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ABSTRACT

We present a novel approach for adaptively selecting the learning rate in gradient
descent methods. Specifically, we impose a regularization term on the learning
rate via a generalized distance, and cast the joint updating process of the param-
eter and the learning rate into a maxmin problem. Some existing schemes such
as AdaGrad (diagonal version) and WNGrad can be rederived from our approach.
Based on our approach, the updating rules for the learning rate do not rely on the
smoothness constant of optimization problems and are robust to the initial learn-
ing rate. We theoretically analyze our approach in full batch and online learning
settings, which achieves comparable performances with other first-order gradient-
based algorithms in terms of accuracy as well as convergence rate.

1 INTRODUCTION

The automatic choice of the learning rate remains crucial in improving the efficiency of gradient
descent algorithms, especially for solving nonconvex optimization problems. It is desirable to adap-
tively update the learning rate during the training process with a certain strategy. The convergence
guarantees of such a strategy in theories usually require the Lipschitz constant or smoothness con-
stant of the objective function to be explicitly known (Nesterov, 2013} |Bubeck et al., [2015), which
is inaccessible in most cases, e.g., in deep neural networks.

Using the received gradient information to adjust the current learning rate is a natural approach.
In particular, the Steepest Descent uses the received gradient direction and an exact or inexact line
search to obtain proper learning rates. Another important idea is to approximate second-order meth-
ods like Newton method (Nocedal & Wright, [2006) and Quasi-Newton Methods (Liu & Nocedal,
1989). Along this idea, for example, the Barzilai-Borweinin (BB) method (Barzilai & Borwein),
1988)) in classical optimization and AdaGrad (Duchi et al.,|2011) in online learning have been pro-
posed.

In this paper we propose a novel framework to learn the learning rate that we call Hyper-
Regularization. More specifically, we regard the learning rate as a hyperparameter and cast its
adaptive choice with the parameter training into a joint process. We formulate this process as a
maxmin framework by imposing a regularizer on the hyperparameter. Furthermore, we demonstrate
that AdaGrad and WNGrad (Wu et al.| 2018)) can be derived using a streamlined scheme based on
Hyper-Regularization.

In addition to solving the saddle point problem exactly, we also provide an alternating strategy to
solve the problem approximately. We respectively give theoretical analysis for these two updating
rules in full batch setting and online learning setting. Specifically, our results of runtime bounds
in full batch setting and regret bounds in online learning setting are comparable to the best known
bound in corresponding settings and indicate our algorithms converge for any initial learning rate.

1.1 RELATED WORK

Steepest Descent uses the received gradient direction and an exact or inexact line search to obtain
proper learning rates. Although Steepest Descent uses the direction that descends most and the best
learning rate that gives the most function reduction, Steepest Descent may converge very slow for
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convex quadratic functions when the Hessian matrix is ill-conditioned (see, Yuan, 2008)). In practice,
some line search conditions such as Goldstein conditions or Wolfe conditions (see, |[Fletcher, [2013)
can be applied to compute the learning rate. In online or stochastic settings, one observes stochastic
gradients rather than exact gradients and line search methods become less effective.

The Barzilai-Borwein method (Barzilai & Borwein, |1988)) which was motivated by quasi-Newton
methods presents a surprising result that it could lead to superlinear convergence in convex quadratic
problem of two variables. Although numerical results often show the Barzilai-Borwein method con-
verges superlinearly in solving nonlinear optimization problem, no superlinear convergence results
have been established even for an n-dimensional strictly convex quadratic problem with the order
n > 2 (Barzilai & Borwein, 1988}, Dail, 2013)). In minimizing the sum of cost functions and stochas-
tic setting, SGD-BB proposed by [Tan et al.| (2016) takes the average of the stochastic gradients in
one epoch as an estimation of the full gradient. But this approach can not directly be applied to
online learning settings.

In online convex optimization (Zinkevichl 2003} Shalev-Shwartz et al., 2012; |Hazan et al., |2016),
AdaGrad (Duchi et al.||2011)) adapts the learning rate on per parameter basis dynamically. Intuitively,
AdaGrad constructs approximation to the Hessian with diagonal of accumulated outer products of
gradients. This leads to many variants such as RMSProp (Tieleman & Hintonl 2012), AdaDelta
(Zeiler, 2012)), Adam (Kingma & Ba,[2015), etc.

Additionally, |Cruz| (201 1)) analyzed Adaptive Stochastic Gradient Descent (ASGD) which is a gen-
eralization of Kesten’s accelerated stochastic approximation algorithm (Kesten et al., [1958) for the
high-dimensional case. ASGD uses a monotone decreasing function with respect to a time variable
to get learning rates. Recently, Baydin et al.| (2018) proposed Hyper-Gradient Descent to learn the
global learning rate in SGD, SGD with Nesterov momentum and Adam. Hyper-Gradient Descent
can be viewed as an approximate line search method in the online learning setting and it uses the
update rule for the previous step to optimize the leaning rate in the current step. However, Hyper-
Gradient Descent has no theoretical guarantee.

It is worth mentioning that |Gupta et al| (2017) proposed a framework named Unified Adaptive
Regularization from which AdaGrad and Online Newton Step (Hazan et al., [2007)) can be derived.
However, Unified Adaptive Regularization gives an approach for approximating the Hessian matrix
in second order methods.

1.2 NOTATION

Before introducing our approach, we present the notation. We denote the set {x > 0 : z € R} by
R . For two vectors a, b € RY, we use a/b to denote element-wise division, a o b for element-
wise product (the symbol o will be omitted in the explicit context), a™ = (af,a5,...,a};), and
a > bif a; > b; for all j. Let 1 be the vector of ones with an appropriate size, and diag(3) be
a diagonal matrix with the elements of the vector 3 on the main diagonal. In addition, we define

lalla = V/(a, Aa).

Given a set X C R?, a function f : X — R is said to satisfy f € Ci’l(/'\,’) if f is continuously
differentiable on X', and the derivative of f is Lipschitz continuous on X" with constant L:

IVf(x) = VYl < Lz = ylla-

More general definition can be found in Nesterov|(2013).

1.3 PROBLEM STATEMENT

For an online learning problem, a learner faces a sequence of convex functions { f;} with the same
domain X C RY, receives (sub)gradient information g, € Of;(x;) at each step ¢, and predicts a
point ¢, € X.

Our theoretical analysis is based on two settings: full batch setting and online learning setting. A
full batch setting (or optimization setting) is to optimize a certain function F’ with exact gradient at
each step, i.e., f; = F. In this setting we assume F' € Ci’l but it is not necessarily convex. We
analyze the convergence of our algorithms by capping the runtime 7" such that the minimum value
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of the norm of received gradients so far is less than a given error accuracy e, that is,

. 2
<e.
uin [[VE (@), < e

In online learning settings, our analysis follows from |Duchi et al.|(2011)) and [Kingma & Ba|(2015).
We only assume that f;’s are convex and try to give an upper bound for the regret

T-1 T—1
R(T) = Z fi(xy) — :131612 Z fi(x). (1)
t=0 t=0

2 HYPER-REGULARIZATION

Following the setting in AdaGrad (Duchi et al., [2011), we consider a generalization of the standard
(sub)gradient descent as

2

dia, + 1/2 . _ . . _
Ty = 10y, g(B) (wt — diag(B8;) 1/29t) = argmin Hﬁct — diag(B:)%g¢|| )
xrcX diag(B:)1/2
This procedure can be viewed as the minimization problem:
. 1 2
min (gt. —x) + §H$ — @t Jiag(3,)- 3)

To derive our hyper-regularization approach, we then formulate this minimization problem as a
saddle point problem by adding a hyper-regularizer about the difference between the new learning
rate 3 and an auxiliary vector 77;. Accordingly, we have

. N 1 2
max min Vi(@,B) = (gr.x —ai) + 5 (Ilcc — @t [|Giag(3) — (B, m)), )

where D(3,7n) is defined as our hyper-regularizer and B; is a subset in R?. We solve the saddle
point problem for new predictor and new learning rate.

