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ABSTRACT

One of the mysteries in the success of neural networks is randomly initialized first
order methods like gradient descent can achieve zero training loss even though
the objective function is non-convex and non-smooth. This paper demystifies this
surprising phenomenon for two-layer fully connected ReLU activated neural net-
works. For an m hidden node shallow neural network with ReLU activation and n
training data, we show as long as m is large enough and no two inputs are parallel,
randomly initialized gradient descent converges to a globally optimal solution at
a linear convergence rate for the quadratic loss function.

Our analysis relies on the following observation: over-parameterization and ran-
dom initialization jointly restrict every weight vector to be close to its initializa-
tion for all iterations, which allows us to exploit a strong convexity-like property
to show that gradient descent converges at a global linear rate to the global op-
timum. We believe these insights are also useful in analyzing deep models and
other first order methods.

1 INTRODUCTION

Neural networks trained by first order methods have achieved a remarkable impact on many ap-
plications, but their theoretical properties are still mysteries. One of the empirical observation is
even though the optimization objective function is non-convex and non-smooth, randomly initialized
first order methods like stochastic gradient descent can still find a global minimum. Surprisingly,
this property is not correlated with labels. In|Zhang et al.| (2016)), authors replaced the true labels
with randomly generated labels, but still found randomly initialized first order methods can always
achieve zero training loss.

A widely believed explanation on why a neural network can fit all training labels is that the neural
network is over-parameterized. For example, Wide ResNet (Zagoruyko and Komodakis) uses 100x
parameters than the number of training data. Thus there must exist one such neural network of this
architecture that can fit all training data. However, the existence does not imply why the network
found by a randomly initialized first order method can fit all the data. The objective function is
neither smooth nor convex, which makes traditional analysis technique from convex optimization not
useful in this setting. To our knowledge, only the convergence to a stationary point is known (Davis
et al.,[2018)).

*Equal contribution.
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In this paper we demystify this surprising phenomenon on two-layer neural networks with rectified
linear unit (ReLU) activation. Formally, we consider a neural network of the following form.

m

f(W,a,x) = Zar (w, x) (D

where x € R? is the input, w,, € R? is the weight vector of the first layer, a,, € R is the output
weight and o (+) is the ReLU activation function: o (z) = zif z > 0and o (2) = 0if 2 < 0.

We focus on the empirical risk minimization problem with a quadratic loss. Given a training data
set {(x;,;)},—,, we want to minimize

FW,a,x;) —y;)*. )

l\.’)\»—

i=1
Our main focus of this paper is to analyze the following procedure. We fix the second layer and
apply gradient descent (GD) to optimize the first layelﬂ

IL(W(k),a)
Wik +1) = W(k) — np—2 "0 3
( +1) ( ) n W (k) (3)
where 1 > 0 is the step size. Here the gradient formula for each weight vector isE]
OL(W
M — Z f(W,a,x;) — y;)a,x;1 {W:—Xi > 0} ) @)

ow,

Though this is only a shallow fully connected neural network, the objective function is still non-
smooth and non-convex due to the use of ReL.U activation function. E]Even for this simple function,
why randomly initialized first order method can achieve zero training error is not known. Many
previous works have tried to answer this question or similar ones. Attempts include landscape anal-
ysis (Soudry and Carmon, [2016), partial differential equations (Mei et al.), analysis of the dynamics
of the algorithm (Li and Yuan| [2017), optimal transport theory (Chizat and Bach| 2018)), to name
a few. These results often make strong assumptions on the labels and input distributions or do not
imply why randomly initialized first order method can achieve zero training loss. See Section [2] for
detailed comparisons between our result and previous ones.

In this paper, we rigorously prove that as long as no two inputs are parallel and m is large enough,

with randomly initialized a and W (0), gradient descent achieves zero training loss at a linear con-
vergence rate, i.e., it finds a solution W (K) with L(W(K)) < ein K = O(log (1/e)) 1terat10nsE]
Thus, our theoretical result not only shows the global convergence but also gives a quantitative
convergence rate in terms of the desired accuracy.

Analysis Technique Overview Our proof relies on the following insights. First we directly an-
alyze the dynamics of each individual prediction f(W,a,x;) for ¢ = 1,...,n. This is different
from many previous work (Du et al., 2017bj|Li and Yuan, 2017) which tried to analyze the dynam-
ics of the parameter (W) we are optimizing. Note because the objective function is non-smooth
and non-convex, analysis of the parameter space dynamics is very difficult. In contrast, we find
the dynamics of prediction space is governed by the spectral property of a Gram matrix (which
can vary in each iteration, c.f. Equation (6)) and as long as this Gram matrix’s least eigenvalue is
lower bounded, gradient descent enjoys a linear rate. It is easy to show as long as no two inputs are
parallel, in the initialization phase, this Gram matrix has a lower bounded least eigenvalue. (c.f. The-
orem[3.1)). Thus the problem reduces to showing the Gram matrix at later iterations is close to that in

'In Section we also extend our technique to analyze the setting where we train both layers jointly.

% Note ReLU is not continuously differentiable. One can view L (w) as a convenient notation for the right
hand side of @) and this is the update rule used in practice.

3We remark that if one fixes the first layer and only optimizes the output layer, then the problem becomes a
convex and smooth one. If m is large enough, one can show the global minimum has zero training loss (Nguyen
and Hein| [2018). Though for both cases (fixing the first layer and fixing the output layer), gradient descent
achieves zero training loss, the learned prediction functions are different.

