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Abstract

Sequential discrete amortized samplers, such as
GFlowNets, learn a stochastic decision process
(SDP) that generates each state in proportion to
a given unnormalized probability mass function.
While successfully applied to wide-ranging tasks,
they suffer from slow convergence, underdeter-
mination, and limited expressiveness. Notably,
we show these issues can be mitigated by adding
random inputs to the SDP’s policy network. This
approach naturally provides a mixture semantics
to the learning algorithm, which can be directly
adapted to any existing SDP-based discrete sam-
plers. In view of this, we refer to our method as
Mixture Model Augmentation (MMA). Our em-
pirical analysis on standard benchmark problems
indicates MMA accelerates learning convergence
and improves distributional accuracy.

1. Introduction & Preliminaries

The simulation of discrete stochastic models is the
cornerstone of Bayesian analysis (Robert et al., 2007), with
applications in therapeutics (Jain et al., 2023), vaccine
development (Zhou et al., 2023), LLM fine-tuning (Hu
et al., 2023), portfolio optimization (Chen et al., 2026),
and robust task-scheduling (Zhang et al., 2023b). However,
existing approaches are computationally intensive and
sample-inefficient. We propose mitigating these challenges
via the introduction of continuous, random features
into the generative process, similar to the momentum
variable in Hamiltonian Monte Carlo (Neal et al., 2011)
or Underdamped Langevin Dynamics (Welling & Teh,
2011; Cheng et al., 2018). We show this improves learning
convergence and goodness-of-fit to the target distribution.

The sampling problem. Let X be a discrete set and
R: X — R, be a (possibly unnormalized) probability mass
function (PMF) on &'. Our objective is to generate samples
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from 7(z) == Z7'R(x) with Z := Y _, R(z) as R’s
normalizing constant. This sampler can be used to evaluate
expectations under 7, which is the Gordian knot of Bayesian
inference (Robert et al., 2007; Blei & et al., 2017), and to
search for diverse high-probability regions in X, a stepping
stone of drug discovery (Bengio et al., 2021) and combi-
natorial optimization (Zhang et al., 2023a) applications.

Compositional spaces. We assume X is compositional,
i.e., each x € X can be described as the sink state in a
directed acyclic state graph (SG) with nodes S O X. This
DAG contains a single source, referred to as the initial state
and denoted by s,, from which each € X can be reached.
Although |X| can be intractably large (in Section 3, for
instance, we consider cases in which |X| ~ 10%), we
assume each s € S has an out-degree in O(log |X]).

Discrete amortized samplers. A sequential discrete amor-
tized sampler learns a forward policy pr: S x S — [0, 1]
in a SG such that, starting from s,,, the marginal distribution
over X matches R. More specifically, if s, ~» x denotes the
set of trajectories starting at s, and finishing at x, we aim for

Z pr (S0, T) X R(x), (1)

TESo~T

pT(z) =

in which, for 7 = (s,, ..., s7, ), pr(s., ) factorizes as

pr(so,7) =pr(st,x) [ prisi-i,s0).
1<t<T

In effect, pp(s,-) is parameterized as a softmax neural
network receiving s as input and returning a probability
distribution over the children of s in the corresponding SG.

Learning pr requires enforcing Equation (1), which is often
intractable (in Section 3, for instance, |s, ~ x| ~ 1018—
being even larger than |X|). To circumvent this, we
introduce a backward policy pp(x, -) as a forward policy on
the transposed state graph. For 7 = (s,, . .., s, ), we let

pe(z,7) = pp(T,sT) H pB(st, st-1).
1<t<T

Under these circumstances, Equation (1) can be written as

)] _ Al
pp(x,T) zZ

PT(7) = Erpp(a,) [ 2)
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Or, equivalently, E,, [2pr(s0:T)/R(z)pp(e,7)] = 1. The
condition Zpp(s,,7) = R(z)pp(xz,T) is known as
trajectory balance (TB) (Malkin et al., 2022). In practice,
pr is learned via stochastic gradient descent by minimizing
the expected log-squared difference between TB’s left- and
right-hand sides under an exploratory policy pg. There is
no strict guideline for choosing pg and pp; they can either
be fixed (Malkin et al., 2023) or learned (Shen et al., 2023).