Our framework stems from the work of |Daubechies et al. (2010), where the authors adjust the
weights of the weighted least squares problem by solving an extra objective function which added
a regularizer about the weights to origin objective function. The following subsections will explain
some details about our framework.

2.1 THE ¢-DIVERGENCE

It is reasonable to choose a distance function to measure the difference between 3 and 7. In this
paper, we use the @—divergenceﬂ as our hyper-regularizer.

Definition 1 (p-divergence). Let p: R — R be a differentiable strongly convex function in R, 1
such that o(1) = ¢'(1) = 0, where ¢' is the derivative function of . For such a function o, the
Sfunction D: ]Ri L X ]Ri 1+ — R, which is define by

d
D, (u,v) £ Zvjtp(uj/vj%

is referred to as the p-divergence.

Remark. Note that convex function ¢ with p(1) = ¢'(1) = 0 satisfies p(z) > 0 forall z > 0,
thus Dy (u,v) > 0 forallu,v € Rle_, with equality iff u = v.

Remark. For any convex function f, o(z) = f(z) — f/(1)(z — 1) — f(1) is a proper function for
our @-divergence.

Remark. In our framework, in order to solve the problem () feasibly, we always assume that
lim, 1 o0 ' (2) = +o00.

!Comparing with Bregman divergence, (-divergence requires nonnegative 3 and 7; which is apparent for
learning rates.



Under review as a conference paper at ICLR 2019

If one only requires ¢ to be convex and ¢(1) = 0, the resulting distance function D, is called a
f-divergence (Liese & Vajda, |1987;2006). The f-divergence has been widely applied in statistical
machine learning (e.g., Nguyen et al.,[2009).

Using the p-divergence as our hyper-regularizer, we can rewrite the problem @) as

1
A T
max min Vi(x,B) = gy (@ — @) + 5l — || 3iag3) — 5 Do (B,m1), © ®)
U, ( —ne0B8i/me)) . (6
max min ¥y( thg — Tt 5) (ﬁj( —45)? = 0,50 (B/nt.5)) (6)

The form of problem () implies that we can solve the problem for each dimension separately, and
only a few extra calculations are required for each step.

2.2  MAX-MIN OR MIN-MAX

Consider a problem similar to (3),

min max ¥ Uiz, B). (7)

The solution of problem is same as in unconstrained cas ie. X = RLB, = R‘i 4
However, if we set B, = [b;,1, Br.1] X - -+ X [be,q, By,q] to constrain the range of 3,41 and suppose
X = R, the solution of (7) is more difficult to get from the solution of the unconstrained problem,
while the solution of (3] can be easily obtained by clipping the solution of the unconstrained problem
to required range (see Lemma[2). Thus, we choose (5) as our basic problem.

Lemma 2. Suppose that B, = [by1,Bi1] X -+ X [bya,Bial, and X = R9.  Let 3* be
the solution of unconstrained problem maxg(ming V,(x,3)). Then the solution of problem
maxgeg, (ming V¢ (x, B)) is

B; = min{max{ﬂj,bt’j},Bm}, forj=1,---,d.

2.3 SELECTION OF 7
There are many ways to choose the sequence {n; }:
e The sequence {7;} is chosen in advance, before our methods start the job. For example,
set 1)y, =n1l; 2)n, =nvt+ 11, where n > 0 is a prespecified constant.
e 1), can be obtained from other adaptive learning rate methods such as AdaGrad.
e Setmn; = ;. In this case, the hyper-regularizer is the penalty for the change between 3;1
and (3;.

The first two ways can be treated as a smoothing technique to stabilize the learning rate. We want
to ensure the learning rate sequence {3;} close to another learning rate sequence {7);}. Although
setting 17 = B; is our main focus, we keep the sequence of {7;} to maintain this flexibility.

2.4 ISOTROPIC HYPER-REGULARIZATION
We now show a special form of our framework that only adaptively maintains a single scalar learning

rate. We modify Hyper-regularization so that 3 is optimized over the set B; C {01 : § € Ry} of
all positive multiples of the vector 1 € R?. Let n; = 1,1, and rewrite problem (5)) as

1
o min V(e ) = o] (2~ ) + 5o — @il Snep5/m) ®

We prefer to use Isotropic Hyper-Regularization as smoothing technique in online learning settings.

2Using partial derivative, we can obtain the saddle point of ¥; and ensure this fact.



Under review as a conference paper at ICLR 2019

3 UPDATE RULES AND ALGORITHMS

In this section we present two update rules of our hyper-regularization framework. The first update
rule is solving the saddle point problem (5) exactly. That s,

v = in U .
t(@ig1, Bes1) gleégglelg t(z, B) ©)

The following lemma and Algorithm|l| give the concrete scheme of our iterations.

Lemma 3. Considering problem (6) without constraints and solving the problem exactly, we get
new predictor .11 and new learning rate By41 such that

B9 (Bevri/mg) = 9t =1, d, (10)
Tiy1 = Lt — gt/ﬁtﬂ-

Algorithm 1 GD with Hyper-regularization
Input: 3¢ > 0, g
1: fort =1to T do
Suffer loss fi(x:);
3 Receive subgradient g; € Jf;(x;) of f; at @4;
4: Update 11, as the solution of the equation 5°¢'(8/n. ;) = 97,7 =1,...,d;
5:  Update 441 = x¢ — g¢/Bri+1:
6: end for

Remark. Note that AdaGrad (Duchi et al.| [2011) and WNGrad (Wu et al.| 2018) are special cases
of Algorithm 1 with a particular choice of ¢ (detailed derivation in Appendix|B).

o If p(z) = z+ L — 2, then we can derive AdaGrad from Algorithm 1.

o Ifp(z) =L —log(L) — 1, then we can derive WNGrad from Algorithm 1.

3.1 ALTERNATING UPDATE RULE

However, it is sometimes difficult to solve the equation (I0), especially in the case where ¢ is a
quadratic function (equation (I0) will be a cubic equation in one variable for any j). In practice,
using an alternating update strategy is more recommended. Under the assumption that the optimal
value of 3 is close to 7, we solve an approximate equation for 81

ﬁt+1 = argmax\llt (argmin \I/t(w7’l']t>,ﬂ) ’ (1])
BeB: zEX

and update the new predictor o, using

Tiy1 = arg min \Ift (:B, Bt+1)'
reX
Applying the alternating update rule under the same assumption in Lemma 3] we obtain the follow-
ing lemma and Algorithm 2}
Lemma 4. Considering problem (6) without constraint and following from the alternating update
rule, we get new predictor .11 and new learning rate By41 as

Beriy = nei(@) gt ,/m0),0 =1, d, (12)
L1 = Lt — gt/ﬂtﬂ-

Algorithm 2 GD with Hyper-regularization using alternating update rule
Input: 3¢ > 0, =g
1: fort =1to7T do
Suffer loss fi(x:);
3 Receive g; € Ofi(xy) of f; at @y
4 Update Biy1; = ne (@) 97,/m7,), 0 =1,-..,d;
5: Update Ti41 = Lt — gt/IBt+1;
6: end for
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Computing the inverse function of ¢’ is usually easier than solving the equation in practice,
especially for the widely used ¢-divergences (more details can be found in Appendix [D.T).

Remark. Ifn; = 3;, the following simplified alternating rule can be employed:
Tyl = arg min \Ijt(wa /Bt)7
X

Bir1 = argmax ¥y (x441,3).
BEB,

We leave the corresponding algorithm[3|in Appendix|[C]

3.2 MONOTONICITY

Before giving more analysis, let us show monotonicity of both the two update rules. The mono-
tonicity implies that only the property of convex function ¢ on interval [1, +o00) will influence the
efficiency of our algorithms.