*Here we omit the polynomial dependency on n and other data-dependent quantities.
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the initialization phase. Our second observation is this Gram matrix is only related to the activation
patterns (I { w,! x; > 0}) and we can use matrix perturbation analysis to show if most of the patterns
do not change, then this Gram matrix is close to its initialization. Our third observation is we find
over-parameterization, random initialization, and the linear convergence jointly restrict every weight
vector w,. to be close to its initialization. Then we can use this property to show most of the patterns
do not change. Combining these insights we prove the first global quantitative convergence result of
gradient descent on ReLU activated neural networks for the empirical risk minimization problem.
Notably, our proof only uses linear algebra and standard probability bounds so we believe it can be
easily generalized to analyze deep neural networks.

Notations We let [n] = {1,2,...,n}. Given a set S, we use unif {S} to denote the uniform
distribution over S. Given an event E, we use [ {A} to be the indicator on whether this event
happens. We use N (0,I) to denote the standard Gaussian distribution. For a matrix A, we use A,;;
to denote its (4, j)-th entry. We use |[|-||, to denote the Euclidean norm of a vector, and use ||-|| . to
denote the Frobenius norm of a matrix. If a matrix A is positive semi-definite, we use Ay, (A) to
denote its smallest eigenvalue. We use (-, -) to denote the standard Euclidean inner product between
two vectors.

2 COMPARISON WITH PREVIOUS RESULTS

In this section, we survey an incomplete list of previous attempts in analyzing why first order meth-
ods can find a global minimum.

Landscape Analysis A popular way to analyze non-convex optimization problems is to identify
whether the optimization landscape has some good geometric properties. Recently, researchers
found if the objective function is smooth and satisfies (1) all local minima are global and (2) for
every saddle point, there exists a negative curvature, then the noise-injected (stochastic) gradient
descent (Jin et al., 2017} |Ge et al., 2015} |Du et al.,|2017a) can find a global minimum in polynomial
time. This algorithmic finding encouraged researchers to study whether the deep neural networks
also admit these properties.

For the objective function defined in Equation (2)), some partial results were obtained. [Soudry and
Carmon| (2016) showed if md > n, then at every differentiable local minimum, the training error is
zero. However, since the objective is non-smooth, it is hard to show gradient descent convergences to
a differentiable local minimum. |Xie et al.|(2017) studied the same problem and related the loss to the
gradient norm through the least singular value of the “extended feature matrix” D at the stationary
points. However, they did not prove the convergence rate of the gradient norm. Interestingly, our
analysis relies on the Gram matrix which is DD .

Landscape analyses of ReLLU activated neural networks for other settings have also been studied in
many previous works (Ge et al., 2017; [Safran and Shamir, 2016} Zhou and Liang, 2017; |Freeman
and Brunal 2016} Hardt and Mal [2016; Nguyen and Hein|, 2018). These works establish favorable
landscape properties but none of them implies that gradient descent converges to a global minimizer
of the empirical risk. More recently, some negative results have also been discovered (Safran and
Shamir, 2018} Yun et al., [2018a)) and new procedures have been proposed to test local optimality
and escape strict saddle points at non-differentiable points (Yun et al., 2018b). However, the new
procedures cannot find global minima as well. For other activation functions, some previous works
showed the landscape does have the desired geometric properties (Du and Lee, 2018; [Soltanolkotabi
et al.} 2018; [Nguyen and Hein, 2017; [Kawaguchi, 2016} Haeffele and Vidal, 2015} |Andoni et al.,
2014} Venturi et al.| 2018; [Yun et al.,|2018a). However, it is unclear how to extend their analyses to
our setting.

Analysis of Algorithm Dynamics Another way to prove convergence result is to analyze the
dynamics of first order methods directly. Our paper also belongs to this category. Many previous
works assumed (1) the input distribution is Gaussian and (2) the label is generated according to a
planted neural network. Based on these two (unrealistic) conditions, it can be shown that randomly
initialized (stochastic) gradient descent can learn a ReLU (Tian, 2017} [Soltanolkotabi, |2017), a
single convolutional filter (Brutzkus and Globerson, |2017), a convolutional neural network with one
filter and one output layer (Du et al., |2018b) and residual network with small spectral norm weight
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matrix (Li and Yuan, 2017)E] Beyond Gaussian input distribution, Du et al.| (2017b)) showed for
learning a convolutional filter, the Gaussian input distribution assumption can be relaxed but they
still required the label is generated from an underlying true filter. Comparing with these work, our
paper does not try to recover the underlying true neural network. Instead, we focus on providing
theoretical justification on why randomly initialized gradient descent can achieve zero training loss,
which is what we can observe and verify in practice.

Jacot et al|(2018) established an asymptotic result showing for the multilayer fully-connected neural
network with a smooth activation function, if every layer’s weight matrix is infinitely wide, then for
finite training time, the convergence of gradient descent can be characterized by a kernel. Our proof
technique relies on a Gram matrix which is the kernel matrix in their paper. Our paper focuses on
the two-layer neural network with ReLLU activation function (non-smooth) and we are able to prove
the Gram matrix is stable for infinite training time.

The most related paper is by [Li and Liang| (2018) who observed that when training a two-layer
full connected neural network, most of the patterns (I {WTT X; > O}) do not change over iterations,
which we also use to show the stability of the Gram matrix. They used this observation to obtain the
convergence rate of GD on a two-layer over-parameterized neural network for the cross-entropy loss.
They need the number of hidden nodes m scales with poly(1/€) where € is the desired accuracy.
Thus unless the number of hidden nodes m — oo, their result does not imply GD can achieve zero
training loss. We improve by allowing the amount of over-parameterization to be independent of
the desired accuracy and show GD can achieve zero training loss. Furthermore, our proof is much
simpler and more transparent so we believe it can be easily generalized to analyze other neural
network architectures.