2. Random Features for Discrete Samplers

In what follows, Section 2.1 discusses the challenges that
make the search for a solution to Equation (2) a computa-
tionally difficult problem. Then, Section 2.2 introduces a
novel framework for learning discrete amortized samplers,
which is shown to partly address these challenges.

2.1. Challenges in Discrete Amortized Sampling

In their seminal work, Bengio et al. (2021) showed there
always exists a policy function py abiding by Equation (1).
Notably, such a pr is unique when ppg is given. On the
other hand, there are infinite pairs (pr, pp) satisfying Equa-
tion (2). The learning problem is thus underdetermined.

Challenge 2.1 (Underdetermination). There are infinitely
many solutions (pr, pp) to Equation (2).

As per the maximum entropy principle (Jaynes, 2003), a
common strategy consists of setting pp(s, -) as an uniform
distribution (Malkin et al., 2022; Bengio et al., 2023; Deleu
et al., 2022). Disputing this, however, Shen et al. (2023)
demonstrated such a choice may be sub-optimal, assigning
relatively low-probability to shared substructures of
high-probability states and hindering training convergence.

On top of this, it is not guaranteed that the models for pr
and pp have enough expressive power to learn the optimal
solution to Equation (2). In fact, as shown in (Silva et al.,
2025a; Kim et al., 2025a), there are SGs and neural network-
based parameterizations for (pg, pp) for which any realiz-
able sampler will be arbitrarily distant from the target R (in
terms of the KL divergence (Kullback & Leibler, 1951)).

Challenge 2.2 (Limited expressiveness). A neural network
may not be capable of providing a sufficiently accurate
approximation to any solution for Equation (2).

Although an universal approximator could in principle ad-
dress Challenge 2.2, the sheer size of the state space S
makes gradient-based search for (pr, pp) remarkably chal-
lenging. A reason for this is that, given |S|’s cardinality, we
must either use a very high-dimensional vector encoding for
each s € S to effectively represent the features which dis-
tinguish s from other states in S \ {s}—or contend with the
fact that distinct states may have near-indistinguishable rep-
resentations. In both cases, the optimal policy function s —

pr(s,-) can be highly non-smooth, exhibiting a large Lips-
chitz constant and sharp sensitivity to small input variations,
making it difficult to approximate using conventional gradi-
ent descent methods (Shalev-Shwartz & Ben-David, 2014).

This phenomenon, known as (near-)state aliasing (White-
head & Ballard, 1991; Pardo et al., 2022), has been shown
to constraint the sampler’s ability to visit high-probability
regions of the target distribution, which is crucial for effec-
tive learning (Malkin et al., 2023; Silva et al., 2025b). In
fact, the exploration-exploitation trade-off has been widely
studied in the amortized sampling literature (Kim et al.,
2025b; Madan et al., 2025; Dall’ Antonia et al., 2026), with
existing methods focusing on learning an exploratory policy
that generates trajectories from under-explored regions
of the state space during training. In doing so, however,
training cost is doubled—and the learned exploration model
is discarded after training, having no inferential purpose.

Challenge 2.3 (Inefficient exploration). Learning a single
pair (pr, pp) hampers the exploration of high-probability
regions of the target distribution during training.

We discuss how to address Challenges 2.1, 2.2, and 2.3 in
Section 2.2. Simply put, our approach consists of adding
random features as extra inputs to both pr and pp. These
features index the space of feasible policies, alleviating
Challenge 2.1—as we no longer have to commit to a single
pair (pr, pp). In addition, we show our method provably
boosts the policy network’s expressive power, overcoming
Challenge 2.2, and empirically improves exploration on
standard benchmark tasks, mitigating Challenge 2.3.

2.2. Mixture Model Augmentation

To describe our method, which we call Mixture Model Aug-
mentation (MMA; see Algorithm 1 in the supplement), we
let T C R be a subset of the Euclidean space, which will
correspond to the support of the random features’ distribu-
tion. We then define the augmented state graph as follows.

Definition 2.4 (Augmented State Graph). Let G = (S, X)
beaSG,ITCRE,S=SxT, X=X xTI. WecallG =
(S, X) an augmentation of G when (s,v) — (s/,7') € G
iff s — s’ € G and v = 7/. When G is clear from context,
we refer to G as the Augmented State Graph (ASG).

