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Abstract001

The concept of Critical Batch Size, as pio-002
neered by OpenAI, has long served as a foun-003
dational principle for large-scale pre-training.004
However, with the paradigm shift towards the005
Warmup-Stable-Decay (WSD) learning rate006
scheduler, we observe that the original theoreti-007
cal framework and its underlying mechanisms008
fail to align with new pre-training dynamics.009
To bridge this gap between theory and practice,010
this paper derives a revised E(S) relationship011
tailored for WSD scheduler, characterizing the012
trade-off between training data consumption E013
and steps S during pre-training. Our theoreti-014
cal analysis reveals two fundamental properties015
of WSD-based pre-training: 1) Bmin, the mini-016
mum batch size threshold required to achieve a017
target loss, and 2) Bopt, the optimal batch size018
that maximizes data efficiency by minimizing019
total tokens. Building upon these properties,020
we propose a dynamic Batch Size Scheduler.021
Extensive experiments demonstrate that our re-022
vised formula precisely captures the dynamics023
of large-scale pre-training, and the resulting024
scheduling strategy significantly enhances both025
training efficiency and final model quality.026

1 Introduction027

The continuous evolution of Large Language Mod-028

els (LLMs) (Bi et al., 2024; Team et al., 2025) is029

perpetually expanding the frontiers of artificial in-030

telligence, driven the large-scale pre-training. As031

the scale of pre-training continues to expand, the032

selection of optimal training strategies becomes033

paramount. A central challenge in this endeavor is034

the configuration of batch size to achieve trade-off035

between training efficiency and performance.036

Foundational research on batch size for large-037

scale pre-training originates from OpenAI (McCan-038

dlish et al., 2018), which introduced the concept039

of Critical Batch Size to characterize the trade-off040

between token consumption E and steps S during041

pre-training. Building on this foundation, OpenAI042

further established the scaling laws for LLMs (Ka- 043

plan et al., 2020), a milestone that significantly 044

catalyzed the revolution in generative artificial in- 045

telligence. 046

Concurrently, the pre-training paradigm has un- 047

dergone significant evolution, most notably the 048

transition in learning rate schedulers (LRS). The 049

Warmup-Stable-Decay (WSD) LRS has increas- 050

ingly replaced the traditional cosine LRS and 051

gained widespread adoption in state-of-the-art mod- 052

els (Bi et al., 2024; Team et al., 2025; Hu et al., 053

2024). However, we discover that under the WSD 054

LRS, the relationship between data consumption 055

(E) and steps (S) during pre-traing no longer ad- 056

heres to OpenAI’s original E(S) formula. This dis- 057

crepancy implies that the underlying mechanism of 058

critical batch size is no longer valid in current pre- 059

training regimes, revealing a profound gap between 060

theoretical foundations and engineering practice. 061

To bridge this theoretical divide, this paper de- 062

rives a novel E(S) relationship tailored for modern 063

large-scale pre-training (i.e., adopting WSD LRS). 064

Based on this new formulation, we reveal two in- 065

trinsic properties of the “Stable” phase in WSD 066

pre-training: Threshold Constraint (Bmin): To 067

achieve a specific target loss, the batch size must 068

exceed a certain physical threshold. Efficiency Op- 069

timality (Bopt): There exists an optimal batch size 070

that minimizes the total data consumption required 071

to reach the target loss. Furthermore, Based on 072

these insights of both Bmin and Bopt exhibit an up- 073

ward trend as training loss decreases, we introduce 074

a novel batch size scheduler. 075

The core contributions of this paper are three- 076

fold: 077

Theoretical Reconstruction: We are the first to 078

explicitly identify the limitations of existing batch 079

size theories under the WSD paradigm and estab- 080

lish a new E(S) formula that accurately describes 081

the modern pre-training process. 082

Property Discovery and Methodological Inno- 083
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vation: Based on the new E(S) relationship, we084