Other Analysis Approaches [Chizat and Bach| (2018) used optimal transport theory to analyze
continuous time gradient descent on over-parameterized models. They required the second layer to
be infinitely wide and their results on ReLLU activated neural network is only at the formal level. Mei
et al.| analyzed SGD for optimizing the population loss and showed the dynamics can be captured
by a partial differential equation in the suitable scaling limit. They listed some specific examples on
input distributions including mixture of Gaussians. However, it is still unclear whether this frame-
work can explain why first order methods can minimize the empirical risk. |Daniely| (2017) built
connection between neural networks with kernel methods and showed stochastic gradient descent
can learn a function that is competitive with the best function in the conjugate kernel space of the
network. Again this work does not imply why first order methods can achieve zero training loss.

3 CONTINUOUS TIME ANALYSIS

In this section, we present our result for gradient flow, i.e., gradient descent with infinitesimal step
size. The analysis of gradient flow is a stepping stone towards understanding discrete algorithms
and this is the main topic of recent work (Arora et al.| 2018} [Du et al.| 2018a)). In the next section,
we will modify the proof and give a quantitative bound for gradient descent with positive step size.
Formally, we consider the ordinary differential equatimﬁ defined by:

dw, ()  OL(W(1),a)

dt ow,(t)
for r € [m]. We denote u;(t) = f(W(t),a,x;) the prediction on input x; at time ¢ and we let
u(t) = (ur(t),...,un(t)) € R™ be the prediction vector at time ¢. We state our main assumption.
Assumption  3.1. Define  matrix H®™ € R with - HYY =

Ew~nN(0,1) [x:xj]I {wai >0,w'x; > OH We assume N\ = Amin (H>) > 0.

H*® is the Gram matrix induced by the ReLU activation function and the random initialization.
Later we will show that during the training, though the Gram matrix may change (c.f. Equation (6)),
it is still close to H*. Furthermore, as will be apparent in the proof (c.f. Equation (7)), H* is

>Since these work assume the label is realizable, converging to global minimum is equivalent to recovering
the underlying model.
6Strictly speaking, this should be differential inclusion (Davis et al.,|2018)
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the fundamental quantity that determines the convergence rate. Interestingly, various properties of
this H* matrix has been studied in previous works (Xie et al.,2017; Tsuchida et al., 2017). Now to
justify this assumption, the following theorem shows if no two inputs are parallel the least eigenvalue
is strictly positive.

Theorem 3.1. If for any i # j, x; || x;, then Ao > 0.
Note for most real world datasets, no two inputs are parallel, so our assumption holds in general.
Now we are ready to state our main theorem in this section.

Theorem 3.2 (Convergence Rate of Gradient Flow). Suppose Assumption holds and for all
i € [n], [|x|ly = 1 and |y;| < C for some constant C. Then if we set the number of hidden nodes

m=Q (#23) and we i.i.d. initialize w, ~ N(0,1), a, ~ unif [{—1,1}] for r € [m)], then with

probability at least 1 — § over the initialization, we have

[u(t) — |3 < exp(—Xot) [u(0) — v

This theorem establishes that if m is large enough, the training error converges to 0 at a linear rate.
Here we assume ||x;||, = 1 only for simplicity and it is not hard to relax this condition[] The
bounded label COIldlthIl also holds for most real world data set. The number of hidden nodes m

required is €2 /\4 53 , which depends on the number of samples n, Ao, and the failure probability J.

Over-parameterization, i.e., the fact m = poly(n,1/\g, 1/d), plays a crucial role in guaranteeing
gradient descent to find the global minimum. In this paper, we only use the simplest concentration
inequalities (Hoeffding’s and Markov’s) in order to have the cleanest proof. We believe using a
more advanced concentration analysis we can further improve the dependency. Lastly, we note the
specific convergence rate depends on )y but independent of the number of hidden nodes m.

3.1 PROOF OF THEOREM[3.2]

Our first step is to calculate the dynamics of each prediction.

d _ " Of(W(t),a,x;) dw,(t)
%ui(t)_rgx ow,.(t) T

_ af( (t),a,x;) Of(W(t),a xJ
_; i z; ow,(t) ’ 8W

’I"

||l>

>y NGOG
j=1

where H(¢) is an n x n matrix with (i, j)-th entry
1 m
T T T
H;(t) = —X; X E_IH {x/ w.(t) > 0,x] w,(t) > 0}. (6)

With this H(¢) matrix, we can write the dynamics of predictions in a compact way:

() = H(D)(y - u(t). a)

Remark 3.1. Note Equation (7)) completely describes the dynamics of the predictions. In the rest of
this section, we will show (1) at initialization |[H(0) — H*>||, is O(\/1/m) and (2) for all t > 0,
|H(t) — H(0)||, is O(\/1/m). Therefore, according to Equation (), as m — oo, the dynamics of
the predictions are characterized by H*>. This is the main reason we believe H* is the fundamental
quantity that describes this optimization process.

H(t) is a time-dependent symmetric matrix. We first analyze its property when ¢ = 0. The following
lemma shows if m is large then H(0) has a lower bounded least eigenvalue with high probability.
The proof is by the standard concentration bound so we defer it to the appendix.

" More precisely, if 0 < cjow < ||Xi|l, < chign forall i € [n], we only need to change Lemma to

make them depend on ¢;o. and cuign and the amount of over-parameterization m will depend on ’”J” We
assume ||x;||, = 1 so we can present the cleanest proof and focus on our main analysis technique.
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Lemma3.1. Ifm = Q (’;—z log (%)) we have with probability at least 1 —§,
0
and Apin (H(0)) > 2 ).

H(0) — H>®|, < %

1

Our second step is to show H(¢) is stable in terms of W (¢). Formally, the following lemma shows
for any W close to W(0), the induced Gram matrix H is close to H(0) and has a lower bounded
least eigenvalue.