Lemma 5. (3,1 obtained from equation (9) or satisfies By11 > M.

When setting 3; = 1;, we have that 3,11 > ;.

4 THEORETICAL ANALYSIS

In this section we always set 7, = (3; and assume that = and 3 are unconstrained, i.e., X = R?
and B; = Ri 4. We first discuss the convergence rate of the two update rules in full batch setting
with assumption that the objective function F' is L-smooth but not necessarily convex in Section
[.1] Next we turn to online convex learning setting and establish a theorem about the regret bounds
in Section Our results for both the settings show that our algorithms are robust to the choice of
initial learning rates and do not rely on the Lipschitz constant or smoothness constant.

4.1 ISOTROPIC HYPER-REGULARIZATION IN FULL BATCH SETTING

Recall that we set f; = F in the full batch setting, and assume that ' € Cé’l without convexity. In
this case, two update rules can be written as

{ﬁfﬂ@’(ﬁtﬂ/ﬁtl) = Hgt|\§7 (13)

14
Ti41 = Ty — ms% L (14

Tit1 =% = 5 590

{ﬁm = Be(") " (llgells /57),

Next we show that both update rules (I3)) and (T4) are robust to the choice of initial learning rate.

Theorem 6. Suppose that ¢ € C'll’1 ([1,400)), @ is a-strongly convex, F € Cp"(R?), and F* =
infy F(x) > —o0. Forany e € (0,1), the sequence {x.} obtained from update rules or
satisfies

. o
jdnin [[VF(z;)l; <e,

afterT = QO (%) steps.

More detailed results of Theorem|[6] for runtime can be found in Theorems 21]and [22]in Appendix
Theorem@ shows that both runtime of the two update rules can be bound as O(1/¢) for any constant
L and initial learning rate 5. As a comparison, in classical convergence result ((1.2.13) in|Nesterov
(2013) or Theorem[20]in Appendix), the upper bound of runtime is O(1/¢) only for a certain range
(related to L) of initial learning rates.

4.2 HYPER-REGULARIZATION IN ONLINE LEARNING SETTING

We now establish the result of convergence rate for Algorithms [I] and [2]in online convex learning,
i.e., the f; are convex. Especially, we try to bound regrets (1) by O( \/T) for Algorithms and
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Theorem 7. Suppose that ¢ € Cll’l ([1,+00)), and ¢ is a-strongly convex. Assume that ||gi||co <
G, and ||xy — *||so < Doo. Then the sequence {x} obtained from Algorithm [l|satisfies

o+ D2)\ /2182 + 1G2 &
2R(T) < | )aﬁo % > llgor—
j=1

Jll2 + Bollwo — =*(|3,

and the sequence {x.} obtained from Algorithm( or satisfies

D2 2G| &
2R(T) < (1 + Ojo> max {@7 [‘30} Z Hgo;Tfl’j”Q + ﬁo”iL‘o — Ili*H%
J=1

» < dGV/T, hence R(T) =

Note that under the assumption in Theorem Z?zl llgo:r—1,;

(’)(\/T ). Our result is comparable to the best known bound for convex online learning problem
(see Hazan et al.,|2016; Duchi et al.,|2011; Kingma & Bal, [2015)).

5 EXPERIMENTS

In this paper our principal focus has been to develop a new approach for adaptive choice of the
learning rate in first-order gradient-type methods. However, this new approach also brings some
insights into the resulting algorithms. Thus, it is interesting to conduct empirical analysis of the
learning algorithms with different choice methods for the learning rate.

5.1 THE SET-UP

To derive a learning algorithm from the Hyper-Regularization framework, we have to first give the
o divergences (Pardol 2005). Specifically, the algorithms from our framework in the following
experiments are derived from the following four ¢ divergences (full implementations are displayed

in the Appendix [D.1)):

As mentioned in Section [3| even with a fixed (¢ divergence, the generated algorithm still varies with
different update rules. For simplicity, different update rules were compared in advance to select the
specific one for any ¢ divergence in the following experiments.

To maintain stable performance, the technique of growth clipping is applied to all algorithms in our
framework. Actually, growth clipping fulfills the constraints placed on the increasing speed of 3;
by B in Lemma2} Specifically, 8,41 in our experiments falls in [3;, 23,]. Detailed observations
on how the 3; of our algorithms increases are left in Appendix

Experiments involve the four algorithms generated above as well as other first-order gradient-based
algorithms including SGD (with no learning rate decay), SGD-BB, and Hyper-Gradient Descent
algorithms. These algorithms are evaluated on tasks of image classification with a logistic classifier
on the databases of MNIST (LeCun et al.| 2010) and CIFAR-10 (Krizhevsky & Hinton,[2009). Initial
learning rate (in the usual sense, i.e., 1/5p) varies from 103 to 10! for the test of convergence
performance of these algorithms. Experiments are run using Tensorflow (Abadi et al., 2016)), on a
machine with Intel Xeon E5-2680 v4 CPU, 128 GB RAM, and NVIDIA Titan Xp GPU.

5.2 UPDATE RULE SELECTION

Taking the RKL algorithm as an example, we refer to algorithms deduced from Algorithm and
E] as RKL;, RKLs, and RKL3. We train a two-layer neural network with a hidden layer of 500 units
on the MNIST database. Experiments are in online learning setting with a batch size of 128, and {5
regularization is applied with a coefficient of 10~%.
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Figure 1: Convergence performances of RKL;, RKLy, and RKL3 on the database of MNIST in
online learning setting, up: performances at different initial learning rates, and down: the whole
training process with the given initial learning rate in the bracket for each algorithm.

Figure [I] demonstrates the training loss and test accuracy of these algorithms with various initial
learning rates. After fixing the learning rate with the least training loss, we compare their perfor-
mances throughout the training process. Sharing comparable performances at small initial learning
rate with RKL3, RKL; and RKLs perform better at relatively large learning rate.

Generally speaking, Algorithm [I] often suffers a higher computation complexity than Algorithm 2]
for the difficulty of getting an analytical solution. Detailed observations are left in Appendix |D.]|
Therefore, we apply the second update rule to our algorithms without explicit notifications.

5.3 FULL BATCH SETTING AND ONLINE LEARNING SETTING

We investigate our algorithms in the full batch setting on the MNIST database where algorithms
receive the exact gradients of the objective loss function each iteration. E|

= RKL (10°%)
- Hellinger (10°7%)
= Phi (10°%%)
*- SGD (10°)
SGD-BB (10°)
-~ Hyper-Gradient (10°2%)
- KL (10°%)

+
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+

+

Train Loss
Train Loss
&

T FEi
05 - ﬁﬁ;}:&:n}ﬁ; o]
1073 1072 1071 10° 10! 00 10 20 30 40 50
Initial Learning Rate Epoch

Figure 2: Convergence performances of algorithms on MNIST in the full batch setting. left: the
train loss of the last training epoch at different initial learning rates, right: the whole training process
with the given initial learning rate in the bracket for each algorithm.

In terms of online learning setting, we train a VGG Net (Simonyan & Zisserman, 2014} with batch
normalization on the CIFAR-10 database with a batch size of 128, and an /5 regularization coeffi-
cient of 10~%. We as well perform data augmentation as|He et al.|(2016) to improve the training.

Figure [2]and Figure 3]show the convergence performances on both settings, respectively. Achieving
general comparable performances with other first-order gradient-based algorithms, our algorithms
outperform most of other algorithms at risky large initial learning rate. Even at the fixed initial
learning rate with the least training loss, the performances of our algorithms still achieve the same
training performances with others.