reveal two essential properties of the large-scale085

pre-training—Bmin and Bopt—and elucidate their086

evolution mechanisms, leading to a new Batch Size087

Scheduler for large-scale pre-training.088

Experimental Validation: Extensive experimen-089

tal results demonstrate that our proposed E(S) for-090

mula precisely captures the dynamics between data091

consumption (E) and steps (S) during pre-traing,092

and the resulting Batch Size Scheduler significantly093

enhances the quality of pre-training.094

2 Related Work095

2.1 The impact of batch size on model096

training dynamics097

Batch size, a pivotal hyperparameter in model train-098

ing, has garnered extensive attention from both099

academia and industry. Keskar et al. (2017) were100

among the first to investigate its impact on model101

generalization, observing that—unlike small batch102

sizes—training with large batch sizes tends to result103

in convergence to sharp minima, thereby degrad-104

ing generalization performance. McCandlish et al.105

(2018) subsequently introduced a novel perspective106

by proposing the concept of Critical Batch Size107

to characterize the trade-off between training effi-108

ciency and batch size. Furthermore, they derived109

the renowned relationship between the total data110

consumption E and the number of optimization111

steps S required to reach a specific loss, known as112

the E(S) formula:113

(
E

Emin
− 1)(

S

Smin
− 1) = 1. (1)114

Extending the critical batch size framework, Ka-115

plan et al. (2020) formalized the scaling laws gov-116

erning neural language models. They demonstrated117

that model performance scales as a predictable118

power-law function of model size, data volume,119

and compute.120

Distinct from Critical Batch Size, Optimal Batch121

Size characterizes the relationship between batch122

size and final model performance. However, al-123

though scaling laws have driven an exponential124

increase in model scale, the prohibitive experimen-125

tal costs have severely limited research into optimal126

batch size. To address this, Bi et al. (2024) investi-127

gated the scaling properties of optimal batch size,128

revealing that it relates to the compute budget via a129

power law:130

Bopt = 0.2920C0.3271. (2)131

Crucially, this scaling law enables the extrapola- 132

tion of optimal batch sizes for large-scale training 133

from low-cost, small-scale experiments. Beyond 134

compute, recent studies have further established 135

power-law dependencies between optimal batch 136

size and other key dimensions, specifically model 137

size and data volume (Shuai et al., 2024; Li et al., 138

2025). 139

While dynamic batch size scheduling was briefly 140

touched upon in large-scale model training (Bi 141

et al., 2024; MiniMax et al., 2025), the theoretical 142

principles guiding these schedules remain undis- 143

closed. This paper aims to bridge this gap by pro- 144

viding a theoretical framework that elucidates the 145

mechanisms underlying these empirical strategies. 146

2.2 Scaling relationship between batch size 147

and learning rate 148

Given the interdependence of learning rate and 149

batch size, a critical challenge lies in determining 150

the optimal scaling strategy for the learning rate as 151

batch size changes. 152

Krizhevsky (2014) initially proposed the square- 153

root scaling rule for SGD, suggesting that the learn- 154

ing rate should scale by
√
k when the batch size 155

scales by k. However, this heuristic was subse- 156

quently challenged. Goyal et al. (2017) demon- 157

strated that for SGD, the learning rate should in- 158

stead scale linearly with batch size (i.e., by a factor 159

of k). Smith et al. (2020) corroborated this linear 160

scaling rule, emphasizing its validity specifically 161

within the small-batch regime. Furthermore, while 162

establishing the Critical Batch Size framework, Mc- 163

Candlish et al. (2018) formalized the relationship 164

between optimal learning rate and batch size as 165

follows: 166

ηopt =
ηmax

1 +Bnoise/B
, (3) 167

where Bnoise denotes the gradient noise scale, B 168

presents the batch size, and ηmax is a constant. 169

Crucially, in the small-batch regime(B ≪ Bnoise), 170

the learning rate scales approximately linearly with 171

the batch size. 172

The widespread adoption of the Adam optimizer 173

(Kingma, 2014) has fundamentally altered the rela- 174

tionship between batch size and learning rate. You 175

et al. (2019) empirically observed during BERT 176

training that scaling the learning rate by the square 177

root of the batch size (η ∝
√
B) yields superior 178

performance. This heuristic was formalized by Liu 179

et al. (2019), who demonstrated that under Adam, 180

gradient noise variance scales with η2/B; thus, 181
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maintaining constant variance requires square-root182