Lemma 3.2. [fwy,...,w,, are i.i.d. generated from N (0,1), then with probability at least 1 — 6,
the following holds. For any set of weight vectors w1, ..., w,, € RY that satisfy for any r € [m],
[lwr(0) — wy ||, < % £ R for some small positive constant c, then the matrix H € R"*" defined
by

H;; = %XTXJ' >_I{w,xi 2 0,w/x; = 0}

)
r=1

satisfies | H — H(0) |, < 22 and Apin (H) > 22.
This lemma plays a crucial role in our analysis so we give the proof below.
Proof of Lemma[3.2] We define the event

Ay ={3w: |lw—w,.(0)] < RI{xw,(0) >0} #1{x/w>0}}.
Note this event happens if and only if |w,(0)"x;| < R. Recall w,(0) ~ N(0,I). By anti-
concentration inequality of Gaussian, we have P(A;;) = P..n(0,1) (|2| < R) < %. Therefore,

for any set of weight vectors w, ..., w,, that satisfy the assumption in the lemma, we can bound
the entry-wise deviation on their induced matrix H: for any (4, j) € [n] x [n]

E[[H;;(0) — Hyl]

1 m
=E | — |x; x, Z (I{w,(0)"'x; > 0,w,(0)"x; >0} —I{w]x; >0,w, x; > 0})H
r=1
1« 4R
<— El{A;,;UA;,}] < —
< LB U4 S T
where the expectation is taken over the random initialization of w1 (0), ..., w,,(0). Summing over

(i,7), we have E {ZE?;)L):(U) H;; — H”(O)\] < %. Thus by Markov’s inequality, with proba-

bility 1 — §, we have Zg:’;;): (1.1) |H;; — H;;(0)] < il/"%’}. Next, we use matrix perturbation theory
to bound the deviation from the initialization
(n,n) 2
4n°R
H-H(0)|, < |H—-H(0 < H,, —H;;(0) < .
[H-HO), < [H-HO)[-< 3 [Hy; - Hy(0) < 7=

(4,9)=(1,1)

Lastly, we lower bound the smallest eigenvalue by plugging in R

4n’R _ A
)\min(H) Z Alnin(H(O)) - ﬁ 2 % O

The next lemma shows two facts if the least eigenvalue of H(t) is lower bounded. First, the loss
converges to 0 at a linear convergence rate. Second, w,.(t) is close to the initialization for every
r € [m]. This lemma clearly demonstrates the power of over-parameterization.

Lemma 3.3. Suppose for 0 < s < t, Amin (H(s)) > 2. Then we have Hy—u(t)||§ <
exp(—Aot) ||y — u(0)||§ and for any r € [m), [|[w,(t) — w,(0)]], < % £ R.

Proof of Lemma Recall we can write the dynamics of predictions as $u(t) = H(y —u(t)). We
can calculate the Toss function dynamics

Ly — @) =~ 2(y — () TH@) (v~ u()
<= Xolly — a3
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Thus we have 4 (exp(/\ot) lly —u(?) ||§) < 0 and exp(Aot) |ly — u(t) ||§ is a decreasing function
with respect to ¢. Using this fact we can bound the loss
2 2
ly —a(®)ll; < exp(=Aot) [ly — u(0)[l; -
Therefore, u(t) — y exponentially fast. Now we bound the gradient norm. Recall for 0 < s < ¢,

n

> (i — ui)\/%arxiﬂ {w.(s)"x; > 0}

i=1
< 2ol o)l < VE Iy = (o), < Y2 exp(-209) [y~ u(O).

2

Integrating the gradient, we can bound the distance from the initialization

4o < Vly —u @,
, VAo

iwr(s)

o0 = w0l < [

The next lemma shows if R’ < R, the conditions in Lemma [3.2] and [3.3| hold for all £ > 0. The
proof is by contradiction and we defer it to appendix.
Lemma 34. If R < R, we have for all t > 0, Anin(H(t)) > 3o, for all v € [m)],
Iw, () = wr(0)lly < R and |ly —u(t)]3 < exp(=ot) [ly — u(0)]]5.
Thus it is sufficient to show R’ < R which is equivalent to m = {2 (W) . We bound

0

n n

E[lly = (0)l13] = (2 + wE [/ (W(0), a,%:)] + E [/ (W(0),2,%:)2]) = > (47 +1) = O(n).

i=1 i=1

Thus by Markov’s inequality, we have with probability at least 1 — 6, ||y — u(0)]|5 = O(%). Plug-
ging in this bound we prove the theorem. O

3.2 JOINTLY TRAINING BOTH LAYERS

In this subsection, we showcase our proof technique can be applied to analyze the convergence
of gradient flow for jointly training both layers. Formally, we consider the ordinary differential
equation defined by:

dwi(t) __OLW(D,a(t)  dwo(t) _OLW(R),a(t)
dt aw, (1) dt da, (1)

forr = 1,..., m. The following theorem shows using gradient flow to jointly train both layers, we
can still enjoy linear convergence rate towards zero loss.

Theorem 3.3 (Convergence Rate of Gradient Flow for Training Both Layers). Under the same
6
assumptions as in Theorem if we set the number of hidden nodes m = ) (%&T/é)) and we
0

i.i.d. initialize w, ~ N(0,1), a, ~ unif [{—1,1}] for r € [m], with probability at least 1 — § over
the initialization we have

[u(t) — |3 < exp(—Aot) [u(0) — v

Theorem [3.3] shows under the same assumptions as in Theorem [3.2] we can achieve the same con-
vergence rate as that of only training the first layer. The proof of Theorem [3.3| relies on the same
arguments as the proof of Theorem[3.2] Again we consider the dynamics of the predictions and this
dynamics is characterized by a Gram matrix. We can show for all ¢ > 0, this Gram matrix is close
to the Gram matrix at the initialization phase. We refer readers to appendix for the full proof.
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4 DISCRETE TIME ANALYSIS

In this section, we show randomly initialized gradient descent with a constant positive step size
converges to the global minimum at a linear rate. We first present our main theorem.