The policy functions are extended accordingly to
pr, pp: S x S — [0, 1], and denoted by pr((s,7), ) and
pa((s,7),-). An important aspect of the construction in
Definition 2.4 is that vy is constant along a trajectory. This
choice has two notable consequences. First, the sampler’s
length complexity remains unchanged; a continuous transi-
tion kernel dictating the distribution of ;11 given s;y1, S¢,
and -y, which would be difficult to estimate, is not required.
Second, the SDP in G—i.e., after marginalizing v out—
becomes a convex mixture of Markov processes. Besides
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conceptual clarity, this allows the use of well-known learn-
ing algorithms for mixture models (Dempster et al., 1977).

Proposition 2.5. Let {(st,7:)}t>0 be a Markov process
having pr as the transition kernel, and let v, ~ p(v,) be
the initial distribution. Then, {s;}>¢ is a convex mixture
of Markov processes, i.e., defining pT as in Equation (1),

pr(se) = /F ()BT (s1,70) e 3)

for every s;, in which we define pr(sy, ) =
Dore(s0m0)(s0,90) PF((S0,%0), T)—as  the number of
trajectories from (S,,%,) to (S¢,7yt) is finite. Also, if T =

(807 ceey ST?‘T) Cll’ld T = ((80770)7 sty <ST7’70)7 (m7’70))
are trajectories in SG and ASG, respectively, then

pF(Soa T) = /Fp(’}/o)ﬁF((Sofyo)ﬂi)dPYm )

Equation (3) underlines the fact that {1 (s¢,v¢)}+,er can
be thought of as the components of a (possibly continuous)
mixture model. Given the problem’s underdetermination
(Challenge 2.1), we also expect 7 (-|7y:) to be distinct from
P1(-|v¢). This suggests a learning algorithm for pr and
pp. Let R(x,7v) = R(x) - p(7), in which p is a density
function on I. Clearly, the normalizing constant of R(z, )
is Ypex Jr R(@)dy = Yocx R() [pp(y)dy = Z,
i.e., the same of R(x). As in Equation (2), our goal is for
each pT(z,v) to match R(x, ), i.e.,

Under these conditions, Proposition 2.5 ensures
pr(z) x [R(z,v)dy x R(z). Again, similarly to
Equation (2), pT(z,7) x R(x,~) can be satisfied through
the augmented trajectory balance (ATB) condition,

Z-pr((s0,7),7) = R(z)p(7) - pa((,7), 7)),

with 7 = ((80,7), ..., (x,7)), which can be enforced by
minimizing the corresponding ATB loss,

Lats(pr,pB) = E (
v~q(-),

7~pe(|(s0,7)

R(l’, ’Y)pB((:Ev 7)7 T

(6)
Here, ¢ and pg are exploratory policies for v and T,
respectively. Our training algorithm is summarized in
Algorithm 1. Once pp is learned, we generate samples
from R(z) by picking v ~ p(v) and (z,7) ~ p7(z,7);
this is described in Algorithm 2.
Learning pr and pg. To learn pr and pp, we define
¢: S — Rdstate and 1p: I' — Rnoise as state and random
feature encoders, respectively, and let

n(s,7) = ¢(s) ® Y(7),
pr((s,7),-) = Softmax (Wen(s,7)) © mp(s))
and p((s,7), ) = Softmax (W pn(s,7)) © mp(s))

)
)

Z - pr((50:7),7) ))2 _

in which @ represents concatenation, ©, element-
wise product, and Wp € R¥ *(dstaretdnoise) apd
Wp € RIX(daetduoie) are learnable weights
for the forward and backward policies.  Similarly,
mp(s) € {1,—00o}® and mp(s) € {1,—oco0}9 are
domain-dependent masks representing which transitions are
allowed in s. This is, except for 1)(~y), a standard approach
for parameterizing sequential discrete amortized samplers.

Connection to RNI GNNs. Our approach is connected
to Random Node Initialization (RNI) in Graph Neural
Networks (GNNs) (Sato et al., 2021; Abboud et al., 2021;
Papp et al., 2021). Briefly, in graph prediction tasks, RNI
assigns random vectors to each node, concatenating them
to the existing features. This deceptively simple strategy
significantly increases a GNN’s expressive power and,
under standard assumptions, even endows GNNs with
universal approximator capabilities (Abboud et al., 2021,
Theorem 1). Interestingly, as per Proposition 2.5, a RNI
GNN may be interpreted as an GNN ensemble.