scaling. Malladi et al. (2022) further substantiated183

this relationship theoretically via a stochastic dif-184

ferential equation (SDE) approximation of Adam.185

Recently, however, Li et al. (2024b) challenged this186

convention. By re-examining the optimization dy-187

namics of Adam, they proposed a revised scaling188

law for the optimal learning rate:189

ηopt =
ηmax

1
2(
√

Bnoise
B +

√
B

Bnoise
)
. (4)190

In the small-batch regime (B ≪ Bnoise), the op-191

timal learning rate scales approximately linearly192

with
√
B. However, once the batch size surpasses193

the gradient noise Bnoise, the optimal learning rate194

begins to decay.195

Summary and Connection Prior work falls into196

two main paradigms: empirically fitting optimal197

batch size scaling laws (often theory-light) or theo-198

retically deriving learning rate adjustments (often199

impractical for large-scale training). We address200

the limitations of both approaches by:201

1. Diverging from prior studies that rely exclu-202

sively on empirical fitting to determine batch size203

scaling laws, our work provides a formal theoreti-204

cal characterization of pre-training dynamics under205

the WSD schedule. By deriving a novel E(S) rela-206

tionship for the Stable phase, we establish a robust207

framework grounded in first principles that eluci-208

dates these underlying dynamics;209

2. Distinguished from purely theoretical studies210

on hyperparameters like learning rate and batch211

size, our work translates theoretical insights into212

a practical batch size schedule tailored for WSD213

large-scale pre-training. Validated across diverse214

scenarios, our approach demonstrates significant215

practical utility and robustness.216

3 Approach217

3.1 Rethinking the Critical Batch Size218

To characterize the optimal trade-off between data219

consumption E and optimization steps S, McCan-220

dlish et al. (2018) introduced the concept of Critical221

Batch Size. This framework is grounded in the em-222

pirical observation that, when training a model to a223

fixed performance target, E and S satisfy the rela-224

tionship in Eq.1. Here, Smin represents the mini-225

mum steps required to achieve the target loss, while226

Emin denotes the minimum data volume needed.227

The Critical Batch Size is formally defined as the228

ratio Bcrit = Emin/Smin.229

Existing research on Critical Batch Size, includ- 230

ing the seminal work by McCandlish et al. (2018), 231

has predominantly focused on the Cosine learning 232

rate schedule. Crucially, however, the behavior 233

of Critical Batch Size under the Warmup-Stable- 234

Decay (WSD) learning rate schedule (Hu et al., 235

2024) remains significantly underexplored. This 236

represents a critical gap, particularly given the 237

widespread adoption of WSD in modern large-scale 238

pre-training tasks, such as those by DeepSeek (Bi 239

et al., 2024), Kimi (Team et al., 2025), and Qwen 240

(Yang et al., 2025). 241

To analyze this discrepancy, we first reformulate 242

Eq.1 to examine the data consumption required to 243

reach a specific target loss across varying batch 244

sizes. The reformulated equation is given by: 245

E = Emin +BSmin. (5) 246

This equation indicates that achieving a fixed target 247

loss with a larger batch size typically necessitates 248

greater data consumption. Specifically, assuming a 249

model is trained to the same loss level using batch 250

sizes B1 and B2 (where B1 < B2), the correspond- 251

ing data consumption E1 and E2 must satisfy the 252

inequality E1 < E2. 253

However, under the WSD learning rate schedule, 254

we observe that the training curves L(D) for vary- 255

ing batch sizes intersect during practice. Specif- 256

ically, while the relationship E1 < E2 holds at 257

relatively higher target losses, this relationship in- 258

verts once the target loss drops below a specific 259

threshold, resulting in E1 > E2 (as illustrated in 260

Figure 1). This observation stands in direct contra- 261

diction to the monotonicity implied by the standard 262

E(S) formula. Consequently, these experimental 263

results demonstrate that the fundamental principles 264

of Critical Batch Size do not hold during the Stable 265

phase of the WSD paradigm. 266

3.2 A New E(S) Formula Adapted to 267

Large-scale Pre-training 268

Experimental analysis reveals that the prerequi- 269

sites for the existing Critical Batch Size theory 270

are violated during the Stable phase of the WSD 271

learning rate schedule. Fundamentally, the stan- 272

dard E(S) relationship renders itself inapplicable 273

in this regime. To address this, we draw upon 274

the analytical methodology of McCandlish et al. 275

(2018) regarding SGD optimization dynamics to 276

construct a novel E(S) theoretical framework tai- 277

lored specifically for the WSD learning rate sched- 278

ule. This framework models the data consumption 279
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Figure 1: Loss curves for models trained with different
batch sizes (Stable phase under WSD schedule). The
red region denotes the regime where the E(S) formula
and Critical Batch Size theory remain valid. In the green
region, the E(S) relationship no longer holds, leading
to a failure of the Critical Batch Size framework. Post-
intersection, the partial ordering of data consumption
among the various batch sizes is inverted.

E required to reach a target loss as a function of280

optimization steps S, meticulously decomposing281

the evolution process into three distinct stages:282

Initial stage:E fluctuates inversely with S −283

Smin(inverse linear stage in Figure 2);284

Transition stage: E is expressed as a quadratic285

function of S(transition stage in Figure 2);286

Asymptotic stage: E increases linearly with287

S(linear stage in Figure 2).288

The corresponding piecewise function expres-289

sion is as follows:290

E(S) =


B−1/(S − Smin) +B0, Smin < S < S1,

C(S − Sopt)
2 + Emin, S1 < S < S2,

A1S +A0, S > S2.
(6)291

For a detailed derivation of this formula, please292

refer to the Appendix A.2.293

3.3 Fitting of the New E(S) formula294

From the piecewise form of the function E(S), we295

obtain 10 parameters to be fitted. First, we impose296

constraints on these parameters. By requiring the297

E(S) curve to be continuous, smooth and differen-298

tiable, we derive the following equality constraints:299

B−1

S1 − Smin
+B0 = C(S1 − Sopt)

2 +Emin, (7)300

301
C(S2 − Sopt)

2 + Emin = A1S2 +A0, (8)302
303

− B−1

(S1 − Smin)2
= 2C(S1 − Sopt), (9)304

305
2C(S2 − Sopt) = A1. (10)306

Meanwhile, the following inequality constraints 307

are given: 308

Smin < S1 < Sopt < S2. (11) 309

Thereby, we establish the parameter search space 310

for fitting. The E(S) curve is then fitted by mini- 311

mizing the Huber loss function (Huber, 1992). As- 312

sume the dataset for fitting is {(Si, Ei)}ni=1 and 313

the parameters to be fitted are denoted by θ. The 314

fitting process can be described by the following 315

equation: 316

θ∗ = argmin
θ

n∑
i=1

Huberδ(Ei, E(Si, θ)), (12) 317

here, the Huber loss is defined as following: 318

Huberδ(x, y) =

{
1
2(x− y)2, |x− y| ≤ δ,

δ|x− y| − 1
2δ

2, |x− y| > δ.
(13) 319

In order to improve fitting efficiency, we utilize 320

scaling laws to expedite the generation of Loss- 321

Step pairs. According to Luo et al., in the regime 322

of a constant learning rate, the loss is governed by 323

the following scaling relationship with respect to 324

steps: 325

L(S) = L0 +AS−α. (14) 326

Given a target loss, the above formula enables 327

straightforward calculation of the steps needed for 328

the model to descend to that loss. This yields data 329

points for fitting E(S) at the given loss. 330

Figure 2 presents our new E(S) fitting results for 331

the 1B model. As evident from the plot, the derived 332

E(S) exhibits excellent fitting performance, further 333

substantiating the correctness of our analysis of 334

model training dynamics in the Stable phase. 335

Under stable learning rate schedule, the Critical 336

Batch Size no longer holds. Instead, it is replaced 337

by two metrics:Bmin and Bopt, as given by the 338

following formulas: 339

Bmin = A1, Bopt =
Emin

Sopt
. (15) 340

Physically, Bmin and Bopt quantify critical 341

batch size thresholds: Bmin is the minimum batch 342

size needed to reach a target loss, and Bopt is the 343

batch size that yields minimum data consumption. 344

Geometrically (see Appendix A.3 for the full E(S) 345

plot), Bmin equals the slope of the curve’s asymp- 346

tote, while Bopt equals the slope from the origin to 347

the curve’s minimum. As shown in Figure 3, both 348
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Figure 3: The variation of Bmin and Bopt with respect
to loss across different model sizes.