Theorem 4.1 (Convergence Rate of Gradient Descent). Under the same assumptions as in Theo-
rem if we set the number of hidden nodes m = 2 ()\Z—ZS) we i.i.d. initialize w, ~ N(0,1I),
0

a, ~ unif [{—1,1}] for r € [m], and we set the step size n = O (2%) then with probability at least
1 — 6 over the random initialization we have for k = 0,1,2, ...

k
) - y15 < (1= 2 u(o) - vIE.

Theorem [.1] shows even though the objective function is non-smooth and non-convex, gradient
descent with a constant step size still enjoys a linear convergence rate. Our assumptions on the least
eigenvalue and the number of hidden nodes are exactly the same as the theorem for gradient flow.

4.1 PROOF OF THEOREM [4.1]

We prove Theorem [.1] by induction. Our induction hypothesis is just the following convergence
rate of the empirical loss.

Condition 4.1. At the k-th iteration, we have ||y — u(k)||3 < (1 — B2)* [ly — u(0)[[5.

A directly corollary of this condition is the following bound of deviation from the initialization. The
proof is similar to that of Lemma[3.3]so we defer it to appendix.

Corollary 4.1. If Condition{.1| holds for k' = 0, ..., k, then we have for every r € [m]

dy/n|ly — u(O)Hz Ny

e, (1) = wi (0), < T

®)

Now we show Condition holds for every k = 0,1,.... For the base case k = 0, by defini-
tion Condition 4.1 holds. Suppose for k' = 0, ..., k, Condition 4.1/ holds and we want to show
Condition[.1]holds for ¥’ = k + 1.

Our strategy is similar to the proof of Theorem We define the event
Ay ={3w: [w — w,(0)]| < R,I{x; w,(0) >0} #1{x]w >0}}.

where R = %" for some small positive constant c. Different from gradient flow, for gradient
descent we need a more refined analysis. We let S; = {r € [m] : I[{4;.} = 0} and Si- = [m] \ S;.
The following lemma bounds the sum of sizes of S;-. The proof is similar to the analysis used in
Lemma[3.2] See Section [A]for the whole proof.

CmnR

Lemma 4.1. With probability at least 1 — § over the initialization, we have Z?:l |SH < =
for some positive constant C' > 0.

Next, we calculate the difference of predictions between two consecutive iterations, analogue to

d"#f” term in Section
ui(k+1) —u;(k) :% Zar (o (wr(k+ 1)Txl) o (wr(k) %))
_ L N a- ol (w OL(W (k)) Tx —o(w X
=3 ( (( ()~ 2 ) (w0, () z)>
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Here we divide the right hand side into two parts. [ ¢ accounts for terms that the pattern does not
change and I3 accounts for terms that pattern may change.

e o (e ) ) o)

resS;
g PEOWEDN TN ()
ne Z;“T(“((Wf@> o) J el J)

We view I} as a perturbation and bound its magnitude. Because ReL.U is a 1-Lipschitz function and

_ IS V) - ylly

la,| =1, we have
(R o< 2

=V rem) || ow, (k)

To analyze I}, by Corollary[4.1] we know [|[w,.(k) — w,.(0)|| < R’ and ||w,(k) — w,.(0 )|| < R’ for
all » € [m]. Furthermore, because R’ < R, we know I {Wr (k+1)"x; >0} = H{WT (k)"x; >0}
for 7 € S;. Thus we can find a more convenient expression of I} for analysis

_n Zx x5 (uj — y;) Z ]I{w,,.(k)Txi > O,w,,,(k)ij > O}

res;

= — UZ(UJ‘ - yj)(HZ](k) - Ht(k))

HE Yy
\/m res;t

where H;j(k) = LY x!x;T{w,(k)"x; >0,w,(k)"x; >0} is just the (i,j)-th
entry of a discrete version of Gram matrix defined in Section and Hi(k) =
L5 st X x;I{w,(k)"x; > 0,w, (k) x; > 0} is a perturbation matrix. Let H*(k) be the
n X n matrix with (7, j)-th entry being HZLJ (k). Using Lemma we obtain an upper bound of the
operator norm

(n,n) n 1 2 2
ny .. |S- | Cn*mR _Cn*R
< Hi(k)| < —==20 1 < < :
H2_ Z | i )|_ m - dm — 0
(4,5)=(1,1)
Similar to the classical analysis of gradient descent, we also need bound the quadratic term.

Julk + 1) — u(k H2<ﬁ§j ( H) < Py — u(k)[2.
With these estimates at hand, we are ready to prove the induction hypothesis.
ly —u(k + D)5 =y — u(k) — (u(k+ 1) — u(k)|;
=y —u®)[3 -2y —ulk))" (u(k+1) —u(k)) + [ulk +1) — uk)|;
=y —u(k)l3 — 20 (y —u(k)) " H(k) (y — u(k))
+2n(y —u(k) " H(k)* (y —u(k)) - 2(y —u(k) " I
+u(k +1) — (k)3
n2 n3/2
2R 2R )y — ()

no 2
<(1-2) Jy — u(k)|3.
The third equality we used the decomposition of u(k + 1) — u(k). The first inequality we used the
Lemma the bound on the step size, the bound on I, the bound on HH(/{:)L ||2 and the bound

on [lu(k + 1) — u(k)||>. The last inequality we used the bound of the step size and the bound of R.
Therefore Condition 4.1/ holds for ¥ = k + 1. Now by induction, we prove Theorem [

[ (k)

OL(W

ow,.(k

<(I—=nXo +
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Figure 1: Results on synthetic data.