Drawing on this connection and on the analysis in (Silva
et al., 2025a) of the limitations of GNN-based discrete
amortized samplers, we illustrate below how MMA can
strictly improve a model’s expressivity, as in Challenge 2.2.

Example 2.6 (MMA for graph-structured tasks). Consider
the following SG: s, is a 2-regular graph with 5 anony-
mous (i.e., with identical features) nodes, and each child is
obtained by adding an edge to s, (i.e., v1—uv4 and vo—uv3).

v1

Figure 2. SG for Example 2.6.

We define R; and R, as the target PMFs for z; and xo,
respectively. Since x; and x5 are non-isomorphic, we may
set Ry # Rs. Asin (Silva et al., 2025a), we parameterize
pr(So,-) with a 1-WL GNN encoder (Xu et al., 2019),
which produces an embedding h € R®>*" for each node,
and sample each child according to

pr(So, 1) o< exp {¢ (hy, +hy,)}
and pr(s,, x2) o< exp {¢ (hy, + hy,)}

with ¢: R" — R as a learnable function. Due to v;’s
indistinguishability, h,, = h,, for i € {1,...5}, and
the distribution above is uniform, being incapable of
approximating our target (R, Re) regardless of the
encoder’s size (h). Upon introducing random features,
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Target Without MMA With MMA

(a) CORNERS.

Target Without MMA With MMA

(b) GAUSSIAN.

Figure 1. MMA improves the sampler’s goodness-of-fit in the Hypergrid domain.

v E R5*dnoise however, our model becomes

h=h = R5><(h+dnoise)7
ﬁF((S(),'}/),(:Ch'Y)) O(exp{(j) (1_11)1 +l—1714)}7 (7)
and pr ((s0,7), (22,7)) o< exp {¢ (hu, +ho, )},

with ¢: R**dneise — R. When 7 is drawn from a continu-
ous distribution (e.g., Gaussian), v,, # 7, fori # j almost
surely; the nodes are no longer indistinguishable. Indeed,
such parameterization can sample from any distribution as
long as ¢ has enough capacity.

In fact, Abboud et al. (2021, Theorem 1) ensures a sampler
parameterized as in Equation (7) can fit any distribution
over graphs—given enough model capacity. An important
empirical issue, however, is whether learning a policy
function minimizing Larp is harder than finding an
approximate solution to Equation (2), which brings us
back to Challenge 2.3. In this regard, the following section
shows MMA significantly enhances state space exploration
and learning convergence.

3. Experiments & Discussions

We consider below the Hypergrid, Lazy Random Walk
(supplement), and Set Generation domains, which are
standard benchmark tasks for discrete amortized sampling.
The first two probe the sampler’s exploration capabilites
and allow for direct visualization of the learned distribution
(Figures 1 and 4). The Set Generation domain, on the other
hand, admits tractable goodness-of-fit assessment even in
intractably large spaces (e.g., |X| ~ 10%; see Figures 3).
Across all experiments, we let v ~ A(0,0.25 - I) with
0 € R'6 and I € R6%16 a5 the 16-dimensional identity
matrix. We also set pg = (1 — €) - pr + € - py and
q = N(0,0.25 - I) for our loss function in Equation (6).

Hypergrid. (Bengio et al., 2021; Malkin et al., 2023) The
initial state is s, = (0, 0), and each transition corresponds to
adding (1, 0) or (0, 1) to the current state, or stopping. The
state space is X = {0, ..., 11}2x {7}, with T being the stop
sign, and S = {0, ..., 11}2. The target distributions, along-
side the approximations obtained by a discrete amortized
sampler with and without MMA, are shown in Figure 1. We
also present in Figure 5 the average log R(x) of the top-10

0 1000 2000 3000 4000 0 1000 2000 3000 4000 0 1000 2000 3000 4000
Training step Training step Training step
K=12 K=18 K=21

S 00

1000 2000 3000 4000 O 1000 2000 3000 4000 0 1000 2000 3000 4000
Training step Training step Training step

TV distance (sizes) TV distance (items)

Figure 3. Distributional accuracy for the Set Generation task for
samplers with and without MMA; MMA accelerates convergence.

highgest probability states encountered throughout training,
which measures the sampler’s capability in visiting the tar-
get distribution’s modes. As expected, MMA accelerates
learning convergence.