3Since it is a pure optimization problem, testing performance is out of our main consideration.
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Figure 3: Convergence performances of algorithms on CIFAR-10 in the online learning setting, left:
the train loss of the last training epoch at different initial learning rates, right: the whole training
process with the given initial learning rate in the bracket for each algorithm.

6 DISCUSSION

As a supplement, we point out that logarithmic regret bounds under assumption f; is strongly con-
vex, like [Hazan et al.| (2007); Mukkamala & Hein (2017), can be established with a different class
of distance function. We leave the details in Appendix [H]

In this paper, we propose a novel framework distinct from previous main approaches like line search
and approximate second-order methods. It worth noting that Hyper-Regularization can generates
efficient algorithms for optimization problems with regularization terms shown above and we expect
new ideas of more efficient terms in the future.
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A  SOLUTION EXISTENCE

Note that the function h(8) = B2%¢/(8/m;) is an increasing continuous function and
lim, 400 ¢'(2) = +00 ¢'(1) = 0, so [0,+0c0) is a subset of the range of h(S) and the solu-
tion of exists.

For the same reason, the solution of @ exists.

B SPECIAL CASES OF ALGORITHM 1

In this section, We will point out that Adagrad (Duchi et al.,|2011) and WNGrad (Wu et al., [2018)
are special cases of Algorithm 1.
If we set p(z) = z + % — 2, then the new learning rate 3,1 can be obtained by

B2, .
ﬂt2+1,j <1 E = gtz,jv J=1--.d,

T 2
Bir1,s

that implies,
/6t2+1 = 5t2 + gf2 9
and we drive AdaGrad from Hyper-Regularization.

Similarly, we can get WNGrad by setting (2) = % — log é — 1. In fact, B8;4+1 employs update

Br(Beriy = Bes .
ﬁfﬂ,j(”( i P ) e o

2
B,

on the other words,

2
Biy1 =Bt + %7

i.e., the update rule of WNGrad.

C SIMPLIFIED ALTERNATING UPDATE RULE

Algorithm 3 GD with Hyper-regularization using simplified alternating update rule and 1, = 3,

Input: 3¢ > 0, g
1: fort =1to 7T do

2:  Suffer loss fi(x:);

3:  Receive g; € Ofi(xy) of f; at @y

4: Update LTyl = L — gt/ﬁt;

5. Update Bi11; = Br (@) " (97;/B82;), i =1,...,d;
6: end for

The weakness of the simplified alternating update rule is that we get the new predictor x;41 by
B: which is unrelated to current gradient g;. The regret bound of Algorithm [3| has been shown in
Theorem [7}

D SUPPLEMENTARY FOR NUMERICAL EXPERIMENTS

Full versions of Hellinger, KL, RKL, and x? algorithms through Algorithm and [3| are listed
below. Apparently, it is of great complexity to compute an analytical solution for 341 for the
equations marked red.
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D.1 FULL VERSIONS OF GENERATED ALGORITHMS

{@H log(Bi+1/Bt) = Bi+1 = (Bt +V/BE + 49752)
L1 = L — gt/ﬁt—H

Tyl = 9t/3t+1 {
ﬁt exp(g7/B7) {ﬁm 7/ (87 — g7)
e

Br+1
Ly {
Ti1 - gt/ﬁt-‘rl Lip1 — L — gt/ﬁt-‘rl

KL%t =Tt 9¢/ B4 Tty —g¢/B
° {,Bt-s-l =B exp(gtz/ﬁf) RELs Bit1 = ﬁt (,Bt - t)

H {ﬁ%ﬂ(l —/Bt/Bis1) = g} { 267, (Bit1/Bt — 1) =
1 . X1
Tip1 =T — /B T =2 — gt/ By
I {ﬁt+1 = B7/(B7 — g7)° {ﬂtJrl =B (1+47/(28))
2 B X2
T4l = Ty — gt/6t+1 Lt41 = Lt — gt/ﬂtﬂ
Hs {-’L‘t+1 =&y — gt//@t {$t+1 =Tt — gt/ﬂt
Bir1 =B/ (87 — Bir1 =B (1+g7/(282))

212 X3
i)
D.2 VERSION COMPARISON ON OTHER ALGORITHMS

Figure EL and|§| shows the results of comparison between versions of KL, Hellinger, and 2 algo-
rithms on the base of MNIST in the online learning setting.

04 i oo

Train Loss
o
o

KLy
------- KL Yooy
iy SDURDUPUD B |
1072 102 107! 10° 10! 1073 1072 10! 10° 10!
Initial Learning Rate Initial Learning Rate

<K

0.984 e N A/ ™ vt BR et

o AT A eV
g ¥

KL, (1070%)
e KLz (10705)

¥

AP . ey
Tt St R AT AN

30 40 50 10 20 30 40 50

Epoch Epoch

Figure 4: Convergence performances of KLy and KL3 on the database of MNIST in online learning
setting, wup:at different initial learning rates, and down:the whole training process with the given
initial learning rate in the bracket.

13



Under review as a conference paper at ICLR 2019

05 ; 1.000

; 0975
%)

I8 0.950
50925
v] F {
O 0.900 |
o 0.875
]
© 0.850 v H,

0.825 ~wamr Hy

Train Loss

g
103 1072 101

10! O'BQH)’3 1072 1071 100 10!
005 Initial Learning Rate Initial Learning Rate
* . - A
007 % e Hy (10705) 0.984 . A ,\.»(;_;,':*‘v g ‘,..\;‘i,-’.;;‘_l
| > 0.082 LY N ¥
» 0.06 ceree H3 (10705) o
8 0.05 . 0.980
= 0.04 g 0.978
© 0.03 . - 0976
F 0.02 ) Q0974
N, | =
0.01 WA Pttt 0.972
0.00 10 20 30 40 50 0.970— 10 20 30 40 50
Epoch Epoch

Figure 5: Convergence performances of Hy and H3 on the database of MNIST in online learning
setting, wup:at different initial learning rates, and down:the whole training process with the given
initial learning rate in the bracket.
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Figure 6: Convergence performances of x3 and x3 on the database of MNIST in online learning
setting, wup:at different initial learning rates, and down:the whole training process with the given
initial learning rate in the bracket.

D.3 FIGURES ON 3; INCREASING PROCESS

All the following experiments are based on the MNIST database in online learning setting with a
batch size of 128. For simplicity, all initial 3ys are fixed to be 10~°-5. Considering the sparse feature
of parameters in this task, figure[/|only observe the changing process of the maximum of ;.
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Figure 7: The values of the maximum (3, at each training step for various algorithms.

E PROOF OF LEMMA

Proof. First, it is trivial to get

\I’t,w(ﬁ) £ minm‘l’t(wu@) =, (wt - fg»ﬂ)

1 1
= - §||gt||c2iiag(ﬁ)*1 - §ka(/37nt)

d 2
1 G5 (ﬁg )
= — — 2 =+ . —_— .
2; ( B; v Nt,j

The partial derivative of ¥, 5 (/3) with respect to (3 is

aqjt,w(ﬁ) :1 @ _@/ (ﬁj)
9B; 2\ B3 i) )

Note that ¢ is a convex function, so ¢’ is a non-decreasing function, and éTw(m is a non-increasing
J

function. Recall that 3* be the solution of unconstrained problem maxg(ming ¥y(x, 3)), hence,
B; is a zero of function Mjé’ig(ﬁ).
J

Moreover, if 3 > By ;, we have 0\11575(5) > 0. Thus, ¥; ,(3) with respect to (3; is a non-
J

decreasing function, and argmaxg W;o(3) = By ;. For a similar reason, if 87 < by, then

arg maxg, U, 2(8) = by ;. In conclusion,

argmax VU, ,(8) = min{max{ﬂ;‘, bij}, B}, forj=1,---d.
Bj€lbe,5,Bt ;]

F PROOF OF LEMMA

In this section, we denote that ¥; ,(3) = mingex Ui(z, 8).