metrics scale monotonically with decreasing target349

loss (increasing data volume). This scaling behav-350

ior provides the empirical basis for the dynamic351

batch size scheduling strategy proposed later.352

3.4 A New Batch Size Schedule353

Within the proposed E(S) theoretical framework,354

several derived metrics associated with batch size355

can be established. Specifically, the physical in-356

terpretation of Bopt is as follows: in the context357

of constant batch size training, it represents the358

value that maximizes data efficiency for reaching359

a specific target loss. Equivalently, it serves as the360

optimal solution for minimizing loss given a fixed361

data budget. Nevertheless, employing a static batch362

size throughout the entire training process is rarely363

globally optimal in practice. Synthesizing this in-364

sight with the experimental observation that Bopt365

increases monotonically as training progresses, we366

can derive a batch size scheduling scheme better367

suited for large-scale pre-training. This implies368

abandoning static batch sizes in favor of a strategy369

that dynamically expands the batch size over time,370

thereby achieving superior training performance.371

Theorem 1 Assume the model size is fixed, and372

let the loss be expressed as L(N,B,D), which 373

depends on model size N , batch size B and data 374

volume D. The two optimization problems below 375

are equivalent: 376

Problem 1: For a fixed training data budget, which 377

constant batch size minimizes the model’s loss? 378

Problem 2: For a prescribed target loss, which con- 379

stant batch size minimizes the data consumption 380

by the model? 381

Theorem 1 establishes that modeling the evolu- 382

tion of Bopt with respect to data volume is mathe- 383

matically equivalent to characterizing its relation- 384

ship with the loss function. While Figure 3 ex- 385

plicitly illustrates the trajectory of Bopt as the loss 386

decreases, Theorem 1 implies that this curve si- 387

multaneously reveals the scaling law of Bopt with 388

respect to data consumption. Given that cumulative 389

data volume serves as a more intuitive metric for 390

training progress than the loss value, we adopt data 391

consumption as the reference benchmark for the 392

dynamic batch size scheduling strategy. 393

Algorithm 1 Batch size scheduling strategy
Input: model size N , learning rate η, the opti-
mal batch size curve f(N,D) under this learn-
ing rate, batch size switching interval Dinterval,
momentum list {αi}ni=1, switching times n.
Initialization: Bglobal,0 = 0, i = 1
repeat
Blast = f(N, (i− 1)Dinterval)
Bnew = f(N, iDinerval)
Bglobal,i = Bglobal,i−1 + (1 + αi)(Bnew −
Blast)
i← i+ 1

until i > n
Output: Bglobal,1, ..., Bglobal,n

In the subsequent large-scale pre-training experi- 394

ments, we validate across diverse scenarios that this 395

batch size scheduling strategy effectively enhances 396

model performance. 397

4 Experiments 398

4.1 Dataset 399

Our experiments utilize the InternLM2 corpus (Cai 400

et al., 2024), categorized into general text, code, 401

and long-context data. The text segment aggregates 402

web pages, academic literature, books, and patents, 403

while the code portion is curated from GitHub and 404

public repositories across languages such as C/C++, 405
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Java, and Python. We process the long-context sub-406