Set Generation. (Bengio et al., 2023) The task starts with
S0 = 0, to which elements from a given set/ = {1,...,U}
are added until either a stop sign is sampled or a prescribed
size, K, is achieved. The target distribution is defined as

log R(z) = Y €(u),
uex
with £: U4 — R as a prespecified function (see Section B
in the supplement). Under this formulation, both quantities

pitem(u) =P,or [u S 'T] and psize(k) =P, r HU| = k} ,

foru € Y and k € {0,..., K}, can be tractably computed.
Given samples {z1,...,zy}, we may estimate the
probabilities above as

Piem(uw) = SN HeCnl and o (k) = SON | Hlzal=H

We set U = 32 and report maxy ey |Pitem (¢) — Pitem (0]
and maxy |Psize(k) — Psize(k)| throughout training in
Figure 3. Notably, MMA results in a better goodness-of-fit.

Conclusions. In this short communication, we outlined the
current challenges in training discrete amortized samplers,
and introduced a strategy for addressing them based on
augmenting the state space with an auxiliary, continuous
variable. Conceptually, our approach may be interpreted as
learning a mixture of Markovian samplers (Proposition 2.5),
which provably boosts expressive power (Example 2.6) and
improves accuracy (Figures 1, 3 and 4 and Table 1). We
are presently investigating how to better use the auxiliary
variable, ~, during training to further improve convergence,
and how to properly incorporate it into the policy network.
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Table 1. Total variation between the learned and target distributions. MMA improves goodness-of-fit for both the Hypergrid and Lazy
Random Walk domains. Results were averaged across three independent runs.

With MMA  Without MMA

Hypergrids (CORNERS)  0.039-+0.010 0.189+0.042
Hypergrids (GAUSSIAN)  0.085+0.027 0.121+0.003
Lazy Random Walk 0.052+0.006 0.107-+0.086

A. Proof of Proposition 2.5

Recall {(s¢,7)}i>0 is a Markov process. Also, by definition, v, = 7, for t > 0. As a consequence, the law for the
(generally non-Markovian) stochastic process {s; }+>0 is

_ pF(Sov ceey StJrl)

0_ 0y [0)y+ > 9 d Oy
pF(307~-~,8t) oc/Fth(,y )pF((s 'V) (St+1 ’Yt)) (’Y ’7t+1)

PF(5t+1|8t, ceey So)
- /F P10 (0 70)s - (115 70) %o
x / P(10) B (5141270 ($02 90 -+ (51:70)) o

In particular, we showed that
pr(soreev50) = [ Prl(o0r): (5170
r

Consequently,
pr(s) = > Dr(Sor--s)= Y, /p(%)ﬁF((so,%), s (86,70))d0
(S0seees St—1) (SoyeeeySt—1) r
= /p('Vo) Z pp((so,%),...,(st,%))d’yo
r (SoremrSt—1)
= /Fp(’Yo)pT(Sth/o)d’Yo = /Fp'l'(sh')/o)d’)%-
In conclusion, if 7 = (s,,...,2) and 7 = ((S0,Y0)s - - - » (T, 70))>

pp(50,7) = / P(10)5# (501 70) 7)o,

by definition. This demonstrates Proposition 2.5, and shows that {s; };>0 is a convex mixture of Markov chains.

B. Additional experiments & further details

This section presents further experiments and provides further implementation details.

B.1. More experiments

Target Without MMA With MMA Lazy Random Walk. (Dall’Antonia et al.,, 2026) Similarly to
the Hypergrid domain, we let s, = (0,0,0), with each transi-
tion corresponding to shifting the current state by (¢,0,1) or
(0,4,1) for i € {—1,0,1} until the third coordinate, representing
the timestamp, reaches a predefined limit 7. The state space is
X ={-12,...,12}*x {25} and S = {—12,...,12}*>x{0,...,24}
(i.e., T = 25), and the target distribution is depicted in Figure 4
Figure 4. MMA improves the sampler’s accuracy. with the learned approximations. Again, MMA results in better

7
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Figure 5. MMA speeds up the discovery of high-probability regions, measured as the average PMF of the top-10 most probable encountered
states throughout training (i.e., according to R(z); the auxiliary -y is not considered in this assessment).

distributional accuracy. In addition, Table 1 shows the total variation (TV) distance between each sampler and its target
averaged across three independent runs.