Lemma 8. 3,1 obtained from equation (9) satisfies By1 > ny.
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Proof. Recall that p(1) = ¢'(1) = 0, so ¢(z) > 0 for all x and D, (8, n:) = nep(B/me) > 0. If
B < my, then forall x € X

W(e,5) = gl (@~ 2) + 5 &~ @l ~ L D,(5,m)

Mt 2
<g!(@—)+ 5 lr — @

= ‘Ilt(ma 77t)
Hence, mingex ¥ (@, f) < mingex Vi (x,n;), i.e., Uy z(8) < Uy z(ne).
It means f; 11 = argmaxgep Vi (8) > n;. O

Lemma 9. (3,1 obtained from equation satisfies Biy1 > 1.
Proof. Lety = argmin, ¥(x,n;). If 5 < n;, then
T B 2 1
Ui(y,B) =9, (y —x) + 9 ly — 2|5 — §D<p(5177t)
n
<gl(y—m)+ 3 |y -l

= Ui (y, ne)-
Hence ;11 = argmaxgeg Wi(y, 8) = ne. O

G CONVERGENCE RATES IN ONLINE LEARNING SETTING

Recall the define of regret

T-1
R(T) = ) (filze) — fe(=")), (15)
t=0
where £* = argmin ¢ » Zt 0 ft( ). We show our hyper-regularizer method with three update

rules (Algonthml I and ' have O(v/T) regret bounds.

Lemma 10 (Lemma 4 in Adagrad). Consider an arbitrary real-valued sequence {a;} and its vector
representation a1.; = (ay,--- ,a;)' . Then

T2
Y —t— < 2flarrls (16)
—1 llas.l2

holds.

Proof. Let us use induction on 7" to prove inequality (I0). For 7' = 1, the inequality trivially holds.
Assume the bound (T6) holds true for 7' — 1, in which case

Ja

<2)arr-1ll2 + ———.
ll2 a1zl

We denote by = Zle a? and have

2
2[jay.r- 1||2Jr 2\/br — a7 + \/7T—

4 2

ar ar

\/ % T \/j
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Lemma 11. Suppose the sequence {x:} and sequence {B;} satisfy ®i11 = 1 — gi/Bt+1. Then

the regret satisfies

T-1 T-1

2 2 2
2R(T) < D 119 iag(aeiy + D 120 = 2 [ Giagio, s gy + 170 = 2 [Fiag(ay)

t=0 t=0

Proof. Note that

xi11 =z — diag(Bi1) ' g,

and
Hwt+1 - w*H(Qiiag(/Gt+1)
= |z — 2 — diag(Bi+1) " 9t Fing (010
= [z — w*H?iiag(ﬁtH) + ”gtniiag(ﬁtﬂ)_l N 29;(:1% -z,
ie.,

29;(% —x') = Hgt\\?nag(ﬁtﬂy1 + (th - w*|‘<21iag(,6t+1) — [lee41 — w*||c2iiag(,@t+1)) )

Hence
T-1
2R(T) =2 ) (filwe) — fe(@.))
t=0
T—1
<2y g/ (@ —a")
t=0
T—-1 T-1
2 * |12 2
= > I9tlusiann s + 2 (I = @ lasisnn — N2 = 2" Piagearin)
t=0 t=0
T—-1 T—-1
2 2 2
< 19¢|giag(8es 1)1 + Z 20 = 2" |Giag(B 1 -0 T [1T0 = " |Giag(s0) -
t=0 t=0

O

Lemma 12. Suppose an increasing function 1 satisfies (1) = 0 and (z) < l(x — 1). Consider
a real valued sequence {g:}1—o.7—1 and a positive sequence { B }1—o.7 which satisfies |g:| < G,

Bl (5;3?) =95 t=0,---,T—1, By > 0. We can bound Br as

_ /B
where ¢ = JFESTeyIE Moreover, we have

Ti G _ 2B +4C?
Biy1 Bo

t=

Remark. We point out that

® Biy1 > By (If Begr < Bro then B 10 (Be1/Br) < 0 < g7),

(18)

19)

o Biy1 is unique with respect to 3, due to the fact that the function {)(8) = B2¢(8/8:) is

strictly increasing.
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Proof. Assume that 8, > c\/ 33 + 2 S é g2, where ¢ > 0 is a variable coefficient.

Let us find out a specific ¢ such that ;41 > ¢\/82 + 2 3,_, g7-

Note that
= Bt (5 tﬂ“) <182, <B gl - 1>- (20)

Define a cubic polynomial

h(8) = éﬂ?’ _182— g,

and h is an increasing function when 5 > [3;.

If h (01/58 +23%0 ., gf) < 0, according to A (fy41) > 0, then Byi1 > ¢4/ 53 + 2300, g2,

Denote b = (2 + % Zf;é g7. So we just need to choose ¢ such that

b+ 2g2/1
hiec,|B2+ § <1 +2¢2)) [ Y—= —1) —¢g2 <0,
B() gL /) \/B 9 >
. . : 2 | 2yl 9
where the first inequality holds for the assumption 3; > ¢y/ 85 + 7 >_,_, g;» or

c? 292 /1

—(b+2¢2/1) < g/l

Vb b+2g7/1+Vb ~

or

2 2
%m 22/1) < \/b+2g2/1 + Vb.

02<L
~b+2g2/l

Thus, c just need to satisfy

According to b > 82, g? < G?, hence

b &
bt 297/l = B+ 262l

2
So if we choose ¢ = 4/ %, then 81 > By > ¢fy, hence

Moreover, following from Lemma[I0] we have

T-1
Zﬂt+1 _gc\/i\/ z Og’L

Lemma 13. Suppose an increasing function i satisfies (1) = 0 and ¢(z) < l(x — 1). Consider
a real valued sequence {g:}1—o.7—1 and a positive sequence { Bt }1—o.7 which satisfies |g:| < G,

ﬁtw<ﬂt“>—gt,t—0 ,T —1, By > 0. We can bound Bt as

O

21
Moreover, we have

(22)

18
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Proof. Same as inequality (20), we have

hence

2 2 2 & B2 24
»3t2+1:(»3t 15) >53+l9§>53+l293>min{ ’QG%}ZZQ?"

Furthermore, following from Lemma[I0} we have

T-1 o
i

g 1/2 20 T-1
=0 B = \/min{lvlﬁo (2G?)} = Z < max{\/277 ﬂo} ng

Theorem 14. Suppose that p € C " ([1,+00)), and  is a-strongly convex. Assume that ||g¢||oo <
G, and ||z — *|| 0o < Do Then the sequence {wt} obtained from Algorithm!I] satisfies

+ D2))\/213;5 + 4G*
2R(T) < (@ Do) e % ZHQO:T 1

—15ll2 + Bollmo — =*|3,

Proof. Following from Lemma[TT]
T-1 T-1

2R S Z ||gt||d1ag (Bt41)~ 1t + Z Hwt Z Hdlag(,@t+1 Bi) + ||ZE() €z ||d1ag (Bo)
=0

T_1 T-1
Z ||gt||dng(,31+1) L+ Z e — |12, Be1 — Bellr + o — w*H(Qiiag(ﬁo)
t=0 t=0
To1d g =1 d
<D D g max e =2t 3 Y (Brrns — Bu) + 120 = @ [Giag(an)-
< : , , ag(Bo)
== 5t+1,J 0<t<T =0 j=1 ’

Recall ¢ is a a-strongly convex function, so,

Bev1, Besr
9t2,j:5t2+1,j90/ (HJ > afBiy1,Be,5 filg ’