set via a three-stage pipeline—comprising length407

selection, statistical filtering, and perplexity-based408

pruning—to guarantee high-quality long-range de-409

pendencies.410

4.2 Model Architectures411

For the E(S) curve fitting experiments, we adopt412

the InternLM2 architecture. Building upon the413

LLaMA (Touvron et al., 2023) foundation, In-414

ternLM2 fuses the query (Wq), key (Wk), and value415

(Wv) matrices into a consolidated, interleaved lay-416

out per head. Furthermore, the architecture incor-417

porates Grouped-Query Attention (GQA) (Ainslie418

et al., 2023) to enhance efficiency.419

For the batch size scheduling experiments, we420

utilize the Qwen3 model series (Yang et al., 2025),421

comprising both dense and Mixture-of-Experts422

(MoE) variants. The Qwen3 Dense model re-423

fines the Qwen2 architecture (Team et al., 2024)424

by eliminating QKV-bias and incorporating QK-425

Norm. Meanwhile, the Qwen3 MoE model extends426

Qwen2.5-MoE by discarding shared experts and427

adopting a global-batch load balancing loss (Qiu428

et al., 2025).429

4.3 Training Settings430

4.3.1 Fitting of E(S)431

To empirically fit the E(S) curve, we trained five432

InternLM2 model variants with parameter counts433

ranging from 122M to 1B, utilizing batch sizes434

spanning 64K to 7.5M. Optimization was per-435

formed using AdamW with a fixed learning rate of436

6× 10−4 and a 1,000-step warmup. The total train-437

ing volume varied between 50B and 120B tokens438

depending on the configuration.439

4.3.2 Batch size Scheduling440

Baseline We conduct our approach using the441

Qwen3 MoE and Qwen3 Dense architectures.442

Given the widespread adoption of WSD learning443

rate schedule in modern large-scale pretraining444

(Team et al., 2025; Liu et al., 2024; Hu et al., 2024),445

and acknowledging that the stable phase consumes446

the majority of the training budget, we focus our447

experiments on the constant learning rate regime.448

Specifically, we set the learning rate to 3.2× 10−4449

for Qwen3 MoE and 1.75×10−4 for Qwen3 Dense.450

For both architectures, we standardize the training451

configuration with 1,000 warmup steps, a global452

batch size of 4M, the AdamW optimizer, and a453

weight decay of 0.1.454

Controlled experiments For comparison, we mir- 455

rored the baseline setup while introducing a dy- 456

namic batch size strategy. The global batch size 457

was adjusted at 125B-token intervals according to 458

the sequence {2M, 4M, 5M, 6M}, achieved by scal- 459

ing the micro-batch size while keeping other hyper- 460

parameters constant. 461

4.4 Evaluation 462

4.4.1 Benchmarks 463

We evaluate the downstream capabilities of our 464

models using the MMLU benchmark (Hendrycks 465

et al., 2020) and the CMMLU benchmark (Li et al., 466

2024a). 467

4.4.2 Evaluation Tools 468

For our evaluation, we employ OpenCompass (Con- 469

tributors, 2023b) to assess model performance on 470

both the MMLU and CMMLU benchmarks. Dur- 471

ing evaluation, OpenCompass utilizes LMDeploy 472

(Contributors, 2023a) to accelerate inference exe- 473

cution. 474

4.5 Results 475

Figure 4 presents the smoothed training loss trajec- 476

tory for the Qwen3 MoE model. As illustrated, the 477

curve for the dynamic batch size scheduling strat- 478

egy consistently lies below that of the fixed-batch 479

baseline, indicating superior convergence. Figure 480

5 further contrasts performance on the MMLU and 481

CMMLU benchmarks, where the dynamic strat- 482

egy maintains a consistent advantage. Mirroring 483

these findings, Figures 6 and 7 display the training 484

loss and downstream results for the Qwen3 Dense 485

model, which exhibit identical trends. Collectively, 486

these experiments validate the effectiveness of our 487

dynamic batch size scheduling strategy and cor- 488

roborate our theoretical analysis of optimization 489

dynamics under WSD learning rate schedule. 490

5 Ablations 491

5.1 The Effect of learning rate 492

Cosine learning rate schedule We further validate 493

our strategy’s adaptability using a Cosine scheduler 494

on the Qwen3 MoE model (LR: 0→ 1.7×10−3 → 495

3.2 × 10−4 over 500B tokens). Compared to a 496

fixed 4M batch size baseline, our dynamic sched- 497

ule—scaling from 2M to 6M in 125B-token in- 498

crements—yields superior training loss and down- 499

stream results (Figure 8). This success aligns with 500

the Critical Batch Size theory (McCandlish et al., 501

6



0 100 200 300 400 500
Data (B)

1.7

1.8

1.9

2.0

2.1

2.2
Tr

ai
n 

Lo
ss

Stable 2M Stable 4M

Stable 5M Stable 6M

L = 0.04

MoE Stable 4M
MoE Dynamic 2M
MoE Dynamic 4M
MoE Dynamic 5M
MoE Dynamic 6M

Figure 4: Training loss curves for Qwen3 MoE using
fixed and dynamic batch size strategies under a constant
learning rate schedule.
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Figure 5: Comparison of downstream benchmark results
for Qwen3 MoE under fixed vs. dynamic batch size
scheduling at a constant learning rate.
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Figure 6: Training loss curves for Qwen3 Dense model
under fixed and dynamic batch size strategies at a con-
stant learning rate。
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Figure 7: Comparison of downstream benchmark results
for Qwen3 Dense under fixed vs. dynamic batch size
scheduling at a constant learning rate.
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Figure 8: Comparison of downstream benchmark results
for Qwen3 MoE under fixed and dynamic batch size
scheduling with cosine learning rate schedule.
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Figure 9: Comparative downstream performance of dy-
namic batch size scheduling strategies: Constant learn-
ing rate versus learning rate scaling regimes.

2018): as gradient noise accumulates during train- 502

ing, expanding the batch size becomes essential 503

to counteract noise-induced instability, thereby fa- 504

cilitating convergence to a deeper loss minimum. 505

506

Increase the learning rate as batch size increases 507

We challenge the convention of scaling the learning 508

rate alongside batch size increases. In an ablation 509

study using the Qwen3 MoE model, we compared 510

square-root scaling (LR ∝
√
B) against a constant 511

learning rate while progressively increasing the 512

batch size from 2M to 6M. Empirical results in Fig- 513

ure 9 demonstrate that scaling the learning rate of- 514

fers no performance improvement. This is because 515

higher learning rates exacerbate gradient noise, ef- 516

fectively neutralizing the noise-suppression bene- 517

fits of larger batch sizes and rendering the scaling 518

strategy counterproductive. 519

5.2 The Effect of sequence length 520

An alternative to micro-batch scaling is the exten- 521

sion of sequence length (seqlen) to achieve larger 522

global batch sizes. We evaluated this approach 523

on Qwen3 MoE, comparing a 4K seqlen baseline 524

against a strategy that shifted seqlen to 5K and 525

6K at specific intervals (250B and 375B tokens). 526
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Figure 10: Comparative downstream performance of
dynamic batch size scheduling implemented through
micro-batch expansion and sequence length extension.