Algorithm 1 MMA Training

Input: Target R, state graph G = (S, X), prior p(7), exploratory policies pg and ¢, learning rate «, number of steps T'
Output: Learned forward policy pr and backward policy pp

Initialize parameters 6 of pr, ¢ of pp,andlog Z forn =1,..., N do

Sample v ~ ¢(+) // Draw 7 from exploratory distribution

Set augmented initial state 5, < (s,,7) Sample trajectory 7 = (5,, 51, ..., 57, (2,7)) ~ Pe(- | o) // Roll out
policy on ASG

Compute ATB loss:

2
LaT = (logZ +log pr (8o, T) — log R(z) — log p(7) — log pp((=,7), ?))

// In practice, we average gradients over a batch of trajectories.

Update (05 (2 1Og Z) — (97 @, IOg Z) —Q v&%log Z ‘CATB
return pr, pp

Algorithm 2 MMA Sampling

Input: Learned forward policy pr (from Algorithm ??), prior p(y), state graph G = (S, X)
Output: Sample 2 ~ 7(x) o< R(x)

Sample 7 ~ p(7)

Set augmented initial state 5 <— (s,,~y) while § is not a terminal state do
Compute transition distribution:

// e.g., N(0,0.25-1)

pF(g» ) = SOftmaX((WF 77(87 7)) © mF(S))a 77(87 7) = (,D(S) ® w(V)
Sample next state 5’ ~ pp(5,-)
53§
Extract terminal state = from § = (z,7) return x

// v held fixed throughout

B.2. Experimental details
We set dyoise = 16. All models use a 2-layer MLP with hidden dimension 128 (64 for Lazy Random Walk), batch size 64,

and the (augmented) trajectory balance loss. Policy parameters are optimised with Muon (Ir = 10~2) (Jordan et al., 2024)
and log Z with Adam (Ir = 10~2) (Kingma & Ba, 2014). We discuss below the target distribution for each domain.

8
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Figure 6. Marginal probabilities over item belongings and set sizes for the target distribution described in Equation (10), computed via
SOS.

Hypergrids - CORNERS. (d = 2, H = 12, (Malkin et al., 2023)). The reward places mass in [—1, 1]%:
log R(z) = log (0.5 - 1[[|2/||sc > 0.5] +2-1[0.6 < [|2/||sc < 0.8] +107%), )

where 2’ = 2z /(H — 1) — 1.

Hypergrids — GAUSSIAN. The target is an equal-weight mixture of 9 isotropic Gaussians (o2 = 10~2) whose means tile a

3 x 3 grid in [-0.9,0.9)%:
9

log R(z) = log % ZN(:C'; ik, 021). )

k=1

Lazy Random Walk States are signed-integer vectors in [—H, H]?; the reward follows a graded cosine along the first
coordinate: log R(x) = cos(2 z[0]).

Set Generation (U = 32 items, K € {12, 18, 24}). States are binary vectors s € {0, 1}V representing subsets; the reward
is log-linear with fixed item utilities ¢(u):

U
log R(x) = Zmu L(u), £(0) =100, £(i) = =50 ifi € {1,...,4}, £(¢) = —0.5, otherwise. (10)
u=1

Item O is a high-value surrounded by toxic items at indices 1-4, while the remaining items carry a small penalty. We display
the corresponding item and size marginals, used for the evaluation of the distance metric in Figure 3, in Figure [ref]. As
explained, these quantities can be tractably computed through via dynamic programming adapted from the Sum of Subsets,
SOS, algorithm. Importantly, Figure 6 helps in explaining the reason for which there is no significant difference between
samplers with and without MMA for the size marginals in Figure 3 (bottom row) when K > 12: in this case, the distribution
over sizes is unimodal and binomial-shaped, being straightforward to approximate. In contrast, the marginal distribution over
item belonging (top row in Figure 3) is multi-modal and sparse, making the search for an accurate approximation challenging.