Bt Br.;
and
T-1 = ey
(Be1,j — Brj) < — S (23)
; ! ! « ;0 5t+1,j

The function ¢ = ¢’ satisfies /(1) = 0 and ¢(x) < I(x — 1) according to the smoothness of .
Following from Lemma@ we have

2185 ; +4G? |1 2185 ; +4G?
Z < \/ gt = ¢go:T_1,jllz. (24)
5t+1 Bo.; =0 Bo.j

Combining inequality (23) and (24), we have

d T-1 2
maxo<i<r [|Tr — 2|3 9t,
R(T) < (1 + o S23 gl = T

(0%

D2 Z \/2150,] +4G2

j=1

(o + D%)\/2132 + 4G?2
afo Z 9071
j=

lg0:7—1,51l2 + [l®0 — w*Hiiag(ﬁo)

—1,5ll2 + Bollo — z*|3.
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Theorem 15. Suppose that p € C}'" ([1,+00)), and @ is a-strongly convex. Assume that ||g; oo <
G, and ||zt — *||co < Do Then the sequence {x} obtained from Algorithm[2|(or3) satisfies

D? 26 &
2R(T) < (1 + Oj°> max {\@ Bo} > ligor—1.4ll2 + Bollzo — 7|13
j=1

Proof. Similar to the proof of Theorem [T4] for Algorithm 2] we have

T-1 d 2 T-1 d
9t.5
2R(T) < 3737 2 b max [l — 22 30 D (B — Big) + @0 — 2 Piggan)
t=0 j—1 PttLJ t=0 j—1
T-1 d g2 T-1 d
t.J *
< By L+ [nax e — a2 D Y (Bisry — Brg) + @0 — &7 | Fiag(a0)-
t,j t<T -
t=0 j=1 t=0 j=1
With same reason, for AlgorithmE[, we have
T-1 T—1
2R(T> < Z HgtH(Ziiag(ﬁt)*l + Z (Hwt - w*H(Qiiag(,Bt) - Hwt+1 - w*H(Qiiag(,Bt))
t=0 t=0
T-1 T-1
Z HgtHdlag (Be)— 1 + Z ||wt €T ||d1ag Bit—Bi—1) + Hwo €T Hdlag(,@o
t=0 t=1
T-1 d ry T-1 d
t.5
< Z Lt max [a@ - 2|2 Z Brj — Bi-14) + lwo — m*H?liag(ﬁo)a
t=0 j=1 Brj  0si<T t=1 j=1

Note that for both algorithms

2 2 Bt+1,5 Bt+1, )
.= — 1 s
Ges = Pid? ( Bt.; ) ﬁm( Bt.j

holds, so

T-1 T-1 12

Z(ﬁm Bi— 1,3) Z(ﬁtﬂ,y ﬁt’] )< = Z t,j 7

t=1 t=0 < B
Thus, following from Lemma@ for both Algorithm 2]and 3] we have

d T-1 2
2R(T) < (14 Z2) D3 5+ ol — 2
j=1 t=0

2+ Bollwo — ™13

D% < G
<+ 22 Y ma {vai 2 o,

H LOGARITHMIC BOUNDS

In this section, we will use a different class of ‘distance’ function for problem EL and establish
logarithmic regret bounds under assumption f; is strongly convex. Our analysis and proof follow
from Hazan et al.|(2007)); Mukkamala & Hein|(2017).

First, we define p-strongly convexity.

Definition 16 (Definition 2.1 in (Mukkamala & Hein, [2017)). Let X C R? be a convex set. We say
that a function f : X — R is p-strongly convex, if there exists p € R® with p; >0forj=1,---,d
such that for all ¢,y € X,

F) > F@) 4 (V7@ 5~ )+ 51— g

Let § = minj_y.q 1}, then this function is §-strongly convex (in the usual sense), that is

F) > f(@)+ (Vf(@),y —a) + Sy ol

20
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The modification SC-Hyper-Regularization of Hyper-Regularization which we propose in the fol-
lowing uses a family of distance function D : Ri 4 X Rﬂir 4+ — R formulated as

d
v) =D ou;/vy), (25)
j=1
where ¢ is convex function with ¢(1) = ¢’(1) = 0 like we used in -divergence.
Remark. Same as p-divergence, D(u,v) >0 for any u,v € R% .

Different from Algorithm |If and 2| we add a hyper-parameter A > 0 like AdaGrad to SC-Hyper-
Gradient. Rewrite problem (3)) as

d
1 A
o
max min (@, 8) £ g/ (2 — @) + 5|2~ @elige) — 5 ]; ©(B;/Br.;) (26)

and corresponding two algorithms as

Algorithm 4 GD with SC-Hyper-regularization

Input: 3y > 0, g
1: fort =1to 7T do

2:  Suffer loss fi(x+);

3:  Receive g; € Ofi(xy) of fi at @y

4:  Update SB;41,; as the solution of the equation A(32/8; ;)¢ (8/Bt,;) = 9,52734,]' =1,---,d;
5 Update ;11 = Tt — g¢/Be+1s

6: end for

Algorithm 5 GD with SC-Hyper-regularization using alternating update rule
Input: 3¢ > 0, g
1: fort =1to71 do
Suffer loss f;(x:);
3:  Receive g; € Ofi(xy) of f; at @y
4: Update 8415 = ﬂt,j(@/)_1(9152,3‘/()\@&,]’))7 J=1....d
5
6

Update ;11 = @t — g¢/Bt+1;
: end for

Remark. Same as Lemma[5] the monotonicity of Algorithm[d|and[3|also holds.

Theorem 17. Suppose that f; is p-strongly convex for all t, ¢ € C’ll’1 ([1,400)), and ¢ is a-
strongly convex. Assume that ||gt| s < G, and A > G*/(aminj_1.q ;). Then the sequence {x;}
obtained from AlgorithmH|satisfies

G? lgo:7—1,5]| 2
2R(T)§l( Alﬁo) Zl < %2>+50||330—$ 12,

Jj=1

and the sequence {x+} obtained from Algorithmﬁsatisﬁes

||90T 1]”2 * 2
<ZZI ( SV + Bolleo — = |3,

Remark. Under assumption in Theoremn we have ||go;T,17j||§ < G?T, so R(T) = O(In(T)).

To prove Theorem[I7] we first prove following lemma.

Lemma 18. For an arbitrary real-valued sequence {a;} and a positive real number b,

T 2 T 2
Y < (1 + Lt? a4 ) . 27)

t= 1b+zz 1 z
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Proof. Letbozb,bt:b—&—z _,a?,t>1, then

T

by —by_1 be
ZHZ”Z‘Z Z/ 5t

t=1 t=1

b b
t 1 Tl
SZ/ fda?:/ “dxr=1In 1—&-M )
=1 b‘_lx b X b

Like Lemma[T2]and[T3] similar lemma holds for Algorithm @ and[5]

Lemma 19. Suppose an increasing function i satisfies (1) = 0 and ¢(z) < l(x — 1). Consider
a real valued sequence {g}1—o.7—1 and a positive sequence {8 }t=o.7 which satisfies |g:| < G,
Bo > 0.