While both methods reach equivalent batch sizes,527

seqlen extension perturbs the training distribution528

by altering the sample structure. Empirical results529

in Figure 10 reveal an immediate performance drop530

upon increasing seqlen to 6K, suggesting a non-531

trivial adaptation period is necessary to reconcile532

the distribution shift. Although the model even-533

tually recovers, the risk of a learning preference534

shift toward long-context sequences makes this ap-535

proach less desirable for standard large-scale pre-536

training.537

5.3 The Effect of weight decay538

We further investigate the sensitivity of our strat-539

egy to weight decay. By reducing the coefficient540

to 0.01 on the Qwen3 MoE model, we observe in541

Figure 11 that the initial advantage of the dynamic542

strategy diminishes and nearly vanishes as training543

progresses. Furthermore, a cross-comparison with544

the main experiments (Figure 5, WD=0.1) confirms545

that the 0.01 setting results in significantly inferior546

baselines. These findings indicate that the effec-547

tiveness of dynamic batch sizing is coupled with548

regularization strength; specifically, the full bene-549

fits of the strategy are contingent upon an optimal550

weight decay setting.551

5.4 The Effect of Continued Training552

To validate compatibility with modern pretraining553

protocols, we extended our evaluation to the de-554

cay phase of the WSD schedule, characterized by555

high-quality data annealing. Using the pre-trained556

MoE model, we conducted a comparative run over557

100B tokens with a linear learning rate decay to558

10%. The baseline maintained a 4M batch size,559

whereas the dynamic strategy retained its peak 6M560

batch size. Figure 12 demonstrates that the perfor-561

mance advantage of the dynamic strategy is sus-562
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Figure 11: Comparative downstream performance of
fixed and dynamic batch size scheduling under different
weight decay settings.
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Figure 12: Comparison of downstream benchmark re-
sults for fixed and dynamic batch size strategies in the
annealing phase.

tained throughout this phase. This confirms the 563

robustness of our approach against data distribu- 564

tion shifts, validating its effectiveness in standard 565

large-scale training pipelines. 566

6 Conclusion 567

This work first elucidates the limitations of the 568

seminal Critical Batch Size theory (McCandlish 569

et al., 2018), demonstrating its inapplicability to 570

the Warmup-Stable-Decay (WSD) scheduler preva- 571

lent in modern large-scale pre-training. To address 572

this gap, we propose a novel E(S) formulation tai- 573

lored specifically for the WSD paradigm. Within 574

this framework, we identify two pivotal metrics: 575

Bmin, the minimum batch size threshold required 576

to reach a target loss, and Bopt, the optimal batch 577

size for maximizing data efficiency. We observe 578

that both Bmin and Bopt increase monotonically as 579

training loss decreases. Motivated by this finding, 580

we introduce a dynamic batch size adjustment strat- 581

egy and validate its effectiveness across multiple 582

large-scale pre-training scenarios. 583
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Limitations584

While our batch size adjustment paradigm proves585

effective for large-scale pre-training, it is circum-586

scribed by certain limitations. (1) Computational587

costs restricted our E(S) curve fitting to a specific588

learning rate (6× 10−4), leaving its behavior under589

other learning rates unexplored. (2) Although em-590

pirically successful, the dynamic strategy has not591

yet been formalized with a theoretical proof. (3)592

The training instabilities associated with sequence593

length (seqlen) switching remain unaddressed, lim-594

iting the overall flexibility of the scheduling strat-595

egy. We aim to explore these aspects in subsequent596

studies.597

Use of AI Assistants598

We primarily use AI assistants to improve and en-599

rich our writing.600
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A Appendix 742

A.1 Proof of the theorem 743

Theorem 1 Assume the model size is fixed, and 744

let the loss be expressed as L(N,B,D), which 745

depends on model size N , batch size B and data 746

volume D. The two optimization problems below 747

are equivalent: 748

Problem 1: For a fixed training data budget, which 749

constant batch size minimizes the model’s loss? 750

Problem 2: For a prescribed target loss, which con- 751

stant batch size minimizes the data consumption 752

by the model? 753

Proof We first express the two problems in the 754

framework of optimization theory. 755

Problem 1 756

min
B

L(N,B,D)

s.t.D = D0.
(16) 757

Problem 2 758

min
B

D

s.t.L(N,B,D) = L0.
(17) 759

Let D0 be fixed, and define: 760

L0 = min
B

L(N,B,D0) = L(N,B∗, D0). (18) 761

Taking L0 as the target loss in Problem 2, we prove 762

that the solution to Problem 2 is also B∗. To do so, 763

it suffices to show that training with batch size B∗ 764

consumes less data than any other batch size. 765

∀B,L(N,B,D) = L0 = L(N,B∗, D0)

≤ L(N,B,D0).
(19) 766

Since L(N,B,D) is monotonically decreasing in 767

D, it necessarily follows that: 768

D0 ≤ D. (20) 769

Thus, the solution to Problem 2 is also B∗. Problem 770

1 and Problem 2 are equivalent. Q.E.D. 771

A.2 Analysis of the Model Optimization 772

Process in the Stable Phase 773

A.2.1 Analysis of Training Dynamics 774

Following the analysis of the model training pro- 775

cess under SGD optimization by McCandlish et 776

al., we re-analyzed the training dynamics under 777
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the condition of stable learning rate schedule. Us-778

ing the Taylor expansion formula, we performed a779

quadratic approximation of the loss curve, yielding:780

L(θ − ϵV ) ≈ L(θ)− ϵGTV +
1

2
ϵ2V THV, (21)781

where θ is model parameter, G is gradient, H is782

matrix of Hessian, V is descending direction, ϵ is783

learning rate. Let B denotes the batch size in SGD.784

The stochastic gradient estimate at each step takes785

the following form:786

Gest(θ) =
1

B

B∑
i=1

Gi. (22)787

We assume that Gi are i.i.d, Gi ∼ N(G,Σ), then788

we have:789

E[Gest(θ)] = G,Cov(Gest(θ)) =
Σ

B
. (23)790

We substitute V = Gest(θ) into formula (21). Tak-791

ing the expectation of both sides, we obtain:792

E[L(θ − ϵGest)] = L(θ)− ϵ|G|2

+
1

2
ϵ2(GTHG+

tr(HΣ)

B
).

