(S) > (e~ 1)g =€

k=1
(i) Ifc > 2,sincec—1 > 1and P (X)) — P (Si) > P (Sk), we have

K K
P(NB(S)\8) > min{(c—1)P(Sk), P (%) — P(Si)} = > P (Sy) = P(S)
k=1 k=1

Overall, we have
P (NB(S)) = P(NB(S)\S)+ P(S) > min{P(5),&} + P(S).
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E.2 Data Augmentation Consistency Regularization

To bridge Equation (8) with common DAC regularization algorithms in practice, in Example E.1,
we instantiate FixMatch [Sohn et al., 2020] — a state-of-the-art semi-supervised learning algorithm
that leverages DAC regularization by encouraging similar predictions of proper weak and strong data
augmentations x*, x* € A(x) of the same sample x.

Example E.1 (FixMatch [Sohn et al., 2020]). FixMatch minimizes the loss between the outputs of
the strong augmentation f(x°) and the pseudo-label of the weak augmentation yy (x"') when the
confidence of such pseudo-labeling is high (i.e., maxyc(x) f (x), is larger than a threshold).

To connect FixMatch with Equation (8), we consider a fixed (unknown) margin-robust neighborhood
F' D Fxu O f« where the strong augmentation characterizes the worst-case (minimum) robust
margin x° € () ez argming ¢ 4x) m (f, X',y (x)); while the weak augmentation preserves the
classification y; (x") = yr (x).

Then, for any f € F' during learning, minimizing the cross-entropy loss between softmax (f(x*))
and the one-hot label y_f> (x") is equivalent to enforcing a large enough marginm (f,x°,y¢(x)) > T,
whereas m (f,x',ys(x)) > m(f,x°,yr(x)) > 7 for all X' € A(x) by construction implies
ma (f,X) > T as required by the constraints in Equation (8).

E.3 Proof of Theorem 6.2

Proof of Theorem 6.2. We first recall from Lemma E.1 that c-expansion implies (20”_({) 2v(f ))—
constant expansion (Definition E.1) for any f € F. Therefore, it is sufficient to show that with

(g, 2v(f))-constant expansion (i.e., ¢ = 20%(];)),

P(M(f)) < max{q,2v(f)} V[ € Fxu. (22)

For any f € F%., we notice that Equation (22) is automatically satisfied when P (M(f)) < g¢.
Otherwise, when P (M(f)) > g, then along with P (SN &) < P(Xj)/2 for all k € [K],
(g, 2v(f))-constant expansion implies

P(NB(M(f))) > min{P (M(f)),2v(f)} + P (M(f)) - (23)

Meanwhile, we observe that by union bound,

P(NB(M(f))\ M(f)) <2P[Fx" € A(x) s.t. ys(x) # yy (X')] = 2v(f) (24)
because for any x € NB (M(f)) \ M(f), there exists x' € M(f) such that one can find some
x" € A(x) N A (x’); and therefore exactly one of the follows must hold

(i) if x” € M(f), then gy (x") # y. (x) = s (x) implies y s (x") # ys (x) for x" € A(x);
(i) if x” ¢ M(f), then gy (x") = y. (x) # yy (x') implies y; (x") # yy (x') forx” € A (x').
Leveraging Equation (23) and Equation (24), we have
P(M(f)) 2P (NB (M(f))) = P (NB(M(f)) \ M(f))
>min{P (M(f)),2v(f)} + P (M(f)) = 2v(f),
which leads to min {P (M (f)),2v(f)} < 2v(f) and implies P (M (f)) < 2v(f). O

F Technical Lemmas

Here, we briefly review the standard Rademacher-complexity-based generalization analysis based on
McDiarmid’s inequality and a classical symmetrization argument Wainwright [2019], Bartlett and
Mendelson [2003].

Lemma F.1 (Generalization guarantee with Rademacher complexity). Given a distribution over a
set Z'3, we consider a set of i.i.d. samples {zi}ie[n] ~ Z"withZ = [21,...,2,] and a B-bounded

function class H = {h : Z — R | |h(z) — h(z")| < BV z,2’ € Z}. By denoting

H(h) £ Eypuz [h(z)] and  Hy(h) 2 %Zh(zi) st Eguzn [Hz(h)] = H(n),
i=1

Bwithout ambiguity, we overload the notation Z as the set as well as the distribution over the set.
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then for h* € argming, c,, H(h) and he argming, ¢, ﬁz(h), we have that with probability at least
1—196/2overZ,

~ 2B2log(4
H(B) ~ H(n*) < 4%, (1) + || 222000)
where R,, (H) is the Rademacher complexity of H,
n 1/2, p=-1
R 1
R, (H)=E z.zn |[sup — Zpi -h(z;)|, Rad(p)=11/2, p=1
p~Rad™ [heH T P 0 P 7& +1

Proof of Lemma F1. Let g (zy,...,2,) 2 g(Z) 2 supy,cy H(h) — Hz(h). Then h € H being
B-bounded implies that for any z ~ Z and i € [n],

|g(Z17'~'aZi7"'7Zn)_g(Z17"'7Za"'7Z7I)| <

S|

Therefore, by McDiarmid’s inequality [Bartlett and Mendelson, 2003],

Plg(2Z) > Elg(Z)] + 1] < exp (—W) ,

B2
where exp (* 2,322) < g when t > \/@_

Meanwhile, by a classical symmetrization argument (e.g., proof of Wainwright [2019] Theorem
4.10), we can bound the expectation E[g(Z)]: for an independent sample set Z' ~ Z" that is also
independent of Z,

E [¢(2)] =E5 :235 H(h) ﬁz<h>]
—Ey -225 Ez [ﬁz, (h) — Hz(h) ‘ ZH
<83 B |sup Fa ()~ Halh) |7

=E(z,z) qug Hz(h) — ﬁz(h)] :
S

where in the last line we have used the law of iterated conditional expectation. Then, with Rademacher
random variables p = (p1,. .., pn) ~ Rad", we have

E[9(Z2)] <Ezz p) Lflelg %Zpi - (h(z;) — h(zz‘))]

1 n
<2E(z p) [21612 - Zpi : h(zi)‘|
i=1

<2R,, (H).
Therefore, with probability at least 1 — §/4 over Z, we have

- 2
sup H(h) — Fig(h) < 29%, (M) + | 210804/%)
heH 2n

)

while the same tail bound holds for sup;,c,, —H (h) + Hz(h) via an analogous argument.

By recalling the definition of % and h*, we can decompose the excess risk H (h) — H(h*) as
H(R) — H(W) = (H(R) — Hz () + (Hz(h) - Hz(h)) + (Hz () = H(h))

~

(H®) - Ha®)) + (Hz(h) - H0))

IN
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where Hz(h) — Hz(h*) < 0 by the basic inequality. With both &, h* € H, we have
H(R) — H(h*) < 2 5up [H(h) — Hz(h)
heH

)

and therefore

p[H(h) - H(w) > 1] <P [525 H(h) — Fg(h) > ;] P [222 “H(R) + Hy(h)

Overall, with probability at least 1 — §/2 over Z,

H(h) = H(R") < 4%, (H) + w
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