5 EXPERIMENTS

In this section, we use synthetic data to corroborate our theoretical findings. We use the initialization
and training procedure described in Section[I] For all experiments, we run 100 epochs of gradient
descent and use a fixed step size. We uniformly generate n = 1000 data points from a d = 1000
dimensional unit sphere and generate labels from a one-dimensional standard Gaussian distribution.

We test three metrics with different widths (m). First, we test how the amount of over-
parameterization affects the convergence rates. Second, we test the relation between the amount of
over—parameterization and the number of pattern changes. Formally, at a given iteration k, we check

2iz H{glgn(wr(o) i) oign(w (k) i)} (there are mn patterns). This aims to verify Lemma
Last, we test the relation between the amount of over- parameterization and the maximum of the dis-
tances between weight vectors and their initializations. Formally, at a given iteration k, we check
max,¢m] ||[Wr (k) — w,.(0)][,. This aims to verify Lemma and Corollary

Figure [1a] shows as m becomes larger, we have better convergence rate. We believe the reason
is as m becomes larger, H(¢) matrix becomes more stable, and thus has larger least eigenvalue.
Figure [Tb] and Figure [Ic| show as m becomes larger, the percentiles of pattern changes and the
maximum distance from the initialization become smaller. These empirical findings are consistent
with our theoretical results.

6 CONCLUSION AND DISCUSSION

In this paper we show with over-parameterization, gradient descent provable converges to the global
minimum of the empirical loss at a linear convergence rate. The key proof idea is to show the
over-parameterization makes Gram matrix remain positive definite for all iterations, which in turn
guarantees the linear convergence. Here we list some future directions.

First, we believe our approach can be generalized to deep neural networks. We elaborate the main
idea here for gradient flow. Consider a deep neural network of the form

f(x,W,a)=a'o (W(H) Y (W(l)x))

where x € R® is the input, WO e Rmxd ig the first layer, WO e Rm>m for h = 2,...,H are
the middle layers and a € R™ is the output layer. Recall u; is the ¢-th prediction. If we use the
quadratic loss, we can compute

AW () OL(W(t)) 2": (i — wa()) Ou;(t)

a  OWWm() OW ()"
Similar to Equation @) we can calculate
H n H
e — G

10
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where G(®) () € R"*™ with Gl(-?)(t) = (V‘z,qf;gf(l) ) %) Therefore, similar to Equation (7), we
can write

du(t) &
T hZ::l GM(t) (y —u(t)).

Note for every h € [H], G is a Gram matrix and thus it is positive semidefinite. If Z{Ll G (t)

has a lower bounded least eigenvalue for all ¢, then similar to Section [3] gradient flow converges

to zero training loss at a linear convergence rate. Based on our observations in Remark we
(h

conjecture that if m is large enough, Zle G™)(0) is close to a fixed matrix Zthl G’ and
Zthl G()(t) is close its initialization Zthl G (0) for all t > 0. Therefore, using the same

. . H h :
arguments as we used in Section , aslongas ), _; G(()o) has a lower bounded least eigenvalue,
gradient flow converges to zero training loss at a linear convergence rate.

Second, we believe the number of hidden nodes m required can be reduced. For example, previous
work (Soudry and Carmon, [2016) showed m > % is enough to make all differentiable local minima
global. In our setting, using advanced tools from probability and matrix perturbation theory to

analyze H(t), we may be able to tighten the bound.

Lastly, in our paper, we used the empirical loss as a potential function to measure the progress. If we
use another potential function, we may be able to prove the convergence rates of accelerated meth-
ods. This technique has been exploited in Wilson et al.| (2016) for analyzing convex optimization.
It would be interesting to bring their idea to analyze other first order methods for optimizing neural
networks.
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A TECHNICAL PROOFS FOR SECTION 3]

Proof of Theorem[3.1] The proof of this lemma just relies on standard real and functional anal-
ysis. Let H be the Hilbert space of integrable d-dimensional vector fields on R%: f &

H if Ewon(or) [\f(w)ﬂ < ©oo. The inner product of this space is then (f,g)yu =
Ew~non [f(W)Tg(w)].

ReLU activation induces an infinite-dimensional feature map ¢ which is defined as for any x € R?,
(¢(x))(w) = xI{w'x >0} where w can be viewed as the index. Now to prove H* is strictly
positive definite, it is equivalent to show ¢(x1), ..., d(x,) € H are linearly independent. Suppose
that there are oy, - - - , o, € R such that
041¢(Xi) + O‘n¢(xn> =0inH.

This means that

a1p(x1)(W) + - + and(x,) (W) =0 ae.
Now we prove a; = 0 for all 4.

We define D; = {w € R%: w'x; =0}. This is set of discontinuities of ¢(x;). The following
lemma characterizes the basic property of these discontinuity sets.

Lemma A.1. [fforany i # j, x; || xj, then for anyi € [m], D; ¢ |J D;.
i#i
Now for a fixed ¢ € [n], since D; ¢ |J Dj, we can choose z € D; \ |J D;. Note D;,j # i are
J#i J#i
closed sets. We can pick o > 0 small enough such that B(z,r) N D; = 0,Vj # i,r < rg. Let
B(z,r) = BY U B~ where
Bf = B(z,r)n{w € R : w'x; > 0}.

For j # i, ¢(x;)(w) is continuous in a neighborhood of z, then for any € > 0 there is a small
enough r > 0 such that

vw € B(z,7), |¢(x;)(w) = 6(x;)(2)] < e.