(24)793

Hence,794

E[∆L] = E[L(θ)− L(θ − ϵGest)]

= ϵ|G|2 − 1

2
ϵ2(GTHG+

tr(HΣ)

B
).

(25)795

For analytical convenience, we approximate the796

Hessian matrix as the identity matrix.Then, the797

formula (25) can be approximated as:798

E[∆L] ≈ ϵ|G|2 − 1

2
ϵ2(|G|2 + tr(Σ)

B
). (26)799

Using formula (26) as our foundation, we inves-800

tigate how the per-step loss reduction varies with801

different batch sizes. For full-batch gradient de-802

scent, we have:803

E[∆L]full−batch = ϵ|G|2 − 1

2
ϵ2|G|2. (27)804

To achieve the same amount of loss reduction as805

one full-batch gradient descent step, the required806

number of steps for batch size B is given by:807

δS =
E[∆L]full−batch

E[∆L]B

=
1− 1

2ϵ

1− 1
2ϵ(1 +

Bnoise
B )

,

(28)808

where Bnoise = tr(H)/|G|2 denotes the gradient 809

noise scale of the model. Since the learning rate is 810

very small in practice, we can approximate formula 811

(28) as: 812

δS ≈ 1

1− 1
2ϵ

Bnoise
B

. (29) 813

The volume of training data processed by the model 814

thus far is: 815

δE = BδS ≈ B

1− 1
2ϵ

Bnoise
B

. (30) 816

Given that the model reaches loss L after Smin 817

steps under full-batch gradient descent, the re- 818

quired step S and data volume E to achieve the 819

same loss with batch size B are respectively: 820

S =

∫ Smin

0
δSds ≈

∫ Smin

0

1

1− 1
2ϵ

Bnoise(s)
B

ds,

(31) 821822

E =

∫ Smin

0
δEds ≈

∫ Smin

0

B

1− 1
2ϵ

Bnoise(s)
B

ds.

(32) 823

A.2.2 Asymptotic Analysis 824

We analyze the asymptotic behavior of E(S) curve 825

at both ends:as S → Smin and as S → +∞. 826

1.S → Smin 827

When S approaches Smin, it corresponds to the 828

case where the batch size tends to infinity. We 829

analyze the scaling relationship captured by the 830

product (S − Smin)E: 831

(S − Smin)E =

∫ Smin

0

B 1
2ϵBnoise(s)

B − 1
2ϵBnoise(s)

ds∗∫ Smin

0

B

B − 1
2ϵBnoise(s)

ds.

(33)

832

Letting B → +∞, we have: 833

lim
B→+∞

(S−Smin)E = Smin

∫ smin

0

1

2
ϵBnoise(s)ds.

(34) 834

Using an infinite series expansion, we can express 835

E(S) as: 836

E(S) =
B−1

S − Smin
+

∞∑
i=0

Bi(S − Smin)
i. (35) 837

By truncating the higher-order terms, the above 838

formula is approximated as: 839

E(S) ≈ B−1

S − Smin
+B0. (36) 840
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2.S → +∞841

We note that, since the learning rate is constant,842

the necessary and sufficient condition for the loss843

curve to continue decreasing under batch size B is:844

E[∆L]B > 0⇔ 1− 1

2
ϵ
Bnoise

B
> 0

⇔ B >
1

2
ϵBnoise.

(37)845

In other words, to sustain loss reduction, the batch846

size must be larger than a dynamic lower bound that847

scales with the instantaneous gradient noise. Thus,848

when loss stagnation occurs, the batch size has849

effectively hit this bound, signaling convergence.850

Formally, we have:851

lim
S→+∞

E

S
= A1. (38)852

Similarly, formula (38) can also be expressed in853

the form of an infinite series:854

E(S) = A1S +

0∑
i=−∞

AiS
i. (39)855

By truncating the higher-order terms, the above856

formula is approximated as:857

E(S) ≈ A1S +A0. (40)858

A.2.3 Reconstruction of E(S)859

Through above asymptotic analysis of E(S) curve,860

we have understood the forms that E(S) takes861

when S tends to Smin and to infinity, respectively.862

What remains an open question is the variation of863

E(S) when S falls within the intermediate inter-864

val. Since E(S) → +∞ as S → Smin and as865

S → +∞, Rolle’s Theorem implies the existence866

of a point S∗ ∈ (Smin,+∞) such that E′(S∗) = 0.867

That is, E(S) has a minimum point, at which the868

model reaches data optimality - consuming the least869

amount of data.870

Lacking a tractable closed-form expression for871

E(S) in the intermediate regime, we approximate872

the curve with a piecewise function. The spe-873

cific expression for E(S) can be found in formula874

(6).Meanwhile, we require that E(S) be continu-875

ous, smooth, and differentiable, thereby leading to876

equality constraint conditions, from formula (7) to877

formula (10). simultaneously, we require that E(S)878

has an extreme point the quadratic function stage,879

thus an inequality constraint is imposed as given in880

formula (11).881
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Figure 13: For a fixed loss of 3.25, the E(S) curve of
the InternLM2-1B model demonstrates a tripartite struc-
ture. Specifically, the optimization process is partitioned
into three functional stages: the Inverse Linear Stage,
the Transition Stage, and the Linear Stage, each rep-
resenting a different scaling relationship between data
consumption and training steps.