If (B34 /B)V(Bey1/Be) = gi t =0, , T — 1, then we have

By > B lt_l 2, t=1 T (28)

T— 2
50+Gz/l) Zt o 9t
2:: B+ =! ( Bo n ( LBo ' 29

Meanwhile, if B (Bi+1/8:) = g2, t = 0,--- , T — 1, then we have

and

t—1
1

Be>Pot D glt=1,.T (30)
1=0

and

.
Zt 2.t=0 9t gt
E <l . 31
5t+1 n( 1Bo 1)

Proof. Using same methods in proof of Lemma [I2] and [I3] the conclusion can be deduced from
Lemma|T8]easily. O

proof of Theorem[I7] Like Lemma|[T1] in strongly convex case, we have

T-1
T)=2Y fila) - fi(z")
t=0
T-1 T-1
<2 Z<gt’ Ty — $*> - Z ||wt - w*Hiiag(u)
t=0 t=0

T-1 T-1 T-1
* * (12 * (|12
= Z ||gt||iiag(ﬁt+1)*1 + Z (Hwt - Hc21iag(,@t+1) — i1 — ”diag(ﬁt+1)) - Z |y — Hdiag(u)
t=0 t=0 t=0
T-1 T-1
2 2
< D N9:0Giasioii+ + 212t = 2 Wia(pra - + 120 = 2 [Giag(on
t=0 t=0
Note that in Algorithm[4]

Bit1,j — Brj = Brj(Be+1,3/Brj — 1)
< @QPI (5t+17j) _ 5t,g 97 G?
o

\J < h
Bt.j 5t+1,j Ao T Aa
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holds, and in Algorithm@ same conclusion holds:
Bi+1,j — Bej = Bej(Bg1,5/Be; — 1)
< @(pl (ﬁﬁ_l’j) = gtz’J G2

Bt pYe )\a
Hence, if A > max;—1.4 ;7. then B;+1 — B; < p, and
T-1
* 112
Z ||5I3t - ||diag(,3t+1—,3t—#) <0
t=0
On the other hand,
T_1 d T-1 g2
2 t,J
D 9tlagion = 2D 5
Pt J=1 t=0 t+1,5

following from Lemma|[T9] we have

G? | go:7— 1,]| . .
Z ||gt||dlaLg Bri-1 S ( )\lﬁ()) Zl (1 + 1750 in Algorithm 4]

=0 j=1

T—1 2
llgo.r—1 j||2 . .
<l In|1+4+ ———>—= Algorith
- ||Qt||dldg (Bg1)—1 jzl n( + NFo in Algorithm 3]

I CONVERGENCE RATES IN FULL BATCH SETTING

In this section, we will discuss the convergence of our methods in full batch settings.

We first review a classical result on the convergence rate for gradient descent with fixed learning
rate.

Theorem 20. Suppose that F € C}' (RY) and F* in foF(x) > —o0o. Consider gradient descent
with constant step size, Ty+1 = Ty — VF(wt) LIfb > L then

<
oLHR HVF(w»HQ <e

(R~ F) (1
T=—m-1 O<g>

Proof. Following from the fact that F' is L-smooth, we have

after at most a number of steps

L
F(xiy1) <F () + VF(wt)T(fEt+1 - ﬂct) + 5 ||33t+1 —
=F(x;) — HVF( Dl + bg IVE(:)];

1 L
—r(e) - 5 (1- 55 ) IVF@IE- 62

When b > L, 1—2—Lb>0.50

2 2
Z IVF(@IE < g (F(wo) ~ Flar)) < 5o (F(wo) ~ F*),
and

(F(xg) — F*) <e.

T-1 22
i [VE@)|} < 7 Z IVF@l: < 7737
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Remark. If we choose b < L, then convergence of gradient descent with constant learning rate is
not guaranteed at all.

Like Algorithm 3, another update rule is worth considering in full batch setting:

Burs = Bu(e) Mgl /52) &9

Next we will show that both update rules (I3)) and (T4) are robust to the choice of initial learning
rate. Our proof is followed from the proof of Theorem 2.3 in WNGrad (Wu et al.} 2018). Note that

in update rule (13), 8,11 satisfies

1
{$t+1 =Tt — 3,9t

Bt (B /Be) = gl
while in update rule (T4) and (33), B4 satisfies

7o' (Biar/Br) = ||gt||§

Theorem 21 (Convergence rate of update rule ). Suppose that ¢ € C Y([1,400)), ¢ is a-

strongly convex, and F € C’1 (R, F* = inf, F(x) > —occ. Forany e € (0,1), the sequence
{x,} obtained from update rule (13) satisfies

i [[VF(@))]; <e,

after T' steps, where

g

_ %, LL(L—Bg)
T . { log(4:) —‘4_ {(L‘*(Hi)(F(wO)_F +TUL)) -‘ otherwise.

log(757+1) :

1+ ’72([30-"-2(1‘_‘(930)—1‘_'*)/a)(F(fco)—F*)—‘ if Bo > Lor B > L,

Theorem 22 (Convergence rate of update rule ). Suppose that p € C Y([1,4+00)), ¢ is a-

strongly convex, and F € C’1 MR, F* = inf, F(x) > —occ. Forany e € (0,1), the sequence
{x,} obtained from update rule (14) satisfies

4 m1n ||VF(£L'J)||2 <e

after T' steps, where

1+ P(ﬂﬁugoui/(aﬁo)w(F(wo)fF*)/a)<F<mo>fF*> iff0> Lorfy> L.

€

T = IJJ log(£) )W n {( + 2 L2+ 2 L (14 2) (P (@)~ F* +M))

W = —‘ OtherWlse.

Theorem 23 (Convergence rate of update rule (33} ) Suppose that ¢ € C}* ([1,400)), ¢ is a-

strongly convex, and F € Cp'(R%), F* = inf, F(x) > —oco. Forany ¢ € (0,1), the sequence
{x:} obtained from update rule [B3) satisfies

F <
min [VF(e))]} <<

after T' steps, where

- {2(50+2<F<wo>fF*>/a><F<wo ] if Bo > L,

€

. | (o) (rn—r+ el )
T={*t :

14 [l + [(<><><<><<> 2 —s0))’

lfﬁO<L7612L7

otherwise.

2z +1) €

We begin our proof by following lemma.
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Lemma 24. Suppose ¢ € C’ll’l(R++). Fix e € (0,1). In both update rules and , after

1 L
T = {bg(zgl(fz%r)l)-‘ + 1 steps, either ming—g.7_1 HgtHg <, or Bt > L holds.

Proof. Assume that 87 < L and min;—g.7_1 ||gt||§ > e. Recall that the sequence {f;} is an
increasing sequence. Hence, 5; < Lfor0 <t <T
So,foral0 <t<T —1,

2
(p/ (6t+1> _ HgtHQ > % (in Algorithm 1),

ﬂt Bt2+1
o (ﬁt“) _ llgtli > £ (in Algorithm 2).
B gt = L2
Note that ¢ is a [-smooth convex function, and 3;11/6: > 1. So
Bt+1 ) <ﬂt+1 )
"= ) <i{=-1), (34)
4 ( Bt Bt
then
ﬁt—‘—l
— + 1.
S

In this case,

L2 o= (i +t)
> fr = fo e +
holds but it is impossible according to the setting of 7" in the lemma. O

We first prove Theorem 21| using following lemma.

Lemma 25. In update rule , suppose F € Ci’l(Rd), p € C’ll’l(R++), and @ is a-strongly
convex function. Denote F* = inf, F(x) > —oc. Let to > 1 be the first index such that By, > L.
Then for all t > t,

2
Bt §5t0—1+E(F($t0—1)—F*), (35)

and moreover,

F(xy,—1) — F* < F(xo) — F* + %(51&071 — fo) (36)

Proof. Same as equation (32)),

1 L
F(myy1) < F(xy) — —— (1 - m) g5 -

Fort >ty — 1, Be41 > L, so

Fwiss) < Fe) - 33— lail.
Hence, for all £ > 0,
F(@y, k) < F(@y,-1) Z ”gt%:r: 1”2 (37)
oti
ie.,
Z Igeo+i-1ll < 2(F(x4y-1) — F7). (38)

5t0+’b

25



Under review as a conference paper at ICLR 2019

Note that ¢ is a-strongly convex and 37, ¢ (8;+1/6:) = ||g:||3- So
HgtHz <5t+1> (5t+1 >
>« -1,
/8t+ ﬁt 1P ﬁt el ﬁt ﬁt

2
1 lgell3
a B
Combining equation (38) and equation (39), we have

g 1
/Bt0+k <Bt0 1+ Z || to+i— ||2

/Bt0+z

and

Beg1 — B < (39)

< fro-1+ %(F(mto_n - ).