Let 1 be the Lebesgue measure on R?. We have

1 1
‘M(BFL) - B(x;)(W)dw — ¢(x,)(z)| < B /B:r 16(x;) (W) — (x;)(z)] dw < €
and similarly
! 1
DB Jo- o(x;)(wW)dw — ¢(x;)(z)| < B /B,. 6(x;) (W) — p(x;)(2)] dw < e.

Thus, we have

[ ot wyiw = tim | ot (widw = 00, (2).

lim —————
r—0+ M(B,Jr) r—0+ ,LL(B;) By

Therefore, as » — 0+, by continuity, we have

1 1
A S— X dw —
7B Sy PO B s

Next recall that (¢(x))(w) = xI {x"w > 0}, so for w € B, and x;, (¢(x;))(w) = x;. Then, we
have

o(x;)(w)dw — 0 9)

. 1 . 1

For w € B, and x;, we know (¢(x;))(w) = 0. Then we have

. o -

r

14
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Now recall ), o;¢(x;) = 0. Using Equation (9), (I0) and @, we have

0:7"1_’0+MB+/ Z%(bxj dw—,1_1>%1+M /Zajgbx]

. 1 . 1
=> aj <r£%1+ W(BE) Jos (%)) (w)dw — Tim B /T ¢(Xj)(W)dw>

J
= Z o (51']'X,‘)
J

= a;X;

Since x; # 0, we must have o; = 0. We complete the proof. [

Proof of Lemma[A.1} Let p1 be the canonical Lebesgue measure on D;. Wehave >, u(D;ND;) =
0 because D; N D is a hyperplane in D;. Now we bound

J#i J#i

This implies our desired result. O

Proof of Lemma[3.1} For every fixed (¢, j) pair, H;;(0) is an average of independent random vari-
ables. Therefore, by Hoeffding inequality, we have with probability 1 — §’,

ol _ 24/log(1/6")

Setting 6’ = n2§ and applying union bound over (i, ;) pairs, we have for every (i, j) pair with
probability at least 1 — ¢

ol _ 44/log(n/é)
|H,;(0) — HY| < — =

Thus we have

2 16n? log(n/(;).

|H(0) — H™|[5 < [|H(0) — H>||% < " [H;;(0) — HYY
m

2]
Thus if m = Q (M) we have the desired result. O
0
Proof of Lemma[3.4] Suppose the conclusion does not hold at time ¢. If there exists r € [m],

[w,.(t) — w,(0)|| > R or ly —u(t)]|Z > exp(—Aot) [ly — u(0)]|3, then by Lemmawe know
there exists s < ¢ such that Ayin (H(s)) < 0. By Lemmawe know there exists

to = inf {t >0: max [w.(t) — w,.(0)]|3 > R} :

relm

Thus at to, there exists r € [m], ||w,(to) — w,(0) H; = R. Now by Lemma we know H(¢g) >
1\ for ¢’ < to. However, by Lemma we know ||w,.(to) — w,(0)||, < R’ < R. Contradiction.

For the other case, at time ¢, A (H(t)) < %)\0 we know there exists

to = inf {t >0: max lw..(t) — W,«(O)Hg > R} .

re(m

The rest of the proof is the same as the previous case. O
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A.1 PROOF OF THEOREM [3.3]

In this section we show using gradient flow to jointly train both the first layer and the output layer
we can still achieve 0 training loss. We follow the same approach we used in Section[3] Recall the
gradient for a.

T
OL(w,a 1 < o (W %)
g)sz(f(w,a,xa—yi) SN (12)

a mia o (w:nxi)

We compute the dynamics of an individual prediction.

du,(t) " Qu(t) 8WT du;(t) daT(t)
= : . 1
dt Z<8w (t)’ Z da,(t) (13)

Recall we have found a convenient expression for the ﬁrst term.

S G ) = 22w Hy )

where

H;(t) = —xjx] Za I{x; w,(t) >0,x] w,(t) > 0}.
For the second term, it easy to derive

Zdul D) S (g — 4 Gy 1)

da, ot
where

Gi;(t) = %0’ (WIXi) o (wjxj) . (14)
Therefore we have

du(t

WO _ 1)+ a0) ty - ue)

First use the same concentration arguments as in Lemma we can show Ay (H(0)) > 23
with 1 — § probability over the initialization. In the following, our arguments will base on that
Amln(H(O)) 2 %

The following lemma shows as long as H(t¢) has lower bounded least eigenvalue, gradient flow
enjoys a linear convergence rate. The proof is analogue to the first part of the proof of Lemma[3.3]

Lemma A2. If for 0 < s < t Amn(H(s)) > 22, we have Hyfu(t)H; <
2
exp(=Aot) [ly —u(0)]5.

Proof of Lemma We can calculate the loss function dynamics
d 2
g Iy —u®lz=-2(@ - u() " (H(t) + G(t)) (y — u(t))

*2( u()" (H() (y - u(t)
= o lly —u(®)];
where in the first inequality we use the fact that G(¢) is Gram matrix thus it is positive Thus
we have 4 (exp(/\ot) lly — u(t)||§) < 0 and exp(Not) |ly — u(t)||§ is a decreasing function with
respect to ¢t. Using this fact we can bound the loss
2 2
ly —u(®)ll; < exp(=Aot) [ly —u(0)[]; -
O

8In the proof, we have not take the advantage of G (t) being a positive semidefinite matrix. Note if G (t) is
strictly positive definite, we can achieve faster convergence rate.
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We continue to follow the analysis in Section E} For convenience, we define

VIS b N AVl —wolly e 8Vl — ()l Tog(mn/2)
32n2 e 16’/7,27 \/7/\0 \/TTL/\O '

The first lemma characterizes how the perturbation in a and W affect the Gram matrix.