A.3 Detailed Experimental Settings and 882

Results 883

A.3.1 Fitting of the New E(S) Formula 884

For the empirical fitting of our proposed E(S) for- 885

mulation, we employ the InternLM2 architecture, 886

training 5 model variants across 13 distinct batch 887

size configurations. The architectural specifications 888

for these models are summarized in Table 1, while 889

their corresponding batch size experimental setups 890

are detailed in Table 2. 891

Since the E(S) curves in Figure 2 are presented 892

in log-log space, intuiting their progression in a lin- 893

ear coordinate system can be challenging. To pro- 894

vide a clearer physical interpretation, we select a 895

fixed loss threshold and illustrate the corresponding 896

E(S) relationship in linear coordinates in Figure 897

13. 898

A.3.2 Experimental Settings and Results of 899

Ablations 900

The architectural configurations for the Qwen3 901

models are as follows. The Qwen3-Dense model 902

features a hidden dimension of 2,048, 48 layers, 903

and an attention mechanism with 32 query heads 904

and 4 key-value (KV) heads, totaling approxi- 905

mately 2 billion (B) parameters. The Qwen3-MoE 906

model is configured with a hidden dimension of 907

1,024, 24 layers, 32 query heads and 4 KV-heads. 908

This Mixture-of-Experts (MoE) variant incorpo- 909

rates 128 total experts, with 8 experts activated 910

per token. While the total parameter count for the 911

MoE model is 4B, it maintains only 538M active 912

12



Table 1: Architectural configurations of the InternLM2 model series.

Models Hidden Size Layers Heads (KV/Q) MLP Ratio
InternLM2-122M 1024 12 2/32 2.5
InternLM2-244M 1280 15 2/32 2.5
InternLM2-409M 1536 18 2/32 2.5
InternLM2-664M 1792 21 2/32 2.5
InternLM2-1B 2048 24 2/32 2.5

Table 2: Batch size configurations for different InternLM2 model scales in the E(S) fitting experiments.

Models Batch Sizes
InternLM2-121M 128k, 256k, 512k, 1M, 2M, 4M, 6M, 7.5M
InternLM2-244M 128k, 256k, 512k, 1M, 2M, 4M, 6M, 7.5M
InternLM2-409M 128k, 256k, 512k, 1M, 2M, 4M, 6M, 7.5M
InternLM2-664M 128k, 256k, 512k, 1M, 2M, 4M, 6M, 7.5M
InternLM2-1B 64k, 128k, 160k, 192k, 256k, 320k, 384k, 512k, 1M, 2M, 4M, 6M, 7.5M
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Figure 14: Loss curves of the Qwen3 MoE model
trained with fixed and dynamic batch size strategies
under cosine learning rate schedule.

parameters per forward pass.913

Cosine learning rate schedule The learning rate914

follows a cosine schedule, which linearly warms up915

from 0 to 1.7× 10−3 over the first 1,000 steps, fol-916

lowed by a cosine decay to 3.2× 10−4 over a total917

training duration of 500B tokens. For the baseline918

configuration, we maintain a constant batch size of919

4M. In contrast, our dynamic batch size strategy920

progressively scales the batch size at intervals of921

125B tokens, following the sequence: 2M, 4M, 5M,922

and 6M. The training result is shown in Figure 14.923

Increase the learning rate as batch size increases924

Using the Qwen3 MoE model, we implement925

a stepwise batch size adjustment—transitioning926

through 2M, 4M, 5M, and 6M at 125B-token in-927

tervals. In this configuration, the learning rate is928

scaled synchronously according to the square-root929

rule (η ∝
√
B). This approach is then compared930

against our primary experimental setup, which em-931

ploys dynamic batch size adjustment while main-932
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Figure 15: Comparison of training loss trajectories for
dynamic batch size strategies featuring constant LR
versus LR scaling proportional to the batch size.

taining a constant learning rate.The training result 933

is shown in Figure 15. 934

Switching the Sequence Length We conducted a 935

comparative ablation study using the Qwen3 MoE 936

model to investigate the impact of sequence length 937

scaling. In the baseline configuration, the sequence 938

length (seqlen) was fixed at 4K, with 125B tokens 939

processed for each batch size stage: 2M, 4M, 5M, 940

and 6M. For the experimental group, we transi- 941

tioned the seqlen to 5K upon reaching the 250B- 942

token mark and further increased it to 6K at 375B 943

tokens. These adjustments resulted in batch sizes 944

of 5M and 6M, respectively, effectively maintain- 945

ing parity with the baseline’s batch size trajectory 946

while varying the underlying sample composition. 947

The training result is shown in Figure 16. 948

Weight Decay We performed an ablation study 949

based on the Qwen3 MoE setup, fixing the weight 950

decay at 0.01 to compare the constant batch size 951

regime against the dynamic batch size adjustment 952
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Figure 16: Comparison of training loss trajectories for
dynamic batch size scaling through micro-batch adjust-
ment and sequence length scaling.
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Figure 17: Comparison of training loss trajectories for
fixed and dynamic batch size scheduling under different
weight decay settings.

strategy. The training result is shown in Figure 17.953
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