We remain to give an a upper bound for F'(x;,_1) in the case ¢y > 1. Using equation (32) again,
we get

-1 LR~ lails
F(xy 1) — F(xg) < — gi 12
) Fen) < 3 (1 lald < 5 3

Lto : 6z+1 2 Berl
"2 S”(@»)zZ(ﬁz _1)

=0

to—2
Ll it1 — Bi Ll
<3 (M) = 27(/33071 — o).
pard Bo Bo
In the above, the second inequality follows from the assumed [-smoothness of ¢, and the last in-
equality follows from 3; > Sy forall t > 0. O

proof of Theorem 21| If t, = 1, by equation ,forall t > 1, we have

| 9.l
< Flzo) = ZB 2 (Fleg) — F)'

F*)/a)(F(mo%F*)W steps,

€

Then after T = 1 + ’72(Bo+2(F(wo)*

T—
. 2 2
t:%}lTn_ngtHQ T Zo lgells

< 7. (F(20) = F*)(50 + = (F(o) ~ F*)) <.

Otherwise, if to > 1, we have 3;,_; < L. Then for all t > ¢,

IL(L — ﬂo))
250
Denote the right hand of equation (@0) as 3,4 Using equation (37) again, for we have

ﬂ\w

B <L+ % <F<mo) _ Py (40)

g
F(xtg+m) < Fa,—1) Z | t;j:_lnz
0T

< F(®yy-1) — Qﬁ Z gto+i— 1”2
R —
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Hence,

A

. 2
min —{|gq[l; <

t=0:to+M—1
<
< —

<

. 2
min - {|gill;

t=to—1lito+M—1

1 2
M+ 1 Z gto+i-1ll5

M i 1 ﬂmaa:( (mtofl) -
Qﬁmaw *
M+l (F(:BQ) - F +

At last, with recalling the conclusion of Lemma@ after

_ { log ()

2 max
CRNE
log(77= + 1) €

steps, we have min;_g.7—1 ||gt||§ <e.

Next we prove Theorem 22]

<F(a:0) —F* 4

)

2039

LS

L)

280

Lemma 26. In update rule , suppose F € C’}J’l(Rd), p € C’ll’l(R++), and @ is a-strongly

convex function. Denote F'*
allt > t,

Be < Bty

and moreover,

F(xto—l)

6tOS{L+

Proof. Same as the proof of Lemma@ we first get for all k > 0,

~ P < F(mg) —

+ S (Plw,) -

F*
20

HQOH% : _
BO+ lft - 1?
2lL lftO > 27

2l 2
aBo L

),

Ll
+ —(Bro-1

= inf,, F(x). Let tg > 1 be the first index such that 3y, > L. Then for

(41)

= Bo), (42)

(43)

Z I 1”2 < 2(F(@yy-1) — F7).
Bto-‘rl

Note that in update rule . B

Bto+k+1 = Bro+k + Bro+k (

S /8t0+]€ +

"(Be1/Bt) =

lge 13- So
Brotkt1 1)
ﬁtrr‘rk

/8t0+k s0/ (ﬁto-‘rk-‘rl
«

ﬂtg—‘rk

) Bto+k + —

1 ||geo+rls
(e 6t0+k

2
< Brosr 2 2 |9to+k — Gro+i—1lls + |gto+h—1l
ﬁto-‘rk
2 2
2 L ||wto+k wto+k‘71||2 + Hgt0+k71||2
< Bt0+lc +
ﬂto+k
2 2 9 2
< Bto-‘,-k + = ||gt0+k 1||2 < Hgt0+k 1||2
“ Bro+ « ﬂtoJrk
Hgsimrll Igiwti-al
< Biotr + — < By + —
ot o Btk Z Brors
8 *
< B, + E(F(:cto,l) — F¥).
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If to = 1, then
llgoll3
Bio < Bo +
=T ag,
and if ¢ty > 2, then
2
/Bt < 61& . + ||gt0—1||2
o afy—1
212 ||gi, 23 | 2 llgeo—2l
_B 1+ 0—=<112 + = 0—=«112
o~ ﬁto 1 a B2
2L21 _ _ 2
</Bt0 1+7 (ﬁto 1 /Bt() 2)/Bto 2 +*l(ﬁt071—/3t072)
« ﬁto_l «
21 21
<L+—L*+ —L
afo
At last, for t; > 0, we have
to—2
1 L
Fg-) - Feo) < Y~ 5 (1= 33 ) lail}
i—0 Berl 2Bz+1
to—2 2 to—2 2
A A A < A
> 2 = 2
2= B 2= Bi
t072 t072
L 1 Ll i
()4
i=0 Bi i=0 Bi
to— 2
Li Bi Bi Li
) BT
2 =~ Bo 260
O
proof of Theorem22] The proof is completely similar to the proof of Theorem O

Next, we prove Theorem 23]

Lemma 27. In update rule , suppose F' € Ci’l(Rd), NS Cll’l(R++), and ¢ is a-strongly
convex function. Denote F* = inf, F(x). Let to > 0 be the first index such that By, > L. Then for
all t > to,

2
Bt S/Bt0+a(F<$t0)_F*)7 (44)
and moreover,
Ll
F(xy,) — F* SF(QZO)_F*—’_%(/BH)_BO)’ (45)

”QOHz .
5@§{ﬁ+ TR 46)

2l 2l :
(1+(X)L+TBOL2’ lft()z2
Proof. Same as the proof of Lemma[23] we first get

1 L 2
F(iosnst) < Fl@iss) - (1 - ) g2
5to+k 26to+k

1 2
< F(@ig4k) — m Gto+xll5
0

mto Z Hgto-HHZ’

ﬁt0+l
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and

Z ||gt0+’t||2 < Q(F(ZBtO) _ F*)
ﬂto-‘rl

Note that in Algorithm 2, 82¢' (8;41/5:) = |l g¢||5- So

k
Bro+k+1 = Bro+k + Brotk <ﬂt0+ 1 _ 1)
BtoJrk}

Bto-‘rk / </8to+k+1>
¥
« ﬁto+k

1 ||lgto+x |
= Biouk + — 2
fot « ﬂto—}-k

< Bio+k +

< By +— Z||gto+z||2

/Bt0+2
2 .
< 5150 + E(F(wto) - F )
At last, for tg > 0, we have

lg: 3
B

= i

-1 27 (%)
i=0 v

%(ﬁto — Bo)-

F(ew) - Flag) < £ Y
1=0

<

Recall that
af(Big1 — Br) < ||gtH§ < 1B¢(Bes1 — Br)-

Soiftyg =1,
lgoll
Bto < Bo + ﬂOQ
And if t5 > 2, we have
ﬁt < Bt 1 _|_ Hgt()*lng
° - ’ aﬁtofl
Igto—1 = gto—2ll3 + llgto—2ll3
S Bto—l +2 0 0 2 0 2
O‘ﬁtofl
212 ||y, -1 — @2y | 2 gta—2ll3
< ﬁt(} 1 + — -
5150—1 @ 5:&0—2

2 2
_ 3, 1+£ lgio—2ll3 , 2 llge-ol3
o @ B _oBr-1 a B2

202 1(Btg—1 — Bro—2) |, 2
< — - me 4 ] 1 — B —
5t0 1+ o ﬂfO_Q/BtO_l +OL (/Bto 1 Btg 2)
<L+2pry 2lL
afBy

proof of Theorem 23] The proof is completely similar to the proof of Theorem [21]
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