R, =

Lemma A.3. With probability at least 1 — § over initialization, if a set of weight vectors {w, } -
and the output weight a satisfy for all v € [m), (0)|ly £ Ry and |a, — a,(0)| < R, then
the matrix H € R™*"™ defined by

H,; = Tlnxjx]z:az]l{w x; > 0,w, Xj>0}
r=1

satisfies |[H — H(0) ||, < 22 and Apin (H) > 22.

Proof of LemmalA.3] Define a surrogate Gram matrix,
1\ T T
= EZ}H{WTXi >0,w, x; > 0}.
=

Using the same analysis for Lemma we know ||H' — H(0)||, < %. Now we bound H—H’.
For fixed (3, j) € [n] x [n], we have

m

1
H; - H, = xjxjg D (@ - DI{w/ x> 0,w/x; >0} < max laZ — 1| < 2R,.
r=1
Therefore, we have |[H — H'[|, < Z(w)e[n]x |H;; — H};| < 2n’R,. Combing these two in-
equalities we have |[H — H(0)||, < 4\’}£§’ + 2n2Ra < 2o, O

Lemma A.4. Suppose for 0 < s < t, Apin (H(s)) > 22 and |a,(s) — a,(0)| < Rq. Then we have
[w(t) = wr(0)l, < R,

Proof of LemmalA.4} We bound the gradient. Recall for 0 < s <,

n

Z(yz — ui)%ar(t)xiﬂ {wr(t)Txi > O}

i=1

E
2

%wr(s)

2

Z‘yv s)| ar(0) + Rq|

f 2y/n

=m Vi

Integrating the gradient and using Lemma[A.2] we can bound the distance from the initialization

t _ Wily — u)l,
H%@—%@MSA 2 by~ 2Ol

ly —u(s)ll, < exp(—Aos/2) [ly —u(0)[], -

w,(8)

ds
O

Lemma A.5. With probability at least 1 — § over initialization, the following holds. Suppose for
0 <8<t Amin (H(s)) > 22 and ||w,.(s) — w,-(0)||, < Ru. Then we have |a(t) — a.(0)| < R,
forallr € [m

Proof of LemmalA.3] Note for any i € [n] and r € [m], w,.(0) "x; ~ N(0, 1). Therefore applying
Gaussian tail bound and union bound we have with probability at least 1 — §, for all ¢ € [n] and
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re| (O)Txi’ < 34/log (™). Now we bound the gradient. Recall for 0 < s < t,

= ‘\/ﬁ Z (f (w(s),a(s),x:) —wi) (o (WT(S)Txi))’

\f\fl\y —u(s)]l, (|we(s) "xi| + Ru)

\/»\fHY u(s)|l, (3 log (%) +Rw> < 4ynly — u(0)||exp\(/—m)\08/2) log (mn/é)'

Integrating the gradient, we can bound the distance from the initialization

t 8/ lly — u(0)|], v/Ioe(mn/8)
lan(t) — a, (0, < / CE N |

dswr(s)

O

Lemma A.6. If R, < R,, and R, < R,, we have for allt > 0, Apin (H(t)) > %)\o,forallr € [m],
[wo () = wi (0) |, < Ry lar(t) — ar(0)] < Rl and |ly —u(t)|3 < exp(—Aot) |y — u(0)]5.

Proof of LemmalA.6] We prove by contradiction. Let ¢ > 0 be the smallest time that the conclusion
does not hold. Then either A\p,in (H(¢)) < % or there exists r € [m], ||w,(t) — w,.(0)|l, < R;,
or there exists 7 € [m], |a, — a,(0)] < R,. If Apin(H(t)) < 22, by Lemma we know
there exists s < t such that either there exists » € [m], |w,(s) — w,(0)||, < R,, or there exists
r € [m], |ar(s) — a-(0)| < R,. However, since R, < R, and R/, < R,. This contradicts with
the minimality of ¢. If there exists r € [m], [|w, — w,.(0)||, < R}, then by Lemma[A.4] we know
there exists s < ¢ such that 7 € [m], |a,(s) — a-(0)] < R or Amin(F(s)) < 2. However, since
R, < R, and R/, < R,. This contradicts with the minimality of ¢. The last case is similar for
which we can simply apply Lemma[A.3] O

Based on Lemmal[A.2] we only need to ensure R!, < R,, and R, < R/,. By the proof in Section

we know with probability at least 4, ||y — u(0)||, < C:;/ﬁ for some large constant C. Note our
section on m in Theorem [3.3] n suffices to ensure R, < R,, and R, < R!. We now complete the
proof.

B TECHNICAL PROOFS FOR SECTION [4]

Proof of Corollary[d.1] We use the norm of gradient to bound this distance.

OL(W(K'))

k
e 1) = wr O)l, <> |75 =0

k'=0
k
Vi lly —ua(&)ll,
S - v N 4
7 230 NG
_ nmA\K'/2
<n Z \F(\/%) ly —a(&)ll,
77>\0)k /2

< Z Pyl

:4f||y—u( )l
VmAo '

2
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Proof of Lemmad.1} For a fixed i € [n] and r € [m], by anti-concentration inequality, we know
P(A;) < %. Thus we can bound the size of S;- in expectation.

i 2mR
E[1SH] =) P4;,) < ——. 15
H’H;() — (15)
Summing over ¢ = 1,...,n, we have
E

-~ 2mnR
E Ll <
=1 | SZ |] B 2’/T .

Thus by Markov’s inequality, we have with probability at least 1 —

n

> Jsi| < St (16)
=1

for some large positive constant C' > 0. O
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